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ABSTRACT

Based on the assumption of unusual fine structure in
the electronic density of states close to the Fermi energy,
new approximate analytic expressions for the critical tempera-
ture, and the gap parameter at absolute zero are obtained. We
have represented approximately the rapid variation in N(g)
by a Lorentzian form of width a and strength g superimposed
on a constant background N(0). Further, we have assumed
that the Fermi energy falls off the center of the peak. The
solutions we have obtained for Tc and A(0) are significantly
modified from the BCS solutions although fora &b >> kBTc
and wy >> A(0) the ratio 2A(0)/kBTc remains unchanged and
equal to 3.54. Mathematical studies have been done for the
evaluation of the condensation energy. The shift in the
chemical potential as the temperature increases above the
absolute zero was calculated and it was found that the correc-
tion term due to raising the temperature is negligible and
can be ignored without the introduction of any significant
error. A modified finite-temperature BCS gap equation has been
solved mathematically in which we have obtained a significant-
ly new modified approximate analytic expression for A(T) wvalid
in the limit when T—>Tc. The use of the equation for A(T)

helps to evaluate the discontinuity in the electronic specific

iii



heat at the critical temperature. Finally it has been shown
that in the low-temperature limit the specific heat is propor-

—A(O)/kBT
tional to e as in BCS theory.
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CHAPTER I

INTRODUCTION

Since several intermetallic compounds possessing the
A-15 crystal structure have been found to exhibit exceptionally

l), for this reason these materials are practically

high Tc
important materials to study since many large scale applica-
tions of superconductivity are expected for the 1981's and
beyond. In addition to high transition temperatures, it was
discovered that these materials possess anomalies in electro-
nic and elastic properties. It was reported by Batterman and

2)

Barrett that V_,Si undergoes a structural transformation at

3
temperatures not far above Tc' Shortly afterward the elas-

tic instability of this material was reported by Testardi

et al. 3).

Unfortunately as a class and as a phenomenon there are
few materials for which so much detailed information is now
available due to the fact that these materials have a very
complex crystal structure and all involve transition metal ele-
ments. Their electronic structure is very complicated and only
recently have some preliminary results become available from
band structure calculations. Little is known of their lat-

tice dynamics and knowledge of electron-phonon interaction in

these materials 1is even more sketchy.



Attempts have been made to account for the high value
of Tc of the A- 5 compounds. The theoretical explanations
generally proposed are based on the assumption of unusual
fine structure in the electronic density of states at the

4)

Fermi level. In 1961 Clogston and Jaccarino were the
first to suggest the presence in these materials of a peak
in the density of electronic states close to which the Fermi
level was situated.

The occurrence of high Tc in the A-15 compounds which
is of critical importance motivates us to search for the rea-
son why these materials have high Tc compared to the simple
metals and try to explain and treat such interesting pheno-
menon qualitatively and quantitatively. We begin in Chapter
II by giving a brief discussion of the weak coupling theory
of superconductivity and presenting some facts about A-15
compounds emphasizing their chemical structure which we do be-
lieve is an important characteristic of the A-15 leading to
a large electron-phonon interaction. Based on these facts
about A-15 compounds, a density of state peak model has been
suggested with which we shall work in the subsequent chapters
were we develop the fundamental equations and calculate some
of the thermodynamic properties. In Chapter III we present
the mathematics developed for obtaining simple analytic ex-
pressions for the critical temperature, the gap parameter at

absolute zero A(0), the chemical potential and the condensa-



tion energy for the éase when the electronic density of states
can be represented approximately by a Lorentzian peak of width
a, superimposed on a constant background.

In Chapter IV the discontinuity in the electronic spe-
cific heat at the critical temperature Tc and its temperature
dependence at low temperature are calculated mathematically.
In fact this study of the electronic specific heat is a natural
extension of our other work to an analytic solution of the
modified BCS finite-temperature gap equation for temperatures
just below the critical one. 1In the last chapter we present
our conclusions and give the results we have obtained for
the theoretical model involving an energy dependent electronic

density of states.



CHAPTER II

SUPERCONDUCTIVITY IN A-15 COMPOUNDS

The purpose of this chapter is to discuss very briefly
the BCS theory of superconductivity and to display some of
the most important recent facts about A-15 compounds. We
will start by giving a brief discussion of BCS theory.

In the BCSS)

formulation of the theory of superconduc-
tivity, it was assumed that in a metal there is an attractive
force between pairs of conduction electrons caused by virtual
phonon exchange and the repulsive force due to the screened

coulomb interaction. For superconductivity to occur the com-
bined effect of the two forces has to be attractive. Further
it was assumed that the ground state is constructed by corre-~-
lating zero momentum singlet electron pairs (kt,-k+¥) neglec-
ting all other electron-electron interactions which are not

present in the solution of normal metal problems. The appli-
cation of this pairing hypothesis results in the reduction of
many body problem to a soluble problem which is believed to

contain the gualitative features necessary for a description
of superconductivity. This theoretical formulation leads to

an integral equation for A, which is given by

k



1 By
Ak =3 ﬁ' vk,k' EE;T {l—2f(BEk)} (2.1)
where Ek' = (e§,+Ai.)l/2,€k=(h2k2/2m)—u,u is the chemical po-

tential, and V is the matrix element for the scattering

kk'
of a pair of electrons from state (k+*,-k+) to (k'4,-k'¥).
ka. is composed of two terms; the first describing the
attractive electron-electron interaction mediated by phonons
and the second resulting from the screened Coulomb repulsion.
In order to calculate measurable gquantities, BCS may chose a
very simple model in which the interaction Vk,k' is assumed

to be isotropic i.e. independent of angles and can be replaced
by a constant attractive iﬁteraction -V within a characteris-

tic energy th of the Fermi surface such that

{-V for [ep |, [y, | <twg
k, k!

0 otherwise

By assuming a constant density of states within an energy«ﬁmD
of the Fermi energy, the summation in equation (2.1) can be

replaced by an integral

Huw
N(O)V ge 11-2£(BE)} (2.2)

1==— E

-Hw

where N(0) is the density of electron states for one spin

2)1/2 and Ak = A

for lek] gaﬁmD and Ak = 0 otherwise. To find the temperature

direction at the Fermi surface, E = (€2+A



T, at which the transition takes place and the gap parame-
ter at absolute zero, A(0), equation (2.2) has to be solved
analytically. Analytic solution for this integral equation
gives the following two equations for T, and A(0) in the
weak coupling limit, N(0O)V << 1.

o~ 1/N(0)V

ch = 1.13 ﬁwD (2.3)

and

e—l/N(O)V

A(0) = 2¥w (2.4)

D
Hence in this model the ratio of the energy gap at the ab-

solute zero, to ch is a universal constant,
2A(0)/ch = 3.53

independent of the interaction V and of the particular super-
conductor.

In the BCS theory it was assumed that - as it has been
mentioned above - the density of electronic states is constant
over the energy range Eg i'ﬁwD in which it is proportional to
the square root of the energy with all states below the
Fermi energy Ef are occupied, but in a real metal, specifically
the A-15 compounds,the electronic density of states can be
much more complicated as can be the Fermi surface between
occupied and unoccupied states. The fact of unusual fine
structure in the electronic density of states close to which
the Fermi level is located on the scale of the Debye energy

Wy has been reported many'time56’7’8’9). Further, recent



self consistent pseudopotential band structure calculations

in Nb3Ge by Ho et al.ll)

nic density of states with width of the order of 70 mev with

;, give several peaks in the electro-

the Fermi energy Ef falling near the center of the peak.

We turn now to some important facts about A-15 com-
pounds, and more specifically the crystal structure which we
will focus our attention on it. They all have the chemical for-
mula A3B. There exists over 70 members in the A-15 family.
They show anomalies (for some members) in the magnetic suscep-
tibility, Knight shift, elastic constants, electrical
resistivity, thermal conductivity, specific heat
etc. The relevant part of the periodic table is shown in
table (2.1 where the three possible groups of A elements are 1IVB
(Ti,2r,Hf), VB (V,Np,Ta) and VIB (Cu,Mo,W). The A-1l5 struc-

ture is shown in Fig. (2.1) for the compound formula A3B. For

the high 'I'c superconductivity, the A atom is a transition
metal atom, wusually V or Nb. The B atom is often (but not
always) a nontransition metal atom, e.g., Si,Ge,Al,Ga and Sn.
The B atoms occur at the bcc sites, while the A atoms occur on
the cube faces in pairs with the atoms of each pair separated
by half the unit cell length.

A possible relation of the unique properties of the
A-15 materials to the crystal structure was first pointed out

12)

by Weger (1964) . The transition metal A atoms in this

structure form three orthogonal linear chains
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Fig. (2.1)

The A-15 cystal structure for the compound formula A3B.
For high Tc superconductors, A is the transition metal
atom and B is usually (but not always) a nontransition

metal atom.
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Weger (1964) has afgued that the electronic band structure
of these materials has unusual features which reflect the
guasi-one~dimensional nature of these A atom chains. There
is in fact evidence from alloying studies confirming the
improtance of the A sublattice. It is found that both the
high-Tc superconductivity as well as some of the anomalous
behavior disappear more rapidly for alloy substitutions on
the A sublattice than the B sublattice. In terms of the
A-A distance along the chains the A-B distance is 1.12 and
the closest A-A distance between the two chains is 1.23. The
simplest model is then, that of weakly interacting perpendi-
cular A atom chains with the distance between A atoms along
the chain small compared to the cube dimensions.

In Table (2.2)(10)

we repregsent a striking result. From a
survey of the existing literature it has been found that for
a given element, say Nb, the A-A distance in a chain is not
very dependent on the B element. In that case for 13 pos-
sible B atoms, the A-A distance is 2.60%0.03 i. Further

we note that this is smaller than the Nb-Nb distance in
metallic Nb which is 2.85 i or .25 i larger. Thus, we expect
the bound between Nb atoms in the chain to be more covalent
like than metallic. In a metal, to a first approximation,
the free electrons fill the space between the ions more

or less in a uniform fashion. If the ion-ion distance is

reduced, more electrons must find their way between the ion



Croup

IV

VB

V1B

No, of

Compound

19
13

10
12

A-Atom

S

Ta

Cr

Mo

Table (2.2)
A~15's ARRANCED BY A ATOM

Intra-chain

(All distances)

2.57
2.80

2.41

2.60

2,61

2,61
2,48
2.48

.05

.03

Inter-chain
A-A dist,

in
3.16
3.44

2.96
3.20
3.21
2.85
3.05
3.05

Metallic

2,91
3.16

2,63
2.85
2,85

2.49
2.72
2073 )

Metallic
less
Intra-Chain

.34
.36

.17
24
«25

1T
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charge so as to increase the screening otherwise the struc-
ture would not be stable. This is an important characteristic
fact about these materials. A charge density plot shown in

Fig. (2.2) for V.Si confirms this picture. We note mountains of

3
screening charge around the V ions and ridges of charge be-
tween the mountains. Highly directional bounds are clearly
seen. We believe that this is an important characteristic
of the A-15 leading to a large electron-phonon interaction
and consequently to high Tc. The localization of the conduc-
tion electrons in the region between the V ions in the chain
implies that they interact strongly with them.

Experiments carried out recently by Ghosh and Stroginlz)
on the normal state electronic specific heat and on the

upper critical magnetic field H reveal that when the A-15

c2’

compounds (Nb3Sn, Nb,Al, Nb.,Ge, V_,Si and MO3Ge) are damaged

3 3 3
by irradiation there exist large variations in the electronic
density of states. They believe that the reason for fhis
great variation on irradiation is due to the fact that the
density of electronic states is a rapidly changing function
of energy near Ef perhaps exhibiting a peak of the order of
100°. Basically such a situation could be represented approxi-
mately by a Lorentzian form superimposed on a constant back-
ground, specifically

N(eg) = N(0) {1 + % ——2 3}

a%+(e-b) 2

where g is the strength of the Lorentzian peak, a its half
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Fig. (2.2)

V, Si

“twz2.0.01

4
m -\ ‘e
o

T

i
L) [] L] (1] p
.l +
~ 14 .
>. N > g

R AUy g e S

xqw.LnF.ﬂL‘thiJg AMJ u v N - —.1.7».., Y .w ¥ \.L..Qﬁnq. ...

Y b o

v b
o

o
45
i

~

L] -m ,
.m Om om
. \

\.\x
\\l.

7]




14

width and b is the center of the Lorentzian. This is the
model of the electronic density of states which we will

study extensively in this thesis.



CHAPTER IIX
A THEORETICAL CALCULATION OF THE GAP, THE CRITICAL
TEMPERATURE, THE CHEMICAL POTENTIAL AND THE

CONDENSATION ENERGY WITH ENERGY DEPENDENT
ELECTRONIC DENSITY OF STATES

In this chapter we present analytic expressions for
the gap A(0), the critical temperature Tc, the chemical po-
tential and the condensation energy valid in the case when
the electronic density of states N(e) varies significantly

around the Fermi energy on the scale of the Debye energy Wy

3.1 The critical temperature

It is given by the solution of the following equation:

[“D {1-2£(8 )}

1=V N(g) 5 de (3.1)
~oy

where V is the pairing potential and f(Bce) is the Fermi Dirac

temperature factor l/(e8c€+l) with Bc = %:(in units with

ah==kB==1).

To solve analytically for the critical temperature it
is convenient to take for N(e), a Lorentzian form of width a
and strength g superimposed on a constant background of height

N(0). Further, the Fermi energy is assumed to fall off the

center of the peak. Specifically

15
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N(e) = N(0) {1 +

5@

a
—— £3.2)
a2+(€-—b)2

%
At the Fermi energy N(ef = 0) = N(0) (1+D) with D = .- % -

mTa (a2+b2)
giving the height of the peak (right at the Fermi energy)
relative to the background and at the center of the peak
N(e=b) = N(0) (1+d) with 4 = ﬁ% giving the height of the cen-
tre of the peak relative to the background. The parameter D
we have introduced plays an important role in what follows.

With reference to equation (3.2), equation (3.1) can

be rewritten as

w w
L, D {l-2f(Bce)} o 4 l08 D {l—2f(Bcs)} 1 e
N(0)V € 2T € a2+(€—b)2
0 —wD
1.13w “p 2
= Rn{—————g} i %% d{é——g;—f— Rn(—f—g————f) i
Te 2 (a“+b“) a‘+(e-b)
~og

(b/a) -1, e-b "

757127; tan, == )y} (1 2f(Bc€))ds {3:3)

Performing an integration by parts in the last integral gives

1.13w 2
X = D ga il £
Ty RS 8 b e B B 2 | 2n [ ] +
B Te 2“[' 2(a’+b%)  a%+(e-b)?
w w
p(“D 2
b/a -1 _e-b €
tan: T——] | (1-2£(8 €= [ n| ]
a’+p? APy e { 2(a%+p?)  a’+(e-b)?
oo hE

_b/a__ . ,"lezby| 4 ,_
(a2+b2) tan | = {} T2 (1 2f(Bc£))d{] (3.4)

+
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Using the fact that

1 W, >

l-2f(€Bc) > }

~1 W, > ®

equation (3.4) can be written as

1.13w B
wov = Al + 2o 15l - ]
c m(at+b™) // a? w-b. % a 2+(9i'1‘3‘)2
| E(a) +(—-(;—) ][(a) w ]
b 1, w-b 1 wtb.. [P 2. 4
-1,0- ~-1,0
+ -2—a' {tan (——;—-)-—tan (—é,_) ]"J Z ILn(e ) az (l—2f(BC€))d€
W W
D D
+ I i zn(a +(e~-b) ) (l -2f (B e))ds-—{ %% tan—l(gég) x
—wn ~wy
-4 (1-2£(8 €))de (3.5)
de c )

Since the differential of the Fermi function £' (Bg)
is negligible except in the neighbourhood of the Fermi energy
and since b >> kBTc the integral in equation (3.5) can be done

as follows

D ga 1

} o+ ) ]

c m(a®+b™) 2 1/2 2 m+b 1/2
/[(—) R T ) O el

1 l1.13w
N(OV In{—zg

_ D
+ %% {tan 1(959)-tan 1 w+b)} { % ﬁn(sz)é%(l—Zf(Bce))de



18

n w
D D
1 2.,2 d b -1 b
+ 7 Zn{a“+b") ’ ag(l—Zf(Bcs))de + >a tan 3 é%(l—Zf(BSC))de
~¥p ~®p
(3.6)
But
wD wD
d - 1- -
3c (1 2f(Bc€)) =1 2f(Bcs) = 2
~Wp -wp
(to a very good approximation, since wy >> ch). Therefore
equation (3.6) can be reduced to
l.13w
N(é)v = n{ T D}+ ga 5 en| 1 ]
c m{a“+b”) 2 2 1/2 2 2 1/2
/(3 R T T B Ry
w w w w
b -1,w=-b, _ -1 ,w+b b -1 b 1 2,2
+ Eg{tan (—5_) tan (—5“)}+ S tan (a)-l-2 n(a“+b”)
w
_ 1 P1 en(e?) & (1-2£(8 ¢))de (3.7)
4 de c *

The last integral in equation (3.7) can be done as follows:

wD Bcw
- 4 - xXy4d 1
n € e {1 2f(Sc€))} 2 ‘ zn(Bc = {ex+l

} dx

0
when a change of variable to x = Bce is made. Since wDBc > 1,
therefore it can be replaced by infinity with sufficient ac-
curacy because of the peak nature of Fermi Dirac distribution
function.

Thus
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w

D o)
d _ o el A
- ne I {1 2f(BCe)} - 24nx 3= { - } dx
e +1
0 0
d h 1
22nR -— { J s,
o- dx ex+l
0

The first integral is a number which can be written in terms
of Euler's constant &n Y as &n(2y/m). Since the ratio (2y/m)

is 1.13. The last integral in equation (3.7) is given by

{1.13}.

dl,
c

n

The temperature Tc at which the transition takes place

is then given by

12136 28902
ET%TV = (1+D) tn{——L}+D | an[ a b 1+
¢ Y et umb) 211 2 [a%+ (wtb) 2] 1/ 2
b =1:b -1 ,w-b -1 ,w+b
2a [2tan (‘é—) vt an (T’) tan ('a—)] (3. 8)
which after rearrangement, gives
) 3
- 1+D’ “N(O)V (1+D)
kBTc l.l3-ﬁwD H e (3.9)
// 2 a2 i3
H=[ gt }exp{%% [2tan l(g-) +
v/[a2+(wD—b)2]l/2[a2+(wD+b)2]l/2
el -1 w+b
tan ~(=;7)-tan (—5—)]}
and
2
= a
D ~ 2
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This -is: our: final equation for the critical temperature. We
note that it is the electronic density of states N(0) (1+D)

right at the Fermi energy that enters the exponential. Fur-
ther, the pre exponential factor is modified from BCS by the

quantity

which is new. The critical temperature is therefore B times
the value of Tc (say Tc°) obtained by assuming N(g) to be a

constant equal to its value at the Fermi energy.

3.2 The energy gap A(0)

The gap in the quasiparticle excitation spectrum

A(0) is given by

“p
TR & de —Nig) : (3.10)
: / e248% (0)

Direct substitution from equation (3.2) into this equation

gives

2w “p

de
= n[+7ev 2=
)

{3 L1)

To integrate the last part in equation (3.11), the substitu-
2 o2

i =
tion € 5%

is suggested, and thus by explicit differen-

tiation
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, 2
de = 1+ A—L%L]dx

2 X
and in terms of the new variable x the integral of interest

can be written as

w oory
D de - 4x dx

) ax2a’+ [x2-0% (0) -2bx]

/ €240% (0) [a%+ (e-b) 2]

with o and vy (the new boundaries) given by

a= -wy * /’wg+A2(0) corresponding to & = ~wp (3.12a)
'SV IV .
Y = Wy * wD+A (0) corresponding to € = Wy (3.12b)

2

To carry out the indefinite integral I= 55 4X2dX2
4x“a“+[x°~A (0)~2bx]

we proceed as follows

dx 1 1
1= & - 1 (3.13)
f Ti8 k2 opx-a2(0) J+2ixa  [x2-2bx-A%(0) ]-2iax

which can be reduced to

_ 1 dy dy
I=3m 0 5=- ]
Y

with

x- (b+ia) (b-ia) 2+4% (0)

=
il

P
!

(b-ia) 2+42(0)

Y
I

Yy = xX-(b-ia)

so that
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;o L L axeteria)=/ oria)®ea®o) )

la
2/ (b+ia)2+42(0) %= (b+ia)+7 (b+ia)2+42(0)

1 x-(b ia)~v (b—ia)2+A2(0)]

(3.14

inl
2/ (b ia)2+A%(0)  x-(b-ia)+/ (b-ia)2+A2(0)

The quantities /f2b+ia)2+A2(O) and /,(b—ia)2+A2(O) can be ex-

pressed as

/ (ria)?+a?(0) = [(0%-a%+8%(0)2+4a%? 1 Yexp(Fitan™t 220
b -a"+A" (0)
2 2.2, .
+ .5 (1-sgn(b™=a“+A"(0})))(wsgn2ab)}
= F + iG (3.15)
Similarly
VTSR .
(b-ia) “+A" (0) = F-iG (3.16)
with
1/4 )
F = [(b?-a®+a%(0)%+4a%p?] " cos{.5[tan”! — 2ab_ +
b =a"+A" (0)
2 2. 2
.5(1-sgn(b™~a“+A" (0)) x (msgn 2ab)l} ;
1/4 _
G = [(b%-a%+1%(0) P+4a%b%]  sin{.5[tan" L 5 gabz +
) b“+a“+A“ (0)

.5(1-sgn(b%-a%+A%)} x (wsgn 2ab)])}

and

r2 + g2 = / (b2-a2+42(0) P+4a%b2
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Because of the definition given for F and G by equa-
tions (3.15) and (3.16) it is found to be convenient to express
our final result for I in terms of one of them rather than in
terms of both of them. This has been done by working out the

relation between F and G. By definition

F+iG =/ (b+ia)2+22(0)

F2-G2+2iGF = b%-a’+4% (0)+2iab
Therefore
F2-c% = b2-a% + 2%(0) (3.17)
GF = ab => g = 22 (3.18)

The solution of equation (3.17) gives

(a2-p2-22(0)) + v (a®-b%-12(0) ¥ +4a%p?
5

F& = |

Since F is real, therefore F2 > 0, and hence

F = ;% //;;2(0)+b2—a2) + / (82 (0)+b2-a%)2+4a%p2  (3.19)
3

+ve sign has been taken, since F has to be real. Then I

can be written in terms of F as
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a F2 (x-b-F) 2+a2 (F+b) 2

-1 b
I= {== an] ] +
2F 2 2 2 2
ay (0%+42(0)-a?) %+4a°%p? P (x-b#F) +a" (F-b)
F[tan_l(F%éggg%T) + .5[1~sgnF (x-b-F) ]lsgna(F+B) ™
-1 a (F+b)
-tan (ETE:B;FT) .5[1-sgnF (x-b+F) Isgn (F-b) 7} (3.20)

where we have used equation (3.14) and the relation
1
2
The complete exact solution for the gap in the quasi-

gn (A+iCc) = Zn(A2+C2)ii[tan_l(%) + .5(l-sgnA)sgnCrm] .

particle excitation spectrum A(0) is then given by

Y
(3.21)

with I, o and y given respectively by equations (3.20) and

(3.12).

z2-172(0)

2x%
sing +ve sign or -ve sign solutions for a and y will give the

Since € = is a double valued function,choo-
same answer. As a consequence of this we have used the +ve
sign solutions for o and y in the following steps.

The last equation simplifies considerably if we assume
that a >> A(0),b>> A(0) and Wy >> A(0). By taking into ac-
count these facts the expression for F can be approximated

as follows
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Direct substitution from equations (3.23), (3.24)

and (3.25) into equation (3.20) and then into equation (3.21)

gives
2 2 _ 2 2
__l_v = ln[zfg—] - 9 __72_5_ [i on[ szDEZb) +:a . 5 %
N(0) (0) T8 (a®+b“) 4 (2075 A% (0)¢) +(% A© (0) )
24 (0) [+ 5 92+ (as/2)?)
N A? 5 1 + %% {tan—l(wéﬂﬂ +.5(l—sgn(wD—b)ﬂsgna
2 D
(5 JE - 2b)” + 4a
tan_l[ 22ab - .5[1- sgnb(A (0) _ 2b) ]Tsgn (2ab) -
A% (0) D
b(—z—('u—'D—— - 2b)
2
tan~1[—2(bA (2)6/2 ] -.5[l—sgnb(2wD+bA2(0)6/2)ﬂsgna(bA2(0)6/2)
b (2w +bA% (0) §/2)
D
+ tan"1p abA (0)8/2 1+ .5[1-sgnb (500 2(0) A% (0)b5/2)] wsgn
b(A L0) 4 4% (0)b8/2)

x (aba?(0)5/2)} (3.26)

It is a fact that the quantities (A2(0)/a2+b2) or
(A2(0)/wD) are almost negligible with respect to unity which

generally allows us to neglect such terms without the introduc-

tion of any large error.

Therefore
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2w ) 2w 2. .2
en [—2—1D{ 2n [ (—2w) a_t+b ]

570) 5(0)
//[(wD—b)2+a2]l/2[(wD+b)2+a2]l/2

b -1, a _ -1 a
>a [tan (wD'b) + .5[1 sgn(wD b)lmsgna + tan (b)
aw
-+t (g
a“+b“+b D
which after rearrangement, gives
_D_
_ D+1 1

with
/S 2.,.,2
E = a_+b exp{-;—g [tan_l(w a—b) +
/r[(wD—b)2+a2]l/2[(wD+b)2+a2]l/2 D

-5[1—Sgn(wD—b)]ﬂsgn(a)+tan—l(%)-ﬂ +

aw

tan~1 —z——ig———]} .
a“+b +bwD

Equation (3.27) is our final equation for the gap parameter at
the absolute zero. Similar to the Tc calculation, we note
that, it is the electronic density of states N(0) (1+D) right

at the Fermi energy, that enters in the exponential. Further
thg pre exponential factor is modified from BCS by the gquantity
EI:B. Numerical calculation for the ratio 2A(0)/kBTc reveals
that this ratio remains unchanged and equal to the BCS value
of 3.54 which implies E=H. To prove this analytically we

proceed as follows:

I1f wD-b > 0, the expression for E becomes
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_ _ _ aw
E = Zexp{ig{tan 1 wiib + tan"t % ~ 7 + tan T —5——52———}} (3.28)
D a“™+b +bwD
where
7 = a2+b2
/’[(wD—b)2+a2]l/2[(wD+b)2+a2]l/2
If wD-b < 0 the expression for E becomes
_ _ _ _ aw
E = Zexp{ig{tan 1 —EEE + tan~t % + tan"t —5——52———}} (3.29)
“p a“+b +bwD
In the analytic expression for Tc we have
-b w_ +b
b -1 b -1 “p -1 Y
= ———— -—+ bd -
H Zexp{Za{Ztan 3 tan 3 tan }1. (3.30)
This expression can be written as
_ bem -1 _a ,m_ . -la_ ., ~1b_, -1%+b
H=zexp{57{5-tan = —¢+35-tan = g+tan = - tan 1} (3.31)

D
where we have used the identity

{:an_'l X t tan_l y = tan_l Eél_
l+xy

for |tan ™t x + tan ' y < g

equation (3.31) can be written as

_ _ aw
1 wa-b + tan 1 %- T + tan 1 —2-———2-2—-—}} {(3.32)
D a“+b +bwD

- cexp((tan”
H = zexp{Za{tan

where this equation is valid when wD—b > 0. Similarly when

wD—b < 0 we can prove that

aw
1 a -1 a -1 D
o —p t tan ~ ¢ + tan 5 1} (3.33)

H = Zexp{%g{tan— 35—
D a“+b +bwD
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which proves analytiéally that E= H. Thus the ratio 2A/kBTC
remains at its B.C.S value.

For the purpose of numerical calculation, the Newton-
Raphson method has been used in solving equations (3.1) and
(3.10) for Tc and A(0). Convergence to within 10-8 was ob-
tained after two or four iterations (on the average). In ad-
dition to this, the approximate analytic solutions for Tc and
A(0), equations (3.9) and (3.27) have been evaluated numeri-
call. The results of these numerical calculations are illus-
trated in the following Figs. where we plot the exact and the
approximate solutions for Tc and A(0) against b.

In Figs. (3.1.a), (3.1.b) and (3.1l.c), the calculated
values for Tc are plotted against b for a=5, 10 and 15 mev,
N(0)V=.15, g = 5.5 mev, and wp = 35 mev. A set of three
graphs for the same values of a and Wy but for N(Q)V = .25
are shown in Figs. (3.2). In addition Figs. (3.3.a) and
(3.3.b) show Tc against b for a = 5 and 10 mev, N(0)V= .25
and wy = 20 mev. Similar to the work done for Tc we have pro-
duced another set of graphs for the exact and approximate
solutions for A(0) for the same values of a, N(0)V and W, men-
tioned above.

It can be seen very clearly from these graphs that
Tc or A(0) decrease very rapidly as a function of b specifi-

cally in the region as b ranges from 0 to w In this case

D
we are within the peak in the electronic density of states,

then it starts to saturate beyond b = Wy and reaches the BCS
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value. Good agreement between the exact and the approximate
solutions for A(0) and Tc can be clearly seen, except in a
few cases (Figs. 3.2.a and (3.5.a)). The agreement is not so
good at small values of a and b which can be attributed to
the neglect of the higher order terms in the approximation
we have made for Tc and A(0).

In Figs. (3.7) and (3.8) we plot the ratio 2A(0)/Tc
corresponding to the exact solution for Tc and A(0) which
shows this ratio remains unchanged and equal to the BCS va-
lue 3.53 except for unrealistically small values of a and b
which are not of great interest.

The graphs we have shown for the critical or for the
gap parameter A(0) indicate that our analytic approximate
solutions for both are good enough for all practical purposes
of interest. They deviate mainly for small values of a and
b which are in any case not physically realizable. This mo-
tivates us to go back and look at the pre exponential factor
- in the analytic Tc equation - including the energy depen-
dence of the electronic density of states. This factor may

be rewritten in the more convenient form as

L
B —p l+d+b

with

s =//f P b{tan™! (@-b)-tan~! (@+B) +2tan" 15}

e
{1+ (@-B) 21172 {1+ (5+B) 23172



Pig. . {3.1:.a)

A plot of Tc (mev) versus b (mev) for the exact (—)
and the approximate (++¢°+°*+) solutions for Tc for a=5

mev, w, = 35 mev and N(0)V = .15.
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Fig. (3.1.b)

A plot of Tc (mev) versus b (mev) for the exact (——)
and the approximate (+<++++) solutions for Tc for a=10

mev, wy = 35 mev and N(Q0)V = ,15.
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Fig. (3.1l.c)

A plot of T, (mev) versus b (mev) for the exact ( )
and the approximate (*°+++) solutions for Tc for a=15

meV, Wy = 35 mev and N(0)V = .15.
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Fig. (3.2.a)

A plot of Tc (mev) versus b (mev) for the exact (
and the approximate (¢++*++) solutions for Tc for a=5

mev, wy = 35 meV and N(0)V = .25,
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Fig. (3.2b)

A plot of T, (mev) versus b (mev) for the exact (
and the approximate (*++++) solutions for Tc for a=10

mev, w, = 35 mev and N(0)V = .25,
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Fig. (3.2c¢)

A plot of Tc (mev) versus b for the exact ( ) and
the approximate (+++++) solutions for Tc for a = 15 mev,

wD = 35 mev and N(0)V = .25,
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Fig. (3.3.a)

A plot of Tc (mev) versus b (mev) for the exact (
and the approximate (++*+-) solutions for Tc ﬁor a=>5

mev, w, = 20 mev and N(0)V = .25,
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Fig. (3.3.b)

A plot of TC (mev) versus b (mev) for the exact ( )
and the approximate (*°+++) solutions for Tc for a = 10 mev,

wD = 20 mev and N(0)V = .[25.
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Fig. (3.4.a)

A plot of A(0) (mev) versus b (mev) for the exact (
and the approximate (*°++++) solutions for A(0) for a=5

mev, wy = 35 mev and N(O)V = .15.
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Fig. (3.4.b)

A plot of A(0) (mev) versus b (mev) for the exact (
and the approximate(+-++*++) solutions for A(0) for a=10

mev, w. = 35 mev and N(0)V=.15.

D

)



A(0)

.20

.18

.16

14

40




Fig. (3.4.c)

A plot of A(0) (mev) versus b (mev) for the exact ( )

and the approximate (°**+++) solutions for A(0) for a=15

mev, wy = 35 mev and N(0)V = .15.
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Fig. (3.5.a)

A plot of A(0) (mev) versus b (mev) for the exact (
and the approximate (++*+++) solutions for A(0) for a=5

mev, w,y = 35 mev and N(0)V = .25.
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Fig. s(3:5:b)

A plot of A(0) (mev) versus b (mev) for the exact (
and the approximate (+++++) solutions for A(0) for a=10

mev, wy = 35 mev and N(0)V = .25.
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Pige. {3.5.¢)

A plot of A(0) (mev) versus b (mev) for the exact ( )

and the approximate (¢++++) solutions for A(0) for a=15

mev, wD = 35 mewv and N{(0O)V = .25k
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Fig. 3.6.a)

A plot of A(0) (mev) versus b (mev) for the exact (
and the approximate (++<¢++) solutions for A(0) for a=5

mev, w, = 20 mev and N(Q0)V = ,25.
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Pig. (3:6.b)

A plot of A(0) (mev) versus b (mev) for the exact ( )

and the approximate (++°+++) solutions for A(0) for a=10

mev, Wy = 20 mev and N(0)V = .25.
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Fig. (3.7.a)

A plot of {2A(0)/kBTc}exact versus b (mev) for a=5 mev,

wD = 35 mev and N(0)V = .15.
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Fig. (3.7.b)

versus b (mev) for a = 10 mev,

A plot of {ZA(O)/kBTc}exact

Wy = 35 mev and N(0)V = .[15.
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A plot of {2A(0)/kBT }

w

D

c e
35 mev and N(0)V =

Fig.

xXact
.15.

(3nitec)

versus b (mev) for a= 15 mev,
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Big:. (3.8.a)

A plot of {2A(0)/kBTc}exact versus b (mev) for a=5 mev,

wy = 35 mev and N(0)V = .25.
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Fig.-{3.:8.b)

Arplot of {2A(0)/kBTC}exact versus b (mev) for a= 10 mev,

Wy = 35 mev and N(0)V = .25.
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Figé (B.8.¢)

A plot of {2A(O)/KBTC} versus b (mev) for a= 15 mev,

exact

wD = 35 mev and N{O)NMN .= .25,
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in which we have introduced the new parameters b, @ and 4.

They are defined as:

b=b/a ; w= wy/a and d = g/7a

so it can be seen very clearly that instead of having B as a
function of four variables a, b, g and w, we have obtained
an equivalent expression for the factor B as a function of
three variables only; b, w and d. Now since this critical
factor B gives us the change in Tc from the average theory
(with density of state evaluated at the Fermi energy) and
since it contains all the information about the energy depen-
dence of the electronic density of states, it is appropriate
to investigate the variation of B(b,»,d) as a function of b
at various values of W trying to cover the region required
for the practical purposes of interest. Figs. 3.9, 3.10,
3.11, 3.12, 3.13 and 3.14 illustrate B(b,w,d) against b for
various values of w (4, 2, 1, .5 and .25) at five values for
d (2,1.5,1,.75 and .35). The rapid increase in B(b,w,d) as
the parameter b is raised from zero corresponds to the roun-
ding off of the Tc and A(0) curves at small values of b. The
anomalous behaviour in B(b,w,d) as a function of b for small
values of a accouﬁts for the bump we have seen in the T and
A(0) graphs at small values of a. We note the fact that B
rises above 1 at intermediate values of b and then saturates
to 1 as expected. The numerical calculation for the factor

B reveals that for small values of b and for D > 0, i.e. a



Fig. (3.9)

A plot of B (b,w,d) versus b for @ = 2 and for o = 4
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A plot of B (b,w,d) versus b for d = 1.5 and for &

( Yo 2(ceeee),
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Fig.
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Fig. (3.11)

A plot of B (b,w,d) versus b for d = 1 and for w = 4
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Fig. (3.12)

A plot of B (b,w,d) versus b for d = .75 and for o = 4
(
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Fig. (3.13)

A plot of B (b,w,d) versus b for d = .5 and for o = 4
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Fig. (3.14)

A plot of B (b,»,d) versus b for 4 = .35 and for

Y, 2(0ese*), 1(——=—- s o5(=*=+-+=) and .25

4
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peak in N(eg), B is aiways less than one and consequently TC is
reduced below Tc° but for -1<D< (0 B will be greater than one
and Tc will be increased above TC°. Basically this situation
has been observed(l3). In the calculation of Tc, some values

of the electronic density of states are sampled which for D> 0
are smaller than the value at the peak, namely N(0) (1+D), but,
which, for -1 <D< (0 are greater than the minimum value N(0) (1+D)

when we are at the bottom of the valley in N(g).

3.3 Chemical potential for Lorentzian form

Before giving a discussion of the thermodynamic proper-
ties of Al5 compounds - specifically the specific heats - for
our model for the energy dependence of the electronic density
of states, it is necessary to study mathematically the shift
in b - the center of a Lorentzian - as a function of tempera-
ture. We proceed mathematically in the following manner.

The total number of Fermions in a bulk superconductor

is given by

N = J N(e) f(Be)de (3.34)

where €y is the end point energy of a the energy band we are

dealing with and f£(e) is the Fermi-Dirac distribution function

- f£(Be) = —_E%_—_ - which gives the probability that a state
(e "+1

with energy & is occupied.

With reference to equation (3.2), equation (3.34) can

be written as
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N = N(0) £(Be)de + N(0) 32 2f(85) s de (3.35)
T [a®+(e-b) 7]

—El -81

The first term in the integral can be done by parts to give

J f(Be)de = ef(g) - J e £'(Be)dse (3.36)

-€
—el 1 —el
® e/kT
1 1 € e
= g, [— ] + — de (3.37)
1 . €l/kT+l kT J [e€7kT+l]2

-el/kT -el/kT

Since €y >> kT, e << 1 and {1/e + 1} = 1 (to a very

good approximation), so that

” ) 91 -1 xex
f(Re)de = ., + (—==) —d4dx (3.38)
1 kT (ex+l)2

where the substitution (x = &€/kT) has been made and the lower
limit of integration is taken as -« with sufficient accuracy.

The integrand on the right of this equation is an odd function

of x since

xe” _ _ [(-x)e_
(e¥+1)? (e”

and the integral is therefore identically zero. It follows that
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the second term in eqtation (3.37) is zero, i.e.

N(0) [ f(Be)de = N(O)el .

The evaluation of the second term in equation (3.35)

can also be done by parts as follows:

N (0) da’ —L—— f(Be)de = I
[a"+ (e=b) 7]
-eq
with
o (o]
ot 2% -1 e=b 2 1 =1 €=Dby
I = N(0)da [a tan (—g—ﬂf(Be) [ 3 e s Rl | e )£ (Be)de]
—el —sl {(3:39)
and hence
AR o e
3 e por & Lo L
I = N(0)da"[ 3 tan ( = )] = tan (—E—)f (Be)de] (3.40)
€.+D s
Because >> 1, then tan 1 —igigl = % (taking only the

first term to be sufficient in expanding tan_lx Formexs o). 'V In
addition since f' (Be) at zero temperature is different from

zero only for € =0 we get

.—b 2
I = N(O)daz[%% > i P l(—-59) { £1 (Be)de] (3.41)
: 8
since
[ £'(fe)de B {EBE)] " = =L S
i

3
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Therefore

b
I = N(O)da2[§% - tan_l(E?)] (3.42)

in which we picked up only the zero temperature term. Combi-
nation of equations (3.38) and (3.42) gives us the total number
of electrons in the system at zero temperature

b
_ 2,1 _ 1. -1"70
N = N(O)[el + da [2a a tan (:;Q]] (3.43)

where b, is the zero temperature b, while the total number of

0
electrons in the system at finite temperature is given by

N=N(O)[€1+da2[%%-% tan-l(§)+corrections from higher expansion
in tan™t(£22) 1) (3.44)
or ©
_ 2. m _ 1 -1 e-b _ -1 -b -1 -b
~N(0)[€l+da [2a I a{[tan = tan A l1+tan S } x
£'(Be)de] (3.45)

From equations (3.44) and (3.45), it is clear that the correc-

tion term at finite temperature can be written as

- da [ [tan ™t §§9 - tan"t %?]f'(Be)de (3.46)

- €a ba 2

= -da [ + e“1f' (Be)ace (3.47)
J (a2+b2) (a2+b2)2



in which we have used the identity tan-l xttan_l y = tan—1

- - 3 5
§§X_ for |tan lx+tan ly < % and tan 1 X = X = X + X ...
1+xy - 3 5

for x<1. We have taken only the first term of this expansion to

the second order in €. Equation (3.37) can be written as

correction = -dal —59—7— ef' (Be)de + ——iééﬁ—i-ezf'(se)de]
a“+b (a“+b")

-€4 -€ (3.48)

2

® X
~da[ (-kT) —2— Xe _ gx - (kT)? —<P3__ «x
a“+b

® x2ex
——S— dx] (3.49)
(e"+1)

i

when the change of variable to x = ¢/KT is made. The first in-
tegrand on the right of this equation is an odd function of x
and it is therefore identically zero. The second integrand in

equation (3.49) is an even function of x so that

o] [o0]
2 x 2 X

(e¥+1) (e¥+1) 2
> 2 =%
=2 ______-—-x_; 5 dx (3.50)
(e T+1)
0

This latter integral may be expanded as an infinite series in

e * by writing
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(14e )72 = 1 (-1 PTlpemaTl)x (3.51)
n=1
where n is an integer, so that
—Xe __ax= 1 (- | e™x%ax (3.52)
(e 7+1) n=1
0 0
using the form of I'-integral which is given by
[ e ™x%ax = & 1(3) = 2/n° (3.53)
n
0
so that equation (3.52) becomes
2 -X S o 2
—Xe ~ax=2 : (D"t L= L @5
(e T+1) n=1 n n=1 n

0

Substituting from equation (3.54) into equation (3.49) gives

a4b [g;‘_]z 2n?

Correction = d ——F— (3.55)
(a2+b2)2 6

From equations (3.43) and (3.44) it is clear that

b
-da tan l(E?)==~da tan l(g)-i-correctiOn from higher order ex-
pansion in tan ' (£22) (3.56)
or
b 3 2 2
-1 by .. =170, _ __a'b 21~ (kT
tan (a) tan (?r) = 3 [a] (3.57)

(a2+b?) 2
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where b, and b are respectively the absolute zero and finite

0
temperature b. Equation (3.57) can be reduced to

-1 (b=byla a3 2n% kr,2
tan © — =7 22 6 lal
a +bb0 (a”+b")
1. Aba &’y 2n? k1.2
tan "[—5— V= == < F
a +b +b0Ab (a®+b")
b Ab 3 2 2
tan™t 50— (1 - 4 -0l = 2B 22 (%?) (3.58)
(a +b0) (a +b0) (a“+b")
- - -—_ +
where the identity tan lx ttan 1y = tan L Efz— has again been
1+xy
used and we have put b = bO + Ab. Taking only the first term

of the expansion to be sufficient, equation (3.58) can be re-

duced to
3
_,_abtb_ = amb_ - _2*Po 2r® kr? (3.59)
tan (a2+b§) a2+b§ (a2+b§)2 6 a
so that a2 2n2 - 2
Ab = 5% 3 (?T) b0 {3.60)
(a +b0)
since
b=Db. + Ab .
0
Therefore
2 2 2
b=byll+—F— 22 (%?) ] (3.61)
(a +b0)
2 2 2
It is the fact that the correction term a 27 (EE) is
2,.,2 6 a
(a +b0)

negligible compared with unity which generally allows the

substitution of b0 for b to be made without the introduction of

any measurable error. Quantitatively the correction term = 1/60.
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3.4 Condensation energy per unit volume

In this section we present the steps carried out in
evaluating the condensation energy per unit volume; the energy
difference between the normal and superconducting state. This
calculation based on oﬁr model for the energy dependent elec-
tronic density of states but with the Fermi energy taken to be
at the center of the Lorentzian so as to simplify the mathe-
matics which we are about to carry out.

We start by writing down the equation for the conden-

sation energy in its final form

°p e A% (0)
AW =2 deN(e){e[1l - ] - } (3.62)
! L EE 58500 2/ 2402 (0)
with N(g) given by
fe ! g a
a‘+e

With reference to equation (3.63) equation (3.62) can be writ-

ten as

%5 2 5
AW = 2N(o){[ defei~ g e RS, S
! / e240%0) 2/ 2442 (0)

(a2+€2) 2

“D 1 ) 1 A% (0
%a de ——=——x— f{e=v £°+A (0)+5 (0) ¥ {3.64)
€ +A2(0)

0

To evaluate the first integral in equation (3.64) we make the
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change of variable e = A(0)sinh6. Therefore the first term

can be written in terms of the new variable as

w
D 2 2
I,.= 2N (0) [ de{e - & - 249 }
! / e240%0) 2/ 2+a%(0)
_l wD }
pEah {ZTET 3 A2(0)sinh26
= 2N(0) [ A(0) cosh8{A(0) sinh® - FroyCoche — ~
0
2
A% (0)
2A(0) cosh } as
w
51nh—l{A(g)
= 2N(0)A%(0) [ {sinh6 (cosh@-sinh®) - %}de
0
w
Slnh—l (A (13)
= 2n(0)4%(0) J (e sinhe - Z1ds
0
sinh-l(wD/A(O))
= N(0)A%(0) [ AVig 9 30
0
5 A —Zsinh-l(wD/A(O)) : :
= ZN(0)4%(0) {e -1} = - 2 N(0)4%(0) (3.65)

The second term of Eq. (3.64) can be evaluated as follows
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w
I, = 2N(0) €& [ de __El"i‘ (e = / 2422 (0) + % AGO)
5 (a™+e”) / 2402 (0)
2, 2 w —
1, 2 7% D/ e240%(0)
= 28(0) L (= n(—=2) - de +
m 2 2 [ (a2+52)
0
“p
% A2(0) J 21 5 L de} (3.66)
(@a™+e™) /' e240%(0)

0

To integrate the last two parts of Eqg. (3.66) the substitution

v o= £ is suggested, which by differentiation gives

/ €2+0% (0)

3
dv = {g} A2(0)d€. So that the first part can be written in

terms of the new variable as
w_v/ w2+r?(0)
w 55 2 D D
f v £°+AT (0) - - A®(0) j av{ 1 . 1

}
a2+€2 '(a2-A2(0)) 1—v2 Az-—v2
0 0
wD// w§+A2(O)
(aZ'Az(O)) l—v2 Az—vz A2-1
0

wy /v wled? (0)

2
.o 1 [ avicds + i -
2(a“-A"(0)) (A"-1

with A = a2/a%-A%(0)
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Simple integration of this equation gives

o/ wi+a? (0)

w
o, e240%(0) _ 1 l1-v, 1 . A-v
2,7 -2 maR) TR RGER }
0
5>
/ w2412 (0) -
= %{ln{ D D¢ -
)
/’wD+A (0)+u
a2-42(0) . /2 a/’w§+A2(0)—wD/ a2+A%(0)
{—————=} an{ 1} (3.67)
a

a/’wg+A2(0)+wD/’a2-A2(0)

The second part can be written in terms of the new variable

as
)
7 4% [ 7 - de = 5 4%(0) =l x
! (a®+€”) / 52+A2(0) a“=A"(0)
/ 2,,2
wD/ wD+A (0)
' 1
av
[ Az—v2
0
. S 2. .2
wD/ wD+A (0)
2
_ 1 A (0) 1 1 1
= e —{—=— + —1ldv
2 a2-A2(O) [ 2A°A-v  Atv
0

wD/¢ wé+A2(0)

= % 7 2 3a 5T
a“~A“(0) v
0
2. .2 /T2 2,
1 AZ(O) /az-Az(O) Qn{a wD+A (0)+wD a“=-A"(0)
2 _2,,2 a
as+hm(0) a’ w2+22(0)-w_v a®-4%(0)

D

o

(3.68)
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Substituting from Eq. (3.67) and Eq. (3.68) into Eq. (3.66)

and from Eq. (3.65) and then into Eg. (3.64) gives

1 a2+w2 //w2+A2(0)—w

AW=-2 N(0) 4% (0)+aN (0) a®{2n (—2) +in {—2 23
a

2
+ +
wD A (0) wD

7 a/ wi+A%(0)-u /’az—Az(O)
an{

D
2l mg+A (0)+uy / a2-12(0)

a//w§+A2(0)—wD/ aZ—AZ(O)}
en{

a/’a -A% (0) a/’wg+A2(0)+wD/’a2-A2(0)

l 5% (0)

altw? w2+a2 (0) ~uy

D
Y+2n{
a2

& %N(O)AZ(O) + dN(O)aZ{ln(

wD+A (0)+wD

a2-A2(0)+%A2(0) / w§+A (0)-w, / a2-12(0)
al a®-&%(0) a/’wg+A (0)+wD//a2—A (0)
2 2 Y 5
a“+w 1+A7(0) /w=-1
% % N(0) A% (0)+aN (0) a®{2n (——2) +4n{ D
a //1+A2(O)/wg+l
Iy /14 (8(0) /w ) 2=/ 1-(a(0) /2)?

an{

2av a*-4%(0) //l+(A(0)/wD)2+//l—(A(O)/a)2

This

deration the fact that a >> A and w

equation simplifies considerably if we take under consi-

n>> A. The expression for

AW can be approximated as follows:
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2, 2
1 : a " +tw

M OE -2 N(0)A%(0) + dN(0)a’{&n( +

a

/ l+(A(0)/wD)2-l //l+(A(0)/wD)2—/fi-(A(0)/a)2
n{ } +&n{

»fl+(A(0)/wD)2+l /1+(A(O)/wD)2+/ l—(A(O)/a)2

2, 2
. 2 a +wD

2 -5 N(O)A (0) + dN(0)a“{&n (-

) +
a

2 1 4
o (A€0) /0 )% = 3 (4(0)/uy) -
2 2 1 4 1 4
(A(0) /wp) “+(A(0)/a) * = F(A(0) /w ) ® + 2(4(0) /a)

il + 3 (A(0)/wp)? - 7(a(0)/a)% = 1A (0) /0;) %)

.1 2 2 a2+wD2 1 ,A(0),%
= - 5 N(0)A® (0) + aAN(0)a“{an( a2 ) - 7 (T—) +
- 4 (A(O)/w )
n{ T 5 5 1}
1+ (wD/a) ‘Z{(A(O)/“’D) - (A(0)/a) " (wy/a) }
2. 2
- 1 2 2 a tu, 1 ,A(0),2
= - 2 N(0)A%(0)+aN (0)a® {an ( = ) -3 (55D
wp 2 A(0) A0y, 2 “p 2 A(0) 2
il + (2) -3(A0L D) - AL T Dy e 3o “’D) 1+ ()1
2.2
a +w 2 w. 2
= - 3 M08 (@ +an(0)a® (an (—2) - B8 i+ (P )

a

- {3 (A“”) - 70800 /0 ) %~ (8 (0) /a)  (wy/al/ A+ (w/a) ®) 1)

which after rearrangement gives:



73

1

AW = - 2 N(0) (1+4) 4% (0) (3.67)

with d (14)
(Fa) - L
N(0)V(I+d)

1 ]

d = ﬁ% and  A(0) = 2wl -
/’l+(wD/a)

Equation (3.67) is the final equation for the condensatioﬁ energy
at absolute zero temperature in the weak coupling limit with
N(0) (1+d) the elect&onic density of states right at the Fermi
energy. There is no other change in this formula due to the

energy dependence for a >> kBTc.



CHAPTER IV

EVALUATION OF SPECIFIC HEAT NEAR Tc AND NEAR T=0

The theoretical study of this chapter includes the
mathematical developments needed to obtain the gap parameter
at temperatures just below the critical temperature (T-*Tc)
and at temperatures just above zero (T—+ 0). The results ob-
tained for the gap are used in evaluating the discontinuity
in the specific heat at the transition and of its behaviour

at very low temperature.

4.1.a Determination of the gap function A(T)

To find the gap parameter at any temperature between
the absolute zero and Tc, it is necessary to solve the finite
BCS gap equation in the weak coupling limit (A(0) << ﬁwD).
Since its solution requires numerical methods, we shall not
attempt a detailed analysis and instead merely treat the li-
miting behaviour as mentioned above.

For temperatures just below the critical temperature
the gap parameter as a function of temperature can be deter-
mined analytically by solving the BCS finite-temperature gap

equation which is given by

o Le20a2(r) 172

v N(e)
2 2kT

de (4.1)
[e2+4% (v ))1/2

tan

74
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It is evident that Eq. (4.1l) reduces to Egqg. (3.10) as T-> 0
and gives the same solution for A(0) as before. In the oppo-

site limit (T-*Tc)the gap vanishes identically and we find

de

o
s N (e) €
1—5[ —E tanh K. T
BEC

which has the approximate solution for Tc given by Eq. (3.9).
The integral equation for A(T) may be expanded as an

infinite series by writing

o

= 4x I : (4.2)

tanh
n=0 2 (2n+1) %+x>

N X

where n is an integer, so that

D
e %;- de I — Née) - (4.3)
n [e A (T)+wn]
1 = L . =
with B = KT 3 wn ﬂkBTc(2n+l)

where W, is the n'th Matsubara frequency. The gap equation

(4.3) can be expanded in powers of A:

B 2 2 2 22
i n € +wn_w n (e +wn)
D D

W W
D aal 1) 2
1= 2v [ J de I N(g) 1 +{ de I < L S ssaad KA. 4)

The derivative with respect to A is easily evaluated. Since
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Wy >> kBTc the second integral may be extended to infinity.

The first integral on the right of equation (4.4) has been
done previously and its approximate solution has been given

by equation (3.9). Therefore equation (4.4) can be written

as

2
N(o)V(1+D)Qn(£L)= ZVN(%)A (T) | 4e 3 N(e)

2, 2
c n N(0) (e +wn)

. =00

(4.5)

2

The latter integral may be done by applying the residue theo-

rem; to see this we proceed as follows.

I= J ge 3 — L&) =

n N(0) (e%+0?)2
-0 n
1 ga 1
de L —5——— + =— de X (4.6)
J n (€2+w§)2 " [ n {a2+(s-b)2}{ez+w§}2

-0 - Q0

The first term in the integral I can be done as follows

1 -1 d de
de £ ——s—5—% = L —— S T —_———
[ n (€2+w2)2 n 2“’n “n J (52+m2)
L n Yo n
(o]
=3 -1 d de
Zgn dwn (e+1wn)(e—1wn)

By applying the residue theorem this term becomes:
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=2mi T —2 9 1im (e-iw )
w n

, e+iw £~-1iWw
n n n e+1wn ( n)( n)

-2 & =12 (knr) "3 z——l———3—
now, n (2n+1)
o -3 7
=2 xrm) 73 L £(3) (4.7)

where £(3) is the Riemann zeta-function.
The evaluation of the second term in equation (4.6)

follows a way similar to that used for the first term. Thus

) de _ -1 _d de (4.8)
{a2+(€-b)2}(52+m§)2 2wn dmn {a2+(€-b)2}(82+w§)

- 00O - 00

Rewriting the integrand as

1 1

{a2+(€"b)2}(82+wi) - (e-b+ia) (e-b-ia) (e+iw ) (e-iw )

we see that there are simple poles at
€ = b-ia , & = —iwn , € = b+ia and ¢ = iwn .

The contour of integration can be extended by a semicircle in
either the upper or lower half planes. Choosing the upper semi-

circle and applying the residue theorem we get
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2w dw

€ ) -
s > = 1 4 ,0i{ 1im  (e-b-ia) x
{a“+(e-b)“} (¢ +wn) n n e-+b+ia

-—00

1 1 . .
— T —— . + lim (e—-1iw_ ) x
(e-b+ia) (e-b-ia) (52+w§) €+iwn n

1 . 1 }
{a2+(e-b)2} (e—iwn)(e+iwn)

="1T d { l + l }
2wn dwn a{(b+ia)2+wi} wn{a2+(iwn-b)2

The two denominators can be rewritten as
{(b+ia)%+02)} = {b+i(atw )} {b+i(a-w )} ;
n : n n !
{(iwn—b)2+a2} = {b-i(a+w ) Hb+i(a-u )}

After simple mathematical manipulations the integral given by

equation (4.8) can be reduced to the following form

® - (w_+a)
J de T d { n }

{a2+(e—b)2}(52+w§)2 2wn dwn amn{b2+(a+wn)2}

-0

2 2 2
mT{ab“+a(a+w ) “+20w (a+w )*“}
_ n n n (4.9)

3;,,2 2.2
2awn{b +(a+wn) }

It is possible to use the lower semicircle but this choice will
lead to the same result that we obtained by choosing the upper

semicircle.

Substituting equations (4.7) and (4.9) in equation (4.5)

gives
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N(0)V(1+D) &n -,I'Tf— = - E_V%LO_)_ 3

22 (1) {5 (wm)
C

7
g £(3) +

2

2 2
{ab +a(a+wn) +2wn(a+wn) }

}
2,2

g

35 (4.10)
n 2wn{b +(a+wn)

which after rearrangement gives:

A% (T) = (chn)z (1+D) (1 - —TT—) {1+

( 8
7E() -
-1

2 2 2
{ab“+a(a+w_) “+2w_(a+w )~}
n n n__ (4.11)

2}2

3 8 2
(ch) '7?(—3-)- 27 g z

3,,.2
2wn{b +(a+wn)

Therefore the gap parameter at temperature just below the cri-

tical temperature is given by

1/2
A = x T m(8/76(3) 12 140y 1201 - 1T (ae er ) 3 (7788 (3) ) nPg
. C
ab2+a(a+w )2+2w (a+w )2 ~1/2
) 2 o—a (4.12)

3,2 2.2
n 2wn{b +(a+wn) }

This is the expression for A(T) at temperatures just below the

critical temperature (T-+Tc).

4.1.b Entropy and Specific heat

Discontinuity in the electronic specific heat

Experiment shows that the transition from normal to
superconducting state is of second order; the entropy is con-

tinuous at the critical temperature Tc - no latent heat evolved
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at the transition - but there is a discontinuity in the specific
heat.

Based on our model for the energy dependent electronic
density of state, the specific heat jump according to the BCS
theory can be calculated in the following way.

The entropy of a superconductor is given by

S=- 2kB i {{l-f(BEk)}Zn{l-f(BEk)}+f(BEk)2nf(BEk)} (4.13)

The specific heat per unit volume of the electrons can be calcu-

lated from the formula

;s -B (38
C. =51z} = — {==} (4.14)
2 9T Q 9B V,b

In order to evaluate the electronic specific heat (Cs) equa-

tion (4.13) has to be differentiated with respect to B.

k k
& =gk BL 2n (l+e ) Zn (1+e )}
Pig BEy BE,
1l+e 1+e
BE -BE
= 2k, I {—=E_ &+ iniTeer 1}
% BEy
l+e
— BEk
= ZkB N(e)de{BEkf(BEk) + 2n(l+e )} £4.15)
BEk
in which we have replaced {1-f(BEx)} by 1/l+e and the substi-
BE -BE
tution &n{l+e k} = BEk + 2n(l+e k) has been made. Straight-

forward differential of equation (4.15) gives
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BE

k
-BEke 5
C = i
3 2k 8 | N(e)de BE_7~ 38 ( BE, ) (4.16)
(1+e )

’ b5 2 1/2 : ¥t .
Since Ek = {€k+A (T)} and in the limit when T—*Tc, B s
permissible to set A = 0 and Ek B By then equation (4.16) can
be written as, putting o ke €

r 2 . B aa%(T) 3£ (Be)
St b i £
CS =, =3 J N(e)de{e” + > 58 } e
r 342 (T)
= =g m(e)ae e ARRBEL. E B le) —ei—— of(Be)
o€ 2 oR o€
; kT T
c
2
= 2 %N (0) (1+DY KT - S W e ey 30 (T) ILLPE)
3 B Kk T2 9B T o€
B e

The first term on the right of this equation gives the electro-
nic specific heat in the normal state with N(eg) replaced in the
integral by N(0) (1+D); the electronic density of state right
at the Fermi energy which is valid for small temperature. Equa-

tion (4.16) can be written as

-
i da A" (T) of (Be)
Cs Cn (-1) 5 T2 J de N(eg) 3B e
B
W T
2 ®p “b
= -8 28D ] gesr(ge) + B2 s—t——— £'(Be)ae]
KT o e {a“+ (e=b) “}
s R
2 “D
_RB(0) 84 (T) ga J k| '
2 [L re i £ (Bedde] (4.17)
kT2 9B T 3 {a2+(€—b)2}

. &
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w
D
where we have used the fact that J def'(Be) = =1 (to'a very
g
good approximation). Since f'(Be) is only significantly dif-

ferent from zero in the neighbourhood of €= 0, so that it is
1

2 2
{a“+(e-b)“}
as a Taylor series about € =0. Taking only the first three

sufficient for the present purposes if is expanded
terms of the expansion to be significant because of the small

range of energies, the expansion is

g 2
1 it ol SV T e e R

{a®+(e-b)2}  (a2+b2)  (al+b?)? (a2+p2) 3

then equation (4.17) becomes

2 “D
Rrn T ARG (T kg RN J £' (Be)de +
)

kT2 9B Tc ) (a2+b
oy
w w
; D S D
(a+b"™) (a“+b”)
—wh —wD
Now
wD wD
£'(Be)de = - 1 ; ef' (Be)de = 0
-0, ~o

(since the integrand is an odd function of (g)) and the last
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2

W
D
integral l ng'(Be)de = -33—-(kBT)2 . In fact these three
integrals have been evaluated in detail in the mathematical

treatment of the chemical potential, so that equation (4.18)

becomes
7. 25 2
cs-cn=N(°)2 aAaéT) [(1+D)+D ——2 =2 'nz(ch)2 (4.19)
k_T 3(a“+b")
B T
c
342 (T)
where —_EE—_ can be written as
3a2(my | _ aa%(m ar| _ _ Tc aa?(m) 2
9B T oT 9B T Bc iy -
c c | 34

By differentiating equation (4.11) and using the fact that

o2 248 ¢
Cn g i kB N(O)(1+D)Tc YTC (4.21)
we find
€ =€
RS e 8
n
with C given by
2. 9
C = [(1+D)+D % 72 (kT )] x
3 (a“+b*) €
2 @ ab2+a(a+w )2+2w (a+w )2 <4
8m 3 n n n
T ) e 5D 7.2 !
n=0 wn{b +(at+w ) }

Eqg. (4.22) is our final equation for the specific heat jump

based on our model for the energy dependent electronic density



84

of state. We see that it is modified from the BCS formula for
the jump by the quantity C which is new and reflects the energy
dependent electronic density of state.

Figures (4.1) and (4.2) illustrate the jump in specific

heat against b for two values of w_ (20 and 35 mev). We note

D
from these graphs that as b increases from zero to 50 mev the
jump in the specific heat stays constant and equal to the BCS
value of 1.426 except for small values of a and b in which the
deviation ranges from .35 to 11%. Since this deviation from
the BCS value is due to the new parameter C which contains all
the information about the energy dependence of the electronic
density of states, it is instructive to look at this parameter
in more detail and try to investigate the behaviour of C as a
function of the various parameters. To do so it was found that
it is more convenient to rewrite C in terms Qf three variables
instead of four just to make our task easier. The parameter

C is given by

% 2 g Th
( Vi1 2 & )2 © ab +a(a+wn) +2wn(a+wn)
= 114D + = i g . x
75(3) B c s 31D+ (ate. ) 2] 2
n n
S P B L B (s e B >2+( + (2n-1))2
a2+d TE(3) nkBTc o) TrkBTc nkBTc Tk Tc
(=—2— + 2(2n+1))/(2n+1 3¢ b )2+( B (2 +1))2}2}
TK_T = n+l) “UT Tk_T o
Bec L e B c
= (1+a(-L Ly 00 0 ; 3°b +{a(2n+l)} (a+2(2n+1)) , i
1+b2 75(3) S0 (2n+1)° (R B MIa+ (2nH1)) 2 )2



Fig. (4.1l.a)

A plot of the jump in specific heat versus b(mev) for

a = 5 mev and wD = 20 mev.
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Fig. (4.1.b)

A plot of the jump in specific heat versus b (mev) for

a = 15 mev and wD = 20 mev.
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Fig. (4.1l.c)

A plot of the jump in specific heat versus b (mev) for

a = 25 mev and wD = 20 mev.
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Fig. (4.2.a)

A plot of the jump in specific heat versus b (mev) for

a = 5 mev and wD = 35 mev,
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Fig. (4.2.b)

A plot of the jump in specific heat versus b (mev) for

a = 15 mev and wD = 35 mev.
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Fig. (4.2.c)

A plot of the jump in specific heat versus b (mev) for

a = 25 mev and wD = 35 mev.
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in which 2, b and d are defined as

a = b
; bz —=—— and 4 = g
ﬂkBTc TrkBTc Ta

R
il

The variation of C(E,E,d) has been studied for various values
of 3, b and d covering the region required for the most prac-
tical cases of interest. 1In Figs. 4.3, 4.4, 4.5 and 4.6 we
plot C(a,b,d) versus b for various values of 4 (2, 1, .5 and
.35) while each graph has been taken for eight values of a
(1.5, 2, 3, 4, 5, 10, 15 and 20) since we are interested only
in 2 >> 1. It can be seen from these graphs especially for
small values of 3, that C deviates from 1 for small values of
b and then saturates to 1 to give the BCS limit for the jump
as expected. In fact the behaviour of C(§,5,d) as a function
of these three variables accounts quantitatively for the de-

viation in the jump at small values of a and b.

Dependence of electronic specific heat on temperature

The dependence of the specific heat in a superconduc-
ting state on temperature has to be evaluated numerically.
Basically in this section we present the mathematical steps
developed in evaluating the electronic specific heat as a
function of temperature in the low temperature limit. In
this limit it is permissible to evaluate the integral equation
of the electronic specific heat by setting w_ + « and

D
A(T) = A(0). Having done that the integral equation for



Fig. (4.3)

A plot of C(S,E,d) versus b for d = 2 and for a = 1.5
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Fig. (4.4)

A plot of C(g,ﬁ,d) versus b for d = 1 and for a = 1.5
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Fig. (4.5)

A plot of C(a,b,d) versus b for d = .5 and for a =

1.5 |
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Fig. (4.6)

A plot of C(a,b,d) versus b for d= .35 and for a = 1.5

(
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evaluating the electronic specific heat in the low-temperature

limit (4.16) can be written as

2k & Ritg
LB e 2 e
CS(T—> 0)—T B [ N(Ek)dEkEk '—@{—2— (4.23)
% (1+e )
“p
with Ek = {ei+A2(0)}l/2 .
BEk
Since Ek > e > in this limit, equation (4.23) can
be reduced to
w € 2 1/2
ZkB 2 2 D 2 —BA(O){1+(ZTBT% }
C (T+0) =—— B AT (0) N(e, )de, {1+ te
s 9] k k A2(0)
gL (4.24)
D
2k wy/A 2. 1/2
= -2 822 (0)N(0) { dx{1+x2}e~BA(0) (1+x7) +
—wD/A
wD/A 2 1/2
ga 1 (1+ 2. LSO ETe™) dx} (4.25)
Ea ) ) x)e
{a“+(xA(0)-b) “}
-wD/A

where a substitution from equation (3.2) into equation (4.24)

and a change of variable to x = (g¢/A(0)) have been made. Since

2! S A2
e SA0aEada™) is extremely sharp and significantly dif-
ferent from zero only in the neighbourhood of x=0, it will

therefore introduce no detectable error if (l+x2) in the first

(1+x2)

a+ (A (0) x-b)

integrand and

5 in the second integrand in the last
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equation are expanded as a Taylor series about x= 0 and take
only the first term of the expansion to be significant because

of the small range of interest. In addition because of the

- 2,1/2
sharpness of e BA(0) (1+x7)

2)1/2

, it is permissible to expand
(1+x as a power series and take only the first two terms
of the expansion to be sufficient. Having done that equation

(4.25) can be written as

c, (T+0) = _QEBZA3(0)N(0)e"A(°)/kT{J e 2 ax +
0
. 2 o BA2(0) 2 } 26)
e dx 4.2
Ta (a2+b2)
0
® 2 1/2
Using f e 3% gx = % {g} , equation (4.26) becomes
0
2A(0)k 3/2 -A(0) /k.T
C (T+0) = —B (A€0), /ZT N(0) (1+D)e B (4.27)

kBT

This is the final approximate expression for the electronic spe-~-
cific heat in the low-temperature limit. Strictly speaking this
expression is valid only at temperatures below about Tc/lO. We
note that it is the electronic density of states N(0) (1+D) right
at the Fermi energy that enters the expression. As in the

BCS theory it can be seen from equation (4.27) CS(T+0) is pro-

—A(O)/kBT
portional to e .



CHAPTER V

CONCLUSION

A modified BCS gap equation has been solved both
analytically and numerically taking into account the sharp
variation in the electronic density of states close to which
the Fermi level is situated. This rapid variation has been
represented approximately by a Lorentzian peak of width a
and strength g superimposed on a constant background. An
approximate analytic solution has been found for the criti-
cal temperature and the gap parameter at absolute zero.

The analytic expressions obtained for both are valid

for a and b >> kBTc and w. >> A(0). The solutions we have

D
obtained for Tc and A(0) reflect the energy dependence of
the electronic density of states through a pre exponential
factor B in the equations for Tc and ‘A(0). Basically this
factor B is completely responsible for the small changes from
an exponential of the behaviour of Tc and A(0) as a function
of b. Further it was found that in the limit where a and b >>
kBTc and Wy >> A(0) the universal ratio 2A(0)/kBTc remains
unchanged and equal to the BCS value of 3.54.

For the purpose of studying the thermodynamic proper-

ties of A-15 compounds, the effect on the chemical potential

98
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due to raising the ﬁemperature above the absolute zero has
been studied. It was found that the correction term is al-
most negligible compared to unity which generally allows the
substitution b0 for b to be made without introducing any
measurable error. In addition we have obtained a simple
analytic expression for the condensation energy AW valid for
the case when the Fermi energy is situated right at the
centre of the Lorentzian and for a >> kBTc'

We have applied the same model for the energy depen-
dent electronic density of states in a solution of the finite-
temperature BCS gap equation and have obtained an approxi-
mate analytic expression for the gap parameter as a function
of temperature at temperatures just below the critical one.
Based on this equation for A(T), we have obtained an analytic
formula for the specific heat jump. Numerical calculation
for the specific heat jump as a function of b reveals that
at small values of a and b the numerical value for the jump
deviates from the BCS value but at large values of b even when
a is small it saturates and gives the BCS value of 1.426.
Finally, in the low-temperature limit the specific heat is

evaluated approximately and found to be proportional to

~A(0) /kgT
e as in the BCS theory.
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