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Abstract

This thesis develops a marginalized particle filtering algorithm for the blind system
identification problem. The blind system identification problem arises in many fields,
including speech processing, communications, biomedical signal processing, sonar and
seismology. The state space model under consideration uses a time-varying autore-
gressive (AR) model for the sources, and a time-varying finite impulse response (FIR)
model for the channel. The multi-sensor measurements result from the convolution of
the sources with the channels in the presence of additive noise. A numerical approxi-
mation to the optimal Bayesian solution for the sequential state estimation problem is
implemented using the particle filter. Estimates of the sources are recovered directly
by marginalizing the AR and FIR coefficients out of the posterior distribution for the
unknown system parameters. The resulting marginalized particle filtering algorithm
allows efficient identification of the system. Simulation results are given to verify
the performance of the proposed method. The block sequential importance sampling
(BSIS) formulation of the particle filter is also introduced to exploit the structure

inherent in the convolution state space model.
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Notation and Acronyms

Symbol and Definition

z Scalar
x Vector
x[d] ith element of vector x
X Matrix
XT Matrix transpose
XH Hermitian transpose
|X] Determinant of X
diag(x) Diagonal matrix formed from vector x
E{} Expectation Operator
N(u,X) Normal distribution with mean y, covariance ¥
ZG(v,7) Inverse Gamma distribution
[1x]]2 Euclidean norm of vector x
® Kronecker product
o(+) Dirac-delta function
i.1.d. identically and independently distributed
| Identify matrix of dimension n
Onym Matrix of zeros of dimension n x m

Bayesian Filtering
N Number of sources

J Number of sensors
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L Order of FIR channel
P Order of source AR model
M Memory of particle filter: max(P,L)
B Block length for BSIS implementation
Sk Source vector
SLk Concatenation of most recent L source vectors
Y Measurement vector
h, FIR channel coefficients vector
H, FIR channel coefficients matrix
ag AR coefficients vector
A, AR coefficients matrix
Vi_1 Source noise vector
o2, Noise variance of n‘* source
pIN Source noise covariance
Wy Measurement noise vector
02 Noise variance of j** sensor
3w Measurement noise covariance
SNR; » nt* source Signal-to-Noise ratio
SNR, ; 7" sensor Signal-to-Noise ratio
N, Number of particles
wi Importance weight of i** particle
I/V'e\ﬂ Approximate effective sample size
Nibresh Threshold for dynamic resampling
N, Number of Monte Carlo trials
Acronyms
AIR Acoustic Impulse Response
ASIC Application-Specific Integrated Circuit
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AR
ARMA
BIDS
BSIS
CRB
FIR
HOS
IS
KF
MAP
MMSE
MSE
MCMC
MH
MIMO
NVR
PCRB
PF
RBPF
SIS
SISO
SIMO
SMC
SNR
SOS
TVAR
VLSI

Autoregressive

Autoregressive Moving Average
Blind Identification via Decorrelating Subchannels
Block Sequential Importance Sampling
Cramér-Rao Bound

Finite Impulse Response
Higher-Order Statistics
Importance Sampling

Kalman Filter

Maximum A Posteriori
Minimum Mean Square Error
Mean Square Error

Markov Chain Monte Carlo
Metropolis Hastings
Multiple-Input/Multi-Output
Noise Variance Ratio

Posterior Cramér-Rao Bound
Particle Filter

Rao-Blackwellised Particle Filter
Sequential Importance Sampling
Single-Input Single-Output
Single-Input Multi-Output
Sequential Monte Carlo
Signal-to-Noise Ratio
Second-Order Statistics
Time-Varying Autoregressive

Very Large-Scale Integration
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Chapter 1

Introduction

1.1 Background

The blind system identification problem arises in many fields, including speech pro-

cessing, communications, biomedical signal processing, sonar and seismology. An

overview of the problem is shown in Figure 1.1, where the objective is to identify the

N-dimensional input signal x or the channel h given only the J-dimensional output

signal y.

N-dimensional

Input x

> System h

J-dimensional

Outputy

Unknown/Unobservable

A 4

Observed ’I

Figure 1.1: Blind system identification problem

The problem is described as blind since both the input and the system are un-

known. In communications systems design the classical approach to the problem is

to periodically transmit a known training sequence, and rely on non-blind methods
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to identify the channel. The channel estimate can then be used to equalize the re-
maining unknown signal outside of the training sequence. Blind signal processing
approaches to this problem are attractive since they can increase the available infor-
mation throughput of a channel by removing the need for training sequence transmis-
sion. A more critical problem with the training sequence approach is that in many
physical problems, including speech processing, it is not feasible to produce known
training signals from the source to perform non-blind methods.

Referring to the n** input signal as s,, the j** output signal as y;, and the finite
impulse response (FIR) channel from the nf* input to j** output as h;,, the blind

system identification problem is modelled as

N
Y; =an*hj,n+Wj, (11)

n=1
where * denotes the convolution operation and w; is the additive noise at the j*
output. Blind techniques are classified based on the system dimension and estimation
objective. Blind deconvolution deals with recovering a single input signal s; from
either a single-input single-output (SISO) system or a single-input multiple-output
(SIMO) system. The recovery of the input signals s, from a multiple-input multiple-
output (MIMO) system is addressed using blind source separation algorithms. In
blind channel identification methods the goal is to estimate the unknown channels
hj,.

1.2 Application to the Dereverberation of Speech
Signals

An important application of blind signal processing techniques is the dereverberation

of speech signals in an audio environment. The reverberation of speech signals can
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Reverberant Room

Talker A

Microphone 2

4 Q Talker B
TV
Talker C
—————  Direct wave
/ NS Reflected wave

Figure 1.2: Graphical depiction of reverberation

cause significant degradation in the perceptual quality of speech for hands-free tele-
phony, digital hearing aids, music recording, teleconferencing and other audio applica-
tions. Reverberation is the effect caused by multiple reflections of sound off the walls,
floor and ceiling of the enclosure from the sound sources to the microphones. The
resulting annoying acoustical problem is the so-called barrel effect, since the speaker
sounds distant, like at the bottom of a barrel. The situation is further complicated by
the cocktail party phenomenon [12] when multiple speech sources are present simulta-
neously, along with other background noise such as moving fans, television and street
traffic. The undesired speech sources and background noise act as interference on
the desired speech signal. The reverberation problem is shown in Figure 1.2. Mathe-
matically, the received signal is the convolution of the actual speech sources with the
acoustic impulse response (AIR) of the room in additive noise as described in (1.1).
An informative introduction to the problem of reverberation cancellation in acoustic

environments is presented in [42].
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Figure 1.3: Typical AIR in an audio enclosure

As shown in Figure 1.3, typical AIR’s have coeflicients that decay smoothly to-
wards zero, making the blind channel identification problem ill-conditioned [92]. The
AIR of Figure 1.3 was measured using the method of maximal-length sequence identi-
fication [53]. The proposed marginalized particle filtering algorithm is developed with
an eye towards future application to the dereverberation problem, and as such has the
potential to directly recover the source. This approach offers a more computationally
stable method for recovery of the source signal. A filter bank implementation of the
proposed algorithm for application to the speech dereverberation problem is discussed
in Section 5.3. It is noted that the proposed marginalized particle filtering algorithm

is not limited to audio applications.
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1.3 Blind System Identification Literature Survey

A summary of methods for blind channel identification, deconvolution, and source
separation is now presented. An overview of applications and algorithms for the
blind system identification problem is available in the review paper (3].

The approach taken by blind channel identification methods is to estimate the
unknown channel from the measured signals. The review paper [82] provides a sum-
mary of multichannel identification methods. For SISO systems, the use of high-order
statistics (HOS) is required to handle the case of a non-minimum phase channel [32].
The use of HOS requires the assumptions that the input signal is non-Gaussian, and
that the channel statistics are stationary over the large sample size needed to com-
pute the high-order moments of the output signal [75]. The use of multiple sensors in
a SIMO system allows for channel identification, up to the inherent complex scaling
ambiguity, based on second-order statistics (SOS) [83][84] by exploiting the diversity
in the channels [82]. SOS methods have the advantage that in general they require a
smaller sample size to converge compared to HOS, but may require stronger conditions
on the channel or source [75]. Subspace methods for the SIMO [1} and the MIMO
[37) cases perform channel identification based on subspace structure present in the
SOS of the output signals. An alternative approach using the SOS of oversampled
output signals is based on the method of linear prediction [2]{80]. The problem can
also be formulated using the maximum likelihood approach, including the two-step
maximum likelihood method appearing in [45]. If an estimate of the input source is
required using channel identification methods, an inverse of channel estimate can be
applied to the measured signals to recover an estimate of the original source. This is
a result of the Bezout identity described in [82] for the FIR inverse of a SIMO system
under the condition that the channels are coprime (do not share common zeros). A
well-known approach for the MIMO case is the blind identification via decorrelating
subchannels (BIDS) method [46][47].

Blind deconvolution methods are constructed to directly recover an estimate of
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the source signal. Blind deconvolution algorithms for many communication systems
make use of the finite alphabet nature of the input signal [16]{57]. Methods based on
subspace approaches also appear in [85][59]. For the general blind system identifica-
tion problem, for example in the case of continuous speech sources, the assumption
of finite alphabet no longer holds. A Bayesian approach for blind deconvolution of
SIMO {44] and MIMO [43] systems by Hopgood is applied to the audio reverberation
problem. The algorithm operates by exploiting the differences between the assumed
nonstationary AR sources and stationary all-pole channels.

Blind source separation methods address the case of estimating multiple input
signals from multiple outputs. A review of blind source separation methods is avail-
able in [14]. One of the earliest approaches to the problem for instantaneous mixing
models was the Independent Component Analysis (ICA) method presented in [20].
Algorithms based on information theory appear in [8]. A maximum likelihood for-
mulation can be implemented using joint diagonalization procedures [69]. Recent
work has focused on convolutive mixing models which arise in practice for mixtures
of speech signals in reverberant audio environments [68](74][70]. A source separation

approach based on particle filtering appeared in [34],[6].

1.4 Proposed Solution

The proposed algorithm uses Sequential Monte Carlo (SMC) methods (otherwise
known as particle filtering) to solve the blind system identification problem. Par-
ticle filters provide a numerical approximation to the optimal Bayesian solution for
the nonlinear/non-Gaussian sequential state estimation problem. Tutorials on SMC
methods are presented in (7] [24], while the state-of-the-art is available in [28](26][61].
The use of particle filters in signal processing was in large part prompted by the
introduction of the resampling step into the sequential importance sampling (SIS)

procedure [36]. Along with recent advances in computational power, active research
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in particle filtering methods for nonlinear /non-Gaussian problems has led to applica-
tion in a wide variety of technical fields, including communication systems [64][40][31],
target tracking [65][9][13] and speech processing [30][88],(6]. A particle filtering ap-
proach can result in significant computational complexity; however, particle filters
lend themselves well to a parallel implementation. A VLSI ASIC implementation
of a real-time particle filter architecture appeared recently in [19], and methods for
real-time implementation are discussed in [55).

For the specific blind system identification problem presented in this thesis, the
state space model uses a time-varying autoregressive (AR) model for the sources, and
a time-varying finite impulse response (FIR) model for the channel. The multi-sensor
measurements result from the convolution of the sources with the channels in the
presence of additive noise. A Bayesian framework for solving the sequential state
estimation problem for the dynamical model is developed using the posterior distri-
bution of the unknown sources, AR coefficients, FIR coefficients and noise variances.

A particle filter approach is used to recursively update the posterior distribution
of the nonlinear state space model. The particle filter is efficiently implemented by
marginalizing out the AR and FIR coeflicients from the posterior distribution using
the Rao-Blackwellisation procedure. This reduces the particle filter problem to that
of estimating the sources. The AR and FIR coefficients can then be estimated using
the optimal Kalman filter. Analytical expressions for maximum a posteriori (MAP)
estimates of the noise variances are also developed.

In addition to the proposed particle filtering approach that uses the classical SIS
method, a novel formulation called block sequential importance sampling (BSIS) is

introduced to exploit the structure of the convolution state space model.
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1.5 OQutline of Thesis

o Chapter 1 introduces the blind system identification problem. The applica-
tion of the dereverberation of speech signals in an audio environment is then
presented highlighting the design challenges that must be addressed in a dere-
verberation algorithm. A brief literature survey of blind deconvolution, channel
identification, and source separation methods is also included. The key features

of the proposed approach are then outlined.

e Chapter 2 provides background material on Bayesian filtering methods. It out-
lines Bayesian theory, and its application to the sequential state estimation
problem. The fundamentals of the Kalman filter for linear-Gaussian state space
models, and the Monte Carlo-based particle filter for nonlinear/non-Gaussian
models are shown. The use of the Posterior Cramér-Rao bound (PCRB) as
a theoretical performance benchmark for nonlinear filtering problems is also

introduced.

e Chapter 3 describes the proposed marginalized particle filtering approach to
the blind system identification problem. The state space model and statistical
assumptions are first introduced. The structure of marginalized particle filter is
then developed. The remaining sections develop the particle filtering algorithm
for nonlinear estimation of the sources, the Kalman filtering algorithm for esti-
mation of the AR and FIR coefficients, and the MAP expressions for estimating

the noise variances.

e Chapter 4 illustrates the performance of the algorithm using simulation results.
This begins with the derivation of the PCRB based on the proposed state space
model. The definitions of the parameter settings and performance measures
used in the simulations follows. The proposed algorithm is tested to demonstrate

the performance. Comparison of the results to the PCRB is also included.
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e Chapter 5 summarizes with conclusions and contributions to the scientific lit-
erature. Suggestions for future research are also provided, including a detailed
introduction to the block sequential importance sampling formulation of the

particle filter.



Chapter 2

Bayesian Filtering Background

Relevant background material on Bayesian filtering is summarized in this chapter.
The sequential state estimation problem is introduced, and a Bayesian approach to the
problem is developed. The optimal Kalman filter for linear-Gaussian models, and the
Monte Carlo-based particle filter for nonlinear/non-Gaussian models are described.
The Posterior Cramér-Rao bound (PCRB) is introduced to provide a theoretical

performance benchmark for the Bayesian sequential state estimation problem.

2.1 Bayesian Theory
Bayes’ theorem for the random parameter x and measurement y may be stated as

p(x,y) = p(x|y)p(y) = p(y[x)p(x), (2.1)

where p(x) and p(y) are prior distributions, p(y|x) is the likelihood, and p(x|y) is

the posterior distribution. The posterior can also be written as

_ p(ylx)p(x)
p(xly) = o) (22)
where the normalizing constant p(y) is
b0 = [ plybp(iix (23)

10
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Using a Bayesian framework, the posterior distribution captures all statistical infor-
mation about the random parameter x from the measurements and prior knowledge.
As such, the posterior distribution can be used to generate estimates of the unknown
parameter. For example, the maximum a posteriori (MAP) estimate is the parameter

value that maximizes the posterior distribution:

FMAP = arg max p(xly). (2.4)

The minimum mean square error (MMSE) estimates of the parameter may be also

be computed:

MMSE = By {x}

25
- / xp(xy)dx. "

In addition, a measure of belief in the estimates can be determined from the posterior
distribution, for example in the form of confidence intervals.

An important advantage of using a Bayesian formulation is that parameters can
be marginalized out of the posterior distribution. This can lead to more efficient and
better performing estimation algorithms. The use of marginalization plays a key role
in the proposed blind identification approach.

A Bayesian approach requires the use of prior information for the parameters.
This need not be a restriction, in that non-informative priors may be used when

reasonable previous prior knowledge of the parameter values is not available [10].

2.2 Bayesian Sequential State Estimation

The sequential state estimation problem is to recursively determine the state sequence

X which is assumed to evolve according to the first-order Markov process equation

Xk = £ (Xk-1, V1), (2.6)
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where f). is the state transition function and vi_; is the process noise sequence. The

state is estimated from the measurement (observation) sequence yj given by

Vi = 8k(Xk, Wk), (2.7)

where gy, is the measurement function and wy, is the measurement noise. The current
measurement y;. is assumed dependent on only the current state x; and measurement
noise wy, at time k.

In a Bayesian approach to sequential state estimation, the filtered posterior dis-
tribution p(xk|y1.x) of the current state conditioned on all the measurements is re-
cursively computed from p(xg—1|y1:x—1). First, the predicted posterior distribution

P(Xk|Y1:k-1) is determined from the Chapman-Kolmogorov equation [7]:

P(Xk|y1k-1) = / P(Xk|Xk—1)P(Xk-1]Y1:6—1)dXk—1, (2.8)

where the transition prior p(xk|xk—1) is determined from the process equation (2.6)
and the statistics of v4_;. The predicted distribution is then updated using the new

measurement y; by applying Bayes’ theorem:

_ p(yelxe)p(Xely1k-1)
p(xkly1x) = POies) (2.9)

where the likelihood distribution p(yx|xx) follows from the measurement model (2.7)

and the statistics of wy. The normalizing constant is given by

P(Yily1x-1) = / P(Ye|xE)p(Xk |y 1:k-1)dxk . (2.10)

An optimal Bayesian filter is one for which the required integrals for the prediction
and update steps can be computed exactly. In general, however, these integrations are
analytically intractable. The next section presents the Kalman filter, which is optimal
when the state space model is restricted to be linear with independent Gaussian noise
and initial state processes [4]. This is followed by the introduction of the particle filter,
a Monte Carlo-based approach to numerically approximate the optimal solution for

more general nonlinear and non-Gaussian state space models [26].



Michael Daly M.A.Sc thesis - Electrical & Computer Engineering, McMaster 13

2.3 Kalman Filtering

Under the conditions that the process noise vi_;, measurement noise wy and initial
state xo are independent Gaussian variables, and the state transition fi(-,-) and

measurement gg(-, -) functions are linear, the state space model is

X = FpXg-1+ Vi1, (2.11)

Yi = Gixg+ wy, (2.12)

where the matrices Fy, G are known, along with the state noise covariance X, _;
and measurement noise covariance X, ;.

For this linear-Gaussian system, the optimal Bayesian solution for the sequential
state estimation problem can be computed analytically using the Kalman filter. The
resulting posterior distribution p(xx|y1.x) is Gaussian, and can therefore be repre-
sented completely by its mean and covariance. Starting with the filtered distribution

at time k£ — 1 with mean X;_;;x—; and covariance ®;_jx—; given by

P(Xk-1]Y1:6-1) = N (Rr—1jk—1, Pr—1jk-1), (2.13)

the integral for the prediction step of the optimal Bayesian solution in (2.8) reduces
to computing the mean Xx—1 and covariance ®x—; of the predicted posterior dis-

tribution p(xx|y1:x—1) given by [58]

P(Xk|yrr-1) = N(Xik-1, Prik-1), (2.14)
Xkk-1 = FrXp-ye-1, (2.15)
Ppi-1 = Fr@po1p—1Ff + Spp-1. (2.16)

The update step in (2.9) produces the mean X, and covariance @y of the filtered

posterior at time k:
p(Xe|yie) = N(Xik, Prix), (2.17)

Xep = Kip—1+ Wi(ye — GeXpe-1), (2.18)
Py = Prip—1 — WiGpPrp—1, (2.19)
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where the Kalman gain is defined as
Wi = @y-1G; Qi 1, (2.20)
and, for the innovation defined as yi — GgXjx-1, the innovation covariance is

Qk = G ®ii-1G} + Sui. (2.21)

2.4 Particle Filtering

We now consider the case when the prediction (2.8) and update (2.9) steps of the
optimal Bayesian filter cannot be computed analytically. For a nonlinear and/or non-
Gaussian state space model, as in the case of the blind system identification problem,
suboptimal approaches are required. We now introduce the particle filter which uses

a Monte-Carlo based approach to numerically approximate the posterior distribution.

2.4.1 Monte Carlo Integration

The approach to approximating the intractable integrations is based on the method
of Monte Carlo integration [77]. Consider the expectation of an arbitrary function

f(-) with respect to the posterior distribution:

Ep(xl:k'yr.k)(f ) = / f (xlzk)p(xlzk'y 1:%)dX 1.k (2.22)

If N, identically and independently distributed (i.i.d.) samples x},, can be drawn from
the distribution p(x;.x]y1.x) then a discrete approximation to the posterior distribution

is
Np

1 )
p(x1=k|y1:k) ~ F Z 6(x1:k - xi:k)' (223)
p

i=1
Using this representation, the Monte Carlo method approximates the integral in (2.22)

with the summation

Np
Eytnuatyin (F) = 3 3 £ () (224)

? =1
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Results presented in [25] show that this numerical approximation demonstrates almost

sure convergence to the true value as IV, — oo.

2.4.2 Importance Sampling

The Monte Carlo sampling method cannot be used on its own to approximate the
optimal Bayesian filter integrals since, in general for nonstandard multidimensional
distributions, the posterior is not easy to draw i.i.d. samples from. An importance

function g(x1.x|y1:x) that is easy to sample from is introduced into (2.22) as shown:
p(X1:k|Y1:8)
]Ep(xl:kb'x:k)(f) = /f(xl:k)—_I_Q(xltkl}’l:k)dxlzk' (2'25)
Q(xlzklylzk)
By selecting N, i.i.d. samples from g(x1.x|y1:x), the discrete weighted sum approxi-

mation to the posterior distribution is
1 &
p(xuklyrs) = 5= > wpP5(x1s — xip), (2.26)

P =1
where the set of samples {x},,,7 = 1,...,N,} are referred to as particles. The asso-

ciated true tmportance weights {w,’:(i),z' =1,...,N,} are defined as

+(0) _ P(XLglY1k)
We " =773 1o )
(%35 y1:)
— p(yliklxtlzk)p(xi:k)
P(y1)a (X1 ly1:)
In general, it is not possible to evaluate the true importance weights since the normal-

(2.27)

izing constant p(y;.x) can be difficult to compute. Instead, the importance weights
are first evaluated as
, i .
wl(:) o P(":;kl)’l.k)
q(xikly1)
R (2.28)
— p(yl:kl)'tl:k)p(xl:k)
(x4 ly1x)
and then normalized to ensure the posterior distribution integrates to one using the

?

following:

(2.29)
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As shown in [25], the resulting discrete representation of the posterior distribution in

terms of the normalized importance weights in (2.29) is
Np
plxrlyie) & > whb(xr — x64), (2-30)
i=1

where the true importance weights w,:(i) in (2.26) are replaced by Nyw;. Using im-
portance sampling (IS), the Monte Carlo approximation to the integral in (2.25) is
then given by

Np
Epxpatyn) () = D Fchp )k (2.31)
i=1

For example, the filtered MMSE estimate of the state x; given the measurements y;.x

can be approximated from (2.5) using the set of particles and importance weights:

sMMSE _
Xg = ]Ep(xklylzk){xk}

NP
R E X}, + Wy
i=1

In the ideal case the importance function is exactly equal to the posterior distri-

(2.32)

bution, which for the true importance weights in (2.27) results in

wi® = 1, (2.33)

va'rq(x'i:kb'l:k)(wl:(z)) = 0. (2.34)

The variance of the importance weights can therefore be used as a measure of op-
timality of the importance sampling method, and in subsequent sections is used in
selecting the best choice of the importance function and for dynamic scheduling of

resampling steps.

2.4.3 Sequential Importance Sampling

For the sequential state estimation problem, the method of sequential importance

sampling (SIS) is used to recursively generate particles xi and update the importance
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weights w}. First, a recursion for the posterior distribution is found by applying Bayes’

theorem:
p(¥i X1k, Y1:e—1)P(X1:4 [y 1:8-1)
X7. 3) =
p( l'klyl'k) p(YkIYI:k—l)

X1. y k— Xk |X k—1y K~

_ PYk[X1k, Y1e-1)P(Xe[X1:k-1, Y1k l)p(X1;k—l|y1:k—1) (2.35)

P(YrlY1:k-1)

X, Xg | Xp—

= PVl )p (X X l)p(xl:k—llyl:k—l)'

p(YkIylzk—l)

The last line follows since the measurement y; does not depend on the past states
X1.k—1 Or measurements y.x—1, and the state is first-order Markov depending on only
Xk—1-

Applying Bayes’ theorem to the importance function results in

g(X1ely1k) = ¢(Xk[X1:6-1, Y1) 7 (X1:6-1 Y 1:)- (2.36)

An importance function containing the factor g(x1.x—1|y1.x) implies that the particles
for the past states X;._; are regenerated at time k based on the new measurement
yx- This introduces a significant computational burden since it requires storage of the
entire particle history x%,, _, for each particle. To avoid this problem, the importance

function is restricted to satisfy the form [25]

q(x1:k|}’1:k) = q(xk|x1:k—1, Y1:k)q(x1:k—1IY1:k—1)- (2-37)

The approximation is that the smoothed importance distribution ¢(xj.x—1|y1.x) for
the past states x;.x—; incorporating the new measurement is replaced by the filtered
distribution g(x1.-1|y1xk—1). As a result, the past particles x},_; do not have to
be modified since they are only dependent on the measurements up to time k£ — 1.
The factorization also specifies that particles xi are drawn from the distribution
q(Xk|X1:6—1, ¥1:)- The new particles x} are then appended to the history of particles
x4, to form the particle trajectories x}, = {x%,_;,xi}. Typically, as is shown in
Section 2.4.5, the importance function ¢(xg|X1:k-1,¥1:x) is selected to be only depen-

dent on the most recent state x;_,, and possibly the current measurement yj. This
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simplifies the implementation by requiring only storage of x},_, instead of the complete
particle history. It is noted that the proposed block sequential importance sampling
method uses an alternative factorization property of the importance function.

Using the recursion for the posterior distribution in (2.35) and the factorization of
the importance distribution in (2.37), the recursive update for the importance weights
is

wt P(Xi.ky1:k)

X ———
k q(lezklylzk)
P(ye X3 )p(X5 Xk 1) PO k1 [Y1:6-1)

—=~ . 2.38
q(x;clxi:k—l’ yl:k) q(xi:k—l Iyl:k—-l) ( )
. P(yrlxi)p(xi|xi—1)
kol q(Xg|X 415 Y1)
The importance weights {w,i = 1,2,..., Np} are initialized to value 1. At each time

step, the importance weights are normalized using (2.29).

2.4.4 Resampling

SIS particle filtering algorithms suffer from the problem of importance weight de-
generacy, in which after a few iterations of the recursion only one particle has a
significant normalized importance weighting and the rest are close to zero. In [25],
it is shown that the degeneracy problem cannot be avoided since the variance of the
importance weights can only increase over time. The introduction of the resampling
step in [36] made SIS methods practical by effectively reducing the weight degener-
acy problem. This is accomplished by performing a resampling step after the weight
update in which particles with large importance weights are duplicated while parti-
cles with small weights are removed. This leads to a more efficient particle filter since
computational resources are not wasted on updating particles that contribute little to
the numerical approximation of the posterior distribution. A graphical presentation
of the resampling step for a one-dimensional state z; and N, = 10 particles is shown

in Figure 2.1, based partly on [22]. The resampling step removes the particles i
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Before Resampling

After Resampling

Figure 2.1: Graphical presentation of the resampling step

(circles) associated with small importance weights wt (squares), and duplicates par-
ticles with large importance weights. The particle filter representation consisting of
the random measure {zi,w,i =1,2,...,Np} is seen to be a discrete approximation
to the true continuous posterior distribution curve shown.

Resampling algorithms provide ways of drawing %.1.d. samples {i{:k, i=12,...,N,}
from the discrete approximation to the posterior distribution in (2.30). As a result,

the new particles are selected with probability
Pr(%.,, = xi,) = uj. (2.39)
The original particles are replaced with the resampled particles using

xi:k = iﬁ:k’ (240)
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and the importance weights are all set equal

wh = Ni (2.41)
p

A variety of resampling schemes are available in the literature, including multinomial
[36], residual [61], and systematic resampling [54]. A comparison of the complexity
and performance of these resampling algorithms is presented in [18].

A measure of the degeneracy of the SIS algorithm is the effective sample size Neg
[61] given by

Ng= — N (2.42)
1+ var(w,®)
The variance of the importance weights is non-negative so that Neg < N, and also
from (2.34) in the ideal case the variance is zero which means that small values of the
effective sample size indicate algorithm degeneracy. From the discussion in Section
2.4.2, in general the true importance weights w,:(i) cannot be evaluated, and so the
following approximation to the effective sample size is used:
— 1

A= N
Zi:pl (w;c)2

The use of the approximate effective sample size allows resampling to occur only when

=

(2.43)

the algorithm displays degeneracy. This is accomplished by resampling whenever ﬁ;

is below a fixed threshold Nipresh.

2.4.5 Selection of the Importance Function

The selection of the importance function is an important factor in determining the
performance and efficiency of the SIS particle filter. In practice, there are an unlimited
number of choices for the importance distribution. Three of the most common are
briefly introduced here. The first importance function presented is the transition
prior given by

q(xklxi:k—la yl:k) = p(xk|x;;_1)- (244)
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The resulting weight update equation simplifies to multiplication by the likelihood
wy, o wi_1P(Yr|X})- (2.45)

A second popular choice is the optimal importance function. For the filtered
posterior distribution, it is defined as the function which minimizes the variance of
the true importance weights conditional upon x%_;, and y;. In [28], the optimal

importance function which results in a variance of zero is shown to be

Q(xklxilzk-—layl:k) = p(xklx;;:—l’ Yk)

_ p(yi|xe)p(xk]x;_;) (2.46)
P(Yelxi_;)
The corresponding weight update becomes
wh o wh_1p(Yelxk_1)- (2.47)

From the recursion for the posterior distribution in (2.35), it is noted that the op-
timal importance function is equal to the update factor on the previous posterior
distribution p(x1.x-1|y1.k—1). It can be seen that the benefit of the optimal impor-
tance function is that it incorporates information from the current measurement y; in
generating the particles. This is at the expense of additional computation compared
to the use of the transition prior as the importance function. In many cases, the
optimal importance function cannot be derived analytically or is difficult to sample
from, and instead approximations are used. For example, the method of local lineari-
sation can be used to approximate the optimal importance function with a Gaussian
distribution [25].

The third approach is the auxilliary particle filter [71] which uses the transition
prior to generate particles, but also incorporates the current measurement y; into the
resampling step at time k — 1. For more details see the description in [41].

A pictorial overview of the particle filtering algorithm introduced in this section

is shown in Figure 2.2, based partly on [24].
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Figure 2.2: Particle Filtering Algorithm Structure
2.5 Posterior Cramér-Rao bound

For analyzing the performance of estimation algorithms, lower bounds based on in-
formation limits are developed to indicate theoretical performance limitations. For
the estimation of a set of nonrandom parameters Xx;.; given the set of measurements
Y1k, the Cramér-Rao bound (CRB) provides the lower bound on the covariance of

an unbiased estimator Xy.x(y1:x) [78]:
M = E {[&14(y1:x) — X1k]" Rk (y1) — X1} = Jpi- (2.48)

The matrix inequality implies that the matrix M — J7;; must be positive semidefinite.

This also specifies that the mean square error (MSE) of the n** component of x, is
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bounded by the nf* diagonal element of lower bound:
MSE(R1.x[n]) = E {[&u[n] (v1x) — %14 [n]]T Raa[n] (yi) = Xaa[n]]} > Igiln, n]

The lower bound is given by the inverse of the Fisher information matrix J,.;, which

is determined from the likelihood p(y1.x|X1:k):

Jik=-E {A:I',: 10gp()’1:k|x1:k)} . (2.49)

The expectation is taken over the measurements y;.x. The first-order (V) and second-

order (A) partial derivative operators are defined for the vector a of dimension n,

as
o 9 o 17
Va = [80[1]’30:[2]”"80:[%]] ! (2:50)
A = VgVe. (2.51)

The Posterior Cramér-Rao bound (PCRB) introduced in [86] provides the lower
bound when the parameter x;.; is a random variable. In this case, the Fisher in-

formation matrix is determined with respect to the joint distribution p(xi.k, ¥1:):
Jik = —E {AF* log p(X1:, y1:8) } (2.52)

and the expectation is taken over the measurements y;.. and the random variable
X1:k-

For the sequential state estimation problem it is of interest to recursively deter-
mine the Fisher information submatrix J; which determines the lower bound on the
estimation covariance of the N-dimensional state x;, given the measurements y;.,. For
the discrete-time nonlinear filtering problem, [81] derives an efficient recursion for J.
However, alternative methods are required to handle the case when the transition
prior p(xk+1|xx) is singular. This is the case for the proposed state space model, and
also frequently in tracking applications, in which the transition prior contains Dirac

delta measures. In [81], the approach to the singular case is dealt with by introducing
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regularization noise into the system. An alternative approach for the singular case
is also presented in [89] for nonlinear systems with unknown constant parameters.
The approach taken here follows from [9] (also summarized in Chapter 15 of [26]) in
which a recursion for the inverse of the Fisher information, denoted by Py, = J ;1, is
derived. This avoids the problem of requiring inversions of singular noise covariance
matrices from the transition prior. The recursion is provided for the one-step-ahead
predictor, that is, the estimation of the state x; given the measurements y;.x-,. This
method was found to provide the most straightforward derivation of the PCRB for
the proposed state space model, as compared to [81],[89).

In the following it is assumed the discrete-time nonlinear state space model is of
the form shown in (2.6) and (2.7). The lower bound for the one-step-ahead predictor
is:

E {[®e(y1:6-1) = &) T[Rr(y1:6-1) — Xk]} = Pi. (2.53)
The recursion for Py, under the assumption that the prior distribution tends to zero

at infinity but with no requirement of the estimator being unbiased, is given by [26]
Pyy1 = Fu(Py' + Ry TFY + GeQiGH, (2.54)

where the following matrices, all of dimension NV x N, are defined as:

Fi = E{V,\ Il (xx, vi)}, (2.55)
R;' = E{-AXlogp(yxlx)}, (2.56)
Gy = E{Vyf(xxve)}, (2.57)
;1 = E{—A::logp(vk)}, (2.58)
Pyl = E{-Ajlogp(xo)}. (2.59)

In practice, it may not be possible to evaluate the expectations analytically. Monte
Carlo techniques can be employed to produce numerical estimates to the expectations

by averaging i.i.d. statistical realizations of the system model [26].



Chapter 3

Marginalized Particle Filtering for
Blind System Identification

The state space model and statistical assumptions used to develop the joint posterior
distribution for the blind system identification problem are introduced. An efficient
Bayesian solution to the sequential state estimation problem is then developed using a
marginalized particle filtering algorithm. The resulting nonlinear estimation problem
for the sources is implemented using a particle filter, the FIR and AR coefficients are
estimated using a Kalman filter after being marginalized out of the posterior distribu-
tion, and analytical MAP estimates for the unknown noise variances are developed.

A discussion of sufficient identifiability conditions is also provided.

3.1 Bayesian Formulation

3.1.1 State Space Model

The state space model under consideration for the blind system identification problem
is shown graphically in Figure 3.1. We now develop the dynamical equations and

variable descriptions for the state space model.

25
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Time-Varying AR Time-Varying FIR Additive
Source Model Channel Model Noise
N Inputs P order N Sources L order J Outputs

VI:[]-] ag, Sk[1] hk,l,l m Yk[1]
wel1]

vi[N] arn sulV] . YilJ]

|
&

£
.
&

Figure 3.1: Blind system identification state space model

The n'* source s[n] is assumed to evolve according to the following P-order time-

varying autoregressive (TVAR) model:

Sk [n] = a{nSp,k_l,n + vk_l[n]. (31)

The source noise vx_;[n] € R is assumed to be Gaussian distributed with mean zero

and unknown variance o2,. The noise variances are assumed to be independent

between sources. The source vector spk_;,, € RF*! is composed of the most recent

P samples at time k£ — 1 for the n** source:
SPk—1,n = [Sk—p[n],sxk—p41[n), . . -, Sk-1[n]]T. (3.2)
The AR coefficient vector ay, € R”*! corresponding to the nt* source is given by
axn = [Arn[P],akn[P —1]...,a.[1]]". (3.3)

A TVAR process equation is frequently used to model the dynamics of speech sources

(88][6], and is used here in view of potential applications to the dereverberation of
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speech signals. The following two matrix representations for the dynamics of the N
sources are used in the development of the algorithm:

Sk = AiSpr—1+ Vi1 (3.4)

= Si_1a + Vk_1. (3.5)

The quantities in the above equation are defined in the following paragraphs. The N

sources are collected in the vector s, € RV*!, and similarly the noise variables are

collected in vi_; € RVX1;
S = [Sk[].], Sk[2], e ,Sk[N]]T, (36)
Vg1 = [vk—l[]-], Vk_1[2], vy Vi [N”T (37)
The vector vi_; is assumed Gaussian distributed with mean zero and diagonal co-

variance 3, given by

3, = dia'g([ag,la 012),2) .- 1012;,N])' (38)

The operator diag(x) denotes the diagonal matrix formed from the elements of the

RNle

vector x. In (3.4), spg-1 € is the concatenation of the most recent P source

vectors at time k — 1:

SPk-1 = [SE—P:SE—PH, R (3.9)
and the AR coefficient matrix A; € R¥*N? 5 given by

A = [Agpo1,Axp-2,...,Axo), (3.10)
where A, € RN*P p=0,1,...,P — 1 is defined as

Ay, = diag([ax,1[p], axalp), - - -, axn{[P]])- (3.11)

In (3.5), the matrix S;_; € RV*"? is block diagonal as given by

sfyy O O 0
0 ST . 0 0
Sk_1 = P12 , (3.12)
, 0 0 0
0 0 0 sPi-1n |
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and the vector a, € RVP*! is the concatenation of the N vectors ag, of length P

corresponding to each source:
— [aT T T 11T
A = [ak,h ak,27 T aak,N] . (313)

The time-varying a; is itself assumed to evolve according to a first-order AR model
as follows:

ay = Qaak-1 + Vo k-1, (3.14)

with 0 < a, < 1 assumed known and the process noise vector v,x_; Gaussian dis-
tributed with mean zero and known covariance 3,. In practice, the AR coefficients
are constrained to be stable with all poles inside the unit circle.

We now consider the measurement equation for the j** sensor which is assumed
to evolve according to the convolution of the sources with time-varying FIR channels

in the presence of additive noise as follows:

yeli] = by jsrx + wilj]- (3.15)

The measurement noise w[j] € R is assumed to be Gaussian distributed with mean
zero and unknown variance o7 ;. The noise variances are assumed to be independent
between sensors. The source vector sz € RNIX1 j5 the concatenation of the most

recent L source vectors at time k:

SLk = [S{—L+1’ SE—L+2’ cery S'IE]T- (3.16)

The channel vector hy ; € R¥IX! corresponding to the j* sensor is formed from the

FIR filters hy j, of length L from the nt* source to the 7% sensor:

hk,j = [h'lf,j,L—l,h'lE,j,L—za s ahEJ,o]T’ (3.17)
hije = (hejal€], hygalf], - - - b [E]T
where £ = 0,1,...,L — 1 is the lag from the current time. The two matrix represen-
tations used for the measurements at the J sensors are:
Ye = Hpspx+ wyi (3.18)

= Tih; + wg. (319)
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The measurement vector yx € R7*! and the measurement noise vector w; € R/*!

are defined as

ve = [yelll,ye(2,...,yx[J]7, (3.20)
W1 = [Wi_1[l], We=1[2], - ., Wi [J])T- (3.21)

The vector wy, is assumed Gaussian distributed with mean zero and diagonal covari-
ance J,, given by

X, = diag([o3 ,,02 5, .,05 ). (3.22)

In (3.18), the channel matrix H; € R/*VL is given by
H; = [Hy,z-1, Hx—2,...,Hypo), (3.23)

where Hy, € R/*N £=0,1,...,L — 1 is defined as

T .
hlc,l,l

h'I‘
Hye=| " |. (3.24)

T
[ B |

In (3.19), the matrix Ty € R7*/NL is block diagonal with structure

Tk = IJ 03] Sz‘,k
s, 0 0 O ]
0 sI, 0 0 (3.25)
0 o0 o |’
0 0 0 s,

and the channel vector hy € R7¥L*! js the concatenation of the J hy;
hy = [bi ;, hi,, ..., h{ ;]T. (3.26)

The time-varying h; is assumed to evolve according to a first-order AR model as

follows:

hy =aphy_; + Vhk—-1) (327)
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with 0 < ap < 1 assumed known and the process noise vector v, x_, Gaussian dis-
tributed with mean zero and known covariance 3.

The scope of the thesis has been limited to consider only additive Gaussian source
and measurement noise. This is to allow for a clearer presentation of the particle
filter approach for the nonlinear aspects of the state space model for blind system
identification. It is also noted that in many practical applications the assumption of
Gaussian noise is reasonable. A particle filtering approach to the problem does allow
the current algorithm to be extended to the case of non-Gaussian noise [72].

The state space model shown in Figure 3.1 can also be interpreted as a time-
varying autoregressive moving average (ARMA) system operating on the source noise

inputs vg[n), n =1,2,..., N to produce the outputs yi[j], 7 =1,2,...,J.

3.1.2 Joint Posterior Distribution
The unknown states are collected in the composite state @ from time 1 to time K:
ol:K = {SI:K, hl:K7 alK, Ev) Ew} (328)

Using Bayes’ theorem and the dependencies in the state space model the posterior

distribution of the unknown parameters given the set of measurements is

P(O1k|y1:x) < p(Y1:k|S1:x, D1k, )

(3.29)
X p(si:k |k, Bo)p(ha:x)p(a1.x)p(Z)p(Bw)-
The likelihood term follows from the measurement model in (3.19):
K
p(y1:K|SI:Ky hl:K, E'w) = HN(Tkhk1 Ew) (330)

k=1
The remaining terms in the posterior distribution are the assumed prior distributions
for the unknown system variables. From the source model in (3.5), the prior for the

source is

K
p(suklank, By) = HN(Sk—1ak, ). (3.31)
k=1
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The priors for the AR coefficients and channel follow from the first-order AR models
in (3.14) and (3.27):

K

plavk) = HN(aaak—l, o), (3.32)
k=1
K

p(hix) = [[M(anhe-1, Zn). (3.33)
k=1

The AR model order P and convolution length L are assumed known. The case of
source- and channel-specific model orders P, and L,;, respectively, is not considered
here to simplify the presentation. In the case of unknown model orders, reversible
jump Markov Chain Monte Carlo (RJMCMC) methods could be investigated for
model order detection [38][5][87].

Inverse Gamma distributions, the conjugate prior for the normal likelihood distri-

bution [10], are assumed for the priors of the source and measurement noise variances:
N Von
_ v lun
p(S,) = Hzg (B2, L), (3.34)
Ulll w
P(B0) = Hzg ( d ﬂ) (3.35)

assuming the noise variances o =1,2,...,N and o2 wirJ =1,2,...,J are inde-

un)

pendent. The Inverse Gamma distribution for a random variable o2 is of the form

IG(v,7) = (0) ™" exp [—%] (3.36)
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Using the above likelihood and prior distributions, the posterior distribution is then

K

1 1 -
p(Ouklyix) <] A exp [—5(}% — Tehy) 25 (i — Tkhk)]
k=1 wl?

1 1 Tyr~1
————exp | ~5(5k — Sk-12¢) TZ; (s — Sk
e e
1 1 B
(ZW)M |2h_|2 exp [_—(hk — aphy_1) T8, (hy — ahhk_l)]

(3.37)

1 1
G [ )

X H(aﬁ ~="~lexp [ ; }
'U
X II(U;‘L,J-)"'%'l lexp [ ]
i=1

3.2 Marginalized Particle Filtering

The estimation problem for the given state space model is nonlinear since both the
source vector sy and channel h; are unknown. As a result of the discussion in
Section 2.2, the optimal Bayesian recursion for the joint posterior distribution in
(3.37) cannot be evaluated analytically. An efficient marginalized particle filtering
algorithm [79], also commonly known as Rao-Blackwellised particle filters (RBPF)
[22](27] or mixture Kalman filters [17], is developed by exploiting the conditionally

linear-Gaussian substructure of the state space model.

3.2.1 Introduction to the Rao-Blackwellisation Procedure

The fundamentals of the marginalized particle filter technique are introduced first
with an illustrative example. The general strategy is then applied to the more com-

plicated state space model from Section 3.1.1. The example we now consider is a
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nonlinear state space model whose transition equations have the specific structure

Xk = fe(x_1, Vi), (3.38)

x2 = Fpx3_ +vi_,, (3.39)
and the measurement equation is given by
Vi = G(xp)x} + Wy (3.40)

The noise vectors vi_,,vi_,, and wy are all assumed to be Gaussian distributed.
The state variable x}, enters the dynamics through the nonlinear process function
fi, while the other unknown state variable x} evolves from the lnear process func-
tion given by the known matrix F;. The measurement equation is nonlinear in the
two variables, where G(x}) is a matrix function of the vector x}. For this nonlinear
state space model, it is possible to implement a Bayesian solution to the sequen-
tial state estimation problem using the particle filter for the composite state vector
xx = [(x})T, (x2)T]T. However, the particle filtering algorithm performance can be
improved by considering the specific structure of (3.38)-(3.40).

We now examine how the Rao-Blackwellisation procedure [15] uses the inherent
linear-Gaussian substructure in the model to improve the performance of the esti-
mation algorithm. It is seen from the measurement equation that conditional on
x}. (implying the quantity G(x}) is a constant matrix) the measurement equation is
linear-Gaussian in the variable x2. We observe that since the process equation for x2
is also linear-Gaussian, the problem of estimating xZ conditional on x}. can be solved

using the optimal Kalman filter. This realization motivates the following factorization

of the joint posterior distribution using Bayes' rule:

p(x};k, x?:k Iylik) = p(x%:k Ix}:k’ yl:k)p(xi:k Iyl:k) . (341)

This equation is pivotal in the Rao-Blackwellisation strategy. Each term in (3.41) is

developed is the subsequent sub-sections:
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The marginalized posterior distribution p(x},.|y1.x): Since this distribution
must be evaluated recursively, a particle filtering approach is used to estimate x}, [22].
From (2.35), the marginalized posterior distribution satisfies the recursion

p(yk'xi:k) yl:k—l)p(xllclxi:k—la yl:k—l)
P(Yely1e-1)

P(x%;kly”c) = P(xi:kql)’l:kﬂ)- (3-42)

This recursion is now in terms of a marginalized likelihood p(yx|x}.;, Y1:xk~1) and prior
P(Xk|X}.k—1, Y1:k—1)- The marginalized likelihood is found using the Rao-Blackwellisation

strategy to marginalize the state x2 out of the conditional likelihood p(yk|x}.;, X3z ):

PYE|XTpr Y1ik-1) = / P(YEIX] 4 X2)P(XE|XTks Y11 )dXG (3.43)

The conditional likelihood (which is independent of the measurement history y;.x—1)

follows directly from the measurement equation (3.40):
p(ylclx}:k’ xik) = N(G(X,IC)X%, 2‘w)a (344)

where it assumed that the Gaussian noise wy is zero-mean with covariance X,,.

To implement the marginalization procedure, the distribution p(x2|x}.;, ¥1:) in (3.43)
is also required. From the discussion above on the linear-Gaussian substructure of x2
conditioned on x}, this distribution can be recursively computed using the Kalman
filter. Since the particle filter for the state x}. discussed above produces the set of
particles {x}:(,?,i =1,2,...,N,}, a set of Kalman filters conditioned on each of the

particle values is required as shown:
PO, yie) = NGO, 839), (3.45)

where ici(i) and <I>i(i) are the mean and covariance of the i Kalman filter which
follow the recursions described in Section 2.3. The integration in (3.43) can then be
computed using the distributions in (3.44) and (3.45). The details of this integration
procedure are presented in a later section for the specific state space model structure
introduced in Section 3.1.1. This completes the discussion on the evaluation of the

term p(yx|xi.g, Yi:k—1) in (3.42).
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We now look at the marginalized prior p(xf|x} ,_;,¥1.6-1) in (3.42). Evaluation of this
distribution follows directly from the state equation in (3.38) and the noise statistics of
vi, which are both not dependent on xZ. From Section 2.4.3, it is seen that recursion
of the posterior distribution in (3.42) is the basis for the particle filter recursion.
The denominator in (3.42) is only a normalization term and need not be evaluated.
Neither does the term p(xi,_,|y1x), since this is available from the previous time
instant. Thus, from the development of this section, all terms in (3.42) are available,
and the particle filter recursion for evaluating the nonlinear state x},, can proceed
independent of x2,.

The linear-Gaussian distribution p(x2,|x!,,y1.x): This distribution in (3.41)
has already been obtained from the Kalman filter as shown in (3.45). O

The benefit of using the marginalized particle filter is that the dimension of the
state estimated using the particle filter is reduced. It is known that the performance
of the particle filter degrades as the dimension of the state variable increases [26)].
The Rao-Blackwellisation strategy simplifies the particle filtering problem for the
composite state vector xx to a problem in terms of only x}. This method is shown
in [29] to reduce the variance in the importance weights of the particle filter, which
translates into improved estimation performance. The intuition behind this result
is that the particle filter, a Monte Carlo approximation to the optimal Bayesian
filter, is now only used to estimate the truly nonlinear/non-Gaussian states, while
the remaining conditional linear-Gaussian states can be estimated analytically using

the optimal Kalman filter [79)].

3.2.2 Application of Rao-Blackwellisation to the Blind Sys-
tem Identification Problem
We now apply the Rao-Blackwellisation strategy to the Bayesian formulation of the

proposed state space model in Section 3.1.1. It can be seen from the state space

model that conditional on the sources s;;; (which form Ty) and the measurement
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noise covariance X, equations (3.27) and (3.19) for the FIR coefficients hy form a

linear-Gaussian subsystem:

h, = ayhi, + Vi k-1 (346)

yi = Tihy+ wy (3.47)

Similarly, the pair of equations (3.14) and (3.5) for the AR coefficients a; condi-
tioned on the sources and the source noise covariance 3, also form a linear-Gaussian

subsystem:

a = Qedk-1+ Vak-1 (3.48)

S = Sp_i1ap+ Vi1 (3.49)

The joint posterior distribution in (3.37) is then factorized using Bayes’ rule to exploit

this conditionally linear-Gaussian substructure:

DP(S1:k, A1k, Rikly k) = P(arklsik, Yrr)p(hiklSik, Yik)p(Stkly1)- (3.50)

MAP estimates of the noise covariances X, and X,, are developed separately, as shown
in Section 3.5, and the dependence on these terms is not shown explicitly in the sub-
sequent derivations of the particle and Kalman filter algorithms. In the proposed pro-
cedure, the marginalized posterior distribution p(si.k|y1:x) is obtained using the Rao-
Blackwellisation strategy for marginalizing out the conditionally linear-Gaussian AR
and FIR coefficients. The sources s;.; are then estimated numerically using the parti-
cle filter for the resulting nonlinear problem. The filtered distributions p(ag|s;.k, ¥1:x)
and p(hg|si.k,y1.x) are computed recursively for the conditionally linear-Gaussian
problems using the Kalman filter. It is noted that the two linear-Gaussian subsys-
tems for h; and a; are decoupled from each other after conditioning on the sources.
This allows the set of Kalman filters for the AR coefficients to operate in parallel with
the set of Kalman filters for the FIR coefficients.

The plan for the remaining portion of this chapter is as follows. Section 3.3

details the particle filter algorithm for nonlinear estimation of the sources, Section
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3.4 describes the Kalman filtering procedure for estimating the conditionally linear-
Gaussian FIR and AR coefficients, and the analytical expressions for the MAP noise
variance estimates are derived in Section 3.5. A pictorial overview of the marginalized

particle filtering algorithm structure is presented in Figure 3.2.
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Figure 3.2: Marginalized Particle Filtering Algorithm Structure

3.3 Particle Filtering for Source Estimation

From the discussion of the Rao-Blackwellised particle filter in the previous section,
sequential Monte Carlo methods are used to recursively estimate the marginalized
posterior distribution p(sy:x|y1.x) of the sources in (3.50). In Section 2.4, the parti-
cle filter was introduced under the assumption that the state is first-order Markov.

It is seen from the state equation in (3.4) that the current source vector s for the
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AR model is dependent on the past P source vectors contained in the vector spjx_;.
Therefore, the current formulation of the state space model is not suitable for im-
plementation of the SIS particle filter since the state is not first-order Markov. The
state space model for the sources is now reformulated in terms of a new state variable
that follows a first-order Markov process equation that considers the past P values
of the sources. This does not change any of the underlying statistical assumptions on
the dynamical model introduced in Section 3.1.1. The state variable sy € RMV*1
is introduced, where M = max(P, L) is the maximum of the orders of the AR and

FIR models:

SME = [SE—MH:SE—M-&-W e ,SE]T (3.51)

T T
= [SM—l,k-nSE] .
The state equation for sasy is derived by considering the autoregressive property of
the sources. At time k, the first M — 1 blocks sg_ps4; Of spr are a shifted version of

the blocks at time k—1 as reflected in the partitioning in (3.51). In combination with

(3.4), for the case of M = P as an example, we may write the source state update as

i [ o v 0 ... 0 || sm ] [ o]
Sk—M+2 0 0 I ... O Sk—M+1 0
= +
Sp-1 0 0 0 ... Iy Sk_2 0
| s | Akp-1 Agpoz ... ... Agr I L st ] | Ve |
In general, this can be written compactly as
smr = ArSarp—1 + Vi1 (3.52)

To describe the variables in this process equation, we first define the quantity 0,5 as
a matrix of zeros of dimension a x b if a,b > 0 and empty otherwise. The notation I,

denotes the a X a identity matrix. The variable definitions then follow as

_ Oar—nomns Longe
Ak — [ (M—-1)N,N, {(M l)N] ’ (3.53)

[On,(L—P)n, Ak]

Vi1 = [01,-nyn, Vi_q) T (3.54)
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The measurement equation in (3.18) is rewritten in terms of spsx to produce
v = Hisarp + wi, (3.55)

where

H; = [05p-1yn, Hi. (3.56)

The second form of the measurement equation for spsx remains unchanged from
(3.19). It is noted that in (3.55), the current measurement is only dependent on
the current state and noise vector which is also a required assumption from the
particle filter development in Section 2.4. This was previously not satisfied using the
formulation in (3.18).

The state space representation in (3.52) and (3.55) is now suitable for developing
a SIS particle filter implementation. From (2.35), the recursion for the marginalized
posterior distribution in terms of spsy is

P(}’k|SM,1:k, Yy 1:k—1)p(SM,k|SM,1:k—1, Yik-1)
P(Yily1:x-1)

P(Sam,1klyik) = p(sa,1k-1{Y1k-1).  (3.57)

The marginalized prior distribution p(Spsk|Sm,1:k—1,Y1:k-1) and marginalized likeli-
hood distribution p(yx|Sas,1:k, ¥1:6~1) are now developed. It is first observed from the

partition of sy in (3.51) that the marginalized prior can be factorized as

(M-1)N
P(SaklSa k-1, Yik-1) = P(SklSM k-1, Y1:k-1) H 0(smkli] —sme—-1[i+ N]). (3.58)

i=1
This equation follows from the fact that only block si of sy is a random variable, as
indicated by (3.5). The remaining blocks of s are deterministic shifts of the blocks
from time k — 1. Thus, instead of the distribution p(spsk|Sar,1:k~1,Y1:6~1) in (3.57), it
suffices to consider only the distribution p(si|Sask-1,¥1:k-1). The marginalized prior
P(Skl|sma:k-1,¥1:k-1) is now determined using the Rao-Blackwellisation strategy by

marginalizing the conditional prior p(si|ak,spx—1) over the AR coefficients ay:

P(Sk|SM,1:6-1, Y1k—1) = /p(sklakySP,k—l)p(aklslzk—laYI:k—l)dak- (3.59)
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Similarly, the marginalized likelihood p(y|Sa,1:k,Y1:k—1) is found by marginalizing

the conditional likelihood p(y|hg,sL k) over the FIR coefficients hy:

P(YklSMmak, Yik-1) = /p(}'klhkaSL,k)p(hklsl:kaYI:k—l)dhk‘ (3.60)

The predicted distributions for the AR and FIR coeflicients are available from the
Kalman filter as described in Section 3.4:

P(aklsl:k—l,)’nk—l) = N(éklk—-l’q)a,klk—l)> (3.61)
p(hilsik, Y1k-1) = N(ﬁmk—l,q’h,uk-ﬂ- (3.62)

Recursions for the quantities ék,lPa,k,k_l,ﬁk and P, xx—; are given in Section 3.4.
The prior for s; conditional on the AR coefficients aj in (3.59) is obtained from
(3.5):
P(Sklak, SM,k—l) = P(Sklak, SP,k—1)
= N(Sk_lak, 2.,,),

using the fact that s; is dependent on only the past P source vectors at time & — 1.

The likelihood conditional on the FIR. coefficients hy, in (3.60) follows from (3.19):

(3.63)

p(Yi|he, sark) = p(ye|hi,spk)
= N(Tkhk, Ew),

(3.64)

which uses the fact that y, is dependent on only the past L source vectors at time k.

We now substitute (3.61),(3.62) and (3.63),(3.64) into (3.59) and (3.60) respec-
tively. The integrations of (3.59) and (3.60) may then performed. The results provided
in Appendix A are:

p(sklsmik-1,Y1k-1) = N(Sk—18kp-1,Ri), (3.65)
P(Yelsmik, Yike1) = N(Tihyge-1, Qr), (3.66)
where the following two definitions have been introduced

R, = Sk_1<I>a,k|k_ISf_1+2v, (367)
Qr = Ti®hip-1Ti + Ty (3.68)
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Finally, (3.65) and (3.66) are substituted into the recursion for the marginalized
posterior distribution in (3.57). This facilitates the importance weight update process
which is described later.

Comparing the conditional prior (3.63) and likelihood (3.64) with the correspond-
ing marginalized expressions in (3.65) and (3.66), it can be seen that the Kalman
predicted means agx—; and flk[k—l are used as estimates of the true state variables
a; and h;, while the uncertainty in the Kalman filter estimates is reflected in the
particle filter through the inclusion of the covariance terms ®, yjx—1 and P kjk—;1.

For notational convenience, we now write the recursion for the marginalized pos-
terior distribution from (3.57) in the standard form shown in the last line of (2.35):

P(y k |SM,k)P(SM,k l SM,k—l)
P(}’k I}’1:k—1)

p(SM,1:k|Y1:k) = P(SM,lzk—1|)’1:k-1)- (3.69)

This hides the dependence on the state sjs,1.x—2 and measurement y.;_; histories that
were used in the marginalization procedure. In practice, these histories do not have to
be stored since they are captured by the sufficient statistics of the mean and covariance
of the Kalman filter recursions. The steps of the SIS particle filtering algorithm
for source estimation are now presented based on the state space formulation and

marginalized distributions developed in this section.

3.3.1 Generation of the Particles

From Section 2.4.5, the optimal importance function is

(I(SM,klsM,lzk—l 'Y 1:k) = P(SM,kISM,k—l, Yk)

_ P(ylsme)p(sap(sarp-1)
P(Yklsam-1)

(3.70)

The optimal importance function is a function of s, which is of dimension MN.
From the form of the marginalized prior in (3.58), the quantities Sg_pr4+1:4—1 in the
state vector spsx are deterministic functions of the state at the previous time step.

Therefore, in the proposed particle filter algorithm, the particle values for sg—pr+1:6-1
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in sy are reused from previous time steps. This reduces the problem to generating
particles from the optimal importance function for the component s; of dimension N
given by

YkISLk)P(Sk|SPk—
p(sk|sr1k—1, Y1:k) = P(ylsLk)p(sklspr—1)
P(Yk|sri-1)

— p(yklsL—l,k—b Sk)P(Sk|SP,k—1)
P(Yk|sae-1)

(3.71)

)

where a partition of the vector sy is applied in order to isolate the variable sg.
To determine an expression for the marginalized likelihood in terms of si, rather
than (3.66) which is in terms of the matrix T}, the equivalence of the measurement
representations (3.18) and (3.19) is used along with the definitions for sz in (3.16)
and Hy in (3.23):

kaluk.—l = I:Ik|k—lsL,k
L-1
= ZHkUc-l,Z Sk—¢ (3.72)
=0

= Hgk—1,08% + Ykjk-1

where the matrices I:Ik,k_l,, are formed from the Kalman filter estimate ﬁk|k_1, and
the predicted measurement is defined as

L-1

Vijg-1 = Zﬁklk—l,l Sk—¢. (3.73)
=1

Using this relation results in a marginalized likelihood equivalent to (3.66), but now

written explicitly in terms of sg:

P(YklSz-1,k-1,8%) = N (Hik-1,08% + Frik-1, Q)- (3.74)

Even though the optimal importance function for s in (3.71) is proportional to the
product of the Gaussian distributions (3.65),(3.74), it is not Gaussian itself since the
covariance term Qi has a dependence on T}, and therefore on the variable of interest

k.
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where

Wi, = R o[Hik-10ReHk_1 0 + Qi)™ (3.85)

It is assumed in constructing sj'w, « that the initial sources sg,s_;,8-2,... = 0. Through
comparison with (2.15) and (2.16), the approximation to the optimal importance
function can be interpreted as a Kalman filter update on the prediction §gx—, from
the transition prior. The current measurement is incorporated into the generation
of particles after multiplication by the Kalman gain factor Wy. The generation of
particles is reduced to a linear-Gaussian problem by conditioning on the predicted

estimates hgx_1,4kx—1, and approximating the marginalized measurement covariance

Q: using Q.

3.3.2 Update of the Importance Weights

With use of the given approximation to the optimal importance function, the recursive

update for the importance weights reduces to

i i P(Yklsh,k)l’(sfw,klshk—1)
Wy k-1 3 5
‘I(SM,klsM,k_p Yik)
; (3.86)
P(YleL,k) R i
x wk—l—_p(yklsM,k—l)a

ﬁ(yklsi,k)

where p(yx|s}, ;) is evaluated using (3.74), p(y«|s, ;) is evaluated using (3.79), and

$nlShax) = [ HORlsh1pr,50)plotlshr)dss
(3.87)

=N (I:Iilk—l,os;;:—lai]k—l + S'iuc—n Qi + I:Ii|k—1,o(Ri)ﬁg{£1,o)-
The identity (B.24) in Appendix B has been used to rewrite the integrand as the
product of the Gaussian importance function for sy and a Gaussian distribution for
Y« that is independent of s;. Integrating over s, integrates the importance function
for s; to one, and results in the remaining Gaussian distribution. After the weight

update, the weights are normalized using (2.29).
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3.3.3 Source Estimation

Statistical inference on the sources can be determined from the set of particles s},
and corresponding importance weights wi. Source estimation is performed before
the subsequent resampling step since resampling introduces random variation in the
current sample [61]. The filtered MMSE estimate of si given y.x is computed based

on the Monte Carlo approximation in (2.32):
NP

SUMSE ) st - wf. (3.88)
i=1

Since the past M — 1 source vectors are also being stored in sj,,, smoothed
estimates of the past states sy, at alagf =1,2,..., M —1 from the current time can
be computed using a fixed-lag Monte Carlo smoothing algorithm [25]. The smoothed
MMSE estimate of the source vector s, given the measurements up to the current
time k is given by

Np
éﬁ‘_"}ﬁf ~ Zs};_, - w}. (3.89)
i=1

Smoothing methods can improve performance by incorporating future measurements
into the state estimate. For real-time applications in which an estimate s; must
be produced at time k, then the filtered estimate in (3.88) must be used. The
smoothing algorithm can only be considered when real-time estimates are not re-
quired. Other smoothing methods, including fixed-interval smoothing, could also be
considered [35],[54].

For comparison with the PCRB, the MMSE estimate of the one-step-ahead pre-

dicted sources is computed using

Np

~MMSE af i

Sglk—1 ~ E iy - wh (3.90)
i=1

where sy is defined in (3.75).
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3.3.4 Resampling

In order to prevent the problem of importance weight degeneracy as described in
Section 2.4.4, a resampling step is used. The approximate effective sample size JT/;; in
(2.43) is used as a measure of the degeneracy of the sampling scheme. A resampling
step occurs whenever N;f is below a fixed threshold Nipresh-

The systematic resampling algorithm [54] is used for the simulations. This ap-
proach minimizes the Monte Carlo variation introduced into the resampling step. In
addition to resampling the particles for the state variable of the particle filter Sl}u,k:
the corresponding Kalman filter means and covariances, and noise variance MAP

estimates are also resampled according to the resampled indices.

3.3.5 MCMC Diversity Step

An undesired consequence of resampling is that the particles with high importance
weights can be selected numerous times. This is shown in Figure 2.1, in which parti-
cles with high importance weights are duplicated after resampling. The resulting loss
of statistical diversity in the particles is known as sample impoverishment (7], and
can degrade the performance of the particle filter. It is instead preferable to have
distinct particles values that are clustered in the regions of high importance weight-
ing. One method of reintroducing diversity into the resampling procedure is the use
of a Markov Chain Monte Carlo (MCMC) step after the resampling step {26]. The
Metropolis-Hastings (MH) algorithm is used to implement the MCMC step by draw-
ing candidates from a proposal distribution ¢(-) and using an accept-reject method to
produce samples distributed from the desired invariant distribution n(:) of the chain
[33]. The optimal importance function is used as the MH proposal distribution to
generate the candidates sj:

D(Yr|8L-1,k-1, S;)P(SE|SPR-1)
ﬁ(Yk |SM,k—l)

q(sg) = (3.91)
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We are interested in creating diversity by producing samples for the current source
vector s, from the posterior distribution. In this case the desired invariant distribution
is the update factor for si in (2.35), which is equivalent to the optimal importance

function as discussed in Section 2.4.5:

p(yleL-l,k-l, SZ)P(SZISP,k—I)

m(s;) = 3.92
(54) p(Yelsre-1) (3.92)
The MH acceptance ratio r is then
_ m(spa(s)
Ccy (3.93)

_ p(Yk|Si-—1,k—17 SZ)ﬁ(Yklsi—l,k—l, si)
p(ykISZL—l,k—h S;:)ﬁ(}'k lle—l,k—l’ Sl:)

The probability that the candidate is accepted, in which case s}, is replaced with the

candidate s} in the particle trajectory, is given by

a = min{l,r}. (3.94)

3.4 Kalman Filtering for AR and FIR Coefficient
Estimation

Kalman filtering is used to analytically compute the recursion for the Gaussian dis-
tributions p(ak|si.;, y1.x) and p(hg|si.i, ¥1:x) appearing in (3.50) using the source par-
ticles st, from the particle filtering algorithm. The Kalman filter also produces
the predicted distributions p(ag|sy.x, ¥1:k—1) and p(hg|si.k, y1.k-1) used to develop the
marginalized likelihood and prior in Section 3.3. This allows the decoupled pair of
Kalman filters for each source particle to operate in parallel. MMSE estimates can
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be determined from the particle filter importance weights and the Kalman state esti-

mates, which are described in the next two subsections:

Np

BME = S B, uf, (3.95)
i=1
ND

a™ME = N Al uh (3.96)
=1

3.4.1 AR Coefficient Estimation

The Kalman filter updates the mean and covariance of the filtered Gaussian distri-

bution for the AR coefficients ay:
P(arlsie, yix) = N(éjclk’ q’fz,klk)’ (3.97)
and the predicted distribution
p(axlsiy, yik-1) = N(é;;(k—ly ‘I’i,k|k—1)- (3.98)
The Kalman filtering algorithm for AR coeflicient estimation is [58]:

Updated state estimate: Ay = Ay + Wilsk — Si_i8kp—), (3.99)

Updated state covariance: @}, = ®pp_1 + WiSi_1 81, (3.100)

Innovation covariance: R}, = Si_ﬁbi,kw_lsffff + 3¢ (3.101)
Kalman gain: W, = ‘I>i,k|k_15£‘lT1(Ri)“, (3.102)
Predicted state estimate: A1 = QaBi_jp g, (3.103)
Predicted state covariance: ¥}y = 3P4 k-1 + La- (3.104)

3.4.2 FIR Coeflicient Estimation

Similarly, the filtered and predicted Gaussian distributions for the channel hy are

p(hklsi:ka}'l:k) = N(ﬁ};w,i’i,k,k), (3.105)
p(helshy yik-1) = N(bky_y, wer)- (3.106)
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The Kalman filtering algorithm for FIR coefficient estimation is:

Updated state estimate: ﬁilk = fli‘k_l + Wiy — Tzﬁilk—l): (3.107)
Updated state covariance: — @}y = @1+ WiTi®) .y, (3.108)
Innovation covariance: Q. = T};Qh,klk_lT,(:)T +3% (3.109)
Kalman gain: Wi = @2’k|k_1T§ci)T(Qi)"l, (3.110)
Predicted state estimate: hi , = ahﬁ};_llk_l, (3.111)
Predicted state covariance: @i,k]k—l = aﬁ@i,k_llk_l + Xh. (3.112)

3.5 MAP Estimation of Noise Variances

MAP estimates of the noise covariance parameters 3, and X,, are now developed.
For each particle, an estimate ﬁ; of the source noise covariance is computed by
conditioning on st from the particle filter, and &% from the Kalman filter. In parallel,
the computation of the estimate 3¢, can be performed conditioned on si, and hi.
The MAP estimates for each particle can be combined into a single MMSE estimate

of the variance terms using the importance weights from the particle filter:

Np

(ORon)M™E = 3 520wl n=12...,N, (3.113)
=1
NP

(6R W )™ = 3N 570wk, j=1,2,...,J (3.114)
=1

()

£ 2(0)
un and 6., ; now follows.

The calculation of the terms &,zc

3.5.1 Source Noise Variance Estimation

To calculate the MAP estimate of the diagonal source noise covariance X, consider

only the terms dependent on the noise variance o2, of the n‘* source in the joint
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posterior distribution (3.37):

p(Oralyin) o (02,)F L exp [— o ]

k 1 1
— T 2
11 R [_ 557 (S0l = Spr_1 230 ]

k
(k4 1 |7 1
x (Gg,n) G+E+ exp T g2 5+ 2 Z(S"c[n] - S’II;,l'c—l,nal'c,n)2

k=1
(3.115)

It is seen through comparison with (3.36) that the last line is an Inverse Gamma

distribution ZG(v,y) with

kv,
= =4 = 3.116
Yo 1g
i T
1= Gyl - i, ) (3:117)
k=1
It is readily verified that the mode of the Inverse Gamma distribution is ;37. There-
fore the MAP estimate corresponding to the i** particle is
n 1 . — T t 2
520 T+ 5 S (Spln)f Spi-1ndin) (3.118)
kaun lzc' T ._n +1 . .
Assuming a non-informative prior using v, = 0, vy, = 0, this reduces to
3 ko (sgln) — B )2
A 2(i =1\"k -
g2 22 i1 (3.119)

41
3.5.2 Measurement Noise Variance Estimation

The MAP estimation of the diagonal measurement noise covariance 3,, follows from
the method for the source covariance above, where assuming a non-informative prior
Vw,; = 0, 7w, = O for the j® sensor noise variance, the MAP estimate corresponding

to the i** particle is
k ) T
JOCINE 25 21171 s B
kw,J g +1

(3.120)
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In implementation, both the source and measurement noise variances can also be
recursively updated using an exponential weighting factor 0 < A < 1 as shown for

only the source variance:

. . : AT

Ellc,v,n = Af;c,v,n_'—(Sk[n]”'—sg,)k—l,na;c,n)Z’ (3121)
1gi

G0 = Tf-f{i—"— (3.122)
aa-n T 1

and &, = 0. This allows the algorithm to follow small fluctuations in the noise

variances.

3.6 Identifiability Conditions

The discussion of identifiability conditions for the proposed Bayesian formulation is
based on [63]. It has been shown [48],{46] that sufficient conditions exist for blind
identification of time-invariant MIMO systems with FIR channels and coloured in-
puts using second-order statistics (SOS). The proposed state space model consists of
FIR channels and coloured inputs. Therefore we use the existing conditions in [46),
based on results from [48], to first justify identifiability of the sources, channels and
measurement noise variances. It is also noted that the posterior distribution using
a Bayesian approach captures all statistical information about the system, including
SOS of the outputs.

It is well-known that blind identification of the sources and/or channel for the
blind system identification problem is subject to an inherent permutation and scaling
ambiguity [14]. We now quote the sufficient identifiability conditions directly from
[46]:

A FIR MIMO system is identifiable (i.e. the power spectral matriz of
the outputs Sy, (2) implies the channel matriz H(z) up to a column-wise

scaling and column-wise permutation) if we have the following:

A1) H(z2) is irreducible.
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A2) The input power spectral matriz S;.(z) is diagonal and of distinct

(polynomial or rational) functions.

A3) The noise power spectral matriz Syq,(2) = p(2)p(z~1)I and J(sensors) >

N(sources).

In the first condition, an irreducible polynomial matrix has full column rank for all
z except z = 0. The second condition ensures the sources are mutually uncorrelated
with distinct power spectrum [48]. The third condition specifies that the measurement
noise variance can also be identified provided the noise elements are mutually uncor-
related with equal power spectra. The condition of more sensors than sources ensures
that the noise variance can be determined from the smallest real eigenvalue of S,,(2)
[46]. Refer to [50] for more detailed descriptions of irreducibility, and polynomial and
rational functions. These identifiability conditions were used in the development of
the existing BIDS algorithm referenced in Section 1.3.

Given that the source can be identified under these sufficient conditions, we can
also identify the AR coefficients and source noise variance using previous identifia-
bilty results for autoregressive time series {11]. Therefore the source, channel, AR
coefficients and noise variances are jointly identifiable, assuming the system is time-
invariant. This implies that the joint posterior distribution p(01.x]y1x) has a set
of unique maximum values which identify @,.x up to the inherent permutation and
scaling ambiguity. Therefore, if the problem has a solution using e.g. BIDS, then it is
identifiable using our Bayesian approach. The case of a time-varying system is beyond
the scope of the current thesis. Whether these sufficient identifiability conditions can

be relaxed using the proposed algorithm is an open research question.



Chapter 4

Performance Evaluation

This chapter presents simulation results for the developed marginalized particle filter-
ing algorithm. First, the PCRB for the given state space model is derived. Definitions
of the parameter settings and performance measures used in the simulations are then
described. The simulation results demonstrate the performance of the algorithm in

estimating the unknown system.

4.1 PCRB for Blind System Identification

The Posterior Cramér-Rao bound for the discrete-time nonlinear filtering problem
was summarized in Section 2.5. The random parameter we are estimating for the
blind system identification problem is @y.x from (3.28). The derivation of the PCRB
is simplified by assuming the noise variances and AR coefficients are known. The

reduced state variable under consideration for this section is then

& = [h’lf’ S'Ill:!,k]T' (4.1)

The dimension of ¢, is denoted by r, which is equal to the sum of the dimension of
hk (JNL) and SMk (NM):
r=JNL+ MN. (4.2)

53
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The state transition equation in terms of the state variable ¢, is written in the form
of (2.6) as
B = fe(Pp, W)
e (4.3)
= Fi¢y + u;.

The definitions for the matrix F; and the vector u, follow from the state equations

for hk (327) and SM .k (352)

hevr | ) andnvar O h; + Up i
SM,k+1 0 Awn SMk Vi (4.4)
2 Fropp + ui

The corresponding measurement equation in the form of (2.7) follows from the equiv-
alent representations in (3.55) and (3.19):

gk(dr, W) = Hispr + wi (4.5)
= Tihg + wi. (4.6)

The PCRB is given as a lower bound for the covariance of the one-step-ahead
predictor in (2.53). MMSE one-step-ahead predicted estimates of ¢, given the mea-
surements y;.x—; are obtained for the source s; from (3.90), and for the channel hy
by substituting the predicted channel from the Kalman filter in (3.111) into (3.95).

The matrix expressions Fy, R;l, Gi, Qr and Py used in the recursion for Py,

in (2.54) are derived in Appendix C.

4.2 Simulation Definitions

Definitions of parameter settings and performance measures used in the simulations
are now developed. First, the ratio of the source noise variance to the measurement
noise variance is defined as the Noise Variance Ratio (NVR):

2
NVR = 101log,, (;’—2) . (4.7)

w
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Figure 4.1: Example of dominant likelihood scenario

The ratio of the two noise variance parameters indicates a measure of the dominance
of the prior over the likelihood. An example of a scenario with a dominant likelihood
(small NVR), is illustrated in Figure 4.2.

The signal-to-noise ratio for the n®* source SNR,,, is defined from (3.1) by iden-

tifying a{nsp, k—1,, as the signal component, and v_;[n| as the noise component:

(4.8)

E aT S - ST a
SNR,,, = 10log;, ( {agspx ;: Pk~1n k,n}) .
vn

For the case of a single source following a first-order AR model with time-invariant

AR coefficient a; = a, the expression can be evaluated as

2
SNR, , = 10log;, (T%az) . ' (4.9)

In general, SNR,,, is not tractable in closed-form since it requires the computation
of the covariance matrix for the AR process s, [52]. The SNR,, is computed nu-
merically based on the statistical realization in the simulation, except when it can

be computed using (4.9). The SNR,, determines the predictability of the source
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equation, which influences the effectiveness of the prior in generating particles and
the performance of the Kalman filter in estimating ag .
The signal-to-noise ratio for the j** measurement SNR, ; is defined as

E{h{ ;sres] zhe s} )

2
Ow,j

where from (3.15) the term h{st,k is identified as the signal component and wy|j]
is the noise component. For a single source from a first-order AR model with time-

invariant AR coefficient a; = a and channel h; ; = h;, the expression simplifies to

hTR,h,
SNR,; = 10log,, ’02 . (4.11)
w,j
The Toeplitz matrix R, is formed from the correlation function 7,(7) [52]:
R, =E{sp sz}

r0) @) r@ ... r(L=1)]
r(1) r(0) r(l) ... r(L-2)

= r(2) r(1) r(0) ... r(L-3) (4.12)

| 7(L—-1) r(L-2) r(L-3) ... r(0)
_ 2 v - _
T(T)_a"l—az’ r=0,1,...,L—1

In the general case, SNR, ; is computed numerically. The SNR, ; influences the
contribution of the likelihood in generating particles, and the performance of the
Kalman filter in estimating hy ;.

The performance of the marginalized particle filtering algorithm in estimating the

general variable o is measured using the mean square error (MSE)

Ni
N 1 N
MSE(6) = 101logyg <_]\Tt >l - ak”%) : (413)
t=1

where the squared error between the true variable af and the estimate &% at time

k is averaged over Monte Carlo simulations t = 1 to N;. This general expression is
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used to evaluate the MSE of the state space variables by replacing oy with each of
the vectors s, hy, ag, diag(X%,,), diag(2,). The plot of the MSE over time is referred
to as the learning curve, and illustrates the convergence speed of the algorithm. The
average performance over time is computed by averaging over the time indices k = k,,

to K:

K Nt
N - 1 1 t_ aty2
M5E(G) = 010 (s 3 (3 olod - i) ). a0

The effect of transient initialization error can be removed by selecting the steady-state
time index k,; > 1. The value kz; = 101 is used for the simulations.

In order to evaluate the above MSE, it is necessary to resolve the inherent scale
ambiguity in the blind estimation problem. Based on a least squares formulation, the
unknown scale factor 3, for the nt* source is estimated as

_ Bkyx[n] sk, [n]
gku:K [n]Ték":K [n]

P (4.15)

The estimated source §, is first multiplied by (3, and the corresponding estimated
source variance is multiplied by 32, before computing the MSE. A least squares prob-
lem is also solved for the channel scaling factor by concatenating the channel coeffi-

cients into a single vector.

4.3 Simulation Results

Simulation results are now presented to support the proposed algorithm. A SIMO
system with V = 1 source and J = 2 sensors was run for N; = 50 Monte Carlo trials.
The dynamical state space model was simulated for time steps k£ = 1 to K = 500.
The particle filter algorithm begins after the AR models for the state variables s,
hi, and a; are initiated for Kj,;; = 2000 time steps. This is to eliminate the starting

transients and produce steady state AR processes for these variables.
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Figure 4.2: Time-varying AR coefficients Figure 4.3: Time-varying FIR coeflicients

The initial P = 4 order AR coefficient vector ay is generated from a P-order
low-pass Butterworth filter with normalized cutoff frequency w, = 0.25. The time-
varying state a; is then generated from the first-order AR model in (3.14) using
a, = 0.9999 and ¥, = 0.0011p. Figure 4.2 contains an example of the time-varying
AR coefficients. Stability of the source AR model is enforced by scaling the maximum
absolute value of the AR coefficient poles to just less than one whenever a pole passes
outside the unit circle.

The initial L = 6 order FIR channel vectors hg ; from the source to the j** sensor
are produced from independent draws from a zero-mean Gaussian distribution with

exponentially decaying covariance matrix given by
Bho = diag ([e-%ff‘,e-%?f, o e-u%]) . (4.16)

The decay factor W = 0.15 was used in the simulations. The time-varying channel
vector h; is generated from the first-order AR model in (3.27) using a;, = 0.9999
and ¥ = (1 — a2)X,o. Figure 4.3 demonstrates typical FIR vectors from all time
steps superimposed on each other. The simulations assume that the FIR channel is
varying slowly compared to the AR coefficients to model a speech source vocal tract

that changes more rapidly than the audio channel [6].
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Figure 4.4: Particulate approximation to the marginalized posterior distribution

The source noise variance was set to o2 = 0.01. The measurement noise variance
o2 was set equal for both sensors, and scaled relative to the source noise variance
and AR/FIR coefficients to achieve an average SNR, over the Monte Carlo runs of
approximately 15 dB. The numerical results of simulation parameters averaged over

the Monte Carlo runs are summarized in Table 4.1.

Parameter | o2 NVR SNR, SNR,

w

Value 0.00056 14.30 1.03 17.31

Table 4.1: Average simulation parameter settings

The particle filter was run with N, = 50 particles, and the threshold Nyhresn for
the approximate effective sample size was set to N, /3. Figure 4.4 plots an example of
the source particles and importance weights that form the particulate approximation
to the marginalized posterior distribution at an arbitrary time step. A single Monte
Carlo run of the algorithm implemented in Matlab took approximately 3 minutes
(0.18 seconds per time step) on a standard 2 GHz PC. The computational complexity
of a general marginalized particle filtering algorithm is studied in [51], including an
analysis of equivalent flop count, guidelines for optimal partitioning of the estimation

problem, and suggestions for algorithm modifications to reduce complexity.
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Figure 4.5: SIMO source estimation

Figure 4.5 compares the MMSE estimate of the source with the true source up
to time index & = 150 from a typical Monte Carlo run. The learning curves of
MSE over time from (4.13) are presented in Figure 4.6 for the AR/FIR coefficients,
source and measurement noise variances, and source. The time-averaged MSE values
computed over the Monte Carlo trials using (4.14) are shown in Table 4.2 for all
the unknown state space variables. Normalizing the MSE of the multidimensional

variables a; € RV**! and hy € R/VLX! by the state dimension results in values of

—12.09 and —15.83 dB, respectively.

: ) )
Variable Sk h, ay o, o,

w
MSE | -23.08 -5.03 -6.07 -46.31 -72.40 |

Table 4.2: MSE simulation results
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For comparison with the PCRB, the noise variances and AR coefficients are set
to their true values as described in Section 4.1. It is noted that the algorithm had
negligible performance loss when these parameters were estimated instead of assumed
known. With the noise variances known the inherent scaling ambiguity reduces to a
sign ambiguity, which is resolved before computing the MSE. The state space model
was simulated for K = 1000 time steps using a time-invariant P = 1 order source AR
model with coefficient value set to a = 0.9535, corresponding to SNR, = 10 dB. The
model order for the time-varying FIR channel was set to L = 3, while all other state
space parameters are as described above. The required expectations for the PCRB
matrices were evaluated by averaging 5000 i.4.d. realizations of the state space model.
The MSE of the MMSE one-step-ahead predicted estimates of the source and channel
were averaged over V; = 50 Monte Carlo runs. One Monte Carlo run was discarded
since the particle filter momentarily tracked a scaled version of the source, rather
than to within a sign ambiguity. Figure 4.7 plots a range of numerical SNR, values
versus the PCRB and MSE both averaged over the last 100 time steps. The source
PCRB saturates at high SNR,, to a value of —20 dB since the performance of the one-
step-ahead predictor for the source is limited by the source noise variance o2 = 0.01.
Figure 4.8 compares the PCRB and MSE for the source and channel over time k = 1
to 1000 with measurement SNR, approximately 0 dB. The figures illustrate that
the source MSE compares well with the PCRB, falling within 1 dB of the lower
bound over the range of SNR,. The performance of the 6-dimensional channel vector
falls within 8 — 10 dB of the PCRB. For the application of speech dereverberation,
we are most interested in directly recovering the source, rather than in obtaining
a channel estimate. As such, the simulation results confirm that the Monte Carlo-
based particle filtering approach to the blind system identification problem achieves
an acceptable level of performance. It is also noted that this performance is achieved

using a moderate number of particles.
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Chapter 5

Conclusions and Future Research

5.1 Conclusions

A marginalized particle filtering algorithm has been proposed for the blind system
identification problem of estimating AR sources mixed by FIR channels in the pres-
ence of additive white noise. The sequential estimation of the dynamic state space
model was implemented using sequential Monte Carlo methods which handle the non-
linearity in the model. The conditionally linear-Gaussian structure in the model was
exploited using the Rao-Blackwellisation technique which resulted in a more efficient
particle filter. By marginalizing out the AR and FIR coefficients, the source is directly
recovered which makes the proposed algorithm suitable for the speech dereverberation
problem. The performance of the particle filter was also improved through the use
of a Gaussian approximation to the optimal importance function. Simulation results
have demonstrated the effectiveness of the method in estimating each of the state
space variables. Comparison of the results with the derived Posterior Cramér-Rao

bound has also provided theoretical validation on the performance.

64
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5.2 Contributions to the Scientific Literature

The research summarized in this thesis has also been published or submitted to a
number of conferences. A journal paper is under preparation. Conference paper (1) is
based on previous research not summarized here. Paper (5) is a result of collaborative

research and is also not included in the thesis.
e Journal Papers

1. Marginalized particle filtering for blind system identification. Under prepa-

ration.
¢ Conference Papers

1. M.J. Daly and J.P. Reilly, “Blind deconvolution using Bayesian methods
with application to the dereverberation of speech”, IEEE Proc. Interna-
tional Conference on Acoustics, Speech and Signal Processing, Montreal,

Canada. May 17-21 2004.

2. M.J. Daly, J.P. Reilly and J.H. Manton, Invited Paper, “A Bayesian ap-
proach to blind source recovery”, to appear Thirty-FEighth Annual Asilomar
Conference on Signals, Systems, and Computers, Pacific Grove, CA. Nov.
7-10, 2004.

3. M.J. Daly, J.P. Reilly and J.H. Manton, “A Bayesian approach to blind
source recovery”, to appear IMA Conference on Mathematics in Signal

Processing VI, Cirencester, England. Dec. 14-16 2004

4. M.J. Daly, J.P. Reilly and M.R. Morelande, “Rao-Blackwellised particle
filtering for blind system identification”, submitted to IEEE ICASSP 2005.

5. D. Yee, M.J. Daly, J.P. Reilly and T. Kirubarajan, “Rao-Blackwellised

particle filters for mixture Gaussian processes”. Under preparation.
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5.3 Future Research

Two directions for future research are provided. First, a novel extension to sequen-
tial importance sampling is developed in detail. The application of the proposed
marginalized particle filtering algorithm to the speech dereverberation problem using

a filter bank structure is then outlined.

5.3.1 Block Sequential Importance Sampling

The block sequential importance sampling (BSIS) formulation of the particle filter is
now introduced. We first revisit the proposed marginalized particle filter algorithm
based on the classical SIS approach. The algorithm is analyzed to determine how the
structure of the convolution state space model can be exploited to further improve
the efficiency of the particle filtering algorithm.

In Section 3.3, the particle filtering problem for nonlinear estimation of the sources

is formulated in terms of the state variable spsx given by

SME = [SE—MH, SE—M+27 st (5.1)

The importance function for sasx is shown to reuse the particle values for sg_ar41:4—1
from the previous time steps. This was a result of the state update for sps illustrated
in (3.52). The particles for the remaining quantity sy in sy are generated from the
Gaussian importance function in (3.82). This form of the importance function in the

SIS implementation leads to the following two observations:

1. The current measurement yy is only incorporated into the particle generation
process for s; in the form of a Kalman filter update. From the form of the

convolution model L1

Yk = Z Hy ¢Sk—¢ + Wi, (5.2)
£=0

the current measurement is directly related to the past source vectors sx_¢, £ =

1,2,...,L—1 as well. Our first goal is to use the information in y; to generate
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new particle values for the quantities sg_ar41:k—1 appearing in spsx.

2. Diversity is only introduced on si, which can lead to sample impoverishment
in the state vector spsx. Since the particles for sy_ps41:4—1 are assumed known
at time k in the recursive implementation, only Metropolis-Hastings candidates
that are identical to these values are accepted which produces no diversity.

The second goal is then to reintroduce statistical diversity on the quantities

Sk—M+1:k-1-

The BSIS formulation of the particle filter is developed next to achieve the two spec-
ified goals.
The development of the SIS particle in Section 2.4.3 makes use of following fac-

torization property of the importance function:

q(xlzk Iylzk) = Q(xk |X1:k—1 ) Y1:k)Q(x1:k—1 |Y1:k—1)- (5-3)

This assumption is used to prevent having to modify the particles for the past history
X1.k—1 based on the new measurement y;. The benefit of this approximation is to
reduce computational complexity since the particles for the state history x;.x-; do
not have to be redrawn.

The BSIS approach proposes to generate particles at time k for the block of B
most recent states Xx_p41.x, denoted as xg . This offers a compromise to having to
redraw particles for the entire state history x;.x—;. This is done at the expense of
increased computational complexity in the algorithm. This leads us to consider an

importance function with the following factorization property:

g(Xu:kly1:x) = ¢(XBk|X1:6-B, Y1:6)9(X1:6- B|Y1:6—B)- (5.4)

This specifies that the block of states xp ; are being jointly drawn from the importance
distribution ¢(Xp k|X1:k-B, ¥1:x), and that the current measurement yy is incorporated
into the particle generation for past states xi_p41.x—1. In addition, diversity can be

introduced on these past states as well since Xx_p41.4—1 are not assumed known at
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time k. By considering the state variable s)s, with the use of a block size B of
M states, it is seen that this formulation achieves the two desired goals specified in
the previous section. Figure 5.1 compares the basic principles of the SIS and BSIS

particle filters.

No Diversity

1
{ ]
Yk
| } !
L ]
LI
Diversity

Figure 5.1: Comparison of the SIS and BSIS particle filters

The corresponding recursion for the posterior distribution is developed by applying
Bayes’ theorem to produce a likelihood for the block of measurements y g x and a prior

for the block of states xp x:

P(YB,klxlzk, y 1:k—B)p(X1:k|}'1:k—B)
p(YBk|Y1:k-B)
_ P(YBk[X1, Y1:k-B)P(XB k| X1:8- B Y1:8—B)
P(Yk-B+1k|Y1:6-B)
_ P(YBkIX1k)P(XB,k|[Xk-B)
p(¥Bk|Y1:k-B)

p(xlzkly 1:k) =

P(X1:%-B|Y1:%-B) (5.5)

P(X1:%-B|Y1:k-B)-

The recursive update for the importance weights using (5.4) and (5.5) then follows as

wh p(YB»k!xizk)P(xia,klxz—B)P(x':lzk—BIth-B)
(x5 11X k5 Y1:£)  @(Xsx_plYik-B)
wi _Bp(YB,k!xzi:k)'P(xia,klxi-B)
q(x5 kX% k—p> Y1:k)

(5.6)
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The weight recursion implies that the previous weights wi_p.x—; need to be stored.
Also, the importance function draws samples for xp ; rather than just x;. These ob-
servations indicate that a reasonable rule of thumb for the increase in computational
complexity for the BSIS approach is a factor of O(B). The BSIS implementation is
designed to reduce the number of particles required to achieve a desired level of per-
formance by introducing additional measurement information and diversity into past
states. In a convolution model, these past states directly influence the performance
in estimating the current state. Therefore, the choice of a BSIS implementation is
only beneficial if it can outperform a SIS implementation which is allowed to use B
times as many particles. The choice of using SIS or BSIS would then be dependent on
the specific application and the tradeoffs between computational cost and algorithm
performance.

Future research to incorporate the BSIS formulation into the proposed marginal-
ized particle filtering algorithm is required. It is also noted that the BSIS method may
have application beyond the specific blind system identification problem presented in

this thesis.

5.3.2 Dereverberation of Speech

For the problem of the dereverberation of speech, typical AIR can be in the order of
250ms, or 2000 samples at a sampling rate of 8kHz. The large computational cost
of dealing with such a long channel can be addressed by decomposing the problem
into smaller independent blind estimation problems using the complex subband de-
composition [76]. In previous work [21], which was an extension of [92], the complex
subband decomposition was used together with an MCMC algorithm that estimated
the source. The use of the proposed marginalized particle filtering algorithm allows
many of the previous assumptions to be relaxed, and to consider more realistic models
for the speech sources and acoustic channel. Future work is required to implement

the proposed blind estimation algorithm using the complex subband decomposition.
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The use of the filter bank structure requires a prototype filter design that can
accurately implement the complex subbanding decomposition. An efficient method
for the design of oversampled near perfect reconstruction (NPR) generalized discrete
Fourier transform (GDFT) filter banks is presented in [91]. This approach can be
considered for the design of the prototype filter, in addition to previous methods
described in {76].

It is then of interest to test the proposed blind estimation algorithm in addressing
the practical problem of the dereverberation of speech. Real audio data has been
collected in a reverberant room on campus in two experiments. In the first mea-
surement setup, the acoustic impulse responses of the room were measured using
a four-element array of omnidirectional microphones. The relative location of the
speaker producing the test signal was varied, along with the spacing and heights of
the array elements. In the second measurement setup shown in Figures 5.2,5.3, the
testing procedure described in [90] was followed. The collected measurements were
added to the R-HINT-E (Realistic Hearing In Noise Testing Environment) database.
The audio signals were measured using KEMAR, a head-torso model which includes
a three-element microphone array inserted in each ear. The data from these two ex-
periments can be considered for testing the complex subbanding implementation of

the proposed algorithm.
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Figure 5.2: Experimental setup for measuring acoustic impulse responses

Figure 5.3: Three-element microphone array in KEMAR



Appendix A

Derivation of the Marginalized

Prior and Likelihood

The marginalized likelihood p(yk|sm,1:k, Y1:k~1) and prior p(sk|Sas,1:k—1, Y1:k—1) are de-
rived for the SIS marginalized particle filtering algorithm in Section 3.3. The deriva-
tion follows the proof presented in [79], and only the key steps are shown here. In
addition to deriving the marginalized distributions, an identity is derived for use in
Appendix B to derive the Gaussian approximation to the optimal importance func-
tion.

The marginalized likelihood is derived from the measurement model by marginal-

izing over the channel hy:

P(YkISM 1k Y1:6—1) = / p(Yilhi, sLx)p(helsik, Yi:k-1)dhy, (A1)

where from Section 3.2
p(yk|he,sp k) = N(Tihg, )

1 1 _

(A.2)
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and
p(hklslzk; }’1:k—1) = N(flk|k—17 i’h,klk—l)
1 1 . .
= —=(hg — ) T®7L, . (he — hgr_y) |
2W%Iq)h,klk-1l% exp[ 2( k Klk—1) h,klk—l( k Klk—1)
(A3)

The approach of the proof is to factorize the integrand in (A.1) into the product of

a Gaussian distribution for h; and a Gaussian distribution for y; independent of hy.

Marginalizing over the channel then integrates the Gaussian distribution for hy to

one, and the remaining Gaussian distribution is identified as p(yk|sL k). Defining

hy = by — o,
Ve = Yk“Tkﬁklk—la

and grouping expressions results in

P(Yk ISM,Lk, Y1:k—1)
1

/ZWJ T (Sl | @api])?

Lo
exp [—-5 ((yk - Tkhk)TEwl(yk - Tkhk) + hEQh,}clk—lhk)] dhy.

The exponent can be written as the quadratic form

. 9T N
hy @ e T TeE, Ty —TEEg! hy
7 —-X,'Ty e 7

The matrix can be factored as

T
I —-W,; ek, 0 I -W;
0 I o Q!|lo 1 |

where the following terms are defined
Wi = (Brkjer + TEZ T TR S5},
ik = Prapor T Th S5 Tk,

Q' = B - ZMTH(TEE, Tr + i) " To S5

(A.4)
(A.5)

(A.6)

(A7)

(A.8)

(A.9)
(A.10)
(A.11)
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The repeated use of the matrix inversion lemma given by
(A4+BCD)!'=A"11-A"'B(DA'B+C})"'DA, (A.12)

results in the expressions

Wi = @1 T Qr Y, (A.13)
Prip = Pugp-1— WiTe®p k-1, (A.14)
Qr = Tk(ph,k|k—1TE + X, (A15)

From the description of the Kalman filter in Section 2.3, it can be seen that these
are expressions for the Kalman gain Wy, updated Kalman covariance ®;x, and
innovation covariance Q. Using properties of the determinant operator, it can also
be shown that

1Z0||Bnik-1] = |2kl Q|- (A.16)
Using this property and expanding the quadratic form for the exponent using the

factorized matrix allows the integrand in (A.6) to be factorized as
P(Yelsmak, Yik-1)

1 1 - y o i
= / m exp [_E(hk - WkYk)TQh,}clk(hk - kak)]

2
1 1
————exp [—=¥:Q: 1y ]dh
i[5 ]
1 1 A~ . _ ~ -
= / m exp [_E(hk ~hyp_1 — kak)T‘I’;.,}clk(hk — hyjg—1 — Wk)’k)]
1

1 A A
—————exp | —=(¥x — Trhgi-1)TQ;! —Th_]dh.
PRETNE XP[ 2(}'k ehre-1)" Qr " (Yx — Trhype—1) [ dhy

(A.17)
By comparing the original integrand in (A.1) with the integrand in (A.17), it is noted
that the following identity has been developed:
N (yx; Trhy, )N (hi; higr-1, B pk-1)
=N(¥s; Tkﬁklk—ly T Ph k-1 Tx + ) (A.18)
N (hy; lAlkllc—l + We(ye — Tkﬁklk—l); D k-1 + Wi TePpkp—1)-
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The random variable in each Gaussian distribution has been noted for clarity, along
with the mean and covariance. This identity is also used in the development of the
Gaussian approximation to the optimal importance function in Appendix B. By inte-
grating over hy, the Gaussian distribution for h; integrates to one, and the Gaussian

distribution for yy is constant with respect to hy and therefore
P(YrlSa ik Yik-1) = N(Tehygp-1, Te@rip1Th + o). (A.19)

The same method can also be applied to determine the marginalized prior distribu-

tion, and the analogous result is
P(Sk|Sa, k-1, Yik-1) = N (Sk18kk—1, Sk-1Pakik—154-1 + ). (A.20)

O



Appendix B

Gaussian Approximation to the

Optimal Importance Function

The expression for the approximation to the optimal importance function in (3.78)

specifies that it is proportional to the product of two Gaussian distributions:

q(Sk|smk-1,Y1:k) X P(Yk|SL~1,6-1, Sk )P(Sk|SPE-1), (B.21)

where
P(Yrlsz-1k-1,5¢) = N(Bip-108% + Frk-1, Qr), (B.22)
p(sklspx-1) = N(Sik-18kp-1,Rx). (B.23)

A modification of the identity (A.18) developed in Appendix A is now used to rewrite

the product of Gaussian distributions as

N ¥k Hipeo1,05% + Frp—1, Qr)N (5k; Sape—1, Ri)
=N (¥i; Blipko1,08kk-1 + Tije—1, ﬁk|k—l,0Rkﬂ:]k—1,o + Q) (B.24)
N (3 8kk-1 + Wi(yk — Hrpeo1,086k-1 — Tape—1), Rk — WiHge_10Rx),
where now the Kalman gain is

Wi = ReH 1 o[Hrp-1,0ReH 10 + Qe] ™ (B.25)
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The presence of the term ¥ ;—; is addressed in the proof of the identity in Appendix
A by defining
Yk = Yk — Frik-1 — Hee—1,08. (B.26)

This does not change other aspects of the proof and results in the modification of the
identity used in this section.

The benefit of using this identity is that now the approximation to the optimal
importance function is the product of a Gaussian distribution for the variable of
interest s;, and a Gaussian distribution for y, which is independent of si, and is
therefore only a scaling term. The importance function can now be identified as

drawing samples from

Q(Sk|SM,k—1, Y1;k) =

. A (B.27)
N (Skix—1 + Wi(yx — Hijk-1,0851k-1 — Frje-1)s Re — WiHg—10Rx).

0



Appendix C

Derivation of the PCRB

The recursion for the PCRB matrix P, shown in (2.54) is reproduced here:
Py = Fe(P7t + R 7IFTF 4 GrQi Gy (C.28)

The matrix expressions Fy, R,:l, Gk, Qi and Py defined in Section 2.5 are now
developed using the state space formulation for the state variable ¢, and noise variable
u, in Section 4.1.- All expectations are evaluated numerically by averaging Monte

Carlo realizations of the state space model.

Derivation of Gi:
GF = E{Va, i (0 u0)} (C29)
Using the definition of fi (¢, ux) in (4.4) results in
Gl =E {Vuk (Fktﬁk + uk)T}
=1,

(C.30)

Derivation of Fy:

F’IE =E {V¢kfg(¢k7 uk)}

_ E{ [ aplyg, O :l } (C.31)
0 Af,
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Derivation of Q:
Qi = (E{—Aut logp(us)}) ™ (C.32)
The noise vector uy in (4.4) is defined in terms of the noise vector v from

Section 3.1.1, and v, from Section 3.3. The distributions for these noise vectors

are summarized here:

vig ~ N(0,%4), (C.33)
Ve ~ N(0,%,), (C.34)

where from the definition of ¥ in (3.54):

_ O _ On-
5, = | (M-ONM-DN DM-DNN (C.35)

On,(M-1)N 3y

Assuming the noise vectors v, and Vv are mutually independent, uy is then

Gaussian distributed with mean zero and covariance given by

3 0
Qur = 0 5 . (C.36)
v
This results in
1 A1 -
o - (ofoshiaind)
kg kT (C.37)

= Qu,k .

From (C.35), the diagonal matrix ¥, contains zero elements on the main di-
agonal. Therefore, the diagonal matrix Q,x is not invertible. However, since
only the term Qj appears in (C.28), the PCRB recursion handles the case of a

singular transition prior.

Derivation of R;!:

R;' =E{-A% 0gp(yiles) | (C.38)
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Based on the structure of the state variable ¢, = [h{,s};,]T, the matrix R;?

is partitioned into submatrices as follows using the notation px = p(yi|d;):

[ E {—Ah" log pk} E {—ASM"‘ log<pk}
| E { Ap logpk} E {—AZy+ logpi }
Rl: hh Rk hs

| R, Rg.

R;! =

-y

(C.39)

k,83

The submatrices in the partitioned R,:l are now derived individually. We make
use of the two equivalent representations of the measurement equation in Section
4.1. The first form in (4.5) is convenient for differentiating with respect to sy,
and the second in (4.6) for differentiating with respect to hy. The submatrices

are now derived:

Rihn = E{ hkz()’k — Tihy) T2 (yx — Tkhk)}
= E{-Vh,(yr — Tehs)TS;'Tx}
= E {TTE_ITI:} (C.40)
Ri,, = E { Ay Z(Yk Hisa i) '35 (vi — I:IkSM,k)}
= E {_VSM,I: (yx — I:IkSM,k)TEJII:Ik}
= E{f7s; '} (C41)
Before continuing with the derivation of R,:jh, we simplify the presentation by

observing that since the likelihood is only dependent on sy, x, the derivative with

respect to the previous quantities in spsx is zero. This is reflected in:
R =E {A:f“‘é'(}’k — Tihg) "2, (yx — Tkhk)}

E{AsM,,[l —nyny3 Ve — Tehe) TS5 (yx — Tkhk)}
E {Ah" 3(ve — Tehy) T2 (yx — Tkhk)}

SL,k 2

[ Om-L)N,NL
R
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The matrix R}, is now derived:

1
Reon = E {Ah" =(yx — Tehe) T2 (i — Tkhk)}

5L,k )
= E {_VSL,k (yk - ﬁksM,k)Tz;lTk}
= E {—VsL,k(y',fE;lTk - (HksM,k)Tz;lTk)} . (C42)

To complete the derivation of R,:;h, we first examine the term y{X;'T; €

R'INL ysing the definition of T in (3.25):

- Yiil Yi[2 Ye|J
YEE Ty = _2[] T 2[ ]s'_,{"k,..., 2[ ]s'f,kjl. (C.43)
a’w,l 0‘w,2 Uw,J

Differentiating with respect to sy ; results in:

VSL,k (yEE;lTk) =

1 2 J
ykz[ ]I Lyykz[ ]INL,---,yk2[ ]INL
q,

w11 w12 le

(C.44)
=i ") ® Ine.

We now examine the remaining term (Hyspx)TE2'T; € RN in (C.42)

using the definitions of Hj in (3.56) and Hy in (3.23),(3.24):

- - hls hls hTs
(HkSM,k)TzwlTk = ;2 Lk }:,k’ (272 Lt S}:,ka (RN} J2 Lk S'}:,k
w,1 w,2 Ow,J (C.45)
= [a1>a2"")a.]] )
where the following definition has been introduced
hTs
;= L 7EST L € ROV, (C.46)
Ow,j
For the vectors h; and sz ; € RVEXL;
NL
hspe = hlilsplil, (C.47)
i=1
which allows the individual elements of o; to written as
NLy. s .
- *h;
a;lf = i 032[’]”’"[’] s.xll, £=1,2,...,NL. (C.48)

w,j
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Differentiating a;[¢] with respect to spx[m}, m = 1,2,..., NL results in
hT
byl _ [ MEE 4 e (c.49)
- h,[m|sz x[4] )
Ospx[m] PRl £ m
This can be written compactly in matrix format as
hTSL,k SL‘khT
VsL.k(aj) = 12 —In, + —3 L (C.50)
Ow,j Tw,j

It is convenient to define the noise-free measurement vector ¥ € R7*! as
5’]:[]] =hr;SL’k, _] = 1,2,...,J. (051)
Now differentiating the expression in (C.45) results in

VsL,k (I:IksM,k)thlek = [VSL,I: (al)’ K VsL,k (a-f)]

y spxh] Vs spxh7y
= TIINL-{- ) L yeres T3 Ine + 0 J (0.52)
Uw,l aw,l Uw,J U‘w,J

= (¥T2.") ® Ins + spxhy (55 @ Inc).
Using both (C.44) and (C.52) in the expression for R,:,ih in (C.42) produces
RI:,ih =K {(S’k — yk)T2;1 QIng + SL,kh’E(EEI ® INL)} . (053)

The difference between the noise-free measurement y; and the true measure-
ment y; is equal to the measurement noise vector wi. Since the measurement

noise is assumed zero-mean, the following holds:

E{Ft—yx)"} =E{w}}

(C.54)
= OJ,17
and therefore the final expression for R;;h is
Riin = E {seshi (33 ® Inz)} - (C.55)

The derivation of the submatrices forming R,:l is completed by noting that
Richs = (Ricon) ™
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Derivation of Pg:
-1
Po = (E{-A% logp(40)}) (C.56)
The initial state ¢, is assumed to be Gaussian distributed with mean zero and

covariance given by

Sho O
Qo = . . (C.57)
0 Zv 0

’

This results in
¢o L -
Py = (IE {A¢g§¢§Qai¢o})

= Qok-

(C.58)
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