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NOMENCLATURE 

Ai = displac ement am~litude of primary mass 1 with out 

i mpact damper 

A2 = displacement amplitude of primary mass 2 with out 

impact damper 

C. = damping coeficient of primary masses 1 and 2 

d = clearance in "tvhich t he free . mass is free to osci.llate 

in primary masses 1 and 2 

e = cofficient of restitution-

Fo = maximum force of excitation 

Ki = stiffness of leaf springs 

K2 = stiffness of helical springs 

!>1 = mass of primary masses 1 and 2 

m = ma ss of free mass 

P = perturbation matrix 

R = remainder matrix 

r
i 

= ratio,forcing frequency/first natural frequency 

r 2 = ratio,forcing frequency/second natural frequency 

t = time 

tl = time difference in consecutive impacts in primary 

mass l , afid 2 , 

Vi = absolute velocity of free mass in primary mass 1 

V2 = absolute velocity of free mass in primary mass 2 

iv 



Xl = displacement of primary mass 1 

x2 = displacement of primary mass 2 

X = displacement of primary mass 1 just before impact a 

Xb = displacement of primary mass 1 just ' afte~ impact 

x~ = displacement of primary mass 2,at impact in mass 1 

x~ = displacement of primary mass 2 just after impact in it 

Xb = displacement of primary mass 2 just before impact in it 

Xc = displacement of primary mass 1 at impact in mass 2 

Y1 = displacement of free mass in mass 1 

Y2 = displacement of free mass in mass 2 

Y1 = relative displacement of free mass with respect to 

mass 1 

Y2 = relative displacement of free mass with respect to 

mass 2 

= initially unkno~m phase angle 

= ratio of critical damping for mass 1 

= ratio of critical damping for mass 2 

= mass ratl0,m/M 

= perturbation vector 

= phase angle of primary mass 1 (due to damping) 

= phase angle of primary mass 2 (due to damping) 

= phase angle of impact 

WL = first natural frequency 

WL = second natural frequency 

Jl = forcing frequency 

v 
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ABSTRACT 

Steady state response of a system of two degrees 

of freedom w1th 1mpact damper and 1ts asymptot1c stab-

111ty cr1ter10n are der1ved analyt1ca11y.Stab111ty reg10ns 

are determ1ned for wide range parameters of the 1mpact 

damper by us1ng d1g1ta1 computer. 

Exper1menta1 study 1s also made to ver1fy the 

assumpt10ns taken 1n ana1yt1cal solution and to obta1n 

general response of the system for w1de range parameters 

of the 1mpact damper. 

As a result of analyt1ca1 and exper1mental 

stud1es,1t 1s observed that the system,wh1ch 1s stable 

for an 1mpact damper 1n one pr1mary mass,may not be 

stable when the 1mpact damper 1s transferred to other, 

even though the parameters of the 1mpact damper are the 

same. 

Stab111ty boundaries are found to be a comp-

110ated function of the 1mpact damper parameters.It has 

also been found that 1mpact damper 1n both pr1mary 

masses 1s not always more effect1ve than that 1n a s1ng1e 

pr1mary mass. 
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1. INTRODUCTION 

1.1 Review of I mpact Damper in Single Degree of Freedom 

System 

The impact damper is a device for reducing the 

vibration amplitude of a mechanical system through the 

mechanism of momentum transfer, by collision and conve-

rsion of mechanical energy into heat. 

Paget(l) * was the pioneer in making qualitative 

study of this damper.Lieber and Jenson(2) followed with 

a steady state solution for the case of zero coefficient 

of restitution and undamped single degree of freedom 

system.Fo'r their solution they assumed a simple harmonic 

motion of constant amplitude.As a result,they determined 

that for maximum energy dissipation per cycle,the clear-

ance for the particle should be ~ times the amplitude of 

resp~nse.GrUbin(3) determined ' the steady state solution 

for viscously damped single degree of freedom system.He 

assumed two symmetric impacts per cycle. 
(4 ) 

Arnold also investigated a simi liar system 

experimentally and theoretically.He represented the force 

that acts during impact by Fourier series.He also, 

assumed two symmetric 1mpacts per cycle. 

* Number in parentheses designate refrences at the end. 
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(5 ) 
Warburton suggested a simpler method by whicH 

steady state solution can be found by considering only 

two consecutive impacts. 
(6) 

Masri in his work obtained steady s~ate solution 

and its asymptotically stable region,for two symmetric 

impacts per cycle motion of the system. 
(7) 

Sadek obtained steady statesolution,as s uming 

two unsymmetric impacts per cycle. The impact force-time 

curve is assumed to be of rectangular shape and of infin-

itesimal duration.He used Fourier series to represent 

impact cycle. 

A number of experimental studies has also been 

made to this effect to establish the practical feasibility 
(8 ) 

of impact damping.McGoldrick investigated its effActs 
(9) -

on ship hulls;Lieber and Tripp investigated its effects 
(1 0 ) 

on cantilever beam;Sankey studied its effects on single 
(11) 

degree of freedom systems and Duckwald studied its 

effects ' in reducing the vibrations of turbine buckets. 

1.2 Objective and Scope 

To the author's knowledge,no work has been published 

on impact damper in the system with two degree of freedom. 

In the system of the two degrees of freedom,three cases 

arises; 



i Impa ct damper in primary mass 1 

ii Impact damper in primary mass 2 

3 

iii Impact damper in both primary mass 1 and 2 

In orde r to lmow which case is most efficient, 

it is necessary to know the general responses of the above 

mentioned cases. 

The objective of the present study is to determine 

for the three cases; 

a ) the steady state solution for the symmetric two impacts 

per cycle moti on of the impact damper 

b) the stability criterion and stability region for steady 

state solution 

~) the general responses of the impac't damper t o a wide 

range of its parameters 

The exact solution for symmetric two impacts per 

cycle motion of the impact damper is derived analytically 

in chapter 2.The stability criterion for steady state 

solution is determined analytically in c hapter 3.The 

e xperimental set up is described "in c hapter 4 . The exper

imental results as well as theoretical results are 

discussed in chapter 5.The conclusion drawn from this 

research work and recommendations f or~ future work are 

also stated in chapter 5. 

The digital computer program f or determing steady 

.state solution ad stability region are given in appendix c 



2. STEADY STATE SOLUTI ONS WITH IMPACT DA~1PER 

2.1 Introduction 

Here periodic ' solutions are determined wi th the 

assumpti on tha t,during a period of the sinusoidal forcing' 

function,two impacts occur at e~ual time interval and at' 

opposite sides of the container of t he primary mass with 

impact damper.Experimentally it has been found that this 

motion of impact damper predominates. 

Here three possible cases in two degreasof freedom 

system with i mpact damper are discussed: 

i Impact damper in primary mass 1 

ii Impact damper in primary mass 2 

iii Impact damper in both primary masses 

2.2 Model of the System 

The model of the system under discussion is sholm 

in Fig.l .The free mass m1 and m2 are essentially a frict-

ionless solid particles constrained to oscillate with ,cle-

arance d1 and d2 respectively in containers attached' to 

primary masses Ml and M2 respectively.Here without losing 

any generality, we assume that M1 ,C:1 ,K1 ,K2 ,d'l ~ml are e~ual 

to M2'C2,K4,K3,d2,and m2 respectively. 

Follo~ing the method suggested by Warburton(S) 

assume the disturbing force to be F'Osin(.Jtt+ot ) 

4 



1 
-oJC\J 

1 -..- . 

T 
~C\J 
1 

~-

~N 

N 
U 

x 

~ 
W 
l-
(/) 
~ 
(J) 

lJ.. 
0 

-' C' 
W 

0-

0 LL 

0 
~. 



6 

Where 

FO= K]x 

The equations of motion of primary mass 1 and mass 

2 between consecutive impacts are i ' 

-
M X 1 + ex.\. + l K. \. -t 2 k 2 ) Xl. - K. z X-z 

.M. X z + C X, + l K1 + K2.))(.2 - k,z Xl = 0 

= Fo S\n lJ\. t -\ cI.) 

(2.1) 

The complete solution of Equation(2.1) is 
-61LU 1 t. ) I -'Oz.Wz.tC 

Xl = (e, l B1 Sil1 'ltWtt -t 82 cos Yl1w1t) -+ \e. 
C 1 S-,nl12.Wz.t +C2 C.OSYl~W2.t») + Al S'," lJ\:\: +\:) (a) 

X 2 = 0 1 { ESt Wl t ( B1 sin 'l1
1
v.ht + 52 C.051\1 \))1 t)) +n2.le:~2.WZ.1{ 2.2 ) 

l Cl SillnztVz.t + C2C.OS ll.2.W2t») +1\2. sin LJlt.+"Cd (bO 

Where 
2. '3 K 2. + 2 ~1 - f5 t<.z. 

rJ... - 'J'1 w! = l = 2M 
2 '3 \<.2. + 2 ~L ;- 15 \<.z. L-t'f' \..02- = 2.1'11 l.l = 

<0 1 = ~ \jJ = -'1-'2. + 'ft 
C .. f1. 

CO2 = £.. \jJl = -to.:h1 (D·A -CJ\ B) 

CY'z. AB+c...J\.O 
-1 c...1 = 2MWL ':I'z. = tun l ~) 

Cyz. = 2M Wz. Al = FoHAB +cJ\o}2 +l('Jl8-D~12. 

111 = IT'="Sf A2 
_ \< Fo ~ + D2. -

- Jei +o2. 
2. 

'12. = IJ 1 - s: A = Kl + K2.. -.M .n:: 

Dl = 1 + 15 0 = C U 2.t<.1i> 31<.z.)A-2.srM) 
2 

D2. = l-~ B = (k1 +f<:z.)lKl +2.1<2.) -
2 

-Jt\C~+M(2.Kl +3Kz.»)-t 
2. 4 Z. 

M J\. - K2 

2.3 ImEa ct DamEer in both Masses 

Let us assume that a impact occurs in prima ry mas s 

1 at t=O and next impact occurs in primary mass 2 at t=tl 
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·As duration of the impact is small,it is reasonable to 

assume that at the time of impact, displacements of primary 

and free masses remain the same,while the velocities of 

primary and free masses which are under impact change dis-

continuously. 

To summarize,the system should satisfy the follo-

wing conditionsl 

-t d.' . ., . . 'f = 0+ ' ~ = ~ , '11. = -Z ' "X2 = Xc. , :x...z = Xc. ' Xl. = x"Q, l = -V1 

t ~L ~ = ~ , '/z= ~ I :JiC..2 = x~ , -j:.z= x.~ , xl.= ~ 7 "2.= V z 

t d..' . .1. • '" \J = It,l ... X l = Xc., ';#2.= ""2 ' -:x.z = Xb , X z = xv.., ~ = x'c ' 1.= - 2. 

(a) 

(Ib) 

(c) 

(d) 

(e) 

(2.3) 

Equation{2. 2 ) describe the motion of primary masses 

1 and 2 from t=O+ to t=(t1 )_ 

During impact,system should satisfy momentum and 

cofficient of restitution equations.So 
. 

1'-'1 X l- + m "Ij_ = 1'1 X.i. +m 'fit- (2.4 ) 

"Xi.i- - 'Ii .. = -e lX.-1- -'1i-) (2.5) 

Where i~ 1,2 for impact in primary mass 1 and 2 

In stea dy state motion,the absolute speed for frict-

ionless free mass should be constant and equa l to 
j\. 

V 1 = lcl -t 2. -:Lb)-::n 

"\12. = ld. + 2. X.'b) ~ 

(2.6) 

(2.7) 

By using Equations(2.4),(2.5),(2.6) and(2.7),we get 



. 
Xi+ 

"Yi+ 

A.b 

Xb 

I 
Xb 

X b 

2 is 

X 1lO+)= 

~lOtF 

X1ltIJ_= 

3 

ll-.A..leJ . -t ..u..l 1 -;- e ) ~i-= 1-+ A..L Xi.._ (2.8) 
1+ A.L 

= ll+e):X..._ + \..""-'..- e.) '. (2.9) 
l-.A.-L 1 \ -\-.A.l. '( ~-

_0.. 
\l" l1+ e. )X- = (2 .10) 

-+ zit 1 - e. +2..l.l. b 
2. 

"TI l 1. -+ e ) x..a. _d. (2.11) = 
+ 2J\. .1. - e. - z.u.e... 2-

-<L (2.1 2 ) +-n (l-+e .1 = 
2.J\. 1. _ e + z..u.) .x:. b 

-2 

t -"!L l 1. + e. ) X:.~ = -d. (2 . 13) -z. 2.J\.. 1 _. e - 2. -u. C-

An expression for velocities of primary mass 1 and 

(2.14) 

-b1.Wt t . - S~wct. 
= .;;- D 1 l - Ol.W 1 e lBl SlnlltW\-t + B2.Co~ l11.~i:J + e.. 

-'OLW2.-t 
l 5 1'\1.1 Wl. Cos l"\.1 Wl t - BL '11. WI b 'I'1 "'l.,W\.t)) + Dz.l- ~2.,\·,h.e.. 

-6'L'W2,.t lc.. \.Jl .1. 

l Col S i 11 Th. W-z.. t -+ C '2.. c.oS l'\.,. U\ 'L t: J -t e 1. "l'\ 'L Z. Cos rh tV L \. 

- Cz. '1.z. W2,. Sill '\. 'L Wz. t 1) + A 2. 1\. cos l1\ t + ""C.t ) 

From Equations(2.2),(2.3-b) and (2.3-c) 

(~.15) 

X.b = 52. -t C2,. -tA1Sinl-c.) (2.16) 

I 

Xc = D1.. Bz. + Dz.C.2. + A2 S\ n l-c..) (2.17) 

Xc = l eSl w l tll 8 1 Si 11 '1
1 
W

l 
i 1 + Bz. C.oS "'11. w1t)) + t e f>:L~\:.1 

lC.t Si 111'lz. Wz. 1: 1. + C2. c.os ~-z.. W2.-td) + A 1 si l1lJ\:\ 1 + TJ 

_ bl Wl t) . (~ • 18 ) 
= Oll e L B t £.rn 1'lt \I.h-\:l. -t"8 2 c..OS"'1.L wt. -\;)) -t 02.le~2."'LtJ. 

lC . 
1 SIl1 'l1.'L Wz. tl. + C'L c.o~ "2. ~ -t.1.)) ~ A. 2. S,'nlJlH ~12 • 19 ) 

Similiarly,from Equations (2.14)and( 2 .15),(2.4-b) 

and (2.4-c) 



. 
X 1 (O) = Xu. = - <Ol\..)IB2 +1't1.WI Bl -bz-WzCZ+l1zW2Ct+AtflCD.:>T ( 2 .20) 

• I 

x.c.. = Dll-COIWj B2 +l1.1Wl B1l +ozl- COz.lUzc.z.+ -'l7WZc..1)+ A2 )lCOSt "{:~) 

-~ .. Wat.1 
le.l1'l1WJCOSl'hWJ.11-~2.l\.J.w.l.SiytttlWl-l1.l) -t Dzl-'i>zWze. 

- -SzwztJ 
lCl.S I llllz.t...1z.t1 +CzC.OSl'J.2.w~tJ.) + e '-C:il1l.Wz. COS n2.W2.t-'. 

(2.23) 
-C;z.llz Wz. 5;l11'\2. wz.t1 ») + J\.A2. COS l J\ -\1 \- 1.:}) 

Equations of motion of primary masses 1 and 2 for 

lC~ sil) 'l.:z. wz.lt -t1 ) + Cz. cos l'\LWz. l-\ -1:1» + A 1 sin l..n-\: +"""t) (2 .24 ) 
:x. _ -6,W.l.l",,-t1l, I • • -~""zl\-"'·d 

l. - 01 l e \. 6 1 Sin 'l., U\ tl-t 11 -t- 62, cos l'll. \Ill l ~ -t~ ~ + Dzl e 

<. 
-61lutlt - t d(. _ , -1>J..w..(-t-'t~) 

~ = -bll&h e B1. Sl~ 'lt1 W1.l t - tJ..l + 62. c.os l'l1LUl Lt-~») + e 
, ' . i' - 5 z.'-> zlt -""\1) 

{ B11'lt \.0)1 cos lt l \all (i: -t1.) - B Z 1l1l&)1. ~Ill 'l\.l\lh l t -1: 1~) + l-f,z.\.Vz. e 
• . , -bZ.WZ.tt - -t 1) • W (e l sin Ttz.Wzlt - \.l) +C2.COS~l.)2t\-t:dJ · ... e. l C,'Y\.z 2-

C0tl 'l\z. WI. l t-t l ) -Cz "'2. (,.')2. s '\YI 1'\z. W2ll-t~)) + A.l JH . ..osl.1\ \: + 'T) (2. 26 ) 
'b l t t) • ..frt.w,ll-t.) xz.= D.l.l-bl.uh e. llo)1 - 1. (,6'1. sill 'fl,' .. hl-\.-t1) + BZ.COSl'l1Wll\: - \:l~ -+ e 

<. B'11'hl.l>J C.OSll1.WJ.Li:-t1) -B'Zl'llWl Sil1'l\.1.\aJJ.U-1:I.~ +Dz.l _s&.'-lzeI)LW~~-~ 
lC: si'l1 'lls.W:r..lt--\:.J -+c'z.c.os l'lz.WZ.l"=-'\.l) -+ e'"&. z.<'~-1:s) lc'1. ..... It.Wz. 

COS '1.~~ L-t; --t:.d - ~ l'la. W2 l"= - tl))) + A2 Jl (;.osl J\-l +"1:J) ( 2 .27) 

From Equat1ons(2.24),(2.25),(2.3-d) and(2.3-e) 
(2.28) 

(2.29) 



JCl.l "11"" ) = -)C.b 
Jl -

--- ---- --- ---

- A 1. S\n t-c.) 

10 

(2.30) 
I -COl-LULL ~ - td • . I 

X.z.l*'-= -Xc, = D1. le J\. l.Bl Srn "Yl.\.Wl \ ~ - t 1) + Bz.C.OS Ttl W.,t~ -~w 

-&2.~z l ~--\.1) I ." L * I \\ 
+Oz.Le. ~c.l.S\"ll~l.Wz. ~- d+CZCos.Y"t..z.Ulz.L]: -t11} 

- Az sin eLL) 

(2.31) 

Similiarly from Equations(2.26),(2.27),(2.3-d) 

and (2 .3-e) 

+AzJtCOSlJl+\+Ll.) . 
-61~1\.J!:-tl.) ,. I (2.33) 

= -f>lwl e oA lal Sll1ltl411L1!.-t.) +5zc.oSl't1'-'\l!!_'L-.l 
1\ .I\~ 

-~llUll ~ --\:;t.> l I • + e BJ. 1l.1lil.L cos l'hWt.l"J!: -tv - Bz. "l'hWt 
J\. 

. - \:)Llt>2 l -rr -tt)l' . 
Snll'\.llJ1 (!. --\:'1)) + ~ - &1. Wz.. e ~ C1 SI" "tz.~~ l~-~) 

- Gz.Wz\."" -tl) l · l . , 
1-C'z.. cos 't\z. W z l ~ -t1.») + e. -n C 1 ",,1.Wz.(..OS "YJ.a.t.l~ ]--\J' 

-c;' "'1.2..Wz. L"" --\:1.)) -_Al J\. c.os l \..) (2.34 ) . . . ""-

xz.l]p;== -:>ct = Dl L-Ul LV\. € f>lllh \.1)L -"\;\.) L 8t. Sill ~1~ll ~ -tLl'" e:z.~ "'l1\4»)t~--4J 
-GL'-ll("l1"-i:.l)t I ' . .11 

4 e "'" \. Bll11l.1.)l COSl'J.,W1.l ~ -t~) - BZll.1W~ Sin '1JW.l(~ -~)V 
-",'-'>z l ~_t~) I . • 

+ 02{ -bzlUz e t C.lSllllJ.z.WZ(:'" -1: t ) +Cz (.O~ 'l1WZ l ~ - tl ».-
e-&z.Wzl ~ - -\:1) U;:'·l rt-z.lolz (:,05 '1.z Wz l ~ --t1) - c'z. "7.\.\)2 (2.35) 
S\ll Y\.z.Wz.ur. -to}) - Az. J\ cos \. L\) 

.A 

By using the following new variables, 
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Sq- -- Sin lJltl. -t-rd 

E.1 = Jl. COS l-C) 

E4 = J\. COS l Jll l + \) 

£~ = J'- Co~ I..A \., -t T) 

£z = J\.. COS l -c\) 

hI. = £)lLU.l. 

hz. = bz W.z 

n!> = "Yll.l':h 

n.. = ll.z. l1>z 

hs = -81.LU
l
t

l. SlY! "Y\. li) t e 1 1.. 1. 

h~ = e: 61U>l.h COS -rt,t.htl 

h7 = eSz.u>zt1 S in "Ttzwzh 

he = e-Szwz-t:. cos l'h.Wztl 

hg = 
i SJ \.\11 \ ~ - i 1 ) . Si"Tl "Yl

1
Wl ( ~ _ tl.) 

- '01Wl \ 1.1 - t t> cos 1l,Wl L~ - tt) 
h\O = e 

hu = 
e 'Oz. \a) z. ( "!Ji -t l) . Sillll2.Wz l~ -tJ 
- l:>zli)2l ~ - ttl . cos "'tz. Wz. l 1k - ttl 

" 12-
e = 

6 1 = 
8a. = 

- S,lod:, . 
e . l-SlUh cOSTJ.luhtJ. - l1t.Wl Sln nlWl t1) 

63 = 
- S2U12.t 1. l· .L ) e. -b2. W z. SlTlll.2..u)z\\ -\- Yl.2..Wz. COS "l\.2..lUZ \.1 

8+ = 
- !)z.Wz.t, l t· J ·e - - bz.W.z. cos TU.U)z. 1 -lh. Wz Sill '1.z..wz.-\~ 

O!ii = 
- S1. lilll"l1 - ttJ I · _ ~ .\ 

e J\. \. - &t. tU l srn "lltwll-:!!.-t1) -\"llt.lo.hCOSlltWtl-!k - '-I), 
A 

&" = 

f:h = 
&8 = 
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IT 1 + c 
= 2Jt 1 - e, + 2--U. 

If 1 + e =-
2Jl 1 -e-2AJ..e 

Equat1ons(2.9) to (2.12).(2.16) to (2.23) and 

(2.28) to (2.35) can be put into matrix form 
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Equation (2.36) furnishes 20 relations among 20 

unknowns. Here Ai and A2 are found in terms of""( and it • 

As Ai and A2 a re known,we get two equations among two 

unknown \: and tl • 

Thus 

= 

Az = N (Az) 
b. 

Where , 

(2.38) 

2. 2 2 

N (Al) = <T1 "2. h5 h7 (02 - D1 ) M2.3 MS9M.G2. M74-'~ 

( .M.~u M 10 -M.sz..M9) 

(M 761"182 -.M. 71 .M 'eU) 

By relation of Equation (2.37) and(2.J8) ,we get 

-C = tan ( M 84- ) (2 • J 9 ) 
MS5 

Knowning -c in terms of t 1 , unknown "1: and ti 

can be found by either (2.37) or (i.38) • . New variables 

• M s are given in appendix A • 
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2.4 Impa~t Damper in Mass 1 only 

Assuming that one impact occurs at t=O+,the next 

impact will occur at t= ~ 

The system should satisfy the following conditions, 

at 

t -d I .. 
Xl = X".b )'1 VI (a) =0- Xl =)Cb ~1 - -2: :x.z = Xc. X z =:xc = 

-t: YJ.=~ X' 
. , 

XJ_ =X~ 'Y,_ -v, (b) (2.40) =0. Xl. =)C.b x z = C. x z = Xc = 

t :II. = -~ 
, ., 

'1. (c) = l-~~}_ Xl. =-~ X z = -Xc. Xz= -Xc "X. L = -Xb = -Vl 

Equatlons(2.2),~2.14) and (2.15) : describe the motion 

of primary mass 1 and primary mass 2 from t=O+ to t=l~)_ 

By using Equations (2.2),(2.14),(2.15),(2.4),(2.5), 

(2.6L.(2.40-a) and(2.40-b),we get the Equations(2.10), 

(2.11),(2.16),(2.17),(2.20) and (2.21). 

From Equatlons(2.2),(2.14),(2.15) and(2.40-c) 

~(!L=-)Cb= (eS1lDl."'Jk {B1 Sh'lYl l ltJ.1-¥- +B2COSll}I)1~V+ 

( eSzwZ.~ {c\ Sinll2-w2.~ +c2 C051'lzwz ~J) 

Az sin l Ttl 

- A JlCOS( T) l 



h)3 = 
h)4- = 
h}s = 
hH:; = 
8g = 

16 

e 81~ ~ ( BIll1 WI COS l't.Ul1 "! -BZ.'llWl s',n 1l.1W1 ~) + 

D2 ( - 82 Wz. e6
z.

lOz ~ (C1 sin 'kU)z ~ + Cz. c.oS llz. U)z ~ )~ 

e6zlOz ~ (Cl.l1z U)z. Cos 11 z"-l 2 ~ -C2.)'h.Wz. sin 'l2WZ~» 

(2.44) 
By using t he following new variables 
-61~1~ e. SlY) l11Wt ~ 

- 6 1 l1l1 ~ e cos Ttl WJ ~ 

- b2Wz~.k e Sill 'lz.Wz ~ 

- bzlOz. '.!k. 
C.05 llz LU 2. Jl... e J\-

e61W1 ~ (-·ChlOl·SiTI'l,U)11 +lllLUl COS"l\.lU)~ ~) 

Equations( 2 .10),(2.11),(2.16),(2.17),(2.41),(2.42), 

(2.43) and (2.44) can be written in following matrix form 



1 0 <11 0 0 0 0 0 0 0 Xb 

1 
-d. 

2 

1 0 «1'i 0 0 I -cl 
0 0 0 0 0 Xc 

2 

1 0 0 0 0 0 -1 0 -1 -'31. "X-b 0 

0 1 0 0 0 -°1 0 -02. 0 
x.~ Az Sz. 0 

. , 0 0 0 1 -h"3 hi. -h ... h z -Eo}. Xc 0 

= (2-4-5) 
0 0 0 0 1-

-Dlh~ OJ hI. -02h4 0 BJ. Az. 't2. 02 h Z 

1 0 0 0 0 h 13 h~4 h 15 h\6 -51 6,Z. 0 

0 1 0 0 Dl h 13 °lh l 4- D2h15 DZh 1G 
0 C1 A2.Sz 

() 

0 1 0 e~ e lO e11 e12 
-E 1 C.z. 0 

'-J 

1 OJ. 9 9 °.610 O 2 &11 0 2 9-12-
0 A) 0 0 0 0 

A2.E z 



Equations(2.45) , furnishes 10 relations among 10 
• • I. I 

unknowns xb ,xb ,xa ,xc ,xc ,B'l ,B2 ,e 1 ,c·2 and T 

From the solution of Equation(2.45) ,expression 

for Al is 

Al = 

where, 

N (A 1.) = err OZ h 1 3 Z. 1 co h l? l D 2. - 0 1) . 

l.5L L2.1 -5L . Z2~) 
2.02. 2<1) 

where 

= or az. h\!> LIb ht's t Oz. - OJ) ' 

( Z'5 . ZZ1 - LCO Lz(; ) 

Equa t i on (2.46) can be written in the form 

2 sin L + H cos -C = - p 

H = 

p = 

2, . l z..Z6 - ZZ7) 

l ~ - Z-p) 
or oz. 

. J\.. 

Solution of Equation(2.47) 1s 

sin L = - 2 r ~ H [HZ -t- 4- -r2 
H2 -t 4-

cos-c = - Pi-t + 21Hz -t 4- -f2. 

Hi: + 4-

-1 ( .-2P+HJHz +4-F2.) 
T = tan 

(2.46) 

(2.47) 

- PH -t 2.] HZ: +4- _ J>2. 
In order to have real values for si n ~ ~nd oos~, 

the clearance d can not be arb1trarily large;it should 
Z 2. 

satisfy the relation r ~H+4-.Physically system will not 
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have two 1mpacts per cpcle steady state motion. The two 

sets of signs appearing in Equation(2.48) corresponds to 

d1stinct steady state solutions. 

2.5 Impact Damper in Primary Mass 2 only 

Assuming that a impact occurs at t=O ,the next 

impact will occur at t= ~ 

The system should satisfy the following conditions; 

at 

-l • 'jz= ~ Xl =~ 
. . • 'V 

=0- Xl = Xc )Cz. =Xb "Xz=Xb Yz= 2-

X z = x'b '12.= sl -X1. = ~ X2.=~ 
. 

-l =0. Xl = Xc. "('z= _Vz. (2.4 9) 2. 

By proceeding as before ,we get following equations; 

. , 
+ 0-'2 XQ. = -

=0 

= 0 

=0 

~ + D1. h\..B2 -01 h~ \31. -\- D20 hZ.C2 - 02 h4-C. 1 -,.... 2. £" 2 = 0 

Xc. + hl~ \31 -+hl+ \32 -t h l5 C 1 -+ huoC2o - A 1 '::>1 = 0 

Xb + 01h13B1+Olh1+Bz+Dz h 1'5C1+D2h u;C.2 -Az.Sz = 0 

Xc + 6951 + e 10B2. +- Sa Cl + e.l2 C Z. -AlE 1 = 0 

x~ -t D1 9q B1 + 01 8 10 8,2 +D2 &nCl + D2 &12.CZ -Az.Ez. = 0 

Equations(2.50) furmishes 10 relat10ns among 10 



1 0 eTi 0 0 0 0 0 () 
Xb _d. 0 

z: 

l. 0 0 <1i 0 0 0 0 0 - d. z: 

. , 0 1 0 0 0 0 - 1 0 -1 0 Xb A1S. 

1 0 0 0 0 0 -°1 - D 2 -SZ Xo. 0 

a 0 0 0 1 - h3 '"'I -h4 '"'z () ~ AIEl 

- (2.51) 
0 0 0 1 a -D1 h 3 Dl.hl - 02. h 4- D2 h2 -E2. Bl 0 

0 1 0 0 a h13 h14 h15 h1.C;; 0 
52. AtS t 

1 0 0 0 0 
°lh l3 01 "1.4- Dz.h1'5 02 h l.f, -Sz C1 0 

0 0 0 0 1 eg eta e t1 8.12. 0 C z AIEl 

N 
0 0 l. 0 0 01. 9-9 °1 9-10 Dz6u Dz.G1Z 

-Ez A2. 0 
0 



where 

where 

• 

21 

From the solution of Equation(2.51) ,expression for 

A z = N (A2.) 

4 

N lA2.) = Oi <1'i h13 U H • · h 15 l D2- - D 1 ) 

lA UZ"l - R UZG) 
Z«2. 2 "'i 

b.. = or CTi hl~ uu; . h 1.'5 l 02. - 0 1 ) 

lUSUZ-l -us U ZG ) 

Equation(2.52) can be written in the form ' 

Hl 
= 2. (U Z6 -Uz-r) .jl 

(~-~) 
or oz. 

~ - si.. - Az 

(2.53) 

Solution of Equation (2.53) for ~1. results in 

sin L.l = - 2. p] ± H 1 1 H~ + 4- _ ~2. 
'l. 

l-tl. + 4 

= 

In order to have real values of sin T J and co,s"G., 

the clearance d can not be arbitraily large,it should satisfy 
2. 2 

the rela ti on PI ~ HI +4- • Physically system will not have 

two impacts per cycle steady state motion. 
.. 
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The two sets of signs appearing in Equation (2.54) 

correspond to two distincit steady state solutions. 

2.6 Special cases of Resonance and no Damping 

For the system with forcing frequency approximat-

ely equal to the natural frequency and without viscous 

damping, the steady state solution with impact damper 

in action can be derived in much simpler way. 

a) Impact Damper in Primary mass 1 at First Natural 

Frequency 

Here 'OJ = nZ. = 0 

The Equations (2.2-a),(2.2-b),(2.14) and(2.15) are 

simplified as below; 

x l = B J sin ~l.t + 62, Cos Wit + (." Sl'n "'>:l.t + 

Cz. Cos Wz-t + _A J Si 11 t..nt +-c) 

Xz. = 0\ Bl SiT) Wl.-\:- + 01 B2 cos '-'lIt + D2 c
1 
sin w2.t -t 

Da. c.2. Cos wz."t + Ai Sin l Jlt +, J (2.56) 

Xl = WI B] c..os Wit -WI Ba. Sin Wit + Wz. cl. c.os '-'>z.-t. _ 

'->2. C2.SillW2."\ +A1..J\.c.osl-A.t -l--c) (2.57) 

W 2. D2. Cz. sin tOz. t -\- A 2. J\. cos (. Jl+ + 1::) 

ForUl~ w 1 ,let Jl= wl(t+~),e:l..~lthen 

Sil1(JH-fT)= E; ~J1: c.os (Wt1. +""1:) + sht Ul1t cos"'{ + 

Cos t..Alit Sil'l",,{" 

4c:ost.n\1-"l:}= w 1 "c.oSl~Ii.+-c) - E..L\U1.t 5\Yl LW\.-\,+-':}

<:.os l w 1 i. + ""1: ))) (2.60) 

Assuming that an impact occurs at t=O,the next 
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impact w1ll occur at + 

From Equations (2.40-b),(2.55) and (2.57) we get; 

(2.61) 

(2.62 ) 

Hence by subst1tut1ng (2.61) and (2.62) 1n (2.55) 

and mak1ng use of (2.59),we get; 

Xl = X.b C.OS lU1t + Xo. Sin U)1t + cll S\l1 W2.t _lo..)~ S\YI LUit.) 
w~ W1 

-t C.2.lC05lo..)2t -C.OS~-l) + AlE: W1.t C.oslw, t +\:)_ 

A,~5\YlWt:t cnS\T.) 

-F; lr-'5 -1) , 
s1nce.LimE~o A1.~ = 0 - -::- At 

2. 1"; l3 Ki -t- 2. K1 - "-2. rs) 
So ' 

(2.6) 

(2.64) 

= X.b cos Wd. + ~ S\n Wi\" + c1.l Sin w2.t _W2. S\'t1 wi\.) + 
1 Wt 

L2.lc.oS W21: +- cos WIt.) +.1\1 Wlt c.os llU,t 1-\:,) _ , 
A1 S\Y1W l tCQSCl:") (2.65) 

From the condi t10n thatx14~)= -~ and by d1ffer

enc1at1ng Equation (2.65) and substitutlngw~= ~ we 

obtain, 
. . , 
xQ-xb = c 1 ( UJ2 cos ":::17, +w2 ) + Cz.l-w2. siYl -rr 0.>2.) - A 1 w1cos T + 

1 W t 
•• I 

A1 U s,n"""C -t-AtWCOSl"""() (2.66) 

By subst1tut1ng Equation (2.10) from (2.11) and 

rearranging terms. 

~-Xb = 2.'-uul}ld+2.X b) 
'IT 

So Equat10n (2.66) becomes 

(2.67) 

2.AlWlld+2.Xt1,. C W II + c.os "11 W2.) + Cz.l- Wz. si-n ~ W2) 
,,- 1 2 ~ W L , . , 

-A 1W 1 cos T +A.1 TSil1 '"'( -to A1.lU1 Cos T (2.68) 

Using the condit10n that x..ll~l= -Xb 
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Or 
\-

=0 (2 .69) 

By proceeding similiarly for prima ry ma ss 2, we 

get; 
I 

02- c1 Si n l" t.h ... ) + 02. c,l C()5 '~t-1) - AzlT c....os L. =0 (2.70) 
Wt Wl. 

where 
I 

Az. (2.71) 

D2.CtW2. <.1 +COS~) + D2. C 2.l-W2. S\'Yl ~2.) 
LUl. UU\ 

, ,. I 

-A Z W 1 eoslL) + Az IT 'Om ,,-r) T A 2.. WI Cos (--c J =0 (2.72) 

By solving Equation(2.69) and (2.70) 

( 
I , 

- 02. At -t-Az. ) IT COS ~ = 0 (2.73) 

The only solution is 

= -1f!2. (2.74) 

From Equation(2.69) 

C1 /cz = - (1 + COS ~U:2.)/ 5il1"!!"~t< 2.75) 

From Equation (2 .72 ) we obtain; 

(2.76) 

(2.77) 

From Equation(2.68) 
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Making use of Equations(2.78} and (2.11),we get 

Xo. = _ (l-e - 2 -t.le) TlA\ l \.)1. - 1) 
( 1 -\- e ) 2. -'-'- Dz. 

SO the equations of the steady state are 

)C.l = ( Xb - C.d cos Wit + (. -Xu. - ~) sin' W 1.* + 
LV,. Wl , " 

C
2 

cos wz.t + C\. siYl W2t -\- Ai W 1. t srn lW 1 t) 

(2,.80) 

.x: .. = OJ (xb - C2,.) COS Wit + 01. L :X..o.. - ~) sin Wit + 
'" W l Wt 

I 

Dz.C2. COS W2. "l:: + D2. C l. s\n W2.t + A.'l.w)t sin (WIt) 

(2.81) 

b) Impact Damper in Primary mass 1 and Second Natural 

Frequency 

Proceeding as before and taking JL = W2, (l+E), the 

steady state solution will be; 

x l = lXb-Bz)coS'wzt + (~ -~)s'nU)~~ + 
LOa. \JJ4 

. " -B2 cos W1.t + 51 S\Yl Wi-\:: i- At wz.t Sill (\02-\.) 

(2.82 ) 

x2. = 02,. l Xb - B2.) cos W2.t + 02 l :X.Q. - ~) si-n Wz.t +-
lUz. W2. 

where 

Bl. = 
"...-r Az. " 

(2.8) 
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I 

. ~l - e - 2.4e) IT A2. ) 
")CQ = - ' t 1 + e ) 4- Ai- l-%lo-

1 

. 
All) = _ Fe l 1 + fI5 ) 

2.15 . l '31<.2. + 2.. \<1. +.f'5 K2.) 

f'o 

. ' . 
c) Impact Damper in Primary mass 2 at first na tura l 

frequency 

Using Equatlons(2.49). (2.55). (2.56). (2.57) and (2.·58) 

proceeding as before; 

(2.84) 
- , 

Xl = .L l ·:X:~_D2.C2.)C05\.Ul-l +.1.- l~ _02.c.loWz.) S\Tl10\t + 
~ 01. lUi W1. 

Where 

C2. C05 LU 2. .\; + C 1 S\ n LU2. \: + A\ WI-\: S\ Y1 LV 1. -\:: 

= 

2. II + cos "lU2. ) lU2. 
l.Vt 

, 
<.l-C -2..ue) TT Aa l 0" - t) 

II + e) 2...u.. 01.. 

(2 . 85) 



d) Impact Damper in Primary Mass 2 at Second Natural 

Frequency 

27 

Proceeding as before and taking..l\z = W2.U~the steady 

state solution will be; 

1/ 

52 COS Wt"t +51 S\Yl Wi\: + 1\.1 lUa"\: S\T\ Wz..t 

where 

I 

X.b 

. I 

-x.a. 

~ Energy lost per Impact 

From Equations(2.4) and (2.5),we can find that 

for impact in primary mass 1; 
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~ 

W i~ 1 = 2..A.A. ll - e) \ ~: ~) l~ l d -t 2-:x.b)).M (2.88) 

For impact in primary mass 2 

7... 

ll+U) LJ\. L.....I 2.:;x.'») NJ ~; .... I...2- _ 2. -U. '1 - e) _ .- \.A. + b-,-..L. 
r - '- 1.-\ e Tr (2.89) 



3. STABILITY ANALYSIS 

3.1 Int roduction 

The steady state solut~ons,derived in chapter 2, 

are not necessary to be actual silutions as we have made 

certain assumptions.Thus the stability criterion for the 

t hree cases is obtained in this chapter.The stability . 

analysis,as suggested by Masri(6) ,involves a perturbation 

of the phase space trajectory of the motion. The solution 

will be stable if the modulus of all the eigeQ values of 

a certain matrix is less than unity.The matrix continuou

sly relates the perturbation immediately after each of c 

consecutive impact in one primary mass. 

3.2 Theoretical consideration 

Let the differential equation of our system be 

expressed in the form 
~ -z. = F t Z1' Z:z. , ooo_' Ze,t ) 

.and let the solution of Equation(3.1) be 

z: = .Sl-t) 

If this solution is perturbed slightly,so that 

~t-> = S tt) + t l1.) , 

the solution is said to be asymptotically stable if 

Um J Si.lt-)I = 0 ,for i=1,8 • 
-\.--'" 

... "If;. 

For present case, since steady state solution is 

29 
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valid only between two consecutive impacts in the system, 

the stab1lity or instability of the system is determined 

by whether or not the deviation from steady state decrease 

or increase as the number of the impacts is increased 

1ndefin1 tely (i. e. as t ~CP ). The differential equa ti on of 

motion of our system between 1mpacts is I 

where 

x' z ")(.2 --x. = xl. 

-"r 

f (X.it) = -(K.+K.2.)Xz + 1<.21(.1 - c.x.2. 
M M M 

'.\1 

'h o 

,. Now le t the s olution curve be pertur bed slightly ri ght 

a fter a n impac t i. e . at A. If a t .J\.-t = l6to )i_ th p. ~ teady 

sta.te solution is perturbed by a small amount «oJ ,then 
• the time of the next impa ct ,J\.{ = -u- +6to ,is determined by 

a relation of the form 

~t'o = 9 (S,tCO) ,At:,) 

By ma king use of the theory of impl i cit function,at 

thedeviation of solution from steady state 

c a n be put in the form 
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, 
-where P is a constant matrix and R contains all the 

terms Of~i hig her than the first power.Since the t wo-impa ct 

per cycle solution repeats itself after interval of 
II 

JU:. ="lT ,the perturbation at .J\t =L2.1T+At.,J ... will be 

By following the perturbed solution from one impact to 

the next one,we obtain the continuous tra nsformation 

Il~+1) = P tl"T\) -t R t '{'"n) 
YI+l- -+-..,.) = p ~ lo) + R t -:. to) 

Consider the linear part of equation(3.4) 
n+l 

= p ~ lO) 

Equation(3.5) will be asymptotically stable if and 

only if 
n 

UTI') P = 0 • 

(3.3) 

(3.4) 

Now if the eigen values of Pare distinct,it can- be 

diagonallsed by slmiliarty transformation,so that 

pn = SA Sl • 

The requirement for stability, 
n 

lim P = 0 

is satisfied if and only if all the eigen values of P 

have modulus less than unity,i.e.,if 

( i=l, ••• 8). 
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The theorem,derived 1n reference (6),states: 

is suff1c.iently small --Id.m IIR ((JII 
"~I\ __ 0 \I '(II =0 
~ .... ~1---
~l..,..+t) = P t(.O) is asymptot1cally stable and if 

then also is 
__ 'O~l___ -+-,--
~ IT\-u., = P ~lOJ +R t~loJ) • Thus our problem 

is to determ1ne P and to examine its eigen values. 

).) Impact Damper in both Primary Masses 

Since our system has four degrees of freedom, 
..... 
~ should be eight component vector.Here the perturbati-

on consist of small variation of steady state values 

ttl • Here 0 suscript 

refers to the unperturbed conditions. 

The cond1t1ons that we have are. 

Steady State Perturbed 

At Jt+ -=0+ At JLt -= Lo + II t. \.0) ... 

Xl = X 10 ")(:1= x 1 0 + f).X-1O 

':it = d.. '1j = d 
Z 2-

X t = ::ic:- 10 x,. = x-
10 

+ llxto 

Yt = - "10 Yt = -1....."10 +6VIO) 

1: = To --c = Co +6T o 

xl. = x 2C $-2. = -x. 2.C + 6. ~2.c.. 

")(z. = X. 2.(. x.z = x-z.<. + A. )£..2.<-

.\: 1. = t1.0 \:-1 = \:10 \- D \: \0 

Y-z. = Vz.o '<2. = - \1'2.0 -\- I::> '1L.O 
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Steady State Perturbed 

At Jlt = t1.0t At Vlt- = -\.10 -\-- (). \: \0 

X I = )C.1C. Xl. = Xtc.. + ~X1C. 
- )LI<. + D.X l(. Xl. = Xl.C ~ :: 

Xl. = X2.0 )(.2= )(.2 0 ~ 1'1 XZ.O 

~2.. = XZO ).:. 2. = .x.. 2 0 \ . fJ. )(.2.0 

. . 
Y2. = -'J20 Y2. = -(.. \1 2 0 -\-t. \12.0 ) 

':J% :: d. '.12.= d 
-£ T 

At vH :: \\ \ At .n.t = t ". + ~t:) 
, 

X l = -)(.10 XL = - t X 10 + ~ )(.10) 

':11 = -c!.. 'h :: _d. 
2- 2. 

• I 

Xl = -XlO Xl = -lx-lo + e:. "X. 10) 

'it = V10 '<1 = ('V10 + fj, \I~O) 
, 

"( = LO -r = ""l: 0 + n.-CO 

, 
X-2.= -XZ.C X2.= -l X. 2C. + [),. JL2.t.) 

X l. = - XZ<" x'z = -l:Lzt.. -\- f::". XZc.) 

L10 t1 
I 

\::' 1 = = tLO + IJ. -\:.to 

. . I 

Y :: - \12.0 '1, = - l "2.0 + D. '12-0 ) 

At Jl.t = l -rr +tl0)- At 
II, 

V\.;t -l "1T + \. 1.0 + [),. -\.0 J-

- )(,2.0 
I 

x2-= Xl.. :: - Lx. 2.0 -t- ~ -x. 20) 

To simplify,l . t us put new variables 
I 

111 :: '1.1 W t COl = nlu.h 
. I 

'1.2. = Y\. 2. L\)-z. b, = 02. Wz.. 
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So Equations of motion are 
-51.t ' -&z"-\ l 

)C.l = e l B1. S"IT\ Y\1.t t 52 cos YJ.l t) + e c) S\Y\ rl.?.-\: + 

C2COS -rl'2.1:) -\- Ai sin L..n.t -t--c) (3.7) 

- ~"it l " , , -~2.-t 
X 2 = Dl e 8 1 srn "Yt1t t 52-COS "flit:) + Dz. e l C t SiYl ~:z..~ -+ 

C2.COSrl2t) + A2.sl"nLJtt+l:tlf') (3.8) 
' " , - Slt ( I " , I , - b -t I' , x t = e - 51 SI"Y"llt -\- '1.. 1 cos Y1..\t.) B1. + e. 1 \ -'01 Cos Yllt -

Now 

, 
" , -CO-z.t L" , 

111.SIOY1.1-t:.)B2 t e. -OO2.UinYl-z.-\:..+y\'?.c..oS'l-z.t)C1+ 

- 6j: l I 
e - 5 z c.os l1 2.t - y\'-z. S\Y\ '12t) c.2. + .flA1 COSlJl.-l + "-c) 

(3.9) 
6' t ' I ., e 6,t {S' • t 

X:..2..= olle 1 (-b.lSiYlltll +Yl\c.oSTLti.) 61. + \.- 1C.05,\. -

lit S\ll tttt) B2..) + 02.. ( e&2.t L- 6'2.. sin rlz.i: 1" 11'1 cos Tl~t) C1 +

e S2.t (_ 6~ cos rtzt - rl2. <oi n rl2. t ) C 2.) + J\. A2. cos t.f\. t +T t-'J') 

(3.10) 

xtlo) ... = :x: 10 = B2.0 + C2.0 + Al sin l-co ) (3.11) 

Xl (0) .. = :K:. to = -rt Bto - &1 62.0 + rl2. c 10 - '0'2 C10 -\-
1 (3.12) 

J\.A1. COS To 

x'z lO) ... = + A2. s\Yll-co +'1» 
(3.13) 

)Czc. = D1 t:!> 2.0 + D2. C20 

0, -ri..
1 

Eho - D1 s't 6 20 + D~ "l1.'2. C.LO -
(3.14) 

x...zlO) .. = x.~c = 

D2.b~C2.0 + J\Azc.os l Tc> +'¥) 

From Equations(3.11),(3.12) , (3 .1 3) and (3.14) 

C 20 = 

Og.JC.10 - )C.2t. - D2.A1 sin To +A~ Sll1l-co+'P) (3.16) 

02. - Dl 

O~:X:I0 -x.~c - D1A1Sill To +A2. Silll1:"o+'f') 

D1 - 02. 
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J\. cos Lo) + Az l CO') S\'f'\ l ""(0+ 'f) -\- J\. cos L-co + 'Po»))/ 
(3.17) 

C 10 = t D1 l x\o -t Sz )(.\0) -l x-2.C + '0'2. xz.c.) - D lA \ l iz. siY\ \:.(> +

J\. cos -co) + A2. (62. sin t -Co + 'f') -\- J\.C.OSLLo+'f »))/ 
. (3.18) 

CnZ. lDI- 0 2)) . 

In ffnding out perturbed values of B10 ,B
20 

' 

C10 and C
20 

,the quantities with subscript 0 in the above 

equations should be replaced by their perturbed 

values.Thus 

52 LO+A~) = (02.l:>C.\o-\-b.:t:. 1o) -"X.z.c. _.6)C.z.c.- O z.Ats\nl"l:<o+A"Lo) 

+ A 2. Sin l -Co -+ o.:t.o -+ 'iJ ») / l D 2. - 0 1 ) ( 3 • 19) 

(3.20) 

similiarly 

~ 52.0 = <.. 02 LlX to -~X2.c. - Dz c::. "[0 A1COS To-t 

1\2 ~LoCOS lLO-t-'f5)/ I... D2 -01) (3.21) 

(3.22) 

bBJo = (02l~ :X:. 10 + '01L)..JC.l0) - Lb:>C.2.C + ilb:x..2C)

D2.Al t 01 ~-CoCOSLo -A ,D.""(o <o\n""(o)-t 

A2. l5
1 

D. -Co cos ll:o+'P) -J\. ~""(o S\Yll Lo+'!')))/ 

l1"\tlD2-D~») (3.23) 
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.t1C 10 = ( oJ. l tl Xl-O + S~ /:). "JC1.0) -Co.:X. 2C + CO~ f1 X Zc ) 

01All b~ 6.Lo cos ""Co -J\. /). -Co S i n LO) + Az ( 

S~ bT.o COSl-Co+ '/J) -J\~"(o S\nlLO+'f'»)/ 

l ~2 \. 01- O2 )) 

(3.24) 

Equat10n(3.7) descr1be the mot10n of pr1mary 

mass 1 from t= o+6to to 1mmed1ately pr10r to t= t1.0+LY~\~ 
A - A 

So Equatl.on (3.7) 1s app11cable for.1\.1: =tl0+0 \.w,where 

.From the cond1t1on that; 

Xl({lO+~~ x 1c. + ~ x 1c. 

- 5~ l tlO+6tSb) ( - , t' ) 
~c. + llxt<.. = e Jt ( 8 10 + 6510) SH111.1l tto + 6 10 

Jl. 
, :\.) _ &' l tso ~ ~~1D) + l B za + £)82.0) C051'\1 l t\o! e:.; \0 ) + e Z J\: 

( (C10 + ~Cl0) sin -ri~ <. -tt.o+ At 1.0 ) + {e2.a + AC~o) -
A 

COS -ria. t ~10 16tLO » +A1Sin (t10+ 6t10 Tl<>+A1:o) (3.25) 

( At 10 --r\.2.ClO -COS..ta.i:l0 
J\. J\.. 

• oC2.0 cos Y\'2.-tl Q _ l::> tt.o 1'\ C2.0 sin -nK10) + --:n- -n- ? 

A) (~-lLo + 6 -Co) cos l -\:'0 +"tA) 
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s1m1l1arly 

~X.lC 
, 

- 61 -t:. lO -t:., " t I ' = e~ (~ - "YtJ l-Bto (b1Cos '11 to +~1Si)'JllJtloJ+ 
J\. --x-- ~ 

52.ol51 sin *0 -11~ C05~)) +~Bto (-&lS'n~O+ 
1'1.'t. cos ~1.0») + L) 520 l-5'1 CoS ~~10 --r4 s\n y{~\.o ))+ 
-02J 10 -l, " I , e l~ 10 -'12. (-C10 ( b2.COS~t\.O+Yl2 SinytJilO) 

+ c 20 l o~ Si n n~ 1.0 - yt2. c.05 yt'~ 1 0» +8~o ( 

, - n' t. " '-Q~lO - 02. Sill ~ + 11-z. c.os ~) +Ll.Cz.o l - bZCOS -

ll'2. s-,n nj(1.o) - 1LAl ltd:10+b'1:0) sin It;-lo -t-~ ( J. 28) 

slm1l1arly 1f 

t l'lhere 
I , 

x. - 0 e~QlO ( At1.0 -n' l - Eo l Sl CDS ~o \-1\ sin T{l\.U')+ 
2.ob - 1 ~ "\.1 \.0 ..... 1 ~ 

B2.0 (6~ SiY\nj{u) _y(lCOS-n~\O)) + ~ B\.ol-~l~I'nl\l~'" + 

" ,'..L,' -\:. )\\ "YlL COS 11.1to) +6Bzo (-61 cos l\.~)J) -"Y\.1 Si)'l Y\~lO /} -t 
, , 

D e~ ( b,-\:l.O ---r\ L-c lS2COSYl-z.t\.o -ty{'2.~\nYl'L.-t:,o\ 
2. .J\. 2. \.0 .n. Jl.. J 

+ Cz.o l bz. S\yp1.2.t \.o --v{2 cos y{~\.O )) + .c.c.l.O l 
, ' -,- .n" • (J.29) 

- Sz. si n ~o + Y\2. <:'05 Y\.z.-\: \.0) +.6c.20 l- S2CO!> ~·,.;t.l0 _ 
oJ\. ,J\.. ~ 

tl1SiOY\~l-a)-J\.A2.lD.t1.o -t6~) S\n \...-\::.1.0 \-"(0 \-1) 

Us1ng Equat1ons{2.8) and (2.9 ) w1th ~ new var1ables: 

K 1. = l 1 - U. e) / l 1 ;- A.l) 

K 2. = --U. \. 1 + e..) / l 1 \ A.l) 



so 

K3 = ll. + e)/ll +.u.) 

K.4 = L..L\- e.)/ II +..u.) 
, . 
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xzo-\-6 X zo = Kl.l:X.. zOb +1l:x:'l..O b)+K..z.(Vzo + AV2G) (3.30) 

, 
- LVzo+.t:IVzo) = K3 l:X..2.0b t-LlX20b) +K. ... lV2,o+6V2.o) 

(3.31) 

(3.32) 

(3.33) 

After impact,B1 ,B2 'C
l 

'C2 ttl ,l will have 

perturbed values in Equations(2.24)t(2.25),(2. 2 6) and 

(2.27). So 
, 

.6B2.o = lD2.DX.tc. -~JC2.0 -02.l~LC)-t ~\.lO)A1C.OSl-rC)+tl~ 

+ A 2. l [\'(0 Tbt\o) cost ~-t-\:.10 -t-\f' ))/ l 02,-°1) 

(3.34) 
, 

.6C2.0 = (01 ,CIX\C. - b X 2.0 -D1 lbLo -t-,CI-l1.0L~1C.O~ l"1:o+t10)t-

A2. (.lYCo + bt1u) co~ l "to-t-tlO-t-'f)'1/ lD1 -D2) 

(3.35) 

.6.B\.o = (D2 l ~X1.C +blbX t.<J -l AX.zo + CO~bJC.2.o) ~ 

D2All o~ . (. ~-Co + A t.10) · cos l-r:o 1" t10) -

J\. l f:l. -Co -t f:l.t 10) S '\ n ("'(0 'H:' lO)) +A2.l cr;,LL~"'(o +.6t.10) 

Cos l'"CQ -t-t10+':P) -J\.l6-Co +Atl..o) .<,;'nl LO+·l:J.O+'f')~ 

(3.36) 
, 

~clO = 01 (L~X1C + S2. A.X1C ) -l6:lc2,O + bz LYX( 20) -

DtAl( 62. LD -Co + At 1.0 ) c.oS l ~o T tl.o) - J\.lbl:ot-A-t1o) 

sin l-co +-t10) +A 2. l &2l~ --c.u -\- btl\;)) . Cos l-Co +-l10+'tJ 

-JLl6L o -t6-t1.u) Sin lLo +-\:.1-0 +P))/(l\2,LD1-OZ» 

(3.37) 

. . , . 
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1/ • 

Let bTo = 6*.0 -.6to 

So 

, 
-bJC.2.c.. = 

- co' l:JI - t.1-~ -.- , , -\;.) 
D eL J\. ,l::> ,0 . --0' B C.OS Y\. l-n - \.0 + 

1. '-:rc '\.1 10 1. ~ 

(3.38) 

b.B~o S\nl1'1.l"1\-\..I.~) -\- 65aoC05Yl'l \."1\-"\.1.0) - ~ -vils'lDSirlYll 
J\. ~ J\. JL 

1.."1\--\"10») +D e.&'"L.l"1\~1.o) ( ~ ",' C· C05Y1' l-n-tlo1-+ 
2.. \ .J'\. '1.2. 1(> -t.2.--

J\.. "'-

bC~o 5\ n -vl2. 1.." ~1.o1 + A( . .'2.o cos""2. t -n ~I.O) -

bTo ' I sin vo'", t if-tiC» -A1.lAt~ -6-\.0 +D..l:,,) Cos To 
-::f(- "ll2 C~o .t.... J\.. 

• I -6' l-rr-1..1o ) 
~JC...IOb = e 1 JC l ATo yt'l. (- B'1.0 t o~ coS -rtl l-n---\:1.o) +-

slml1larly 

J'\. A 

'1'1 Sin -vtl \.If :;{10) + B'2-o l &~ $\ll '11 l~) -

"'11 COs Yll \. ""~1(»» + b. e'10 (- &~ s\n Yll L -rr;lO) + 

r\1 Cos Yli l"TI --tlO)} + t::. B ~o l-S'l coS"li1 lv-tt.o) 
A :J .J\.. 

. t) 
111 Sin ~ll" -"\.10») + e 62.. \. ~ 10 l~--r\..2.l-S0l 

..f\. J\. 

b~ Cos '1~ (~-tl0) + -rl'1. sin "i'2.l-:!!"~1.o» t- C z..o l 
-A... 

S'z. S\l1 rl'L L 1T--\:10) -y(2.c..OSl1~ \. -rr-t l0)1' + AC10 ( --:n:- J\.. J 

-bL S"!Tlyt l" -t1.o) + 1'\.2. COS yt' l""1T -t10») + 6C2.ol-~2.cOSY('2.l".-t'D) 
2. J\O ~ .I\. ') J\ 

-'r\ 2. Sin 1'(2 l 'If -t iO}) + J\Al. tAl:: -A~o + ~ "To) sil'l"Co ( 3.40) 
-.f\. 



. I - rr,'l ll1 - t to) , l). ~ I 

-.6x.zc= ole ~ 'J\. 0111 (-610 l S'lC.OSl1.'~ l"Tl-tto) -\-
~ 

-n'tY '(-n 1: J) , , . , ( .L 
, '-1 ~1"l11 ~ 10 + 6 20 l '01 Sin 111 \."IT ;j\lO) -

1\1. c.os 11.'1 l"" ~"Q)>> + A S'10 t - &'1. sin Ttl l"lT -tl0) + 
"'-

1'\.'1 cos '1~\~)} + 66
1

zo l-6~ COS"tt~ (-n~110) -

6' l""--\::1.o ) 
"'t' Sll1rll"lt-"t\.o»'TD2e ~ -,n- (~T011.'l-C1.ot 

.,. l.A 'I J\. 2-
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6~ COS '1.'2 l ".-t\o) + 1l~ sin yt'2.llf-t.1.o» + C2.o(o~ Sinl1~lll-i:Jo) 
.J\. J\. J't 

-'1..'z cos rt'2. Ll1 t 1Q)>> -t 6C.10 t -&;. S\Yll\:z. \ "1T':101 + l1.~cosy\,.l~\ 

)+ ~C2.o(-6~COS'1''Ll*) -"Y\'LSinyt'2t-tr~-\10») + 

(3.41) 

Using Equatlons(2. 8 ) and (2 .9) with new va riables I 

-( xlO + D. i: ~o) = Kl t X. 10 b + 6:x'10b ) -K,2l "10+AVIU) 

so (3.42 ) 

or 
• 

6\1\0 = K'3 AX-lOb -~ A'V10 (3.43) 

The ti~e required by particle to travel from one side 

of the container to other is equal to absolute distance 

tra velled,dlvided by absolute velocity. So 

Taking 

~ I = J\ D. Je'lO -t J\ D. X \() -~ t:::> 'V in 
"10 "10 ""1.0 

~ Tb = D\ -D~10 

By using Equations (3.45) and (3.46), we get 

(3.44) 

(3.45) 

(3.46) 



cos To) 

So 
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(3.47) 

(3.48) 

For findi ng Llt' ,let us consider time interval of impacts 
10 

in primary mass 2 

t l " +t10 ;-~-\:~") -l tl0 +~~o»)/J\. =-ll 'j'2. III -tt 1o + ~-\:~) + X'2.l11 H.l0-t6\:~'')) 

- L ';h. l t 10 + D-\.~ ) + Xl. l-t..10 +L\t~ )))/ 

l "2..0 + ~ \I~o) 
III I 

A..L A4. J\." I J\. I 
Ll \.0 -~ \.0 = - L-> X2.0 -t _ L\ x.z.o -"}L 6 'ho 

I \12.0 'Iv;, \/2.b 
So 

or D~10 +D, -6\.10 J\ ' J\ I = - 6 )(.2.0 + - bX20 -::!L ~"2.o 
\/2.0 "2.0 "2.0 

• Here all terms are known except ~X2o.By 

ding as before,we get, 

1I , -'-
L\ C 2. 0 CoS Y\ to .: 1.0 

oJ\, 

A'2.. lAt'lO ..,.. n""t:~) 

where 

(3.49) 

(3.50) 

I'rocee-
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(3.53) 
, , . I I 

= t D2 l fiX 10 + 01~:X:lO) -l 6XZ c.. + '0 1 ~X2C) 

D2 At ( &~ 6 l:" COS .. c, - J\.. 1\ L~ S\Y\ ""(0) + A2.<"S1.~""(~ C.05{-C.+lfj 

- J\ A L~ Sin l ""1:0 -t- ~ J))/ t "Yl1lDz.- DIl) 

(3.54) 
" • I , . . I • , 

1..\ C 10 = 0 1 (~X. 10 +- '0 z D x 1 () - ( ~ .x. z c.. -+- b 2 Ll x. zc ) -

01A t (02, 1\L~ C.OSLo -J\~L~ sin l-r:o -t\j' ))/ 

lyt'z l01- D z.J) (3.55) 

The value of K is 

k. = 

(3.56) 

Wi th new var1ables l1sted 1n appendix ~ t we get 

s1mp11fied Equat10ns asa 

11 Czo = G 2 bx'10 -\- G5 ~)(.2.C -t 64 /).lo 

~Bl() = ~ AX. IO + 61,011\X 10 - Gs ax2C "1'\:1.. "T\.1. ""fl' 

(3.57) 

(3.58) 

. , 
Sl Gc. llX. 2 c. - G~ \:'0 ( 3.59 ) 
"\. i ,J 

~Cl0 = G2. ~X.1C.l + s'2- Gzll'X.10 +G"5 AX2 c. + 
Yl2 yt 2. "Y\.'l. 
62.. &5 D,.JC.2.C - G7 \:0 (3.60) 
~2. 

DJC. 1 C" = G e b"tlO + 6'4- AX. lO + G'5 n x 10 +6 L&Ax'2C. + 

(3. 61) 

(3.62) 
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().6) 

().64) 
. , 

.6B 20 = G4~~tlC +G44- ALo TG4-~ 6:lc1.0 +G4~6X\.C) + 

L\ Cz. 0 = (;49 At'to + G 50 tl Lo -t- G!!H 6X10 + (,52. ~X.10 -t 

GS 3 £1 X2.C -+ G 54 L\ X. l.c. ().66) 

().68) 

G1g bJ(.2C. -+ G1C3 6 X 2.c. + Gao ~"10 +GS1 6\12.o().69) 

£1, = Gal. G14 ~*10 + G S 2. · G 15. 6 L o + <:; 82. G'l6 6X to + 

G 82.' l011 -\- 1 . ) L\X1o + G 82. G 78 /J."X.u.. + G 8 2. G796X..z..c..t 

lGsl ' Gao - " ) b.VtO +- Gel. Gel .f),.Vz..o 
"i to 

().70) 

£\ To = f:J..T -1\1:10 

~x~c. = G S4 L\-\::10 + G85 L\"(o + G8~ L\x.10 + G S7 llX10 + 

Gaa ~x.2.e. + G S '3 8X2.e. + G gO ~vl0 -\- G ell A V2.0 

().71) 

£!. V ~o = K'3 G 91 At 10 -+ K ~ 698 II To -\- k: 3 G!J9 ~x,.o t- K 3 GJ.Ot,l~.lclO"" 

K~GJQl ~X2.e. -l-K.;sGJ02. AXl.e. + (k. 3 b\03 - K4-) 8 Vto +-

~:3 GI04 .4 V2.0 ( ).72 ) 
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-
AJc.

10 
= Kl G97 bt10 -\- K,1 G 9 '3 6\:.0 + K 1 G 99 L).X1.0 + 

kl Gl.OO LlJC. 10 + \<1G101 ~::C.2C. +- Kl G1oZ. 6XZC + 

(3.73) 
I 

Ll Lo = G 82. G 74- L}.-l1.0 + II + G 8 2- (:,75) lYLo + GS.2 &,(; 6Xlot 

, 
!lVzo = 

, 

GCCz.-ll +- Gn) AA.JO + G e 2. (;78 aX2.C. -\-

(;82.. <::'79 AX.z.c. + l GSz. C'80 -:J!:- ) 6Yl.o --\-
\110 

(3.74) 

-5 G 6 X 10 _K~ G.3S 6Xl0 -
K1 \-<.1 

- K~ ~O ~::x:..z.c. - \-{~ 04-t 6.Lo -K4-l:I.V20 
\<.1. \'\1. 

(3.76) 

6. 52.0 = G 114 ~ *10 + Ga'5 ll. --Co + G 116 LlX 10 + GIll 6X10 + 

Gas ~X2.c. +G 11.9 [lX-z.e. + 6'2.0 ~"to + G!2.III Vz.c (3.77) 
I 

~C2.0 = Gl2.2. Dt 10 + G 12.3 ~--co + G'Z-4. DX10 -t G,2..S ClXlo+ 

G,uo {):X..2..~ -+ (,12.7 ~x..2.c. + G,z.s 6V1ot-G
J

2..C) D'-Vz.d. 3.78) 

" bB\..o = Gr~o .0. t\C +6J31 Ll-ro - \- G 13 2. A :>C10 + G 1"33 A :lelo + 

G 1..3-4 .n~2.c:. -t Gl"3SAXz.c. +&13(,ll.VJO+GJ31AV2.~3.79) 

" a c. 10 = G].38 ~t1.0 f- G 139.6.To +G l 4-0ll.X. 10 +&141L\.JC 1O + 

G 142 A:C2.c. +Gl4-~~X.2..C+Gl4-4-8"Jo+G Av (3.80) 
J 4-5 2.0 , 

G 147 Ll t 10 llt 10 = + G)4-8 /). Lo -+ G 1 4-9 L). -:i10 + G 150 ~ xJ.O + 

Equat1ons(3.72),(3.69),(3.76),(3.71),(3.73), 

(3.74),(3.75) and(3.81) respectively can be written in 

the matr1x form. The steady state solut1on 1s stable 1f 

modulus of all e1gen values of the matrix are less than ~ 



, 
~ X]O -t<.1 G 99 -K1 G100 -KtG101 -K1(;102 -K.l~03+1<~ -K1 G98 - K 1G1O+ - Kl. Gcj7 L.\..X-10 

I 

l\X-\0 G 1G G17 G 18 G"9 Gao G","S G
S1 G 7 4- D"X1O 

. , 
D.Xz.c. 

-~OS - G 109 - G llO -GUt -G
llZ - G 11>7 - G

113 - G 10" 
D" X-z(.. 

, 
b X 2C -Gec:o -GB1 - Gsa - G

89 -G go -G
S5 

-G
91 - (38,4- ~X2.c. 

= 
, 

D..V10 k3G C39 "3 G too ~3GI01 ~'3G102 t<.3G103-~ t<.~G 98 K'3 G I04- K3G~n 
().V1O 

, 
D. -Co f),. To 

Gal. G16 GsztH-G l1) G82. G18 
"'

82G1 9 
G82. Geo 1+G8 2.G15 G62 G 8 l. 

"'82G14-
-"''IT/v1o 

, 
1<-3 K~ K">!>G AVz.o bVz.o K'3 K3 K~ 
Kl 

0 
K1-

- K4-
- 42. k.l t<1 t4 "'1 

-P 
0'1 , 

btlO G1+9 G\SO G 151 GL52 G153 G 148 '-154- G1.47 
bt10 
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3.4 Impact Damper in Primary mass 1 

Here our system consists of three degrees of 
-+-

freedom, ~ should be six component vector.Here pert-

urbation consist of small variation of steady state 

values of x x .x .i .v ~nd T • Here 0 subscript 
2, 2 1 1 1 

refers to the unperturbed conditions. 

The conditions that we have are 

Steady State Perturbed 

At Jt-\: = 0+ At v\:t = l()+~to) ... 

Xl = X 10 Xl = X1O+~X1O 

~1 = .d. 'h = d. 
2 2 

x. l = "JC.10 x) = :X:.l~ + El x'jO 

'(1 = 
. 

-VLO Y1= -l '-1 10 +-~\I10) 

-C = Lo \: = Lo -t D.To 

X2= x2.C xz= x2.c. + ax2.C 

. . 
X z = X 2C )(.2.= :x:. 2. c. -t f!.:x:. 2. c: 

• 
At lfH = If + At Jtt = l"TI + ~to) ... 

Xl = -X1O Xl = - Lx1.0 + ~X.~o) 

'Jl = -0. ~h = -d. 
"2 T 

. . . I 

Xl. = -X1O Xl = - l ")(.10 + Ll )(.10) 

'f1 

, 
= \110 '(1 = "10 + ~"10 

, 
--C = Lo -C = \:"0 +~Lo 

, 
X2.= - x 2.c. x2. = - l12.(' + 6X2.(.) 

. . . , 
")(.2= - Xz.c. "X.z.= - l xz.c. + /). x,2.c.) 
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Here Equat1ons(J.21),(J.22),(J.23).(3.24) are 

the same here.Let 

So 
, 

-~Jc.10= 

I 

-~x.2.c. = 

(3.83) 

-0'11\ • 
e ( ~ "Yl. B10c:.oS '1. t "ll + 6B\O S\Y\ ~ + 

"'- I 

~ B zo Cos Yi't"lT _ ~T v{ B sin Yl1-n- ) + e&z~ ( 
~ J\. 1 20 J\. ' 

~T • I " • I 

J\ '12
C

to COS'1.z"1f + AC.l0S'"Yll'\z..~ +ACZOC.OSl't2~
J\. 

~T 'l'z c.2.0 siYl Ylz""1 ) -AIlAI +L\ To) C.os To 

(3.84) 
-s'},.- ~T I. I 

°1 e -;1t" t -:n:- III B 10 COS '1.1"1r + A B 10 Sin "Y\1.\f + 
"'- J\. 

Ll 52-0 C.os y{~"lr - ~ -viI 520 S'n -rlh"W ) + 02 e&~ ( 
AT • • " • • 
Jl "l1. z C to Cos ~ -rr + ilC 10 s\n l1.2. 'l + AC20 C.OS"ll2.~-
~:T' ". ) A" '12.. Cz.o srn Yl2. ~ -_A2 (l\T +A-Co ) Cos <. -Co +'1') 

(J.85) 
- 0'1"'" ( AT' ( , • I • 

e Jr J\. 1'\1 -B10 ( OJ COSl'tk"lr +"'1. S,n "J; ) + 

Bz.o ts'1 s\n¥ -Yl'1 COSnl~) + ABIO l 
I , , I 

-1Q1 sin l1.'1" -t- "1 COS T\.1"Tf ) + 6 5 20 (-n1. Cos T\J\."Tr -
J\. • J\, 

I " , - &2 -n I £1" -n l-C l d CDS"; -rr "'1 1 SIYll1.;h:"- )) + e -;Jt" \ J'L " -\2. 10 oZ "\2 J\ + 

liz. sin '12?k) + C 20 (5'2. stn 'f(2.~ +"T(2. cos y\2.:X » + 

8C2.0 t - ~ cos ~!.lt -"'1.2. s"' Yl Yt.'2. ~) + 
J\ 

(3.86) 



• 
"I -COill 

- 04 xu_ = 01 e --.n. l Q-: "rl1 l - B 10 t 0'1 COS -rt1JL + "Y\1::rr..) + B20 
..... A J\ 

(61 Sin Yll ~ - "Yl1. COS '1.~~» + d.B 10 (- bi Sin ~~,. + 

'1.~ C.os '"it -rr ) + ~ 5 2 0 (- S~ CoSl'\\.1l. - Y\1. S\l\ "1"\1 "ll- » + 
• .I\. J\./\. 

-&2.~ lll." . l ' . . " . O 2 e J'C" "- 2. -c.10 (. th COS Y\.2. ~ + Y\.2. sm 112 -:) 

+ Cz.o (&2 sin Yl2. -rr -"'i2. cos "Yl.'2.-:rr..)\ + LlC. 10 ( - S2. C;iY\yt·2.~ 
J\. J\'1 

+"'1..'2 cos -rt2 J!. ) + LlC.2.0 (-62. c.os l{2.J!.. -'1.'2. S\l\ -rl2.J!.. )\+ 
J\. J\ "'- '.J 

UlA2 t.aT+A To} Sin l-Co;- 'Y) (3.87) 

Using Equations(2.8) and (2.9) 
. " , 

- ("X.10 +AX.l.o ) = K.l (~l.l-n-+At'o) +A:i:.1l"1f-t.otoJ) -K,2.lVtO+LlV10) 
J\.. J\ 

. :1 

Kl. AX1. \.IT+A!~) (3.88) - 6 x.!.o = -1<.2 AV10 
~ 

V10 + /.}. v;o = 1("3 l X-ll"lf -l-A~o) + AX1 l"ll+ Ato)) 
.J\. J\.. 

K.4 l "10 + 6 V 10 ) 
I 

Jl V Lo = K.3 .0 Xl l "1r -+ 11i:~) -K.4 AV10 (3.89) 
J\: 

The time requ i red by particle to travel from 

one side of the container to the other side equals the 

absolute di s tan ce travelled,divid ed by the absolute 

velocity. Hence 

l err * A \~) -Ato)/J\. = - II ':h l"1t +.0 t'oJ + x.1.l v + A t.~») - ( ~J lLl i:o) + 

x. l ll:lto)J) / (V10 + II \/10) (3.90) 

Subst i tuting the values of the quantities on right 

hand side : 

= ~ A~o -+- ~ ~X.l0 -"]1.. 6"'10 (3.91) 
~o v~ ~o 

Us i ng new va ri a bles li s ted in appendi x B, and 

by further simplify i ng , we shall get. 
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l\x..~o= G163 6 :X:.l(~ + GIG4- ~X.l0 -\- G}6'5 ~.:i.2.c. -\- G1GS ~~c.+ 
GU>S G}E>8 G}{;8 GU:'8 

(3.92) 

(3.93) 

(3.94) 
. , 

~ x2.c. = G 188 A -x. 10 + &1.89 AX10 + GigO 6 x.z.c. -t- b19} l\ xzc + 

(3.96) 
I 

6V10 = -~'3 G195 AXlO _k.~ G196AXl.O -~?> (;197 0)(.2.e. 
~ ~ ~ 

~~ G198 AX.z.e. _K'5 G199 ATo + G2.01 AVIO (3.97) 
~1 kl 

A x.'a.c = G 175 A *-10 + G 17 E> A x. 10 + G 171 6 X. 2.C. + CO 17 6 6 xz.e. -\-

(;1.19 l\To + Gl eo .:lVlo (3.98) 

Equations (3.96),(3.92),(3.95),(3.98),(3.94) and 

(3.97) can be put into the matr1x form.The steady state 

solution 1s stable if modulus of all the elgen values 

of the matrtx are less than un1ty. 



. I 

f). X 10 G\95 G 197 A JC. 1C) 

, 
G 1G?» ~ ~ G U •6 G1"'7 G155 11 (). x 10 

L\x10 

G 16B GIG8 G lGS Gl"8 G1.68 G1G8 "to 

. , 
~JC.%C G lse G189 G 190 G19l. G1.92 (;1.93 (). JC.2.(: 

-, 
(). Xzc. A X-2.c. G175 G 176 G 171 G17B G1.19 GJ.eo 

G2.01 
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3.5 Impact Damper in Primary Mass ~~ 

Here our system consists of three degrees of 

freedom. should be six component vector .Here ~ perturb-

ation consist of small va ri a tion of steady state value 

of xl ' x2 ,xl ,x2 • V 2 ."'( • Hence subscri pt refers to 

the unperturbed condition. 

The conditions that we have are: 

Steady State Perturbed 

At "li: = 0 .... ~-\:. = lO 1- £\-\:0) + 

Xl = )C.1C. Xl = X Ie. + A JC. 1(. 

")(.1 = "X..tc. Xl = XIC- + il X1C. 

1(.2- = JC.2.0 x'z. = )(2.0 + AJC.2.0 

"X.2. = X-. 2.0 x,z. = )(..2.0 + tllC.z.o 

'1,. = d 'jz = d 
Z 2 

'"t: = -Co '"t: = -Co + l'lo 

'l2. = -\12.0 Y2. = ~2.0 + Il V2.o) 

At ULt = 11-+ J\:t = \."~ + ~-t~ ) .-

"')C....1 = -)(.1(, )(.1 = -(xte. +6X.~c.) 

- - eX. 1(. + A XlC-) "XJ. = -)(.1.C "X.1. = 

• 
x2. = - x.z.o x2. = -CX-z.o + AX.z.o) 

'lz.. = _d '1z. = _cl 
"2 Z 

~ = 1:0 -c = -c. + 6"'t:~ 

Y2. = V2.o -'l.z.= • 
"2.0 + 6 'Vz.o 

-. 
Xz.. = - )(.2.0 -x. .. = -l Xz.o -\- AX2.0) 

Here Equations (3.21), (3.22), (3.23) and (3.24) 

are same ~. 
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Let (3.100) 

Proceeding as before 

• -6")C.. 20 

. , 
-~)Clc.. 

6 -u 6T' , IT • = e I A l 7C ""\1 5 10 COS Yl, A + fl B 10 Sill '1.1 ::;. + 

.6Bzo COS '1,!' -~ Tl152.0 sm Til 1\) +e6~~ ( 

, ' ' .!jf- 'l'2 c.
10 

COS llz.-: +LK lO sin 'Ylz.~ + AC zo CoS Y\1...~ -

6T n ' C s'y\~"- )-Al l61 + 6""Co) c05lLo+'f') ( ) 
~ "L2 zo "'-Z."A 3.102 

= e6~~ t ~ -rl
t 

t -BIO l '0'1 coS y{\~ +"Y\.\ ~ .. (\ r{\.~) + 
• • I • . • 1\ 

B2.0 lb. sin 111 ~ -"YllCOS"l\.\~) + 6B 10 t-Ol sm'1\J\. 

+-ri1 cos -ri.*) + b52.l)l- &1 COS,-t, 1& - Yl'1 Sln T\.1 ~» + . 
-62~ (6T 'I l' · .. I ) e A '1.2. ,-C IO 62.COS"l12~ +Yl2o s'n 112. ~ + 

C2.0 (S; sin ~~~ -"'1.'2. cos rl2o""'1. ») -\- 6(.10 t- 62 sin 1'\20 ~ + 

-ri2 cos ~2.. ~) -+ 6 Czo l-£~ c.os,-t'l. ~ - 1"\2. shnl'l. ~ » + 

.J\At lA T + L\ Lo) si n Lo (3.103) 
. ~ - s'lR OT • , 

6)[.2. ll!.!£- 0 1 e t JC 111 ( - BJO ( 61 C.OS Yll ~ +- '1'. 5'"", Y\, "lk ) + 

8 20 (~il sin Ttl ~ - '1; C.Os"1'(1 ~ ~ + A 1310 ~ - 6~ C;l" r\ 1 ~ .t-
, ""IT 

11' .. 5 ' T{ )~, 0 e&Z"A lOT • I • • 
lCO 11. J\: ~ + 2. -:rc-T\Z.,-CIOU;2.C.OSYl2.-~ \-

"1'2. 5\ n Y\z. ~ + '12. s·n\ yt'z. ~ ) + CZl> l. b2. s · .. n viz."!. -Y\2c.oSTiZ.~») 

;-6 ciO l- 6~ sin '1'2 ~ + 1'\2. c.os--l2. ~) + AC.zo l- b'Z COS-Y(z. ~ -

"'12 sin -riz.1tJJ + J\.A2lll T+ ATo) s,n l To + 'P) 

(3.104) 

Using Equati ons(2.8) and(2.9) 
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(3.105) 

(3.106) 

The time required by part1cle to travel from 

one s1de of conta1ner to the other s1de equals to the 

absolute d1stance travelled,d1v1ded by the absolute 

veloc1ty. 

Hence 

(t -n -tL).t~) - l1t <»/,f\. = - ( <. ';b l'l\ + D.~) + X-2l 'tf +At~» - l 'h lO-lo) + 

Substitut1ng the values of the quant1ties 

6T = J\ f),.x'2.0 + 11- 6)1:20 -~ 6"2.0 
'\120 'ho '12.0 

, G . . 
.6~o = ~ A-X u :. -\- Gz.o~ aXle. + GZQ4- f).X2.Q -\-

G_7 Gz~ ~~ 

~~ AX.zo +(;2.06 l).To - G1."'1 ~ £).V20 
GZ0 1 G2-07 '\12-0 G2.01 

, 

(3.107) 

(3.108) 

(3 •. 109 ) 

(3.110) 

li Lo = G ZoB £). ::ic. 1C +G209 D?Ctc +(,2.\0 6 x zo + GZ1.ll:i Xz.o-t 

(3.111) 
, 

lI.x.l.e. = GZI4- AXle. + G2.15 J). X-Jc. -t G 2 \6 J).Xzo + {;2.\7 t:. JLz.o 1-

<'3.112) 
. , 

Il Ale. = (,22.0 Do. X 1C -\- 6 2.21 b X1.C -\- G Z 2.2.l!.Xzo + G2.Z~ l\."X-z.f..> -t 

(3.113) 

G Z30 lll:o + G2. 3 1 t:."zo (3.114) 
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(3.115) 



G 22 \. G2.2.'2.. 
G 2.2."5 

GZl4-

• I 

flXzo GZ2.f, Gz.2. 1 (;2.2.8 G2.2.9 G2.~ C,2"5l. 
h X zo 

-
I 

GZol (;203 G2-o.l\- GZO '5 Gz.of, -~ L\Xzo AXzo 
G201 GL01 G2.07 G20' G201 G 2.o1 V20 

A "t:~ GZ08 G209 G Z10 G2 11 I-t-GZ12 G2.1!, 
D. --Co 



4. EXPERIMENTAL_ STUDIES 

4.1 Introduction 

The objectives of the present experimental 

study are I 

a) To study the general response of the system for wide 

range parameters of the impact damper. 

b) To verify the assumptions made in determining steady 

state soluti'ons. 

c·.) To study the motions. other than two symmetric ' impact 

per cycle . 

4.2 Experimental Mode l 

A schemat~ c diagram of ' the experimental model 

is shm'm in Figure 1 .The photographs of the test rig 

and actual model are shown in Figures:,> and 4- respeoti

vely.The primary mass 1 and primary mass 2 are simple 

rectangular boxes with rigid stops at the ends to const-

rain the movement of the frictionless solid particle m1 

and m2 a horizontal oscillation with in the clearance d1 
and d2 respectively.The particles are hardened steel 

balls.Leaf springs K1 and 'K4 , which support the primary 

mass 1 and primary mass 2 respectively a ,lso produce 
. 

restoring forces.The springs K2 and K3 are helical springs. 

57 



FIG. 3. GENERAL VIEW OF EXPERIMENTAL SET UP 

01 
CO 
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FIG. 4(a} TOP VIEW OF THE MODEL 

FIG. 4(b) FRONT VIEW OF THE MODEL 



(a) 

(b) 

FI~URE 5 DISPL~CEMENT ~MD VELOCITY CURVE AT SECOND NATUPAL FREnUENCY 

(a) IJnnertrace Xl' 101'/ertrace Xl for ;mnact damner ;n mass 1. 

(11) lInnertrace X2, lowertrace X2 for ;l"1nact damner ;n mass 2. 
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6' 

FI GtJRE 6 VELOC ITY CURVE FOR I','PI\CT DA'1PEQ I I BOTH "A SES fiT 2nd 
'lflTURflL FREnUP1CY 

UPPEr> TQI\CE X,'. LOHEP TRI\CE ):2 
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GF f\ T I riG PHErJ()~1EW)N 

UPPER TRACE Xl AI D LnW[p TRAC E X
2 



(a) 

FIr,tJPE 8 LI'·qT CYf-LES ()F I"PII.CT DA'~DER AT FIRST lAT URA L FRUlu[rKY 

(a) Xl' Xl for im~act damner in nrimary mass 1. 

(b) uonertrace Xl' Xl, lOlolertrace Xl' X2 for imnact damner in both 
masses. 
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The system is excited by an electro-magnetic shaker 

through spring K
J

• 

4.J Electronic Measurement 

66 

A capacitance pick-up,with associated electronic 

equipment,is used to find the displacement of the primary 

mass i,primary mass 2 and also exciting displacement. 

Velocities of primary mass 1 and primary mass 2 are obt

ained by integrating with respect to time the outputs 

of Piezoelectric accelerometers attached to the respec·ti ve 

masses.This integration is accomplished by using an 

integrating network in conjunction with an operation 

amplifier. 

4.4 Experimental Results 

a) Characteristics of the system without Impact Damper 

The equivalent characteristic constants of the 

system are, 

WI = '1-15 

<...)2-= 9-35 

M1 = M'2= 4.4 lbs. ~ = K3=8 lbs/in. 

K1 = K4 =19.5 Ibs/ inch 

b) Cha racteri s tiCS of the system with Impact Damper in 

action 

The effect of various parameters of impact damper 

namely mass ratio.u. and gap ratio on the system 

respons es for all the three cases,previously cited,is 
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E1ght free mass ratios ranging from ~=O.005 to 

AL=O.l are used.The free mass stroke are varied from 

d=O.005 to d=O.75 1nch. 

For the three cases of the system and for both 

natural frequenc1es,the rat10 of resonant amp11tude Xr 

( w1 th 1mpaot damper-"1n act1on) to A (w1 th 1mpact damper 
r 

removed) 1s plotted versus d.The results are shown in 

F1gures 11 to 1 + 

~r 

Ar 

For all the three cases as shown 1n F1gures 15,lb~17 !18, 

1s plotted versus frequency 1n the ne1ghbourhood 

of fi1rst and second natural frequency by vary1ng d. and 

..u. • 

The veloc1t1es and d1splacements of the primary 

masses,w1th 1mpaot damper 1n act10n are shown 1n Figures 

'5 l<\) .. I. b) 

The d1splac'ement of primary mass 1 versus 1 ts 

velocity,w1th impact damper 1n 1t,1s shown 1n F1gure 

e lnJ .F1gures So l b) show a plot of d1splacement of 

pr1mary mass 1 aga1nst 1ts veloc1ty and against the 

veloc1ty of primary mass 2 respectively for the case of 

impact damper in both primary mass 1 and pr1mary mass 2. 



5. DISCUSSION OF RESULTS AND CONCLUSION 

5.1 Discussion of Results 

a) Experimental Results 

From Figure 13 & 1+,1 t is observed that for a 

system with fixed gap ratio,the increase 1n mass r a tio 

results in a increase of damping effeciency.There exist 

however an optimum mass ratio,after which erratic 

behaviour of the damper starts and effeciency decreases. 

This erratic behaviour can be attributed to the fact 

that energy imparted to the free mass i s inad.equate to 

force the free mass to the oppos1te side of the cont

ainer.Thus the free mass starts to osc1llate,and the 

amplitude of the v1brat1ng system builds up and sub

sequently impact occurs between conta1ner end and free 

mass.Due to the impact the vibrat10nal amplitude decr

eases,result1ng 1n a vibration wave form that resembles 

that of the beating phenomena ,shown in Figure 7 • 

The beating zone is shown by dotted lines.The same 

effect is observed when the gap ratio,for the fixed 

mass rat10 (as shown in Figure 11tl~ is i ncreased. 

As shown in F1gures 11-1'" it will be observed that 

at the first natural frequency the system has more damp

ing effeciency(for the same parameters of the impact 
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damper),if impact damper is used in primary mass 2,instead 

of primary m~ss 1.This may be due to the fact that at 

the first natural frequency,the amplitude of displacement 

of primary mass 2 is higher than that of primary mass 1, 

so from Equation (2.88) it is obvious that f or the same 

parameters of the impact damper,primary ma ss 2 will 

dissipate more energy on impact.Hence the impact damper 

will be more effecient in primary mass 2 than in primary 

mass 1.A similiar explanation can be given for second 

natural frequency. 

It is observed that an impa ct damper in both 

primary masses is not always more effective than in a 

single primary mass.The reason is that the free mass 

starts its movement in the primary which has the higher 

amplitude of the displacement and is thus able t o impart 

more energy.Sometime the amplitude of displacement of the 

other primary mass becomes so small that the energy imp

arted to the free mass will be inadequate to force the 

free mass to travel to the opposite end of the damper 

container . The free mass starts to oscilla te and strikes 

the ends.So the effeciency remai ns same as for an impact 

damper in single primary mass.Effeciency can some times 

decrease due t o beating. 

As shown in Figure 11 ,it is found that for the 

same mass ratio,an impact damper in the primary mass, 
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having higher amplitude of displacement,has a smaller 

optimum gap than when it is in the other primary mass. 

This can be attributed to the fact that a pr1mary mass 

hav1ng h1gher amplitude of displacement,w11l have to 

dissipate more energy,for the same pa rameters of the 

impact damper.Therefore the max1mum gap 1n which it can 

dissipate sufficient energy for the free mass to trav

erse will be less than the other. 

From the Figure 17 1 tis clear that if no 

compensation is made for the increase in the primary 

mass due to the addition of the free mass (as in our 

system) ,then the natural frequency decreases with impact 

in action. 

It 1s also evident that the impact damper is IT, 

most efficient at natural frquencies. 

Figures 5' • G \8 show that 1n most cases. there 

are two symmetr1c impacts per cycle of mot1on.So the 
2-

assumption of wo symmetric impacts per cycle is justi-

fied. 

From F1gures 5 & b 1 t 18 clear that the veloc1 ty 

of the primary mass which is under 1mpact,changes at 

1mpact d1scontinuously,while the velocity of the other 

remains same.The d1splacement of the primary masses 

however do not change due to 1mpact • . 
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b) Theoretical Results 

Figure 19 ,shows two distinct curves marked 

as '2.. and '-3 ,and correspond to two theoretical solutfons 

of the system in the case of the impact damper in prim

ary mass 1.Here two solutions are obtained by using the 

value of ~ in one case 

\ = --Cz. 
= -tQ~ l- 2.f + ,-dH"-'- 4- - f" ) 

-fH - 2. JH'L -+ t - r~ 

and in other 

~ = ""'(~ = *Clll1 (-2 f -HJH'l.+4 -f! 
-fH - 2 JHi~4 - 1'2. 

) 

The two solutions concide at the extreme d=O 

for which 

and lat 
2. :L 

gap ratio,where, \-\+4 - f =O,Here 

-1 l 2. ) 
L2. = """'("3 = -\:Q.T\ ~ 

By further increasing the gap ratio, -.:' becomes 

compleXlconsequently our 2 impact per cycle solutions 

do not exist. 

The stability analysis indicates that the curve 

"1::3 is entirely unstable, while -"t"?_ curve is only partly 

.stable .. 
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For impact damper in primary mass 2,two solutions 

are obtained by using the value of ~1 in one case, 

• 
"Tt = ~2. 

and in other case 

= tunl t-2.fJ -HlfH~ +4- - rl 2.. ) 

-fL\-\l + 2.Jl-\~"\-4 - r; 
The two solution coincides at the extreme d=O ,for which 

• • .!. -1 l Hl) ""C2,.. = L3 = \.Q.\'l - "2 

2.. Z. 
and at gap ratio,where, '"'11-+-Pl=O,Here 

• • -t t 2.. } ~ = L!) = -\.Qro - '-.: H1 

By further increasing the gap ratio, ~1 becomes complex, 

consequently our 2 impacts per oycle solut1ons do not 

ex1st.The stability analysis indicates that the curve 

• ~~ is entirely unstable,while Ta curve is only partly 

stable. 

From Figures 2.0~21,it is obvious that a system, 

which is stable with the impact damper in one primary 

mass,may not be stable when the impact damper is trans-

ferred to the other primary mass,even though the parame-

ter of the impact damper is the same. 

From Figure 2. 9 ,i tis clear that generally by 

increasing the coefflcent of restitution, the stabili ty "«)('<7 !J 



5.2 Conolusion 

On the basis of the present investigation,we 

can conclude that; 

1) The impact damper will be more effeotive in the 

system,if it is used in the primary mass that ha s the 

higher amplitude of displacement. 
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2) A system,whioh is stable with the impact damper in 

one primary mass,may not be stable when the impact 

damper is transferred to the other primary mass,even 

though the parameter of the impact damper is the same. 

3) stability boundaries of the steady state solutions 

are the complicated function of the , parameters of the 

impact damper and the system. 

4) For a system with fixed gap ratio,an increase in 

mass ratio results in an increase in the damping effi

ciency of the system.However,there exists an optimum 

mass ratio after whlo'h the damp1ng effeo1ency decreases . 

Beating also starts at a point slightly higher than the 

optimum mass ratio.The same effeot 1s observed by increa

sing the gap ratio for fixed mass ratio. 

5) An impact damper in both primary masses is not always 

more effective than one impaot damper in single primary 

mass. 
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M;:;: 2uz. 
1"1.66 d.. 

'!v'G4 .M92.. + MSl M64-

M",z. M""2 

= w (- Me~ + M92.MTO - Mel b t c.os l W~t+'!') + 
M74 -At ) 

S\Yt( ~i.t +~ )) - Mel ~~J t c.os llUt1+'Y) -+ ~"t\(~1+'YJ 
~ ~ 

= - (- Me~ + M~2. l'liho +M 82.A2. l w sin llQ~1"\- ':PJ 
OZ M..,+ 01 At 

c.os lU)"\:1+'¥)) + M!J A2- ( W S,~ t w-l]+ 'J') 
'i At 

CO ... S c..~tl+'¥») 
0"-'2.. 



Ze; = 

Z-g = 

Z12. = 

2:14- = 

Z15 = 

Ztfo = 

Zl1 = 
Zte == 

Z1Cj == 

Zz.o == 

ZZ2. == 

t 1 -+h l 4-) 

(l.+h U;) 

lI11- _1 ) 
02 

le -~) 
10 tTJ. 

1912. - !z:) 
t- E 1._ S 1.) 

Oi 

-°1<""'3 + 6'l) 

Dl ( h 1 - 01O) 

0'2.. <. "2...- e~2.) 
,,~ ~ 'Z.~ + -h -1 

\.~ 

-"4 + ~~ h. 5 
1"3 

2.4- -t- h"3 "2.-2. 
ht~ 

z.~O ~ 2.1. 
hI? 

Z2.0 

Z 2.G == 

2.2."3 
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(l-+h ui) 

D 1 lh,-L) 
<:It. 

U 14 = 

U2.4-

= (-E.z.- S~) 
oz. 

= Dl l e 1.0 - ...L ) 
<11 

= D2, l&1..2. -.!...) .,., 
= t-E.2. -~) 

<Tl 

= -t h!> + 9 9 ) 

= 

= 
= 

= 
= 

= 
= 
= 

= 

= 

= 
= 

= 
= 
= 

= 
= 

= 

t hl - e1.o} 

- ltl4 + e u ) 

l tl2. - 6 12.) 

U3 + Q.iliA U1. 
'"'13 

- 0% h4 + ~ h15 
"13 

U4t- + 01 "3 U,. 

h~"3 
lJ to - U, U1-

"L3 

U 1 1.. - ~9 h\. '5. 
°13 

Uu - ~ U2. 
h1"!~ 

U(i, - 01 6g U, 

"13 

Dz.9 11 - 01. 9 , hiS 
h1.3 

U 1 - 0169 U2 
hS"3 

U 14 - ~ U1.7 
Usca. 

U1.S U1'5 U1.9 
U 1b 

U2.0 U19 u\"' 
u". 

Uz.t ~ Ut6 
LlJe; 

U Z3 ~ 1.12. 
"10;:) 

U2."5 ~ U2-
h\."5 
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APPENDIX B 

6 1 = O2 /(02. - Dl) 

Gz. = 0 1 / (Dt - 0 2 ) 

G,3 = t -D2.A1. COS l"To) +- A z CoS l --Co -\- 'f) / tD} - Dz ) 

(;5 = 1/ <",oz-Dd 

G4-= l- Dl A1 COS l. -Co) -t A 2. c.os \. "'Co + 't' J) It 01 - 0z) 

G 9 = 

l-02AJl61c.os""[o -1\.S'''' ~oJ TA2.l~1C.05V-Co + 'f) 

- J\. S, Y\ l-co + 'jJ ») / ( -r\.ll D1. - D.d) 

( -D1. A1 l S~ c.os Lo - J\.. sin ""Co ) + Az { iz c.os t-co + 'P) 

- ~ sin ( To ·1 'f' )pI l"yl
2
lOz. - Dd) 

lit' , , • 
e~ t '1.~1.0 cos-rt~o _Y\.~6ao Sin!kho) + 
'1..' , I "'-

e~o ('T\.z.CI.O c.os~t1(~. _ Y\z.Cr.o S\y\~) ~ 
J\. J\.. ~ J\.. 1 

At cos lt10 -t \0) 

e~ . Sin rt~lo 
e*Q cos Yit"\::lO 

J\. 

Sill rl~10 

CDS -02. -\ 10 
J\. 

A . J COs l -\..1 () + -':0) 
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G 16 = A2. COS l -\:.10 -t"To -\-'f) 

G19 = 
Gzo= 

G1GgD1 
~ 1 • 

+ 02GUGL 

~L 
OI,G9G101.. + 01. G\. G\O 

"Yl'1 
b 2 Gt2G2. 

G2.1 = - 01 Us G1 G5 -\- Da. Gll G~ 
"Yl.' 1 "It'z. I 

G 2 2. = - 01 Gg Gs 61 _ 01 Gtl) G5 + 02 ~,: 62. G!5 + 
~\. 

02. G.l5 Gt) 

G23= -01. G g G~ + D 1 G 10 G 3 ~D2GTGll + 02 G l 2. E»., + 

G2.5 = 

GU; = 

G2.1 = 

G2.9 = 

G3C) = 

G"31 = , 
+ GZI &..2 &2. + GZ e &2 

'1.'2 
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G 37 = 

G36) 

G4L = K~G.s5 
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, 

~5 = (DaG.-Gn+A2COsl~oTtl0i-t) -D~AICO~lT.+1:..a)V 

lOz -0.) 

G ...... = (Dz.N loa -G25 + A2COS l "('.+1:,.+'1') -O&A~ c.os l --c.+t. IO»/ 
lD2 -Ot ) 

«:. ... 5 = {D& G"4 - Gtfj)/(D,. -Ot} 

G .... = l 02, GIS - Gao) /lDa -01) 

G.,= lOa (au. - GZ.l) /lDz. -01) 

G48= (Oz. N~7 - G~2)/( 0,. -0,) 

G49 = (OJ Ga -G11 + AI. COS l""'C • .,..t1o +-,/,) - O,"~ICOS lTo+'t1ol)/ 

(D1 - O z.) 

G'50 = l °1 1'118 -(;&3 +-Az. CO~ {To+t,o ... '1') _D1A,costt:Ct +tJa>}I 
<. D. -Oz.) 

(;151= (~Gl4- -G 1 y)/lo,-Dz.) 

GS%= l D1Gl~ -Ga6)/{O,-oa.) 

G:s~= (D1Gl~ -G2J)/<D.-D2) 

G~= l D1. N n -G2.z.)! (°1 -02 ) 
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GS5 = (Dz. G2.4 + D2. -C:1GS - G4-2 - ~\ G1.7 - ot.Aa. t ~lcos.l'"Co+\lO) 
- J\ S\n ('"C .. +t \.0)) + 1\2. (S'l C.os l:t:o+ -\:1.0 + 't)) / 

- J\. Sln\.To +-tto) 
(lt~ lOz..-O,l) 

C,5E. = {02 G 3 .... + 02 ~1 NU~ - G""'1 - ~l G2'5 - D2 At (til c.os l "t".+-ttO) 

- tSlS"nll"t"o+\-l(1) +A2.l &\ COS l-Co +t 10 +,J 

"'- sin lTo+i.,oW / (l\llDa - PI)) 

G~ = (Dz. G~1. + Da 61 G l4j - G~8 - &'1 G 2.0)/ 

ltl,lD2 - 01.)) 

G,5,= (OZ G 32 +02&IG16 -G39-~lG2.1)/lrt·llD&-o.)) 

Gc.l = - K2./<'l (01-01)j 

G(i'.2 = (OIGZ. ..... + DJ&z.Ge -G ..... 2 - 5 ZG 17 -OlA1lft·aCosl--c.-t'l.o) 

- J\ 6in ( -c. +1:.10) + At l ~t. cos l T. +~IO + 'I' J 

J\. Sill ( T. +{loJ» I (yt'. (01- 02.)) 

G .. 3 = (Dl G34- + 01 1)'2. ti. S - G"u - ~~ G.3 - D~ All && cos l.-c. ... 't:1.) 

- oR. si n (-c. +-lIO») + Aa, (',-COS ( -c. + ~l.o + 'J') -

.A. si 11 Ct". +t,oJ»1 (-w\.~ l 0.-1)2.)) 

G ... = (DJ. G30 + 0,. 6~ (D14 - 637 - -o~ G19>jCYl .. lOl- 0 al) 



G"E> = t D1 G~2 + Dl t5Z.GI6 - G~9 - 4'0'2 G2J.) I 
t'12. l 01- OZ) 

G"7= (D1c:,3~ + 0\ ~z..N17 - GA.O-~2.G~2)/ 

G TO = 
_cr: .. l-U -tLO) 

":>\ Yl -vi err - t.~o} e .n.. 
1. "'-

G"11 = 
- fill --0- - *-10) e .A.. . cos --{1.l-n· -~~~) 
_& l""O" -t\..,) 

S\Yl 1\ l -rr-\:.Ul} (:,12.= e 2. J\: 
2. ~ 

G7~ := 
-&'2. L -n - t,o) 

CoS 1"\ (" --\: 1.0 ) e JC 
2- J\. 

6 74 = - ~ ( _ G~9 -\- G10 &5'5 +<;11. G 4 "3 + &72 &(,2. + 
G73 6 .... 9) 

1011 

G 75:a -k (-Al(;.O~-CO -+ GloG5G + G"G"4-+(.,12.G."3+-

G7~ GsoJ 

G'6 = - ~ t GTO G~7 + Gll 60,.5 + <;72. c;.~4- T b7~ GS7) 

G17 == - .1- ( G69 _ A, cos l~.J.I\. 1- 61"0 Gsa + 6'7' G4 E."" 
k. V 10 "10 

G12. Gc:,'5 + Gl~ b'52.) 

G T8 = - ~ l 6'0 G 5 9 + G-rt G4l + G"J2. c,~" + G7"3 C;'5!) 

-.1:.. ( - Y" G~g +..::!L Al) 
k. oft. 1.0 "'1.0 

- ~ ( C; 10 G ~ t. + e:, '72. Go & 8 ) 
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• ~ l""" -~~.) I' • t D~l e.. a. ~ ,B1.o c0511J. (~ ~ to) - B~o Slyn\} .. -"-:!.lo) 

D tl - f)'z l"" --t 10) l c. • COS": l~ -t u» + ~ 2. e ~ 10 '''~--:A"" 

c.~O 5\-" ll'z l ,. - "\:1.oJ) 
J\ 

G84 = G8~(G8"l. G~-l) TDIG7oGS5 + D 1 (:,71 (;4-'3 + 

O 2 Gn~ G6;2. + 02G",5 G~CJ - A2 COS C-c .. + 'fJ bS2 &74-

G ss= G8~ G S 2. G 7 5 + 0. G10 G5~ + 01. G"71 G .. + Oa G7~ C;",!)i" 

02 G 7 "3 G SO - A2 C05 l-co + 't) l G 8 2. G 1 5 + ,) 

GaG:: G S3 G S2 G 7G + D1.G 'lO &57 + 01 G'll G45 + 

D2 G..,z.GG4 -t- Dz. G73 GSI -p..~ cos l""Co + 'f) G S 2. G1Z) 

G 81 = Ge!) (;S2. II + (77) +- Dl G70 G S8 -\- 01 G.., 1 GA." + 

D2. G 72. GC05 + Dz G73 G5Z. - A2. cos l1:o +'f') . 

G as= G S3 G82 G18 + D 1 6 70 G59 + OJ. GTJ <"=»4"1 + 

D2 G72 GG6 -i- 02. <":tY3 G S 3J -A2.co~ (-Co+'t'J G S 2.. G78 

G a9 = 6 83 G82 G 79 + OJ G70 G4;,O + OJ G71 G48 -t- 02. G 72. G '1-t

D2 G73 GS4 -Az. c.oS l To + 'J') G S 2. G79 

(G8 2. Gao - ~lG ) (-.J\2. coS ( To + 'J') + G B"s) 

G S5 G 8 2. G S1 + D ~ 
1 ~70 G&1. + 0a 672. Ge -

Az.C.0 6{""t:o + 'f'J Gaz.G 
81 



1 ()G 

ugz.= • l""":!lO) 
-61 • ( , , • t) , . • t JI\ e . T\ - 8'0 lSl COS Ttl (. ~ +"Y\.lS\l'l"l1~~7 ~ \ J\, J\.. 

+ B~o lO'1 sin Til. l,..--t10) -~t COS""1 l-n--tloJ)\ + 
J\.. -". '1 

e- Sa l"W:it 10) .~ .... l- c.~o <.6'2 cos "i l,. -1:.'0) +'Y\'_Sill,. l-w-"t
1
",\ 

Co 2. "'" &. 1..n. 'J 

+ C~O <. 62 Sill Y\.z- tw-"i:.1.o) _ ~2. CoOS ll.~ (". - t: 10) ) \ 

J\. .I\... 'I 

6 C."'-~1~ ( 
G9~= e 1 ---:;c- -~1.Sinll.'ll"-!10) +T\.1.COS"T\.sl"1T::;10») 

~ - _ffJ.(W-1:
lO

) ,-<& C.OS'ftC \"ff-tLoj _"tn' sin Yl'lw-t1.u)) 
..::19+- e JC '- \ "'-1.1\. '''1 "'I J\.. 

_&zl"1t-t10) ' . , , ) 
G 95 = e 3\: t - &2, sin l(2.l "Tr--t..10J +"'1 COS't' c... w -t.U)) 

J\. a 2. J\. 

~: (:11 _"\:.1.0) 
GgG = e a ;n; ( - 6z. C05 tiz. (V - t 10) -"1\2. si n liz. l -w- - tl0) ) 

Jl .A. 

G 97 = G92.l G Sz.G74- + G a3 Gs5 + G g+G4-?J + G g5 G62. + 

G9G G49 + ~ At. SI"\'l l~) &82. 6.,4-) 

G 98= GgZ.Ge Z. G 7S + G93 GS(i. + G S4 G44 + G 95 6'-'3 + 
G!J6 G so + "lAt. Sin ("'1:.) (,1 + G&2. (75) 

G99= Ggz. G S 2. G7~ + G 93 G51 + G 9 4- G45 + G CJ5 G(i. ... + 

(;,9~G51 +JlAtSinl"'C.) G82. GTG;. 

G 100 = G9Z. G s 2. (1 + 6"7) + G 9~ G 5 8 + G 94- G ... (" + G 95 G (i.5 + 

(;, .. 6 6 52. ... "'-At Sin IT.) GS2.. (.1 + (77) 

G J01 = G92. fO 82- G 78 + G93 G59 ~ G 94 G 47 + G 9 !5 C3c;.c;. -+ 

Gs(" &5'3 -+ "'A.l Sil'll"4.) . 682. 607 8 



Gl02. = G 92. G 8 2. G 19 + G9~ G60 + G94 G4-8 -t- G~S G ~7 + 

G9~ &54- + J\AJ '2.in l-c.o} G'i32. G19 
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6 104 = G~Z - (::,ez.Gal -t-.AAlsinn:o) GS,GS 1 +G8~C;C;1 + 

695 G~6 

0 104-= DJ.. e61l~) T\.1 (-e:LO l c01COSyt'll"1'("~-t,o) + 
~ 

n ' SI n Tt' l"'-~l.oJ' + 52.0 l ~~ sin tl1lw-"t.to) -YilCO~Yl1"T\ -tl.~\ 
"'-I. 1 J\. I J\- ~ 'I 

- 5'LL,,-t10) • I I l t) 
1- D2. e -"'i. l- c\.o "- co z-CO5 --rt2. OT - La -+ 

"'- '2. J\. 

Tl2. SI n yt~ l-n -t\.O») -t CZ.O l &2. SlY) v\. lor -*- 10J 
~ 2. ~ 

ll'z COS -.i'l.l-n- ~1.0)) 

G t06 = G10~ (652. G75 -1) + GS3 G55 D1 -t" Dl (":)~4643+ 

D z GS5 G 6 2. + 02. G9£o G 49 + J\. A2. S1Yll--Co -t 'f' J bS2-G]4-

G lOB = G 105 G B2 G 76 +- D1 G g3 GS 7 + Dl &94 G+ S +DzGgS 6G4-T 

D2 G Y6 G~l + J\.Az. Sil1 (""co +'1') G S 2. G7G 

G J09= GI05 G S 2. ( 1 + Gn) + D1 G93 (;58 + - 01 G~4 GA-6 + 

"02. G95 G65 + O:z..G 96 G02- +- J\.J\z.S'lll~,,-t- ':tJ 

G8Z.( ~ + G-n) 

G 110 = G 10:5 Gez. G7B +- Dl G93 G 59 + 0 1 G94- 64", + Dz. ~5 <::'66 i

Da G96 <053 + ~A'2. ~i"l'l t To +~) GS2. G78 
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G 11t = Gto5 G a 2. G 79 + 01 G9~ G~O + OJ. G S 4- b4S +-

Da. (;95 G("7 + Da. GS+ Go!»4- + \l\.A2. Sllll"1:o +'tJ G
S

Z.G
79 

GlJ3= tGI0~ GS2.GEn + J\.A2. S\n ("1:.0 +') Gaz G Sl + 

°1 b93 G61 + 02 G95 G"8) 

G ll4-= (G1. 6 7 4- 4- G5' GS4- -I- G~ C;82. &14) 



G 130 = 

<. 62.<=>80 - G s G90 + G~ lGs2.Geo -::!!:. ») 
"10 

t Gz.GS 1 - G-.s G91. + G4- (:,92. GS 1 ) 

(, - K1. G9' (:,1. -\- si. GI. G'J4-

"lt1 'Y\.'L 

G", GSZ.G"l4) 

= (_ k\ GOS8 61 + ~LG'l (:,.,. 

~l. '\'\'1 

G 1&5,= 

Gl34= 

G" (.1 + c:,82. (;75») 

<.- K J G~CJGJ + 61 «31 GU. 
"Y\:1. "'1. '1 

+ GaS Gl08 1- fl'J GS G9" 

- G{, G 8 2. G 7 ,-) 

t - K 1 G 101 Gl 4-

~1. 
- Gc;. (;82. (:,7S) 

y\"l ~1 

+ G~ G\03 + 61 G!I 687 _ 
"l\'1 -c(l 

~lG1. G7Q + Gs Gl10 

~1 'it 

+ 6 1 (:,1 G13 + GS G1.lJ 

"l'l'1. 1\\. 

G" GSa. Gel) 

1')9 

G 138 = -l" '<1 6g. 6&. _ &z. G&. Gl4- "'" G5 G.l08 ... t:'& G5 G 94- + 
-.( a. "\'( '1. ,-{ '1. Y{ '1. 

G, (;e&. 67"-) 
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-( K1 G~ G~ _ ~~ Ga. G7 liS 

'"'l ~ "1.' a. 

Go .. l1+ Ge~ Go7 5 )) 

-l Kl G19 62. _ 6~ G~ G7Ci 
"1.:2. "'t2. 

Go.., Gez G-U;) 

- ( Kl G1.Q() G2. _ b'2. G~ G77 
"l.' 2. -rt 2. 

+ G:s 610g "'- Gao Gs GIn + 
~a. yt'2. 

G~. Gaz- tl.+ GnJ) 

Gs Guo +~~ Q$ Gee + 
"Yl'a ~~ 

G., Gaz G,78 ) 

- ( 1<1 GlOI. Ga. _";2. Goa. G79 
'l't, Yl'z 

+ Gs G111 -+ 'O'2GsGS9 + 
"flz. ~z.. 

67 b82. G., s) 
- t (K1Gl0~ -K'1.) b2.. -6, GzGeo + Gt5 b112 + 

11 i. l'\' 'Z. 1'( 2-

ff2 'G s &90 + G.., l b 82. Geo _:!L )\ 
1't'1. '11 0 ~ 

- ( K16].o,," Ga. _ ~'2. G2. G~u -+ (":,5 G u:~ + 
~2. -CY2. ~'&. 

6~ 65 G91l + G.., G G ) 
'Y\: BZ 81. 

1./ «( '1.V20 -G u -Az coslt lO +-Co-l-'f» 
J\. 

(_ V&Q Ge2 G74- + G.., +,-{' K3G42. + D 1 GgG 130 + 
J\. .n. \<1 

D 1 G10 Gl14- + 02.GI1 G139 + DzG1.2. G 12.2. ...-A2. c.OSl-t.lo+-.: .. +'f'J G~~)4" 

I_V2.oGez. G75 + (;2.3 +"1l"" K~ G41 +Ol G g u l!.l+D1 G 106 115 
\..t\.. "'- ttl 

+ 02. G1.1 G 139 + 02..G1'2. G\2.~ +Az.costt..1Q+-r.+ 'rJ -

(l +- G S2 G 15)) 

G
14

_g = (- \(2.0 G82 G7f. 

"'-

A2. (..os (-t 10 +""C c -\-,,) G az G..,~) 

<. - "z.o Gal: (1 -t-G,,") T G2.0 + ~ K.~ G"?>8 + 01 &9 G 15 3 .f 
"'" .n.. K1. 

DtGtoG1L7 +-Dz. G l.1 G l4-1 +02.G]3 G l2.S -t-A2C.OS(-t.l,,+~tJj 

G sz II + G17» 
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G 151 = (-V2.oGS2.G .. e + G 21 -t"'- K~ G + 0 G G + 
J\., .I\. Kl 3g 1 9 154 

D1Gl0G1.lS + 020(;1\ Gt~l.. + O~Gt~Gt'2..cc. -.-

A2. COS lito -+ -rG + 't J Gez. G"le) 

G
15

2. = (- ~o Ga
2. G79 + G2.~ + ~ ~ (;40 + Dt Gg Gl!»5 + 

J\. "I. 

0. G lO <:'119 T O 2 GI1 G1.4-!) + D2 G 1 !,) G
l

2.7 + 
A2. COS (.1:. 10 +~ + "'Co) GS2. G

7S
) 

Gl~5= (-V2.0 lGS 2.
G eo -~) +DIG9Gl~G -t- 0 t G toG12.0+ 
./\.. 

G lCiOO = 

= 

O 2 Gl1 G1.4~ + 02. G U . G 12.
8 

+ A2 COS\'{lO+ -Co + 'fI) . 
( GSL G SO -:!!. )~\ 

'V\o ') 

( - VZ.O ~a~ Gel. + ~ + 01 Gg G13T + 01 G 10 Gt'2.1 + 

D 2 G ll G 1 ",,'5 +02.G l 2. G u·s +A,.COSl~10+Tc ~"J. 

-At Cos l To) 

-6~"lT l-n' 6\0 • • 6 ." -n-) D. e ~ 'll-;n:- C05 ~".. -"'1. 1 ~o ':»Ill ~ -+-, 
- ~'&" l · Yl , C ., -rr) D2. e ~ "'12. c\O cos ~ -"'1.-z. ~ sn\~ _ 

"'- .A.. '" "'-

6.56 6) 
- "ll.'t. 

GJ.SCD Gl~l 
- 'VI. 
40155 J\ 

'110 

..... 6158 Gz.. 
"'1'-a. , 

+ G 1 G 1 51 + G158 &2. C02. + Gl~ 9 G2. -r 
""t'2.. 



G 1«iS= - G5 G156 _ G~S8 Go:. 
~l. '"'\'2-

G t6," = - G lS{, G5 ~l _ Gl!Jl <:'5 + G166 <=>S ~2.. + 
"'ft. Yl:2. 

Gl~9 G5 

G1. 61 = - G15~G6 + G'61G~ -GU:.SG1 + G1SgG .. + 

GU;O 

Gl«i~ = 
Gno = 
G 171 = 
G nz = 
G~73 = 
G17~ = 

G l7S = 

(;1140 = 

G 179 = 

G1SC) = 
GJ.8J = 

6)92. = 

_ O. GIS'"> G, CO; + D2 G 1 S9 GS) 
"\"\.'1 Y\' "2-

-(" G 16l G \12. - 01 G1SS 6~Gs - D1 G \ 5'1 G~ -+ 
• "y\"1 

D2. G 1 S~ 401 G 5 + 02 GIS 9 G '5 ) 
"1\''2,. 

02. G159 64- + G lGZ) 

-G 1G1 G1.14-
~w , , e 4\: T\1 (_81c)( G\COSY\.l"'11 -t-"Yi t s\...,~-o-) 1-

.t\.. ~ J\. 

• • -n • ~ ~ )1' 82.0 ('Ot 10.' l\ ~ - T\J c..o'S 1oJ\. ') 
, 

- 'i~ 1l. "rt. I·. " 'tn.- -,t" ) e . ",1 l- C.10 <. fl2. COS ~1-rr -\- Y\'2- S,..,"~ -\-
A.. J\. "'-

c.2-0 l CC;z. slYa ll'3\V - y\2. C.OS v\.2.. ~») 

PI G181 +- D2. G192 + U\.A:z. s\n l-co + \f) 
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G tS4 

G '85 

GtSG 

G187 

G1$6 

- 10',,,, ( • ""l1 • • -u- ) = e ~ \. -~'1. s'nn~ -+ Y\..l C.OS y\.~ 

= 

= 
= 

= 

e.-&'~ (. .....' ..' -n-) - ~h cos "~' - "1: 1 s\n Y\~ 

. ') T '1:2 C05 ~ 
.J\. 

- Y\."1. Sin Tl"1."- ) 

- (G'9~ Gl~~ + D, Gu~+ G1 
'\'\'t. 

J\. 

+ Dz.G\»f;, "'-to) 
"Vt'2.. 

11 3 

G199 = • 
- <"G18~G1l() T olG1.e+G1.~u. 

~\. 
+ 01 G185 Gl + 02 GIS£. Gz. ~~ 

"'l.'-z.. 

+02.G I97 G-z.) 

GigO = -tG1.e~G1 _01.G194- G 5 +D2. G l'Ct"G5) 
T1 "-'1. ~1 

= -t G1.83 Gl.l2. - 01 G1.84 6:G5 - 01 ~Ja5 bS + 
, "CL 

D2.G1.8~ t)z. (,~ +- D2. U 181 & '!») 
'1:..z. 

G\9~ = -l G\83 Gu?> _OJ G 18+ G{. +Dl G J 8!) G~ - D2 G1S~G, ... 

Glen = - C:J 183 G 174-

G1q 4-= G 181 T G 182. + J\.A, sin "Co 

G 181 Gz.) 

GJ91 = - K,\(G t 94- G '11 

G 1Q&= -k., t G194-Gl"JZ. 

+ (,181(;5) 

, 
+ G 186 G 1 + G 18(0. (;1.. 02. + 

~2.. 

G J99 = -~,-lG194-G173 - GtS"G£, +G195 G3 -Gl.S(DG-, + 

G'61 G4- + J\.Al sin l To») 
Gz.oo = 41 G 194- G 17A- - \<.~) 

G2.0 1 = 

G2.oz. = + D~ GlOSS Gz.. 

GZ.03 = 
"'1.'2-

+ 0,- G J '51 G1 



+ 02. (;158 G5 

""'-z. 
_ D\. G 156 ~1 GS 

G2oac;;= - 0) G 156 Gc;o + 01 GI.57 G
3 

- Da. G]58 G., + D2.G
JS

5- c;;. ... + 

G 162. 

G 2010 = 

G2.11.= 

GZ 12 = 

GZJ4 = 

_ (1 + G 1,"1 J\.) 
"2.0 

J\. 62.02-
"20 G2.0~ 
.A. G2.03 
'-Iz.o 62.0 7 
~ 62.04 

"2.0 6Z.07 

-:- t G2.0~ ... 1) 
2.0 G2.o", 

Jl G2.o '" 
"2.0 6Z.01 

_'"1T (J\..Gua +1) 
\/2.0 "20 G2.07 

+ G1SS G2.) - (G 155 Gz.08 + G15G GJ 

"'1.'L 
-<...G I5 .5 G2.09 +G15GG1~~ 

~i 

'f\2. , 
-+- G 157 G~ 4- GHiS (;2. ~~ + 

G 1S9 Gz) 
yt',. 

G21", = - <. G J5S G2..10 - Gl'5(O GIS + G1SB Gs ) 
1'\i. ""l'z. 

, 
+GJ 5§ Gt5 G~ 

6 217 = -<... G U >5 G Z11 G1S .. G5~1. 
-G) '57 G'5 '1'. "l.'2 

G J5g Gs) 

G 2J8 = - ( G 1 '55 G2.lZ. - G H >6 G .. + G 157 G!t - GloSS G., + 

6 159 G+ + G1.C;o) 

G219 = - G 1S 5" G2.t~ 

6 Z20 = -( 6 1 g4- G2GB + G184 GJ + G1B~ Gz) Tt1 ..,.'L GZ21 = 

+ 

, -l G 194 GZog G184 Gafl'l -+ + 61.95 GJ +GI 8 " G~ ~~ 
"T\.'1... 

G 1.8'1 G-z.) 
"",,'2-

Ga.~~ = t Gt.94 <=»210 GiS+- G5 -+- GleE> U5 ) 
"Cit. Y(2. 

+ 



GZ2..+= 

622.5 = 

G&26= 

115 

G 19'5 G5 + GU3E. i)i G5 + 

"\'2 

- ( (;194- G~12 - G IB4 G{, + GU~5 G~ - GiS'> (;7 + 

G 18t G ... + J\.Ai Si 1\ l'1:.») 

- G1U4-GZ13 

-1<.1 (G183 G 208 + D1, G1S4Gl + 02. GH~~ G2. ) 
"'1 ~~ 

6229 = - Kl. l G193 G2.\1 - OJ G1S4- -0; (;$ - 0, G.l 85 G'5 + 
~l. 

02, G lS6 6~ Gs ;- 02 G t S1 GS) 

.,.'2. 

G230 = -kJ (G'83 G2.1Z - 01 G1 84 G" -+ 01 GUllEt G"!) -O'Z.GU~'SG7 

+ 02. Gle~ G., -\- '02. <:'1 Sl 64- ;- "'-A2 S'" l4+ '¥)) 

6232. = 



'~; j(Y~ 

::, I :-~JnF 
S I '"}FT( 
( 

no'3 72 1 WI A G R A ':.1 A L 
;,;:!i) r: c:< 

116 

IJ0 01:: 

C I"iP/\(TD/\,·,PC:R I N P[-< I .·,ARY ii,/55 1 . IIG:t::·\·;E DET[;~.ilJ'.[=: THE" STf\,~ILITY 

C i';;[G I Gj\j /'\T Fli-;S T ,\!i\ T Ui~!\L 1-1~[CUt.;·~(Y . i"-:/\SS rU\TIC) MW G/il-' r·' /,TIO l.r<E 
( ,V/\R I [l) . (O:'::FF I ( ] EN T OF R[S TIT u Tr ON I S CmISTAiH . 
( 

( 

( l) E T E r.;;.v, I N [ T HE f L FY. nn S 0 F ~ 1 A T R I X 0 F S TE A D Y S T AT F 50 L 'J T I 8 :.< • 
( 

D I ;"1 E ~,! 5 T 0 "J P ( ~ 0 , 2 0 ) , 0 ( 2 () , 2 G ) , x ( 1 0 ). , A ( 2 0 , 2 0 .) , Z ( 1 0 ) , Y ( 1 0 ) 
READ ( S , l} AK 1 , AK2,AM, G, D, W, F 
A ;',j = /, ~Jl I 38 6 • 4 

F = l . 
EViU = Ool 5 
F =0 . 8 
R=A!( 1 I ;\K2 
tl! 2 = S ~ R T ( A K 2 'k ( 3 • + 2 • -x- R + S 0 R T ( 5 • ) } I ( 2 • ~o I\r-l. ) } 
I·',' 1 ::: S () R T ( !\ K ? ·:H ~ • + 2 • -ll- R - S Q R T ( ') • ) ) I ( 2 • * A [.f, ) ) r: 
( R 1 = 2 • ":- \'!l -):-Ai') 
(R 2 = 2 • -l:-.;'; 2 ,~ At,; 

D l= O. 1 
) = D l .,i·(Rl 
D2 = D / CR? 
AN : = S0R T (1 .- Dl-l~D ] ) 
A~2 = S0RT ( 1 .- D2 * D2 } 
\'! 11 = /" I') 1 -:c '.-'; ... 
"!: 2 2 = / , ;'.] 2 -l:- \'.2 
( ::: (J . + SCRT(5 . }}/2 . 
C2 =( 1 .-SORT ( 5 . ) }/ 2 . 

;.2 1 5 ( = ::> • ] it '-) I ': ' 
K 2 = (' 

DO 21 (; K 7=1 , 2 
K2 = K2+1 
( Oi'.!S ::: (j . 
DO 1()5 17=1 , ;-)0 
(01'-.15 :::( 0,\5 + 0 . 2 
G::: (0 ['J 5":- F I f.\:< ? 
DO 30 1=] ,1 1 
DO '3 0 J=] , 1 0 

30 P (I,J)= () . 
P ( 1 , 1 ) = 1 • 
P (1 , 2 )=1. 
P (l<~ }=l. 

P (ld}= . • 
P ( 2 , L, }= 1 . 
P ( 2 , 8 }=1 ~ 
P ( 3 , (1)=1 . 
P (4, S )= 1 . 



,-(:.. . (- )--~. 

:.1 ( '. , : :.. ) = ~ • 
1(7 , ::')= _ : . 
{:' ( C) ' ''')== -1. 117 
:-: r ' T 'J ,,,,_ =- " ~ l - ( j ' ( (, , 7 ) '~,ll ?, ) , ( P ( 7 ~ 7 1 ~ 1 : 1 / ) , ( P ( ". ~ 7 ) , ! I 1 ' ) , ( .) , ~; , -;; ) " '1 t ) , 

r ( r ( (-, , ,... ) , T r. 1 • ( " ( 7 , () ) ; I 1 ( ) , ( ;-> ( Q , " ) , T 1 1 ) , ( r ( r; , f) ) , 11 ? ) , ( ~J ( ') , • ) , "" i ) , 

f: "» = [) .;~- ( ( ? • .;:- l\:( 1 + "), • . ;;- P, K 2 ) -;H' ; - .., • ~r I, .' -~:- ':r ~ >r /,,;': ) 
l\ 1 = F .;;- S C :-~ T ( ( f- 1 -:~ F 2 + r. -::- \ 'j)c :-: 1 ) ·:H:-? + ( r;::. "I! -;q:: ? - E 'H- F 1 ) if- .;:- 2 ) I ( F? .;.'J' ? + r:- ? .;' ,- ") ) 

r H j = " T !\ '.I ( (- n .;~ ':! ,:. F ? -1- I=' "), -::- F ) I ( F- 1 ,~- ~ 2 + r') -::- ': /.::- r:- ":\ ) ). 

A2 = ~~?*F /SQR T(F?*r?'~F3*F~) 
? f-! 2 = /-\ T /\ (\i ( E: 3 I r: 2 ) 
PH=Prll - PH2 
iH ::.:~ ) J -:f-\: 1 
H? = I} '2 .;:. I:: 2 
H] 3 = E X P ( - H ] -:r ( ) -If-~) I N ( ':.'] 1 i:- ( ) 
h 1 /• = [ >: fJ ( - i I J -::- ( ) -::- COS ( '1'1' 1 1 .;:-C ) 
H ~)::-: C X P ( - f i? :.' (' ) .;;. S I 1'1 ( ','1 '2 2"- ( ) 
H ] 6 = t X r ( - I 12 ::. ( ) ::- CO:-' ( hi? ? .:;- ( ) 
T () = q~ p ( - H -:f- (' ) -l:- ( - f-i -l:- S I i,l ( ',!l l -:;- ( ) + '.' 1 1 .;~ r O~, ( \.j 1 1 -l:. r ) ) 
T 1 u = E XP ( - I~ 1 -l:-(.) .~:- ( - I·j 1-::'(n5 ( ',-.j 1 i:-() - ':i l .L -l;-~ I~! ( \,i ll. -1,-( ) ) 

T 11::: [XP ( - H2>*'C) .::- ( - H2-::'S I f ~ ( ;'i?? .;(.() +':i 2 2-l(-('l)~ l Vi;; L'«) } 

T 1 2 = r:: X P ( - H 2 * C ) -;:- ( - H 2 -~r (r, S ( ·'.-1? ? -:~- C ) - i,! ;( L-' -:t-::, I "; ( W;(. L -;(- c.. ) ) 
S G 1 = 3 • 1 L, '3';< ( ] ' . + E ) I ( 2 • -lr I:.! -::- ( 1 . • - E + 2 0 .::- c: i'''~ U )) / 
S G 2 ,,; .~ • 1 t, -::, .~- ( j • + E ) I ( '2 • if- ':! -:~ ( 1 • - ~ - L-' • -:r E >i U -lr E ) ) 
Z1.=l . +Hl/+ 
l2 ::: ] . +H 5 
7 'J, = f-ll - 1 • I :; (j ? 
Z4 =H? - 1 . ISG? 
Z6=T1v - l . / SGl 
Z7=T12 - ] . /SG1 
Z 9 = - ( 1 ~c (;] 1 + T <) ) 

Z 1 ~; -= C 1 .;~ ( H 1 - T n ) 
Z 11 = - ( 2 -;:- ( ','122 + TIl 
Z 1 ? = C 7 ~f- ( J-l 2 - T 1 2 ) 
Z 1 3 = Z 3 +- ;:1 ) ] ~c Z 1 I 1-11 :3 
Z14= - ~22 +~ 11*H15 /1-113 
Z15=Z4+W11*12/H13 
Z16=Z10 - Z9*L1/H13 
Z17 =Z 1] - Z9-l:'/ll5 / H13 
ZlR=Z12 - l~*Z2/H13 

Z19:::Z6 - T9 -:;'l/H13 
Z70 =Tll -T~*H1S/HJj 
Z21:::l7 -T ~HZ? I/n :3 
Z22=Z14 - Z13*Z17/Z16 
Z23=ZlS - Z13*ZlA/Z16 
Z24 =Z 20 - Z19*Z17/Z16 
Z25 =Z2 1- Z19*ZlA/Z16 
Z76=Z?3 - Z? ?~Z2 / H1~ 

Z27=Z?5 - Z24*Z? / H15 
H =?*(Z26-Z27)*~ !( Z26 / SG1 - Z?7 / SG'2) 
R() =CU\ 1 
CCNSl=H*H+4 .-RO*RO 
rF(CO~Sl . GE . G . O ) GO TO 170 
vJR IT E (6 , c)) 



11 8 
c·() Tel ? Il· 

17 0 T = \ T:1 '.1 ( ( _ '"l . :-!<(I+·,.:;-5-: ..... r ( IJ :cIII--L, . - :\,- .. " :~(. ~) ) I ( _ '.;rl-:'I_I _ ? /-c:, '-'I (! ' ': '-1/, . _ ;.)'j ;'·I .,r, 

C) ) i 
1 :: ( I~ ,? • [" :J to "I) r;~, T () ? Ll V 

T = I, T ,.', I'.' ( ( - ,7 . ::- ~ (' - f-H:' S -: r~ T ( H -:~ 1 '+ II • - F' ";:-I:>~, ) ) I ( - r:JI':~' [J -\-? • ;:- ~~ (; :.; r ( I I;C I , ~_/: • ~ :.)( j-)c '-' ', ; 

C ) ) ) 
? 1,0 r F ( T • r,:- • (' . ) :', (I TO 1 n CJ 

P ( 1 C) , ? } = ;:, i i\J ( T ) 
D ( 1 C , t, ) = '\ ' .~: (' c',.r; ( T ) 
:;l ( 1. 1 ~ !, ) = - .'12 ;:-::, I \1 ( T + P 1 I i 
D( 11 , ())= - f\?l:";;~cnS (T+ PH) 

D ( 1 1 , 1 ,) ) = P ( 1 1 , f, ) 

D (11, P )=P(ll · I.I } 
P ( 1(' , 7)=P(l O , 3 ) 

P( 1~; , 9 )= P ( lC , 5 ) 

T=?? / 7 . +T 
GO T0 ,?eo 

)6G D ( lC , ~}= - S IN(T} 

P ( 1(; , ') } = - ·.'I-l:- (G 5 (T) 
P ( 11 , (I 1 = /\? ~-:.) I :'1 ( T + D H ) 
P (1] , (:, ) = !\ ? ·;e\;~-leCOS (T+ Pf-I ) 
P (l J , 7}= , (l O , 3 ) 
p ( 1 '. , Il ) = P ( 1 ) , 5 ) 
P ( 1] , ~ ) =p ( '1 ] ,4) 
(') ( 1 1 , 1 () ) = P ( 1 1 , 6 1 

20U !J(7 , 4 )= - C] 

3:'; 

C-

P(9 , 4 )= - C2 
P ( 6 , ') ) = - \.,' 1 1 

P (7, 5) = H l 

P ( 8 , 5 ) = - \'12 2 
P ( 9 , 5} =H2 
P ( 6 , 0 ) = - C J -le ;.; 1 1 
D(7 , 6 )= Cl,,:-HI 

. D ( q , f, 1 = C ? ~:- i- ! ? 
r ( ,,] , 6 ) = - C 7. -;( ::: ? 2 
P ( 6 , 8 ) =Cl-lcH]'; 
P (7d~ }=C J.-l:-H 4-
!J ( 8 , (3 ) = C2-::-f-i] 5 
!J ( <) , ~ } = C ,? -le H 1 (, 
P ((" 1e. ) =C] -::-T() 
p ( 7 , 1 0 ) = C 1 -:c T 1. 0 
p ( 8 , 1 :"; ) =C ?-:q lJ 
P ( 9 d C )=C 2-l:-T]2 
P (1 1 d)= - G/ 2 . 
D (l),2}= - G/2 . 
DO 3 5 1=1,1 0 
DO 3 5 J=ldl 
fl (I , J} = P(J , I } 

. < 

.:. 

SCL\..JT I O~J OF STf!',DY ISTA TE' rOLJ.I\TI O~jS . 
C 

"j = 18 
i,I'. 1 =. :- 1 
~~ P I = i'! + 1 
:)0 50 I = l , J\!,\H 
I1 =I+l 

r-:: = O. G 
DO 12 K= I , '\I 



r i \ " t' " ( ') I • "-" . ,' -, ::., ( ;\ ( < • I I I I ( .. ~ I ,.J 1? 
IT - ~ 

',: = /, ( f' , I ) 

c 
C c I,\:CJJ.L,I\RITY (HFC/ 
C 

c 
C S 1- T L;\ i~ (, r :, T 'I ~T r- ,\1 T (w nw n I n (', \' 1\ L 
\.. 

T F ( II . [ (J . [) U) TO 1 f, 
J 0 1 7 L. = I • 1\1 P 1. 
I:::..: /'. ( 1 T , L ) 
'\ ( I T ~ L ) =: /\ ( I • I.. ) 

17 " (I,L) :.:!,' 
J () iJ(i ',ll ':=11, ! 

C '/ = /\ ( . ; , I ) / /\ ( I , I ) 
UO 45 J=I , NP1 

<'IS t,(r ... ,J )=I\('.' , JI - C:" .. r .... ( , J) 
5 () CO :\; T I :'!l 1 F 

C :;[OUI~.(tD ::{WHS 
C 

C 

x ( i\! ) = A. ( i'l , :\~ P 1 ) / II ( i , j ) 

I=i'J 
11=1 - ] 
DC) 8(; f( = l,r 1 

, 1=1 - ] 
L=1'1" 1 
SU~i= ,~ . 0 
'~, 0 7 0 ," 1 = 1._ , ~~ 

7 u S U \ I = S !Y'l + ,'\ ( I , ";' 1 ) of- X ( ",' 1 I 
X ( 1 ) = ( /\ ( I ~ N P 1 ) - S u r' ~ ) / r~ ( I , I ) 

sO CO iT I ~·JUF 

~RI TE(6,4) Al , X( lO ) 
Xb =X(l) 
V 1 = ( G +? • ~u\ 13.S ( X r; ) ) -If- v·; / 3 • 14 ? 
n, 1 = X ((,) 
E~ 2 = X ( 7 ) 
:=:1=X ( S) 
E"?=X{O) 
A~ =X(lO) 

TP!i=T+PH 
'x·i1/\ X = \.. . • 
1 MI(;= - ,) . 1 
riO ~ .~ 0 I = 1 , ~ 1 
T ,\ ; .. 1 ( = T 1\ ~ I C -I- v • 1 
T 1 = T 1\ ",'(; / I.'.' 

119 

X 2 = C 1 -:'c [ X P ( - H 1 -:;. T 1 ) -: :- ( B 1 -:f- S I tl ( ':n 1 ,::- T J ) + ~ ? -l:-( ().s ( ,n 1 -lq 1 ) ) + C 7 0:- !=' X P ( - H ;Hq ) ,:
C (':1 ,~-:~'I ,\1 ( \'!? Z.;H 1. ) +F?'::-COS ( \'172.,:-T l ) ) + A ? -lf-,':, I [\: ( lri-:f-I .L + I I..JI~ ) 
IF( A~~ ( X2) .L E . X~AX ) GO TO 230 
X;!,/\X = N1S ( X? ) 

~ '3 () C ():'-' T 1 f\! LJ E 
R £:. T I 0 = x ; .. ~ f\. X n. 2 

c 
C DE T E R:' 1 'F. T ' f ~ L c:: ~·1 E I T () F S T 1\ 8 J LI T Y r·l ,\ T R I X • 
C 



/ ( '".' _0,' ; ) 
l-' (': - 1 / ( ( .I - \_ ,' ) 

': ..., '" ( - -:.: ~:, t· ' .: ( '\ .'.' ( T ) '/' ;~. ? .::-( (' (~. ( T +;J; J) ) / ( c: ., - ( 1 ) 
~,!, = ( - C ; ." .\ 1 ::. (I':'; ( 1 ) +.' ;;:> .:: (:, r:, ( j'.;. P! I) ) / ( (- 1 - (- /' ) 
,:-:, = ~ . / ((""-(1 ) 

120 

(-·r,,,,( (-C-')'~;';\ H:'(I-Jl;:'I C\~ ,( I )- \"'::':, !" : ( I) )+,\?::(111~:('r(i(T + nf') - '; " :" li'( I·f"!)) 1/(' 
.: 1 >::- ( C 1 -( ") ) ) ) 

(~ I = ( - C 1 .;; /\ 1 :~ ( i I? :<- ( 0;) ( r ) - ~,' .;:. C, If'! ( T ) ) +;\? -::. ( I-I? :'- C ::-i ~ ( I';' fJ h ) - I..' ;( .:) 1 : . ( I .c.1·> I I ) ) ) / ( ':! ;; 

C ;> >:( ( ~ - C 1 ) ) 
C J :> r = 1- X P ( -I I 1 ';c ( ) ';c ( ',.; 1 ';:'1 ; 1::. C ;'.:::-. ( . .':::. ( ) I ';1 - \'1 1 1::- I ;;:> ,c ":. I r I ( ,,: 1 :: r ) / . ) -,- -!.,) ( - '; 2 

C~' C) -::. ( ;.1 .... ?-:!-"" 1 -::·(OS ( ';.I? ? ';:'C- ) /I.; _ .... ? ?::-r=- ?:::-; T '''; ( ','.: '2 ;;:>';;'1) 1':,1) - /1 .1 'C (I ..... :,J· l I 

G 1 :' 6 = r- X p ( - rll .':. C ) -::. S I ~ ( I,··i 1 J .::- ( ) 
C 1 c; 7 = c X P ( - I 11 .;< C ) -l!- ( C; S ( "J 1 1 -::-C ) 
(, 1 ~ r = EX P ( - II?';:- C ) -::-S I ,'I ( '; ' 22 -::-C ) 
(1 1 : C) = ':' X D ( - ~12 -::- C ) -lr (', S ( '.\' ? 2 ~- ( ) 
() 1 6 0 = - 1\ 1 -::- COS ( T ) 
(j J (, i = C 1 ';e F X f> ( :... H 1 .;:- C ) .::- ( \. 1 1 -::. f > 1 -:: COS ( I·; 1 1 .,'. C ) I','j - ,.: 1 ] ;:?,? ::- (; U' (', 1 .,'-, ) / '. ) .,.. C ;;:> .: :. 

c:=: X r ( - 1-17';:- C ) -:~ ( '.' 2 ? .;:- F ] .;:- C ('i S ( l.t? ? -::- C ) I .: - .'1 ? ? .;:- r. ? ,:- S r ".: ( ') ? ? :'- C ) / I;' ) - A ;;:> " r"" -::. ( T ..j.. D ,-' ) 

GI6?=-/\?.;:-CGS (T +PH) 
G161=GJ56*Gl/Wl1+G159*G?/~2? 

G16~=G1~6*G *HI / W11+Gl*G . ~7+G~~R*G?*~? I W??+G1cq*G?+Gl=~*~ . /V] 

(i1 ()r;= - Gc;~c('l SAhli ]+G] C',p';:- (",r../1 '?? 
C:] 66 =- G 156.;<-G:; '::'I-! I I I:' 11'- G 1 ') 7-::'G 'J+G llj n -~:-G'i'~rl? I ':! 22 +G 13 9,f-G5 
GlS7= -Gi~6*G~+G157*G3 -G15e*G7+G159*G4+G160 
G168= - (1 . +G155*~/Vl) 

G169=~*G163/(Vl*GJ6a) 

G 1 7 C = ~.' '':- ( G 1 6 I, I G 1 6 C\ + J • ) I V 1 
G171=W*GIG5/(V1*G168) 
G 1 72 = ,.! -::- G l() A I ( VI -::- G 1 68 ) 
G17?=~" ::-GJ 671 (Vl.,:-GI68) 
G174= - 3 . 141*(W*GlS5/ (V1 *G16R )+ ] .)/V l 
GI75= - (G16]*G169+Cl*G15~*G1/W1 . +C2*G1 5B*G2 / W22 ) 

G176= - (GIAJ*G170+CJ*GI50*Gl*Hl/011+C1*GJ*G157+C2*G1 5°*G2*~? 1 .22 
C + C'-~( G 1 ') (Ho G? ) 
G177= - (GIGl*GI71 -Cl*0156*G~/W] l +C2*GlSR*G5/ ~?? ) 

G] 7 P = -' ( G] () 1 .;;-G 1 72 - C ) ';c G 1 t:: h .:~ h 1 ~c G ') / "i 1 1 - C 1 -:!- G] 5 7';i- G 5 + C 7. .;;. G 1 ') ,~ -::'1 ? -::-(',::: / ',.; ? ? + C 7. 
C*GlSQ*(5) . 
G170= -( G~61*G17~ -ll*G ~A*Gh~(]~Gl~7*G~ - C?*G15R*G7+(?*Gl~q *~4+~ 1~2 ) 

(1] ~3C= - (",161.·:<G 17~ 

(; 1 8 ) = [ X P ( - 1,11 .;:- C ) .::. ',i] 1 -:< ( - L3 1 .;~ ( H 1 -::- ( V S ( \OJ 1 1 ,:- C ) + ','J] 1 -i;-:J I ;"l l '.'/ 1 1 -;"l ) ) + ,5 t'. ,~- I ;-j 1 -;;-.::J 1 N 

C(~11*() -~11~(OS ( ~]]*C) ) )/0 
(;], Po ? = I: X r ( - H ? -~~ ( ) .,:- Ii! ? ? .::- ( - r: , li- ( I-!? >~- COS ( \ \: ? ;;:> -l:. C ) + 'l'.J? ? -:e:-; I I'~ ( I'; ?? ';i- ( ) ) + r:: 2 .:< ( H:;> .,:-:::. I :1 

C(~2? *C ) - W??~ (O S ( W??~( )) )/ ~ . 
G 1 R ':\ = C ] ';C(,1 r. 1 + C ? .;:- G 1 fl, 7. -H'-JUo, ? ~:- S I f\l ( T + PI-! ) 
G 1 R 4 = r X P ( - 1,11 -::- ( ) -l;- ( - H 1 .:;. S I 'I ( "} 1 1 .,:- ( ) + ',·1 1 1 ;;. C () c:. ( ', : 1 1 -::- C) ) 
(,In ':' :.:: r- X D ( - : ! 1 .;:- C ) .,~ ( - !-ll .;:. C () 'l ( ," 1 1 .;< ( ) - ~.: 1 1 .;:-.s r 1 ( I.'.! 1 1 .::. C) ) 
r, 1 i~ h = F X r ( - I I? .::. C ) .;( ( - H? -:~ .5 I I ( .::? 2 .,:. C ) + I:i ;;:> ;;:> .:~ COS ( I.'.' ? 2 -:: C ) ) 
G un = F' X P ( - ;·1 ;; .::. ( ) .;:. ( - H 2 -::-( ().5 ( t,' 2 ? -::- C ) - ~ ! ? ;;:> ole S I '\ I ( \ 'f 2 ? -::-( ) ) 
C 188 = - (G 1.8 ':P'G 169+( l-;<G] 8lf~:- G 1 /\IJl1 +C 2 ';~G 18 6-::-G2 li'i? 7. ) 
G 1 Po 9 = - ( G 1. R :.,-::- G 1 7 C + C 1 ~- G 1 R Lt .,~ G] ~H-j] I ':! 1 1 + C f G 8 "d:- G + C ? o~ r; 1 p t:, ole I' ? .:c ~ ~? / .: ? ? 

C+C2 1;.G187 -;:-G2 ) 
G C) 0 := - ( G 1 P. "3 .,,, G 1 7 1 - C {:- r, 1 !\ 4 .,:. C r.; / \ ',i 1 + ( ? .,;- G lOA .::- G r=. I I.'?? ) 
G 1 C)1 = - ( G]2~*G17? -Cl*G1R4*H *G~ / W11 -(1*Glg~*G~+C?*~lQ~* ~?*~~ / ~?? 

C -+- C 2 .:~ r, 1 8 7 .::. G 5 ) 
G192= - (G1 R~*G173 -C1*~lR~*G6+(1*GIR5*G"3 -C?*G 86*G7+C?*( 1 ~7*(L 

(+i,·J ·:~t,?.;:-S I f\! (T + P~I ) ) . 
C193= -G183·:~G174 

G194 =G1 81+G182 +W*A l*SI N(T) 



r 
'-

, ' , 1 :.- ( • - r: . 'l ; :: r - ) I ( 1 • 1- r \ ': I ) 

.' :' =: -.l ::- ( , • ~ :- ) I ( ~ • -,-,: :-!l 
~. --: ~~ :: ( ] • + r -) I ( 1 . ... r- --l J ) 
~ " .~ -= ~ ~ .. _\ .. 1 - r ) / ( i • 4~ F ;" : ~_I ) 121 
(- 1 () ') = - ~ ~~ ,,- ( r., ' ~ -'!;:- C:. 1 h 0. .+ t, 1 "I, -;:-r 1 1 \': 1 1 ~ C 1 (' (, ,;:- r, ? I ' ' ? ! ) 

(-;lc::C)= - ;·,:<. .... ·';· ( CI: ~,!/i·.;~·(j1 7c:+Gl PL~~G ·:~-I·iJ / ~'-! 1 I.+r~ 1.:'C;;~(~j.-1:;, :.:;~·rJ;-/·~;J/ / 1?;~ "1.r;l~7'" 
((,2 ) , 

G J.. () 7 = - p '( ] '<- ( G 0. ~, :: r- 1 ~I 1 - (, 1 0/, -;:- r r., 1 '-: 1 - -I- c: ~ p ( ,~r; ", I ',.' ? / ) 

Ii ] ~):), = - " K 1 ;:- ( ;:-, , () I{ -::- G 1 7 ? - G 1 P if -::- H -:::i 0:, I ~j 1 1 - r- " 1(- re, ] ,-; , + t, 1 'J ( , ;~-I ; ;, ,:- ~ 0: I ,', ;/ ? ... '-, 1 ~ 7, '- l-
e r, ) 

G) 0 Q == - f~ f~ 1 -* ( G 1, () LI -:(-G 1 '1?' - (i] 0/, -:(- G (, + (i 1 :) r, -;(-;, '\ - G 1 P f , -;i- G 7 +0 J r 7 -::- r I,.l.. ';. -;" j'. ] ,~-~) I ,': ( I ) ) 

t,?OO = - ( QKl*(i 1.°~*G]74 - SK? ) 

G2G l= ( GK3*G 1 9 4*G174 - SK~ ) 
F. oJ I V P" L r: :'l (E ( () ( ,1. ) , I- ] f')? ) , ( (") ( ] , ? ) , G l c:; t., ) , ( r; ( 1 , ~, i , r. j c, -, ) , 

C ( rJ ( 1 , c ) , r: 1 0. () ) , ( (~ ( 1 , c., ) , G? 0 C) ) , ( n ( ? , 1 ) ,(; 1 00, '1 ) , ( 'J ( -:< , ? ) , ,... 1 ? J ) ., ( ~, ( ? , ? ) , r.. 1 
(00 ) , ( l ( ? , /, ) , G 1 (') 1. ) , ( () ( "< , r.. ) , r:, 1 0? ) , ( -; ( ? ., c... ) , r:, 1 O? ) , ( :- ( I • ., - ) , r - 7" ) , ( r ( Lf , ? 

( ) , r:, 1 7 h. ) , ( ;1 ( II , .., ) ,G 1 77 ) , ( n ( /, , I~ ) , ( : 1 7. 0 ) , ( r: ( L, , c:; ) , ( , ! -;" ) , ( ~ ( /' , f . ) , r. 1 Q c: 1 , 
( ( () ( r , 1 ) , .c~ 1 ~ 0 ) , ( n ( t:; ~ ? ) , G 1 7 n ) , ( 0 -( r.; , 'l ) , G-1 71 ) , ( r, ( ::, , /, ) ,r , 7'? ) , ( r- ( c:; , r- ) ,r: 1 
C 7 LT ) , ( (; ( (--. , r.., ) ,r? r) 1 ) , ( () ( 1 , tl ) , G 1 ') p ) 

;: (:?, 1. ) =GJ f,-:l,/Glf)R 

:) (2 , 2 )= GHA/G16El 
I) ( 2 , J ) = G 1 6 ~ I G 1 (; 8 
,~ ( 2 , tr ) = G 1 S:) I G 16 8 
0(? , S )= G167/G168 
G (2 , 6 )= - r-l')r.; *~ . 14~ /(G lA~*V 

~ (5 , 5 )-=1.+G173 

" ( 6 , ] ) = - f1 !( '~ -;:- (j 1 9 5 / P. f<' 1 
C) ( 6 , 2 ) = - ! ,. i< ;, ~:- G 1 96 I I \ i< 1 
n ( 6 , 3 )= - 3K3 *G J 97 / RK 1 
O ( 6 , ~ )=-~K3*G 1 9R / BK 1; 

Q ( 6 , 5 )=- RK 3*G10Q I RKl 

C ;)F.: T EI~'''-: II\!E nlE ElG[ N Vi\ LU E5 fl Y HIE Slii3ROU TI;\t RU Tl 
C 

C 
C OE C<. I F i\ L L h i EE l G E ;\1 V;\ L U E S 0 F 5 T t\ ~ I L IT Y i:j ,n R I X ;:" i~ ~ L L .:3 S T rl /\.-, 
C UN TTY 
C 

DO 75 L=l , A 
II ' :i 0 = s n R T ( Z ( I _ ) 0<--::- 2 + Y ( L ) -:r -:(-? ) 

IF('.'-'(l . GT .1.) GO TO 27.0 
75 C (),'n I ~.IUE 

W ~ITE(6,3) RA TIO,(ON5 
GO TO _ ':)5 

2 2 0 ;-!::; I T F ( 6 , ? ) R /\ T I 0 , C () 1 S 
GO TO 1 0 5 

51 '::f-< IT[='(6 , [l. ) 
G20 T,] 11 0 

le") COI'I TI I\I UF 
21C COf\!TJtIl_J F: 
C 
C prn;\T HIE RESJ L T5 

1. 
? 

4 

FOR-;I\T (7 F1 c . 6 ) 

FOR-:j\T (5X,71IRf, TI O =,F5 . ? , 6 HCO"lS =,F5. 2 , cHlJf\lSTN) LF. II ) 
FOR :-' /I, T ( ') x , 7 H R In 10 =, r c, • ? , Cf-! C ON S =, F') • ? , 6 H S T -~ R LEI I ) 
FbR~AT ( lX ' 11F1C .6) 



r:. fr\~ T"'"' Y 
;>J . 

r ."':, ,.:'. -;- ( l'~ X • 1 r, t ./! .i :.: S T r: /, ') Y :. , ~~ TIC; i" 
c: ,\ L.. ! _ ;- x j T 
r-~.~) 

"i • 

II) 122 



.f Jr,~·: 
C, I ,,".J!',;' 

:j; I ~',FT( 

( 

,'" C ':l 7 ? 2 3 :\1 f\ \, P I" " ,I !\ L_ 
!"IOf' r. c( 
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I(JG 0 1 ('. fj '3 C .. 

( I i';P,\CT [)'-\: :, PiJ~ [ 1\: Pi~ ],\ i/\f< Y :1:,\55 ?'~r';[I-;[ S T U\~) Y 's l r,lf- f'.I,~)LJ;')'.Ir,'-' !\!J t 
C [)c T ::l\f'.:It'[J Fc.~r~ ~)'~ T ll P~~ I ;1,'\i~ Y :":/,ssr-:'s /\, T ~~~) T H ;··'/~, T lJ?t.,L f-r~!_t' .;::.; Clt --j O 
( I-U-:::::[: '::\ ,c,S i-~:\ TI O I S K[P T (C:i'lS T/'I/\!T ,',j': D GIl ? RA ll O l :J VH' Yl',f J • 

( S T A~ ~L I T Y I S ~LS O ( HE( ~ FD . 

( 

C 
c nETr'!<\\ I ~!F T 'lF ELC' ~'.' Ff'~ T ,c, :1F :'I', T r; I X 8 F S T F/.nY C,T t, Tr ':'iL i T !f"', '" . 
( 

f) T ' , :- ;'> 1 ~) r n r 1 F ( ? () , ? 0 ) , n ( ? ,) , / 0 ) , X ( 1 n ) , t , ( 2 0] , ;; 'i ) , L ( l () ) , Y ( J () ) 

I) f- !~ :', ( r, , 1) /\:< 1 , /I, !< 2 , fif": , S , n , ',: , F 
/\ i ,1 =: /\!.' 1 3,(1 (, • I f 

t:-\1U=~ l, 0 1 
f-- == () • e 
R = 1\" 1 1 /\ ': ? 
'.'.' ? = ,':' (J!n ( 1'1, \( 7 .,:- ( ? • +? • .,:- R + S mn ( 5 • ) ) 1 ( ? • .,c t',I--1 ) ) 

','I ] = s~)r:n ( I',K ? -: ~ ( '3 . + ? -;:- R- ,S0 RT ( ') . ) ) 1 ( ? .;Uq..: ) ) 

( [( 1 = 2 • -;,' ~'1 J ::-/Ii< 

C r<? = '2 . J:- \,i ~ -::-/1 1'1, 

D1=0 . 1 
r) = [)l-l:-(Rl 
r') ? = [) 1 C R ? 
M i l = S (' rn ( 1 • - D 1 .;~ D 1 ) 
AN 7= SDR T ( 1 . - D2* D? 1 
\'.1'1 r = /\ ": 1. -::-\'J J 

':J 11 = I, i'\ 1 -::-\': 1 
\' 2 2 = ;:., ,\! 2 -::-\'; 2 

C 1 = ( 1 • + SOiH ( ') • ) il? . 
C2=(J. - SOR T(5 . ) 12 . 
~ 'J R I T E ( 6 , 6 ) 
"7= 0 
DO ? lG J7=1 , ? 
" 2= >2 +1 
:,\1 = \'i 2 2 
IF( ~ 2 . E Q . l ) GO TO 215 
~ '1 = ~\J 1 1 
;;JR 1T [ (6,5) 

r 

215 FJ':U= U . 0 2 
DO '2 1 0 L7 = 1 , E) 
EI'JJ = Fr"' lJ+ O . 0 1 
!/j f< I T F. ( 6 , 7) F r ' LJ 
(=3 . 143/ i:1 
( 0,\).') = - 0 . 4 

[::'0 110 I 7 ='1 , 3 0 
( Of\!S = ( O~,: S+O ~ It 
G = C 0 r~ .s -::- F 1 1\ K ? 
DO 1 60 L=:l ,l () 
DO ]6 0 \1. =1 , 1.] 

1 1',0 I'dL , ~ ~ ) = C . 

~ ( 1 , 1 ) = 1 • 



\ ( /~ .. . ~ ) .: ] . 
, . ~-~ • 1 ,,_ ... . - . 
~ ( J , ~ ) = 1 • 

\ ( 7 • ~ 1=1 • 
/' (1 ...; · ") =1 . 
:\ ( 6 ' ~f)=-~ . 

;, ( :; , :) ) :: 1 • 
. \ ( c: , 5 ) = 1 • 
\(~) ~ 7)= - 1 . 

i\ (; . n )::: - i . 
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r (' U I V /\ L F t! (1- ( " ( 7 ' (, ) , I 11 ') ) • ( .11, ( 7 , 7 ) ,: 11 II ) , ( 1\ ( -I , ,0 ) , I 11 '-, ) , ( r- ( 7 , " ) "" 1 i (, ) , ( l ( 
(i • (, ) • r" ) , ( /1 ( () , 7 ) , T 1 (l ) • ( ,II ( n , r ) , 'r 1 1 ) , ( fI. ( n , r) ) , T 1 ? ) , ( I" ( 1 ,? ) • r r , 1 ) , 

c ( ;\ ( '1 , 'I ) , ,~ (j ') ) 

l ? = ( ,:\.( 1 + /\ 1<' 2 ) -;:. ( /',:< 1 + ? • -::- ,/\ f~ ? ) - ':! 'q.,; -::. ( \'; -;~ [) + ,\ ii, -;:. ( ? • . ::. t, /", 1 ..;.. ? • -;:- t,Y ? ) ) + r·. . "U I '-1:- ':! ;H, u. 

C - L. K? -':-/,, :<. '2 
l '3 = :) ;~- ( (2 . ,:-,:' K 1 + :1 • 'Y.- 1\ K 7 ) ~:. '.:i - ? . ::- './ *::. ?, -::-/\ '.: ) 

!\ 1 = I- -:<-':'1 CRT'( ( r 1 .::.:-=- ;:> + I) .::. '".; q- ~ ) ':H ~' 7 + ( ry:·' \f 0:- F ? - ;'" ":l -:~ f= 1 ) -lH:- 7 ) 1 ( r? .)( =? + r- ":l .;: F' ?, ) 
r ~ : 1 = ,\ T M" ( ( - I ... ,:- ':1 -;:- r- 2 + F. 3 -l( E 1 ) 1 ( [ 1 -::. c ? + fj -It ',1 .:~ F' -;, ) ) 

A? = ~~~* F/S OR T{F?*[?+E3*F?') 

PH? = /\ T /\\! ( F', / F::? ) 
,J 1~:::r l'il - P I ~2 

"11 = I) 1 .;:. ~"I 1 
H2=,)2-::·',:!? 
f 13 ='::] 1 
I,L; =·:','2? 
T () = :=- X p ( - :-11 .;:- C ) .::. ( - H ] -;i- 5 r "! ( \" I 1 1 -l(' C ) + \. ' 1 1 ::- C G::. ( \'J 1 1 oli- C ) ) 
T J. C = ~ X p ( - H 1 * C ) -li- { - I J 1 ,:- en 5 ( \'1 1 1 .:~ C ) - ':.J 1 ] ~f-:i I 1': ( \:,' J 1 .;~ C ) ) 
T 1 1 -:: r X p ( - IJ? -;:. C ) -:~ { - ~I? -;:-:"1 r \! ( ';,.,1 ? ? ol:- C ) + ':,.J? ? .;c C () S ( I'! ? ? -:i- C ) ) 
T12=FXP( - H?*C ) * (- H2*cnS(W22*C ) - W2?*S TN(W?2*C) ) 
H j ? ;: E X ~ ( - I I] -;c C ) -;(-~, I I\! ( t,; 1 1 i:- ( ) 
! i J L, = EX P ( - HI .::-C') i:- COS ( "Ij 1 I -:f- ( ) 
ri J 5 = E X P ( - i-! ? .::- C ) .::-Sri',! ( \ 'J 2 ? -If- C ) 
~16=FXD ( - f·12-li-C) if COS (\,.I7.':::>';(- () 

S G 1 = < • 1 L. ") .::- ( : • + F ) / ( ? • -;H,! of- ( 1 • - t + ? • . ;:. u: U )) 

::, G? = 1 • 1 tc ") .::. ( 1 • +;:: ) 1 ( ? • ,:-I,!-lc ( 1 • - F. - ? • ol~::: I'; U i:' F) ) 
U 1 = ( 1 • +IH L~ ) 

..;2' = (1 .. + 1-116) 
U3 =Cl i:- (Hl - I . ISG2) 
UL; =C 2 -::-(H 2 - J . /SG2) 
UA =C1-lf- (T] (, - ] ./ SGl) 
U7 =C2-::-(T12 - ] . / 5(1 ) 
uq =- ( i' 1l+ T9 ) 
~Jl G = ( 111 - T 1 ,:) ) 
,) J 1 = - ( I.,': 2 ? + T 1 1 ) 
Ul2= ( H2 - T12) 
U 1 3 = U 3 + C 1 -::- H ." ·:c U 1 1 H 1 3 . 
U 14= - C ?.-If-Hu.+(] -::-H3-l:-H 15 1 I! 1") 
li 1 5 = U L. + C J -;(- H '3 ,f- U / 1 H I 3 
U J6= l)IO - lJC) '::- U 1/Hl?, . 
LJ 7 = U 1 ] - U <l -l" H 1 ~, I!- ! 1 3 
U18=U12 - U9*U? / H13 . 
U19= U6 - Cl*T9*Ul / H13 
J 2 0 = C ? i~ T 1 ] - C ] ,:-T SH H 1 5 1 H 1 :3 
U?1=U7 -E l*T9*U2 / H13 . 
U22=Jl~ - U]3*U] 7/ U 16 

U23 =lilS - Ul3*UlA / U16 



: -, I t' , (~ 

L .~:: =',) '" 1 - ~! 1 ,-'o.'l} 1 0/1._ 1 1 (, 

J ') () = ~ 1 ;- : - '. ~ ~ ') -;:·l : :? I f.J 1 ... 
, i ? 7 -: L' ? ::. - ll :: !. -:.' (I ? I II ] ;; 

:-= 2 • . ':- (u? £.. - ,,:7 7 )':-:-: I ( \..-2 ~I :;G J - ,12 7 I ~-:r,2 ) 

(" Cl'\! '7, 1 -= I 1-':- rI + 'f • -~ () ,:- R 1) 

~F((0; <::' l. (";r~ . ;· . ;\ ) (," T~ 1 °:~ 

\sr~ IT:':( 6 , O) 

(.1) Tn 21("' 
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1 q ;, T PI-I == .\ Til: : ( ( - ') • ~i r.l ('. + 1-1 , :- S :.: ~ T ( ~ I ';: ~ + if • - ? (H~- P n) ) I ( - p n -:: I ! - ? 4 ,: c) ('. i) T ( I 1 ;' I 1 f-/ 0 - P r ; -;'-

c:;;))) ) 

7. L; (: I F ( T P ~ . • G F • :..1 . ) ;, (l TO ? 0 0 
,\ ( l;. , ] ,,_, ) = S I ,\i ( T P i I,) 
,\ ( 8 , C 1 :=~; T f', ( T P /-i 1 
. ,\ ( 6 ~ 1 '- 1::- ':: .;~ ( (l c: ( T fJ I_j ) 

/'. ( 1 ': , 1 () 1 =',1 -; :- ens ( T P f I ) 
.\ ( :'> • ) = - I, ] -;:- . .:;, I 1'1 ( T PH - n f.J ) 

1\ ( 7 , 1 J ) = - ,'., ]:: .. r:. I i'J ( T P 1-1 - r H ) 
:\ ( () , 1 1 ) = - A ] .::- ','! ,< C (l S ( T P ~ ! - PH ) 
1\ ( 5 , 1 1 ) := 1\ ( C) , 1 1 ) 
TPH = 2? . /7 . +TPH 
T= TPH - PH 
GO TO 17(1 

? (j 0 ':'. ( i+ , . .' ) = - S I l'l ( T + P ~l ) 
. ( P. ~ 10) =- <:;1 ·'1 ( +"H) 

A ( 5 , 1 1. ) := 1\ 1 ,< ': : -:< C O.s ( T ) 
A(7, 11) =Al*S I N(T) 
~ ( S , 11. )=A1*0*COS (T) 

,II. ( 3 , ] 1 ) := t. 1 ,~-:j T ~I ( T ) 
A (1 0 , lO )= -~* COS(T+PH) 

t, ( 6 , ] 0 ) =- ··! ~<C05 (T+PH) 
1 7 0 A '( L, ~ 7 ) = - C ) 

t.. ( L , 0 ) = - (? 
,\ ( 5 , A ) == - \,.; 1 1 
'\ ( 5 , 7 ) == ~ I 1 
;.. , ') , 2 .) = - v.' 2 7. 
/\ (5 , (?)=f~2 

i\ ( 6 , 6 ) = - C J -;< ~'J ] 1 
,!\ ( 6 , 7 ) = ( ] -:H-Il 
.1\ ( r" R ) =- (2 1"':J7? 
/l.. ( 6 , 9 ) =C? -::H? 
1\ ( n , ~ ) = C 1 ,:- HI'), 
/' ( 8 , 7 ) := C 1 -:< H 1. I:, 
,', ( 8 , 3 ) = C 2 ,~;-I 1 ~) 
/\ ( r , () ) = C ? ,:-H 1 f, 
t·( _G , 6 )=Cl,qo 
/1. ( 1 ") , 7 ) = C : ~q 1 C 
A. (] O, R )=C ?'CTll 
A (lO , 9 )=C?~q12 

/, ( 1 d 1 ) = - G I ;> • 
/.. (2 , 11)== - G/2 . 

C SOLLJ TI8~: OF STE/\[)Y S Tt-.TE EQU!\ TIO IS 
C 

:.\ = 1 0 
i\i ;'1 1 = N- 1 
~.! P] = N +] 



" () " .'. 1 ,' :' 
j 1 = Ir-l 

~'; . .., 1,' < c:: T ' I' 
Y 'F"' (i . ' :~ ( I~ ) • r - • ,\ '; .S ( .\ ( :< ' T ) ) ) r, () TO l .? 
! T =" 

C 
::=: U~CL,l. ·\[<ITY CliE-:C,<' 

'-. 

( 

(' Sr T L /\PG r.(~T r-LEI'<U' T 0N HIF D I~)(j\ ~/\L 

( 

( 

I F ( 1 T • f: () . i) GOT 0 l() 

I) r; 1 7 L = I ' I\! P 1 
:\ = i\ ( IT , L ) 
1\ ( IT , Ll=!',( I ,l.) 

17 /\ U,L)=i{ 
JA r·O.:'0 /'=J1 , ,\1 

(\' = t, ( .: , I ) I r ( I , J ) 
f) () II ') J = r , !\I P J 

i,. ~ .f:", ( V , J ) -= i\ ( '.' , J ) - n ·· .:U'. ( I ,J )' 
1)0 (orHr~!uE 

X ( I,! ) = /1. ( N , f'~ P 1. ) I A ( N , ~·I ) 

T1=I - 1 
[in flO K= 1,I] 
i=1-1 
L=I+1 
S lli' = ,j • G 
DO 7 0 :.l ]=L,~·1 

7 u S U:-' :: S U [,1 + A ( J , j": 1 1 ?< X (J·H 1 
X( Il=(i\(I,NP1) - SUMl / A(I ,I) 

sO (OiH I ~w::: 

~? rTF(A,4) , ? , X(1 0 ) 
X51=X(1l 
TF(Xn1 . LT . C. C) ~c Tn l~O 

V20=(G +?*XHl )* W/3 . 143 
GO TO 140 

!30 V20=(?*X81 - G)*W/3 . 1~3 
140 Rl=X(G) I 

f\2=X (7) 
f:l=X ( R) 
~:? =x(n) 

P,2 =X ( 10) 
c 

12G 

c L, [ T ~ 1< i'l I [\ [ Hi::: A r/, P LI T U u E () F DIS P U\ ct:Y, E ,,,\ T 0 F P R H :,I\ R Y ; . .I\ S s 1 i\ .'.1) 2 
C 

Xl i,1 X = l; • 

X2: 'X= C. 
T 1\ (\i G = - 0 • ] . 
!) 0 ? '3 0 r = J. d 2 
T 1\ f'! G = T ;'\ ~,~ G + 0 • 1 
T 1 = T p, :,,1 (j I Vi 
X 1 = [ x P .( - 1-11 ·:n J. 1 ?~ ( B 1 ole S I {\! ( \.q 1 -lq 1 ) + ~; ? >c COS ( \'Jl ) ~:. T 1 ) ) + F X P ( - H?';'< T j ) {t 



c ( " 1 " . ' T ' : ('. ","" i' } ) + L-?~' C c: " ( ,, ' ~ ') .~ ' T 1 ) ) +".1 :f :- r ' ! ( ,',' ':: 1 1 I! ) 
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'C'= ( ' :'-:-;.~ r(- IJ -':' Tl )~c (~), -::·:"H·J ('·:ll·:~·Tl)+ ', ,? ::~ (n<)( ':Jl ! ,:-I ) )+( / "1 X'Jl - I! ? ~' 11I ' :

C,;>-1 :~~ - ' ( ': '? ,:->·~:' Tl )+I=',?::-C~~, (;"??-Iql) )+!\?~. ,r:,p,I (':!!ql+r) l l) 

I r ( <\" S ( Xl) • L_ F • X I',' X) C. n T (' ? A () 
Xl \' 1 =.:' nc ( X ] ) 

? 6 0 I r ( ;\" -.:' ( X? ) • l_ :.:. • X 7 rt, X) ( i () TO?'? 0 
\, :'; , X =- ;\ . ~ c ( '<? ) 

( 

( ~::-. : T r 1 : V :-
:, "p \ 1 = \( 1 ',,; X / i\ 1 

i~, K i = ( 1 • - :::: ;,; ,./ ':H~ ) / ( 1 • + E ',/ l: ) 
;; ,<? = ~ ", ,.I ,: ( , . • + f ) / ( ] . + FI'.' U ) 
'l I( ~ :.:: ( 1 • + r ) I ( 1 • + r / .. ' II ) 
h 1( II = ( r. i" : U - F ) I ( 1 • + [;' 1 J ) 

.::: D r: T F' ;'\ i< r f\T T' IFF L F r< F N T S 0 F .s T A I) T L r T Y 1,': 1\ H~ T X • 
C 

(, l=C~/ (C? - (l ) 
;-; 2 = (' 1 I ( C 1 - c 2 ) 
(; ~ = ( - C .? .::. 1\ 1::' C n S ( T ) + /\ ? ~:. (() c. ( T + P 'I) ) I ( (? - ('} ) 
G~={ - ( l~Al*CnS (T)+A? *CnS ( T+PH) ) / ( ( 1 - (2) 
G5= 1./( (2 - Cl) 
G A = ( ( - C ? ':-/\ 1 ,:. ( H ] -::- (C; S ( T ) - 1,.1 -::- S I ~I ( T ) ) + t., ? -:~ ( H 1 ~~ (n S ( T + PH) - '"~ .~- ~ ; :': ( T +" :. ) ) ) I ( ',.: 

C 11-::- ( C l - C~ ) ) ) 
G7 =( - (},,-,ro,1'::- ( H ?~~ COS ( T) - I,!~~Srf\I ( T) ) + :~ ?~~( H ?~~C:O .S ( I+PH) - '::*,:-,r'.: ( I .l..f-"~))) I( ':' ? 

(2):'((2 - ( 1)) , 
G 1 ') 'i = p.' X p ( - H 1 ,~C ) ,~ (\.!] 1 .:(- f', 1 4, (0 S (!:1 }.;" ( ) I It! - \'.Jl 1 -:~ 8 ? ~:- S I .N ( \'! 1 1 '" ( ) I ii! ) + F X P ( - H ? 

(*C)*( ~ ??*Fl*COS(W??*C)/~!- W ??*F?*SI N { W ??*C )/ W) - Al*COS(T) 
G 1 5 (, = EX P { - r II -lC ( ) -l~ S I f\J ( ':Jl 1 ~c ( ) 
G157 =fXP ( - Hl* ( ) * (OS {Wll * () 
G158 = ~XP { - H2*()*SIN( W 22*() 

G159 =fX P{ - H2*( )*(OS ( W22*C) . , 

G16C = - Al';~C:;S (T) 

G 1 61 = Cl*EXP{ -Hl*C)* ( Wll*~1*(OS(Wl1*C)/W -~11 * P? *S N ( ~l *C) / ' !)+C?* 
( F X D ( - H ? * C ) 1:- ( ':.' / ? .;:- F I -If- C n S ( ' .... 1 ? 2 ~~ C ) 1 1:' - 'd ? ? ~~ E ? ~c S I I I ( 1/,1? ? -:~ ( 1 1:/ ) - :\ ? ,~C 0 S ( T + D 1 1 ) 

G16? =- A?*COS (T +PH) 
G]RJ = EXP{ - H l*C)*~11*( - R1* ( Hi*(OS( W l 1*C ) +Wl]*SrN(W]1*C) )+ R?* ( H~*S r N 

((Wll *C) -~ ll*COS { ~ll *()) )/~ 

G 1 8 ? = F. X P ( - H ? ·if. C ) of. \'; ~ ?,~ ( - E 1 ". ( H ~ -he ( () S ( \,.1 ? ? ,1- ( ) + I,'! ? 2 -::- S T "J ( H ? ? 01- ( ) ) + I=' ? -I f. ( r-1? -::. S I 1'.\ 

( ( \'J ? ? ,,( ) - I:.' ? 2 -l:-( 0 S { i": 2 2 ,1- ( ) ) ) I \! 

(j l A3 =(1*G ]Pl+C?*G182+W* A?*S I N(T+PH ) 
G H3 !+ = EX P ( - H 1 -l~ C ) ·i:· { - H 1 -l(- S I (\1 ( i:i 1 1 .;~ ( ) H: 1 1 ,f- ( 0 S ( ~n 1 -J~ () ) 

G 1 8 C; = F X P ( - I-n ·if. c ) .::. ( - H 1. ';f- C 0 C, ( ',": ] 1 -l~ C ) - I: I 1 -l(' S r "J ( II I 1 ] -Jf. C ) ) 
G 1 A f, = f; X P ( - H ? ·i ~ ( ) .i.e 

( - H ? -J, S r ~1 { \.: 2 ? ~~ ( ) .+ \.-1 ? ?.;~ (o.s ( I,"! ? ? -J ~ ( ) ) 

Gl~7 = ~XP ( - H? * ( ) * { - H2*(OS{W?2*() - WZ 2*SIN ( W? 2*C ) ) 
G19 ''t=G18J +G182HJ-l~Al-lf.SIr~ ( T ) 
G202 =Cl*G156* Gl / Wll +(2*G15R*G2/W22 
G 2 0 :-3 = C ] ,:. G 1 5 6 -:, G 1 .::- H 1 /\IJl 1 + ( 1 -l:- G 1 5 7 ~f. G 1 + C 2 -J~ G 1 5 R -J~ G 2 .::. f-I ? / \,; 2 2 + ( 2 0" G 1 5 0 1f. G 2 
G2C4 =-Cl*G15A*G5 / W ll+(2*G15 8 *G 5 / ~ 2? 
G205=GIA1*W / V20 - (1*G156*Hl*G 5 / Wll - ( *G157*G5+C?*G15R*II?*G5/122 

C+C2-:((j 159-)(G5 
G?OA =-Cl*Gl,)A*G6 +Cl*G]5 7 *G3 -(?*G1.5A*G7+(?*Gl~0*G4+Gl;? 
G207 =- {l . +G161* W/ V?C ) 
G2C8 =W*G 202 / ( V20*G207 ) 
G209 =W*G2J3/ {V2J*G?07 ) 
G2 1 0 = ~*G 2 0 4/ ( V2 0*GZ C7 ) 
G2 1 1=W* ( GZ 0 5 / GZ07 +1 . ) / V?O 
G2 1 2 =W* G2 06 /(V20*G207 ) 



( 

( 

( 

( 

, "1" • : .'1 ": \ ,.' , , , 1 (, 1 / ( \' ,., 1 ' "( , ' ,') I 1 • ) / 'v' "I 12H 
(,' I i,::: - ( ,, 1 r,., :;-«',)<l + !.', : (;:',':(,1/I',11'! "j'.H :f(,;'/";"?) 

C:?~)= - (:',j;'"-,;,,,:',.:,)+(, "(' ::I.i':· !i1/',',ll +~,I:'-I':' C,1 -l-1:)1/, i:'( ,'::1' /'?; f(,l')';:( : ;) ) 

" r' 1 6::: - ( l: 1 (, : ,;, C; L 1 u - (j 1 ' . .1 t', ::',) r, i \.' 1 1 -I-l , ] " P :1- C '., /1,'.' / ? ) 
::.;, 1 ! = - ( G] 0):> ::. C ;> 1 1 - li ] :-; () ,;, C .... ' :: i ; .1 / \'! 1 I - ( I ') '1':: (, ,.: .j-(J 1 0; [::: r; ~., : .. f : ,1 I,' ' ; "r 1 (, (, '(, r. ) 

,; .-; J i< = - ( l i.1 -, ' .;:. ( 1 :'), ;' - (,'1 I, (, .;: C (, I ·~.J 1 ') 7 :: \) ; - ( ) 1 i' .:: C 7 I· (, 1 r:, (, ::. (') (, + (, 1 ( ') ) 
~~ ? 1 (') = - G 1 r., .-; -\. (j ." 1 '~ 
,,);: ? I,) = - ( (, 1 0 II:: lJ 2 :! q -I- (,i 1 (~/f::- Ci 1 I ,J 1 ] .;. C 1 ::1 () :Hi? /,,:" /. ) 

G ? -;: 1 = - ( CJ 1 ('\!~ .::. c: -;: 0 () + G J F I; .;:- G 1 '::-1, 1 I i;,: 1 1 + r,i 1 ,n r , 1:· C 1 -I- ( : r f., if ( ? .::- i i ? I ", ? ;; + r, 1 <'1 7 ':' l~ ? ) 
:;? 2? = - ( G 1 () I, -l:. G? 1 0 - G 1 8:,0:- G C; / ::! i 1 Hi 1 rl f-, .;:. C; =j I ';? ') ) . 
G'/ 23 = - ( G} ') Lf ':' (j21 1. - G UJL,'::'GS-l:- in 11;11 1 - G 1 (\ 'i -:~c ') +G 1 P f-,'::·II?-;:-()r. /',:,"2 /,..l.', 1 C· 7 ':'<; -; ) 
C' ? ? I, = - ( (j 1 (l / 1 .:: Cj / 1 ? - G l R II .;(~ G (, f (i 1 11 " '::', G .." - (, 1 Cl, ( , :: 1,7 + I, 1 (! 7 '::. ;: t. -I- " I :' /' ] .: ' S T' (T) ) 
(i '2 2 5 = - C 1 () i, .;; eJ ? 1 .." 
(; ? ? (', ::: - ! \ k 1 :: ( C' 1 n ',\ :: (~ ? () : l 1 C 1 ·;1, (; 1 n I I .;: (J 1 I ~j 1 1 + ( ;>-" (', 1 i' r) .; ' I,." I 1,1 ') :) ) 

l ' ,)? / ::: - I n~ 1 .;: ( (" I ,~ ',-:: c) ? () (, -I- CI :1, I", 1 ;1 /, ':: c) 1 ~ : I I 'I I ' .... 1 1 + C 1 '; ,~, 1 i \ " ::. r; 1 ,I ( ? :; ( 1 ' (,' r ":, 1 ') I ," ? 
C ? -I- ( ? ~, G 1 ;; 7:: C? ) 

G 7 L il = - :):< ; -:;. ( (j 1 R 'J, ·:t Ci? 1 0 - c: 1 -1:' (" 1 2 [p:' (j I) 1,,1 1 1 + C 2 .~ ~ G ' :V -1 :- (', ") I ' ': ? ;; ) 
(.2 2(1= - Q f~ 1 -:f ( G 1 n 'J,'::(i? 11-( 1'::' (:' 1 ,'l/j -l<H 1 ':H-;'J I"! 1 1 - ( 1 :'(',1 P ':', A'(,,=-\-I-C? ,;.r, 1 0.' (,,' , ':,.;'-' ':' I ',! ') 

C?-I-(2)<GH17-l:Cjr, ) 
Ci 2 3 (i = - ~l K 1 .:: ( G ] ~ 3 .::. G 2 1 2 - C 1 .:: G 1 B ! I .:: G (d' ( 1 -l: (j 1 :-: ') .::. c: ?, - C ? .;(. G 1 r f " ~ (:, 7 'r I 2 ',: ,', 1 p 7 :; r; I, 

( + ~,! ::- /\ ?:;' S I N ( T + r~-j ) ) 
G 2 ~ 1 = - :, K 1 .::' Ci 1 [n, .;:. (j 2 1 ") + '\!~ 2 
G 2 3 2 = : ) K 3 ':: G 1 H :: -1:- G 2 1 3 - r3 f(L1 

F nu I V /::.. L F: I'J C [ ( (J ( 1 , 1 ) , G?? 0 ) , ( () ( 1 , / ) • G? .? 1 ) , ( () ( 1 , ?,) , G 7. ?.? ) , ( n ( 1 , 1 ) , r.? ;:> ".l, ) 

C , ( r, ( 1 , r, ) , G?? If ) , ( I') ( 1 , (., ) , G ') ? r , ) , ( ~ ( ? , , , ) , r,? 1 I , ) , (r. ( ? , ? ) , (. ') , :0, ) , 

( ( () ( ? , '~f ) , G 2 1 7 ) , ( 0 ( ? , co, ) , G;/ 1 R ) , ( 0 ( ') , f, ) ' (,? 1 C}) , ( r) ( ">, , 1 ) , (: ") '/ ~ ) , 

( ( r.: ( ? , ?) , G?? 7 ) , ( 0 ( ~ , 3 ) ,(j? ? 9 ) , ( (j ( .." , L.,. ) , G? ') 9 ) , ( r; ( ?, ,, r. ) , G?? r:) , ( " ( ?" .') ) , 
(Ci 7. j 1. ) , ( 0 ( s ' 1 ) , G? 0 ~ ,) , ( (J ( c:, , ? ) , G? () q ) , (0 ( " , ~~ ) , G ') 1 () ) , ( G ( "i , I ) , G.? i 1 ) 
( , ( 0 ( r;, , 6 ) , G? 1 ?, ) , (0 ( 2 , 3 ) , G 7. 16 ) 

C(5 , '))=1 . +G7.12 
0 ( 4 , 1 )= (J7.0/IG207 
0 (/.,2 l:= G? :,'J /G2 (n 
o (4 , 3 ) = G2J/+/G2G7 
o ( 4 , Lt ) = G ? (j ? I (i 2 C 7 
C ( £I ' ~' 1 =G 206/G207 
Q (4, 6l = - G161*3 . 143~( V20*G2C7l 
Q(6 , 1)= - O,K3*G226 / GK1 
n(6 , 2) = - 8K3~G2 j7/BK1 
~ ( 6 , 3 )= - GK3*G 2-;: A / BKI 

O ( 6 , 4 l= - HK3*G229 / SK J 
0 ( A'~ 5)= -RK3*G 2~ O / SKl 
Q (6 , 6 )=G-;:3 2 

, 
DET~R~ I NE TriE E IGE N VALUES UY THE SU 9ROJTINE RJ TI 

( ( H[(K IF ALL THr E IGF N VALUES OF ST/llILITY 0 ATRIX ARF L ~SS T H~~: 

C Uf\l IT Y 
C. 

'DO 75 L=1 , 6 
rl,{ -: 0 = S Q R T ( Z ( L ) -lHi- 2 + Y ( L ) ~:. ~c 2 ) 
IFU.\,j'iO . GT . 1 . ) GO TO 220 

7 5 con I ~,! I.J E 
I:! ~ I T E ( 6 , 3) ( C) N S , Aiv' P I~ f , /I ' 1 P R 2 
GO T () 1J 0 

< 2 ;:) ",I r;; I T ~ ( 6 , ? ) C n 1\1 S , A ~I P R 1 , t\ '. ~ P R 2 
GO TO '11 0 
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C- rJ H ;\ .. P L IT l : D E:: R . .:\. TJ n 2 =, r- '1 • ? ,f'J H :i T !\ I.) L r.:: I I ) 
c:,?\::.\ T (1 X , 11 F 1 oJ . (:,) 
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