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ABSTRACT

The heat transfer problem of polymer melts flowing through

narrow channels and tubes has been studied. Four types of flow with

constant temperature boundary conditions were examined:

(i) drag (or Couette) flow beD~een parallel plates,

(ii) Poiseuille flow between parallel plates,

(iii) Poiseuille flow through a tube with circular

cross-section, and

(iv) drag flow between converging plates.

In each case, the equations of conservation of mass, momentlIDl and energy

were solved simultaneously by the implicit finite difference method. A

power-law temperature-dependent viscosity model was used and viscous

dissipation was taken into account. Velocity and temperature profiles,

pressure distributions, bulk temperatures and local Nusselt numbers

have been calculated and are presented as a function of the axial distance

along the channel. Results obtained by using the power-law temperature

dependent viscosity model were also compared with the pm~er-law

temperature-independent viscosity model and the Newtonian, constant

viscosity model results.
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· NOTATICN

Dimensions and units

The absolute system of dimensions (mass-length-time-temperature)

is used, and the units are normally SI (Systeme International d'Unites)

units:

m mass, kg (kilograms)

L length, m (metres)

t time, s (seconds)

T temperature, °C (Celsius) or K (Kelvin)

E energy, J (j oules)

F force, N (newtons)

Variables

A

A
m

a

B

B(X)

B
m

b ,b (x)

D

Dm

nconstant in constitutive equation (3.13), Pa·s .

coefficient in finite difference equations, dimensionless.

ins i de radius 0 f circular tube, an.

constant in constitutive equation (3.13), K- l .

dimensionless distance between converging plates, Eq. (7.7).

coefficient in finite difference equations, dimensionless.

distance between plates, em.

coefficient in finite difference equations, dimensionless.

specific heat of fluid, J/(kg·K).

diameter, em.

coefficient in finite difference equations, dimensionless.
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g

Hm

h

k

L

M

coefficient in finite difference equations, dnnensionless.

coefficient in finite difference equations, dimensionless.

coefficient in finite difference equations, dimensionless.

gravitational acceleration, m/s 2.

coefficient in finite difference equations, dimensionless.

heat transfer coefficient, W/(m2.K).

thermal conductivity of fluid, W/(m·K).

length, em.

number of grid divisions perpendicular to the direction of

flow on the finite difference grid.

N number of grid divisions in the direction of flow on the

finite difference grid.

n power-law index, dimens ionless .

P dimensionless pressure, Eqs. (5.7), (6.9) and (7.7).

pn dimensionless pressure at column n on finite difference grid.

p pressure, Pa.

Q vollUIletric flow rate, cm3/s.

q heat flux, W/m2.

R dimensionless radial distance in tube, Eq. (6.9).

r radial distance in tube, em.

T temperature of fluid, °c or K.

TO temperature of fluid at the entrance of channel, °C.

Tbulk bulk temperature of fluid, °C.

T melting temperature of polymer, K.m

T , T l' T 2w w w wall temperatures, °C.
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t time, s.

U dimensionless axial velocity, Eqs. (4.6), (5.7), (6.9) and (7.7).

if Uln U2n
m' m' m dimensionless axial velocities at node (m,n) on finite

difference grid.

u axial velocity, cm/s.

u average axial velocity of fluid, cm/s.avg

u veloci ty of moving plate in drag flow, cm/s.max

vn dimensionless axial velocity (obtained by interpolation).
m

-v velocity of fluid, cm/s.

v velocity of fluid perpendicular to the axial direction (in

Cartesian co-ordinates), ern/so

W sub-matrix in Eq. (7.20).

W coefficient in finite difference equations, dimensionless.
m

w mass flow rate, kg/so

X dimensionless axial distance (in Cartesian co-ordinates) ,

Eqs. (4.6), (5.7), (7.7).

X coefficient in finite difference equations, dimensionless.
m

x axial distance (in Cartesian co-ordinates), ern.

Y dimensionless distance perpendicular to axial direction (in

Cartesian co-ordinates), Eqs. (4.6), (5.7), (7.7).

Z dimensionless axial distance in tube, Eq. (6.9).

Z coefficient in finite difference equations, dimensionless.
m

z axial distance in tube, ern.
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~a

n

-1rate of deformation tensor, Eq. (3.10), s

az-~' in which 1 and 2 refer to two control surfaces.

shear viscosity, Pa·s.

shear viscosity at node (m,n) on finite difference grid, Pa·s.

dimensionless temperature, Eqs. (4.6), (5.7), (6.9), (7.7).

dimensionless bulk temperature.

7T

8Zn 8pn · 80n
m' m' 111

n+l
n

3.14159 ...

dimensionless temperature at node (m,n) on

finite difference grid.

p

T

Tyx

3fluid density, kg/m .

viscous stress tensor, Pat

shear stress in the x-direction and acting on the plane

perpendicular to the y-axis, Pat

¢m coefficient in finite difference equations, dimensionless.

1/Jm coefficient in finite difference equations, dimensionless.

Subscripts

a refers to an average heat transfer coefficient.

m refers to a row in the finite difference grid.

o refers to the entrance of the channel.

x, z refer to local heat transfer coefficients.

Superscripts

n refers to a column in the finite difference grid.
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Overscripts

refers to a vector.

refers to a tensor or matrix.

Dimensionless Groups
wC

Gz Graetz number =~ .

Nu Nusselt number =~D

Re Reynolds number = puD .
n

Mathematical Conventions

~ substantial derivative; : = ~~ + ~ + v~~ + w~~ •

V vector differential operator.

-xvi-



G1APTER 1

INTROruO'ION

The heat transfer problem for fluids flowing through narrow

channels and tubes has been studied quite extensively and many publica

tions have appeared in the literature. Both Newtonian and non-Newtonian

fluids have been treated by either approximate analytical or numerical

methods. A large number of papers published thus far, however, report

only velocity and temperature profiles inside the charmel without any

mention of the heat transfer coefficients involved. These analyses can

be used for such things as the determination of temperature rise due to

viscous dissipation, and the influence of the power-law index on velocity

and temperature profile development. The publications that include heat

transfer coefficients are mostly restricted to cases of limited applica

bility. For ins tance, some deal with dilute polymer solutions where the

heat generated by viscous dissipation is negligible. Others do not

include temperature dependent rheological laws. In most cases, average

heat trans fer coefficients have been reported. Local heat trans fer

coefficients are presented only in a few papers.

The objective of this thesis is to develop a systematic and

comprehensive heat transfer analysis of polymer melts flowing through

narrow chmmels and tubes. Four types of flow with different temperature

boundary conditions will be examined:

1. drag (or Couette) flow between parallel plates,

2. Poiseuille flow between parallel plates,

-1-
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3. Poiseuille flow through a tube with circular cross-section,

and

4. drag flow between converging plates.

In each case, the equations of conservation of mass, momentum and energy

are solved simultaneously by an implicit finite difference method. A

temperature and shear rate dependent viscosity model is used -and viscous

dissipation is taken into account. The velocity and temperature profiles,

bulk temperatures and local Nusselt numbers are calculated along the

length of each channel.



Q-fAPTER2

LITERATURE SURVEY

2.1 Laminar Flow through a Tube with Circular Cross-section

Most of the studies available in the literature on heat transfer

to fluids flowing through narrow channels and tubes are for tubular

geometry. Other flow geometries including flow between parallel and

converging plates will be reviewed in the next section. Since the flow

of polymer melts is laminar, this literature review is restricted to

those publications dealing with laminar fluid flpws. Also, since 'polymer

melts are non-Newtonian, most of the papers reviewed deal with nop;-

Newtonian fluids, with the exception of some earlier papers.

In the literature, the problem of heat transfer to fluids flowing

through narrow channels is often referred to as the Graetz-lJusselt problem

(33). It was Graetz (24) in 1885 and Nusselt (47) in 1910 who first

presented solutions to the following problem: A fluid flows with a fully-

developed laminar parabolic velocity profile in the +z-direction in a

circular tube of constant radius R. In the region z < 0, the fluid is

at a constant temperature To. At z = 0, the fluid passes into a region

where the tube walls are held at a constant temperature T , greater or
w

smaller than T , for all z > o. The problem can be described by theo

following differential equations:

lvbmentum:
-dp 1 d
dz + r dr (r L rz) = 0

-3-
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Energy: aTpC up az
k a (r aT)
r ar ar +

4

(2.2)

convective
tenn

conductive
tenn

viscous dissipation
tenn

with the accompanying boundary conditions:

at z 0, °~ r os; R T = T
o (2.3)

at z > 0, r = R

Both Graetz and Nusselt obtained the temperature profiles T(r,z) in the

flowing fluid by an approximate analytical method. They assumed that

the viscosity was constant and ignored viscous dissipation. Graetz

obtained the following expression for the average Nusselt number:

Nua
(2.4)

where NUa = average Nusselt number

~l(X) = convergent infinite series of exponential functions
• 71"1<1
ill 4wC

p

In 1951, Brinkman (7) presented an approximate analytical solution

to the above problem, taking into account viscous dissipation. In addition

to the constant wall temperature problem, he also solved the adiabatic

wall problem. However, no Nusselt numbers were reported for either case.·

Bird (4) in 1955 extended Brinkman's solutions to include non-Newtonian

fluids which obey the power-law relation. More recently, approximate

analytical solutions for non-Newtonian fluids have been presented by

r·
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Lyche and Bird (33), Toor (67, 68), Schenk and Van Laar (57), Whiteman

and Drake (72), Bird (5), Gill (22,23), Foraboschi and Federico (15),
v

Matsuhisa and Bird (37), Martin (36), Sestak and Charles (59), Mitsuishi

and Miyatake (44), Smorodinskii and Froishteter (60), Sukanek (62),

Koyama, Kanamaru and Wada (29), Galili, Rigbi and Taksennan-Krozer (18),

Sundaram and Nath (63), Faghri and Welty (13) and Pearson (51). Their

work, in addition to others which will be discussed later, is summarized

in Table 2-1.

The analytical solutions found in the literature are very complex,

as they consist of converging infinite series of exponential functions.

When the series are slow to converge, the solutions usually are not very

accurate. However, with the advent of high-speed computers, it has

become possible to solve the Graetz-Nusselt problem nlUllerically. The

finite difference method is most commonly used. Numerical solutions

found in the literature include those by Gee and Lyon (20), Christiansen

and Craig (8), McKillop (38), Christiansen, Jensen and Tao (9), Morrette

and Gogos (45), Forsyth and MUrphy (17), Kim and Collins (28), Forrest

and Wilkinson (16), Vlachopoulos, Larocque and Ho (71), Mahalingam,

Tilton and Coulson (34), Mahalingam, Chan and Coulson (35), Winter (74),

Popovska and Wilkinson (53), and Nunn and Fenner (46). Their work is

summarized in Table 2-1.

An alternative method which follows Leveque's approximation has

been used in several papers. The method is discussed here for the sake

of completeness, since it is relevant to dilute polymer solutions and

not to molten polymers. In 1922 Leveque (32) solved the same Newtonian
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fluid flow problem as did Graetz and Nusselt, except that he assumed the

velocity profile near the wall to be linear. His final result was:

Nu = 1.75 Gz l / 3 (2.5)
a

where
we

Gz = Graetz number =~

It should be noted that temperature profiles cannot be obtained from this

method. Leveque's approximation has been extended to non-Newtonian fluids

by the use of empirical corrections to account for temperature dependence

of viscosity and the effect of free convection. Solutions using this

method have been presented by Pigford (52), Metzner, Vaughn and Houghton

(39), Metzner and Gluck (40) and Oliver and Jenson (48). In all of the

solutions, viscous dissipation has been neglected. For this reason, the

derived equations are not relevant for molten polymers, but are acceptable

only for dilute polymer solutions where the heat generated by viscous

dissipation is negligible.

In addition to the papers discussed above, four review papers have

appeared in the literature, namely those by Metzner (41), Porter (54),

Astarita and Mashelkar (1) and Winter (75). A recently published book

by Middleman (43) contains a discussion of heat and mass transfer to

flowing polymer melts. There is also a discussion of heat generation

and heat transfer in polymer melt flows in a paper by Pearson (50).

Few papers have been published which report experimentally measured

temperature profiles of molten polymers flowing through circular tubes.

These include papers by Griskey and Wiehe (25), Saltuk, Siskovik and
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Griskey (56) and Bassett and Welty (2). Here, the experimental results

obtained have been compared with theoretical predictions made by other

investigators.

2.2 Other Flow Geometries

Studies involving flows through geometries other than circular

tubes have been covered less extensively in the literature. Drag flow

between parallel plates has been studied by Tien (65), Turian (69), Gavis

and Laurence (19) and Winter (73, 74). Poiseuille flow between parallel

plates has been studied by Prins, MUlder and Schenk (55), Tien (66),

Suckow, Hrycak and Griskey (61), Vlachopoulos and Keung (70), Payvar (49),

Vlachopoulos, Larocque and Ho (71), Cox and Macosko (11), Winter (74),

Sundaram and Nath (63) and Pearson (51). Both approx:iJnate analytical and

numerical solutions have been presented. They are summarized in Table

2-1.

Very little has been reported in the literature about drag flow

between converging plates. Schlichting (58), Bergen (3) and Tadmor and

Klein (64) have obtained analytical solutions for the velocity profiles

and pressure distribution of a Newtonian fluid. Huebner (27) has obtained

velocity and temperature profiles for a Newtonian fluid using the finite

element method. As yet, no work on non-Newtonian fluids has been published

in this area.



Table 2-1. Stumnary of Literature

Investigator(s) Ref. Fluid Viscous Temperature Connnents
Dissipation Dependent Viscosity

Graetz (188.5) 24 Newtonian No No Tube with circular cross-section
Approximate analytical solution
Temperature profiles
Average Nusselt numbers

Nusselt (1910) 47 Newtonian No No Tube with circular cross-section
Approximate analytical solution
Temperature profiles
Average Nusselt numbers

Leveque (1922) 32 Newtonian No No Tube with circular cross-section
Leveque's approximation
Average Nusselt numbers

Brinkman (1951) 7 Newtonian Yes No Tube with circular cross-section
(i) Isothennal walls
(ii) Adiabatic walls
Approximate analytical solution
Temperature profiles

Prins, Mulder 55 Newtonian No . No Poiseuille flow-parallel plates
and Schenk Isothennal walls
(1951) Approximate analytical solution

Temperature profiles and
local Nusselt numbers

00



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Corrnnents
Dissipation Dependent Viscosity

Bird (1955) 4 Power-law Yes No Tube with circular cross-section
(i) Isothennal walls
(ii) Adiabatic walls
Approximate analytical solution
Temperature profiles
Experimental data (polymer melts)

Pigford (1955) 52 Power-law No No Tube with circular cross-section
Isothermal walls
Leveque's approximation
Average Nusselt numbers

Lyche and Bird 33 Power-law No No Tube with circular cross-section
(1956) Isothermal walls

Approximate analytical solution
Temperature profiles and
average Nusselt numbers

Gee and Lyon 20 Power-law Yes Yes Tube with circular cross-section
(1957) Isothennal walls

Numerical integration
Temperature profiles
Experimental data (polymer melts)

Toor (1957) 67 Power-law Yes No Tube with circular cross-section
(i) Adiabatic flow (no

conduction)
(ii) Isothermal-walls
Approximate analytical solution
Temperature profiles \D



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Conunents
Dissipation Dependent Viscosity

Metzner, Vaughn 39 Pseudo- No Yes Tube with circular cross-section
and Houghton plastic Isothennal walls
(1957) Lev~que's approximation

Average Nusselt numbers
Experimental data (polymer

solutions)

Toor (1958) 68 Power-law Yes No Tube with circular cross-section
Isothermal walls
Approximate analytical solution
Temperature profiles and
average Nusselt numbers

Schenk and 57 Power-law, Yes No Tube with circular cross-section
Van Laar (1958) Prandtl- Constant heat flux at walls

Eyring Approximate analytical solution
Temperature profiles and
local Nusselt numbers

Whiteman and 72 Power-law No No Tube with circular cross-section
Drake (1958) Isothermal walls

Approximate analytical solution
Temperature profiles and
Average Nusselt nunmers



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Corrnnents
Dissipation Dependent Viscosity

Bird (1959) 5 Power-law No No Tube with circular cross-section
Constant heat flux at walls
Approximate analytical solution
Temperature profiles and
local Nusselt numbers

Bergen (1959) 3 Newtonian No No Drag flow-converging plates
Analytical solution
Velocity profiles and
pressure distribution

Metzner and 40 Pseudo- No Yes Tube with circular cross-section
Gluck (1960) plastic Isothennal walls

Leveque's approximation
Average Nusselt numbers
Experimental data (polymer

solutions)

Tien (1961) 65 Power-law Yes No Drag flow-parallel plates
No convective term
Isothennal walls
Analytical solution
Temperature profiles



Table 2-1. (continued)

Investigator(s) Ref. Fluid· Viscous Temperature Corrnnents
Dissipation Dependent Viscosity

Gill (1962) 22 Power-law Yes No Tube with circular cross-section
(i) Isothennal walls
(ii) Constant wall heat flux
Approximate analytical solution
Temperature profiles

Christiansen 8 Power-law No Yes Tube with circular cross-section
and Craig Isothennal walls
(1962) Finite difference solution

Average Nusselt numbers
Experimental data (polymer

solutions)

Tien (1962) 66 Power-law No No Poiseuillc flow-parallel plates
Isothermal walls
Approximate analytical solution
Temperature profiles and
local Nusselt numbers

Gill (1963) 23 Power-law No No Tube with circular cross-section
Isothennal walls.
Approximate analytical solution
Temperature profiles and
local Nusselt numbers



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Connnents
Dissipation Dependent Viscosity

Foraboschi and 15 Power-law No No Tube with circular cross-section
Federico (1964) Arbitrary internal heat

generation
Isothermal walls
Approximate analytical solution
Temperature profiles and
local Nusselt numbers

McKillop (1964) 38 Power-law No No Tube with circular cross-section
(i) Isothermal walls
(ii) Constant heat flux at walls
Finite difference solution
Local Nusselt numbers

Oliver and 48 Pseudo- No Yes Tube with circular cross-section
Jenson (1964) plastic Isothermal walls

Lev~que's approximation
Average Nusselt numbers
Experimental data (polymer

solutions)

Matsuhisa and 37 Ellis No No Tube with circular cross-section
Bird (1965) model (i) Isothennal walls

(ii) Constant heat flux at walls
Approximate analytical solution
Local Nusselt numbers



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Connnents
Dissipation Dependent Viscosity

Turian (1965) 69 Power-law, Yes Yes Drag flow-parallel plates
Ellis No convective term

model (i) Isothermal walls
(ii) One isothermal,

one adiabatic wall
Perturbation solution
Temperature profiles

Metzner (1965) 41 Review article (130 references)

Griskey and 25 Experimental temperature
Wiehe (1966) profiles and average Nusselt

numbers (polymer melts)

Christiansen, 9 Power-law No Yes Tube with circular cross-section
Jensen and Tao Isothermal walls
(1966) Finite difference solution

Average Nusselt numbers
Experimental data (polymer

solutions)



Table 2-1. (cont inued)

Investigator(s) Ref. Fluid Viscous Temperature Connnents
Dissipation Dependent Viscosity

Martin (1967) 36 Power-law Yes Yes (i) Tube with circular cross-
section

(ii) Tangential flow-concentric
cylinder

(iii) Drag flow-parallel plates
No convective term
Isothermal walls
Approximate analytical solution
Temperature profiles

Gavis and 19 Power-law Yes Yes Drag flow-parallel plates
Laurence (1968) No convective term

(i) Isothennal walls
(ii) One isothermal and

one adiabatic wall
Approximate analytical solution
Temperature profiles

Morrette and 45 Power-law Yes Yes Tube with circular cross-section
Gogos (1968) (i) Isothermal walls

(ii) Adiabatic walls
Finite difference solution
Temperature profiles

. -
Sestak and 59 Power-law Yes No Tube.with circular cross-section
Charles (1968) Constant heat flux at walls

Approximate analxtical solution
Local Nusselt numbers

f--I
tTl

.- ...-



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Connnents
Dissipation Dependent Viscosity

Schlichting 58 Newtonian No No Drag flow-converging plates
(1968) Analytical solution

Velocity profiles and
pressure distribution

Mitsuishi and 44 Power-law No Yes Tube with circular cross-section
Miyatake (1969) Constant heat flux at walls

Approximate analytical solution
Local Nusselt numbers

Forsyth and 17 Power-law Yes Yes Tube with circular cross-section
Murphy (1969) Isothennal walls

Finite difference solution
Temperature profiles
Experimental data (polymer melts)

Tadmor and 64 Newtonian No No Drag flow-converging plates
Klein (1970) Analytical solution

Velocity profiles and
pressure distribution

Kim and Collins 28 Power-law Yes Yes Tube with circular cross-section
(1971) Isothermal walls

Predictor-corrector,
Euler methods

Temperature profiles
Experimental data (polymer melts)

~

0\



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Connnents
Dissipation Dependent Viscosity

Smorodinskii and 60 Power-law Yes No Tube with circular cross-section
Froishteter with Isothennal wall
(1971) yield Approximate analytical solution

stress Temperature profiles and
local Nusselt numbers

Suckow, Hrycak 61 Power-law No No Poiseuille flow-parallel plates
and Griskey Isothennal walls
(1971) Approximate analytical solution

Temperature profiles

Sukanek (1971) 62 Power-law Yes Yes Tube with circular cross-section
No convective tenn
Isothennal walls
Analytical solution
Temperature profiles

Porter (1971) 54 Review article (263 references)

Koyama, Kanamaru 29 Power-law No No Tube with circular cross-section
and Wada (1972) Isothermal walls

Approximate analytical solution
Temperature profiles
Experimental data (polymer

solutioris)



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Connnents
Dissipation Dependent Viscosity

VIachopoulos 70 Power-law Yes No Poiseuille flow-parallel. plates
and Ketmg Isothermal walls
(1972) Finite difference solution

Bulk temperatures and
local Nusselt numbers

Saltuk, Siskovic 56 Experimental measurement of
and Griskey temperature profiles and
(1972) average Nusselt numbers

(polymer melts)

Pearson (1972) 50 Discussion of heat generation,
heat transfer in polymer
melt flows

Winter (1972) 73 Power-law Yes Yes Drag flow-parallel plates
Isothermal walls
Approximate analytical solution
Temperature profiles

Payvar (1973) 49 Power-law, Yes No Poiseuille flow-parallel plates
Ellis -circular tube

fluid Constant heat flux at walls
Approximate analytical solution
Temperature profiles and
.local Nusselt numbers

~
00



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature
Dissipation Dependent Viscosity

Griskey, Choi 26
and Siskovic
(1973)

Forrest and 16 Power-law Yes Yes
Wilkinson
(1973)

Vlachopoulos, 71 Power-law Yes No
Larocque and
Ho (1974)

Comments

Experimental measurement of
temperature profiles
(polymer melts)

Tube with circular cross-section
Isothennal walls
Finite difference solution
Average Nusselt numbers

Poiseuille flow-parallel plates
-circular tubes

Isothennal walls
Finite difference solution
Bulk temperatures and
local Nusselt numbers

Cox and Macosko- - 11
(1974)

Pseudo
plastic

Yes Yes Poiseuille flow-circular die
-slit die
-annular die

Constant heat transfer coefficient
Finite difference solution
Temperature profiles
Experimental data (polymer melts)



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Connnents
Dissipation Dependent Viscosity

Huebner (1974) 27 Newtonian Yes Yes Drag flow-converging plates
Adiabatic walls
Finite element method
Velocity and temperature profiles

Mahalingam, 34 Power-law No Yes Tube with circular cross-section
Tilton and Constant heat flux at walls
Coulson (1975) Finite difference .solution

Local Nusselt numbers
Experimental data (polymer

solutions)

Mahalingam, 35 Power-law No Yes Tube with circular cross-section
Chan and Constant heat flux at walls
Coulson (1975) Approximate ffilalytical solution

Temperature profiles
Experimental data (polymer

solutions)

Galili, Rigbi 18 Power-law Yes Yes Tube with circular cross-section
and (i) Isothermal walls
Takserman-Krozer (ii) Adiabatic walls
(1975) Perturbation solution

Temperature profiles

N
o



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Comments
Dissipation Dependent Viscosity

Winter (1975) 74 Power-law Yes Yes Poiseuille flow-circular tube
-plane slit
-annular slit

(i) Isothennal walls
(ii) One isothermal, one

adiabatic wall
Finite difference solution
Temperature profiles

Bassett and Welty 2 ExperTImental measurement of
(1975) average Nusselt numbers

(polymer solutions)

Sundaram and 63 Power-law Yes No Poiseuille flow-circular tube
Nath (1976) -parallel plates

Constant heat flux at walls
Approximate analytical solution
Local Nusselt numbers

Astarita and 1 Review article (247 references)
Mashelkar (1977)

Faghri and 13 Power-law No No Tube with circular cross-section
Welty (1977) Arbitrary circumferential

wall heat flux
ApproxTImate analytical solution
Temperature profiles and
local Nusselt numbers

N
f-I



Table 2-1. (continued)

Investigator(s) Ref. Fluid Viscous Temperature Connnents
Dissipation Dependent Viscosity

Winter (1977) 75 Review article (133 references)

Middleman (1977) 43 Discussion of heat and mass
transfer to flowing .polymer
melts

Popovska and 53 Power-law Yes Yes Tube with circular cross-section
Wilkinson Isothermal walls
(1977) Finite difference solution

Temperature profiles and
average Nusse1t numbers
Experimental data (polymer

solutions)

Pearson (1977) 51 Power-law Yes Yes Poiseuille flow-parallel plates
-circular tube

Isothermal walls
Similarity solution
No results given

Nunn and 46 Power-law Yes Yes Tube with circular cross-section
Fenner (1977) Adiabatic walls

Finite difference solution
Temperature profiles and
bulk temperatures

N
N
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CHAPTER 3

GENERAL rvDMENTUM AND HEAT TRANSFER ANALYSIS

The problem of heat transfer to molten polymers flowing through

narrow channels can be fully described in terms of the equations of con-

servation of mass, momentum and energy. To obtain solutions, we need

the boundary conditions at the channel walls and constitutive relations

which describe the stress and temperature behaviour of the melts. Solu-

tions of the conservation equations in general form are very complicated

even for Newtonian, constant property fluids. The introduction of con-

stitutive equations describing polymer melt behaviour renders the system

of equations extremely difficult even for very simple boundary conditions.

The conservation equations must be simplified substantially to even make

solution by numerical methods feasible. A usual simplification in polymer

melt processing is referred to as the lubrication approximation (14) .
. .

In this chapter, the conservation equations, the constitutive

relation and the method of solution are presented and discussed. The

principal assumptions involved are numbered consecutively as they occur

in the analysis. The boundary conditions will be covered in the sub

sequent chapters dealing with the individual flow cases.

3.1 Conservation Equations

In general tensorial form, "the conservation equations are (6):

Mass: Dp + P (v •V) = 0
Dt

-23-

(3.1)



Momentum:

Energy:

DV_
P Dt - - Vp + V-T + pg
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(3.2)

(3.3)

Asswning that:

(a) the melt is incompressible (constant density), the continuity equation

for conservation of mass (3.1) reduces to:

v-v = 0 (3.4)

The equation of conservation of momentum involves a balance between

inertia, viscous, pressure and body forces. Because polymer melt flows

are very slow flows with Re of the order of 10-4 , it may be assumed 'that:

(b) inertia effects are negligible in comparison with viscous and

pressure forces.

Also assuming that:

(c) body forces (such as gravity) are negligible in comparison with

viscous and pressure forces, and

(d) the flow is steady (~t = 0),

the equation of conservation of momentum (3.2) reduces to:

- v-p + v--:r = 0 (3.5)

Turning to the equation of conservation of energy (3.3), the

following assumptions are usually made:

(e) the thermal conductivity, k, is constant, and

(f) the specific heat at constant pressure, Cp ' is constant.

The resulting energy equation is:
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(3.6)

Further simplifications to the conservation equations are usually

introduced with the aid of the lubrication approximation (14) which is

applicable for flows through narrow channels. Assuming that:

(g) the velocity components perpendicular to the direction of flow are

negligible compared to the axial velocity component,

(h) the pressure is uniform perpendicular to the direction of flow,

(i) normal stresses are neglected,

(j) there is no slip at the walls,

(k) heat transfer by conduction in the direction of flow is negligible

compared to both convection in the direction of flow and conduction

perpendicular to the direction of flow,

the conservation equations (3.4, 3.5 and 3.6) reduce to the following, in

Cartesian co-ordinates:

Mass:

Momentum:

du
dx = 0 (3.7)

(3.8)

Energy:
aT

pC up ax (3.9)

For flow through a circular tube, the above equations must be expressed

using cylindrical co-ordinates.

3.2 Constitutive Equation

Constitutive equations describe the stress and temperature
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behaviour of polymer melts. For polymer melts flowing through narrow

channels, the power-law temperature-dependent constitutive equation has

been used extensively in the literature. One way of expressing such an

equation is (64):

'T = n !:J.

where the shear viscosity, n, is given by

(3.10)

-Bn(T-T ).
n = Ae m fI2ln-1

JZ (3.11)

and A, B are empirical constants

n = power-law index

T = melting temperature of polymer
m

!:J. = deformation rate tensor, in 2 dimensions

2 au au + av
ax ay ax

=

av + au 2 av
ax ay ay

12 = second invariant of !:J.

= fj.. 1:1 ..
1J J1

Using the continuity equation (3.7) and the assumption (g) that the velocity

component, v, is negligible compared to the velocity component, u, Eqs.

(3.10) and (3.11) reduce to the following:

du
Tyx n dy (3.12)



-Bn(T-T) Idduyln-ln = Ae m
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(3.13)

In using the above fonn of constitutive equation, it is assumed that the

viscosity is independent of pressure. This is a good assumption for usual

processing conditions.

Power-law constitutive equations, the above included, yield an

infinite apparent viscosity at shear rates approaching zero, as is the

case for flow at the centre-line of a tube. This problem can be overcome

by choosing a minimum shear rate, below which the apparent viscosity is

held constant. This is a good assumption because most polymer melts

behave like Newtonian fluids at very low shear rates (usually less than

10-1-10- 2 sec-I).

The type of constitutive equation described above has been applied

quite successfully to polymer melts in steady shear flow. Earlier it was

assumed that the effect of normal stresses on the flow is negligible.

This assumption is valid for simple shear flow such as flow between long

parallel plates and through long tubes. However, in flows through tapered

channels, such as drag flow between converging plates, normal stresses

have a small effect on the flow, but their importance in heat transfer

is not known (43).

3.3 Method of Solution

Given a suitable constitutive equation and appropriate boundary

conditions for velocity, pressure and temperature, the simplified con-

servations equations can be solved numerically. An iterative implicit

finite difference method (21) has been used to obtain velocity and
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temperature profiles and a pressure distribution in each of the four flow

cases. A brief description of the method will be given here. More detailed

descriptions are located in the subsequent chapters dealing with the

different types of flow.

A finite difference grid is superimposed on the flow field as

illustrated in Fig. 3-1.

FILLED NODES DENOTE
KNOWN VALUES
(BOUNDARY CONDITIONS)

BLANK NODES DENOTE
UNKNOWN VALUES
(TO BE SOLVED FOR)

Fig. 3-1. Finite difference grid.

Values of velocity, pressure and temperature are calculated at the nodal

points of the grid by replacing the derivatives in the conservation

equations with the appropriate finite difference approximations, and then

solving these difference equations at each node. This can be done ex-

plicitly or implicitly. In the explicit method, the difference equations

are solved one node" at a time for all the nodes in the grid. In the

implicit method, two possibilities exist. The equations for an entire

column of nodes can be solved simultaneously, in which case progress -
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through the grid is made by "marching" downstream colurrm by colurrm. 1

ternatively, the equations at each node in the grid can be solved simul

taneously. When the system of equations is parabolic (when boundary

conditions are specified at three of the four boundaries of the flow

field) the marching procedure is used. When the system of equations is

elliptic (when boundary conditions are specified at all four boundaries)

the equations for the entire grid must be solved simultaneously.

Looking at the conservation equations and keeping in mind the

constitutive equations (3.12) and (3.13), we see that the momentum

equation (3.8) contains a viscosity term which is a function of temperature

and shear rate, and that the energy equation (3.9) contains a viscosity,

velocity and velocity gradient. Since these equations are coupled by

velocity and temperature, they cannot be solved independently. It is,

however, possible to iterate to a solution by alternately solving the

momenttuIl and energy equations until the solutions converge. For example,

in the "marching" procedure at a given column, the initial estimates of

the velocity and temperature profiles along the column are obtained from

the final profiles calculated in the preceding column. Once the new

profiles have been calculated, they are compared with the estimated

profiles. If the changes are greater than a specified tolerance,. the

profiles are recalculated until the desired error tolerance is achieved.

The most recently calculated profiles are always used as profile estimates

in the next iteration. When the desired error tolerance has been at

tained, the profiles at the next column do\~stre~ are calculated. Thus,

the temperature and velocity profiles and the pressure distribution is

calculated for the entire flow field.
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3.4 Convergence, Stability and Step Size

Problems with convergence and stability arise from the substitution

of finite difference approximations in the differential equations. By

convergence, it is meant that the results of the finite difference method

approach analytical values as the step sizes become infinitely small (21).

By stability, it is meant that errors made at one stage of the calculations

do not grow as the computations are continued, but instead damp out (21).

These errors are due to round-off, the choice of a finite step size, and

the use of a finite tolerance in the iteration procedure.

Convergence to the correct solution of the finite difference results

can only be rigorously tested by comparison with an analytical solution.

In simpler cases, stability criteria have been developed, such as for the

solution of single linear partial differential equations. (21). However,

in our case, less rigorous techniques for testing convergence and stability

must be used since no analytical solutions have been developed, and the

equations to be solved are much more complex.

A good indication of the convergence and stability of the finite

difference results is the negligible change in results obtained when the

step sizes in the finite difference grid are desreased (10). In selecting

step sizes, it should be remembered that by using smaller step sizes, the

cost of computing increases. This increase can be significant when an

iterative type of solution is used. There is also a lower limit of

accuracy attainable by decreasing the step size, that being when round

off errors begin to dominate. Usually, however, such accuracy is not

necessary in engineering design.

These general guidelines were followed in selecting the appropriate
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step sizes in the finite difference programs. The programs were TIm using

several step sizes and step size ratios across and along the flow field.

The step sizes used are given in the subsequent chapters. In each case,

the results obtained are independent of step size within at least 3

significant digits.



CHAPTER 4

DRAG FLOW BETWEEN PARALLEL PLATES

4.1 Mathematical Formulation

The physical system for drag (or Couette) flow between semi-

infinite parallel plates is illustrated in Fig. 4-1. The two plates are

spaced apart by a distance, b. One plate is stationary and has a constant

temperature, Twl ' and the other plate is moving with a constant velocity,

umax ' and has a constant temperature, Tw2 .

MOVING
PLATE umax

~

STATIONARY PLA TE

T=Tw2

Fig. 4-1. Drag flow between parallel plates.

Flow Equations

The simplified conservation equations for drag flow between parallel

plates are:

Momenttml:

-32-

(4.1)-



Energy:
2

aT kaT + dupC u - = ---;II) T -r:-
p ax ayL. yx uy (4.2)
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By substituting the constitutive relation, Eqs. (3.12) and (3.13), into

the above equations, we obtain:

Momentum:

Energy:

where

2
d u + dn du - 0n
dy2 ay ay -

pC u aT = k Q + (du) 2
p ax ayL. n oy

-Bn(T-T) I~yln-l
n = Ae m Uy

(4.3)

(4.4)

The boundary conditions for the above equations are:

x = 0 u = uo(y) = umax·t T = T
0

Y = 0 u = 0 T = T (4.5)wI

Y = b u=u T = Tmax w2

A linear velocity profile, uoey), and a constant temperature profile have

been chosen at x = O. However,. other profiles can also be used.

Let uU=-
umax

e =
T-TwI
T -To wI

(4.6)

kxX = ------",..
pC u b2

p max

y=Y
b
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Substituting the above into Eqs. (4.3) and (4.4), we obtain in terms of

dimensionless parameters:

Momenttml:

Energy:

Z
d U + dn dU - 0? dY dY-

(4. 7)

(4.8)

where
f3 = k(To-Twl)

-Bn(T-Tm)
n = Ae I

dU umaxln-l
av· t)

The accompanying non-dimensional boundary conditions are:

x = 0 U = U (Y) = Y e = 1
0

Y = 0 U = 0 e = 0

Y = 1 U = 1 e =
TwZ-Twl
T -To wI

Finite Difference Equations

(4.9)

An implicit finite difference method is used to solve Eqs. (4.7)

and (4.8) with the accompanying boundary conditions (4.9). The finite

difference grid is illustrated in Fig. 4-2.

Momenttml Equation

For the momenttml equation, the following finite difference

approximations are used:

(4.10)



FILLED NODES DENOTE
KNOWN VALUES
(BOUNDARY CONDITIONS)

BLANK NODES DENOTE
UNKNOWN VALUES
(TO BE SOLVED FO R)

6Y

x=o

__..,..-.,..-.4__~,..._II.,...., ,/''_7___.,.......,.__~__,......m)__,___,_~II\''O'_ _a___.,..___....__.,.......,. Y=0

x= k L 2
PCpumaxb

I ~

I
0 N C C Z Z

Z Z Z Z Z Z z
2: 2: L: L: L: L: :z
~ ~ ~ ~ ~ ~ ::>
~ ~ -I

U=Umax =1 -I ~

T=Tw2
~ ~

0 0 0 0 0 0 0
0 0 o' 0 u 0 0

ROW M..1 Y=1

ROW M

ROW m+1 m_---( )-----.....1'------< J----{ r------&.-

ROW m-1 ------< ).----_I'------i j----{J------

ROW 1

ROW m

ROW 2y

'------~ X

Fig. 4-2. Finite difference grid. Drag flow between paral.lel plates.
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(4.11)

Substituting Eqs. (4.10) and (4.11) into Eq. (4.7), we obtain for column n

(details in App. A, Sec. 1.1):

where

A Un + B Un + C
m

U
m
n+

1
= 0m m-1 m m (4.1Z)

B =-Zm (m = Z, 3, ..., M)

Thus, for column n we have a tridiagonal system of M-l equations with

M-l unlmowns ~ to ~). The equations can be written as follows:

o
,,?J

AZ y~" + BZ U~ + Cz U~ = 0
/

"

A Un + B tf + C Un+1 = 0m m-1 m m m m

or in matrix form:

(m = 3, 4, ... , M-l) (4.13)
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B
m

C
m

o

=

o

o

o = Hm (4.14)

o

~-l ~-l SM-l
nU
M

_ o

This system of equations is solved for the velocity profile at colunm n

by Gaussian elimination using Thomas' method (details in App. D, Sec. 1).

Energy Equation

For the energy equation, the following finite difference approxi-

mations are used:

en _ en-l
ae _ m m
ax - lJ.X

2 en _ 2en + n n-1 2en-1 + n-1
a e _ m-l m-l em+l em-1 - m em+1
- + -----~---
ay2 - 2(lJ.y) 2 2(~y)2

(4.15)

(4.16)

Substituting Eqs. (4.15) and (4.16) into Eq. (4.8), we obtain for column

n (details in App. A, Sec. 1.2):



where A =-1m

C =-1
m

n-lD - em - m-l
em = Z, 3, ••• , M)
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Thus, for column n we have a tridiagonal system of M-l equations and M-l

n ntmknowns (8 Z to 8M). The equations can be written as follows:

~o
,/

AZ /8~ + BZ 8~ + Cz 8~ = HZ
/

/

'\

\

n n \ n\1 8M- l + \1 eM + ~ 8M+l = 1\.1
\

\
~

TwZ-Twl
T -T

o wI

em = 3, 4, ... , M-l) (4.18)
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BZ Cz
en HZ

0 Z

A3 B3 C3
en H33

A B C en H (4.19)m m m m m

\1-1 ~-l ~-l
n

I\i-leM-1

0 \1 \1 en f\(SvIe~+lM

Again, this system of equations is solved for the temperature profile

along column n by Gaussian elimination using Thomas' method (details in

App. D, Sec. 1).

Bulk Temperature

The dimensionless flow-average (bulk) temperature is defined as

follows:

Y=l
J e(X,Y) U(X,Y) dY

Y=Q
Y=l

J U(X,Y) dY
y=o

(4. ZO)

Equation (4. ZO) for column n is written in finite difference fonn, using

Simpson's Rule, as follows:

110
I

I
n y,Jl n n n TP n nftl ul + 4e Z Uz + ze 3 U3 +... + 4eM~ + 8M+1 UM+1

n I
ebu1k = -,------------,---------

'Un + 4Un + zy,Jl 4TP +'..n1 Z u3 +... + ~ uM+1, ,
~ ,
,0 1

(4. Zl)
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L6cal Nusselt Number

The local NUsselt number is calculated from the following

definition which is derived in App. B:

(Nu ) =
x y=o

In dimensionless form we have:

de
(aY)y=o
ebulk

de
- (dV)Y=1

- (e
bulk

- e
w2

)

( 4.22)

(4.23)

(4.24)

The dimensionless temperature gradients at the walls are estimated for

column n by the following finite difference approximations:

The above equations are derived in App. C, Sec. 1 and 5.

(4.25)

(4.26)

4.2 Computational Procedure

I t was stated in Chap. 3, Sec. 3, that the momentum and energy

equations are coupled by velocity and temperature, and therefore cannot
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be solved independently. However, the coupled equations can be solved

iteratively at a given column on the finite difference grid by alternately

solving the set of momentum equations (4.13) and the set of energy

equations (4.18) until the solutions converge. The iterative "marching"

procedure used to calculate the velocity and temperature profiles, the

bulk temperature and the local Nusselt numbers at each column in the

grid is now outlined.

Notation

Uln (m = 1,2, ... , ~l) refers to the estimated velocity profile at
m

column n.

U2n (m = 1, 2, ... , M+1) refers to the mos t recently calculated velocity
m

profile at column n.

n -1 (m = 1, 2, M+l) refers to the temperature profile at column n-l.e ... ,m

eln (m = 1, 2, ... , M+l) refers to the estimated temperature profile atm

column n.

e2n (m = 1, 2, ... , M+l) refers to the most recently calculated temperature
m

profile at column n.

Procedure

1. Assume values for the velocity and temperature profiles at the entrance

(m = 1, 2, ... , M+1)I= 1

of the channel (at column 0).

UlO=y
m

2. Print the velocity and temperature profiles at column 0.

3. Set the estimates of the velocity and temperature profiles to be used

in the first iteration of column 1 equal to the values of the respective

profiles at column 0.

n = 1
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Ull = illa (m = 1, 2, ... , M+l)m m

ell 821 1 1
T -T

0 1
w2 wI= 8l}.1+1 = 82~1+ 1 =1 1 T -T
o wI

81
1 = 80 (m = 2, 3, ... , M)
m m

4. To economize on computing time, increase ~X by a factor of 10 after

the final velocity and temperature profiles have been calculated at

column n = NA, and again after they have been calculated at column

n = NB (see program listing, App. F, Sec. 1).

~x = 10 ~X at colurrm NA + 1, and again at column NB + 1

dU n n
1, 2, ... , M+ 1), calcuIa te (elY) m and nmUsing Uln and 8ln (m =m m

(m = 1, 2, ... , M+1) at colUIm1 n.

n dU n n n-l
Using Ulm' (ar) m' 8m and 8m (m = 1, 2, ... ,M+1), solve the set of

energy equations (4.19) by Gaussian elimlnation using Thomas' method

5.

6.

7.

8.

(see App. D, Sec. 1) to obtain 82n (m = 2, 3, •.. , M).
m

n n n dnnUsing Ulm and 82m (m = 1, 2, ... , M+1), calculate 11m and (elY) m

(m = 1, 2, ..., M+1) at column. n.

. n dn,n ( _Usmg ~ and (cIY:J m m- 1,2, ... , M+I), solve the set of momentum

equations (4.14) by Gaussian elimination using Thomas' method (see

App. D, Sec. 1) to obtain U2n (m = 2, 3, ... , M).m

9. Compare Uln U2n and 8ln 82n (m = 1, 2, ... , M+l) . If IU2n - Ulnl <m' m m' m m m

tolerance and 182n - 8ln , < tolerance for all m, then proceed tom m

step 12. Otherwise, continue to step 10.

10. Set the estimates of the velocity and temperature profiles to be used in

the next iteration at column n equal to the most recently calculated

profiles.

(111 = 1, 2, ..., M+1)
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11. Repeat steps 5 through 9 until the desired error tolerances have been

achieved.

12. Set the velocity and temperature profiles to be used in the first

iteration at column n + 1 equal to the final values of the profiles

calculated at column n. Also, retain the final temperature profile

calculated at column n for use in calculating temperature profiles

at column n + 1.

(m = 1, 2, ... , M+l)

13. Repeat steps 4 through 12 to calculate the velocity and temperature

profiles at the next column downstream in the channel (n = n+l).

The following steps are to be carried out at periodic intervals along the

length of the channel:

14. Print the velocity and temperature profiles.

15. Calculate the bulk temperature using Simpson's Rule (see Eq. (4.21)).

16. Calculate the local Nusselt numbers at the walls (see Eqs. (4.23)

and (4. 24)) .

17 . Print the bulk temperature and the local Nusselt ntnnbers.

Computations using the above algorithm have been carried out in

MCMaster's CDC 6400 computer. A sample program listing with results is

located in App. F, Sec. 1.
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4.3 Convergence, Stability and Step Size

It was stated in Chap. 3, Sec. 4, that a good indication of the

convergence and stability of the finite difference results is the

negligible change in results obtained when the step sizes in the finite

difference grid are decreased. It should be noted here that special care

must be taken in choosing step sizes when calculating local Nusselt

numbers. Although the temperature profiles may appear to be sufficiently

accurate, the local Nusselt numbers can still be incorrect. Local Nusselt

numbers are calculated from temperature derivatives (see Eq. (4.22)).

Since derivatives are very sensit).ve to step size changes, smaller step

sizes must be used when calculating local Nusselt numbers, than when only

calculating velocity and temperat~re profiles. The step sizes shown in

Table 4-1 were used in the finite difference program. The results pre-

sented in the subsequent figures in this chapter are independent of step

size within at least 3 significant digits.

Table 4-1. Step sizes for finite difference program.
Drag flow between parallel plates.

Range of X boX boy

0 -0.1 0.0001 1/60

0.1-0.4 0.001 1/60

An additional test for convergence was carried out by first cal-

culating analytically the fully-developed temperature profile, the

limiting bulk temperature and the limiting local Nusselt lll..nnber (at

large X) for a Newtonian, constant viscosity fluid with viscous
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dissipation (see App. E, Sec. 1), and then comparing these with the

corresponding finite difference results for the same fluid. The analytical

and finite difference results were indistinguishable.

4.4· Results and Discussion

Solutions of the momentum and energy equations for drag flow

between parallel plates are presented in Figs. 4-3 through 4-14. The

following velocity and temperature boundary conditions have been used:

x = 0 u = 60y cm/s T = 130°C
0

Y = 0 u = 0 T = 160°C (4.27)wI

Y = b = 0.25 an u = u = 15 cm/s T = 160°Cmax w2

In obtaining some of the results, different temperature boundary conditions

were used for comparison. The following power-law temperature-dependent

viscosity model and fluid properties representing a typical high-density

polyethylene melt were used in the computations:

Viscosity:

Density:

-Bn(T-T) I~yln-l
n = Ae m Uy

n-lwhere A = 282 000 poise·s

= 28 200 Pa.sn

B = 0.024 K-1

n = 0.453

T = 399.5 Km

3
p = 794 kg/m

(4.28)
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Specific Heat: C = 0.6 cal/(g·K)p
= 2.51 kJ/(kg·K)

Thennal conductivity: k -4= 6.1 x 10 cal/(cm·s·K)

= 0.255 W/(m·K)

The temperature profiles, bulk temperature and local Nusselt numbers

in Figs. 4-3 through 4-14 are shown as functions of the dimensionless axial

distance, X. Because the bulk temperatures and local Nusselt numbers change

the most near the entrance of the flow channel, they have been plotted se.mi-

logarithmically. X on the abscissa of these plots ranges from 0.001 to

0.4. This corresponds to x ranging from O. 7 em to 293 em. t X = 0.4,

the temperature profile has become fully developed. Beyond this point in

the channel, the temperature profiles, bulk temperatures and local Nusselt

numbers remain the same, and thus are known as the limiting or asymptotic

values.

In Figs. 4-3 and 4-4, the temperature profiles for the power-law

temperature-dependent viscosity model and for a power-law temperature-in-

dependent viscosity model are compared. Two different temperature boundary

conditions have been considered: 'both the stationary and moving plates at

160°C in Fig. 4-3, and the stationary plate at 190°C and the moving plate

at 130°C in Fig. 4~4. The temperature-independent viscosity model used

is identical to the temperature-dependent viscosity model given in Eq.

(4.28), except that T is held constant and equal to the average of the

temperatures of the two plates (160°C in both cases). The temperatures

in the temperature-dependent cases are in general lower than in the temper-

ature-independent cases. 'Since the viscosity decreases with increasing
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DEVELOPMENT OF TEMPERATURE PROFILES
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_ Fig. 4-3. Development of temperature profiles. Drag flow
between parallel plates. O1armel dimensions
and flow properties given on pp. 45-46.
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DEVELOPMENT OF TEMPERATURE PROFILES
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Fig. 4-4. Development of temperature profiles. Drag flow
between parallel plates. Channel dimensions
and fluid properties given on pp. 45- 46.
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temperature, the heat generated by viscous generation will be less for

the fluid which has a higher temperature in the constitutive equation.

In Fig. 4-3, it is seen that the temperature profile is symmetric

about the centre-line of flow only when it has become fully developed at

X = 0.4. For X < 0.4, the temperatures near the moving plate are always

lower than near the stationary plate. At a given distance along the

channel, the fluid near the stationary plate has been heated more than

the fluid near the moving plate. This also accounts for the bulging of

the temperature profile near the stationary plate at X = 0.02 and 0.05.

Plots of the bulk temperatures along the length of the charmel are

presented in Figs. 4-5, 4-6 and 4-7 for the power-law temperature-dependent

and temperature-independent viscosity models and for the Newtonian, constant

viscosity model. In Fig. 4-5, the bulk temperatures are shown for power-law

temperature-dependent viscosity fluids with different inlet temperatures.

In each case, the limiting bulk temperature is the same (~74°C). This is

to be expected since the fully-developed velocity and temperature profiles

are only influenced by the wall boundary conditions and by the viscosity

and thennal conductivity of the fluid, but not by the inlet conditions of

the fluid. Also shown in Fig. 4-5 is the effect of removing the viscous

dissipation term from the energy equation . Without viscous diss ipation,

the limiting bulk temperature is equal to the wall temperature (160°C).

The difference of 14°C is an indication of the importance of viscous

dissipation in the drag flow of polymer melts between parallel plates.

It will be seen in subsequent chapters, that for Poiseuille flow, the

difference is even greater.

The rise in bulk temperature for the power-law temperature-dependent
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and.temperature-independent viscosity fluids is shown in Fig. 4-6 for the

two temperature boundary conditions discussed earlier. In both cases,

the limiting bulk temperature for the temperature-independent viscosity

model is about laC higher than for the temperature-dependent viscosity

model. In Fig. 4-7, the rise in bulk temperature is shown for the power-

law temperature-dependent viscosity model and several Newtonian, constant

viscosity models.

Plots of the local Nusselt numbers at both the stationary and

moving plates are presented in Figs. 4-8 through 4-14 for the power-law

temperature-dependent and temperature-independent viscosity models and the

Newtonian, constant viscosity model. The local Nusselt numbers must be

calculated at each wall separately because generally they are not the

same for a given X. Since the local Nusselt nlUIlber is a function of the

temperature derivative (see Eq. (4.22)), it will be different as long as

the temperature gradients at the walls are not ,the same. It can be seen

that when both walls are at the same temperature, the local Nusselt numbers

at both plates converge to one value when the temperature profile becomes

fully developed.

In Figs. 4-8 and 4-9, the local Nusselt numbers for power-law

temperature-dependent viscosity fluids with different inlet temperatures

are shown for the stationary and moving plates respectively. In each case

the limiting local Nusselt number at both walls is 5.63. Although not

shown, the limiting Nusselt numbers for the case where viscous dissipation

has been neglected are 3.63 and 5.85 at the stationary and moving walls

respectively. It can be seen that when the fluid is heated by the channel

walls (T = l30°C, T 1 = T 2 = l60°C), there is a region along the channel
o w w .
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where the local Nusselt number is negative and a point where it is dis-

continuous. With the aid of Eq. (4.22), this behaviour is explained as

follows for the stationary plate:

(dT) b
hb dy wall·

Nux = k = Tb~lk-Twall

x < 0.02 dT 0 Tb < T Nu > 0ay< W x

X 0.02 dT 0 Tb < T Nu 0~ dy - =w x

0.02 < X < 0.05 dT 0 Tb < T Nu < 0ay> W x

X ~ 0.05 dT 0 Tb = T Nu = ±ooay> W X

X > 0.05 dT 0 Tb > Tw Nu > 0ay> x

(4.21)

When the inlet temperature is higher than the wall temperature, the local

Nusselt number is always positive.

The local Nusselt numbers for the power-law temperature-dependent

and temperature-independent viscosity models are shown in Figs. 4-10, 4-11

and 4-12 for the two temperature boundary conditions discussed earlier.

In Figs. 4-10 and 4-11, the local Nusselt numbers are shown for the case

where both walls are at 160°C. There is very little difference between

the temperature-dependent and temperature-independent viscosity models

here. The limiting local Nusselt numbers for the two models are 5.63 and

6.00 respectively. The local Nusselt numbers for the case where the

stationary plate is at 190°C and the moving plate is at 130°C are shown
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in Fig. 4-12. In Figs. 4-13 and 4-14, the local Nusse1t numbers are

presented for the power-law temperature-dependent viscosity model and

several Newtonian, constant viscosity models.

The results for the power-law temperature-dependent viscosity model

have been compared with the power-law temperature-independent viscosity

model and the Newtonian, constant viscosity model results. Given an

appropriate temperature for the temperature-independent model, or an

appropriate viscosity for the Newtonian model, it can be seen that the

temperature-dependent model results are adequately estimated by the use

of either of the simpler models. The choice of temperature and viscosity

was made by inspection. However, if we did not have any temperature

dependent model results to compare our more simplified model results with,

then we would not have anything to base our choice of temperature of

viscosity on. Furthermore, the given temperature or viscosity is usually

suitable for one type of flow only. For example, in Fig. 4-7 it can be

seen that the rise in bulk temperature for the temperature-dependent model

is closely approximated by that of a Newtonian fluid with a viscosity of

about 2000 Pa·s, while in Poiseui11e flow between parallel plates (as

described in Chap. 5), a Newtonian viscosity of 700 Pa·s is required (see

Fig. 5-9).

4.5 Concluding Remarks

1. A computer program has been developed to analyze the heat

transfer problem for the drag flow of polymer melts between parallel,

constant temperature plates. Results have been presented for specified

velocity and temperature bOlU1dary conditions, fluid properties and channel
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dimensions.

2. Care must be taken when choosing the proper step sizes to

ensure that the local Nusselt numbers and not only the temperature profiles

have converged.

3. It is very important to consider viscous dissipation in the

drag flow of polymer melts between parallel plates. A rise of 14°C in

the limiting bulk temperature due to viscous dissipation was obtained

using the specified boundary conditions, fluid properties and channel

dimensions given earlier in this chapter.

4. The results obtained using the power-law temperature-dependent

viscosity model were compared with those using the simpler power-law

temperature-independent viscosity model and the Newtonian, constant

viscosity model. It was seen that the results obtained using the temper

ature-dependent model were in most cases adequately approximated by those

of the two simpler models, provided that the choice of temperature or

viscosity was correct. However, if there are no temperature-dependent

model results available, then we have no basis with which to choose a

temperature for the temperature-independent model, or a viscosity for the

Newtonian, constant viscosity model.



CHAPTERS

POISEUILLE FLOW BETWEEN PARALLEL PLATES

5.1 Mathematical Formulation

The physical system for Poiseuille (or pressure) flow between

parallel plates is illustrated in Fig. 5-1. It consists of flow between

two stationary semi-infinite parallel plates spaced apart by a distance,

b. Each plate is at a constant temperature.

T=Tw2

1-----.\ U (y) b

Fig. 5-1. Poiseui11e flow between parallel plates.

Flow Equations

The simplified conservation equations for Poiseuille flow between

parallel plates are:

Continuity (integral form):

y=b
f udy = u .b

y=O avg

-64-

(5.1)



Momentum:

Energy:
2

aT kaT + dupC u - = --:>f" T "I"':"
P ax ay~ yx uy

(5.2)

(5.3)
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Substituting the constitutive relation, Eqs. (3.12) and (3.13) into the

above momentum and energy equations, we obtain:

Momentum:

Energy:

2
dp + d u + dn du - 0- ax ndy2 ay ay -

2
pC u aT = kaT + (du) 2

p ax ay2 n dY

-Bn(T-T) I$;yln-l
where n = Ae m Uy

(5.4)

(5.5)

The boundary conditions for the above equations are:

x = 0 u = u (y) = u ('.>+1) (1-12y _ Ilv) T=T p=p
0 avg v b 0 0

where v
n+1 power-law index--, n =n (5.6)

Y = 0 u = 0 T=TwI
Y = b u = 0 T=Tw2

A n+l degree parabolic velocity profile, u (y), has been chosen at x=O.
n 0

Since the hydrodynamic entrance length" for the flow of polymer melts is
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1
very short, a fully-developed velocity profile can be assumed at the

entrance of the channel. A constant temperature profile was used at x = o.

Let U =~
uavg

p-p
p = 0

2
pU avg

e =
T-TwI
T -T

o wI
(5.7)

kx
X = ------=-

C u b 2
p P avg

y=I.
b

Substituting the above into Eqs. (5.1), (5.4) and (5.5), we obtain in terms

of dimensionless parameters:

Continuity (integral fonn):

Momentlll1l:

Y=l
J UdY = 1
y=o

(5.8)

(5.9)

1 puD -4 xReD = -n- ~ 10 for the flow of polymer melts. IT ~ 0.05 ReD =

5 x 10-6 where x is the hydrodynamic entrance length. When D = 0.25 an,

x = 1.25 x 10-6 em.



Energy:
2

U~ = a e + s(dU) 2
aX dy2 d.Y

2
_ nu avg

where S - k(T -T 1)
o w
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(5.10)

The accompanying dimensionless boundary conditions are:

Y = 0 U = 0

Y = 1 U = 0

8=1 p=O

8=0

8=0

(5.11)

Finite Difference Equations

An implicit finite difference method is used to solve Eqs. (5.8),

(5.9) and (5.10) with the accompanying boundary conditions (5.11). The

finite difference grid is illustrated in Fig. 5-2.

Continuity Equation

Using Simpson's Rule, the integrated continuity equation is given

in the following finite difference form:

Y=l
J
y=o

9
/

UdY = ~Y (y~ + 4dl + 2U~ +
I

",0
I

... + 4~ + ~+l)
I

(5.12)

Substituting the above into Eq. (5.8), we obtain for column n:
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Fig. 5-2. Finite difference grid. Poiseuille flow between parallel plates.
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(5.13)

For the momentwn equation, the following finite difference

approximations are used:

un -If
m+1 m-1

2l1Y

(5.14)

(5.15)

(5.16)

Substituting Eqs. (5.14), (5.15) and (5.16) into equation (5.9), we obtain

for column n (details in App. A, Sec. 2.1):

A Un 1 + B Un + C Un 1 + Wpll - Wpll-1 = 0
m m- m m m m+ m m

where Am = - l1Y (dn)n + 1
2~ dY m

B =-2m

(5.17)

(m = 2, 3, ••• , M)

W =m
k- --'nC
~p

(l'IY) 2
---s:x-
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Combining Eqs. (5.13) and (5.17), we have for colurrm n a modified tri

diagonal system of M equations and M illlknOwns (~ to ~ and pn). The

equations can be written as follows:

A Un 1 + B Un + C If+
l

+ W pll - W pll-l = 0 (m = 3, 4, ... , M-l)
m m- m m m m m m

(5.18)

A-ll~ + RJl~ + r_lIn + W oIl - W pll-l = 0
- M-M-l -M-M -M-M+1 tv! M

4U2 + 2U3 + ••• + 4UM = 3M

or in matrix form:

o

Am B C W Un W pll-l
m m m m m

(5.19)

~-l ~-l WM- l ~-l
pll-l

1).1-1 WM- 1

0 J\t \1 WM
Un V-I

M

4 2 4 2 4 0 pll 3M

or
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o

A B C W Un Hm m m m m m

= (5.20)

\i-I ~-l ~-l ~-l UM-l f\1-l

0 \1 ~ WM ~ I\1

Z2 Z3 Z4 ZM-l ZM ~+l
pU

ZM+2

This system of equat~ons is solved for the velocity profile and p~essure

at column n by Gaussian elimination using the algorithIn that is shown in

App. D, Sec. 2.

Energy Equation

For the energy equation, the following finite difference

approximations are used:

en_en- l
ae _ m m
ax - ~x

~I ,I

(5.21)

~2e _" en -2en+en
a m-l m m+l
ay2 - --2-(i1-y-)":-2-- +

en-1_2en-l+en-l
m-l m m+l

2 (i1Y) 2 (5.22)

Substituting Eqs. (5.21) and (5.22) into equation (5.10), we obtain for

column n (details in App. A, Sec. 2.2):

A en + B en + C en 1 = D + E + F + G = H
m m-l m m m m+ m m m m m (5.23)
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where A =-1m

c = -1m

D n-l
(m = 2, 3, M)= em m-I ... ,

E
12 (6Y) 2 • Un + 2J n-l= l t:X

em m m

F
n-l= em+lm

G = 2 (llY) 2 Sn (dU) 2
m m avm

Thus for column n, we have a tridiagonal system of M-l equations and M-l

unknowns (e~ to ~). The equations can be written as follows:

or in matrix fonn:
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o

o

ABCm m m

~-l ~-l 1M-I
n

8M-I

~

= H
m

l\1-l
n

~-CN M+l

(5.25)

(5.26)

This system of equations is solved for the temperature profile along column

n by Gaussian elimination using Thomas' method (details in App. D, Sec. 1).

Bulk Temperature

The dimensionless flow-average (bulk) temperature is calculated

from the following definition:

Y=l
f 8(X,Y) U(X,Y) dY
y=o

8bulk = Y=l
f U(X,Y) dY
y=o

For column n, Eq. (5.26) is written in finite difference form using

Simpson's Rule as follows:

o 0
~ ~, ,

nnn nyn ~~n n n n n8 U.. 48 U,.. 28"9U ... + 48~1r: + 8 1r:1,1 + 22+ 33+ M-M M+liM+l
\-n--..-n--n-----n-~\ -n------ (5.27)
Dl + 4u2 + 2U3 + ••• + 4UM + UM+l

\ \
~ ~

o 0
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. ·Local Nusselt Number

The local Nusselt number is calculated from the following definition

which is derived in App. B:

(dT) b
Nu hb dY wall·

x = k = (T
bulk

-T
wall

)

In dimensionless form, we have:

(5.28)

(5.29)

(5.30)

The dimensionless temperature gradients at the walls are estimated for

column n by the following finite difference approximations:

(5.31)

(5.32)

The above equations are derived in App. C, Sec. I and 5.

5.2 Computational Procedure

It was stated in Chap. 3, Sec. 3, that the momentum and energy

equations are coupled by velocity and temperature, and therefore cannot

be solved inc;lependently. However, the coupled equations can be solved
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iteratively at a given column on the finite difference grid by alternately

solving the set of continuity and momentum equations (5.18) and the set

of energy equations (5.24) lUltil the solutions converge. The iterative

"marching" procedure used to calculate the velocity and temperature profiles,

the pressure, the bulk temperature and the local Nusselt numbers at each

colUllUl in the grid is now outlined.

Notation

n
Ulm (m = 1,2, ... , ~l) refers to the estimated velocity profile at

colUllUl n.

nU2 (m = 1, 2, ... , H+l) refers to the most recently calculated velocitym

profile at column n.

n-l 1, 2, Mtl) refers the temperature profile at column n-l.8_ (m = .... , tom .

n
1, M+I) refers the estimated temperature profile at81 (m = 2, ... , tom

column. n.

82n (m = I, 2, ... , ~1) refers to the mas t recently calculated temperature
m

profile at colUllUl n.

Procedure

1. AsslIDle values for the velocity and temperature profiles and the pressure

at the entrance of the channel (at column 0).

(m = 1, 2, ..., H+1)
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2. Print the velocity and temperature profiles at column O.

3. Set the es tirnates of tJ1e velocity and temperature profiles to be

used in the first iteration at column 1 equal to the values of the

respective profiles at column O.

n = 1

Ull = Ulo (rn = 1, 2, ••• , M+1)
m m

ell e2 l 1 1
T -T

0, w2 wI
elM+-l = e2~.1+11 1 T -To wI

ell = eO (m = 2, 3, ••. , H)rn m

4. To economize on computing time, increase l1X by a factor of 10 after the

final velocity and temperature profiles have been calculated at column

n =. NA, and again after they have been calculated at colunm. n = NB

(see program listing, App. F, Sec. 2).

5.

6.

7.

8.

l1X = 10 l1X at coll.nnI1 NA+l and again at colwnn NB+l

Us 1· ng mn and eln ( 2 ) 1 1 (du)n d nm rn m = 1, , ... , 1+1 , ca cu ate dY m an nm

(rn = 1, 2, ... , ~1+l) at column n.

Using Ul~, (::)~, n~ end e~-l (m = 1,2, ... , WI), solve the set of

energy equations (5.25) by Gaussian elimination using Thomas' method

(see App. D, Sec. 1) to obtain e2n (m = 2, 3, ... , ~~.m

Using U1n and e2n (rn = 1, 2, ... , H~l), calculate nn and (ddYn)nm m m m

(m = 1, 2, ... , ~1+l) at column n.

Usm
O g ~-1, nn and (dn)n (rn = 1, 2, J..ti.1) 1 th t f1:" dY ... , lVfT ,so ve e se 0m rn
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continuity and momentum equations (5.19) by Gaussian elimination

(see App. D, Sec. 2 for algorithm) to obtain U2~ and pn (m =

2,3, ... , M).

9 . Comp are Uln, U2n and eIn, e2n (m = 1, 2, ..., rv1+1). I f IU2n -Uln I
m m m m m m

< tolerance and le2n-elnl < tolerance for all m, then proceed tom m

step 12. Othen.vise, continue to step 10.

10. Set the estimates of the velocity and temperature profiles to be

used in the next iteration at colillIlIl n equal to the most recently

calculated profiles.

(m = 1, 2, ..., M+1)

11. Repeat steps' 5 through 9 until the desired error tolerances have been

achieved.

12. Set the estimates of the velocity and temperature profiles to be

used in the first iteration at column n+l equal to the final values
,

of the profiles calculated at column n. Also, retain the final temp-

erature profile calculated at colunm n for use in calculating temp-

erature profiles at column n+l.

Uln+l U2n
m m

eln+l = e2n
,m m

n
e2~em =

13. Repeat steps 4 through

(m = 1, 2, ••. , M+1)

12 to calculate the velocity and temperature



78

profiles at the next column downstream in the Channel en = n+l).

The following steps are to he carried out at periodic intervals along

the length of the Charmel:

14. Print the velocity and temperature profiles and the pressure.

15. Calculate the bulk temperature using Simpson's Rule (see Eq. (5.27)).

16. Calculate the local Nusselt numbers at the walls (see Eqs. (5.29)

and (5.30)).

17. Print the bulk temperature and the local Nusselt nlUTl~ers.

Computations using the above algori thrn have been carried out in

Hd·1aster's CDC 6400 computer. A sample program listing with results is

located in App. F, Sec. 2.

5.3 Convergence, Stability and Step Size

It was stated in Chap. 3, Sec. 4, that a good indication of the

convergence and stability of the finite difference results is the negligible

change in results obtained when the step sizes in the finite difference

grid are decreased. It should be noted that special' care must be taken

in choosing step sizes when calcuI ating local Nussel t nlIDlbers. AI though

the temperature profiles may appear to be sufficiently accurate, the local

Nusselt numbers can still be incorrect. Local Nusselt numbers are cal

culated from temperature derivatives (see Eq. (5.28)). Since derivatives

are very sensitive to step size changes, smaller step sizes must be used

when calculating local Nusselt numbers, than when only calculating
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velocity and temperature profiles. The -step sizes shown in Table 5-1
...

were used in the finite difference program. The results presented in

the subsequent figures are independent of step size within at least 3

significant digits.

Table 5-1. Step sizes for finite difference program
Poiseuille flow between parallel plates.

Range of X /:).X /:).y

0 -0.1 0.0001 0.01

0.1-0.3 0.001 0.01

0.3-1.0 0.01 0.01

Two additional tests for the convergence of the finite difference

results were carried out. In the first test, the dimensionless bulk

temperatures and local Nusselt numbers were obtained for a Newtonian,

constant viscosity fluid with no viscous dissipation, and compared with

the results obtained by Vlachopoulos and Ketmg (70) by the explicit

fini te difference method. The results are compared in Tahle 5-2, and

as can be seen, differ by very little. In the second test, the fully-

developed temperature profile, the limiting bulk temperature and the

limiting local Nusselt number (at large X) were calculated analytically

for a Newtonian, constant viscosity fluid with viscous dissipation (see

.App. E, Sec. 2), and compared with the corresponding finite difference

results for the same fluid. The analytical and finite difference results

were indistinguishable.
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Table 5-2. Comparison of dimensionless bulk temperatures and
local Nusselt numbers. Newtonian fluid wi th no
viscous dissipation.

Present work Vlachopoulos and Keung

X 8bulk Nu 8bulk Nux x

0.0075 0.892 5.36 0.89 5.35
0.01875 0.798 4.31 0.80 4.31
0.0375 0.690 3.89 0.69 3.89
0.075 0.520 3. 77 0.52 3. 77
0.150 0.293 3.77 0.29 3. 77
0.225 0.167 3.77 0.18 3.77
0.300 0.095 3.77 0.09 3.77
0.375 0.054 3.77 0.05 3.77

5.4 Results and Discussion

Solutions of t.1Le continuity, momentum and energy equations for

Poiseuille flow between parallel plates are presented in Figs. 5-3

through 5-13. The following velocity and temperature boundary conditions

have been used:

x = 0 T =130°C P =0
o 0

h = 15 crn/s, v = n+lwere uavg n n = 0.453
(5.33)

y = 0 u = 0

y = b 0.25 em u = 0

In obtaining some of the results, different temperature b01.llldaI)' conditions
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were used for comparison. The following power-law temperature-dependent

viscosity model and fluid properties representing a typical high-density

polyethylene melt were used in the computations:

Viscosity :

Density :

n-l
where A = 282 000 poise-s

= 28 200 Pa- sn

B = 0.024 K- l

n = 0.453

T = 399.5 Km

p = 794 kg/m3

(5.34)

Specific heat:

C 0.6 cal/(gJK)
p

= 2_51 kJ/(kg·K)

Thennal conductivity:

k = 6.1 x 10- 4 cal/(cm·s-K)

= O. 255 W/ (m· K)

The temperature profiles, bulk temperatures and local Nusselt

numbers in Figs-. 5- 3 through 5-13 are shown as functions of the dimension-

less axial distance-, x_ Because the bulk temperatures and local Nusselt

numbers change the most near the entrance of the flow channel, they have
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been plotted semi-logarithmically. X on the abscissa of these plots

ranges from 0.001 to 1.0. This corresponds to x ranging from O. 7 cm to

732 an. At X = 1.0, the temperature profile has become fully developed.

Beyond this point in the channel, the temperature profiles, bulk temp

eratures and local Nussel t .numbers remain the same, and thus are knmvn

as the limiting or asymptotic values.

In Figs. 5-3 and 5-4, the temperature profiles for the power-law

temperature-dependent viscosity model and for a power:'law temperature

independent viscosity model are compared. Two different temperature

oomdary conditions have been considered: both plates at 160°C in Fig.

5-3, and one plate at 190°C and the other at 130°C in Fig. 5-4. The

temperature-independent viscosity model used is identical to the temper

ature-dependent viscosity model given in Eq. (5.34), except that T is

held constant and equal to the average of the temperatures of the two

plates (160°C in both cases). In Fig. 5-4, it can be seen that near

the cold wall (T=130°C) the temperature of the fluid is higher with the

temperature-dependent model than with the temperature-independent model.

The opposite is true near the hot wall (T=190°C). The reason for this

is that the viscosity decreases with increasing temperature. Near the

cold wall, the temperature in the constitutive equation of the temperature

dependent model is lower than that of the temperature-independent model.

Therefore, the viscosity will be higher in the temperature-dependent case

resul ting in more heat generated hy viscous dissipation. Near the hot

wall, more heat is generated in the temperature- independent case. In
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DEVELOPMENT OF TEMPERATURE PROFILES

POWER-LAW FLUID
--TEMPERATURE-DEPENDENT VISCOSITY
-----TEMPERATURE-INDEPENDENT VISCOSITY

To =130°C I Tw1=Tw2=160°C

1.0 ....---..,...-..,....IC:!~---r---~

210150 170 190
TEMPERATURE °c

Oa.- ...... .........'-'-- "-- _____
130

0.2 "-"l~__+-_"

0.4 1---' ---t--~

0.6 It---I.~--I

0.8 It---~ ---+O---I.

v

Fig. 5-3. Development of temperature profiles. Poiseuille
flow between parallel plates. Olannel dimensions
and fluid properties given on pp ..80- 81.
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· DEVELOPMENT OF TEMPERATURE PROFILES

POWER-LAW FLUID
--TEMPERATURE-DEPENDENT VISCOSITY
------TEMPERATURE-INDEPENDENT VISCOSITY

o 0 Q

To=130 C I Tw1=190 C I Tw2=130 C .

1.0M~r-T-T-I----'

230

\

150 170 190 210
TEMPERATURE °c

Oll.-_-~-_"""_-~-==- __"&'-__,..j

130

0.4 I----~

0.2 I----~

0.6 a--- 1--+---'---+---

0.8

y

Fig. 5-4. Development of temperature profiles. Pois.euille
flow between parallel plates. O1annel dimensions
and fluid properties given on pp. 80 - 81.
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Doth Figs. 5-3 and 5-4, the bulges in the temperature profiles indicate

that more heat is generated by viscous dissipation near the walls th.an

near the centre-line of flow. This is due to the fact that the shear

rates are highest near the channel walls.

Plots of the bulk temperatures along the length of the channel

are presented in Figs. 5-5 through 5-9 for the power-law temperature

dependent and temperature-independent viscosity models and for the

Newtonian, constant viscosity model. In Fig. 5-5, the bulk temperatures

are shown for power-law temperature-dependent viscosity fluids with

different inlet temperatures. In each case, the lirni ting bulk temper

ature is the same (20l.2°C). This is to be expected since the fully

developed velocity and temperature profiles are only influenced by the

wall boundary conditions and by the viscosity and the thennal conductivity

of the fluid, but not by the inlet conditions of the fluid. Also shown

in Fig. 5-5 is the effect of removing the viscous dissipation term from

the energy equation. Without viscous dissipation, the limiting bulk

temperature is equal to the wall temperature (160°C). The difference of

41.2°C is an indication of the importance of viscous dissipation in t~e

Poiseuille flow of polymer melts between parallel plates.

The rise in bulk temperature of the power-law temperature-depend

ent viscosity fluid is shown in Fig. 5-6 for the two temperature boundary

condi tions discussed earlier. Even though the average of the wall temp:'"

eratures is the same (160°C), the limiting bulk temperatures differ by

3°C. In Figs. 5-7 and 5-8, the bulk temperatures of the power-law temp

erature-dependent and temperature-independent viscosity fluids are compared
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for the two temperature bOlllldary conditions. Although the temperature

profiles of the temperature-dependent and temperature-independent

viscosity fluids differ substantially, especially when the two wall

temperatures are different, the bulk temperatures differ muCh less.

The rise in bulk temperature of the power-law temperature-dependent

viscosity fluid is compared with several Newtonian, constant viscosity

fluids in Fig. 5-9.

Plots of the local Nussel t number along the length of the channel

are presented in Figs. 5-10 through 5-13 for the power-law temperature-

dependent and temperature-independent viscosity models and the Newtonian,

constant viscosity model. When the two wall temperatures are not the

same, the local Nussel t number must be calculated at each wall separately.

Since the local Nusselt number is a function of the temperature gradient

at the wall (see Eq. (5.28)), it will be different at the two walls when

the wall temperatures are different.

In Fig. 5-10, the local Nusselt numbers are shown for the power-

law temperature-dependent viscosity fluids having different inlet ternp-

eratures. In eaCh case, the limiting local Nussel t number is 8.95.

Although not shown, the limiting local Nusselt number for the case where

viscous dissipation has been neglected is 4. 00. It can be seen that

when the fluid is heated by the channel walls (T =130°C T =T =160°C)
o 'wI w2 '

there is a region along the Channel where the local Nussel t number is

negative, and a point where it is discontinuous. With the aid of Eq.

(5.28), this behaviour is explained as follrnvs:
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(5.28)

..
X < 0.002 dT 0 T

b
< T Nu > 0ely < W X

X ~ 0.002 dT 0 T
b

< T Nu 0ely = =
w x

0.002 < X < 0.06 dT 0 T
b

< T Nu < 0->
dy w x

X 0.06
dT

0 T
b

T Nu ±oo~

ely> = =
W x

X > 0.06
dT 0 T > T Nu ;> 0->
ely b w x

When the inlet temperature is higher than the wall temperature, the

local Nusselt number is always positive.

The local Nusselt numbers for the power-law temperature-dependent

and temperature-independent viscosity models are presented in Figs. 5-11

and 5-12 for the temperature bOlIDdary conditions discussed earlier. In

Fig. 5-11, the local Nusselt numbers are shown for the case where both

walls are at 160° C. The limiting local Nussel t nunbers for the temperature-

dependent and temperature- independent cases are 8.95 and 11. 22 respectively.

In Fig. 5-12, the local Nusselt numbers are shown for the case where one

wall is at 190°C and the other is at 130°C. Here, the limiting local

Nusselt ntunbers for the temperature-dependent and temperature-independent

cases are 5.77 and 7.43 at the 190°C wall and 21.88 and 32.50 at the

130°C wall. In Fig. 5-13, the local Nusselt numbers are presented for the

power-1m" temperature- dependent viscosity model and several Newtonian,
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Fig. 5-11. Local Nusselt number vs. X. Poiseuille flow between parallel plates.
Charmel dimensions and fluid properties given on pp. 80-81.
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constant viscosity models.

The results for the power-law temperature-dependent viscosity

model have been compared with the power-lmv temperature-independent

vis cos i ty mode1 and the Newtonian, cons tant vis cosi ty mode1 results.

Given an appropriate temperature for the temperature-independent model,

or an appropriate viscosity for the Newtonian model, it can be seen

that the temperature-dependent model results are adequately estimated

by the use of either of the simpler models. The choice of temperature

and viscosity was made by inspection. However, if we did not have any

temperature-dependent model results to compare our more simplified model

resul ts with, then we would not have anything to base our choice of

temperature or viscosity on. Furthennore, the given temperature or

viscosity is usually suitable for one type of flow only. For example,

in Fig. 5-9 it can be seen that the rise in bulk temperature for the

temperature-dependent model is closely approximated by that of a Newtonian

fluid with a viscosity of about 700 Pa~s, while in drag flow between

parallel plates, a Newtonian viscosity of 2000 Pa·s is required (see Fig~

4-7) .

5. 5 Concluding Remarks

1. A computer program has been developed to analyze the heat

transfer problem for the Poiseuille flow of polymer melts between parallel,

constant temperature plates. Results have been presented for specified

velocity, pressure and temperature boundary conditions, fluid properties

and channel dimensions.



· .

98

2. Care rust be taken Hhen d100Sing the proper step sizes to

ensure that the local Nussel t numbers and not only the temperature profiles

have converged.

3. It is very important to consider viscous dissipation in the

Poiseuille flow of polymer melts between parallel plates. A rise of

4l.2°C in the limiting bulk temperature due to viscous dissipation Has

obtained using the specified boundary conditions, fluid properties and

channel dimensions given earlier in this chapter.

4. The results obtained using the power-law temperature-dependent

viscosi ty model were compared with those using the simpler power-law

temperature-independent viscosity model and the Newtonian, constant

viscosity model. It was seen that the results obtained using the temper

ature-dependent model were in most cases adequately approximated by

either of the two simpler models, provided that a correct temperature or

viscosity was chosen. However, if there are no temperature-dependent

model results available, we have then no basis with Hhich to choose a

temperature for the temperature-independent model, or a viscosity for

the Newtonian, constant viscosity model.
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POISEUILLE FLOW lliROUrn A TUBE WITH CIRCULAR CROSS-SECTION

6.1 Mathematical Formulation

The physical system for Poiseuille (or pressure) flow through

a tube with circular cross-section is illustrated in Fig. 6-1. It

consists of flow through a tube with an inside radius, a, and constant

temperature walls.

t
a
t

u(r)

T= T\Vr

L
/

1------ f-J

jz - ----- \,(----
\
'.-----

Fig. 6-1. Poiseuille flow through a
tube with, circular cross-section.

Flow Equations

The simplified conservation equations for Poiseuille flaw through

a circul ar tube are:

-99-



Continuity (integral form) :

r=a 2a
J urdr = 2 u

r=0 avg

100

(6.1)

Momentum: dp+l d ( )az r aT r TTZ o (6.2)

or dp + !
dz r

d
T + - T
rz dr rz

o (6.3)

Energy: pC u aT = ~ -2 (r aT) + T
rz

ddru
p az r ar ar

(6.4)

or pC u aT = k a
2
T + ~ aT +

p az ~ r ar
du

T -rz dr
(6.5)

Substituting the constitutive relation, Eqs. (3.12) and (3.13) into

the momentum and energy equations, we obtain:

Momentum: _ clp + d
2

u + (2 + dn) du
dz n -.:-7 r dr dr

dr
o

.'

(6.6)

Energy:
2

pC u ~ = k ~ + ~ aT + n(dd~,2
p ar ar2 r ar r'

(6. 7)

The boundary condi tions for the above equations are

z = 0

n+l
where v = --- , n = power-law index

n
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0
du 0r = dr -

r = a u = 0
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3T = 0 (syrrrrnetI)') (6. 8)
3r

A n+l degree parabolic velocity profile, u (r), has been chosen at
n 0

z = O. Since the entrance length for the flow of polymer melts is very

2short, a fully-developed velocity profile can be assumed at the entrance

of the tube. In addition, a constant temperature profile was used at

z = o.

Let uu= -uavg

e =

p-p
p = ----"..,--0_

2
pu avg

T-T
w

'I' -'1'
o w

(6.9)

kzz -= ------,::-2
pC u a

p avg

rR=a

Substituting the above into Eqs. (6.1), (6.6) and (6.7), we obtain in

terms of dimensionless parameters:

Continuity (integral fonn):

R=l 1f URdR = -
R=O 2

(6.10)

2 puD -4 z
ReD = -n- ~ 10 for the flow of polymer mel ts. D

-6
5 x 10 where z is the entrance length. When D = 0.25 an, z

0.05 ReD =

-6
1.25 x 10

an.
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k dP- --+
~ dz
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(6.11)

Energy: (6. 12)

-Bn(T-T )m
T) = Ae I

dU uavg jn-1
OR • -a-

The accompanying dimensionless boundary conditions are:

Z = 0 U = U (R) = v:2 [1- Rv] e = 1 P = 0
0

dU
0

ae
0 (6.13)R = 0 dR- aR -

R = 1 U = 0 e = 0

1 dUIn Eqs. (6.11) and (6.12), when R = 0 (at the centre of the tube), R dR

1 ae 0
and R aR are represented by the indetenninate fonn, O·

Ru1e 3:

By L'Hospital's

(6.14)

(6.15)

3L'Hospita1's Rule:

I
lim [f.... ex)] ..
x-+a --r::-:-:

g ex)

If lim [fex)] - 0 then lim [f(x)]
x-+a g(XT - 0 ' x-+a gcxr
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Thus, the momentum and energy equations become:

Momentum: for R = 0 (6.16a)

k dP
- - -- +C dzp

for R > 0 (6. 16b)

Energy:

o
2 ;t

U ; ~ = 2 d e + y(~) 2
dR

2
I

/

d 2 1 dU 2
U~ = d e + - ~ + Y (dR)

dZ ;}1 R dR

for R = 0

for R > 0

(6.l7a)

(6.17b)

Finite Difference Equations

An implicit finite difference method is used to solve Eqs. (6.10),

(6.16a,b) and (6.l7a,b) with the accompanying bOillldary conditions (6.13).

The finite difference grid is illustrated in Fig. 6-2.

Continuity Equation

using Simpson's Rule, the· integrated continuity equation is given

in the following finite difference form:

(6.18)

Substituting Eq. (6.18) into Eq. (6.10), we obtain for column n:



ROW 0 = ROW 2
(SYMMETRY)

Z - kL
- 2pCpuovgo

FILLED 'NODES DENOTE
KNOWN VALUES
(BOUNDARY CONDITIONS)

BLANK NODES DENOTE
UNKNOWN VA LUES
(TO BE SOLVED FOR)

fiR

~ ~

I I
0 N c: c: Z Z

Z Z Z Z Z Z z
2: L: :2: :2: :2: L: L.:
:::> :::> :::> :::> :::> :::> :::>
-.J -.J -.J T=Tw -.J -.J -.J -.J
0 0 8 0 0 0 0
u u u u u u

ROW M~1 ' R=1

ROW M

ROW m

ROW m-1&D----< )------.1'------< )-----( ~----,--

ROW m+1------< )-----...,,/'-------( )----(~-----

Z=Q

ROW 2

"----~ Z ROW l'

ROW 0

R

Fig. 6-2. Finite difference grid. Poiseuille flow through a tube with circular cross-section.
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MJmentwn Equation

For the momentum equation, tile following finite difference

approximations are used:

dP _ pll_pll-l
dz - b. z

(6. 19)

(6.20)

(6.21)

(6.22)

Substituting Eqso. (6.20), (6.21) and (6.22) into Eqs. (6.l6a) and (6.l6b),

we obtain for column n (details in App. A, Sec. 3.1):

~ by symmetry
Wi Wl - lIf - 2lI: + IE + - pn - -2 pll = 0

o 122 for R = 0 (6.23a)

A Un n n + W pll _ W pn-I 0 for R > 0 (6.23b)+ B U + CUIm m-I m m m m+ m m

where A =
b.R (dn)n b.R] + 1om - [2R + dR m nmm

B = -2 (m = 2, 3, M)m ... ,

C = [b.R + (dn)nb.RJ + 1
m 2R dR m nmm



W = k (lIR) 2
m - l1mC

p
liz (m = 1, 2, ... , ./0
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Combining Eqs. (6.19), (6.23a) and (6. 23b), we have for column n a

modified tridiagonal system of M+l equations and M+l unlmo\vns (U
l

to U
M

and pn). The equations can be written as follows:

WI W
-2U~ + 2~ + r pn - f pn-l = 0

(6.24)

4~~ + 2R3U~ + ... + 4~ = 1.5 M

or in matrix fonn:

WI W
-2 2

~
1 n-l

0 2 -p
2

~ B
2 C

2 W
2 ~

pn-lW2

A B C W tP Wpn-1m m m m m m
(6.25)

1\1-1 BM- l SJi-l WM- l
n pn-l

UJi-l lV
Ji
_
l

0 1\1 ~1 WM ~ W~-l

0 4Rz 2R3 4I1vr 0 pll 1.5 M
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or

B
m

o

Wm
lP

m
H

m

(6.26)

o

~-l BM- l ~1-l WM- l

J)vl BM W~1

\1-1 \1 .XM+l XM+2

This system of equations is solved for the velocity profile and pressure

at column n by Gaussian elimination using the algorithm that is shovYn

in App. D, Sec. 2.

Energy Equation

For the energy equation, the following finite difference approx-

imations are used:

sn_ sn-l
~= m m
az I1z

n n n-l n-l
~ = Sm+l-Sm-l + Sm+l-Sm-l
aR 4l1R 4l1R

(6.27)

(6.28)



en _2en+en en-1_2en-l+en-l
m-l m m+l + m-l m m+l

2 (llR) 2 2 (llR) 2

108

(6.29)

Substituting Eqs. (6.27), (6.28) and (6.29) into Eqs. (6.l7a) and (6.171),

we obtain for column n (details in App. A, Sec. 3.2):

~e~ by synnnetry
/

A~e~ + Ble~ + cle~ = Dl + El + Fl + GI = HI for R = 0 (6.30a)

I

where ~ = -1

B = (ll R) 2 l.f + 2
1 llz 1

c = -1
1

D = n-l n-1 by symmetrye = e21 a

E = [(llR) 2 If - 2J n-l
1 llz 1 el

F = en
1 2

",0

Gl
2 (~R) 2 n (dU) 2 0Yl dR

I
I

Ame~_l + Bme~ + Cme~+l = Dm + Em + Fm + Gm = Hm for R > 0

(6.30b)

'where Am llR 1
~-

m

2
B = 2(llR) Un + 2

m llz m
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C = _(I1R + 1)
m 2~

D [- ~~ + 1]
n-1

(m = 2, 3, •.. , M)= 8m- lm

2 n-l
E = [2 (I1R) If - 2] 8m I1Z m m

F [~~ + 1]
n-l= 8m+ lm

G = 2(I1R) 2 n CdU) 2
m Ym dR m

lhus for colwm n, we have a tridiagonal system of M equations and M

n nunknowns (8
1

to 8
M
). The equations can be written as follows:

A-8
n
l + B 8

n
+ C 8

n H-"2 2 2 2 3 = 2

(6.31)

A 8
n

+ B 8
n

+ Cm8m
n

+1 = H
ill ill-I m ill m

or in matrix form:

(m = 3, 4, ... , M-l)
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Bm C
m

o

H
m

(6.32)

o

This system of equations is solved for the temperature profile profile

along column n by Gaussian elimination using Thomas' method (see App. D,

Sec. 1).

Bulk Temperature·

The dimensionless flow-average (bulk) temperature is calculated

from the following definition:

R=l
f e(Z ,R)U(Z ,R) RdR

R=O
R=l

f U(Z,R) RdR
R=O

(6.33)

For column n, Eq. (6.33) is written in finite difference fonn using

Simpson's Rule as follows:



III

-flO -1fO

8~lfl~ + 48nlf:~ + 28~~R3 + + 48~~~1 + 8~1+l~+11\ft-ln ;t 2 2 (6.34)8bulk
v:~ + 4d2~ +

n
+ 4~~ +'~+1~1+l1, 2

2U
3

R
3

+ ..•

~ "
0 ~O

Local Nusselt Number

The local Nusselt number is calculated from the following definition

which is derived in App. B:

Nuz (6.35)

In dimensionless fOTIn, we have:

(6.36)

The dimensionless gradient at the wall is estimated for collD1TI1 n by the

following finite difference approximation:

d8 n 1 n n n nCcUJ R=l = 611R (-28M_2 + 98N_l - l8E11 + 118H+l )

The above equation is derived in App. C, Sec. 5.

(6.37)

6.2 Computational Procedure

It was stated in Glap. 3, Sec. 3, that the momentlIDl and energy

equations are coupled by velocity and temperature, and therefore cannot be

solved independently. However, the coupled equations can be solved
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iteratively at a given column on the finite difference grid by alternately

solving the set of continuity and momentum equations (6.24) and the set of

energy equations (6.31) until the solutions converge. The iterative pro-

cedure used to calculate the velocity and temperature profiles, the pressure,

the bulk temperature and the local Nussel t number at each column in the

grid is now outlined.

Notation

Uln (m = 1, 2, ... , M+ 1) refers to the estimated velocity profile at colunm n.
m

U2n (m = 1,2, ... , ~~l) refers to the most recently calculated velocity
m

profile at column n.

n-l
8m (m = 1, 2,

(m = 1, 2,

column n.

... ,

... ,

M+l) refers to the temperature profile at ~olumn n-l.

~l) refers to the estimated temperature profile at

82~ (m = 1, 2, ... , M+1) refers to the most recently calculated temperature

profile at column n.

Procedure

1. Assume values for the velocity and temperature profiles and the pressure

at the entrance of the tube (at column 0).

(m = 1, 2, ... , ~1)
1
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2. Print the velocity and temperature profiles at colunm O.

3. Set the estimates of the velocity and temperature profiles to be used

in the first iteration at colunm 1 equal to the values of the respective

profiles at column O.

n = 1

Ul l Ulo
m m

1 1
08lWl 82M+l =

811 = 80

m m

(m= 1, 2, ... , Mrl)

(m = 1, 2, ... , H)

4. To economize on computing time, increase fJ.X by a factor of 10 after

the final velocity and temperature profiles have been calculated at

column n = NA, and again after they have been calculated at column

n = NB (see program listing, App. F, Sec. 3).

5.

6.

fJ.Z 10 fJ.Z at colurnn NA + 1, and again at colwm NB + 1

Using Ul
n n

M+l), calculate (dU)n and n
m and .8lm (m = 1, 2, ... ,

dRm nm

(m = 1, 2, ••• , M+1) at colunm n.

Using Ul
n

, (dU)n n n-l
1, 2, M+ 1), solve the set ofnm and 8 (m =

m dR m' m ... ,

energy equations (6.32) by Gaussian elimination using Thomas' method

(see App. D, Sec. 1) to obtain 82n (m = 1, 2, ... , M) •
m

7 Usm"g Uln and 82n ( 1 2 ~JL..l) n d (dn)n. m m m = , , ... , 1'1' ,calculate ~ an dR m

(m = 1, 2, ... , M+ 1) at collUI1Il n.
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n-l n dn)n ( _8. Using P ,n and (dR m - 1, 2, ... , M+l) , solve the set of
m m

continuity and momentum equations (6.25) by Gaussian elimination (see

App. D, Sec. 2 for algorithm) to obtain U2~ and pn (m = 1,2, ... , ~).

9. Compare Uln , U2n and eln , e2n (m = 1, 2, ... , M+l). If IU2n - ulnlm m m m m m

< tolerance and le2n - elnl < tolerance for all m, then proceed to
m m

step 12. Othenvise, continue to step 10.

10. Set the estimates of the velocity and temperature profiles to be used

in ~1e next iteration at column n equal to the most recently calcul-

ated profiles.

(m = 1, 2, ... , 0"1+1)

11. Repeat steps 5 through 9 until the desired error tolerances have been

achieved.

12. Set the estimates of the velocity and temperature profiles to be used

in the first iteration at column n+l equal to the final values of the

profiles calculated at column n. Also, retain the final temperature

profile calculated at column n for use in calculating temperature pro-

files at column n+l.

(m = 1, 2, •.. , H+1)



115

13. Repeat steps 4 through 12 to calculate the velocity and temperature

profiles at the next column do\~stream (n = n+l).

The following steps are to be carried out at periodic intervals along the

length of the tube:

14. Print the velocity and temperature profiles and the pressure.

15. Calculate the bulk temperature using Simpson's Rule (see Eq. (6.34)).

16. Calculate the local Nusselt number at the tube wall (see Eq. (6.36)).

17. Print the bulk temperature and the local Nusselt nwnber.

Computations using the above alg9rithm have been carried out in

MCMaster's CDC 6400 computer. A sample progra, listing with results is

located in App. F, Sec. 3.

6.3 Convergence, Stability and Step Size

It was stated in O1ap. 3, Sec. 3, that a good indication of the

convergence and stability of the finite difference results is the negligible

change in results obtained when the step sizes in the finite difference grid

are decreased. It should be noted that special care must be taken in choosing

step sizes when calculating local Nusselt numbers. Although the temperature

profiles may appear to be sufficiently accurate, the local Nusselt numbers

can still be incorrect. Local Nusselt numbers are calculated from temper

ature derivatives (see Eq. (6.35)). Since derivatives are very sensitive to

step size changes, smaller step sizes must be used when calculating local

Nusselt numbers, than when only calculating velocity and temperature profiles.
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The step sizes shown in Table 6-1 were used in the finite difference program.

The results presented in the subsequent figures are independent of step

size wi thin at least 3 significant digits.

Table 6-1. Step sizes for finite difference program. Poiseuille
flow through a tube with circular cross-section.

Range of Z 6,Z 6,R

0 -0.4 0.0004 0.02

0.4 -0.12 0.004 0.02

0.12-4.0 0.04 0.02

Two additional tests for the convergence of the finite difference

results were carried out. In the first test, the fully-developed temperature

profile, the limiting bulk temperature and the limiting local Nusselt

number (at large Z) were calrnlated analytically for a Newtonian, constant

viscosity fluid with viscous dissipation (see App. E, Sec. 3), and compared

wi th the corresponding finite difference results for the same fluid. In

the second test, the limiting local Nussel t nlllllber was obtained for a

Newtonian, constant viscosity fluid without viscous dissipation, and was

compared with the analytical value of 3.66 (12). In both cases, the analy-

tical and finite difference results were indistinguishable.

6.4 Results and Discussion

Solutions of the contin1.+ity, momentum and energy equations for
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Poiseuille flow through a tube with circular cross-section are presented

in Figs. 6- 3 through 6-9. The following velocity, pressure and temperature

botmdary conditions have been used:

z 0
v+2 r v

u = u [-J 11-(-) ]avg v a
T =130°C P =0

a a

n+1
where u = 15 cm/s, v = ---n ' n = 0.453avg

r = 0

r = a = 0.125 an

(6.38)

aT = 0
ar

Also, the following power-law temperature-dependent viscosity model and

fluid properties ~epresenting a typical high-density polyethylene melt

were used in the computations:

Ae
-Bn(T-TrJ Iddurl n

-
l

Viscosity: . T) (6.39)

where A = 282 000

= 28 200

. n-l
pOlse·s

nPa·s

Density: p

B = 0.024 K- l

n = 0.453

T = 399.5 K
m

3794 kg/m
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Specific heat:

Cp 0.6 cal/(g·K)

= 2. 51 kJ/ (kg •K)

Thennal conductivity :

-4 .
k = 6.1 x 10 cal/(cm·s·K)

o•255 W/ (m .K)

The temperature profiles, bulk temperatures and local Nussel t nwnbers

in Figs. 6-3 through 6-9 are shown as functions of the dimensionless axial

distance, Z. Because the bulk temperatures and local Nussel t numbers

change the most near the entrance of the tube, they have been plotted semi-

logarithmically in the figures. Z on the abscissa of these plots ranges

from 0.004 to 4.0. 4 This corresponds to z ranging from 0.7 to 732 em. At

Z = 4.0, the temperature profile has become fully developed. Beyond this

point in the tube, the temperature profiles, bulk temperatures and local

Nusselt numbers remain the same, and thus are known as the limiting or

asymptotic values.

4Z is four times as large as X for a given x = z due to their respec
tive definitions:

Z = kz 2 where a = radius of tube
pC u ap avg

X = kx where b =
C u b2

p p avg

distance beuveen plates
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In Fig. 6-3, the temperature profiles for the power-law temperature

dependent viscosity model and for a power-law temperature-independent

viscosity model are compared. The temperature-independent viscosity model

used is identical to the temperature-dependent viscosity model given in

Eq. (6.39), except that T is held constant and equal to the tube \vall temp

erature (160°C). It can be seen that the temperature of the fluid obtained

with the temperature- independent model is generally higher than is the

case with the temperature-dependent model. However, the fully-developed

temperature profiles for the two models are about the same. At inter

mediate values of Z, the temperature profiles bulge near the wall, indica

ting that more heat is generated by viscous dissipation here, than is

generated near the centre-line of the tube. This is due to the fact that

the shear rates are the highest near the tube walls.

Plots of the bulk temperatures along the length of the tube are

presented in Figs. 6-4, 6-5 and 6-6 for the power-law temperature-dependent

and temperature-independent viscosity models and for the Newtonian, constant

viscosity model. In Fig. 6-4, the bulk temperatures are shown for power-law

temperature-dependent· viscosity fluids with different inlet temperatures.

In each case, the limiting bulk temperature is the same (204. 7°C). This is

to be expected since the fully-developed velocity and temperature profiles

are only influenced by the wall borndary conditions and by the viscosity

and thennal conductivity of the fluid, but not by the inlet conditions of

the fluid. Also shown in Fig. 6-4 is the effect of removing the viscous

dissipation term from the energy equation. Without viscous dissipation,
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'Fig. 6~3. Development of temperature profiles. Poiseui1le flow
through a tube with circular cross-section. Tube
di:rrension and fluid properties given on pp. 117-118.
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the limiting bulk temperature is equal to the wall temperature (160°C).

The difference of 44.7°C is an indication of the importance of viscous

dissipation in the Poiseuille flow of polymer melts through a tube. The

rise in bulk temperature for the power-law temperature-dependent viscosity

model is compared with the temperature-independent model and several

Newtonian, constant viscosity models in Figs. 6-5 and 6-6 respectively.

Plots of the local Nusselt number along the length of the tube

are presented in Figs. 6-7, 6-8 and 6-9 for the power-law temperature-

dependent and temperature-independent viscosity models and for the Newtonian,

constant viscosity model. In Fig. 6-7, the local Nusselt numbers are

shown for power-law temperature-dependent viscosity fluids having different

inlet temperatures. In each case, the limiting local Nussel t nwnber is 8.97.

Although not shown the limiting local Nussel t nwnber for the case where

viscous dissipation has been neglected is 4.00. It can be seen that when

the fluid is heated by the tube walls (To = 130°C, Tw = 160°C) , there is

a region along the tube where the local Nussel t number is negative, and

a point where it is discontinuous. With the aid ofEq. (6.35), this

behaviour is explained as follows:

Nuz

dT
ha - (<IT)wall· 2a

= 2 k = T
bulk

-T
Wall

(6.35)
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Z < 0.005 dT 0 Tb < T NUz > 0err < w

Z 0.005
dT 0 Tb < T Nu 0::::: err = =w z

0.005 < Z < 0.01
dT 0 Tb < T Nu < 0->dr w z

Z 0.01 dT .0 Tb Tw NUz ±oo::::: -> = =dr

Z > 0.01 dT 0 Tb > T Nu > 0->dr w z

When the inlet temperature is higher than the tube wall temperature, the

local Nusselt nlUTlber is always positive.

The local Nusselt numbers for the power-law temperature-dependent

and temperature-independent viscosity fluids are compared in Fig. 6-8.

The limiting local Nusselt numbers are 8.97 and 12.09 respectively for

the two fluids. In Fig. 6-9, the local Nusselt numbers are shown for the

power-lro~ temperature-dependent viscosity fluid and several Newtonian,

constant viscosity fluids.

The results for the power-law temperature-dependent viscosity

model have been compared with the power-law temperature-independent viscosity

model and the Newtonian, constant viscosity model results . Given -an appro-

priate temperature for the temperature-independent model, or an appropriate

viscosity for the Newtonian model, it can be seen that the temperature-

dependent model results are adequately estimated by the use of either of

the simpler models. The choice of temperature and viscosity was made by

inspection. However, if we did not have any temperature-dependent model
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results to compare our more simplified model resul ts with, then we would

not have anything to base our choice of temperature or viscosity on.

Furthermore, the given temperature or viscosity usually works for one

type of flow only. For example, in Fig. 6-6 it can be seen that the rise

in bulk temperature for the temperature-dependent model is closely approx

imated by a Newtonian fluid ·with a: viscosi ty of about 600 Pa. s, while in

Poiseuille flow between parallel plates, a viscosity of about 700 Pa.s

is required (see Fig. 5-9).

6.5 Concluding Remarks

1. A computer program has been developed to analyze the heat

transfer problem for the Poiseuille flow of polymer melts through a constant

temperature tube with circular cross-section. Results have been presented

for specified velocity, pressure and temperature boundary conditions,

fluid properties and tube dimensions.

2. Care must be taken when choosing the proper step sizes ill

order to ensure that the local Nusselt nl.UTlbers and not only the temperature

profiles have converged.

3. It is very important to consider viscous dissipation in the

flow of polymer melts through a tube. A rise of 44.7°C in the limiting

bulk temperature due to viscous dissipation was obtained using the specified

boundary conditions, fluid properties and channel dimensions given earlier

in this chapter.

4. The results obtained using the power-law temperature-dependent
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viscosity model were compared with those using the simpler power-len"

temperature-independent viscosity model and the Newtonian, constant viscosity

model. It was seen that the results obtained using the temperature

dependent model were in most cases adequately approximated by either of

the two simpler models, provided that a correct temperature or viscosity

was chosen. However, if there are' no temperature-dependent model resul ts

available, we have then no basis with which to choose a temperature for

the temperature- independent model, or a viscosity for the Newtonian,

constant viscosity model.



GIAPTER7

DRAG FLOW BETWEEN mNVERGING PLATES

7.1 Mathematical Fonnulation

The physical system for drag (or Couette) flow between converging

plates is illustrated in Fig. 7-1. The lower plate is moving with a

constant velocity, umax ' and has a constant temperature, Twl ' The upper

inclined plate is stationary and has a constant temperature, T 2' Thew

distance, b(x) , between the plates is very small compared to the length,

L, of the lower plate. Often this flow case is referred to as the slider-

nearing problem (58).

5 very small

T =Twl

r
1y~x

I ... U max I
-E---E-L-~"

MOVING PLA TE

Fig. 7-1. Drag flow between converging plates
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Flow Equations

The simplified conservation equations for drag flow between con-

verging plates are:

Continuity (integral form) :

y=b(x)
Judy

y=O
Q = u -bavg,o 0

(7.1)

Momentum:

Energy:

dp d- ax + ay Lyx = 0

2
aT k a T + or dupC u - = L

P ax ay2 yx dy

(7.2)

(7.3)

Substituting the constitutive relation, Eqs. (3.12) and (3.13) into the

momentum and energy equations, we obtain:

Momentum:

Energy:

_ dp + d11 du + n d
2
u = 0

dx dy ely dy2

2
pC u aT = kaT + 11 (dU) 2

P ax ay2 dy

-Bn(T-T) ldudyln-lwhere 11 = Ae m

(7.4)

(7.5)

The boundary conditions for the above equations are:
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Let

x = 0 T = T
0

x = L P = Po

y== 0 u = umax

y = b(x) u = 0

U = _u__
umax

p-p
p _ 0

- 2
pUmax

X= k.x
C U b

2
P P max 0

Y = L
bo

B(X) = b(x)
bo

P == Po

T = TwI

(7.6)

(7. 7)

Substituting the above into Eqs. (7.1), (7.4) and (7.S), we obtain in terms

of dimensionless parameters:

Continuity (integral fonn) :

Y=B(X)
f
y=o

UdY = Uavg,o (7.8)

rvIomentum: (7.9)



where c5

Energy :
2

U ~ = d 8 + c5 (dU) 2
ax dy2 elY

2n umax
k(T -T 1)o w

-Bn(T-T )
n = Ae m

du umax n-l
elY. ~
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(7.10)

The accompanying dimensionless boundary conditions are:

x = 0

x= kL
- C_ b 2
Ppumax 0

Y = 0

Y = BeX)

Finite Difference Equations

8 1

p = 0

U = 1

U = 0

P = 0

(7. 11)

8 = 0

8 =
Tw2 -Twl
T -To wI

An implicit finite difference method is used to solve Eqs. (7.8),

(7.9) and (7.10) with the accompanying boundary conditions (7.11).

Continuity and Aoment1.ll1l Equations

The continuity and momentum equations are solved simultaneously

over the entire finite differences grid because velocity or pressure

boundary conditions have been specified at each of the four boundaries

in this problem. An l8-point grid, shown in Fig. 7-2, has been chosen



FILLED NODES DENOTE KNOWN VELOCITIES
(BOUNDARY CONDITIONS)

BLANK NODES DENOTE UNKNOWN VELOCITIES
(TO BE SOLVED FOR)

Ul0 --"( )-----.,;~}---~1

MOVING PLATE U= Umax =1

M=6, N=3
KA=5,LX=4

MX=14

Fig. 7-2. Finite difference grid for continuity and momentum
equations. Drag flow between converging plates.
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to illustrate the method. Naturally, more points are used in the actual

computations.

To represent the integrated continuity equation (7.8) in finite

difference form, we use the trapezoidal rule: 5

Y=B(X) -111 41°
6.Y / /

f UdY "2
(D . + 2Ul + ... + 2U

5
+ U ) for collll11I1 1

y=o I max I stat
/ I

(7.12)

-11
1 0

l::.Y
At

I I

= "2 (U + 2U
13

+ 2U
14

+ U ) for column 4/ max / stat
/ /

Substituting the above into Eq. (7.8), we obtain:

colUIIDl 1: 2H-U = -1
avg,o

1(H=-)15.Y

colwm 2: ••• + 2U9 - 2M-U = -1
avg,o

(7.13)

column 3:

collUTIIl 4: 2U13 + 2U14 - 2M Uavg,o = -1

Thus, we have 4 continuity equations and 15 lUlknownS (U
l

to U
14

and U ) .
avg,o

For the momentum equation (7.9), the following finite difference

approximations are used:

SSimpson's Rule cannot be used because the number of grid divisions
at each colwm altemates between even and odd along the length of the flow
channel.
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dP pn+1_pll
(7.14)ax- f1X

dU U~l-~-l
(7.15)dy - 2f1Y

dZu
Un -2Un+Un

m-1 m m+l (7.16)clY2 - (f1.Y) 2

Substituting the above approximations into Eq. (7.9), we obtain the

following for each node on the grid (details in App. A, Sec. 4.1):

AIlif· + Bntf + ~Un 1 + ¢llpn + 1JJ~n+1 = 0
m m-l m m m m+ m m

Bn
= -2

m

m = 1, 2, ... , KJ

(7.17)

n = 1, 2, ... , N+1

Combining the 4 continuity equations (7.13) and the 14 IIDmentum equations

(7.17) , we have for the entire grid, a modified tridiagonal system of 18

235equations with 18 unknowns (Ul to U
14

, P , P ,P and U ). The
avg,o



equation can be written as follows:
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1 '//0
7' /

+ ¢ pZnode 1: A1Umax + B1U1 + C1UZ + ¢ pI 01 1
/ /

.,,0

node Z: AZUl + BZUZ + CZU3 + ¢ pY Z
Z + ¢Zp = 0

/

0 4/0
/1 4" + ¢ psnode 14: ~4U13 + B14U14 + C14Ustat+ ¢14P 0 (7.18)14

/ I

column 1: ZU1 + ZUZ + ... + ZUs - ZM-Uavg,o

column 4: ZU13 + ZU14 - ZM-U -1avg,o

or in matrix form:

-1

81 C
I {PI 0 0 0 U

I -AI

"2
8

2
C

2
Q.

1/J2 0 0 0 u 0
2

As 8S
0 I/Js 0 0

0 8
6

C
6 ep6 1/J6 -A6

fl.
7

8
7 C7

epg I/Jg
0 epiO . (7.19)

epu :

ep12 0 0

Q. A13 813 C13 0 0 lji13 0 U13 -A13
A14 814 ? 0 1/114 0 U14 0

2 2 2 2 o '" 0 -2M p2 -1

... 0 2 2 o ... -2M p3 -1

... 0 2 2 2 0 0 - 2~4
pS -1

.. , n 2 -2M U -1avg,o
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1J!1 0 0 0

1J!2 0 0 0

<Pg 1J!g

o <P 1O

<P U :

<1>12 0

o B13 (13 0 0 ~13 0

A14 B14 0 0 ~14 0

------------..,
I I

o ... : N :

Z10 Z11 212 0 0 i i
•.. 0 Z13 Z141------------J

U13
U14
p2

p3

. pS

U
avg,o

(7.20)

This system of equations is solved for the velocities at eaCh grid point,

the pressures at each column, and the average velocity at X = 0 by

Gaussian elimination using the algorithm t.1}at is shown in App. D, Sec. 3.

Energy Equation

The energy equation is solved by the "marching" procedure, that

is, one column at a time, and not like the continui ty and momentum

equations which were solved sillU.ll taneous ly for the entire grid. However,

in order that the finite difference method can work properly for the

energy equation, the grid used for the velocities and pressures must

be subdivided along the X-axis, as illustrated in Fig. 7-3. Velocities

at the intermediate points are calculated by linear-interpolation. For

the energy equation (7.10), the following finite difference approximations

are used:
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ax - /:::,x

~2e _ en -2en+en
a m-l m m+l
ay2 - --2-(~-y-)'='""2- +

en-1_ 2en -1+ en-1
m-l m m+1

2(~y)2

141

(7.21)

(7.22)

Adjacent to the stationary, inclined wall, the second derivative is

approximated as follows (see App. A, Sec. 4.2 for derivation) :

a
2

e _ 1 [en _(-! + 1) en + .!. en J
dy2 - (1+(J) (~Y) 2 m-1 (J m (J m+ 1

where (J and E: are defined in Fig. 7-3.

(7.23)

Substituting the above approximations into Eq. (7.10), we obtain for colUIIlll

n (details in App. A, Sec. 4.2):

where A = -1
ill

B = 2(~y)2 • uP + 2
m ~x m

C =-1
ill

- EP-l
Dm - m-l

D +E +F +G =H
m ill m m m

(7.24)



142

and

-1
S<J = ---r

cr+cr

[
1 J n-lFKJ = --2 8KJ+ 1

E+E

m = 1, 2, ..., KJ- 1

Thus, for colWIDl n, we have a tridiagonal sys tern of KJ equations with KJ

n n
unknO\ffiS (81 to 8KJ). The equations ccm be written as follows:

11°
Al;e~ + B1 e~ + C1 e~ = HI

I



A en + B en + C en = H
m m-l m m m m+l m (m = 2, 3, ... , KJ-1)
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(7.25)

The above equations can be written in matrix fonn as follows:

o

o

B
m

AKJ- l BKJ- l ~J-l

AKJ BKJ

= Hm (7.26)

This system of equations is solved for the temperature profile at column

n by Gaussian elimination using Thomas' method (details in App~ D, Sec. 1).

. Bulk Temperature

The dimensionless flow-average (bulk) temperature is defined as

follows:

Y=B(X)
J e(X,Y)U(X,Y)dY
Y=o

ebulk = Y=B(X)
J U(X,Y) dY
y=o

(7.27)
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For column n, Eq. (7.27) is written in finite difference form using the

trapezoidal rule as follows:

1\0
I

n =/S~+2S~d{+
Sbulk \n + TJl

Uo 2ul + •••
\
..\11

(7.28)

I t should be noted that the above equation can be used only when all the

points in column n are evenly spaced. In secondary columns, the step

adj acent to the stationary inclined plate is smaller than the other steps.

This will result in an error when Eq. (7.28) is used to calculate the

bulk temperature.

Local Nusselt Number

The local Nussel t number is calculated from the following definition

which is derived in App. B:

hb (dT) .b
Nu =~ -= dy wallo

x k (Tbulk-Twall)

In dimensionless form, we have:

ds
(elY)Y=O

=
Sbulk

_(dS)
(Nu ) _ = elY Y=B(X)

x Y-B(X) (Sbulk- Sw2)

(7.29)

(7.30)

(7.31)
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The dimensionless temperature gradients at the walls at column n are

estimated by the following finite difference approximations:

d8
(av)y=O (7.32)

1 n n
6~Y (-28KJ _2 + 98KJ -l

lw2
I

n n
188KJ + 11~KJ+l) (7.33)

I

The above Eqs. (7.32) and (7.33) are derived in App. C, Sec. 1 and 5.

7.2 Computational Procedure

. It was stated in O1ap. 3, Sec. 3, that the momentum and energy

equations are coupled by velocity and temperature, and therefore cannot

be solved independently. However, the coupled equations can be solved

iteratively at each node on the finite difference grid by alternately

solving the set of continuity and momentum equations (7.18) and the set

of energy equations (7.25) Wltil the solutions converge. The velocity

at each node and the pressure at each column are calculated simultaneously

for the entire grid, while the temperatures at the nodes are calculated

simultaneously one colurrm at a time for all the collUllTlS in the grid. The

iterative procedure used to calculate the velocity and temperature profiles,

the pressure, the bulk temperature and the local Nusselt numbers at each

column in the grid is now outlined.
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Notation

Uln refers to the estimated velocity at node (m,n) on a primary column.
m

U2n refers to the most recently calculated velocity at node (m,n) on a
m

primary column.

~ refers to the velocity at node (m,n) on a secondary column (calculated

by interpolation from values of U2).

el~ refers to the estimated temperature at node (m,n) on a primary column.

e2n refers to the most recently calculated temperature at node (m,n) on
m

a primary column.

~-le1"m (m = 1, 2, ... , KJ) refers to the temperature profile at column

n-l (primary or secondary) .

eQn (m = 1,2, ... , KJ) refers to the temperature calculated at columnm

n (primary or secondary) . When eQ~ (m = 1, 2, ... , KJ) is calculated at

a primary column, then e2n is set equal to eQn for each node in the column.m m

Procedure

1. AsSlUIle values for the velocity and temperature at each node on the grid.

N+l... ,

m = 1,2, ... , KJ

n = 1, 2,

Uln = Y(X)
m BlXT

eln = 1m

2. Using Ul~ and el~ (m = 1,2, ... , KJ and n = 1,2, ... , N+l) calculate

n dn n
nm and (crr)m at each node on the grid.
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n dn nUsing ~ and (dY)m (m = 1, 2, ... , KJ and n = 1, 2, ... , N+l) , solve

the set of continuity and momentum equations (7.19) by Gaussian

elimination (see App. D, Sec. 3 for algorithm) to obtain U2~ and pn

(m = 1, 2, ... , KJ and n = 1, 2, ... , N+1) .

4. Assume a temperature profile at the entrance of the channel.

8po = 1m (m = 1, 2, ..., KJ)

Perform steps 5 through 11 at each primary column n on the grid (n 1, 2,

... , N).

5. Divide the primary step from column n to n+l into LZ secondary steps.

Perform steps 6 through 9 at each secondary column l (l = 1, 2, ... , LZ-l).

6. Calculate vi and 8Ql Om = 1, 2, ... , KJ) at column l by linear inter-.m ill

n n+l n n+lpolation from values of U2 ,U2 and 81.,81 em = 1,2, ... , KJ).m m m m

_J' l dV l t
7. Using v~ and 8~ (m = 1, 2, ... , KJ), calculate (dY)m and nm (m =

1, 2, ... , KJ) at column i.

8 U · _f (dV)l t and 8p1 - l ( 1 2 KJ) 1 h f. slng V~, dY m' ~ m m = , , ••• , ,so ve t e set 0

energy equations (7.26) by Gaussian elimination using Thomas' method

(see App. D, Sec. 1) to obtain 8Q; (m = 1, 2, ... , KJ).

9. Retain the temperature profile calculated at coh.mm l for use in

calculating the temperature profile at column l+l, and then proceed

to column l+l.



148

(m = 1, 2, ... , KJ)

l = l + 1

lVhen a primary column has been reached (wIlen l = LZ), the following steps

are carried out:

10.

11.

Repeat steps 7 through 9, re;lacing f- and eet (m = 1, 2, ... , KJ)m m
n+l n+lby U2 and el (m = 1, 2, ... , KJ).m m

Retain the temperature profile calculated at column LZ as a temperature

profile for primary column n+l and also for use in calculating the

temperature profile at secondary column 1 in the next primary step.

(m = 1, 2, ..., KJ)

When the- temperature profiles at all the primary collllll11S en = 2, 3, ... , N+1)

have been calculated, the following steps are carried out:

12. Compare Uln, U2n and GIn, e2n (m = 1, 2, ... , KJ and n = 1, 2, ... , N+l).m m m m

If IU2n - ulnl < tolerance and le2n - GIn, < tolerance for all mm m m m

and n, then proceed to step 15. Otherwise continue to step 13.

13. Set the estimates of the velocities and temperatures at each node in

the grid equal to the most recently calculated values.

Uln = U2n
m m 1, 2, KJm = ... ,

eln = e2n n = 1, 2, ... , N+l
m m
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14. Repeat steps 2 through 12 lUltil the desired error tolerances have

been achieved.

15. Print the final velocity and temperature profiles and the pressure

at the primary columns.

16. Calculate the bulk temperature at each primary column using the

trapezoidal rule (see Eq. (7.28)).

17. Calculate the local Nusse1t numbers at the walls of the charme1

(see Eqs. (7.30) and (7.31)).

18. Print the bulk temperatures and local Nusselt numbers.

Computations using the above algorithm have been carried out in

Md.1aster t s CDC 6400 computer. A sample program listing with results is

located in App. F, Sec. 4.

7.3 Convergence, Stability and Step Size

I t was stated in Chap. 3, Sec. 4, that a good indication of the

convergence and stability of the finite difference results is the

negligible change in results obtained when the step sizes in the finite

difference grid are decreased. This was the main criterion used in

deciding which step sizes should be used in the finite difference program.

However, when the velocity profiles and pressure dis tribution are calculated,

the number of nodes in the finite difference grid that can be used is

limited by the memory capacity of the computer. When solving the energy

equation, it is necessary to divide each primary step in the X-direction
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into 100 secondary steps to ensure that the temperature profiles and local

Nussel t nwnbers converge. This is especially important in the calOllation

of the local Nusselt numbers because they are calculated from temperature

derivatives (see Eq. (7.29)), and derivatives are very sensitive to step

size changes. The following step sizes were used in the finite difference

program:

Continuity and momentum equations:

~x = 0.0546

~y = 0.02

Energy Equation:

~x = 0.000546

~y = 0.02

The results presented in the subsequent figures are independent of step

size within at least 2 significant digits .

.An additional test for convergence was carried out by calculating

the pressure distribution for a Newtonian, constant viscosity fluid

using an analytical expression given by Schlichting (58), and comparing

this with the corresponding finite difference results for the sam~ fluid

(for details, see App, Sec. 4). A difference of 4% between the analytical

and finite difference results was primarily due to the use of a coarse

finite difference network.
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7.4 Results and Discussion

Solutions of the continuity, momentum and energy equations for

drag flow between converging plates are presented in Figs. 7-4 through

7-17. The following velocity, pressure and temperature boundaIyr conditions

have been used:

x = 0 bo 0.025 on o

x = L = 10 on bL = 0.0125 em p = 0
L (7.34)

y = 0

y b(x) u = 0

In obtaining some of the results, different temperature bOl.m.dary conditions

were used for comparison. The following power-lmv temperature-dependent

viscosity model and fluid properties representing a typical high-density

polyethylene melt were used in the computations:

Viscosity:

-Bn(T-Tm) Iduln-l
Ae -dy (7.35)

where A = 282 000

28 200

. n-l
pOlse-s

B = 0.024 K- l

n = 0.453



152

T = 399.5 K
m

Density: p = 794 kg/m3

Specific heat:

C = 2.51 kJ/(kg.K)
P

Thermal conductivity:

k = 6.1 x 10-4 cal/(em.s·K)

= O. 2SSW/ (m·K)

The velocity and temperature profiles, pressure distributions,

bulk temperatures and local Nusselt numbers in Figs. 7-4 through 7-17

are shown as ftmctions of the dimensionless axial distance, X. Because

the bulk temperatures and local Nusselt numbers change the mas t near

the entrance of the flow channel, they have been plotted semi-logarithmic

ally. X on the abscissa of these plots ranges from 0.0055 to 1.366.

This corresponds to x ranging from 0.04 em to 10 em.

In Fig. 7-4, the velocity profiles are shown for the power-law

temperature-dependent viscosity model. Near the entrance of the charmel,

the profiles are characteristic of drag flow, but near the exit, they

resemb Ie more those of Poiseuille flow. The reason for the trans i tion

is the rise in pressure :in the channel as seen in Fig. 7- 5. The pressure

distributions for the power-law temperature-dependent viscosity model

and several Newtonian, constant viscosity models are presented in Fig. 7-5.

In the case of the power-law fluid, the maximum pressure of about SO MPa
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is approximately equal to the pressure build-up inside the barrel of an

extruder. The pressure distributions for the Newtonian fluids are shown

for comparison.

In Fig. 7-6, the temperature profiles for the power-law temperature

dependent viscosity model and for a power-law temperature-independent

viscosity model are shown. The temperature-independent viscosity model

used is identical to the temperature-dependent viscosity model given in

Eq. (7.35), except that T is held constant and equal to the average of

the temperatures of the DvO plates (160°C). Near the entrance of the

channel, the temperatures in the temperature-dependent case are higher

than in the temperature-independent case. However, farther downstream,

the opposite is true. The reason for this is that as the temperature in

the constitutive equation increases, the viscosity decreases. Near the

channel entrance, the temperature in the constitutive equation of the

temperature-dependent fluid is lower than that of the temperature

independent fluid. Therefore, the viscosity will be higher in the temper

ature-dependent case resulting in more heat generated by viscous dis

sipation. Farther downstream, more heat is generated by viscous dis

sipation in the temperature-independent case. Also, it is seen that after

a maximum in temperature rise has been reached, the temperature decreases

with decreasing gap between the plates. This is to be expected since

the temperature of the fluid will approach the wall temperature as the

gap becomes smaller and smaller. '

Plots of the bulk temperatures along the length of the charmel are
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presented in Figs. 7-7 through 7-10 for the power-law temperature

dependent and temperature-independent viscosity model and the Newtonian,

constant viscosity model. In Fig. 7-7, the bulk temperatures are sho\~

for power-law temperature-dependent viscosity fluids with different inlet

temperatures. In each case, the bulk temperature at X = 0.2 is the

same (l64.2°C). This is to be expected since the temperature profiles

at large X are not influenced by the inlet temperature of the fluid.

At the exi t of the channel, the bulk temperature is 162. 9°C. Also shown

in Fig. 7-7 is the effect of removing the viscous dissipation term from

the energy equation. Without viscous dissipation, the bulk temperature

at large X is equal to the wall temperature (160°C). The difference of

4°C is an indication of the importance of viscous dissipation in the

drag flow of polymer melts between converging plates. If a wider gap

or higher plate velocity were used, the temperature rise due to viscous

dissipation would be TIRlch more significant.

The rise in bulk temperature for the power-law temperature

dependent and temperature-independent viscosity fluids is shown in Fig.

7-8 for two temperature boundary conditions: both stationary and moving

plate at 160°C, and the stationary plate at 130°C and the moving plate

at 190°C. When both walls are at 160°C, the difference between the two

models is almost negligible. However, when the stationary wall is at

130°C and the moving wall is at 190°C, the difference between the DiO

models is quite significant. Here the bulk temperatures differ between

1.5° and 5°C at a given X. In Fig. 7-9 the rise in bulk temperature for
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the power-law temperature-dependent viscosity fluid and several Newtonian,

constant viscosity fluids is compared. In Fig. 7-10, the rise in bulk

temperature for the power-law temperature-dependent viscosity fluid is

compared for drag flow between parallel and converging plates. The

distance between the parallel plates is 0.025 ern, the same as the inlet

gap of the converging plates. The temperature rise between the converging

plates is faster, but at X ~ O. 2, the difference beuveen the Uvo cases

is quite small.

Plots of the local Nusselt nlUIlbers at both the stationary and

moving plates are presented in Figs. 7-11 through 7-17 for the power-law

temperature-dependent and temperature-independent viscosity models and

the Newtonian, constant viscosity model. The local Nusselt numbers are

shown for both plates because in general they are not the same for a

given X. Since the local Nusselt number is a function of the temperature

derivative (see Eq. (7.29)), it will be different as long as the temperature

gradients at the walls are not the same.

In Fig. 7-11 and 7-12, the local Nusselt numbers for power-law

temperature-dependent viscosity fluids with different inlet temperatures

are sho"WIl for the moving and stationary (inclined) plates respectively.

It can be seen that when the fluid is heated by the channel walls (To =

130°C, TWI = TW2 = 160°C), there is a region along the channel where the

local Nusselt number is negative and a point where it is discontinuous.

With the aid of Eq. (7.29), this behaviour is explained as follows for

the moving plate:
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x < 0.05
dT

0 T
b

< T Nu > 0-<dy w x

X ~ 0.05
dT

0 Tb < T Nu 0dy - =
w x

0.05 < X < 0.06 dT > 0 T
b

< T Nu < 0dy w x

X ~ 0.06 dT > 0 Tb
= T Nu = too

dy w x

X > 0.06 dT > 0 Tb > Tw Nu > 0elY x

(7.29)

For the cases where the inlet temperature is higher than the wall temperature,

the 10cal Nuss el t nwnbe r is always pos i tive.

The local Nusselt numbers for the power-law temperature-dependent

and temperature-independent viscosity models are shown in Figs. 7-13,

7-14 and 7-15 for the two temperature boundary conditions discussed earlier.

In all of the cases, it can be seen that there is very little difference

between the local Nusselt numbers obtained by using either model. In Figs.

7-16 and 7-17, the local Nusselt numbers are shown for the power-law

temperature-dependent viscosity model and several Newtonian, constant

viscosity models.

The results for the power-law temperature-dependent viscosity

model have been compared with the pOlver-law temperature-independent

viscosi ty model and the Newtonian, constant viscosi ty model results.

Given an appropriate temperature for the temperature- independent model,



7.06
6.98

TEMPERATURE 
DEPENDENT VISCOSITY

TEMPERATURE 
INDEPENDENT VISCOSITY

DRAG FLOW

Nux AT MOVING PLATE

POWER-LAW FLUID

201----+---~--1 --+---+----~

x
:J
Z

-10------+-----4---1-~ __--40-~ 1600C

....J
«u
o
....J

a::
w
~ 10
:::>
z
.
....J
W
(/)

~ 01----+-----4---1
Z

0.005 0.01 0.03 O. 0.3 1.0 1.4
DIMENSIONLESS AXIAL OISTANCE ~ X

Fig. 7-13. Local Nusse1t nturber vs. X. Drag flow between converging plates.
Channel dimensions and fluid properties given on pp. 151-152.



20.56
201----+------+----I---+------+--------+--JII 20.35

)( NuX AT STATIONARY
J PLATE
Z

POWER-LAW FLUID

ffi TEMPERAlURE - l

~ 1O...---+-----t---I-=-DEPENDENT VISCOSITY _I.A
~ j
Z

t--
~ ---- I
~ ITEMPERATURE-
~ Ot---t----+-- -- INDEPENDENT VISCOSITY
Z

DRAG FLOW

0.005 0.01 0.03 0.1 Q3 10 1.4
DIMENSIONLESS AXIAL 015TANCE, X

Fig. 7-14. Local Nusselt number vs. X. Drag flow between converging plates.
O1annel dimensions and fluid properties given on pp. 151-152.



10 POWER-LAW FLUID
x TEMPERATURE-DEPENDENT

::J
Z VISCOSITY /\

'"a:: 8 TEMPERATURE-I NDEPENDENT----.-,.
W VISCOSITY

Ien
2 I
:::J DRAG FLOW
Z 6
......
--I
W
IJl
(/)

4:::J
Z

--I
«
u 2a
--I

Ol--.....~
0.005 0.01 0.03 0.1 03 1.0 1.4

DIMENSIONLESS AXIAL DISTANCE, X

Fig. 7-15. Local Nusse1t number vs. X. Drag flow between converging plates.
O1anne1 dimensions and fluid properties given on pp. 151-152.



6.98
6.83

Nux AT MOVING

PLATE

I
DRAG FLOW BETWEEN
CONVERGING PLATES

To=130°C, Tw l = Tw 2=·160°C

POWER-LAW
TEMPERATURE ---DEPENDENT
VISCOSITY FLUID

----NEWTONIAN FLUID

,,,,
•,,

-10..---+----1
•I

1 , ', .
20.----+---- tv ,_CJJ ,--I ~----+------+-----II

g" g~ 18
C) , ,

x \ "1)1 • "1)
:J "'0\ PJ, ,OJ
Z ~ \ til, • til

\$\', \ ita:: ' . \
W " , \
CD ',~ \
~ ~~",,-+-----+---~~ ~~----------
~ ",~ . ~,~

Z
::J '" ~ ....~-___ 200 p

,~ ,----.... q·s,,'" .......
t- " 800....."J .....,\
-J " ,() I' \W ea , ~ \ \
(/) (2\ \S' \ \

V \ \ ,
~ Ol----+-- \ , ,
-J '0 \ '---I
Z ~ \ \ •~ , \, ,, ,

, 1
1 I
, I
, I
1 ,
, I
1- --,-4------+-----+-___
• I

0.005 0.01 0.03 0.1 0.3 1.0 1.4
DIMENSIONLESS AXIAL DISTANCE I X

rig. 7~16. Local Nusselt number vs. X. Drag flow Eetween converging plates.
Charmel dimensions and fluid properties given on pp. 151-152.



1'1
I I 21.50

201----+-----I·~-i- -I 20.35Ni cp IN ~
01 0 10 r

~ 81 ~ I~ Nux AT STATIONARY ~l
Z -0 1 SlJ IOJ

~ I Ul llil PLATE
~ wI I
W I I

~ 10...---+-----...:---1--1 /j
:J I ! I ,
Z , I I I 4
t- r, \ I ---~...
-J ,---~-~--------1---W - ...,---.....
(/) '. "\ DRAG FLOW BETWEEN
~ 0 : 1---I-~ CONVERGING PLATES -

Z I: To=130OC, Twl=Tw2=1600C
...J N Q) NI
<{ s< 0 01 POWER-LAW
U C5 0 0 I _TEMPERATURE -
o -0 -0 I DEPENDENT
-J ~ ClJ %I VISCOSITY FLUID

-10...---+---- cil -+--_Vl_1_ --:-~ -- _ NEWTONIAN FLUID'--
I 1
t I I

0.005 0.01 0.03 0.1 0.3 1.0 1.4
DIMENSIONLESS AXIAL DISTANCE, X

Fig. 7-17. Local Nusse1t nUlllber vs. X. Drag flow between converging plates.
Channel dimensions and fluid properties given on pp. 151-152.



171

or an appropriate viscosity for the Newtonian model, it can be seen that

the temperature-dependent model results are adequately estimated by

the use of either of the simpler models. The choice of temperature and

viscosity was made by inspection. However, if we did not have any

temperature-dependent model results to compare our more simplified model

results with, then we would not have anything to base our choice of

temperature or viscosity on. Furthermore, the given temperature or

viscosity is usually sui table for one type of flow only. For example,

in Fig. 7-9 it can be seen that the rise in bulk temperature for the

temperature-dependent model is closely approximated by that of a Newtonian

fluid with a viscosity of about 500 Pa·s while in drag flow between

parallel plates (as described in Chap. 4), a Newtonian viscosity of

2000 Pa-s is required (see Fig. 4-7).

7.5 Concluding Remarks

1. A computer program has been developed to analyze the heat

transfer problem for the drag flow of a polymer melt between converging

constant temperature plates. Results have been presented for specified

velocity, pressure and temperature boundary conditions, fluid properties

and channel dimens ions .

2. Care must be taken when choosing the proper step sizes to

ensure that the local Nusselt numbers and not only the temperature profiles

have converged.
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3. It is very important to consider viscous dissipation in the

drag flow of polymer melts between converging plates. A rise of 4°C in

the bulk temperature at large X due to viscous dissipation was obtained

using the specified bOlUldary conditions, fluid properties and charmel

dimensions given earlier in this chapter. If a wider gap or higher

plate velocity was used, the temperature rise due to viscous dissipation

would be TIRlch greater.

4. The results obtained using the power-law temperature-dependent

viscosi ty model were compared wi th those using the simpler power-law

temperature-independent viscosity model and the Newtonian, constant

viscosity model. It was seen that the results obtained using the temper

ature-dependent model were in most cases adequately approximated by

those of the two simpler rrodels, provided that the choice of temperature

or viscosity was correct. However, if there are no temperature-dependent

model results available, then we have no basis with which to choose a

temperature for the temperature-independent model, or a viscosity for

the Newtonian constant viscosity model.
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CONCLUSIONS AND RECOMMENDATIONS

Finite difference programs have been developed to solve the heat

transfer problem for polymer melts flowing through narrow channels and

tubes with constant temperature walls. Four types of flow were studied:

(i) drag flow between parallel plates,

(ii) Poiseuille flow between parallel plates,

(iii) Poiseuille flow through a tube with circular cross

section, and

Civ) drag flow between converging plates.

Results have been presented for typical velocity, pressure and

temperature boundary conditions, fluid properties and charmel dimens ions

encOlmtered in polymer extrusion. It should be stressed that these results

are not general in the sense that they are not applicable to other boundary

condi tions, fluid properties (in particul ar, viscosity) and charmel dimen

sions. They do, however, show trends that would be expected when using a

different set of conditions. To obtain results for a given type of flow

an~ a given set of conditions, the corresponding finite difference program

must be nm specifically for these condi tions. In all of the programs,

a po\ver-Iaw temperature-dependent viscosity model representing a typical

high-density polyethylene melt was used. It is possible, however, to use

any constitutive equation in the programs.
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In all of the flow cases, the results obtained us ing the power-law

temperature-dependent viscosity model were compared with those obtained

using the power-law temperature-independent viscosity model and the Newtonian,

constant viscosity model. It was seen that given: the proper choice of

temperature or viscosity, the temperature-dependent viscosity model results

could be adequately estimated by using either of the simpler models. If

we had no power-law temperature-dependent viscosity model results with whidl

to compare the results obtained using the simpler models, then we would

have no basis with which to choose an appropriate temperature or viscosity.

It may be possible to develop general guidelines on the choice of appropriate

temperatures and viscosities when certain flow types, boundary conditions

or shear rates are enCOlIDtered. In any case, the best approach to solving

a given flow problem is the use of a finite difference program that has

Been developed for temperature-dependent viscosities.

In the flow of polymer melts , it can be seen from the results pre

sented that extremely long Channel lengths are required to obtain fully

developed thennal conditions. The channels encolUltered in polymer pro

cess~ng (for example, extrusion dies) are much shorter (42,46), and con

sequently the flows leaving these charmels are far from being thennally

fully developed. I f fully-developed conditions were assumed in the channel

(to s:implify heat transfer calculations), serious errors would be obtained

in the resulting calculations. The finite difference programs that have

been developed, however, provide accurate heat transfer results for the

thennally developing region of flow in the channels.

The discussion up to now has centred around the flow of polymer
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melts through channels with constant temperature walls. The finite differ

ence programs can, however, be easily adapted to solve the problem of flow

through charmels with varying wall temperatures or with known heat flux

at the walls (for examp len, adiabatic walls when the heat flux equals zero).

Generally in polymer processing, the wall temperatures can be readily

measured, and for this reason, the constant wall temperature case has been

considered here.

In polymer extruders, the polymer granules are melted and, then

pwnped through a die. As a future area of study, it is suggested that

the finite difference programs be modified to take into accotmt melting

of the polymer at one of the botmdaries of the flaw field.
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APPENDIX A

DERIVATION OF FINITE DIFFERENCE EQUATIONS

The finite difference equations used in C1laps. 4, 5, 6 and 7 are

derived in detail in this appendix.

A.I Drag Flow Between Parallel Plates

m+1. n-1 m+1. n
FILLED NODES DENOTE

m. n-1 m. n !J.y KNOWN VALUES

m-1. n-1 m-1. n
BLANK NODES DENOTE

Y UNKNOWN VALUES

'------~ X

Fig. A-I. Finite difference grid. Drag flow
between parallel plates.

Momentwn Equation
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(A. I)



Let
if -If

dU _ m+I m-I
dY - 2~Y

2' if - 2if - ifd U _ m-I m m+1

dY2 - C~Y) 2
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CA.2)

CA.3)

Substitute Eqs. CA.2) and CA.3) into Eq. (A.I):

Rearranging, we obtain:

a CA.4)

Let

CA. 5)

Thus, Eq. (A.5) becomes:

C-a~ + 1) ~-1 - 2~ + (a~ + 1) ~+1= a

Energy Equation

CA. 6)

2
BC~)2U~= ~+ CA. 7)

ax ay2

2

where B =
11 umax
k(T -T 1)o w

ae
en _ en - 1

Let m m
(A. 8)ax - ~X
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(A.9)

Substitute Eqs. (A.8) and (A.9) i~to Eqs. (A. 7) :

(A. 10)

Rearranging, we obtain :

Let

(A. 11)

Thus, Eqs. (A.12) becomes:

-8~_1 + (a~ + 2) 8~
n-l n n-l n-l

8m-1 + (~ - 2) 8m + 8m+1

(A. 12)



A.2 Poiseuille Flow Between Parallel Plates

185

m+1, n-1 m+1, n
FI LLED NODES DENOTE

m, n-1 m, n l:iY KNOWN VALUES

m-l, n-1 m-1, n
BLANK NODES DENOTE

Y UNKNOWN VALUES

'----~x

Fig. A-2. Finite difference grid. Poiseuille
flow between parallel plates.

Mornentum Equation

Let

2
-k dP + nd U + dYdn ~dU = 0<; dX dy2

dP _ pll _ pll-l
dX - ~x

un - If
dU _ rn+ 1 rn-1
dY - 2~Y

(A.13)

(A. 14)

(A. 15)

(A.16)

Subs titute Eqs. (A. 14) , (A. 15) and (A.16) into Eq. (A. 13) :
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Re arranging, we ob tain :

(A. I?)

Let

an = k (!1Y)
2

f..J --!IXm n C u
nm p

(A. 18)

Thus, Eq. (A.I8) becomes:

(_an + 1) If - 2tf + (an + 1) W+
1

- Sn pn + Sn pll-I = a
m m-I· m m ill m m

CA.19)

Energy Equation

where

2
U~ = a e + S(dU) 2

ax ay2 elY

2_ n u avg
S - k(T -T 1)

o w

CA.20)



Let

n n n 8n-1 _ 28n-1 + n-l
328 _ 8m- 1 - 28m + 8m+1 m-l m 8m+1
3y2 - 2(~y)2 + ---2-(~-y-)~2---
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(A. 21)

(A.22)

Substitute Eqs. (A.21) and (A.22) into Eq. (A. 20) :

n-l _ 28n-1 + n-l
8m-1 m 8rn+l

2 (~y) 2

(A. 23)

Rearranging, we obtain:

Let

(A. 24)

Thus, Eq. (A.24) becomes:

n n n n n-l n 2) 8n-1 + n-l-8m-1 + (am + 2) 8m - 8m+1 = 8m-1 + (am - m 8m+1

+ 2 (~y) 2 Sn (dU) 2
m dY - (A. 25)



A.3 Poiseuille Flow Through a Tube with Circular Cross-Section
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R

m+1. n-1

m. n-1

m-l. n-1

FILLED NODES DENOTE
KNOWN VALUES

BLANK NODES DENOTE
UNKNOWN VALUES

~-----i~ Z

Fig. A-3. Finite difference grid. Poiseuille flow
through a tube with circular cross-section.

Momentum Equation

For R = 0,

For R > 0,

Let

o by synnnetry
~-

-k dP + 2 d2U + dn dll 0- n --,,- - /- =
Cp dz dR~ dR/ dR

/

2
-k dP + n d U + [D.. + dn] dU - 0
Cp dZ dRZ R dR. dR -

dP _ pTl - pll-l
dZ - ~Z

un _ lJT}
dU _ m+l m-l
dR - 2~R

CA. 26a)

CA. 26b)

CA. 27)

CA. 28)



d2U _ ~-1 - Z~ + ~+1
dR2 - (~R) 2
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(A. 29)

Substitute Eqs. (A. 27) , (A.Z8) and (A.Z9) into Eqs. (A.Z6a) and (A. 26b) :

-k r-~-j [un 2~ + t?zj =For R = 0, + 2 n a 0 (A.30a)Cp ~Z
Tl 1 C~R)2

--k r ~-lJ t -2Un
+ ~ ~

+ ~+ ~~For R > 0, - + Tln m-1 m m+1
C ~Z m (~R) 2p r -~ ~. m+l m-l . = 0 (A.30b)

Z~R

Rearranging, we ob tain :

For R = 0,

U~ by synunetry
l'

I

+ Un - 2Un + Un = 0
I a 1 Z

/

(A. 31a)

For R > E),
-k (~R) Z [pll _ pll-l] n

~Z + Um- 1 zIf + If 1 + i1R
m m+ n

ZTlm

Let

: [!l. + dn]n [If - if J = 0
R dR m m+l m-l

an = -k C~R) Z
IJ -- AZm n C u

Tlm p

CA. 31b)

Thus, Eqs. (A.31a) and CA. ~lb) become:



For R = 0,
Tn n om n .,..n-1-2U + 2u~ - S p + s p = 0

1 2 1 1
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(A. 32a)

For R > 0, (-a~ + 1) ~-1 - 2~ + (a~ + 1) U~+l - s~ pn

A. 3. 2 Energy Equation

(A. 32b)

For R = 0,

For R > 0,

where

Let

o by syrrrrnetry

'"2 /
U ~ = .z a e + y(dU) 2

az aR2 IdR
I

n n n-I n-Ie - e em+ 1 - em-Iae _ m+1 m-I
aR - 4~R + 4~R

(A. 33a)

CA. 33b)

(A. °34)

CA. 35)

CA. 36)

Substitute Eqs. CA. 34), CA.35) and CA. 36) into Eqs. CA. 33a) _and CA. 33b) :
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~n - en-I] en - zen + en n-l _ zen - 1 + n-l
e e2For R = 0, Un 1 I = 0 I Z + 0 I (A. 37a)1 6Z (6R) Z (6R) Z

~n - en-I] en - zen + n n-I _ zen -1 + n-l
em+1 e em+1

For R > 0, if m m m-I m + m-l m=
m !Q Z(6R) Z Z(6R) Ztn _en, n-I n-~e - e

I m+l m-I m+l m-I
+ R 46R + 46R

m

n (dU)Z (A. 37b)+ Ym dR

Rearranging, we ob tain :

For R = 0,

n n-leZ by symmetry eZ
~ 41

/ I

= en _ zen + en + en - 1 zen - 1
/0 I Z /0 I

I I

+ en - I
Z· (A. 38a)

For R > 0,

+ en - I + 6R [e
m
n +

1
- en + e

m
n +-

1
I

m+1 ZR m-I
m

Let

_ en-I] + Z(6R) Z n (dU) Z
m-I Ym dR CA. 38b)
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Thus, Eqs. CA.38a) and (A.38b) become:

For R = 0,

n
al 1 1
(2 - 2) e~- 2e~- (A. 39a)

For R > 0, (S~ - 1) e~_l + (a~ + 2) e~ - (S~ + 1) e~+l

= (-S~ + 1) e~=i + (a~ - 2) e~-l + (S~ + 1) e~:i

(A. 39b)

A.4 Drag Flow Between Converging Plates

(a) (b)

nn-1

Row KJ -1 ---''-----41.------( }-----

Row KJ
m, n-1

m-1, n-1

m.1, n-1

Fig. A-4. Finite difference grid. Drag flow beuveen converging plates.
(a) Primary or secondary grid lines (in Y-direction) ,
(b) Secondary grid lines (in Y-direction) adj acen t to inclined

stationary plate.



A.4.1 Momentum Equation

2 dn dU _-k dP + d U + 0Cp OX n dY2 av dY-

Let
dP_ pIl+1 _ pIl
dX- ~X

dU
if - Un

m+1 m-I
dY- 2~Y

dZu _
Un _ 2U~ + ~+1m-I

~-

C~Y) 2dY

I _ Substitute Eqs. CA.41) , CA.42) and CA.43) into Eqs. CA.40):

~l - ~-J = 0· t 2~Y J

Re arranging, we ob tain :
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CA. 40)

CA. 41)

CA. 42)

CA.43)

CA. 44)

-k
n C
~ P

CA.45)

Let
C~Y) 2
~x
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Thus, Eq. (A.45) becomes:

(-S~ + 1) ~-1 - zu~ + (S~ + 1) ~+1 - a~ pll+l + a~ pll = 0

(A. 46)

A.4.Z. Energy Equation

Z
U~ = a e + <5 (dU) Z (A. 47)ax ay2 dY

Z

where <5
n umax

=
k(T -T ITo w

ae
en _ en-1

Let m m (A. 48)ax - !5.X

For raws n < KJ,

CA. 49)

Substitute Eqs. (A.48) and (A.49) into Eq. (A. 47) :

For rows n < KJ,

~
en - en-I] em

n_1 - zen
m + em

n
+1yn m m = +um !5.X ----'"'"1'2---

Z(!5.y)

n-l n-l n-l
em-1 - zem + em+1

Z(!5.y) 2

(A. 50)
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Rearranging, we obtain:

2
2 (L\ Y) If [S n _ Sn-1] = Sn _ 2S n + Sn + Sn -1 _ 2S n-1

EX m m m m-l m· m+l m-l m

Let

(A. 51)

Thus, Eq. (A.51) becomes:

For rows n < KJ,

_Sn + (an + 2) sn _ sn = sn-l + (an _ 2) sn-l + sn-l
m-l In m m+l m-l m m m+l

(A. 52)

For row KJ,

1
2"

n-l n-l n-l n-l
SKJ+l - SKJ SKJ - SKJ-l

€L\Y L\Y
1"2 (L\Y + €L\Y)

+

(continued)
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1 [ en _ C!.. + 1) en 1 en ]
2 KJ 1 KJ + ~ [J+1

(~Y) (1+0)' - 0 v

+ 1 [ en -1 _ (1:. + 1) en -1 + 1:. en -1 ]
(~y)2(1+s) KJ-1 s KJ s KJ+1

= 1
(~y)2 [

len 1 n 1 n 1 n -1
1+0 KJ-1 - 0 eKJ + -+2 eKJ+1 + l+s eKJ- 1

o 0

1 n-1 1 n-1]
- E eKJ + s+s2 eKJ+1 (A. 53)

Substitute Eqs. (A.48) and (A.53) into Eq. (A. 47) :

For row KJ,

~e~J - e~~J = 1 [ 1 n 1 n 1 n
Tn AX 2 1+ eKJ 1 - -;; eKJ + -+2 eKJ+1uKJ D (~Y) 0 - v 0 0

+ _1_ n-1 1 n-1 1 n-1 ]
1+s eKJ- 1 - E eKJ + s+s2 eKJ+1

Re arranging, we ob tain :

+ o~ (~)2 CA. 54)

C~Y) 2 If [n n -1 = _1_ en 1 n + 1 n
c;;x- KJ eKJ - eKJ ] 1+0 KJ-1 - 0 eKJ ----z- eKJ+1

0+0
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1 n-1 1 n-1 1 n-1
+ l+s eKJ- 1 - E eKJ + ---r eKJ+1

s+s

Since

( y) 2 n (dU) 2
+ b. 0KJ elY (A. 55)

then Eq. (A. 55) becomes:

For row KJ,

ny
·-1 en (~+ 1) en 1 en _ 1 en -1
1+0 KJ -1 + 2 0 KJ - --2 KJ+1 - l+s KJ-l

0+0

yn
+ (-E:. _ 1:'\ en - 1 + _1_ en - 1 + (b.Y) 2 n (dU) 2 (A. 56)

2 s) KJ 2 KJ+1 YKJ elY
s+s



APPENDIX B

1HE LOCAL NUSSELT NUMBER

B.l Derivation of the local Nusselt number

The local Nussel t nwnber is calculated from the following

definition:

Nu - hb
x - k

h (T T ) = +- k (dT'I .
q = wall - bulk elY) wall

where q = heat flux to fluid per Wlit area of wall

(B. 1)

(B.2)

h =

kCdT'I
dy:Jwall

± =T
b
-
u
"""
l
-
k
-'-T"""w-a-l-l CR. 3)

Subs ti tuting Eq. (B. 3) into Eq. (B .1) , we ob tain:

Nu =
x

(B.4)

-198-
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T:Tw 2

T= Tw1

Fig. B-1. Temperature profile for flow
beu~een two parallel plates.

I t can be seen in Fig. B-1 that at wall 1, ~ > 0 and Tbulk > Twl ' and

dT
at wall 2, dy < 0 and Tbulk > Tw2 . To keep the sign of the local Nusselt

number at both walls consistent, Eq. (B.4) is written as follows:

For wall 1:

For wall 2:

(dT" ..b
dY)wall 1_

= =-----=--Tbulk - TWI

(dT) .b
dY wall 2

Tbulk - TW2

(B.5)

(B.6)

In dimensionless fonn we have:

de
(dY)wall 1= -;:-----ebulk

de
Cav\vall 2
ebulk - ew2

(B. 7)

(B.8)
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B.2 Calculation of local heat transfer coefficients from plots of

local Nusselt numbers

Given the local Nusselt number and bulk temperature, the local

heat transfer coefficient and the heat flux to the fluid can be calculated

using Eqs. (B.l) and (B.2). From Fig. 4-12, the local Nusselt numbers

for drag flow between parallel plates (T = 130°C, T 1 = 190°C, T 2 = 130°C,
o w w

o = 0.25 em, k = 0.255 W/(m·K)) at X = 0.002 are 4.92 an~ 3.89 at the

stationary and moving walls respectively. The bulk temperature at

X = 0.002 is l32.5°C (from Fig. 4-6). Using Eqs. (B.l) and (B.2), we

obtain the following:

h (at stationary wall)

h (at moving wall)

= (4.92) (0.255 W/(moK))
0.0025 m

(3.89)(0.255 W/(m~K))

0.0025 m

501.84 W/(m2.K)

396. 78 W/ (m2 oK)

q (at stationary wall) = (501.84) (190°C-132.5°C) 28 855.8 W/m2

q (at moving wall) = (396.78)(130°C-132.5°C) 2-991.95 W/m

It can be seen from the above calculations that the fluid at X = 0.002 is

heated at the stationary plate, but at the moving plate it is being cooled.

This is verified in Fig. 4-4 where the temperature profiles for this case

are shown.



APPENDIX C

FINITE DIFFERENCE APPROXIMATIONS OF DERIVATIVES

(a) (b) (c)

Row m+2 wall

Row 4 Row M+'

Row m+1

Row 3 Row M

Row m

Row 2 Row M-l

Row m-1

Row 1 Row M-2

Row m-2

Fig. C-l. Finite difference grids for derivative estimation.

In this appendix, the finite difference approximations of first

order derivatives are derived for several nodes on the finite difference

grid shown in Fig. C-l. Two-, three-, four-, and five-point familiae are

derived using the following Taylor's series expansion about the point, a:

-201-



202

P(a+h) = pea) + hp
I

(a) + h
2

p
II

(a) + h3p
III

(a) + h4pIV(a) +
11 21 31 4!

= pea) + hpI (a) + h
2

p
II

(a) + h3
p
III

(a) + h
4

p
IV

(a) +
2 6 24

(C.l)

C.l Derivative at Node 1 (see Pig. C-l(a))

2-Point Ponnula

Prom Eq. (C. 1) , we obtain:

P(2) = pel) + (~y)pI(l)

or

pI(l) = P(2) - pel)
~y

3-Point Ponnula

Prom Eq. (C.l), we obtain the following:

P(3) = pel) + 2(~Y)P'(1) + ~(~y)2pII(1)

P(2) = pel) + (~Y) pI (1) + !(l~Y) 2pII (1)
2

Add Eq. (C.4) and -4x Eq. (C.5) to eliminate pII(l):

P( 3) - 4P(2) = -3P (1) - 2 (~Y) pI (1)

or

(C.2)

(C.3)

(C.4)

(C.5)

(C.6)

(C.7)
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4-Point FOTIlRlla

From Eq. (C. 1) , we obtain the following:

Add - 2x Eq. (C. 8), 9x Eq. (C.9) and -18x Eq. (C.lO) to eliminate FII (1)

and FIll (1) :

-2F(4) + 9F(3) - l8F(2) = -llF(l) - 6(~Y)FI(1)

or

= -llF(l) + l8F(2) - 9F(3) + 2F(4)
6~Y -

C.2 Derivative at Node 2 (see "Pig. C-l(a))

3-Point Fonnula

From Eq. (C. 1) , we obtain the following:

(C. 11)

(C.12)

(C. 13)

(C. 14)
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Add Eq. (C.13) and -lx Eq. (C.14) to eliminate FII (2):

F(3) - F(l) = 2(~Y) FI (2)

or

pI (2) = P(3) - F(l)
2~Y

4-Point Ponnula

From Eq. (C. 1) , we obtain the following:

(C.15)

(C.16)

Add Eq. (C.17) , -6x Eq. (C.18) and 2x Eq. (C.19) to eliminate pII(2) and

pIlI (2) :

or

F(4) - 6F(3) + 2P(1) = -3F(2) - 6(~Y)FI(2)

IpI (2) = -P(4) + 6P(3~",y 3F(2) - 2F(1) I

(C.20)

(C.2l)



C.3 Derivative at Node m (see Pig. C-I(b))

3-Point Ponnula

Prom Eq. (C. I) , we obtain the following:

Add Eq. (C.22) and -lx Eq. (C.23) to eliminate pII(m):

IP(m+l) - P(m-l) = 2(~Y)P (m)

or

P(m+I) - P(m- 1)
2~Y

5-Point Ponnula

Prom Eq. (C.I) , we obtain

205

(C.22)

(C.23)

(C.24)

(C.25)

P(m+2) = P(m) + 2(i1y)pI (rn) + i(~y) 2pII (rn) + ~(~Y) 3pIII (rn)
2 6

+ ~~ (~Y) 4pIV (rn) (C.26)

P(rn+l) I + !(~Y) 2pI I (rn) + !(i1Y) 3pIII (rn)= P(rn) + (i1Y) P (rn)
2 6

+ ~4 (~Y) 4pIV(m) (C. 27)
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Pem-l)
I + }(i1Y) 2pII (m) - .!.(i1Y) 3pI I I (m)= P(m) - (LlY) P (m)

6

+ ~4 (i1Y) 4pIV (m) (C.28)

P(m-2) I + i(i1Y) 2~I (m) - ~Ci1Y) 3FIII (m)= P(m) - 2 (LlY) F (In)
2

+ ~~ (i1Y) 4pIV(m) (C.29)

Add -Ix Eq. (C. 26), 8x Eqo (C. 27), -8x Eq. (Co 28) and Eq 0 (C 029) to

eliminate pII (m), pIlI (m) and pIV(m) :

-P(m+2) + 8P(m+l) - 8P(m-l) + F(m-2) = l2(i1y)pI (m)

or

pI(m) = -P(Int2) + 8P(Intl) - 8P(m-l) + p(m-2).1
l2i1Y

C.4 Derivative at Node M (see Pig. C-l(c))

3-Point Fonnula

Prom Eqo (Col), we obtain the following:

Add -Ix Eq. (C.32) and Eq. (C.33) to eliminate FII (M) :

(C. 30)

(Co 31)

(C.32)

(Co33)



-P(M+l) + P(M-l) _2(~y)pI (M)

or

pI (M) _ P (M+1) - P(M-l)
- 2~Y

4-Point Ponrrula

Prom Eq. (C.l), we obtain the following:
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(C.34)

(C.35)

P(M+l) = P(M) + (~y)pI (M) + }(~y) 2pII (M) + !.(~Y) 3pIII (M) (C.36)
6

P(M-l) = P(M) - (~y)pI(M) + ~(~y) 2pII (M) _ 1:.(~y)3pIII(M) (C.37)
6

P(M-2) = P(M) - 2 (~y)pI (M)- + i-(~y) 2pII (M) _ ~(~y) 3pIII (H) (C.28)

Add 2x Eq. (C.26) , -6x Eq. (C. 37) and Eq. (C.38) to eliminate pII (M) and

pIlI (M) :

2P(M+l) - 6P(~-1) + P(v1-2) = -3P(M) + 6(~y)pI(M)

or

IpI eM) = 2P(W1). + 3P(M) ~1i~P(M-l) + P(M- 2) I

C.5 Derivative at Node M+l (see Pig. C-l(c))

2-Point Derivative

Prom Eq. (C. 1) , we obtain:

(C. 39)

(C.40)



F(M) = F(M+1) - (L1Y) FI (M+ 1)

or

FI (M+1) - F (M+ 1) - F (M:)
- L1Y

3-Point Derivative

From Eq. (C. 1) , we obtain the following:

Add -4x Eq. (C.43) and Eq. (C.44) to eliminate FII (--1+1) :

-4F(M) + F(N-l) = -3F(H+l) + 2(L1Y)FI CM+-l)

or

k(M+l) = 3F(M+l) - 4~2y1) + F(M-l) I

4-Point Derivative

From Eq. (C. 1) , we obtain the following:

F(M) = F(M+-l) - (L1Y)FI CM+l) + }(L1y)2pII(M+l)

- .!.(i1Y) 3pIII (M+ 1)
6
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(C.4l)

(C.42)

(C.43)

(C.44)

(C.45)

(C.46)

(C. 47)
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F(M-l) = F(M+l) - 2(L1Y)FI (M+1) + i(L1Y) 2FII (M+1)

- ~(L1Y) 3FIII (M+l) (C.48)
6

F(M-2) = F (H+ 1) - 3 (L1Y) FI (M+1) + ~(L1Y) 2FII (WI)
2

_ ~7 (L1Y) 3FI I I (M+-l) (C.49)

Add -18x Eq. (C.47), 9x Eq. (C.48) and -2x Eq. (C.49) to eliminate

FII (M+-1) and FIll (M+1) :

-18F(M) + 9P(M-1) - 2P (M- 2) = - llF (WI) + 6 (L1Y) pI (WI) (C. 50)

or

pI (WI) = llP(M+l) - l8F(M) + 9F(M-l) - 2P(H-2)
6L1Y

(C. 51)

The accuracy of the above fOTIllulae is checked in Table C-l for

the following function:

F(y)

n+l
n -

= 1 - Y ; (C.52)

where n = 0.453

True derivative:

(c. 53)
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Table C-1. Estimates of FI(y) using finite difference fonnu1ae.

1
M = 40, 1:1Y = 40.

Node 1 Node 2 Node 3 Node 40 Node 41

2-point derivative -3.1199 -0.0003

3-point derivative -3.2057 -3.0340 -2.8650 -0.0013 0.0007

4-point derivative -3.2075 -3.0332 -0.0009 0.0001

5-point derivative -2.8641

True derivative -3.2075 -3.0332 -2.8641 -0.0009 0

From the above table, it is seen that pI (y) is accurate wi thin 4

decimal places when either the 4- or S-point fonnu1a is used.
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APPENDIX D

ALGORIlliMS FOR SOLVING SIMULTANEOUS EQUATIONS

BY GAUSSIAN ELIMINATION

To solve a general system of n siImlltaneous equations with n

tmknowns by Gaussian elimination on the computer, about n.cn+l) memory

locations are required (one for each coefficient in the equations).

Thus·, the nlUIlber of equations that can be solved simultaneously is

limited by the storage capacity of the computer memory. In the tri

diagonal and modified tridiagonal systems of equations encountered in

O1.aps. 4, 5, 6 and 7, most of the coefficients in the equations are

zeros. It would be more beneficial to ·solve these systems of equations

by using algorithms such as Thomas' method (30) which do not require the

storage of the zero elements. These algorithms are simpler and much

faster than the more general methods because the zeros are not stored.

More equations, therefore, can be solved simultaneously using these

algori thms. Three algorithms used to solve the tridiagonal and modified

tridiagonal systems of equations encotmtered in Chaps. 4, 5, 6 and 7 are

now outlined.

D.l Thomas' Method

Thomas' method (30) is used to solve a tridiagonal system of

equations, such as the one given by matrix equation (D. 1) .
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o

X
m

H
m

(D. 1)

o
\1-1

To solve matrix equation (D. I) by Thomas' method, the following steps

are perfonned:

1. Set

2. Set

S. = B. - A. .
Qi-l1 1 1

H. - A. . T. 1
T. 1 1 1-=

1 S.
1

( i = 2, 3, ..., M)

Thus, matrix equation (D.l) becomes:

1
o

o
Tl
T2

= (D.2)

TM- l
TM



3. Set

4. Set X. = T. - Q. • X. 1
1 1 1 1+

(i M-l, M-Z, ... , Z, 1)

Z13

Thus, matrix equation (D.l) is solved for X. (i 1, Z, ... , MO.
1

D.2 Gaussian Elimination to Solve Continuity and Momentum Equations

in O1aps. 5 and 6

An algorithm has been developed (31) to solve the following

modified tridiagonal system of equations:

Bl Cl 0
WI Ul HI

Az BZ Cz W
z liZ HZ

1\1-1 BM- l ~-l WM- l lk-l I\1-l
(D.3)

0
~ 11.1 W

M
UM H

M

Zl Zz ZM-l ~ ~+l P ZMt-2

To solve matrix equation (D.3) , the following steps are performed:

1. Set



-A.
Z. Set SS. 1-,--1

B. 11-
,

B. B. + C. 1 · SS.1 1 1- 1

, ,
W. = W. + W. 1 · SS.1 1 1- 1

, ,
H. = H. + H. 1 · SS.1 1 1- 1

(i 2, 3, ... , M)

Z14

Thus , matrix equation (D. 3) becomes:

, ,
H'B1 C1 WI U1 1, , ,

BZ C2 W2
U2 HZ

= , (D.4)r ,
BM-1 ~-1 WM-1 lk-l I-\J1-1, , ,

BM WM UM t)J1
ZI Z2 ... ~-1 ZM ZM+l P ZWZ

*
,

3. Set BM= BM

*
,

WM= WM

*
,

HM =~

-C.
4. Set SS. = 1,-1

B. 11+



* ,
B. = B.

1 1

* , *W. = W. + W. 1 • SS.
1 1 1+ 1

* , *
H. = H. + H'+ l • SS.
111 1

Thus, matrix equation (D.4) becomes:

(i = M-1, M-2, ... , 2, 1)
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5. Set

6. Set

o

*
~-1

o

-z.
SS. = +

1 B.
1

p

= (D.5)

* * *Z~2 = Z~2 + Hi • SSi

(i = 1, 2, .•. , M)
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Z16

Thus, matrix equation (D.5) becomes:

* * *Bl 0
WI U

l HI
* * *BZ Wz Uz HZ

= (D.6)
* * *
~-l WM- l UM- l f11-l

* * *
0

B
M W

M
U

M ~
* *~+l P ZM+-Z

7. Set

8. Set

*
p =

~+Z
~

Zw-l
H~ - W~ . P

U·
1 1=

1 *B.
1

(i = 1, 2, ... , M)

Thus, matrix equation (D.3) is solved for U. (i 1, 2, ... , M) and P.
1

D.3 Gaussian Elimination to Solve Continuity and Momentum Equations

in Chap. 7

An algori thIn has been developed to solve the following modified

tridiagonal system of equations:
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Bl (1
2-

1/J 1
0 0 () 1I

1
E

1
:\2 13

2 (2 0 0 ~2 ~2

AS BS 0 I/JS 0

0 B
6

( <P 6 l/J66
A7 87 (7

<1>9 1/J9
0 <P 10

<P 11
(D. 7)

ep12 0

2- A13 B13 (13 0 0 lj!13 0 U13 E13
A14 B14 0 0 1/J14 0 U14 E14

ZI Z2 Z3 2
4

2S 0 ... ----------- p2
1'/6,1I

I p30 26 2
7 Z8 2

9
0 ... : \~6, 21'/

... 0 Z10 Zl1 Z12 0 0 J
pS

W6 ,3

'" 0 Z13 2
14

:___________ U 1'/6,4avg,o

W2 1 W3 1 W4 1 WS,l, , ,

W2 Z W3 Z W4 Z Ws Z, , , ,
where W=

W2 3 W3 3 W4 ,3 - Ws 3, , ,

Wz 4 W3 4 W4 4 Ws 4, , , ,

To solve matrix equation (D. 7), the following steps are perfonned:

,
1. Set BI = B1

,
<PI = <PI = 0

,
1J11 1J11

,
EI = EI



-A.
2. Set SS. 1-,-

1
B. 11-

,
B. B. + C. 1 · SS.

1 1 1- 1

cp. = cp. + cp. 1 · SS. (i = 2, 3, 14)... ,1 1 1- 1

t

lJJ· lJJ· + 1JJ. 1 · SS.
1 1 1- 1

t
E. = E. + E. 1 · SS.1 1 1- 1

* t
3. Set B14

= B14

*
,

CP14 = CP14 = 0

* *
1JJ14

= 1JJ14
= 0

*
,

E14 = E14

-C.
4. Set SS. = 1

~1
B. 11+

*
,

*cp. = cp. + CPi+1 · SS.
1 1 1 (i = 13, 12, 2, 1)... ,

* *1JJ. lJJ· + lJJi +1 · SS.1 1 1

*
,

*E. E. + E. 1 · SS.1 1 1+ 1

218



TI1US, the matrix equation (C.7) becomes:
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B* ljJ* a a 0 u
1

E*
1 1 1

B;
Q. U2

E*
2

ljJs 0

¢>* ljJ*
6 6

¢>* ljJ*
9 9

0 ¢>io (D.8)0

0 4>i2 0

B~3 0 0 lJIi3 0 U13
E*

13

B~4 0 0 ljJ~4 0 U14 E~4

21 22 £:3 24 25 0 ------------ p2 W6 ,1.. ,
p3 W6·,2

0 26 27 28 29 0 ... w
pS

... 0 2
10

2
11

2
12

0 0 W6 ,3
U \'16 ,4

'" 0 Z13 214 ------------ avg,o

5. Set *W.• = W.•
1,J 1,J

6. Eliminate ~ (k = 1,2, ... ,14) from matrix equation (D.8).

*Wi +1 ,i =

*W..
1,1

* *= W. . + <Pk • SS.
1,1 1

*W. 1 . + ~k • S~1+ ,1 -k

(k = 1, 2, 12)... ,

1 = 1, 2 , or 3

- row in which Zk is

located

* * *W6 . + W6 . + Ek • SSe
,1 ,1 1



Thus, matrix equation (C.8) becomes:

(k 13, 14)
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- * *81 IjJl a a a U1
*

0
B2 0 0 U2

*1jJ3 0

* *
<P6 1jJ6

* *
<P g IjJg

*0 <P10

*<P I2 0

* *B13 a 1)JI3 0 U
B

* *B14 - 0 0 1jJ14 0 U14

.--------------- p2
I

0
I p3I *I !:LI
I pSI
I
I
I IL ______________ J

Uavg,o

7. Solve matrix equation (D.10) to obtain p2, p3, pS and Uavg,o

p2 *W6 1,

* p3
W (D.10)
- pS

l *U W6 4avg,o ,



8. Set (k = 1, 2, ... , 5)

(k = 6, 7, ..., 9)

(k = 10, 11, 12)

(k = 13, 14)

221

Thus, matrix equation (D.7) is solved for Uk (k = 1,2, ... ,14), p2,

p3 p5 and U
, avg,o



APPENDIX E

HEAT TRANSFER CALaJLATIONS FOR A NEWTONIAN ,

CONSTANT VISCOSITY FLUID

The fully developed velocity and temperature profiles, the limiting

bulk temperatures and local Nusselt numbers for a Newtonian, .constant

velocity fluid flowing between parallel plates or through a circular tube

are calculated in this appendix. The analytical expressions given by

Schlichting (58) for the velocity profiles and pressure distribution of

a Newtonian fluid flowing between converging plates are also presented.

The analytical ~d finite difference results are compared.

E.l Drag Flow Between Parallel Plates

Momentum. Equation

y = 0 u = 0

(E. 1)

(Eo 2)

y = b = 00 25 em u = 15 anis

The velocity profile for a Newtonian fluid is obtail!-ed by .integrating

Eqo (Eol) and using the accompanying boundary conditions (E.2) 0

- 222-
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Velocity profile:

where

Iu(y) = 6Oy[

u[=] onls

y[=] on

(E.3)

Energy Equation

y = 0

y = b = 0.25 on

T = T = 160°Cw

T = T = 160°Cw

(E.4)

(E.5)

The fully developed temperature profile for a Newtonian fluid

is obtained by integrating Eq. (E.4) and using the accompanying bOlmdary

conditions (E. 5) .

Fully developed temperature profile:

where

ITey) = -0.18 fl + 0.045 fY + 160 I

T [=] °C

n [=] ,Pa.s

k [=] WI (m. K)

y [=] on

(E.6)
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When n = 2000 Pa.s and k = 0.255 W/(m.K), T = T = l82.lo C at the
max

centre-line of flow.

Bulk Temperature

b
f T(y)u(y) dy

o
Tbulk = ""'--5-----

f u(y)dy
o

(E. 7)

/

By substi tuting Eqs. (E.3) and (E. 6) . into the above equation, the

following expression for the lirni ting bulk temperature of a Newtonian

fluid is obtained:

Limiting bulk temperature:

IT -0.09!lk b
2

+ 0.03 n
k

b + 160 1bulk = .

When n = 2000 Pa.s and k = 0.255 W/(m:K), Tbulk = l74.7l o C

Local Nussel t Number

(E.8)

(E.9)

By substituting Eqs. (E.6) and (E.8) into the above equation,

the following expression is obtained for the local Nusselt ntnnber for

a Newtonian fluid:
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Limiting local Nusselt number:

INux = 6.00 I

E.2 Poiseuille Flow Between Parallel Plates

Iv10menturn Equation

(E .10)

(E .11)

y = 0

y = ±a = ±0.125 em

u = 1.5 u = 22.5 em/savg

u = 0

(E .12)

By integrating Eq. (E. 11) and using the accompanying boundary

conditions (E.12), the following velocity profile is obtained for a

Newtonian fluid:

Velocity profile:

Iu(y) (E.13)"

where u, u [=J em/savg

y, a [=] em
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Energy Equation

2
k d T + (du) 2 = 0

dyZ 11 dy

y = ±a = ±0.125 em T = T = 160°C
w

(E .14)

(E .15)

'The fully developed temperature profile for a Newtonian fluid

is obtained by integrating Eq. (E.14) and using the accompanying boundary

conditions (E.15).

Fully developed temperature profile:

ITCY) = A[l - C~) 4] + 160 I
where A=

-4 2 117.5 x 10 u kavg

uavg [=] em/s

n [= ] Pa.s

k [=] W/ (m.K)

T [=] °C

(E.16)

When uavg = IS on!s, 11 = 700 Pa.s "and k = 0.255 W/(m.K), T = T
max

206.3°C

at the centre-line of the flow charmel.



227

Bulk Temperature

Tbulk =

a
J T(y)u(y)dy
-a
a

J u(y) dy
-a

(E .17)

By substituting Eqs. (E.13) and (E.16) into the above equation,

the following expression for the limiting bulk temperature of a Newtonian

fluid is obtained:

Limiting bulk temperature:

ITbu1k =~ + 160 I (E .18)

When u = 15 Ollis, 11avg

Local Nusselt Number

700 Pa.s and k = 0.255 WI (m.K) , Tbulk = 202.3°C

(dT) 2
dY wall- a

Nu =x Tbulk-TWall
(E .19)

By substituting Eqs. (E.16) and (E.18) into the above equation,

the following expression for the limiting local Nussel t number for a

Newtonian fluid is obtained:

Limiting local Nusselt number:

(E.20)
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E.3 Poiseuille Flow Through a Tube with Circular Cross-section

Momentum Equation

- dp + n i- (r d~! = 0
dz r dr r' (E.2l)

r = 0

r = a = 0.125 em

u = 2u = 30 cm/savg

u = 0

(E.22)

By integrating Eq. (E.2l) and using the accompanying boundary

conditions (E.22), the following belocity profile is obtained for a

Newtonian fluid:

Velocity profile:

Iu(r) (E.23)

where u, u [=J cm/savg

r, a [=] em

Energy Equation

~ ~ (r dI! + n(d~! 2 0
r cir cir' dT"" (E. 24)

r = a (E.25)
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The fully developed temperature profile for a Newtonian fluid

is obtained by integrating Eq. (E.24) and using the accompanying bOlll1dary

condition CE.25).

Fully developed temperature profile:

TCr) = A[l - (!.) 4J + 160 (E.26)a

where A= 10- 4 u2 n
avg k

T [= ] °c

u [= J cm/savg

n [=J Pa.s

k [=J WI (m.K)

When u = 15 cm/s, n = 600 Pa.s and k = 0.255 W/(m.K), T = T = 212.9°C
~g m~

at the centre-line of the tube ..

Bulk Temperature

a
f ICr) u(r) rdr
o
a
f u(r)rdr
o

(E. 27)

By substituting Eqs. (E.23) and (E.26) into the above equation,

the following expression for the limiting bulk temperature of a Newtonian
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fluid is obtained:

Limiting bulk temperature:

ITbu1k = ~ + 160 I (E. 28)

When uavg = 15 cm/s, n = 600 Pa.s and k = 0.255 W/(m.K), Tbulk = 204.lo C.

Local Nussel t Number

dT
- (crr)wall •2a

Nu = ...,.----:=;;-----z Tbulk-TWall
(E.29)

By substituting Eqs. (E.26) and (E.28) into the above equation,

the follrnving expression is obtained for the limiting local Nusselt

number for a Newtonian fluid:

Limiting local Nusselt number:

INUz = 9.60 I (E.30)
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E.4 Drag Flow Between Converging Plates

MOVING PLATE

Fig. E-l. Drag flow between converging plates.

Schlichting (58) has obtained the following analytical expressions

for the velocity profiles and the pressure distribution for drag flow

of a Newtonian fluid between converging plates:

where

u(x,y)

I
P (x)

= u [1 - y J
max b1XT

dp(x)
ax

...::.-b~(x.::-)2~p_I~(x.::-). y [1 Y ]
2n ~ - blXT (E.3l)

p(x) = p + 6n u x(L-x)
o max b (x) 2 (2a-L)

{E.32)



The analytical and finite difference solutions for the pressure dis tri-

bution in the flow channel are compared in Table E-l. The fini te

difference grid has been divided into 25 steps in the X-direction and

50 steps in the Y-direction at the entrance of the channel.

Table D-l. Pressure distribution for drag flow of a Newtonian
fluid between converging plates. Po = 0, n = 200 Pa-s,
Umax = 15 anls, L = 10 cm, a = 20 an, bo = 0.025 an.

p, MPa

x, an Analytical Finite differences

0 0 0

2 18.96 18.31

4 36.00 34.66

6 47.02 45.11

8 42.67 40. 75

10 0 0

In the above table, the analytical and finite difference results differ

by less than 4%.
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F.l Drag FlO''! Bet\\Teen Parallel Plates

~ = hU~3~R OF G~:O 9:vrSIOhS ALONG V-AXIS
"1 X = I! j T c: F. v~:.. !~ j" i~ H! C H VA.... Ij E S :... 0 I: G .., - AXI SAt'.:" P ~ I i,TED
i~~?C = FLUE T€MP:"=(A'TURE t.T CHAN:iEL I/,.LET , i(
r~M~~l = ~AL~ T~~cER~TUR~ A~ V=J , K
T~~Ph2 = ~MLL !~MD~~ATURc AT V=l , K
iC::-P!" = M€~7r!iG T::~P::;::ATU~E CF PCLYMEP , K
Pt{ = PG'.iC:~-LA\1 I~W:X , OIHEi,SICtJLESS
U~AX = VELCCliY OF 110VI,lG PLt-T:: , CHIS
OX = G~L7A X AT ~=c O!~E~SIO~L::SS
~ = Nu~aE~ OF G~ID OfUISIOhS ALO~G X-AXIS
.H, - 0: IS I1lCEE-'S::J BY A FACTGR. OF" 10 AFi=:~ THe Nt:.-TH CCLUM,'~
;-/:3 - ex IS I..C~~~S::J 9V :. FACTO? OF Hi AFT:"':':' TH~ t;:3-Hi COLUMN
:~X : Ir,TE;;:IjA~ AT I1rlICH vALUES ':'LGNG X-~XI;:; t.::.=: PK.I~,TEC
~ = THE~HAL CO~GUCTI1ITY OF FLUIe , CAL/CM S K
OEI'I = OEtlSITY OF F~UIJ , G/CH3
CP SC~CiF:C HE~~ OF FLeIO , CAL/G K
,~L = LE~ GTH OF C!lA~HEL , CI"
~8 =. CISTA:iC':: B:"TI1i::e::t. FLATES , CH

KEAL Ul(101),U2{lal),THETA(lCl),TH~TA1(101),TH~TA2{lal),-ETt.(lJl)
3sAL ~ETACY{:OJ),JugYC1,G1> ,AlPhA(l,;l)l, t.(l)j) ,8(1~a) ,e(10d ,D(LiO)
~ t. ~ l t. ( 10 0) , F ( 10 l.l ) t \,J ( 1:J U ) t H( B .::) tQ (l a:.l ) ,S ( 10 I.J) ,T ( loJ \. ) , K, ~ U1 , /.; U2
~tA: ·,:1,MXz.T=:MP,,j, EHPW1, EHPW2, E:-lP'1,F:-l,UMAX,CX,t"r.A,t-lB,t;X,K,

lJEN,CP,~L,~t:l
?OIt!j 1(;0 .
FOKMAT(x~t,lGX,tCOUETTE FLOW WITH CON"EcrI~E TERN FOWER LAW FLUID

lt /)
PKIIH 101
FOR~AT(= t,12X,tTE~?ERATLR~ JEPEhOENT VISCOSiTYt/l)
P;;:Ilii 102"1,TE~ou,:E"'PW1,TEIIPW,
F0 ~ H~ T (-;. t, 1 oJ X , X'1 =x , I 4 , 3 X, t T :: t1 F0 =t , F 6. 1 , t K t , 3 X, t T =: !": C H1 =1- ,

lF6.11t Kt,3x,tiE~PW2=t,Fo.l,tKt/)
p~I;n 1-::3,P;'c,U~A)(tK -
FO?MtT(= t,LX,tPuWEK LAW Ii~::~X=t,F5.3,3X,tUHAX=t,F4.1,t CM/SECt,

13X,tK=X,F7.5,t CAL/C~ SEC Kit/)
p RItH 1 '.J 4, DEI'!' C?t. ~.l.., P.B
FOF,H~T(t t,1.:JX,toJ::USITy:x,F5.3,t G/CM.3t,3X,t':P=t,F4.Z,t CAL/G Kt

1,3X,1:L=~.zF4.1,t C~t,3X,t3=t,F4.2,tCl"'tlJ
XL=K4~~/UEN/C~/U~AX/~B++2

P=<INi lU5,OX,XL
FOR~A7(t t!:JX,tJX=t 1 F6.4,3X,tX AT L=t,F7.5/)
? ~ I tIT 1. :, f> , j XIt- 1 j • 1 •~ to. .. {,; X
FO;::I'1~T(;t t,l uX,t,JX=t,F6.4,t AFTE?. X=t,F6.3/1)
N 0=i.l
'1I=H+l
I'1J=I~-l
:i 1<= M- 2
-JY=l./""

105

10~

lCC

1~1

1::2

103

C
f'

C

c
c
c
c
C
c
c
C

~~OG~A~ 157 (I~PUT,OUTPUT,TA~~~=I~FUT,TA~ES=ouTPUr)
c·········~4.+•.•..••+.+ ••~.+.+.+••• + ••4••.• + ••• ++.+ •• •• ++ ••••••••••••••

C •C APPE~O:X F.l DRAG ~LOW 3ETW~~N PA~ALLE~ PLATES •

C •~ 7J=130 C TW1=lEC C TW2=16G C
C •
c··+···+···~················+·········6•.••+ •••••••••• ••••••••••••••••••,..
~
~
C
C
C

£ PRI'n I~l:T:t.L V~~OCI7Y ANO T::!~pE:~.ArU-:i o~OC"I~ES
l.

X=w.
p~rtiT 1,j8 ,:iu, x

1(5 FOF,~AT(:: t,1'X,tii=t,I4,3X,1'X=t,F~.2/)

p::;l~f.r lj':'
lQg FO~H.H(t ;J,14X,tYt,oX,tU(Y)t,4X,tU(YJ·UHAXt,4X,tTHETt.(Y)t,~X,

ltTE:--C:(Y)'t1>
'(= '.J.
00 1. I=l,HI
Ul{I)=Y
THC:jA1(!) =TH::Tt.(!)=l.
Y=Y+Cy

1 GO'" j I I .. IJ:::
.'1'= u.
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1 1 ~I
TA2(r)+(TEMPO-TE~PW1)+TE~PWl

o2uOG ....EXP(-.G2~... P~+(T~MF-TEHP~»+(A8S(uUDY(I)·UMAX
PN-1.)

SOLVE SET OF MOMSNTUM EQS.C,+.14)

00 14
TEHP=T
£:T A(n
1/~3»'"

!JO 2 !=lt~!,,,,X
T~HP=TH~ ~1(I)4(TE~?~-T£HPW1)+TE~PWl

P;;:INT llO'Y1.U1(1),tU1<I)+UMAX,THEiAlCI) ,TEH?
FQPNAi(t 1,r16.3,~~1.4,F12.4,F12.4,Fl1.1)

v-='!+"'X+QY
COiHH;UE
U2(1)=O.
U2(HI)=1.
TrlETA2(1)=J.
T~~~A2(HI)=(jEMP~2-T£HP~1)/(TE~PO-TEMPH1)

LL=O
1)0 26 LA=l N
IF(L~.~Q.r.J+l) GJ TO 3
GO TO 4
QX=OX+l0.
.~ X=i-. XI 1 a
CO~Tn;UE
IF(LA.£·Q.t~B+l) GO TO 5
GO IC S
JX=DX+l0.
i~ X=riXI 1 J
CQ!-lTH·UE
L3=0
co~nlhUE
L8=L€+1
IF(LE.EQ.4:1) GO TO 27

SOLVE S£T OF ENE:::GY EQS. (~.19)

J UOY (1).:: ( 2.'" Ul (4) - 9.lf. U1 (3) +1 S....u 1 ( 2) -11 .... U1 ( 1) ) I 1;. lOY
JUDY(2)=(-Ul(4)+~.·Ul(3)-3.·Ul(2)-2.lf.Ul(1»/6.IDV

00 "3 1=3,HJ .
DU:V(!)=(-U1CI+2l+B.+Ul(I+l)-8.+Ul{I-l)+Ul(i-2»/12./DY
CONTINU::
DUCY(~)=(Z."'Ul(MI)+3.+Ul(M)-6 ....Ul(~J)+Ul(HK»/6.IDY
DUOY(HI)=(11.+Ul(H1)-13 ....Ul(~)+9 .... Ul(MJ)-2 .... U1{M-2»/6 .IOY
)0 lC 1=1,M!
AL?H~(i)=2.4DY~... 2/JX ... Ul(!)
T~MF=T~~TA1(i)·(T~~PC~T~~PH1)+TE~PH1
ET~(!)=252JJG.4EKPl-.Q24.P~... (TcM~-rE~p~» ... (~aS(DUOY(I)"'U~AX

1/~.a) )+. (PN.-i.)
C Oi, j U'U::
g~TA=2.39Cl·10.+·l-3).. UMAX ...+2/(T~HPO-TEHPHi)/K
3(Z)=ALPHAl2)+2.
C(2)=-1.
~(2)=(ALF~AC2)-2.)·THETA(2)

F (2) =TH~TA(3)
:; ( 2) =2.· 0 Y· ... 2+ 8~T A+ ETA ( 2)· DUJY (2) ... 2 +ThET A( 1 ) +TH:::T A2 ( 1)
rl C2) =E (2) +F (:;) +GC 2)
QC 11 !=3,~J
A(I)=-l.
3(I}~tLPHA{I)+2.

ClI)=-l.
)(I)=TH::Tfl<I-l)
:::(I)=lALPI-'A(I) -2. )+THETA<I)
F(I)=TH~TAlI+l) •
G(I}=2.+DY++2·3ET~ ... ETA(1) ... DUQY(I)++2
H(I)=C(!) +ECI) +F(!)+G(!)
COtHH.UC::
A(~)=-l.

3(H)=t.LPHA(H)+2.
D (In =THE T A ( ~ -1 )
~C~)=(ALPH~(H)-2.)·TH£TA(H)
~(M):2.·Dy· ... 2+8E:A+~TA(M)+OUuY(M)+·2+ThETA(MI)+THETA2{MI)
rl(I1)=O(I1) .C::('1)+GP1)
5(2)=e(2)
T {Z)=HC2)/S(Z}

1~I~~);:1f~1)/S(!-1)
$(:)=B(I)-A(I)+Q(I-l)
T(I)=(H(I)-A(I)·r(I-l»/S(I)
corHH,UE
THETA2 (M) =T OH
L=MJ
JO 1~ I=2,MJ _
iH~TA2(L)=T(L)-Q(L)·TH~TA2{L+l)

cct~THH;E

11

8

10

12

3

'+

5

6

7

110

2

13
C
C
C

c
c
c
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hUE
'f (2) =(-':::T A (,.) +o.+::T A(3) -3." ETA ( 2) -2.· ETA ( H) 16 ./OY
(Z}=C.S·OY+JEiAJY(2}/ETA<2)
!=3 :U

Y(:)~(-~TA(r~2}+8.+tTA(I+1)-b.·~TA(I-1)+EiA(I-2)}/12.1ov
( I) =o. 5" 0 'y. 0 S i A0 Y ( I ) 1 Ei A( 1>
hU~
Y(M)=(2.·~T~(M!)+3.+ETA(;1)-o.·iTAC~J}+~TA(M-2»/6./OY
(~)=J.5+DY+JETADY(M)/ETA(H)

- 2.
ALPHA(2) +1.
(~~PHA (2) -l.)"'Ul(l)
!=3,~J

-.~LPH:' (:) +1.
- 2.
f!..PHACI) +1.
'-.
r:u~
-ALPHt. (jn +1.
- 2 •.
-(ALF~A(M)+l.)~~l(MI)

B (2)
H(Z)/SC2)

I= 3 f1
)=C(!-U/S(!-U
5(:) -A<I)+Q(!-l)
('-1(!)-A(1)·;<:-l»/S(!)
~ U~
= T 0'1)

COI·T
I)~TA

ALPtJ
:)0 1
J~T~
ALPH
cOIn
OC::TA
ALFH

··3 ( 2)
C (2)
I-HZ)
)0 1
A (l)
3 (:)
c C:)
-Hi)
,:; O~. T
A (~)

a (~)

rl ( 1"1
S (2)
T (2)
) 0 1
Q (I
S (I)
T (!)
COtlT
LJ 2 (1'1
L=t~J

iJO 1.-: I=2,r1J
U2{L)=T(L)-Q{L)·U2(~+1)

c. ONT rr-,UE

17

1~

15

14

1€
C
C
C

C tiE C i( U2 ArlO THEr ~ 2 FO~ COtHE RGE~C~

,)0 is 1=2,~

IFCASS(LJ2(I>-U1(!) ).G:: •• COl) GO TO 20
IF(f,ES("!'hETA2(1)-THETAlCI) ).G:: .. OGl> GO TO 20

19 CO!'TINUE
GO TC 22

2C COtHINUE
iJO 21 1=11H!
U1<!)=U2(l)
THEi'1(I)=iHETA2(!)

21 COi'\TH;UE
GO Te 7

22 CONTlt-;UE
X=x+f2X
IFCLL-NX.t1E.O) GO TO 25
i.l=J

C
C PRINT ~ELOC!Ty,TEMPERATURE ANJ ~1~COS1TY PRCFILES
C

111

11~

113

23
C
C
C

24

P~HIT lil,LA,X
FO~~AT(tlt,1~X,t~=t,I6,3X,tX=t,F7.4/)
PRHl7' 112
F02~AT(t t,14X,t~t,8Xl~U(Y)t,4X,tU(Y)+UHAXt,4X,tTHETA(Y)t,~X,

ltTc .. F (Y) t ,3X, tETA (P01SS )t/)
Y=().
QO 2~ !=i,HItHX t

TE~P=THETA2(1)·(TEH?Q-TEHP~1)+TE~PWl
PRIt,T 113,y,UZ(I) ,U2(I)+UMAX,THETA2(!) ,TEMP,ETA(I)
FO~~AT(t t,F16.3,Fl1.4,F12.4,F12.4,Fl1.1,F12.1)
Y=Y+I-'X+DY
C01HIt,UE

CALCULATE 3ULK TEHDERATURE ANJ LOCAL ~USSELT Nu~aE~S

~P.'::Al'=A~Et2=J.
ClO 24 !=3,I'!I,2
Al (TH::TA2(i-2)-tJ2(I-Z)+4.+T~ETA2(I-l)+U2(I-1>+THE7A.2(I)·U2<I»

l·e 13.
~2 (U2(:-2)+4.·U2(~-1)+U2(I»·OY/3.

At=: Al=t.l;Et.:.+t..l
A~ ~2=~REA2+t.2
CO T!NUE
TH TAB=AEEA:'/A~EA2
JT -Yl=(Z.+TrlETAZ(4)-9.-THETA2(3)+16.+THETA2(Z)-11 •• THETAZ(1»

11 (, c.y
OT Y2=(:1.·THETA2(~I)-16.·TH~TA2(")+9.·THET'2(MJ)-2.·THETA2(HK»

1/5 ~y

;4U CTi-i·... Y lIT'iETA3
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115

116
25

26

27
117
28

:W2=-CTHOY2I(TH::TAS-THETA2 (HI»
~;{ ! f. T 111+, T He: T A91T ~~ T Ae· (T ~ MP (j - T =:,.. P \oJ 1 t + T EMP ~ 1 _
.. C~~HT(t-t,l ... X,t H:'IABUL~=t,F7.4,3X,t::>ULKTt.HP=t,Fo.l,t Kt/)
::>r.i.Hr; 11S,1.Ul,NUZ
FO~M~T(~ t,l~X,tLOCAL ~USSELT ~O ~T H=l =t,F7.2,3X,tAT H=hI =t

1!>F7.ZJ>
~Ii:T 116,LB

FIJi=-"1AT(t t,10X,t,~O QF ITERATIOl\S =:,13)
ccr;TILUE
JO 2fi l=l HI
U1CI)=uZd)
rY~T~(:)=Ty~rAl(I)=THETA2(I)

CONiH.U:::
GO "'c 28
P~ tH 117,LA
Fa NAT{t-t,10X,t~~OGRAM STOFFEC AT N=t,I4)
ST P
~ti
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CQUETT~ FLOW WITH CCf,V::CTIVi i~;;,ri DO\.lE~ LA'"J FLUIJ

TEMP=:RlTUF,E DE:PEIlCErH VISCOSIZ'V

238

1'1= &0

POWER LHI H'OEX= .4~3

T:'HFW;,= 1+33.C t<

U~AX=lS.C CM/SEC

T::MPW2= 433.v I(

1(= .9u;)61 GAL/CM SEC K

O::NSITY= .794 G/C"'3 CP= .60 Ct.L/G K L= 5. ~ eM 3= .25 C"

OX= . (GCl l( AT l= ..:i! f, e3

ox= • CJ lC AFTE~ x= .100

t~ = 0 X=G.tiO

Y U(V) U(Y)+UMAX T~-E7A(y) TEI1P(Y)

J.ono C.C'O:J(J J.JOQO 1. JO.)O '-03. :J
.050 • C 5u J .7SGJ 1.000J 4~ ~. D
.100 • 1 J tJ Q 1.50Cu 1. UJ 0 tJ 403. J
.150 • 15Q J 2.2500 1. COSO 1+0 ~. J
.203 • 2 GG:) 3.1100(, 1.QGOJ 4& 3. [.
.250 • 2 SO J 3.75UO 1.GOOO '403. :.J
.308 • 30J u 4.S():JO 1.CGQll 4G ~. J
.35) • 350 G 5.25;;0 1. JLiGO 40 ~. j
.4[,0 • 4000 6.uOOO 1.0 J ua 4 u3. J
.45fJ • 450 U 6.751JO 1.JUUu 403. G
.503 • c:; OJ 0 7.C;uuO 1.00J3 ltG 3. ;;
.550 • S5G 0 8.2500 1.13000 40 ~. J
.60a • 60ll iJ 9.:.JOu(j 1.COOG 1+ U ~. 0
.65lJ .650 :J 9.75CG 1.CGO,j 403. v
.70n .1J·JJ lu.5(j·ju 1. :J:jQ 4U 3. :
.7'50 .7 5J 0 11.25·)u 1. JDJj 403. ;J
.eoo • eo 00 12.00lJiJ 1.jOOJ '-03. 0
.850 • 8 5J 0 12.750\J 1.U~JG 403. J
.900 .9 DO 0 13.50::0 1. uJ 0 Q ~u ,3. [j
.950 • 95J J 14.25(:0 1. CQJj 403. J

1.000 1. 0100 15.0iJiJO 1.0000 4l:J 3. J

N= 500 x= .0 SJ C

Y

~. aGO
.050
.10 :)
.150
.20 C
.25C
.30 Q
.3S::J
.400
.450
.50i)
.550
.600
.65.')
.1C'J
.75G
.eoo
.850
.90a
.950

1.000

U (Y)

C.CJ3C
• C5J 6
.lJ~9

• 1563
• 210.3
• 2 ~43
.3176
.3701)
.4223
.4723
.5222
• 57ij 5
• 61'30
.66'> J
.7117
• 75d 4
• e J::;5
• ES3 t
.Sui5
• 9 5') 5

1. CGJ a

li.iJQuO
.7594

1.5437
2.3449
3.1544
3.91)42
4.7675
5.55'36
6.3340
7 • .j920
1.b326
8.5577
9.27 Q 3
9.9745

l'J.6746
11.37SE
lZ.J,,20
12. 7 c:;,&7
13.52:9
14.2:; 74
15.00GO

TI-iETA(Y)

ij. 'JO 0 iJ
-. 3528
-.a90G
-.1119
-.1193
-.11.36
-. jg 71
-.:J 7 22
-.C~2j

-.G097
.3214
.0485
• C6 Sl
• ... 514
• G64&
• .J 7 P.o
• J6~9
• J 4f)(i
• ~ 2 55
.CJt3

ii.OOOO

TEHP<Y)

1+33. U
434.6
435.7
436.4
436.6
43 6. ~

435. S
435.2
43':' • .5
43.!.3
432.4
4~1.2
4.)1J.'-j

1+3::. i)
43 v • 5
43 J. 6
431.1
431.6
43~. 2
432 •.')
433. J

Eit. (POIS~)

2iJS4E.9
2J166.8
1963 S. 2.
1933J.1
1=3226.7
193CE.3
t 9541.5
19~~6.2
20334.6
2C313.8
2i2t: 7. v
21707.3
22~32.0
22227.6
22277.t.l
22lEG.8
2191) 1..5
21662.0
21342.4
21~7f:.. 7
20S4E.l

TH~TA8ULK= .G2J9

LOCAL NUSSELT In AT ~=1 = -57.63

no OF' ITEV;,ATIONS = 2

AT P1=HI



N= laC x= .:;1OC

y u (Y) U (Y) ·UHA x P·iETf.(V) TEH?(Y) ETA ( PO IS::)

~.GOG C.OOO( G. 'EJO 0.0000 433.C: lfdE5.3
.05e • c 715 1.;j721 • ... S4c idl.4 17;)7~.8

• 1 CJ • 13'36 2.0933 .1336 423.J 1371(;.1
.15') • :' ')3 ~ 3.J512 .2311 42S.1 2uJ76.7
• 21.; a • £: f>2 7 3.93Cj8 • 3 3 ~'3 It 2 2. ~ 2171~.1
.25'J • ~ 173 4.7599 .4515 t.1;. ') 23:;4C.:.3eo • :'67 C 5.S177 .5575 l.tit. J 2541-.:•• 5
• 35'] .41ltc 6.2226 • 6S 12 41.5. S 27154.J
.4 CS .41530 6.5553 .72 a4 411.1 25735.8
.4SJ .5 Hl 7.51,2 .nS7' 409.4 29'3~5.5
.5uJ .5416 0.1247 • 62~-3 4(. 5.1 3u-:lu5.J
.5'):] • c; ~12 '3.71~3 • C56') 4v 7. 3 315':~.2
.600 • 6 2£l 2 9.3 u37 • en Sit- ~:J 5. i:1 317S3. U
.65'] .6531 9.66>'& .E67E> 4L 7. <J 31754.2
.70e • ~ 95 3 1'::.4739 .8477 407.6 3131.1 7. 1
.75~ .7383 11.0746 • 9 J 26 40 J. 9 3~313.3
.eOQ .7802 11.?G24 • 7227 411. 3 28625.2
.850 • e 252 12.3777 • S991 41 s. 0 ZElle S. 8
.900 • E 75 2 13.121;7 .42 EJ 42~. 1 23161.4
.950 • c32 7 13.9909 .22:)0 426.4 19927.2

1.000 1. OOJO is. ;u~u J.OCOO 433. a 16~c 4. 2

THETAEUlK= • 61J 8 BULK TEMP= "'14. r K

LOCAL ~USSElT !4O AT M=l = 1.37 AT t-!=MI = 7.,)3

NO OF ITEKATIONS :::: 2

~~= 10 CC x= • 1;) GC

y U(n U(V)·U'1A) THETA{Y) TEMP( Y) ETA CFOrS=:)

0.000 (j.COJC O.JOOO ,j. C;) a'J 433. G 23513.e
.050 • (417 .621)3 -. ':9-:113 436. J 21~S4.7
.10 J • C'3~ 3 1.2942 -.1S7') 43 j. 6 2uSlt4.3
.1 S ~ .1336 2.j;j36 -.262'3 44!J.9 1940C.6
.20 J • 1 ~ 3 3 2. 7 4g C -.3254 442.5 le6G6.:J
.253 .2.350 3.5253 .... 3743 444.2 17'35~.2

• :'0 a .2'304 4.3253 -.4114 445• .s 1749\j. J
.35:3 .3429 5.1432 -.4357 446.1 1718t.3
.40G .3361 5.372(, -.4482 '+46.4 17 ... 34.0
.450 • 45,S 7 6.3050 -.45~1 4Ltc.5 17J11.tl
• 5C 0 .50'::)1 7.f'l361 -.4424 44E.3 17:07.3
.55 i) • S640 6.4601 -.42 E2 445. S 1730~.2
.600 .61·13 2 9.2723 -.4':' 27 445.1 17'iG 3.7
.650 .6713 lU.t.l6'39 -.3729 444.2 17'3c6.u
.713:) .7231 lC.~471 -.3374 443.1 1€45C.6
.750 .773& 11.6iJl+3 -.2967 441. :t 1dS3t.u
.80Q • t 226 12.33d3 -.250" 440. S 19635.(;
.65') • Eo 6 38 1:! • .J£t7U -.1993 433. v 20375.9.geD • c: is 2 1J.7265 -.1412 437.2 21244.3
.950 • C:5d 7 1403&L:3 -.C753 435.3 22274.5

1.0!)1) 1. C CI J I) 15.0000 v. 0 I) Oil lt33.J 23513.1

THET A3UlI<= -. 2 ij5 5 BULK TEHP= £t41.; K

LOCAL NUSSELT "'41) t..T "'=1 = 7.33 A'7 M=HI = 5.&4

NC OF ITERATIONS 1
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N= 1050 x= • 15J 0

Y U(Y) U(y ). U~l AX TH:::TA(n T::HP( Y) ETA (POiS:::)

v.ao') (. CO'JO 0.)0130 G.JOQO 433 • .j 24572. J
.05 ~ • [337 .50u4 -.11t7 436.5 22592.5
.1C 0 .C8J6 1.2~92 -.2226 439.7 2';935.1
.15 :J .1257 1.065;) -.31 E9 442.5 1':1561.3
• 20 G .1737 2.6]5(j -.399J 445. l; 16439.9
.25~ .2244 3.3654 -.i+6e2 447.t: 17544.2
.300 .2774 4.16\}7 -.5242 4 ~8 • ., 16352.5
• :350 .3323 4.984Fl -.5&66 45 J. J 16346.7
• ltO C .31"; 7 5. "32':39 -.C;954 45J.'3 16'::;12.6
.45'3 .445 9 6. 6dS 5 -.6106 !t'51.3 15839.2
• SC J • t:: 0) '5 7.5524 -.0124 451.4 1531!3.3
.5S0 • S60 9 8.4134 -.6)14 451. 'J 15944.<3
.60G • 6176 9.2637 -.5779 45 J •.3 1621E.6
.F)5~ .67 H 1J.J9r,2 -.'>42r, 44 -3 •.3 161:34.6
.700 .727 'J 1';.9045 -.4959 447. ~ 17202.0
.750 .7709 1::'.61331 -.43l34 446.2 17922.6
• ~ G~ • E2-3 5 12.4273 -.37,)6 444.1 18e 2 s. C
.E5J • f 756 13.1336 -.2 9 27 £41.5 1':39u9.4
.900 • 91 ~';; 13.79?lJ -.2 U 49 43-3.1 21205.8
.95:J .9614 14.421f) -.lJ74 436.2 22746.2

1. (0 'J 1. C.JJ D 15 • .j\.iuG .,; • Ua lJ \l 433. G 24571.6

THETA-3UlK= -.3995 BULK TE;1P= 44S.C K

LOCAL ~IUSSEL T NJ AT t1=1 = &.10 AT :-;=1'11 = 5.62

W) CF I:::RATI O~~S = 2

rl= 1100 x= .2COC

y U (Y) U(V)·UMAX THETA (Y) T:::,.,P('() ETA (FOrSE)

0.000 (J. OO.J 0 0.J000 u.OGJO ~3 .3. 'J 24976.2
.050 • C37 & .564& -.1226 436. 1 22::63.6
.100 • (736 1.1790 -.23';2 44 J. 1 2 LeE. 9
• 15 J • 122 B 1.5426 -.3364 (;43.1 19')u 0.2
.202 • 17J 2 2.5531 ~.4256 445. 6 183Ec.2
• 250 • 2 2J 5 3.3073 -.5J20 41t e. 1 17t.J5.2
.30 ~ .2733 4.10C2 -.5&49 44'9.9. 1&E3l.t.7
• ~5 0 • 32j 4 4.9256 -.5140 451.4 16J5c.6
• 4G 0 .3551 5.7765 -.64H 452.5 15663.1
.45 C .4429 n·.6441 -.6689 ~5 3.1 15t..3e.o
.50a • Sf:. 13 7.'?195 -.6744 453.2 15376.9
.550 .55g6 3.3944 -.6655 453. ::J 15476.'3
.60 a • n 173 ~.2558 -.6422 ~52. 3 15736.2
.650 .6736 1a.1J47 -.60 ~a L51.2 16164.9
.700 .72,3 lli.9242 -.5544 44'3.r, 167')4.5
.75G .7 gj 7 11.71V-S . -. 49iJ9 ~47."7 17541:.3
.~(jO • f 3 J 6 12.456.9 -.41~J 44::;.5 18c;32.3
.~50 • E776 13.1&43 -.3274 442. i3 19737.1
.900 .9216 13.8240 -.2286 43':1.9 211E9.4
.950 .9&24 14.4362 -.1193 lt36.6 22<322.0

1.000 1. iJ ')j G 15.BOO G. ,JOOO 433. J 21.t'376.1

THETA9ULK= -.4414 BULK TEMP= 446.2 K

LOCAL tW~SELT NJ AT H=l ::: 5.79 AT M=HI ::: 5.63

tW CF ITERATIONS ::: 1
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F.2 Poiseuille Flow Between Parallal Plates

:-1 = l\U"18E~ OF Gi:\:J 0:V1S18:.S ALO~jG Y-AXIS
11 X = I ~T ~ to' VA'- AT ;oj '1l C~ v 04 LUi: SAL. 0 ~-: G Y- :. x : SA", =. P;;: I rHE 0
r'::'1PiJ = FLUI:J TE"'PE;:l~TUi\C: AT CHl-~~~::L H.~E:T , K
Ti.~FWl = I-it.Lt.. T::~PC:~:"TU~E AT Y=~ , K
T~~PW2 = ~A~L TE~DE~~TU~E AT Y=l , K
T€~PM = ~~LTI~G ~'::~?::~ATU~=' OF POLYHE2 , K
Ptj = POW:::::<-lAW I,WEX , JI:-lt:NSI01E.t:S:S
UAVG :: AV~~AG:: V::LOC1~Y CF FLUIJ , C~/S
PO = F:"UIC ?!"'.::SS'J2': Ai CH~l'itE!.. I.·jLEi , I)YNE/C~2
JX = Q~LTA X AT X=C z QI~::hSIO~LESS
t~ = r~ UH3::: K 0 F G~U D J ... V! SI J " S t. '- 0 r. G )( - A X! S
Ntl - LX IS LiC"C::'SEO BY A Ft.Ci~h 0::' 1J AFT::::>. THE N~-rH COLUHN
,ia - [IX IS IuS",E~SEJ 3Y A ~ACTJ;:;. OF 1" AFTE~ THE tB-TH CCLUMi~
fiX = HirE~VAL ..:.T WHICH VALUES :'L.OI~G X-AXIS t,;<.E P;:i:HED
< = THE=;'NAL COr\IJJCTI VITy OF rLuIO , CAL/Cn S K
DEN = DE~SITY CF FLUID , G/C~3
CP = SPECIFIC HE~T OF FLU!~ , CAL/G ~
KL :: LEr~GTH O~ C!-1At.rtEL , C·...
~e = OISTAt~C:: 9E.TW=.Ef-.; clATES , CM'

c
C PRl:lT !~iITIt.L V~L~':I'jY AND T~HF~K.ArUK~ P~OF!_E~

C
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1

110

2

3

4

5

6

!

11= CPM"1.) IPtJ
Y=oJ.
DO 1 ::=1,~:::
U1. C: ) =-;; • A+II+ CV+1. ) I V- (A BS Cy-. 5) ) +.. " + C1/ +1. ) 11/
TH:T~l{!)=iH~TA(I)=l.
y=y+cy
COt-,IhUE
Y =.J.
00 2 I=11f'I,"1X
T::HF=TH'::1 Al C:)" Cr~1-!PO-T:~P\411+TC:-1PWl
PRIti1' 11,] ,y,Ul CII ,UllI)+UAI/G,THETAllIl ,T~/'t?

FO~MATCt 1,F16.3,Fl1.4,F12.4,F12.4,Fl1.1)
Y=Y+/"X"CY
COrlIINUE
U2Cl)=U2CM!)=O.
TH::TIl2(1)=,j.
TH~TA2(M!)=(TEMP~Z-TEHPW1)/(T~~PJ-TE~PWl
LL=~
00 34 LA= 1t~
IF CLA. =:0. ""'+1) GO TO 3
GO Te 4
JX=OX+l0.
NX=NX/1Q
COtlTINUE
IFCLA.EQ-t'lB+l) GO TO 5
GO TG 0
:JX=QX+li..
.-1 X=HXI 10
CON7I1 UE
L'l=:j
COrlIn·UE
L6=L:!+1
IFCLE.~Q.4J) GO TO 35

242

C
C SOLVE SET OF ENE~GY EOS.C5.Z5)
C

DUOY Cl) = CZ."Ul (4) -9.+Ul (3) +18. "Ui( 2) -ll.+Ui(l) )/6./0Y'
JUJY(2)=C-U1C~)+'.·U1C3)-3.+U1C2)-2.AU1Cl»/6./aY
00 8 I=3,~J
JUOYCI)=C-U1CI+Z)+e.-U1C!+1)-c.+U1CI-11+U1CI-Z»/12./Cy

8 :; O-lT II, UE
) UCY CH ) = C2 • - U1 Ctil I +3 .." U1 CM) - 6...U1 CMJ ) +U1 CHK) ) / f>. / 0 Y
JU:YCrI)= Cl1.+Ul("1:)-lb.-Ul(~)+~.+U1(~J)-Z.+Ul(MK»/6./DY

00 U 1=1 H:
T::~P=TH::TJ1C!)+CTE~PG-TEtiPW1)+TC:KPWl
IFCAeSCOUOYC:)+U4VG/~B).LT.l.1GO TO 9
:: TA(N =28 2.; 0 ~ • +EX P C-. G ,4+ Pr,+ CT::t~F- TEMP HI)" (A 3S CiJ U~Y (I I .. UA VG

1/?3) I·" CPH-l.)
ALPHA(I)=2.-0Y·+Z/OX"U1CII
gfT~CI)=2.39ul+1J.++C-~)+ElACI)+UAI/G++2/(TEMPJ-TE~?Wl)IK

l+QU;:;Y <I) "AZ
GO ie H

9 COIITHUE
EiACI)=2e2D~~.-E~PC-.O'4+P"+(TEMP-TEH?~»
~LPHA(I)=2.·JV··2/QX·U1CI)

~ETA(1)=Z.j9J1·1~.-·C-8)+ETACII+UAVG··2/(TEMPG-TcH?W1)IK
1+0UOY.(!)'"'''Z

10 GOr;TII,U::: .
3CZI=.l.LPHACZ)+Z.
': CZ) =-1.
ECZ)=(AL?HACZ)-2.)+THETACZ)
!" CZ)=TI-lE:TIlC 3)
G(Z)=Z.+DY··Z+BETACZ)+THETA(l)
I'i (Z) =E CZ) +F CZ) +G( Z)
DO 11 !=3,HJ
AC!J=-l.
3(II=ALPHACI)+Z.
G ( I L=--l..
OTI ) =1 HETA CI - 11c: CII =CA!.. PHA( :i:) - Z. I +THE: TACI )
F(l)=TH'::TA(I+lI
G (II =Z.+O yA-z+eETA (I)
HC!)=CC!) +iC:i:) +FCI)+GCI)

11 CONTJI,UE
A('1I=-l.
3(H)=ALPHACH)+Z.
OCHI=THETACHJI
~ (H) = CAL PHA (1) - 2. ) • TfoE TACHI
G(~I=Z.·iJY+·Z+5E:TA{'1I+THETA(Mr)+THETA2(~I)
HCH)=GCH)+E(H)+G(t1) .
$(Z)=B(2)
:-r C2) =H CZ) IS CZ)

R~I~1)~crf~1)/S(!-1)
SCI I =6 <I) -A cr) ·O( 1-1)
TC!)=CHCI)-ACII+T(I-l»/SCI)



12

13
C,.....
c

14

15

16
17

18
19

20

21

22

CO;ii!~:U~
TH:::TA2 eM) =T un
L=HJ
JO 13 I=2,MJ .
THETAZ(l)=T(L}-Q(L)·TH~TA2(L+l)

COrlTItIU£

SOLVE SET OF CONTIt,UITV AI~D MO!'!~I'tTUM ECS. (5.19)
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244

=A~C~L'TE ~ULK T~HPE~~TUR~ AND LOCAL NUSSELT NUM3ERS

A?::Al=ARC:A2=C.
)0 .32 1=3 ~rH, 2
A1 = (T H;:: T A... CI - 2)·~ 2 (I - 2) +4.· TH:: Tf.. 2 (: - i) + U2 <I -1) +T rl ET A2 CI ). UZ ( I) )

·l~DY/:!.

A2=(L:2 (I-2l +-4.+UZ 0-1) +UZ(!) )"'DY/3 •
... Rc.A1=AREtJl+Al
A;(cA2=ARE~2+A2

CONTINUe:
THcTAB=A~::~1/A~E~2
)THOY1=(2.+THETA2(4)-~.·THETA2(3)+10.·THETA2{2)-11."'THET~2tl»

1/6.1 _ '( .
JT~JY2=(li."'TH~TA2(~!)-18.·THETh2(M)+9.+TH~TA2(HJ)-2.+THETA2(MK»

1/6./CY
NU1=CT~GYl/THETA3
~U2=-CTHJY2/(T~ETA8-TH~TA2(HI})
? ~ I In 114, P1, P 1'" ,) E,~ ... UAIJ G+· 2+PJ
FOR t'1 AT(t- 'tt 1 j X, tF!i<E SSU;'C:: =-t! F 13.0,- 3 X, t= t tF 10.:J, t OYiiE/C H2t/)
PKIHT 115, H~TABITH::if..9·(TtM?u-T~N~wl)+E~PHl
FO~MAT(t t,lGX,tIHiTA9ULK=t,F7.4,3X,t8ULK TEMP=t,F6.1,t Kt/)
PR!iH 116,dUi,r,U2
FO~HllT U t, EX, ti.OCAL NUSSELT :10 AT M=l =t,F7. 2,3X, tAT H=HI =t

1,F7.2/)
PRlrH 1i7,L9
FOErl=TCt t,lCX,t~O OF ITE~ATIONS =t,I~)
C O;jjn~UE
;l=Pl
LJO ~4 I=l,"1I
Ui(l =UZ(!)
THcTA(!)=THETA1(I)=THETA2CI)
CCNTH,UE
GO Te 3&
P2 rH liE- ,i.A
FO ~AT(t-t,ljX,tP~OGPAM STOPPEC AT ~=-t,I4)
5T P .
EN

32

113

117
33

11,.

115

11&

3'+

35
118
36

23 COHiINCc:
=:1)

JO 2~ !=3 '1
SS=-:: Cool I~ (L+ 1 )
rl(L)=W(L)+W(L+l)·SS
-i(U=H{l) +H(L+l)-SS
COrlTH IJ~
:)0 25 I=2 1 H
SS=-Z <I) /tj (I)
Z{HI)=?(HI)+H(I)-S~

Z( +,)=Z(M+2)+H(!)·SS
C Ct·l T! t-.lJ~
Pl=Z(!'"+Z)/Z(M+l)

8~(f~=~~1f~-~(I).Pl)/B(I)
corn !r-;Ue

CHECK U2 AiW THeT A2 FO~ COtN::K.GEi~C::

DO 27 !=2,M
IF(ASS<U2(!)-U1C».GE.;).OOll GO TO 2&
IF(AeS(TH£Th2(I)-TH::TA1(I».GE.j.GJ1) GO TO 28
CO~-iT:t,L:=:
GO Te 3J
CCtHH.UC: .

Bi(~~=Q2tf~I
THcTA1(I)=THETA2(I) f
COIHIt~Ui::: .
GO Te 7
COi~T It, ut::
X=X+CX
IF{LL-.'~X.N:::.j) GO 10 33
LL=J

Pi<IKT V::LOCITY.rE~?C:~ATU~E AND ~!SCOSITY PROFILES

pi(I"n ~11,LA,X
~0 K"1 ~ T ( t 1 t , 1 L' X, til = t, I 6 , 3 X, t X= t , F7 • 1+1 )
D P T~, T 41"

F ci ~ H~ T (~- t ~ 14 X 1. tV t , 8 X1 t U ( y) t , 4 X, t U (Y) • U AVGt , .. x , t T He: T A (Y) t , 1+ X ,
ltTE~~(Y)t,~X,t~T~ (POISE)t/)

Y= J.
00 31 !=1 1'1I,HX
TE~P=T4:T~2(:)+(TE~~Q-TEHDW1)+T~~PWl

PK~lq 1~),y,Y2<I)lY~<I)+~AVG,T~frA2<I),!E'1~,C:TfdI)
FOr-.l'l .. T(- t,I=" ... &.3,r_ .... 4,F ~2.4,F ...C::.4,Fi1.J.,F~2.1)
Y=Y+/"X+DY
':;O~TIt~lJ:::

24

25

26
C
C
C

27

26

29

3C

C
C
C

111

112

31
C
C
C



FLow ~ET~~~~ P~~~LL=L FLAT~S ~rTH :O~vECT:V~ iE~H

POWE~ LAW FLUID - TEM~£RATU~E G~?~~DENT vISCOSITy
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POWER LAw !~OEX= .~53 UA~G=15.0 C~/SEC

O~NS!7Y= .794 G/C~3 CP= .60 CAl/G ~ L=

ri= 1G C TE~Pu= 403.C K TEHFW1= 433.0 K TEHPW2== 433.C K

K= .uJJol C~l/CH SEC K

5= .25 CM

ox= • CO 0 1 )( AT L= • J06e3

ox= • aD 1G AFT ER x= .10

ox= .Que AFT Et:: x= • 3 J

N= 0 X=C.OJ
Y UCY) UCY)+UAVG THETA(V) TEMP(Y)

a.aao G. C:OJu a.JuOO 1.0000 403. G
.05 Q .37& 2 5.6425 1.. J C~ a 4C 3. j
.10 Q .6 Til 5 lS.u580 l.OOJ': 4G 3. Q
.151] .e93g 13.4G9u 1. tJ Ii uU 4.) 3• .,j
.200 1. C569 lS.:3539 1.GJJJ 4J 3. j
.250 1. Fd~ 17.5465 1. ] a!) Ii 40.3. :
• ~O 0 1. 2424 15.6353 1. JOOO 403. ::J
.353 1.2'342 19.2627 1.GJGu 4G 3.:;
.4G:J 1.3;)43 .1Y.563e 1.vJllO 40 J. l;
.450 1. 3110 19.6643 1.0000 403. S
.500 1. 3118 19.67&1:) 1. (JOO 40 3. iJ
.550 1. 311 U 19.661+3 1.J.;OU 403. ]
.60a 1.3)43 19.5638 1.JJJ.J 403. (J
.65Q 1. 2342 19.2627 1.COOO 4;,i ,3. u
.700 1. 2424 18.6353 1. auo 4u 3. Q
.750 1. Hd8 17.5465 1.QuOD 40 3. a
.~(jG 1. C56 9 1:.3539 1."UGtJ 403. :.i
.850 .8939 1.~.4G9C 1.')000 4G 3. ;j
.900 .6735 10.0580 1. ,}.J IJL) ~o 3. :J
.950 .3762 5.6425 1.0JJJ 403. Q

1.000 .lj 00 J .JODO 1.UO:JC 4u 3.0

H= zeD x= .o~o:!

Y

\). 00;)
• 0 S J
.100
.150
.2 CJ
.253
.300
.350
.40 C
.453
• SO 0
.55J
.l=iOJ
.65G
.700
.750
.600
• 55!:!
.90G
.951)

1.00G

U(V)

o. CQJ 0
.3933
.721.6
.91:)14

1. [949
1.1736
1.2249
1. 2 4~ 7
1.25:31
1. 2 [) Z 4
1. 2li3:;
1.2&24
1. 2531
1. 2"87
1.2249
1. ~ 7" 0
1. Q 91+9
.951.4
.7216
• 393.3

C.GJJIJ

un )"U4VG

0.0000
5.8-394
10.624~

14.27S.9
16.4235
17.6796
18.3741
15.7299
15.·5671
15.936&
15. 9 444
1:3. '3366
10.0571
la.72·~g

is .37 l+1
17.6796
16.4235
14.27S9
llJ.8246
5.3994
C.JGuu

THETA(Y)

o...Ii) (JJ
-.2212
-.15.137
-. Ga£9

.2.312

.4597

.6462

.7615

.5669
• '? 1 EEl
• 9 316
• g 1 E6
.0 f) t9
.7615
• h4 E2
.4597
.2312

-. (G £9
•• 1897
-.2212
D.;jOOO

T E::'P( Y)

43 J. G
439.6
438.7
433.2
426.1
41:.1.2
413.6
409.6
4:; 6.9
4~ 5.5
40 s. 1
405.5
4e 6. 9
~L 9.6
413.6
41-3. 2
426.1
433.2
43e.7
439.6
433. U

ETA (POISC:>

506e.9
6460.6
7647.4

lC25 E. 9
14E72.6
21562.7
3229 e~ Q
50419.0
~76t.!7.0

215493.2
265482.2
215493.2

67507.0
5C419.8
322~E.O
215;2.7
14672.6
1025 E. 9

7 &4.,. It
545 C. 0
666 e. '3

PR'::SSUPE= -22517~9. = -ltC22~3d7Q. OY:,':/CH2

TH~TABULK= .5171 9ULK TEMP= 417.5 K

LOCAL HUSSELT ~O AT M=l = -14.4J AT H=~I -14.4C

NO CF ITE:;lATIOHS = 2



11= 10 GC x= • 1,", C ~

y U(Y) U(Y)+UAVG THETA(Y) iC":H::>(Y) E:TA (FOIS~)

G.GO!} C.OJJJ l.: .0: lj J iJ. J V'" ~ 433. J 7 7 27.3
• C58 .32') 5 4.G!jS~ -.3972 44~. '3 6592.2
.10 G • &3!J 4 '1.4557 -.594') 45 J. ;; 6594.0
.1S~ • f 363 13.2950 -. ') 3 ':2 452.1 752[.2
.2 a!J 1. c71 7 16.;.749 -.579lJ 45).1+ 9,.41.4
.2sa 1.1,?25 17.8~-7t; -.47.54 447.2 12')96.2
.300 1.2f;42 . 16.9'323 -.3559 44.5. 7 18]95.8
.350 1.3022 19.53.32 -.2490 44J.5 27f)5c:!.2
• 40 ~ 1. Z1'33 19. 7 35, -.1676 436.3 47944.2
.45'.1 1.~246 19.66:j7 -.11F.7 436.5 117951.1
.500 1.32S4 1'J.8eC4 -.J995 436.0 189663. J
• 55 ~ 1.3246 19.1jf,97 -.11E:7 436.5 117~51.1
.600 1.319 3 19.7536 -.::::76 436.G 47944.2
.65J 1. 3 J 22 19.5332 -.2496 44\1.5 27659.2
• 7 ~)(j 1.2642 16.9623 - •.355'3 443. 7 10J95.8
.75 1] 1.19~5 17.~c75 -.4734 447.2 lZ')9g.Z
• ~ 00 1. (; 717 15.0749 -.579'J 45Q.4 9441.4
.e5C • c·.,6 3 13.2950 -.63E2 452.1 7t:j2G.2
.900 .63J4 9.456 7 -.5945 45,J.5 6594. u
.950 .3 2J 5 4.5J68 -.3972 444.9 6592.2

1.000 o. (uJO O.[JuJO (j. iJ 0 0a 1t33. :J 7727.8

PR::SSURE= -10Ja1J·~1. = -15"\)955112. CYil~/C"2
THE:TABULK= -.3lt50 BULK TEMP= lt43.4 K

LOCAL ~U~SELT ~w AT ~=1 = 29.09 AT M=HI = 2S.09

NO OF ITE~ATIO~S :: 2

tl= lice x= .2 OJ Q

y U(Y) U(Y)"'U~VG TH::T:. (Y) TEM?(Y) ETA (FOISE)

J.O!)~ c. DJ.JO 0.0;30 C.GGOD 433. ,J 8308.1.Gsa .2343 4.2551 -.4740 447.2 6750.1
.1Qu .5753 6.67Lt1 -.777~ 456 • .5 6256.5
.15: .E411 12.5::.71 --I g 3 54 1t61.1 6 S6 3.9
• ,00 1. C47ij 15.7164 -.~8~5 462. 7 7&lC.3
.25 Q 1.13Jj 17.3944 -.":17S2 462.4 9S46.9
.3u~ 1.2848 19.2715 -.94J9 1,61.2 12,344.1
.35') 1. :! 30 1 2J • .J421 -.69~3 453. 9 16762.7
.• ltO 0 1. 3601 2C.4(,15 - • .'35 €5 45:>e~ 31442.7
.450 1.3679 2'2.51:9 -.63ltZ 45S.,j 7lt2Glt.5
.5C: 1.. :!6d 9 20.5333 -.62E:G 457.6 14905G.3
.55D 1.~679 20.5169 -.i:342 45 v • ,J 742G4.5
• ~o D 1.36J1 2 .... !.tul.5 -. ~5c5 450.5 314lt2.7
.65J 1. 3361 2J.j421 -. ~9U 45::i. =3 10762.7
.700 1. 23lte 19.27!.5 -.~4!)9 1,61.2 12 It 4.1
.750 1. 1 ~n 0 17.c~44 -.~7S2 462.4 95ft 6.9
• eO :1 1. C4 7 0 15.7:..64 -.9 a.:t} 462. 7 7F;10.3
.~50 • e4~ 1 12.6171 -.'13S4 461. 1 6563.9
.90'.1 • '5733 6.&7141 -. 7779 45 E~ 3 6256. 5
.95C • 2 ~43 4.2f>c;1 -.474c 447.2 6750.1

1.(01) D. (; ,)J 0 C.;J;;C:; c. ~:) 0 ij 43~. J oJEd3.1

PC:~SSUc::= -19J69571. = -140677:-37'. JYN::/Cr12

THETA~ULK= -.eS56 eUlK TEMP= ~5S.6 l(
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LOCAL ~USSELT NJ AT ~=1 = 12.71

~o OF I-E~ATICMS 2
AT r1=!olI = 12.71



N= 12Cr x= .3QJ;:

y U (Y) U(Y)·UAI/G TH£TACY) TE"1P( Y> ETA CFOrS::)

u. GO Q G.[uJu O.:)j,JO iJ. ~JO~ 433. !oJ 8 Q 4. :;
.G50 .2 S7 '3 4.;':76 -.51)[, 44:.• 3 ~ 44. 7
• 10:: • 5 S.) 2 3.~9:S - ••361i.. 455.'; 0 27. S
• 15 a • E 1. 30 12.26:::9 -1. J71g 465.2 6 s;. c;. 2
• 2 C ~ 1. [.3:.2 15.5129 -1.17S3 4b o. 3 b G6.8
• ;: 51) 1.1~lS 17.3742 -1.Z13S 40~. 4 5 ~O.6
.3uL 1.2g!+2 19.4135 -1.2133 46~. 4 1 J 67. J
• 351) 1.3S31 20.Z9SS -1.1'304 40,=,. J 15 7 5. ~

• 4G J 1.3'311 2G.71:'2 -1. 1E· :2 Q ~b ~. :; 25 51.5
.450 1.39;)4 ~~ .SSC;3 -1.170S 465.1 60 92.5
• 5G ~ 1.3915 2~.c721 -1.1060 465. U 1·n 1~. 7
.550 1.39J4 2J.55S3 -1.1 7 Jr, 45::1.1 6J S 2.5
.60 J 1 • .! 511 ZU.71G2 -1.1823 466.5 25 51.3
.55J 1. 3531 ZiJ.29S5 -1.19134 4Ed.O 15 75.4
.70~ 1.2942 19.413S -1.2:. .33 45'3.4 lu 67.0
.75Q 1.1916 17.3742 -1.2135 46:J.4 6 E Q. 6
.1;00 1. (342 15.512~ -1.1769 406. 3 6 ub. a
• E5 'J • E 13 iJ 12.2699 -1 • .;719 455.2 0 C 5. 2
.900 .5532 8. 29c c:; -.6610 45S.5 6 2"7. a
.950 .2S7-3 4 •.:ala -.51JO 44&.3 6 44.7

1. Gn:) c. ::;OJj O.O~JJ C.JiJJ .. 4.3 3. J 0 CLt. 5

P~~SSU~~= -27S34E:':3. -493&921813. OYNE/C:12

THETA~ULK=-1.1416 ~ULK TEMP= r.67.2 K

LOCAL ~:US~ELT NJ AT ~=1 = 10.3ft AT H=H! = 1G.3f+

,~o OF ITEfe,ATlONS = 2

tl= 121( x= .4JJ:

y U(Y) IJ ('Y'). UAV G THETACY) T~r-,P( y) ETA ( FOlSE)

0.1)00 o. co,)o G••Hioa C.OOuu 1+33. I,; 6S 51. J
.G52 • 26J 5 3.'3031 -. 52 £:2 446.3 6857 •.9
.100 .5419 8.12E.3 -.5991 46';.') 6:' 72.4
.15:! .E~r2 12.10 19 -1.1345 467. :J 6::; Z 4.7
• 20:J 1. eZ76 15.4135 -1.2637 47J.9 661 4.0
.25 :J 1.1906 17.8593 -1..3221 472. 7 7':J[ 4. 0
• 3G G 1. 2 "334 19.~761 -1.34li2 473. 2 1(,213.1
.~5u 1.3SJ9 2~ .4142 -1.3396 473.2 14452.2
.400 1. 39 J '3 20.1639 -1.3335 '.. 73. J 2366~.4
.45iJ 1. 4iJLi '3 21 • ..i 1.3 7 -1.3253 472. lj 54c52.4
.5:; 0 1.4;)21 2:.0319 -1.3264 1<72. 8 127112.1
.S5e 1. 4:J J ':J 21.J137 -:.3ze3 472. 3 54"52.4
.60 Q 1.3-3J'3 20.6639 -1.3335 473. :. 23554.4
• ~5G 1.::5J9 2004142 -1.3396 ~7 J. 2 14~S2.Z
.700 1. 2 9~ 4 19.4761 -1.3402 47.3. 2 1021~.1
.750 1.1nn 17.~5Y3 -1.3221 472. 7 7~C4.S

• I? 0 J 1. [ 276 15.4135 -1.2637 47';. 9 6614. F,
.f5'] • E J7 2 12.lJ79 -1.1345 !.to 7. oj 6G 2 l.,. 7
.900 .5419 6.1203 -.'3991 46·j. ;;. 6( 7 ;:.4
.95:j • Z50 5 3.jO~1 -. 52 EZ .. 1+ :. ') 6aE 7 .3

1.')O!J G. Q j J 0 U • ):J u C. l.i. £;) 00 433. j 8361.j

P~~SSUC(E= -36Qu2227. -~4~1797d69. C)Y"E/C...42

TycTAgULK=-1.2S21 SULK rC::r:p= 47'::.9 K

LOC.l.L r-.U~SELT NO AT t'I=l 9.5.. AT r1='1 I = 9.55

NO c~ ITERATIC:iS 2
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F.3 Poiseuille Flow Through a Tube with Circular Cross-section

,., = "U~'3::R O~ G~!u J!\lISIO!.,S ALOSG K-AXIS
~x = IhTEC<V:'L .:.T WH:CH "~LlC:S ALOtlG ~-AXIS A~E P~Il'ITEO
T~~PO = FLUID T~H~~~ATUR~ AT TUj~ I~~EI , K
TiHP~ = WA~L T~Mp~cATU~E , K
TO::~F~ = rEL":"!t,G T::",,?ERATUr<E OF ?OlY"1E~. , K
P:l = POw~:<-L:"H ~NiEX OIMEtlSICNLESS
U':'VG = AV~~~G~ VELOCI~Y OF FLUIJ , C~/S
p.J = FLU:C P~.::SSU~:: AT TU3E It~LSj .%. uY:'c/C~2
J Z = [. ELT A X AT l = ~ , CI ~=: ti$ lOr.:.. ES .:>
i = NU~B~R OF GR!O DIVISIOhS ALONG Z-A)IS
NA - C? :5 rNC~::ASEJ BY A FACTG~ OF 1( AFTER THE NA-TH CC~UM~
('48 - DZ IS :!iC~EASE.J ev A FAGTOK OF lG AFTER THS t--i3-TH COLU.",-,
i4X = II.TERIJAL .AT i.jHICH IJALUES ALOliG Z-AXIS A"E PRI,HEO
K = T'1~RHAL CONOJCTIVITY OF FLUID, CAL/CH S K
DE::. = OC: ~SI7Y CF FLUID, G/CH3
CP SP~C!FIC HE~T OF FLUID , CAL/G ~
~L = l::i-iG 1''1 OF TUBE !. eM
~A = INSIDE ~AC!~5 Or TUBE , C~

/

~EAL Ul{lul),U2(lJl)tT~ETA(101)1.TH~TA1(1Gl),TH::TA2(lCl)tETA(101)
~E~L OETAC~(10C),0UD~(10l) lALPH"(l~O),BETA(lJG)tGAM~~(lJ~)
R::: AL A ( 1 (j 0 ) , a (10 'J) ,C ( 1 CG) , D ( 1 tJ J) ,E. (1 ~ U) , F ( lOa) , lJ ( llJ C) , H( ll.i 0)
R:: AL Q ( 1 G.:;) ,S ( 10 t3 ) tT <1 J J ) 1. W<10;) ; x (102) , K1l'W
KcAJ ~,H,~X,TEMP~, EMPW,TcMPM,PN,UAVG,Pu,uZ,N,NA,N),NX,K,O~N,

lCP 1F.L,F:.A
i>?-~riT luO
FOR~AT{~lt,lQX,tFLOW INA CIRCULAR TUBE WITH CCNVECTIVE TERMt/)
PR:tH 101 ..'
FORMAT(~ t,lGX,t?OHE~ LAW FLUID - TEMPERATURE C~PENtE~T ~ISCOSITYt

111) .
PRI~T lQ2,H,TEHPG,TEHPW t TEHPH -
FO~1Ai(t tt1~X~t~=t,I41~x,tTEHF~=~,FS.l,t Kt;3x,tTEHPW=t,

lF6~~lt ~t,~X,tTE~PM=t,F6.1,tKt/) .
PR~i4:' 1:.:3,Pll,UAV':I,K
FO~MAT(t t,1uX,t?OWE~ LAW INOEX=t,F5.3,3X,tUAVG=t,F4.1,t C~/SECt,

13X l tK=t,F7.5,t C~L/C~ SEC Kt/) .
PR.dlT 1C:4,OEr-.,CP!~Lz.'~A
FOR~~T(t t,HX,taEr~~ITv=t,F5.3,t G/CM3t,·3X,~CP=t,F4.2,t CAL/G Kt

11.3XttL=tlF4.1~t CHt,3X,tA=~,F5.3,t C~t/)
LL=K+RL/uEN/CP/UAVG/Rh++2
p 1< I in 10 5,0 Z, ZL
FO?HAT(~ t!ljX,t~Z=t,Fo.4,3X,tZ AT L=t,F7.5/)
PKIiH lG6,UZ·1J.7N~·QZ
FOFM~T(~ tll~x,tOZ=t,F~.4,t AFTEK Z=t,F5.2/)
p~nn 107 ,elZ-lWO. itLA+OZ+ (N8-t-tA)·JZ·1IJ.
FOF.MAT(t t,1uX,t) =t,Fo.~,t ~~T~F l=t,F5.2//)
:~:J = J
'H=rHl
~1J='1-1

-1r<=t1-2
DR=:./M
p=p O/DEN/ UAVG·'" 2

te2

107

105

1D3

ieo
iC1

PRCG~A~ TST (INPUT,OUTPUT TAFES=IhFUT,TAPE~=GUTPUT)

c······-···············+·+······~········+··+········+.•••••••..•••.•••••
c •
~ APP~NC!X F.3 PO!S~UILLE FLOW THROUGrl A lU3E WITH CIR~ULAR •

C~JSS-SECTIO~ •

,..
C PRINT INITIAL V~LOCITY A~D T~HF~~ATU~E PROFILES
C

1::9 x , 1. TH::: TA( R) 1:, 4_X ,



c
c
c

1

1H

2

3

4.

5

6

7

e

1C

11

12

)0 1 I=l,~I
Ul(I)=-(V+2.)/V·o··V+C~+2.}/v

TH::Tj(I) =THC:TA1CI> =1.
~=?+C~

CO;'~T Il'-U~
~=J.

JO 2 !=lz.!"!''''X
T2:MP=TH:;:1 A1C!)· (T2:",p;J-TEl"PW) +TEt-1~W

P~li(T l1Q,F"1.Ul<I)1.U1(~)"'L:AI/G,TH::iAl(I),TE~P
FO~t'iAT(t t,~16.3,~11.4,F12.4,F12.4,Fll.1}
~=~+[1'-::·NX

GaNT IrW:
u2{t'1I)=G.
TH;:i~2(H!)=C.

LL=J
00 32 LA= 1 ti
IFCLA.::Q.tiA+l) GO TO 3
GO Te It
) Z=OZ" HJ.
r.X=NX/1G
COrHIr,UE
r F ( LA. EQ • NJ +1 ) GO TO 5
GO 7C S
JZ=JZ A 1Q.
..~ X=.~i '/./1 0
CONTlI-iU::
LB=J
~OI\TI~UE
LB=lE+l
IF (Le. Ea. 4() GO TO 33

SOLiE SET OF ENE>tGY EQS. (6.32>

I=2 1 !'1
(1) =~."Ul (Il·u~"'·2/CZ
I)=i)"/2./R
TH::7Al(I)"'(T~ ·?~-TEHPh)+TE~DW
S(OUC~(l)·UAI/c:./~,A).LT.l.) GO TO 9
) =2b2JOi.:; .+Ex:P (-a G24+Pi;+ <TEHP-Tr.~Pr.»·(A3S (uUO~( n ·U;,vG
··(Pti-l.)
(I) =2.39u l+:.D .+'" (-8 )+:::TA (n IK+UAvG++2/CTEP.PC-TEHPW)
( :) ...... 2

10
NUE
)=2t20Ju.·EXP(-.02~·PN+(T~~F-TEHP~»
( !) = Z. 3~ 01" 1 J • +- (- 0)'" ET A C1) IK+UA 1/ G·+ 21 (iE !"P J - i f~ P W)
(I) +"'2
hUE
ALPH,o(U/2 •• 2.
-2.
( 1:4 L PH r. ( 1> 12. - 2. ) ... T HET A( 1)
2.+'iHETA(Z)
E (1) +F (1)

!=2,HJ
BETA(D-1.
ALPHA (I) + 2.
-9t:TA(I)-1.
(-i3ETA (I) +1.) +THETt.. (!-1>
(ALPHA(!) -2.)+THETA<I)
(3ETACI)+1.)"T>1ETA(I+1)
2.+Cp'·62+GAMH4{I)
~(!) +t:CI) +FCI)+GCI)
flUE
5=Tt. (H)-i.
A!..PHA(~) +2.
(-3~TA(M)+1.)+TH~TA(HJ)
(ALP~~(M)-2.)·THETA(M)

2 .... 0 R+" ~ .. GA."iH A (~) + teET A <:1> +1. ) .. TH ETA (MI>
1](M) +~h) +G(M)
~ (1)
H(l) IS(1)

1=2 M
)=C(!-1>/SG-1>e (I) -A (! ) ... f)(!-1)
(HtI)-A(I)+T(I-l»/S(!)
NUE
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T HiT A2 (roO =T (~)

L=HJ
JO 13 I=l,~J
THETAZ(L)=T(L)-QCL)·THETAZCL+l)
L=;..-l

13 CONTH,UE
C
C SOL~E SET OF CONTI~UITY AND HOHE~TUM EQS.(6.25)
C
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PiUNT VELOCITy,:E:Mo::?-ATU~E AiE VISGJSITY PROFILE:S

P~INT 111,LA,Z .
FO ~ '-i AT ( tit, 1 UX, t~~= t, I ;; ,3 X, tZ= t , F7. '-t/ )
P,=ULl 112 .
FOP~AT(t t,14X,t~~,6X,%U(P)t,4X,tU(~)·UAVGt,~X,tTHC:T~(?)t,4X,

ltTE~P(~)t,3x,t::TA (POISE)t/)
~=o.
00 Zg 1=1,111, HX
TE~P=TYETA2(I).{r:MP0-TEH?W) +TEMPH
pA.1:n 113,R,UZ(I> ,UZ(!)"UAVG,THETAZ(!> ,TEH?,ETACI)
~O?HAT(t t,F1~.3,r11.lt,F1Z.lt,F1Z.lt,Fll.1,F12.1)
~=~+C~·MX .
COr, T Ir-,UE

CH::CK U2 AND ThETA2 FOK CJrIV::KGE:--lCC:

-) 0 2 r; 1=1., "1
1F(AES(U2(!)-Ul(:».r,E:.O.C~1) GO TO 2~
1F(;~eS(TI-ET~2(I>-Ti-iC:TAH1».GE.tJ.u:l> GO TtJ Z6
GOin B.Ut:
GO Te 28
c O!Hrr~u::

')0 27 I=lf~!
J1(:)=UZ( )
TH~iAl(I)=IH::TA2(I)

cmlTH·.UE
GC TC 7
CcnTINU':;
Z=Z +CZ
rF(Ll-~~X.NE. J) GO TO 31
l.L::::J

23

2lt
C
C
C

25

25

27

ze

C
C
C

111

112

113

29
C
C
C

3C

lilt

11,

11~

117
31

32

33
1B
34

00 23 I
SS -XCI
X( I)=X
X( +2)=
CO T!r.. U
p 1 X (r~+

'JO 21.; I
UZ(:)=(
COi;TlhU

. '\
/~.(! )
"1)+101(1)-35
(M+2}+~<r)"'SS

)/X(M1)

tf~-H(I)·Pl}/3(1)

2~ fr 1

t=TYE:TA1(!)=THETAZ(I)
t:.
4
le, A
t-t,lJX,tPROGRA~ STOPPE~ AT N=t,!4)
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FLIJIo/ !h A CI~CULAK TU~:: W:T--i CO~~I/::CT!V=: T~~~

POWE~. LAH FUJIO - TE~P::F,ATU~:: O:o::i CiEiH \!ISCOSI7Y

252

H= 50

POWE;; LAW It,'JEX= .453 UAI/G= 15. J CH/S::C K=. C.:JQ61 CAL/CN s~C K

O~~SI·Y= .7~4 G/C~3 CP= .60 C~L/G K L= 5.: CM A= .125 CM

Dl= .0004 l AT L= • J 2 7 32

oz= • Gu 4C AFrt~ l= .40

uz= • ~4C C A~T::~ Z= 1. Z j

fj= 0 Z=~.i:G

p U(~) U(F.)·UAVG Tt-ETAUd TEMP(R)

;). OD J 1.6235 24.3531 1. :J GO J It 0 3. a
.10 ] 1.6225 24.3315 0 1. Q;}')C 40 3.0

2" 1.6142 24.2136 1. u GJJ 403. U· .
• 3 ~ J 1.5-3~4 23.64J9 1.110JO 4u 3. J
.40 !~ 1. lj 37 6 23 d 643 1.';OJu '+03. a
.50 J 1. 447 c3 21.7167 1.lJJ;Ji) r.u ~. U
• :jG;] 1. ~B1 19.6218 1. IJ oJ J J '+03. U
.7 CQ 1.101)4 16.5959 1. :JO'JJ !to 3.0
.~O3 .E239 12. 44E 5 1. [COO ltJ 3. J
.900 .4656 6. 'B36 1.;;000 40~. Q

1.GOO .CClJO • Ji.l.iO 1.\:OJu ftO 3. iJ

(j.oca
.100
.200
.30!)
.4G(]
.500
.60~
.700
.~oa
.901)

1.000

N=

R

20e Z= .J60C

U (~)

1.54!t2
1.5437
1. 5338
1. 527ft
1. 49'3 a
1.4423
1. 3·37.3
1.1542
.E6iO
• l+55 0

G. COJQ

U(RP'UA IJG

23.1637
2::.1554
23.0974
22.9117
22.4550
21.6344
,0 • ,J 6;j a
17.3132
12.9154

1).'3251
O.OJOO

THETA(R,)

.8654

.01+72

.7894

.6843

.5235

.3J53
• ii459

-.20 es
-.3731
-.3345
u.uuO;)

TEMP( R)

407. i)
407. f>
4(;:;.3
412.5
417.3
~2J. 3
431. E:
43~. 3
444. Z
443. J
433. J

ETA (POlS:;)

259~11.5
135362.9

76461.0
44 4t: 2. 1
27369. 9
18251.1
12143.5
83£6.6
6334.2
5643. 8
6321.3

BLlK TEMP= 428.8 K

PR=:SSU~E=

THETA8UlK=

-4774':;E3.

.1413

= -S5ZE86345. OY~E/CH2

LOCAL NUSS~LT ~o AT ~=1 = -70.12

NO OF ITERA7IO~S = 2

N= laC!:

c..Goa
• 10 IJ
.20 C
.300
• r.\. 0
• sa 0.6ao
.700.foa
.9GJ

1. GOO

Z= .ftll-)O

U (.:u

1.762'3
1.7~lg

1. 7525
1.7235
1.6631
1.54S?
1.3552
1. ~8Z6
.73:; 5
.3545

G. uOJO

!J(r;,)·UAVG

26.4431
26.421)3
2E.2669
25.'3532
24.9~14

23.1559
20.32eo
16.23t5
11.;J.H8
5.3221
u.iJJOQ

TI-i!:TA(R)

-.7548
-.79~7

-.039:.
-. 9 Q 30
-.~3J1

-1.;';525
-1. 'J~09
-1.05\.7
-.6681
-.5343
O.'JuOO

T~MP(R) ETA (POlS=.)

151»71.6
6:321[.2
287':'2.~

16 n 7.0
11222.9

13 132.1+
0346.6
5421.3
c; 211;. 1
5799.G
75D7.5

PC1~SSUC.E= -211-3331JG. =
THETAAULK= -.'3493 BULK TEMo= 461.5 K

LOCAL ~USSELT NJ A7 P=l = 13.16

NO OF ITE~ATIONS 2
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z= • e ~;J c
U(~) U(P)+UAIIG TH::TA(R) TEHP(K) ETA (POIS::)

1.E535 27.9545 -1.4738 477.2 121.:.44.:;
1. ef.> 21 27.'3308 -1.4776 '-\77.3 44~27.D

1. t 437 27.73e9 -1.43134 477.7 19134.6
1.8!J.32 27.1227 -1. r; ~ 29 478.1 11 '37 5. 7
1.7227 25.84J3 -1. S125 476.4 b U. 3.9
1. 5742 23.6125 -1.5~,j5 '+ 7 e. Q 6247.2
1.. ~ 45 '3 2:.i.2332 -1.43'31 476.2 5:236.4
1. C41) 5 15.6971 -1.29Jd ~71. 1 4 j3 4. 4

• f, '398 18.3466 -1.[,158 463.5 5J13.3
.3243 4.S)S51 -. sa E3 45\;. 6 5923.8

(. C') J C; O.JOOQ u• .J J u(j 433. C 7957.7

-39SJS1.El. = -..,. 0 5 '3 311 '5 77 • L:lYNE/CM2

O. aGO
.10 IJ
.20 J
• 3 C;:)
.400
• 5G·J
.500
.70a
.80J
.9C'.J

i.OGO

P~::SSUCE=

TH::TA9ULK= -1.3458 SULK TEMP= 473.4 K

LOC~L hUSSELT ~J AT F=l = g.7~

N0 CF ITERATIONS = 2

r-l= iiOl:

R

0. CO J
• 1.l.i 0
.20 'J
• 30 S
• 4C 3
• "i G'J
.60a
.lGO
.BCie
• 903

1.GuO

z= 1.2GJG

U(~) U(;:d·U':'IIG rrlETA(~) i~MP(=<) ETA ( FO~S::)

1. E'32 0 28.3-3:21 -1.E5SG 462. 0 114194.6
1.E311 26.3661 -1.'::50u 4& 2. 7 4015s.a
1. ~ 764 26.1:' 66 -1. ':585 402. 5 172:j5.1
1. ~ 3Z2 27.4323 -1. ~596 4~ 2 • .3 1U:;.j r;. 1
1. 7"5 ~ 0 26.09 7 2 -l.~SlJ 4E 2. S 7459.6
1. S'317 23.725, -l.€lH 4E' 1. 5 So3t.6
1. 34'J1 2':'.1918 -1. ':2:1 47':). 0 4'3cH:.4
1. ::: 3') 1 15.S4[8 -1.3515 473.5 470.;::'.4
.6775 1u .1626 -1 • :496 1.64. S 4-36~.4
• ~ 1') 5 4.7475 -.5::190 451.J 5962.1+

o. GOJu U.i.lJ;C u. ~GuO 433.0 80E3.6

P~'::SSU=E= = -lJ2c9666656. FJYt~E/CM2

TH~TABULK= -1.451J BULK TEM~= 476.5 K

LOCAL NUSSElT ~J A7 ~=1 = 9.13

h~ OF ITE~ATIONS 1

N= 121C z= 1. 600:

R U(~) U(~)~UA"G THC::TA(R) TEMP(::) ETA ( POlS::)

J. 000 1.9(;")7 28. 51G 1 -1.1e29 484.1 112422.8
.1 no 1. E319 2o.4c34 -i. 7;',;32 46 i.+. ~ 39~11.4

.20 Q 1.E.339 23.2584 -1. 7~35 464.1 1672<::.9

.30 C 1.f~)6 27.57'35 -1. B lJ 48 If. u lQ24:J.3

.400 1.7443 2b.16S1 -1.E:671+ 483.6 7297.2

.500 1.5·336 23.751+7 -1.S464 452.4 tJ73 6.5

.600 1. ~473 2G.1795 -1.5513 479.5 49ZS.2

.700 1. C:B 3 15.493f\ -1.,3672 47it. U 1+666.7

.~O'J .6743 10.1143 -1.u585 1+61.+.8 495&.5

.9(1) .3145 4.717D -.6C23 451.1 5~72.3

1.0ec G.CJJO lJ.O;;GC G.(jOJG 433. U 8117. J

PR::SSURE= -755544Se. = -13497511000. OY'~E/C~2

THETA9ULK= -i.1+78a BULK Tc: MP= 477.4 K

LOCAL NUSSELT ~J AT F=l

NO OF ITERATIONS = 2
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F.4 Drag Flow Between Converging Plates

= KA

OF ~,6,C,~,PA,P3,T~ETA1,TH~T~2,Ul,U2,Z = MX
OF F = LX·LX
OF r;, p;., = LX
OF O,StTlltDETAJY~ALFHAlBET~~GAMHA,OElTA
O>=" THE! AP, HC:TAQ ,tTA,GV~Y = KA+l
Or lZ = LX+2,LX

KA = t-;-l = NU1'18t:;:, OF GKIO POIHTS :C~WT It~CLUDrNG ~NJ POINTS) AL C"iG
V-AXIS :.T X=iJ

LX = ~.1 = hUMaE~ OF P~I~~~Y G~l~ POINTS ALONG X-AXIS AT Y=C
MX = TOT~l NUM6E~ CF oRI~ARY G~I) POINTS
'1 = t,U"~8Ef< OF GRIO ClIVISICH.S ALO.~G Y-AXIS AT X=G
~. = ~U~BC::P OF P~,!'1t.~V GRID CIV~SIO;iS t.lm.G X-Axr.:; AT y=o
~z = t.UMBE::: OF SECONDAKY GRID 01 VI SI eNS WITHlr. 1 P"I!'"ARY GRIJ

oI VI S I 0; ~ AL0 ,'4 G X- AXrs
T~MP~ = FLUID TE~P~~ATU~~ AT CHAhhEL IhLET , K
Ti~Phl = ~ALL -C::~P~~ATURE AT Y=u , K
T :: ... F h 2 = ~AL I- TE". P c: ~AT UREA T Y=:3 (X) t K
TE~PM = MELTING Tc~P~RATUR~ OF PCLYN~~ , K
UJ = VelOCITY OF "lOI/I~IG FLt.TE CHIS
P N = POW ~ ~-L A14 ItW ~ x f 0 HE NSI bll ESS
K = THERHAL COHDUCTIV TY OF ~LUID , CAL/CH S K
]EN = J£tlSITY OF FLUID, G/CM3
GP = SP~CIFIC HEAT OF FLUIO , CAL/G K
~L = LEhGTY OF CHA~~EL , CM
~B = O!STAHCE BE~W~EN PLATES AT X=O , C~
~8L = O:STA~CE BETWEEN PLATES ~r X=L , CM

~EAL AC94g),aC94~} ,C(949),EC949}zF(676}lGCZo)tFAC949l,03(949)
R.EAL PR{Zt),Q{49),SC49l,TC49),rHc.TA1(94~),TH: A2C94S},TrlETAP(SLH

~~~t 6~fr~~~~g~;g~d~1§};~~~~~X:~¥:;~~Tl~2~i:GIR~~~~~r~D~l~~~z~)
~EAL 1<, NUl , IW 2
~EAO ~,KA,LX,HX,~~N,LZ,TEHPO,T~MPW1,T~~PW2,T~HFH,UO,FN,K,OEN,CF

1!RL,it6,~3L
PiUHT lJO
FOkMATCtlt,lCx,tTH~ LUERICATIOH FR08L~11 - POWER LAW FLUIDtn
PjUiH 101 .
FORMATCt ~,lCX,tTcMPERATURE GEPEhOENT VISCOS!TYt/)
;:)Rlrn 102
FOR~AT(t t,10X,tFI~!TE GIFFE~C::~CES SOLUTIONtll)
p?, 1 t j T 103, t Er1 0 I.i , TEl'"' PWi , TE!1 FW2, iE MP!1
FS~HAT(t t!10~,trEHPG=t,F§.1,t Kt,3X,tTEHPW1=t,F6.1,t Kt,3X,

1~.~M~W2=t,F6•• ,~ Kt,3X,tTtHPM=t,F6.1,t Kt/)
PRI~T 104,UO,K,O~~_ • __ _
.FO~HAT!t. ttluX,tUu-t,~7. ,-,·t CM/~::.C;t,3x,tK-t,F7.5,~CAL/Ct, SEC Kt
.,3X,tO~~SI Y=;t,F~.3,t G/CH3t/)
PRI~T l~S,PN,CP,RL
~O~MATCt ttlJX,t~O~ER LAW !ND~X=t,F5.3,3X,tC~=t,F4.1,;t CAl/G Kt

1, 3X,tL=tl~'.1,t CHt/)
=>RII.T 10b,M,lhLl,:n,RBl
~OPHAT(t t!10X,tH=tt!~,3X,tN=t,:3,JX,tLZ=;t,I~,3X,taAT J=t,FS.3,

1 t G;1 t, 3 X 1. t :J t. T L= t , F S. 4, t CHt I I )
=>P.IlJ! 10 r
FOPH~T(t t,31X,tSJLUTICN t l/)
)(L=l<·~L/uEI./CP/UlI/:;8··2

)X=Xl/N
)Y=l.I'"
)0 2I=1,LX
·)0 1 L=l,IU
Ul{J}=CKJ+l.-L)/(KJ+.l. )
THE7~l{J}=U.

J=J+l
COIHH,U~
~J=I<J-l
COI:TIt.U~

)0 46 IJK=l,S
PRHH 10B ,:JK

H5

100

lel

1C2

1C3

1C7

lC4

1

2

leG

O~CG~A~ TSi CINPUT,uUTPUT,TAP~5=rNPUT,TA~ES=OUTPUT)c·········+··+++·····+······+························· ..........••. +++ ..
C •C 4Pp~hC:X F.4 CRAG ~LOW 2~TWEE~ CON~E~GrhG PLATES •
C
C TO=13u C TW1=16G C TW2=1~O C •
C 0./.r.·.····.&·······•.••·~ •.•• + •• ·.·.·.~.·••• ·.··.&.·+··..•.•••.....•..•..•
C
C
C
C
C
~

C
c
~

C
C
C
C
C
C
C
C
C
C
~
C
c
C
C
C

·c



108
C
C
C

3
ft

7

8

9

11

12

13

FORHftT(t ~,lCX,t!T~~AT10Ht,I~/I)

SOLVE S~T OF CONT!~UITY AND ~O~~NTU~ ~QS.(7.19)

<K=KA
KJ=K~ •
00 5 I~=l!LX .
CALL CAL9~T(J,KJ,JY,OX,UJ,~8,P~,K,Cp,TcHPa,T~MPW1,TE~PW2,TE~PH
l1U1,CVOy,THETA1'~~IAOy,E1A,ALP~A,8ETA)

1 =1
AeJ)=O.
3(J)=-2.
C(j)=BETA(I)+l.
PA(J)=ALPHd!)
?8(J)=-ALPHtd1)
~ (.J ) = 6 ::: T A ( ! ) - 1 •
JI=J+l
IF(J1.EQ.KK) GO TO '+
KKJ=KK -1
:)0 .3 J=JI,KKJ
~=1+1
A(J)=-8ETA(I)+1•
.3(J)=-2.
C(J)=EETA(I)+l.
::>A (J):::ALPHA(I)
PB (J>:=-ALPHA(!)
C:(J)=O.
COIHn.UE
C0111 n~ur::
1=1+1
J=J+1
A (J) =- BcT A (I> + 1.
S(J)=-2.
C(J)=C.
PA(j)=ALPHA<I)
PB(J)=-ALPHA(!)
~(J)=t.

J= J+ 1
KJ=KJ-1
KK=KK+KJ
IF(KK.GT.HX) GO ro 7
IF(J.c').Kl() GO TO ~

GCt-iTIhUE
GO 7C 7
CO t,T Ir,UE
CALL CALaET!J.KJt2!lDX,UJ,~~,P~1Kl~P~TlHPQ,TEMFW1,T£~PH2,TEMOH
1,U1,C~Oy,TH~TA1,J~,AOy,ETA,"~P~~,~cT~)
A(J)=C.
3(J)=-2.
C(J)=~.

PA(J)=A~PHA(l>

PS(J)=-ALI=H:'(l)
E(J)=E~Tt. (1)-1.
CONTINUE
,)0 8 1=1, KA
;;JA(I>=G.
COrHlt-lU:::
M~B=~X-2+KA+2·LX-3
'1XA=tJX-l(A+:..X-l
KKI=IoX5+1
)0 9 I=KKI,HXA
°8(I>='':.
CO~TH.U::
<KI=IJXA+l
00 10 !=KKI,HX
;:>A(!)=S.
CO~T!t\UE
)0 11 J=l,"1X
Z(J)=2.
CONTIt.UE
00 12 1=1,LX
ac 12 J:1,LX
lZCLiJ):U.
CONT l-..UE
I=·LXI=LX+ 1
00 !3 J=lt.L~
lZe ... ,Jl=-.::. H
lZ (! ot l, J) =-1.
COrHH;Uc
JO 1~ J=2l.~X
IF(A(J).~G.O.) Gel TO 1ft
:5S=-A (j) 18 (J-l)
3(J)=8(J)+G(J-1)~SS
;:>A(J)=PA(J)+~A(J-l)4SS

pa(J)=p~(J)+P3(J-1)·SS
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14

15

16

17

19

20

21

22

23

24

25

c
c
c

le9

110

:: (J)==.(J) +E(J-1)·SS
SO~HINU::
L=i"'X-l
00 lE J=2 MX
IF(CCU.::C.J.) GO TO 15
SS=-C{L)/8(L+l)
P~(L)=cA(L)+PA(L·l)·SS

~8(~)=P3(L)+P3(L+1)&SS

::(L)=E(U +::(L+ll+SS
':; Oli T!~ u::
i,.=l-l
C C~ITH'U::
J=l
<K=K~
!(J=K~

LX2=LX+2

§~=~~(t)}~7C?
ZZ(J,J)=lZ(J,J)+oA(L)·SS
ZZ(J+l,J)=ZZ(J+1,J)+P~(l)·SS

~Z(LX2,J)=ZZ(LX2,J)+E(L)·SS

IF{L-KK.~E.C) GO TO 17
J=J+1
,<J=KJ-l
KK=KK+KJ
':O!H Il.UE
KKI=/'IX9+1
00 1e L=KK-,HXA
SS=-!(U/2(L)
~Z(J,J)=ZZ(J,J)+PA{L)·SS
ZZ(lX2,J)=ZZ(LX2,J)+E(L)·SS
CONTHiUE
KKI="'XA+l
J=J+1
JO is L=KKI,t1X
SS=-2(!..)/E(L)
ZZ(J,J)=ZZ(J,J)+P3(L)·SS
ZZ(LX2,J) =ZZ(LX2,J)+C:(U+SS
CONT lr.UE
L=l
00 20 I=2,LXI
)0 2J J=l,LX
~(L)=Z?' CI,J)
L=i..+1
C OkTH;UE
!=I+l
00 21 J=l,LX
G{J)=ZZlI,J)
CChTlt,Uc
CALL SIMQ (F,G, LX,KS)
KK=KA
KJ=KA
00 22 L=l,KA
PT=GU)"PB(L>
U2(L)=(E(L)-PT)/8(L)
C CNT It~UE
J=l
KK!=KK+l
l<J=KJ-l
I<K=KK+KJ
J 0 2 ~ L =K KI , ~1 X A
PT=G(J)·PA{L)+G(J+l)·P'3(L)·
U2(L)=(E(L)-PT)/3(L)
!F{L-KK.NE.O) GO TO 23
J= J+l
KJ=KJ-l
KK=KK+I(J
CONTIP-IUE
KKI=I"X~+l

~O 24 L=KKI,hX
PT=G(J)·P::HL>
U2(L)= (c(L) -PT)/S(L)
C0 ~ T Hi'JE
;:J r-, (1) =0:=, (LX) :: a•
LXJ=lX-l
JO 25 I=2,LXJ
P~(I)= ..,(!-"')
Catlin U::
LlAVG=G{LX)

PRINT I~!TIA~ ~ELOCITY A~O T£MF~~ATURE PROFILES

PR NT 109,UAVG
FO ~AT(t t,10X,tCOlU~N 1t,3X,tX=C.t,5X,tU~VG=t,F7.4/)
?R~. l1D
Fa HAT(t t,14X,tVt,6X,tU (Y)t,5X,tU(y)·uat,5X,tTHETA(Y);t,5X,

l~T ~F(Y)tJ)
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111

112
26

113
C
C
C

27

28

29

3G

31

cc
c
c

50

,..
C
C

200

2~1

202

y=
TH rAe=1.
?R N1' 111,Y,:. ,UG,THET~O,TEt-IPu
~O HAT(~ 1,F1S.3,Fl1.4,F1Z.4,F12.4,Fl1.1,t I(t)
~J KA
JO 2E I=l,KJ
Y=Y+CY
TH::TftP(!) =TH=.T-'Z(I) =1.
TE~F=Th~T~p(I)·(r~~PG-TEHPW1)+T~~PWl

??ItIT 112,Y t U2 en tU2(I)+UO,THETAD(!> ,TE"'1P
FO':;;rlt!; (~ 1,Flo.3,Fl1.4,F1.2.4,F12.4,Fl1.1,t Kt)
CONTn~UE
Y='Y+CY
THETAP(Kj+l)=l.
?P.ItlT U.3,Yz.';. ,0. ,TY::TAP(KJ+!) ,TE~P('
FOR~AT(t 1,f16.3,Fll.4,F12.4,F12.4,Fl1.1,t KIll)

SOl\tE S~T OF ENERG Y ~I)S. (7.26) A T SEC Ot,DA ~Y CO LUHNS

THETAQ(KJ+l)=(TEMDW2-TEHPW1)/(TEHPJ-T~MPH1)
DO 43 LL=2,LX
LZJ=LZ-l
L3=iJ
00 32 L=l,LZJ
L9=L2+1
J=JA
KJJ=Kj-1

~?If~u~{~f~~:(U2(J+KJ)-U2(J»/LZ
TH:jAQ(I)=THETA1(j)+l·(TH~TA1(J+KJ)-THETA1(J»/LZ

J=J+l
cor,TH,UE
~(KJ)=J2(J)-L·U2(J)/LZ

THETAQ(KJ)=THEiAl(J)-L+~HETA1(J)/LZ
JVCY(1)=(V{2)-1.)/2./DY
DO 2e I=2,KJJ
JJCY(~)=("'(!+l)-Ycr-1)/l./OY

:;Ct\TI!';LE
JVOY(KJ)=-V(~JJ)aLZ/(2.+LZ-L)/CY

JO 31 _:.1 <J
T~~P=TY~T!1(a)+(T:::~P0-TEHDW1)+TEMFWl
IFCA:;S(QVCy(I)aU;/~a).LT.1.)GO TO 2';
~;A(I)=282JG~.+~XP(-.~24+P~·CT~HF-jEMP~»·(A3S(OVDY(I)·UC

1 I R~ ) ) ... ( P I~ - 1. )
GO TC 3J
COt,TINUC:
~T~(I)=282~LO.·EXP(-.02~·P~·(T~ F-TEM~~»
COrHH.U:::
GA~M~(:)=2.·Jv+·~·LZ/OX·VCI) .
~~LTA(:)=2.33Jl·1J.&·(-6)·ETA(I)/K·UJ·+2/(TE~PC-rEMFW1)·CVOYCI)·+2
CotlTlt-.UC: .
CA=1.-(L-1.)/LZ
OA=1.-1.+l/LZ
CALL GAUS~(~JtOy,C~,OA,TH~TAO,~,9,C,E,F,P~,P3,Z,Q,S,T
llTH~TAp,T~~TArllG~~~A,QELT~)

1 F ( I J K • ~i ~ • 5) GuT 0 32
IF(Ll.GT •.:n GO Ta 32
IF(LB-10.,.,E.iJ) GO TO 32
L e=o
CALClLATE 3ULK T~MP~RATURE AND LOCAL NUSSELT ~UHBER (AT Y=O) AT
SECO~DARY COLUHN5

AREA1=a.
AREA2=·JY/2.
ao sa !=l,KJ
41=T~E7AQ(I)~V(I)·JY

A2=I/(I)+OY
AR:::A1=k~EA1+H1
ARC:A2=A;EA2+A2
COhTINIJE
TH~rA9=A~EA1/AKEA2
JTHOY1=(2.&THETA1(3)-9.·THETAQ(2)+13.aTHET~a(1»/&./OY
NU1=CT HiJY 1/THETAB

PRINT VELCCITY A~a T~~PERATU~E PROFILES AT SECOhOARY CCLU~NS

Pi< tii 20e,L
FO fLAT(t :t,l~X,tSEGO:~Q~KY COLU~,'it,Ilt/)
::>;:< t'iT 201
Fe HAT(t t,14X,tVt,8X,tU(Y)t,5X,tU(Y)·~Ot,5X,tTKETA(Y)t,5X,

ltT NP ('1') ~/) -
y=
PR ~T 202'Yl:.'U~ THETAO,TEM P WI .
FO MAT(t t j r15.3,fl1.4,F12.4,F12.4,Fll.:,t Kt)
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203
51

204

2ee;

2CG
32

C
£...

33

34

35

36

37

39

itO

,......
C
C
C

114

115

1113

111

:)0 51 1=l,I<J
Y=Y+CY
T~~p=!HErA~(I)·(TE~?D-TErlPW1)+TE~PW1
PRIIH 2G3,Y,tv{ ~),V (I)·U'J,THETAQ{!) ,TEHP
FC~~ATCt t,r10.37F11.~,F12.4,F12.4,Fll.1,tKt)
COtH j~U~
Y=Y.CY·C Z-L)/LZ
p~:rn 2~4,y~:.. ,3elTHETAQCI(J+1) ,TEHPWZ
FOR~DT(z t~. lS.3,rl1.41F1Z.4,F1Z.43Fl1.1,t Kt/)
p ? : •j"r 2 u5 , I H:: 7 A8 f r ~ :: :- A c1+ <T t: M? J - T d;. rI 1) • T L Mew ~
~CqI'\AT(z t,l·X,t,r1:.TABUi..r<=t,F"1.4,3X,t3ULK TEHP=t,F6.1,t Ktl>
PRI/H 2~6,~iUl
t:'O;;lrl~TU t,lSX,tLQCAl.. NUSSELT 1.0 :'7 Y=( =t,Fl.2/1>
(; CN T Ii·.U::

SOLVE S~T QF E ,EqGY EaS. (7.26) AT P/'\,IHA.~Y COLUt"I.. S

KJ=KJ-l
J=J~
OvOYC=(Z ....U2(J+2)-9 ... U2(J+l)+16 ... UZ( J) -11.) 16. lOY
OVCY(1)=(-U2CJ+Z)+6.+U2CJ+l)-3.+U2(J)-2.)/6.IOY
J=J+1
DV)Y(2)=(-U2(J+2)+S.·U~(J+1)-8.·U2(J-1}+1.)/12./DY

I{JK=KJ-2
oa .3 3 I =3 , KJ.K
J=J+1u" OV (! ) = (-U Z CJ +2) +8." U2 (J + 1> -8.· U2 (J -1 ) +U2 (J -2) ) 112.10 y
(;OtHINUE
J=J+1
KJJ=KJ-1
) VJ Y (K J J) =( 3 .... U 2 ( J'" U - 5. "'u 2 ( J- 1> +U 2 ( J- 2) ) 112.1 OY
J V:: Y (K J ) =(3. + U 2 .( J • 1) - 5 .... t.: 2 ( J ) + U2 'J - 1 ) ) / 6 .1 ~ Y
<JI=KJ-+-l
)VDY{KJ!)=(-15.+~2(J+l)+3."U2(J)-2.·U2(J-1»/5./OY

IF(AES{GI/DYO"'U ... IF,B'.LT.l.) GO TO 34
~T~J=2~2aOu.+EXP{-.a24·PN"(TEMFW1-T~MPM»+CA8S(OVDYO·U0
1/~ =) )..... (P/,\-1.)

GO TC 35
CO" T It. Us:
ETAu=2132C C::l.·cXP{-.J24+PN+ (TEMFH1-TEMP~»

COtiTINUE
J=JA
iJO 3e 1=1 KJ
T~HP=TH~TA1(J)+(TEMPO-TEMPH1)+TEHPHl
IF{AES(GVCY(l)·Uu/r:(9).lr.l.) GO TO 30
~TA{I)=282jOO.·EXP(-.C24+PN·(TEHP-TEMP~»+{A3S(OVOY(I}·UD

1/ F: B) ) ...... ( P ~~ -1. )
GaTe 37
COtHINUE
ET~(!)=28200C.·E~P{-.r:24·PN"'(TEHP-TEMPM»

COt-iTlhUE
G~MMA(I)=2.+~Y+·Z+LZ/DX~U2CJ) -
i)ELTA{!)=2• .39J1410 .... ·(-8)+ETA(I)/K·UO ...·2/(TEMPG-rE~PWl)·CVOY(I)"'+2
J=J+l .
CaNT mUE
IF(AES(OVDV(~J!)·UQ/~B).LT.l.)GO TO 39
::TJ(KJI)=z62GUa.+~XP(-.324·PN·CTEMPW2-TEHPH»·(ABS(OVOYCKJI).UG
1/~3»"'·{P~-1.)

GO TC ~o
Corn H. UE
ETA(KJI)=282000.·EXP(-.u2~+PN+(TEMPWZ-TEHPH»
COt,THWE
~A=l.
')A=:.
THE~AQ(~j+~}=(TEHPW2-TE~PW1)/(TEMPu-TE~PW1)

GALL GAUSS(KJ!CY,CA,OAIT~ETAC,~,8,C,E,F,PA,pa,Z,Q,S,T
1, TH:TAC,j"'ET~u,Gt:./'H.... ,Cl~LTA)

p?Hn IJELCC!:Y,TEMPE;::;ATURE AND- ~lSCOSITV P~OFILES £.T PF!~A~Y

COLU~I.S

P~It;! 114,LL.lXL+,!LL.-1..• )/~ . _
F00rl~T(t t,1~X,tvOLU~Nt,lj,3X,tX-t,Fo.4/)
P~!(IT 115
FO~HAT(t t,14XttYt,oXftU(Y)t,5X,tU(Y).UJt,SX,tTHETA(Y)t,SX,

ltT~hP{Y)t,4X,t~TA (cO 5E)t/) -
Y=G.
PR:r-:T l1 h 'Y,l.1. ,UD.tT'1ETAc,TEMPH1,ETA;;
FO~HaT(t t,r16.3,Fl1.4,F12.4,F1Z.4,F11.1,t Kt,F12.1)
J=JA
JO 41 !=l,I(J
Y= Y+CV
T~ET~2(J)=T~ TA0Cr)
T::~P=TH~jA2( )·(rEM?~-TEMPW1)+T~~PWl

PKIr.T 117'Y L 2{J)~U2(J)·U~,T~::'T~2(J),TEMP,~TA(n
FO~0.4A!(t t,r 6.3,rl1.4,F1Z.4,F12.4,Fll.1,t Kt,F12.1)
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259

42

41

120

113

121

J=J+l
:;or rIN~E
y=y+[V
;> ~ I NT 118, Y , ~ • , C. , T,.E T AQ ( KJ + 1) , T .::. MPW 2 , ETA (K J 1 )
FO~HAT(t t,Fl0.3,Fll.4,F12.4,F12.4,Fll.l,t Kt,F12.1/)

CALCULATE aULK T~~P~~ATURE ANJ LOCAL NUSSELT NUMBERS AT P~I~ARY
COLUH'~S

AREA1=1).
AREAZ=OY/Z.
J=JA
DO 42 1=1,KJ
Al=TrETA2(J)+U2(J)+QY
~2=U2 (J)'" r;.V

AR::A1!=AREA1+Al
AREA'=AP.E~2+A2
j.: J + 1
';OtH!NUE
THciAB=A~EA1/AREA2
JTHQY1=(Z.&TH£TA)(3)-9.+THcTAO(Z)+18.+THETAQ(1»/6./OY
uTr.:Y.2={11 ••THET~Q(KJ+l)-15."'THETA)(KJ)+~.+TH~iAQ(KJJ)-2.

1+ THETAQ (K j-2» /0. lOY
~Ul=CTHOY1/THETA)
NU2=-QTHJY2/(THETA~-THETAQ(KJr»
?RINT 119,TH=:TAB1.THETAB+CTEH;:l;:-TEHPW1) +TEHPWl
FOF.~~T(t t,lJX,tIHETABULK=t,F7.4,3X,iBULK TEMP=i,F6.1,t Ki/)
?RIhT lZ0"Wl,NU2
FO~MAT(t t,lGX,tLOCAL NUSSELT NO AT Y=C =t,Fl.2,3X,

liAT '(=11 =t,F7.2/)
PRA=~;(LL)+DEN&UO·+2

P? 2=t:R A&1.l+47g ... 1:J.· ... (-~)
?RINT 121,PR(LL),PRA,P~B
FORHAT(t t,1~X,tPRESSUR~=t,Fl1.0,3X,i=~,F13.a,t DYNE/CM2t,3X,i=t,

1F7.0,t FSltl/) .
COI'THIUE

CH£CK U2 AND THETA2 FO~ COf:oJERGEr.CE

00 4~ !=l,'1X
IF(A~S(u2(I)-U1<r».GE.. Cul) GO TO.45
IF(~2SCTHETA2(I>-PETA1(I)).GE .. Qlji) GO TO 45

44 COt;T!NU:::
GO Te 47

45 CONiINUE
)0 46 !=1 r1X
Jl(!)=U2(!)
THEi~1(I)=THETA2(I)

46' COt;in;UE
47 COilTIt.LE

STOP
:; ,~c

43
£:..
c



1

2

3

4

5

6

7

8

9

1C

11

12

13

14

15

16

17

s U~,... CUT Itl~ C(., L 3E1 ( ~A,.. ~)., iJ Y, J Xt UJ .': e 1 p~ ~ ~l CP, i E !"P 0 , TE.MP)oj 1 ,TE M?W 2
1,Tt.,"1Ft-,U, .... UOy, lH.:..T",,~:'IADy,ET.~,t.L""Hk,Jt.1 )

THIS SU9F'OUTI~l:: CAL..CUL;:'TES ALPt-A AdD BETA US:u II~ SOLIII~G iH::
SET CF COHIi:UITY ~i~:J MOHc:tlTUH c.')S. (7.19)

;H:~L U(1) ,IJUOY(l) ,TH::Tt.U) ,OEiAOY(ll ,::it.(:) ,~LFHA(:) ,:iETidll,K
1)= J:'
I<JI=KJ+l
KJJ=KJ-1
~JK=KJ-2
QUJyu=(2.+U(J.,)-9.+U(J+l)+13.""U(J)-11.)/6./OY
JUS" (1)= (-U(J+2)+fj.+UtJ+l) -3.+Ut J) -2.) 16./OY
J=J+1
OUCY(2)=(-U(J+2)~e.·U(J+l)-8.+U(J-1)+1.)/12./CY

J=J+1
JO 1 1=3, KJK
aU:Y(I)=(-U(J+2)+c.+U(J+l)-8.+U(J-l)+U(J-2»/l,./OY
J= j+1'
CO riTIt, UE
QUCY (K j J) =([) •• U(J .. 1> -8." U( J-1) +U (J -2) ) 112.10 Y
J=J+1
JUCY(KJ)=(3.+U{J)-f).""U(J-l)+U(j-2»/6./JY
JU~Y(KjI)=(-18.·U(J)+9.AU(J-l)-2.·U(J-2»/6./O~

IF(f.ES(GULYj+UO/~.8).LT.1.)'GO TO 2
~T~J=2S20GJ.+EXP(-.JZ~+PN+(TEMF~1-TEMPH»+(A8S(DUDY~+UQ

1/2::) ).6 ... (prj-1.)
GO TO 3
COHTr~U€
:: i A0=2 E 2:: I: Ll • + E XP (- • 0 2 '+ + Pif" (T E'1 PW1-TE MPM) )
CO"TItWE
J=JA
DO ~ 1=1 KJ .
TEHP=T~EtA(J)·(TEHPQ-T~MPW1) +T~HPWl
J=J+1
IF(A8S(OUCY(I)·UJ/F',8).LT.1.) GC TO '+
~TA(I)=2E2JOC.+EXP(-.~2~·PN·(T~HF-TEHP~»·(A6S(DUOY(:}+UG

l/R8} ) ...... (PH-1.)
GO TO 5
CCNTn~ UE
ETAfl)=2E2JQD.·EXP(-.024·PN+(TEHP-T~HPM»

CO"'TH,UE
IFfA2S(OUCY(KJI)+UC/R8).LT.1.) GO TO 6
ETA(KJ!)=282aO~.·EXP(-.02~+PN+(TEMPW2-TEHPM»·(ABS(OUJY(KJ!)·UQ

1 I R in ,...... ( P ~ -.1. )
GO Te 7
COt~T H;Ut:
€TA(KJI)=282000.·EXP(-.024+PN·(TEMPW2-TEHP~»

COhTH:UE
1F{A=S(OUDYO+U~/~8).GT.l.) GO TO 6
I A=l
IF(AeS(OUCY(1.)·UO/R8).LE.1.) GO TO_12
CONTIt,UE
1=1
IF(AES(OUCY(2)+UJ/~a).LE.1.)GO TO 11
O~T~CY(1)=(ETA(2)-ETAa)/2./OY

COt/jltiUE
IA=!+1 _.
00 lG !=IA,KJJ
1F(A~S(DUCY(:+l)·Ufj/~.::).LE.l.)GO TO 11
)=:1 ~ CY (!) =(E. j A<I"1) - ~i ~ (I-1) ) I 2. I ov
COl\TItlUE -
a~TACY(KJ)=(~TA(~JI)-~TA(KJJ»/2./JY

GO TC 16
GOtlTH.UE
Q =: Til CY ( I ) =(ET A (I ~ 1 ) - ET A(I - 1) ) / 2. /0 Y
!F5AES(uUCY(r+2)·UO/~Q).Lr.1.) GO TO 12
.=i.+1
JETACY(Il=;j.
GO TC 9
CCriT It- U~
~clAOY(!+1)=(3.·ET~(!+1)-4."'ETA(I)+~TA(I-1»/2./DY/2.
IA=I+2
CC~TINUE _
U0 14 I = I A1. KJ
IF(AES(OUCy(:+1)+UC/~.e).GT.1.) GO TO 1=
JETACY(I)=J.
cot,T INUE
GO TC 16
C OIiTIl'iUE
)ETA~Y(I)=(-ETA(!+2)+4.+ETA(1+l)-3.+ETA(I»/2./QY/2.

GO TC 9
COl\7IhU
')0 17 ! 1 KJ
~LPHA(I =~/ETA(I)/CP+OY+·2/0X
9 c:T A <I) 0 ETA J Y (1) ·0Y1 2.1 ET A( I)
Cot~TH,U
~C:TUF\t~
EN!)
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c
c
C

1

2

3

SU2~CUT!r4E G~USS(~J,Oy,Ct,CA,T~ETAJ,A,5,C,J,~,F,G,H,a,S,T,TH~TA
1,TH~TA2,GAMH~,O~LTt)

T"i:S SUBRCUTrr~c: SJLV:::S THE T:<IJIAGJf~~L SYSTEM (C Er~U,GY
ECS. (7.2S) USH;G THO~jASt HETHOCJ

K::AL A (1) dO) .tC( U ,C (1) I.E (1), F( 1) ,G (1) ,H(1),a (1),3 (1) ,T (1)
~:::A:" THt.TA(l),.H::T~2(1),GAHMA(U,Di:LTA(l)
Hl)=GAlo!tH.(l) +2.
C (1) =-1.
E:(1)=(G,li.HI'A(':) -2.) .&THETA(ll
~(1)=THEIA(Z) .
~(1)=2 • .&JY+.&2·0ELTA(l}+THETAC
rl(u=t::(l)+~(1)+G(l)

~JJ=KJ-l l
::)0 1 !=2,KJJ
A 0)=-1.
3CI}=GAMHA(!>+2.
C(:}=-l.
J (I) =1 Y!:T A(I -1 )
~(I)=(GAM~AC!}-2.)·THETA(I)
F CI) =1 H:::T A (I +1)
GCI)~2.·0Y·+2·GElTA(I}

rl<I}=CCI) -4E:(I)+F(I)+GCI)
C(H:"!'-U=:
(;8=CA+1.
J 3=LlA+ 1.
~(t<J)=-1./08
3(KJ)=GAMwA(KJ)/2.+1./OA
J(KJ}=THE:TA(KJJ)/C3
::: CKj ) =(GA Hr~ ~\( KJ ) I 2 • -1. / CA) ...THE TA( KJ)
GCKJ)=OY··~·OElTA(KJ}+THETA(KJ+1}/CA/ca+THETA2(KJ+1)/DA/OS
H(KJ)=O(KJ)+E:CKJ)+GCKJ)
$(1)=6(1)
T(1)=H(1}/S(l)
JO 2 I=2, KJ
QCI-t> =CC I-l>/S(!-l>'
SCI) =3 (:) -A <I) .. a(1-1)
T (!) = (H CI ) -A (1 )·T (:. -1) ) IS (n
CON1I~U::: .
THETA2 (KJ )=T( KJ)
L~KJJ .
iJO 3I=2 1 KJ
THETA2(~}=T(L)-Q(L)·TH=:TA2(L+l)

L=L-1
COtiTINUt:
THETA0=\J.
KJI=KJ+l
:JO t. I=l, KJI
TH TA(!}=THETA2(!)
CO TH;UE
.~E U~N
Ell
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TH~ LU3~ICATIC~ PKOEL~~ - ~OHER L~W FLUID

r~HFERATU;;E: DE:P=:'WE:~j IJISCO:;IiY

FIN!TE C!FFEl{UJ;;:S 5o .. UT!Cti

262

T.::~PO= 4C~.( K ~E~PH2= 433.~ ;< TE:MPI1= 399.5 K

UQ= 15.CG r~/s~c K= .a~u61 C4L/CM SEC K

POHE~ L~W I~QEX= .453

~. = 25 LZ= 1;]13

cp= .6 C~~/G K L= ie.e CM

8 AT 11= .1:25 CM 9 AT ..= • (125 Cl'l

SO!..lHION

ITER~TIQt: 5

C CL U---t: 1

y

jj.OOQ
• U2 a
.04·')
.!J60
.06 C
• 10 J
.12 a
.140
.16 a
.180
• 20 ~
• 220
• 24 ~
• 260
.280
.30 C
.320
.340
.360
.360
.40G
.420
.440
.46 'J
.480
.500
• ~20.54!)
.56 C
• 5e 0
• EOO
.620
.64 a
.660
.680
.700
.720
.740
.7611
• 7e 0• .soo
• E 2C.B4G
• ~& J
.€S'J
.900
.92::
.94(;
.960
.gee;

1. GO J

X=G.

U (y)

1. COJC
• c;4~4
.9097
• E721
• E353
.7935
.76.7
.73u9
.6960
.6:;61
.f,3S1
.6 C5 0
.5759
• 5476
• 52J 2
• 4936
.4679
.4431
.4130
• :! 950
.3734
.3517
.33) B
.31J7
• 2912
.2726
.2546
.2373
.22J7
.2046
• 18-35
• 17~8
• 15J 8
.1474
.1345
• 1224
.11) 8
• 39-37
.0032
.0732
• (697
.(')J8
• C52 3
• C!t44
.[3')9
• C2:1'3
.(233
• C172
• Q 116
• Co J:; 3

O.(CJU

UtdG= .34~7

U(Y)+UO

lS.JaOtl
14.24U7
13.6458

.:13.3815
1.2.5301
11.3930
11.4709
1U.9633
:0.1+71.:2
9.3913
9.5264
9.G753
e.63!S
8.2136
7 • ~c 25
7.4041+
7.C19iJ
6.o~Gl
6.2656
5.9371
5. I) OC 5
5.2755
4.9621
4.6599
4.3687
4.1)664
3.0167
3.55~4
3. 31G 3
.3.0713
2.8421
2.6225
2.4123
2.2114
2.(;194
1.6362
·1.6617
1.4950
1.3378
1.1579
1. 0460

.9117

.7049

.0055

.5532

.4413iJ

.3497

.2533

.1740

.fj939
o.aoull

iHEiA(Y)

1. Cv0 Q
1. JiJDO
1.0 iJ:J 0
1.~OOO
1. Ii J J J
1. (j ~ 0U
1.liGOO
1.ijOOiJ
1. 1j:J u0
1.GJQ~
1 • .:. aua
1.0uoo
1.~Oi.iU
1.001.13
1.0000
1.00 () 0
1.0000
1. :J;) OU
1.0GOG
1.0000
1.,]000
1.GilDa
1. ij;)!J u
1. 0 U() lJ
1 • .j:J u0
'1. JOJG
1. J au tJ
l.lIGOQ
1.GJDa
1. au 0 J
1. COD J
1. 3 iJ Ju
1.0uiJD
1. O\)O a
1. ~ a0 a
1.\JuOo
1. J ua0
1. Ci iJ j u
1.aQllO
1. J 0 0 J
1.r]OOu
1. GJJJ
1.:~OO::'

1.vilO:'
1 • .J J uJ
1.(QJJ
1.vCOIoi
1. GO", oJ
1. Ij iJ IJ J
1. (JOllJ
1. GO Co

IE~P (Y)

4 G~. J K
403. C K
4':; ~. U K
4G 3. 0 K
4C 3. J I<
ltv 3. (; K
403. J K
4C3.u K
:'';3. 'j K
4v 3• .j K
403.) K
4G 3. 0 K
403. u K
4C J. G K
40 3. 0 K
403. 0 K
40 3. Q K
ltC 3. a K
403. U K
403. C K
4D 3. C K
4{) 3. C K
403. D K
40 3. J K
40 3. ~ K
4(; 3.::: K
4G 3. CJ K
40 J. C K
403. 'j K
4G 3. J K
4G 3. J K
4(.1 3.·J I<
4',).3. J K
'40 .3. 0 K
40 3. ~ K
403. K
ftO 3. K
1+03. K
41.: 3. K
,.C3. K
1t"'3. K
40 3. K
4~ 3. K
4G':. K
'+C' 3. K
~u 3. K
4~ 3. K
4;:; J. K
4C 3. K
40.3. K
4G .:. K



COLUMN f,

y

,j. 6~ a
.('2~
r4~

:665
• LE ,j
• H'J
.120

14 r:
: 16 J
.18 t: .
• ,00
• 22 ~.24Q
• 26 J
.2€-1J
• .3 aa
.~2C
.34(;
.36 C
• 3~ G.400
.42J
.44!)
• t.60
.48 C
• 5!J ()
.52 (!
.540
.560
.S80
.600
.62G
.640
.66Q
.680
.700
.720
.740
.760
.781)
.800
• t 2 G.84:)
.56 C
.~80

.900

x= .2732

U (Y)

1·'-9?O
• c'),+",

• 92j4
.Eg52
.i:Cj53
• f 2J 9
• 79J J
• 7S,> 7
• 7 Z3-3
• f.<H7
.6531
• f, 231
• '5 SIl 8
• S6·32
• 51t" 3
• 5121
.4~'t7

.4530

.4.3~O

.4066
• 3 e23
• :!C;j 7
• ~ 3t;7
.31~6

.2922

.2715

.251&

.2324

.2140
• 1963
.1732
.1629
.147.3
• 1323
• 113 J
.1044
• (914

.• (713
• L671
• (559
• C...453
.Q352
• (2CJ6
• !: 166
• GJ3 0

C.OOJO

~5.;.JCJQ

14.46",7
13.921)3
13.3975
12.d749
12.35Cjl
11..6%7
11 • 35L 1
lQ.:356tl
1J.3748
9.3GU8
9.4364
5.ge21
o.53~o
3.1045
7.68:7
7.2699
6.8693
5.47';j8
6.1017
5.735Q
5.3798
5.3359
4.7034
4.3523
4.'J725
3.7738
3.4663
3.2C96
2.9436
2.6oef>
2.4439
2.2094
1.9050
1.77CS
1.5657
1.3703
1.1642
1.JJ71
.~3~7
.67~9

.527ft

.3840

.2413lt

.12G5
".JuuQ

TH~Tt.(Y)

:.I.-JJ
-.:::235
-.j454
-. ;657
-.G344
-.1,,17
-.11.71+
-.1 He
-.1447
-. 15 E3
-.166&
-.175&
-.la34
-.:9Gu
-.1955
-. 1995
-.2\J~1

-. 2;j ~4
-.2 u E7
-.2J70
-.2"; E5
-.2J51
-.2~2::'
-.1996
-.1961
-.1916
-.1865
-.18u7
-.1743
-. 1673
-.1598
-.1515
-.1433
-.1343
-.1249
-.11 Sl
-. 10 49
-. ';944
-.GS35
-.;J724
-.060'3
-.J4'32
-. ;'372
-. IJ 2 5J
-.0126
J. Gaoo·

TEMP (Y)

43 3. ~ K
~3 3. 7 K
434. 1+ K
435. v K
4~5. ~ K
4 v &.;,. K
43~. 5 I<
437. j K
437. 3 K
437.7 K
43 ~.:.J K
43 S. 3 K
1+3:'.5 K
433.7 K
435. 9 K
4 3~.:. K
439.1 K
439.2 K
439.2 K
439.2 K
~3'3.2 K
439.2 K
1+.3 ~. 1 K
439.,j K
43 a. 9 K
435.7 K
43 e. 6 K
438. 1+ K
43~.2 K
43 c. -) K
437. 5 K
437.6 K
437.3 K
437. C K
436.7 K
436.5 K
ft3 &.1 K
433. € K
lt35.5 I(
435.2 K
43 it. e K
434.5 K
434.1 K
"33. B K
433.4 K
433.0 K

ETA (?O:SE)

42ci).S
427,).7
426~.2
4 2r:, 4. :
4267. ;.
4275.1
It 26:3.4
43CS.5
4329.c
4356.C
4391.1
442'3.1
4472.2
4 lJ2 u• Z
4573.3
4631.6
46'35. U
4763.7
4837. e
4917.5
5~Q2.c

5:i9J.9
519J.9
5294.2
54i.J3.9
552J.1
5643.3
5773.6
591:.4
6~57.,j

6210.8
6373.2
6544.&
6725.5
6916.5
7llt.• l
7331.1
7550.1
7794.0
6045.7
6312.3
6591+.9
6~94.9
9214. iJ
955'+.0
9~1&.9
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THETA3ULK= -.1385 BULK TEMP= ~37.2 ~

LOCAL ~USSElT NO AT y=o = 8.78 AT Y=H 4.55·

PRC:SSU~E= 1~B60ft5. 247616938. DYNE/CM2 = 3585. PSI



COLUHti 11

Y

0.000
• (2 J
.04')
.uf)~

• G~ ~
• 1.....
.12 a
• 140
• llj a
• te 0.20 J
.22 C
.2~O
.25 C
• 28 ~.300
.320
.340
.360
• :3 eo
.40~
.420
.44i3
.46C
.48:1
.5GlJ
.52J
.540
.55~
.• J;8 ')
.60iJ
• &:.2 C
.640
.650
.I)OJ
.7CO
.720
.740
.76G
.78 .J
.eo.;

x= .5463

U CY)

1.GJOG
• ': 67 2
• ~ 341+
.~j19

• E6'3 1-.
• f: 372
• E ') 53
.7736
.7422
• 7112
• 66J 5
• 65G 2
.52) 3
• 59J b
.561 a
.5333
.5J52
.4777
.45:J7
.4242
• ~96 2
• ~72'3

"74-3·-'
: 32J5
• ~ au 1
.277 G
• 2545
.2326
.2113
.1905
• 17 J4
• 11505
.131c
• 11"34
.(955
• (752
• C615
• (453
• C237
• Q Ilt6

O.GGJG

UCY)"'UQ

15.JJOO
14.,e75
14.J165
13.5278
13.')416
12.55b6
12 •...793
11.6040
11.1333
1:J. En 76
1:).2073
9.7526
9.3::43
8.8624
5.427J
7.9~92
7.5735
7.1654
6.76Cl
6.3628
'5.:3737
5.5930
5.22J7
4. S670
4.5~19
4.1556
3.3160
3.4892
3.1693
2.S5E1
2.5557
2.2620
1.9771
1.70e7
1.1+329
1 ei 736

.9226

.6799

.4453

.2157
(..~uuC

THi::TA(Y)

G. uOOu
-.~210

-. ~422
-,,]612
-. J 7 8e
-. J 9 50
-.1J9o
-.1234
-.13156
-.1455
- .15 53
-.154;3
-.1720
-.1791
-. 10 ~o
-.1366
-.1895
-.1912
-.1918
-.1914
-.190u
-. 1077
-. 1844
-.1803
-. 17 S3
-.1694
-.1626
-.1554
-.14 72
-. 13 E3
-.1267
-. 11 e4
-. 1G75
-. [950
-.:J836
-.~712

-.;;579
-.0442
-. J299
- .. C152
u. ;)uCG

TEriP (y)

433• .; K
43.:). l' K
431+. 3 K
434.6 K
435. '+ K
435.8 K
1t3 6.3 K
lt3 6.7 K
1t37.1 K
437.4 I<
437.7 K
437.9 K
438.2 K
436.3 K
433.5 K
436.6 K
433.7 K
436.7 K
435.:3 K
430.7 K
438.7 K
438.6 K
43 S. 5 K
43~.4 K
438.3 K
43 B. 1 K
437.9 K
437.7 K
437. 4 K
437.1 K
436.9 K
435.6 K
436. 2 K
435.9 K
435.5 K
435.1 K
43:'.7 K
~3 4.3 K
433.9 K
433. 5 K
433.;; K

EiA (POISE)

4511.c
44& 6. 5
446;:'.1
445~.4
443~.5

4433.1
4431.2
4433 •.5
4440. 7
4452.~
1+467.5
4487.3
4511.3
4539.S
4572.J
4600.7
4649. S
46'34. e
4744.3
'+795.2
4e56.4
4919.1
40::8 S. 4
5G5a.3
5134.6
5216.1
5 3J 2. 4
5393.7
549 u.1
5591.7
509 j. 6
5:11.5
5 "2 g. 9
6~54.3

6164.8
6321.6
& 46 4. 9
50i5.v
6772.2
6936.6
71GB.7
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TH~TA8ULK= -.12~2 BULK Ti::~P= S.36.8 K

LOCAL NDSSELT ~J AT Y=~ = AT Y=H

2432252. = 429152326. OYN=:/Cr12 6214. PSI



COLUMtl 16

Y

J.OO'3
.(20
.iJ4Q
.060
.G6.J
• 1 ~ J
.120
.140
.16C
.18 Q
• 21J Q
• 220
.24']
• 260
.280
.3(JO
.320
.340
.360
.3S:l
.400
.4eO
.440
.450
.4e.O
• 5C C
.52:1
.540
.55C
.58C
./sOil
.620
.640
.560
.6ea
.70 ()

U (Y)

1.C:JJJ
.0.7 Z7
• ~45 u
• <; 17.:.
.=0)9
• ~ ,J S
• t 31 b
.f.J3u
.7739
.7447
.71. :;3
• 6,359
• f5~ 3
• 62'if>
• 5~69
.5672
.5375
.51376
.4731
.4435
.4139
.3<3-35
• 3/s;J 2
• 331;)
.3021
.2733
• 24!.t7
.21'i3
.1832
.16) 4
.13Z9
.1,)56
• [737
• (521
• (259c. CJ·JJ

lS.Juuv
14.58g9
:4.1753
:3.7565
~3.33H

12.9072
12.4773
12.C443
l1.6.j·~o
11.171..4
1..J.73.:iu
10.2879

9.641+3
9..3:;;-j6
8.9541
5.5C51
o• .]021
7.6163
7.1711
6.7268
6.2837
5.3423
5.4,J26
4.9655
4.5308
4.0990
3.f>7Q3
3.2452
2.5237
2 .4S 63
1.9931
1.5345
1.18uT

.7&19

.38E2
O.QuJ\J

jHET~(Y)

u. ~JIJJ

- • '! 196
-.J3C1
-.2554
-.G7l7
-.G668
-.1(;;)7
-.11.35
-.12 :2
-.1356
-.1449
-.1531
-.160i)
-.1658
-.1704
-.1733
-. '176-
-.177J
-.1769
-.1756
- .17 31
-.1695
-.1646
-.l5e7
-. 1515
-.1433
-.1339
-.1234
-.1117
-.399Q
-.0851
-.Q702
-.(5~2
-.,--372
-.ji91
c. CGUO

T~ ...IP(y)

433.... K
4.:n. f) .K
4.$ I•• 1 K
434. 7 K
4.3 5. 1 K
43:;. 6 K
43b. J K
436.4 K
l.t36. 5 K
437. 1 K
437.3 K
43!.6 K
437.6 K
43d.J K
435.1 K
438.2 K
436.3 K
43~.3 K
438.3 K
436. 3 K
436.2 K
436. 1 K
437. 9 K
437. e K
437.5 K
437.3 K
437.:, K
436. 7 K
43 E. 4 K
435. J K
435.6 K
435. 1 K
434.6 K
434.1 K
433. 6 K
433. u K

E:7A (POISE>

5C;J6.4
4~lt3.e
4>;0:;.9
4E32.3
4783. j
4738. J
4697.2
It 66 U.3
4627.5
4593.6
4573.5
4'>52 e3
4534.7
452 w. 9
451j.o
1t50 4 • .3
45.jl.5
45.J2.3
4 5G 0.6
4514.6
4520.3
4541.5
456j.5
4563.1
46~9.5
463-3.6
467.3.6
4711.4
4753.2
4 7~ -3. G
4548.9
4902. 9
%t%1.3
5;;23.9
5L91.1
5162.6

265

T~ETABULK= -.11 7 6 BULK TEMP= 436.5 K

LOCAL NU~SELT NJ AT Y=D = B.55 AT Y=~ = 0.33

P;:;ESSUFE= Z93247E. = 5238j6853. OYN~/CH2 = 7555. PSI



COLUMN 21

Y

(j.QQO
.'J21
.040
.06~
.Q~~

.1UO

.12 C

.140

.160

.1e !)

.200

.22 C

.240

.260

.28 :J

.300

.320

.34a

.36 J

.380

.40J

.420

.440

.460

.480

.50C

.52Q

.540
• S60
.580
.60D

)(=1. u'326

U (Y )

1. COOD
• C:,2 0
• 9~du
• C?4 H
• ';I 22 1
• 9 Ju 1
• P7l U
• E526
.f275
• E012
.77.5 6

'.745 a
.7152
• 6~42
.6S21
• Ei180
.5844
.51+39
.5123
.4746
.4358
.3960
.3552
.313'5
.2709
.2274
.1932
.1333
.0927
• C466

O.OOJO

U(Y)·UO

15.J-JJJ
14.73:1
14.445&
14.1402
13.~315
13.5G12
13.1549
12.7923
12.41.32
12.J174
11.6045
11.17!.t6
10.7274
1C.26.~O

9.7613
9.2824
8 .7664
8.2336
7.6641
7.1184
6.5368
5.9398
5.3251
4.7022
4.0l)31
3.4114
2.7401
2.0742
1.39 U7

.Ei99G
o.uu~o

THETA(Y)

u.CJOO
-. (i1 E8
-. Ii 3 29
-.iJ484
-.,j632
-.,,772
-.G903
-. lD 26
-. 1140
-.1244
-.1337
-. 1420
-.1490
-.1549
-.1594
-. 162Ei
-. 1644
-.1646
-. 1633
-. 1604
-.1557
-.1493
-.1410
-.1308
-. 11 86
- .1044
-.11880
-.D6S4
-.0486
-. 0255
G.OC~O

TEr1P(Y)

433. a K
433. 5 K
434. 'J K
434.5 K
434.9 K
435. 3 K
435.7 K
1t3 Ei.1 K
436.4 K
436.7 K
43 7 .:; K
437.3 K
437.5 K
437. l) K
437. 8 K
437.9 K
437. S K
437.9 K
437.9 K
437. 8 K
437.7 K
437.5 K
437.2 K
436.9 K
43 '=>.6 K
436.1 K
435. l) K
435.1 K
434.5 K
433.8 K
433.J K

ETA (POISE)

6366.7
Ei15J.3
5 S,40. 9
5755.8
557&.1
54;) 7.2
5248.7
5093.9
4 96G. 4
4E29.7
4 7iJ 7. 5
4593.4
4467.2
4308.4
4297. a
4212.6
4135.0
4u64.1
3 <jgg. 8
3941.~
369ij.2
3844.9
3E~5.5
3772.9
3746.1
3725.6
3711.4
3703.5
370 2.0
3707.2
3718.9'
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THETABULK= -.1u73 BULK TEMP= \36.2 K

LOCAL NUSSELT NO AT Y=O = 7.95 AT Y=H = 12.43

PRESSUR.E= 25::JJ65J. 446776534. DYNE/Ct12 = 6469. _PSI

COLUMN 2&

Y

IJ.O!3::J
.020
.040
.060
.080
.1 DO
• 12 U
.14iJ
• 16 ~.16 a
.200
• 22~,
.240
.260
.28 (}
.30e
.32·J
.34~
.36a
.38 a
.400
.420
.44 a
.460
.480
.500

X=1.3fi5e

U(Y)

1. GJ() G
.g9S7
• g9U 8
• <?-945
• <;0 762
• <;OSS6
• ';1524
• <:'366
.9131
• e-35 5
• e71~
• E436
• E117
• 77f> 0
• 7361
.5921
• 5436
.59101 5
.5328
.4 7il 4
.4032
.3314
• 25lt9
.174il
.C830o. () (]J J

U(y)4UG

15.\)000
14.9362
14.8614
14.7672
14.6437
14.4336
14.2059
14.0494
13.7713
13.4462
1~.0767

12.6537
12.17')7
11.63e;,5
11.J422
lli.3o:"1
9.6536
8.8577
7.9920
7.10556
6.0451
4.97\,;3
3.6236
2.61135
1.334'+
(l.J.:iJD

THETA(Y)

c. GGOil
-.0137
-. ~ 272
-.J4()7
-.u54:J
-.Q670
-. 07 9 7
-.(920
-.lil37
-.1147
-.124~
-.134J
-.141'3
-.14t4
-.1533
-. 15 E1
-.1567
-.1548
-.1499
-.1417
-. 12 ~a
-.1135
-. C9.n
-.0&77
-. C3 65
u.;jijilJ

T:::MP (Y)

433. u K
433. It K
43.~.S K
434. Z K
434. Q K
435. \J K
435. 4 K
435.6 t<
436.1 k

_436.4 K
436. 7 K
437. J K
437. 3 K
437.5 K
1t3 7. 6 K
437. 1 K
437.7 K
437.6 K
437. 5 K
437.3 K
436. e;, K
436.4 I<
435. E K
435. C K
434. 1 K
433. J K

C:TA (POrSE)

141ou.4
132113.5

.l1e53.9
lC 246.5
8785.4
76'.:10.4
Gb9.j.3
6255.1
5722.5
5265.0
4e78.3
453'3.6
4243.9
3913 4.6
3756.0
3550.2
3379.6
3224.9
3u09.6
2972.11
2Ell.l
27e5.7
2715.2
2653. (;
2E16.9
2588.2

THETABULK= -.0980 BULK TEMP= _35.9 K

LOCAL NUSSELT NO AT Y=G = 6.95 AT Y=H 20.35

P9ESSU~E= o. = o. OYNE/CH2 = O. PSI




