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Abstract

We show that the coupled-mode equations can be used for analysis of resonant inter-
action of Bloch waves in low-contrast cubic-lattice photonic crystals. Coupled-mode
equations are derived from Maxwell’s equations using asymptotic methods.

We prove the existence and uniqueness theorem for a solution of the boundary
value problem for transmission of N resonant waves in small convex convex domain
(linear and non-linear cases).

The analytical solutions for linear boundary-value problem for the stationary
transmission of four counter-propagating and two oblique waves on the plane are
found by using separation of variables and generalized Fourier series. We give the
proof that the linear stationary boundary-value problem for four counter-propagating
and two oblique waves on the plane is well-posed for arbitrary size of the domain. For
applications in photonic optics, we compute integral invariants for the transmission,
reflection and diffraction of resonant waves.

We recast the problem for four counter-propagating waves on the plane in a multi-

symplectic Hamiltonian viewpoint, which gives further insights into the problem.
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Chapter 1

Introduction

Photonic crystals have attracted much attention in recent years. These crystals serve
as conducting media for electromagnetic waves. They are expected to exhibit proper-
ties similar to those of solid crystals as conducting media in the case of electromagnetic
and electronic waves.

It is well known from the quantum theory of solids that the energy spectrum of an
electron in a solid consists of bands separated by gaps (see for instance, [Ki]). This
band-gap structure arises due to periodicity of the underlying crystal, and is common
for many periodic differential operators (see the so-called Floquet-Bloch theory in
[E], [K1], [RS]). The basic mathematical theory that describes how the band gaps
arise in periodic dielectric and acoustic media was essentially constructed in [FK1],
[FK2|, [K2] using Floquet-Bloch theory. It was shown that high-contrast photonic
crystals may exhibit band gaps for some configuration of the refractive index n(x)
and no band gaps exist for low-contrast photonic crystals, however stop bands may
occur [K1], [K2].

The basic physical reason for the rise of gaps lies in the coherent multiple scattering

and interference of waves inside the crystal — the Bragg resonance of the waves with



the crystal structure. The tremendous number of applications that are expected in
optics and electronics (including high-efficiency lasers, laser diodes, etc.) warrants
thorough investigation of this matter (see for instance, [JMW]). Thus, one is not
surprised by the persistent attention that this problem has attracted.

There is an obvious similarity between photonic crystal and non-homogeneous
acoustic media (acoustically modulated media) — both can be viewed as a continuous
periodic distribution of “reflectors“ to the opposite of well-defined discrete planes of
the solid crystal, which makes the development of the theory of photonic crystals
even more important and ground it on the works on light scattering of Brillouin
(who followed up some work that had been begun earlier by Einstein) and Rayleigh
(an excellent book on acousto-optics with historical overview is [Ko]). In fact the
idea of a coupled-mode approach in modeling of photonic crystals seems to come
from acousto-optics (Raman-Nath equations in acousto-optics). One of the latest
cross-infiltrations uses Feynman diagram techniques, or path integrals in modeling
multi-scattered light ([Ko], [S]). The beauty of Feynman diagrams lies in the fact
that certain path integrals may be ignored because physical reasoning tells us that
their contribution is negligible.

The purpose of this thesis is to apply coupled-mode equations for analysis and
modeling of resonant interaction of Bloch waves in low-contrast cubic lattice pho-
tonic crystal. Modeling of time-dependent responses of photonic crystals in three
spatial dimensions can be computationally difficult in the framework of the Maxwell
equations, especially if the nonlinear and nonlocal dispersive terms are taken into
account. A more efficient method is based on reduction of Maxwell equations to the

coupled-mode equations [SS]. For instance, shock wave singularities may occur in the



nonlinear Maxwell equations but they do not occur in the nonlinear coupled-mode
equations [GWH]. Coupled-mode equations are typically derived in the first band
gap of the Bragg resonance between two counter-propagating waves in one spatial
dimension [SS1, SS2]. More complicated coupled-mode equations are recently consid-
ered for three-dimensional nonlinear photonic crystals [AJ1, AJ2, AS, BS]. Recent
reviews [BF1, BF2] include also classification of different resonances of Bloch waves
in photonic crystals with quadratic nonlinearities.

In the thesis

e We classify wave resonances and coupled-mode equations for low-contrast cubic-
lattice photonic crystals in three spatial dimensions. Since low-contrast crystals
do not support band gaps beyond one dimension [K1, K2], resonances are con-
sidered in stop bands of the linear spectrum [Ki]. Stop bands occur between
resonant counter-propagating waves, which could be coupled with other oblique
Bloch waves. The number of resonant Bloch waves depends on the geometric

configuration of the incident wave with respect to the cubic lattice.

e We derive coupled mode equations by using perturbation series expansions of
Maxwell’s equations. We study coupled mode equations in bounded domains,
subject to radiation boundary conditions. Such boundary conditions describe
the transmission of incident Bloch waves, which generate resonantly reflected

and diffracted Bloch waves in the photonic crystals.

e We generalize the coupled-mode equations to include the weakly nonlinear (cu-
bic) terms and to extend the time-dependent problems to the nonlinear coupled-

mode equations [SGS, Sh].



e We prove an existence and uniqueness theorem for a solution of N-wave coupled-
mode boundary value problem in small convex domain (linear and non-linear

cases) using a contraction mapping argument.

e We obtain the analytic solution for the linear coupled-mode equations for four
counter-propagating and two oblique Bloch waves on the plane. We give the
proof of well-posedness of the linear stationary problem. We prove the well-
posedness of the linear stationary problem by using separation of variables and
generalized Fourier series [St]. Eigenfunction expansions and convergence of
generalized Fourier series follow from the general theory [CL]. As a result, we
construct explicit analytical expressions for stationary transmission, reflection,
and diffraction of resonant Bloch waves, which are used in modeling of the

low-contrast photonic crystals.

e We recast the problem for four counter-propagating waves on the plane from
multi-symplectic Hamiltonian viewpoint, which gives further insights into the

problem.
The main contributions of the thesis to the subject are
e The existence and uniqueness theorems for a solution of N-wave coupled-mode
boundary value problem in small convex domain (linear and non-linear cases).
o Construction of analytical solutions for four counter-propagating and two oblique

Bloch waves on the plane.

This thesis is partly based on the work [AP] of Dmitry Pelinovsky and myself.
Everywhere in this thesis we are using Einstein’s summation rule — summation over

repeating indexes.



Chapter 2

Resonances of electromagnetic
waves in photonic crystals

2.1 Maxwell equation for light propagation in pho-
tonic crystals

Propagation of electromagnetic waves in dielectrics is governed by Maxwell's equa-
tions [LL1], which

V.-D=0 , V-B=0,

Vsz—la—B ; Vtzl@—;
¢ ot ¢ ot

where E and H are electric and magnetic field vectors respectively, and D and B are
corresponding electric and magnetic flux densities, x = (2, y, z) is the physical space,
t is the time variable, V = (0,, 0,, 0;) is the gradient vector, and c is the speed of
light. This system isn’t complete unless we specify the relation between D and E, as

well as B and H. The relation between D and E is given by the linear law [LL2]
Dk = GZES,

where {e}(x)} is the dielectric permittivity tensor. It is usually assumed that B =

pH = H (which is to say that polarization effects are much stronger then magnetic).
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If the medium is isotropic, then €; = €d;, where € — is a scalar and §; is a Kroneker
symbol, i.e in the simplest of cases the permittivity is determined by a single scalar.
In the general case the permittivity {e;} will be more complicated. We consider a
cubic crystal as the medium represented by the cubic lattice in R® as depicted in

Figure 2.1.

Figure 2.1: Cubic lattice R in R3.

The crystal is assumed to be ideal with the lattice R that fills the whole space. It
is clear that the group of symmetry of this crystal S3(R) contains, in particular, the

following orthogonal transformations:

0 10 0 01 1 0 0
a=| -100 |;= 0 10 j;aa=|0 0 1 {,
0 01 -1 00 0 -1 0

i.e. a; — is the rotation on 7 about the z-axis, ap — is the rotation on 7 about the
y-axis,a — is the rotation on 7 about the x-axis.
Since these three rotations preserve the lattice R, the tensor {ej} is invariant under

those symmetry operations. Writing it in analytical form, we denote {ej} as the

matrix A; then A} = a;Aa;' = A for any i = 1,2,3. Computing the matrix A we



have
e —e € el e €
/
A= —-& e - |=]| & & & | =A
3 3 3 3 .3 .3
€& —€ €3 € €& €3

It follows that €] = €3; in the same manner computing matrices A} and Aj, we get

€1 = €3 = €3. The group S3(R) contains three more transformations:

-1 O 0O -1 0 0 1 0 0
B = 0 =1 0 |:= 0 1 0 [|;8=]|0 -1 0 ,
0 0 1 0 0 -1 0 0 -1

i.e. /1 = af — is the rotation on 7 about the z-axis, 8, = a2 - is the rotation on 7
about the y-axis, 83 = a3 — is the rotation on 7 about the x-axis. Again the lattice
is transformed into itself, that gives us 4; = B;AB;! = Afor 1 < i < 3. Computing

matrix A4; we get

1 1 1 S (R |
€1 €2 €3 €1 € €3
A — 2 2 2 — 2% 2 .9 _
iy = i & —& [=| e & & | =A
3 3 3 5 3 .3

It follows that € = €2 = ¢} = ¢} = 0; computing matrices A, and A3, we get
1 00
€, =0fori##j Thusfinally A={ef} =€| 0 1 0 |,i.e e = ed;, where e is a

0 01
scalar. We have shown the following: the permittivity of the cubic crystal is isotropic

(does not depend on the direction as for isotropic materials). This result is not
necessarily physically obvious since one might expect that for instance permittivity
in the direction of the crystal edge would differ from that in the diagonal direction.

Adding the empirical material equations

D =¢cE

B=uH



to the Maxwell system we obtain:

V.eE=0 , V-puH=0,

10uH 1 9¢E
VxB=-T o VXH= %

Usually 1 = 1 which corresponds to nonmagnetic medium. Eliminating H from this

system, we have

10 1 OueE
VXVXE——EE{[LVXH——; ETR
As Vx V xE=V(V.E)—- AE, we obtain the equation on E
2 52
oM IOE _gv.
V°E ERrTD =V(V-E),

where n = /€. Thus, the linear periodic properties of the isotropic photonic crystals
can be modelled with the Maxwell equations:

n? O%E

2 — —— ————
(2.1) VE - o

—V(V-E), V-(n’E)=0,

where n = n(x) is the periodic refractive index.
According to Floquet-Bloch theory the linear Maxwell equations (2.1) with peri-

odic n(x) can be reduced to a spectral problem for the vector function
E(x,t) = ¥(x)e ™!

where w is the eigenvalue and 1p(x) is the eigenvector. When ny(x) is a periodic
function in x,y, z with periods zg, yo, 29, respectively, the eigenvector 1)(x) has the

form of a Bloch wave

w(x) — ‘I’(X)ei(k’”z+k”y+k22)

where W (x) is periodic in z, y, and z with periods zo, yo, and zg, and w = w(ks, ky, k).

No band gaps exist in the linear spectrum for low-contrast photonic crystals. As a



result, a bounded Bloch functions 1(x) will exist for any value of w € R. Highly-
contrast photonic crystals may however exhibit band gaps for some configurations of

the linear refractive index n?(x) [K2].

2.2 Bragg resonance and the Brillouin construc-
tion

When the optical material is homogeneous, such that n(x) = ng is constant, the linear

spectrum of the Maxwell equations (2.1) is defined by the free transverse waves,
(2.2) E(x,t) = epe'®*«t),

where ey is the polarization vector, k = (k, ky, k.) is the wave vector, and w = w(k)

is the wave frequency. It follows from the system (2.1) that

2
c
(2.3) keew=0,  w'=—(k;+kj+k).
0
For each wave vector k, there exist two independent polarizations ef(l) and eff), such

that el((l) . ef) = 0. This degeneracy in the polarization vector is neglected here by
the assumption that the incident wave is linearly polarized.
When the optical material is periodic, such that n(x + x¢o) = n(xg), the linear

spectrum of the Maxwell equations (2.1) is defined by the Bloch waves:
(2.4) E(x,t) = ¥(x)elkx—wt),

where ¥(x + xo) = ¥(x) is the periodic envelope, k = (k,, ky, k.) is the wave vector,
and w = w(k) is the wave frequency.
The geometric configuration of the photonic crystal is defined by the fundamental

(linearly independent) lattice vectors x; 23 and fundamental reciprocal lattice vectors
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ki 23, such that k; - x; = 276;;, where 1 < 4,5 < 3 [Ki]. Therefore, the basis ki o3
is dual to the basis x; 23 and the linear refractive index n(x) can be expanded into
triple Fourier series:
(2.5) n(x) = ng Z Ol gnkitmkotika)-x no Z ag piecs
(n,m,)eZ3 el

where G is the vector in dual basis G = nk; +mk, + ks, (n,m, ) € Z* and the factor
no is included for convenience. If ng is the mean value of n(x), then aggo = 1.

Let the wave vector k in the incident Bloch wave (2.4) be fixed k = k;,. The

incident wave vector k;, is expanded in terms of the lattice vectors:
1
kin = 5 (k1 + gko + rks) ,

where (p,q,r) € R® and the factor % is introduced for convenience. The Bloch wave
(2.4) is represented by triple Fourier series for ¥(x), such that E(x, t) consists of an

P " . 1
infinite superposition of free transverse waves with the wave vectors k' = kf,ﬁ’tm ),

(2.6) K = k+G

k(n,m,l) = ki, + nk; + mky + ks, (n, m, l) =WAS

out

As the scattering of light is considered to be elastic, we introduce the following energy
and momentum constraint on the resonating waves

Definition 2.1 The wave vector k™) with a non-empty triple (n, m,1) is said to be

out
k(nvmvl) k(n7mal)

resonant with the wave vector Kip, if |Kons | = |Kin|, such that |w(ky,: )| = |w(kin)|-

The resonance conditions are illustrated in Figure 2.2.

From our result Ak = G, the resonance condition is (k + G)? = k2, or

(2.7) 2k-G+G*=0
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Figure 2.2: The points on the right of the sphere are reciprocal lattice points of the
crystal. The vector k is drawn in the direction of the incident beam and it terminates
at any reciprocal lattice point. We draw a sphere of radius k about the origin of
k. A diffracted beam will be formed if this sphere intersects any other point in the
reciprocal lattice. The sphere as drawn intersects a point connected with the end of
k by reciprocal lattice vector G. The diffracted beam is in the direction k' = k + G.
This construction is due to P.P. Ewald. The figure is taken from [Ki]

This is the central result in the theory of elastic scattering in a periodic lattice. The
identical result occur in the theory of the electron energy band structure of crystals

[Ki]. Notice that if G is a reciprocal lattice vector, —G is also one; thus we can

equally well write (2.7) as 2k - G = G2.

The Brillouin zone gives a vivid geometrical interpretation of the resonance con-
dition 2k - G = G? or
(2.8) k-(5G) = (5G)

See the Figure 2.3.
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We construct a plane normal to the vector G at the midpoint; any vector k from
the origin to the plane will satisfy the resonance condition. The plane thus described
forms a part of the zone boundary. An incident wave on the crystal will be diffracted if
it’s wavevector has the magnitude and direction required by (2.8), and the diffracted
wave will be in the direction of the vector k — G.

The set of planes that are the perpendicular bisectors of the reciprocal lattice vectors
are of particular importance in the theory of the wave propagation in crystals, because
a wave whose wavevector drawn from the origin terminates on any of these planes will
satisfy the condition for diffraction. These planes divide the Fourier space of the crys-
tal into bits and pieces, as shown on the Figure 2.4. The central square is a primitive
cell of the reciprocal lattice. It is called the first Brillouin zone. The first Brillouin
zone of the cubic lattice in two dimensions is shown on the Figure 2.4. The Brillouin
construction exhibits all the incident wavevectors which can be Bragg-reflected by
the crystal. As can be seen from the picture there can be several resonances for one
wave.

We prove a simple lemma that we will need later.

Lemma 2.2 The number of waves resonant to the incident k;, is less then the number
of nodes of the reciprocal lattice G lying inside the sphere of the radius 2|ki,| centered
at the origin.

Proof. The proof is obvious from the geometrical picture, as the longest vector G

that gives resonance is in the direction of ky,. |

We consider here a simple cubic crystal, where the fundamental lattice vectors

and reciprocal lattice vectors are all orthogonal [Ki:

2
X1,2,3 = d€1,2,3, kio3 = koe1,2,3, ko = —
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where e; 23 are unit vectors in R3. The coordinate axes (z,v,2) are oriented along
the axes of the simple cubic crystal. The set of resonant Bloch waves is given by the

set of triples:

s={ompez: (e )+ (e )+ (45) - B + @'+ ()}
(2.9)

or

(2.10) S={(n,m,l)€Z’: n(n+p)+m(m+q)+I(l+r)=0}

The set S always has a zero solution: (n,m,l) = (0,0,0). When (p,q,7) € Z3 and

|p|+|q|+]|r| # 0, the set S has at least one non-zero solution: (n,m,l) = (—p, —q, —7).

2.3 Classification of resonances

The classification of resonances can be based on geometric construction (Figure 2.4)
and algebraic equation (2.9). When (p,q,r) € Z3, resonant triples (n,m,l) can be
all classified analytically. However, when (p,q,7) ¢ Z3, additional resonant triples
may also exist. Here we review particular resonant sets S for integer and non-integer
values of (p,q,7).

We introduce spherical angles (6, ¢) such that the incident wave vector ki, is
(2.11) kin = k(sinfcosp,sinfsinyp,cos8), keR,0<60<7,0< < 2m,

where k = |k;,|. When § = 0, the wave vector k;, is perpendicular to the (z,y) crystal

plane. Then

2k 2k 2k
(2.12) p=-—sinfcosyp, ¢g=-—sinfOsinp, r = —cosé.
ko ko ko
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2.3.1 One-dimensional resonances of counter-propagating waves

The one-dimensional Bragg resonance occurs when the incident wave is coupled with
the counter-propagating reflected wave, such that the set S has at least one non-zero
solution: (n,m,l) = (0,0, —r), where r € Z,. The values of p and ¢ are not defined
for the Bragg resonance, when n = m = 0. As a result, the spherical angles 6 and
@ in the parametrization (2.11) are arbitrary, while the wave number k satisfies the

Bragg resonance condition [Ki]:
(2.13) rko = 2k cos ¥,

such that rA = 2acosf, where X is the wavelength. The one-dimensional Bragg
resonance is generalized in three dimensions for p = ¢ = 0 and r € Z,, when the
geometric configuration for the Bragg resonance (2.13) is fixed at the specific value
6 =0, and

(2.14) ki, =

out

21y

(0,0,r), kLT =2(0,0,7).

The incident wave is directed to the z-axis of the cubic lattice crystal and the wave-

length is A = 2a/r. The family of Bragg resonances with p = ¢ = 0 and r € Z,,

may include not only the two counter-propagating waves (2.14) but also other Bloch

waves in three-dimensional photonic crystals. The lowest-order resonant sets S for

p=q=0and r € Z, are listed below:

r=1: 8= {(0,0,0),(0,0,—1)}

r=2: S ={(0,0,0),(1,0,-1),(-1,0,-1),(0,1,-1),(0, —-1,-1),(0,0,—2)}

r=3 8 ={(0,0,0),(1,1,-1),(-1,1,-1),(1, -1, -1),(—-1,-1,-1), (1,1, -2),(-1,1,-2)} |
{1,-1,-2),(-1,-1,-2),(0,0,-3)}

The dimension of § depends on the total number of all possible integer solutions



15

for (n,m,1).
2.3.2 Two-dimensional resonances of counter-propagating waves

Two-dimensional Bragg resonances occur when the incident wave vector k;, is res-

onant to the counter-propagating reflected wave vector kf,;f ,—q,O), as well as to two
other diffracted wave vectors kg?;t_ %9 and k((,;f ’0’0), where (p,q) € Z%. The value

of r is not defined for the two-dimensional resonance, such that the angle 6 in the

parametrization (2.11) is arbitrary, while k and ¢ satisfy the resonance conditions:

(2.15) ( = arctan (%) g \V/P? + ¢?ko = 2k sin 6.

The two-dimensional Bragg resonances are generalized in three dimensions for (p, q) €
Z2 and r = 0, when the geometric configuration for the Bragg resonance (2.15) is

fixed at the specific value 6 = 7, and

s ™
kin (pa q, O)) k(()u:)’ %0} = E(_pa —q, O)a

- - T
(216) k(o‘ & (p, —q, 0)’ ngtP,O,O) = E(—pa q, O)

out

JEEIE

The incident wave ki, is directed along the diagonal of the (pz, qy)-cell of the cubic
lattice crystal and the wavelength is A = 2a/ \/m

The families of Bragg resonances with (p,q) € Z_z,, and r = 0 may include not
only the four resonant waves (2.16) but also other Bloch waves in three-dimensional
photonic crystals. The lowest-order resonant sets S for (p,q) € Z2 and r = 0 are
listed below:
p=14¢=1:8={(0,0,0),(-1,0,0),(0,-1,0),(-1,-1,0)}
p=2,4=138={(0,0,0),(0,-1,0),(-1,0,1),(-1,0,-1), (-1,-1,1),(-1,-1,-1)} U

{(=2,0,0),(-2,-1,0)}



16

p=24¢=2: 8 ={(0,0,0),(0,—1,1), (0, -1, —1), (0, =2, 0), (~1,0,1), (=1,0,—-1)} U
{(—L _27 l)a (—1a —27 —1)a (_2’ 0, O)a (_Qa -1, 1)a (_2a -1, _1)a (_Qa -2, O)}

2.3.3 Two-dimensional resonances of oblique waves

The resonant set S can be non-empty for (p,q,r) ¢ Z3, which corresponds to oblique

Bloch waves. For instance, two oblique waves are resonant on the (z,y)-plane if

7T n,m
(2.17) ki, = E(p,q,O), k{m™? = %(p+2n,q+2m, 0).

where (n,m) € Z? are arbitrary and (p, q) € R? are taken on the straight line:
(2.18) np 4+ mq = —(n? + m?).
Similarly, three oblique waves can be resonant on the (z, y)-plane if

™ ni,m ™ ng,m; T
= E(pa q, 0)7 kc(':u::, +0) = E(p+2n11Q+2m130)5 kgui’ 20) = E(p+2n2aq+2m270)a
19)

where (n1,m;) € Z?% and (ny, my) € Z? are arbitrary subject to the constraint: myn, #

kin
(2.

myny, while (p, q) take rational values:

(2.20)p = M3+ mE) —ma(nf +md) - mi(nf +m3) — my(nd 4 mi)
. MaN1 — M1Ng ’ NeMy — MMy '

In general case, two oblique waves (2.17) or three oblique waves (2.19) may have

resonances with other Bloch waves in three-dimensional photonic crystals.

2.3.4 Three-dimensional resonances of counter-propagating
waves

When (p,q,7) € Z2, the resonant sets S include eight coupled waves for fully three-
dimensional Bragg resonance:

i —_p g — i
kin = E(paqa,r)a kgu? o) = E(_pa —q, _T)a
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= ,0,0 Tr 0,— ,0 7r
kt(auf ) = E(—pa q, 7'), kEJut o = E(pa —q, T'),
0,0,—T T — P 10 T
k(()ut ) = E(pa q, —T'), kgutp %0) = E(—pa —q, T):
i 101_ i O!— C ima T
(221) k(()utp & = E(_pa q, _T)a kgut A = E(pa —-q, _T)'

The resonance condition for the three-dimensional Bragg resonance takes the form:

21 o2
(2.22) ¢ = arctan (%) , 0 =arctan (%ﬂ) ,  VD?+q%+riky = 2k,

The incident wave k;, is directed along the diagonal of the (pz,qy,rz)-cell of the
cubic lattice crystal and the wavelength is A = 2a/ \/m The eight waves
(2.21) can be coupled with some other resonant waves, such that dim(S) > 8 for
(p,q,r) € Z3.. For instance, dim(S) = 8 for (p,¢,7) = (1,1,1) and (p,q,7) = (2,1,1),
but dim(S) = 10 for (p,q,7) = (2,2,1) and dim(S) = 16 for (p,q,r) = (3,2,1).
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Figure 2.3: Reciprocal lattice points near the point O at the origin of the reciprocal
lattice. The reciprocal lattice vector G¢ connects points OC’; and Gp connects OD.
Two planes 1 and 2 are drawn which are perpendicular bisectors of G¢ and Gp,
respectively. Any vector from the origin to the plane 1, such as k;, satisfies the
diffraction condition k; - (3G¢) = (3G¢)?. Any vector from the origin to the plane 2
, such as ko, satisfies the diffraction condition ks - (Gp) = (3Gp)?. Figure is taken
from [Ki.
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Figure 2.4: Square reciprocal lattice with reciprocal lattice vectors shown as black
lines. The dashed lines are perpendicular bisectors of the reciprocal lattice vectors.
The central square is the smallest volume about the origin which is bounded entirely
by dashed lines. The square is the Wigner-Seitz primitive cell of the reciprocal lattice.
It is called the first Brillouin zone. Figure is taken from [Ki].



Chapter 3

Derivation of coupled-mode
equations

The dispersion surface w = w(k) for the Bloch waves (2.4) in the periodic photonic
crystal is defined by the profile of the refractive index n(x). We shall consider the
asymptotic approximation of the dispersion surface w = w(k) in the limit when the

photonic crystal is low-contrast, such that the refractive index n(x) is given by
(3.1) n(x) = ng + eny(x),

where ny is a constant and € is small parameter. It is proved in [K1] that the
Bloch waves (2.4) are smooth functions of ¢, such that the asymptotic solution of
the Maxwell equations (2.1) as ¢ — 0 takes the form of the perturbation series ex-

pansions:

(3.2) E(x,t) = Eo(x,t) + B (x,t) + O(?).

The leading-order term Eg(x,t) consists of free transverse waves (2.2) with wave
vectors k™) given by (2.6), such that the asymptotic form (3.2) represents the
Bloch wave (2.4) as € # 0.

20
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Coupled-mode equations are derived by separating resonant free waves from non-
resonant free waves in the Bloch wave (2.4), where the resonant set & with N =
dim(S) < oo is defined by (2.9). Let Ey(x,t) be a linear superposition of N resonant

waves with wave vectors k; at the same frequency w:

N
(3.3) Eo(x,1) = 3 Aj(X, T)ey,e®*),  X=—= T=—,

i=1

where w and k; are related by the same dispersion equation (2.3), A;(X,T) is the
envelope amplitude of the 5 resonant wave (2.2) and (X, T) are slow variables. The
slow variables represent a deformation of the dispersion surface w = w(k;) for free
waves (2.3) due to the low-contrast periodic photonic crystal. The degeneracy in the
polarization vector is neglected by the assumption that the incident wave is linearly
polarized with the polarization vector e;, = ey, . The triple Fourier series (2.5) for

the cubic-lattice crystal is simplified as follows:

(34) nq (X) =Ny Z an’m,leiko('nz+my+lz),
(n,m,l)ez?

where a0 = 0. The Fourier coefficients o, , ; satisfy the constraints:
Qnm,l = a—n,—-m,—la
due to the reality of n;(x),
Anmil = Omnl = Apim = Amn;
due to the crystal isotropy in the directions of z,y,z-axes, and

O_nml = Onmil, On-—mil= Opmi;, Onm—l = Qnm,l;

due to the crystal symmetry with respect to the origin (0,0,0) (the latter property
can be achieved by a simple shift of (z,y, z)). It follows that all coefficients oy, for

(n,m,l) € Z* are real-valued.
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It follows from (2.1), (3.1), and (3.2) that the first-order correction term E;(x,t)

solves the non-homogeneous linear problem:
2ngn, (x) 2Eq
2 ot?
2
+—V (Vm . Eo) y
no

ﬁGQEl _ ngw 62E0

2 —_ — —_
(3.5) VB c2 Ot? ¢z 0Tot

2k(V-VX)E0+

where Vx = (0x, 0y,0z) and the second equation (2.1) has been used. The right-
hand-side of the non-homogeneous equation (3.5) has resonant terms, which are par-
allel to the free-wave resonant solutions of the homogeneous problem. The resonant
terms lead to the secular growth of E;(x,t) in ¢, unless they are identically zero.
The latter conditions define the coupled-mode equations for amplitudes A;(X,T),

j=1,...,N in the general form:

(3.6) 2k’ (%}' + (l‘ki : vx) Aj> +Y arde=0, j=1,..,N,
k#j

where the elements {a;x }1<jx<n are related to the Fourier coefficients {om m,1 } (nm,1yezs
at the resonant terms (n,m,l) € S.
The explicit forms of the coupled-mode equations (3.6) are derived below for a

number of examples of Bloch waves resonances.

3.1 Coupled-mode equations for one-dimensional
resonance

The lowest-order Bragg resonance for two counter-propagating waves (2.14) occurs
for r = 1, when
(3.7) ki =2(0,0,1), ko =—(0,0,—1).
a a
Let Ay = A, (Z,T) and Ay = A_(Z,T) be the amplitudes of the right (forward) and

left (backward) propagating waves, respectively. The envelope amplitudes are not
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modulated across the (X, Y')-plane, since the coupled-mode equations for Ay are es-
sentially one-dimensional. The polarization vectors are chosen in the z-direction, such
that ey, = ex, = (1,0,0) and Ey = (Ey.(z, Z,T)e~*,0,0). The non-homogeneous
equation (3.5) at the z-component of the solution E; at e~** takes the form:

0 02 2k*n; (x) 2 8%n,(x)
V2B .+ k2 = _9ik2— - 1 1
1z + k°F1z 2ik 6TE0’$ 2k . Eoz - . =

Ey ;.

By removing the resonant terms at e**?, the coupled-mode equations for amplitudes

AL(Z,T) take the form:

(8A, A, B
(3.8) i (_—8T t 57 ) +aA_. = 0,

[(BA_  OA_ B
(39) ] (8_T == 3_2) + aA+ = 0,

where @ = app1 = app,—1. The coupled-mode equations (3.8)—(3.9) can be defined
on the interval 0 < Z < L, for T > 0, where the end points at Z =0and Z = L,
are the left and right (z,y)-planes, which cut a slice of the photonic crystal. The
linear system (3.8)—(3.9) is reviewed in [SS]. The nonlinear coupled-mode equations

are derived in [BS, SSS] and analyzed recently in [GWH, PSBS, PS].

3.2 Coupled-mode equations for two-dimensional
resonance

3.2.1 Coupled-mode equations for four counter-propagating
waves

The lowest-order resonance for four counter-propagating waves (2.16) occurs for p =
qg = 1, when

(3.10) Ty = 5(1, 1,0), ko= 2(1, ~1,0),

ks = —(—1,1,0), ks==(—1,-1,0).

Q
YE)
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Let Ay = AL (X,Y,T) and Ay = A_(X,Y,T) be the amplitudes of the counter-
propagating waves along the main diagonal of the (z, y) plane, while A, = B, (X,Y,T)
and A3 = B_(X,Y,T) be the amplitudes of the counter-propagating waves along
the anti-diagonal of the (z,y)-plane. The envelope amplitudes are not modulated
in the Z-direction, since the coupled-mode equations for Ay and B. are essentially
two-dimensional. The polarization vectors are chosen in the z-direction, such that
ex; = (0,0,1), 1 <5 < 4, which corresponds to the TE mode of the photonic crystal,
such that Eq = (0,0, Ey .(z,y, X, Y, T)e~™t). The non-homogeneous equation (3.5)

at the z-component of the solution E; at e~®* takes the form:

V2E,, +kK°E,, = -2%k? ——a—E - 2k > Eo ., — Qkﬁ—E
1,z 1,z — oT 0,z 8X6.’E 0,z ayay 0,z
2k? 2 02
(3.11) Im) g 2O
No o 0z

By removing the resonant terms at e'w}_i(ikxiky), the coupled-mode equations for am-

plitudes AL(X,Y,T) and BL(X,Y,T) take the form:

(3.12) i<5£,+ 04, 8A+> +aA_+B(By+B.) = 0,
(3.13) (63‘3: f;(‘ )+aA++ﬂ By+B_.) = 0,
(3.14) (?T* 8@* —~ aB+) +B8(Ay +A)+aB_ = 0,
(3.15) (881;: aB' )+ﬁ A +A_)+aBy = 0,

where a@ = 01,10 = 01,10 = 01,10 = @110 and 8 = ap10 = Q100 = Qp—10 =
a_100. The coupled-mode equations (3.12)-(3.15) can be defined in the domain
(X,Y) € D and T > 0, where D is a domain on the (z,y)-plane of the photonic
crystal. The system has not been previously studied in literature, to the best of our

knowledge.
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3.2.2 Second and higher order resonance for four counter-
propagating waves in two-dimensional cubic crystal

The coupled-mode equations (3.12)—(3.15) for four counter-propagating waves de-
rived in the first order Bragg resonance. We show here that the higher order Bragg
resonances it 2D crystal can give the same coupled-mode system of four counter-
propagating waves.

Consider second order Bragg resonance on the (z,y) plane with ki, = 22(1,0), as
can be seen in Figure 2.4 there are three lattice vectors G that are in resonance with

kin = 2(1,0)

2
Gl = ?(ZO)
2
G2 = 7(17_1)
2T
G; =—(1,1
3 a( ) )

Hence there are four resonant counter-propagating waves, that are given by wave-

vectors
21
k = (1,0
k=G = “T-i)
a
2
k-G, = 2Z(0,1)
a
2
k—Gs = ==(0,—1)

It can be seen from the Figure 3.1 that another basis cell can be use for the same

crystal. We introduce new dual lattice ki, k’s , which is rotated about the basis k;, ko

ki =k; +k
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Figure 3.1: The same two-dimensional cubic crystal can be obtained by translation
of two basis cells. The basis cell we the smallest volume is called primitive.

ki, =k — k4
The triple Fourier series for n(x) is now
n(z) = Z ol "G
Gl

Where G’ lies in the new dual lattice G’ = nkf{ + mk; .

Now the derivation of coupled-mode equations for four counter-propagating waves
in the first Bragg resonance can be repeated to obtain the coupled-mode equations
for four counter-propagating waves in the second Bragg resonance in 2D crystals with
obvious change a — o'.

Let A4y = AL (X,Y,T) and A, = A_(X,Y,T) be the amplitudes of the counter-
propagating waves in z direction, while A3 = B, (X,Y,T) and Ay = B_(X,Y,T) be
the amplitudes of the counter-propagating waves in y direction. The envelope am-
plitudes are not modulated in the Z-direction, since the coupled-mode equations for

A: and By are essentially two-dimensional. We obtain the coupled-mode equations
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for amplitudes A4 (X,Y,T) and B+(X,Y,T):

(3.16) i (8aAT+ + %%—) +dA_+p' (By+B-) = 0,
(3.17) i(a{% - %) +ad'Ay +8 (By+B-) = 0,
(3.18) (86% + a£;> +0 (Ar +A_)+d'B- = 0,
(3.19) ' (aaBT‘ a£, ) + B (A +A)+d'By = 0,

7 / N / — / — / / / — / A / Saem
where o/ = Q10 =01 _10=0Q] _19=0C110 and g’ = Qo100 = Qo0 = Qp_10 =

a’_o0- The explicit formula for o’ in terms of a is

/
an’m - an—m,n+m

We conclude the treatment of two-dimensional photonic crystals with a simple
algebraic theorem which is almost obvious from geometric construction on Figure 2.4.

Theorem 3.1 All orthogonal counter propagating resonant waves in 2D cubic crystal

occur for Ky, = 2 (B2 B=2) where p, s are integers.

Proof. It is clear that the only parallel resonant waves allowed in photonic crystal
are counter propagating waves. In order to find two orthogonal pairs of counter-

propagating waves we have to solve the system

k| = [k+G]

E L (k+G)
Denote k = (k1, k2), G = (n,m), the system transforms to

BR4+k=nm+k)?+(m+k)?

kl(kl + ’I’L) ~+ kg(kg + m) =0
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Expressing m in terms of n from the second equation we get

(’I’L + k1)2 = kg
_ k(b +n) + k3
= 5

This gives us two sets of solutions

ny = kg — ky, my = —ky — k;

ne =—ko— ki, me=—kat+k;

It is easy to see that this two sets describe two orthogonal vectors G; and G,. For

this vectors to lie on the reciprocal lattice we require

+s
k=L -
-3
k2 - P ) 3
where p and s are integers. The theorem is now proven. [ |

The theorem gives us necessary and sufficient condition for existence of four orthog-
onal counter-propagating resonant waves.

It is not clear for what k;,, in general, there are only four non-orthogonal counter
propagating waves in cubic crystal. The obvious necessary condition for that is

kin = 2(p, s) where p,s € Z2.

3.3 Coupled-mode equations for two oblique waves

Two oblique resonant waves on the (z,y)-plane are defined by the resonant wave
vectors (2.17) under the constraint (2.18). Assuming that e; = e, = (0,0, 1), the

Maxwell equations can be reduced to the same form (3.11), where the resonant terms
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—_— k(n,m,O)

out

are eliminated at the wave vectors k; = ki, and kj . The coupled-mode

equations for amplitudes A;5(X,Y,T) take the form:

(3.20) i(aAl B o4 g 8A1>+aA2 = 10,

oT +1/p2+q28X+,/p2+q2 oY
i(@Az p+2n 0A q+2m 8A2>+aA1

oT +1/p2+q2 o0X +,/p2+q2 oY

where o = @y 1m0 = @—n,—mo. Coupled-mode equations (3.20)—(3.21) for two oblique

(3.21)

waves can not be reduced to the one-dimensional system (3.8)-(3.9), since the char-
acteristics in the system (3.20)—(3.21) are no longer parallel.

The coupled-mode equations for three oblique resonant waves (2.19) can be de-
rived similarly, subject to the resonance condition (2.20). Three characteristics along
the wave vectors k; = ki, ko = k™™ and ks = k"™ belong to the same
(X,Y)-plane. The stationary transmission problem for the three oblique waves is
hence a boundary-value problem on the (X, Y)-plane with three (linearly dependent)

characteristic coordinates. Oblique interaction of three oblique resonant Bloch waves

in a hexagonal crystal was considered numerically in [SGS].

3.4 Coupled-mode equations for six counter-propagating
waves in 3D photonic crystal

The lowest-order resonance for six counter-propagating waves occurs for p = 2,q =

r = 0, when

2

k = (1

1 a( aOaO)
2T

k, = —(-1

2 a( 1010)

2w
k3 = ?(Oa 11 O)
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2

k4 - 7(0,—1,0)
2

ks = =(0,0,1)
%

ke = —(0,0,~1)

Let Ay = A.(X,Y,Z,T) and Ay = A_(X,Y, Z,T) be the amplitudes of the counter-
propagating waves in z direction, while A3 = B, (X,Y,Z,T) and A, = B_(X,Y, Z,T)
be the amplitudes of the counter-propagating waves in y direction, A5 = C(X,Y, Z,T)
and Ag = C_(X,Y,Z,T) be the amplitudes of the counter-propagating waves in z
direction. This resonance is fully three-dimensional.

Substituting into the non-homogeneous equation (3.5) and removing resonant
terms for solution B at e**2 ei*ky  ei+kz the coupled-mode equations for the am-
plitudes AL(X,Y, ZT), BL(X,Y, Z,T) and Cy(X,Y, Z,T) take the form:

. (0A; 0A
1 ( 5,; + = +) + ag0A- +o1,10By +a110B- +010,-1C+ + a10:C- =0,

. [OA_
1 <——6T ) + Ol—2,0,0A+ + Ol-l,—l,OB+ + a_l,l,oB_ + a—l,O,-—IC+ + a—l,O,lc— — 07
0B 8B
) ( 8T+ +> + a—1,1,0A+ + (1’1’1,014_ + a0,2,OB— + aO,l,—-10+ + aO,l,lc— =0,
. (0B_ OB
' (BT >+a1 ~1044 + o104 + ag,—20B4 + 0p,—1,-1C1 + a9 -1,C_ =0,
. [oC 80
’ (3; +)'{'O‘101A+‘|'Oé10114 + @0,-11B+ + ao1,1B- + ag020- =0,
. (0C_ OC_
1 ('—8T — —6Z ) + a—l,O,—1A+ + al,o,_lA_ + aO,—l,—1B+ -+ aO,l,—lB— + aO,O,-—ZC-{- =0
Due to the crystal symmetry we denote a = az90 and 8 = a4,1 and rewrite the
system as
8A+ 8A+ _
(3.22) (BT + 8X>+aA_+ﬂ(B++B_+C++C_)_
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(3.23) i (% - %ix) +ad, +B(By+B_+Cy +C.) =

(3.24) i (% %l;i) +aB_+B(Ar+A_+Cy +C_) =0,
(3.25) ; (% - %iy) +aBy+B(As +A_+Cy+C) =0,
(3.26) ; (aa%+%£)+ac_+ﬂ(A++A + B, +B.) =0,
(3.27) i (6;9%— 6;;) +aCy +B(Ay+A_+ By +B_)=0.

The coupled-mode equations (3.22)—(3.27) can be defined in the domain (X,Y, Z) € D
and 7" > 0, where D is a domain on the (z,y, z)-space of the photonic crystal. The
system has not been previously studied in literature, to the best of our knowledge.

The reduction of the system to the (z,y) plane gives the system (3.16)—(3.19).

3.5 Nonlinear coupled-mode equations with cubic
nonlinearities

Modeling of nonlinear photonic band-gap crystals with cubic (Kerr) nonlinearities is
based on the Maxwell equations, where the polarization vector depends nonlinearly
from the electric field vector E [K2]. When the nonlinearity terms are small, nonlocal
(dispersive) terms in the polarization vector can be neglected and the low-contrast
weakly-nonlinear photonic crystals can be modelled with the Maxwell equations (2.1),
where the refractive index n = n(x, |E|?) is decomposed into the linear and nonlinear
parts [SS]:

(3.28) n(x, |E|?) = ng + eny(x) + eny(x)|E|?,

where n is constant and € is small parameter. When the photonic crystal has cubic-

lattice structure, the periodic functions n;(x) and ns(x) are expanded into the triple
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Fourier series (3.4) and

(3.29) na(x) = ng Z B et o nztmy+iz)

(n,m,l)ez3

where the factor ng is included for convenience. The Fourier coefficients 3, ,,,; satisfy
the same symmetries as a under condition that n(x) is invariant with respect to crystal
symmetries. It follows that all coefficients 8, for (n,m,l) € Z3 are real-valued.
Derivation of the nonlinear coupled-mode equations is based on rigorous methods
of Lyapunov-Schmidt reductions [SU]. Equivalently, the formal derivation can be
recovered with the perturbation series expansions [Sh], which follows to the formalism
(3.2) and (3.3). The first-order correction term E;(x,t) solves the non-homogeneous

problem (3.5) with additional nonlinear terms:

2 02 2 2 2
9 _ @8 E1 . _’TM 0 E() _ ) 2n0n1(x) 0 Eo 3_ )
\Y% E1 2 —8t2 = 2 2 OTot 2k (V Vx) Eo + 2 EYo) + nOV (Vm Eo)
2720712 (X) 2 82E0 2 9

The cubic nonlinear terms generates N3 terms from the leading-order solution (3.3),
which all give resonant terms by means of the triple series (3.29). By removing the
resonant terms, the nonlinear coupled-mode equations for A4,;(X,T), j =1,...,N are
derived in the general form:

A; k;
(3.31) 2ik? (%5% + (7;— - VX) Aj> + Zaj,kAk
ki

+ Z bj:klak2ak3Ak1 Ak2Ak3 = 0,

1Sk1 ak2»k3._<_N

where the elements {b; k, ky.kq }1<jk1,ks,ka< N aT€ related to the Fourier coefficients {8, m,1 } (nm.
at the resonant terms (n, m,l) € S. The explicit forms of the nonlinear coupled-mode
equations are given below for two and four counter-propagating and two oblique res-

onant Bloch waves.
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The nonlinear coupled mode equations for two counter-propagating waves (3.7)
generalize the linear equations (3.8)—(3.9) as follows:

0Ay | A4
T " oz

(DAL BA_
‘\aT " 9z

+ @A+ Boo0 (|A+> +2/A_%) Ay

+ Boo1 (2144 +|A-|?) A- + Boo,~1A5 A + Bop A+ A =
+ aAy+Booo (21A42 +A-?) A

&

Boo,—1 (|A+]* +2|A_|?) Ay + Bop1A+A% + Pog,—2ATA_ = 0.

The system (3.32)—(3.32) is reviewed in [GWH, SS| for Gy01 = Boo2 = 0 and
analyzed in [PSBS, PS] for o1 # 0 and Boo2 = 0. When By0,1, 08002 # 0, the
system (3.8)—(3.9) is the most general coupled-mode system for Bragg resonance of
two counter-propagating waves [BS, SSS].

The nonlinear coupled-mode equations for four counter-propagating waves (3.10)

generalize the linear equations (3.12)—(3.15) as follows:

(0A, 0A, OA.
: ( aT T ax Ty
(BA-  BA_ QA
‘\aT ~ ax ~ oy
8B, OB, OB, B
( BT — BX — 6Y ) +ﬁ(A++A_)+aB_+G+(A+,A_,B+,B-) = Oa
Z_ (aB_ 8B_ OB

a7  ox ' oy

)+aA_+5(B++B—)+F+(A+,A_,B+,B—) ~ o,

)+CYA++,B(B++B_)+F_(A+,A_,B+,B_) = 0,

) +,B(A++A_)+aB++G_(A+,A_,B+,B_) = O,

where the cubic nonlinear functions are given by

Fr = foo0 ((|A+1* +2[A-* +2|B4+[* +2|B_[*)A1 + 2A_B4B_) + fo,~1,0 (A1 B+ + 241 A_B_)
+ Bio((2lAL> +|A-> +2|By|> +2|B_[))A- + 24, B4 B_) + B-1,00 (A1B_ + 24, A_By)
+ Boao ((21A+> +2|A_)® + |B4|> + 2|B_|*)By + 244 A_B_) + 1,10 (2A4+ B4 B_ + A_B?)
+ ﬂ1,00(2|A+|2+2]A [>+2|B4|® + |B_|[*)B- + 24+ A_By) + f1,-10 (2A+ By B_ + A_B?)
+ B200(A+B2 +2A_ByB_) + 21,0 (2A4A_B_+ A2 B,) + P120 (A2B_ +2A,A_B,)
+ Boz20(A4Bi +2A_ByB_ )+ B_1,-10A2A_ + Bo20A+ A% + B2,—1,0B4+ B2 + B_12,0B3B_,

Fo = 1,10 ((1A+? +2/A-]> +2|B4|* + 2|B_|*)A4 +24_B{B_) + 81,20 (A3 B+ + 24, A_B_)
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Bo,0,0 (21A+|? + AP +2|B1 1 +2|B_|*)A- + 24, By B_) + f-2,1,0 (A3 B_ +24,A_B)
B-1,00 (21447 +2[A_* + B4 + 2[B_|*)B; + 24, A_B_) + B_20,0 (24: By B_ + A_B3})
Bo,~1,0 ((21A+1* +2|A_1> + 2| B4 |* + |B-|*) B~ + 2A+ A_B.) + fo,~2,0 (241 By B_ + A_B?)
Br,-1,0 (A+B% +2A_ByB_) + B100 (2A4+A_B_+ A2B.) + Bo1,0 (A2B_+2A,A_B,)

B-11,0(A4B} +2A_ByB_) + B3, 20ALA_ + P1,10A1 A% + B1,_20B.B% +_410B2B_,

Bo,-1,0 (|1 A+* +2|A- > + 2B |* + 2|B_1>)A+ + 2A_B1B_) + flo, 2,0 (A1 By + 24, A_B_)
Bro0 (2lA+1* + |A-1? +2|B4|* + 2|B_|)A- + 24, B, B_) + f-1,-10 (A3 B- + 24, A_By)
Bo,0,0 ((21A+|* +2|A-1> + B4 + 2| B_[*) By + 24+ A_B_) + 1,00 (241 By B_ + A_B3})
B1,-1,0 (QlA+1* +2|A_|2 +2|B4 > + |B_|*)B- + 24, A_B,) + B1,—2,0 (2A+ By B_ + A_B?)
Ba,—1,0 (A4 B2 +2A_B,B_) + Ba,00 (2A+A_B_ + A2B.) + B1,10 (A2B_ + 2A,A_B.)
Bo,1,0 (/LrBf_ +2A_B.B_) +B-1,-20A5 A_ + B2,10A+ A2 + B,—20B B> + B-1,1,0B3 B_,

B-1,00 ((1A+)* +2/A_1> +2[B+ >+ 2|B-|*)Ay +24_BB_) + 1,10 (A1 By + 24, A_B.)
Bo,10 (214417 + A= +2|B4 P + 2|B-|)A_ + 24, By B_) + 3,00 (A3 B- + 24, A_B,)
B-1,1,0 (21 A4 |2 + 2|A- | +|B+[* + 2| B-[)By + 244 A_B_) + 2,10 (241 By B_ + A_B})
Bo0,0 ((21A+[* +2(A-|> +2|B4|* +|B-|*)B- + 244+ A_B.) + fo,-1,0 (2A+ B4 B- + A_B2)
Broo (A+B: +2A_ByB_) + f1,1,0 (241 A_B_ + A By) + Bo,20 (A2 B_ + 24, A_By)
B-120(ALB% + 2A_B,B_)+ B-2,_10ALA_ + Bi20A+ A2 + B1,-10B+B% 4+ f_2020B2B_.

The nonlinear coupled-mode equations for two oblique waves (2.17) generalize the

linear equations (3.20)—(3.21) as follows:

i

(3.32)

@'(

(3.33)

3A1 D 3A1

0A;

0A, p+2n OAs g+ 2m 0OA

) + Az + Booo (|A1|2 + 2|A2|2) Ay

q
6T + ‘/p2+q2 BX + ,/p2+q2 6Y

+B-n,—m,0 (2|A1]* + |A2|*) A2 + Bnm0ALAs + B-2n,—2m,0A14% = 0,

) + aAr + Bopp (214112 + [A2f?) Ay

T i 0X  Jig Y

+Bnm,o (|41 + 2[A2|?) A1 + Bon—m0A14A3 + PanamoAlAs = 0.

The system (3.32)—(3.33) and its generalization to three oblique resonant waves are

reviewed in [SGS, Sh].



Chapter 4

Analysis of stationary transmission

The stationary transmission problem follows from the separation of variables in the

coupled-mode equations (3.6):
(4.1) A;(X,T) = a;(X)e ™,  j=1,..,N,

where (2 is the detuning frequency.

First, we prove the existence and uniqueness theorem for the solution of coupled-
mode equations for four counter propagating waves in small convex domain. We
start with a linear case, generalize the proof to include Lipschitz nonlinearities, and
conclude with the proof of existence and uniqueness of solution in the case of Kerr
nonlinearity under the condition of small domain. Finally the theorem is generalized

for N-wave resonance.

4.1 Existence and uniqueness of solutions for four
counter-propagating waves

We start with the example of stationary transmission of four counter-propagating
waves. The system (3.16)—(3.19) after separation of variables (4.1) is simplified as

follows:

35
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(4.2) i%% +Qay +aa_+8(bs+0b-) = 0,
(4.3) —i%c—;: +aay +Qa_+8(by+b-) = 0,
(4.4) z%lzyi +0(ay +a)+Qy +ab. = 0,
(4.5) ——i% +fG(ar+a-)+aby + Qb = 0.

Let us define the problem (4.2)-(4.5) on the rectangle,
D={(z,y): 0z <L, 0<y<H}
subject to the boundary conditions:

a+(0,9) = a4(y), a-(Liy)=a(y), bi(z,0)=0bi(z), b(z,H)=0b_(z)
(4.6)
where a4 (y),a_(y), by(x),b-(z) are given amplitudes of the incident waves at the
left, right, bottom and top boundaries of the crystal. The geometry of the problem
is shown on the Figure 4.1.

To prove existence and uniqueness of the solution of the system (4.2)-(4.5) with

boundary condition (4.6) we use the following facts [KF]

e Let A be a continuous map of complete metric space R into itself such that A

is a contraction; then the equation Au = u has a unique solution.

e The space R of continuous vector functions v(z,y) on the compact domain with
the norm p(vy, vy) = max,,,; |vi(z,y) — vi(z,y)| is complete.

Theorem 4.1 There exist a unique solution of the system (4.2)-(4.5) in the small
enough domain D that satisfy boundary condition (4.6).
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a
+
&4

&2

Figure 4.1: Four counter-propagating waves on the plane. The direction of the char-
acteristics is shown with the arrowed lines. The characteristics that are going through
points P and @ are shown with dashed lines. The wave a, propagates along &, a_
along &, by along &5 and b_ along &. The boundary data for this particular geometry
of domain D is shown. For this case we will find the explicit solution of linear problem
by separation of variables in the next chapter.

Proof. The system (4.2)—(4.5) with boundary condition (4.6) is equivalent to

a4 (z,9) = a4 (0,9) + / (Qay + aa + B(bs +b_))dz

g/
bi(z,y) = at(z,0 +/

bole,y) =b_(2, H +/

H

aay + Qa_ + B(by + b)) dz

™~

y

o

y

a—(z,y) = a—(L,y) (
(z,0) (Blay +a-) 4+ Qb +ab_)dy
) (

)
Blay +a-) +aby +Qb_)dy
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Hence, each component of the vector field

vt a+(z,y)
v || a-(z,y)
v bi(z,y)
v b_(z,y)

is expressed by a corresponding integral over the characteristic. To construct the

solution we view the the integral system as a fixed point of the iteration problem.

Whaa(ey) = ar(0,9) + [ (kv + 662+ o)) do
0

Rarl,) = a(Loy) + [ (ah+ D+ B0+ 1) ds
L
Yy
v 41 (2,y) = ay(z,0) + /0 (B(vs +v3) + QW + avy) dy
Yy
Viaa(ew) = b-(e, ) + [ (B0} +02) + ol ) dy
or symbolically

Vg1 = Av, where A is the integral operator

To apply the contraction mapping principle we want to show that some power of
the map A is a contraction map. Let v; and v, be two continuous vector fields on

D={(z,y): 0<z <L, 0<y< H}, define metrics

p(vla VQ) = TS‘? ivi(.’f, y) - ’Ué(.’L’, y)'
Hence, we use the mazimum norm |[v|| of a continuous vector field v, that is, the

largest value of v attained in the closed domain D for any component of v in D. We

have
Jo Qv = v3) + (v} — o) + B(v} — v3) + B(v} —v3)) dz
Ay — vy = | Jool = w2) 0} = 0d) 4 B(vf o) + B0} — v3)) da
Jo (Bl = v2) + B(v} — 03) + Qv — ) + (v} —v3)) dy
Ju(B(or —v2) + B} —v3) + alv] —vd) + vt —v3)) dy
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Taking the absolute value of each component we obtain
z
S I F
H=g
Where M = |Q| + |a| + |28|. Hence, if max(L, H) * M < 1 then A is a contraction

map and as A is a continuous map the solution of Av = v exists and unique. [

The previous result can be easily generalized to the nonlinear problem

(4.7) z%u?l + FY(z,y,u) = 0,

(4.8) —i%—f + F%(z,y,u) = 0,

(4.9) 288—15 + F¥(z,y,u) = 0,
(4.10) —i%—f + FY(z,y,u) = 0.
defined on the rectangle,

(4.11) D={(z,y): 0<z <L, 0<y<H}

with the boundary conditions:

(4.12) u'(0,9) =u'(y), w*(L,y)=u(y),
uw3(z,0) = u¥(z), ui(z, H) = v(z),

Theorem 4.2 Let u'(y),u*(y), v®(z),u*(z) be continuous and F(z,y,u) is continu-
ous and satisfy Lipschitz condition in it’s “functional “ argument

|F(z,y;w1) — F(z,y;u)|| < M|ju; — u|

Then, there ezists a unique solution of the the problem (4.7)-(4.12).
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Proof. The proof essentially repeats the one for the linear case. The nonlinear

system is equivalent to

wl(z,y) = u'(0,y) + / P, y;u) do
0

P(e,y) = P(L,y) + / F2(x, y; u) de
L

Y
wd(z,y) = u*(z,0) +/ F3(z,y;u) dy
0

Y
w(z,y) = vz, H) + / F4(z, y;u) dy
H

Setting w = (u!(0,v), v*(L, ), u3(z,0), ut(x, H))T and defining the integral map A
as

w' + [J F'(z,y;u) dx
w?+ [} F*(z,y;u) dz
wd + [ F3(z,y;u) dy
w* + [ F4(z,y;u)dy
we find that

| [ (F!(z,y; u1) = F'(z,9; up)) da| x
| (P2 (z,y;m) = F2(z,ysu0)de| | _ | L-=
| [o (F¥(z,ywm) — F3(z,y;u9) dy| | Y
| [5 F4(z,y;w1) — F4(z,y;u2)) dy| H-—y

|Au; —Augl(z,y) < Miju—ug|

Hence,if max(L, H) * M < 1 then A is a contraction map and as A is a continuous

map the solution of Av = v exists and unique. |

It is clear that under inclusion of the cubic Kerr nonlinearities into the Maxwell
equations (2.1), i.e by decomposition of the refractive index n = n(x, |E|?) into the

linear and nonlinear parts [SS]:

n(x, |EJ?) = ng + eny(x) + eny(x)[Ef,



41

the vector function F(z,y;u) in the coupled-mode system is the sum of linear and
cubic terms of u* and @*. The set of admissible vector functions in the statements and
proofs of both theorems is the set of continuous vector functions on D, and thus there
is no upper bound for ||u|| and Kerr nonlinearity is not Lipschitz in its functional
argument. We can obtain the existence and uniqueness result by restricting the set
of admissible vector functions to bounded (in the maximum norm) by the doubled
norm of the boundary data 2||w|| and continuous on D and considering small enough

D so that the map Au gives us again an admissible vector function.

Theorem 4.3 Let u'(y),u?(y), u3(z),u*(z) be continuous and F(u) be the sum of
linear and cubic terms of u* and @* representing cubic Kerr nonlinearity and

max(L, H)(2a + 8b||w|*) < 1

where constants a,b are the sums of absolute values of coefficients of F in linear and
cubic parts correspondingly. Then, there exists a unique solution of the the problem

(4.7)-(4-12).

Proof. We denote w = (u!(y), u(y),u?(x), u*(x))T and restrict the set of admissible
vector functions u, such that u is continuous on D and ||u|| < 2||w||. Defining the
integral map A as

w! + [ F'(u)dz

w? + [} F?(u)dz

w? + [} F3(u)dy

w' + [ F4(u)dy

Au =

we find that
|Au|| < ||w|| + amax(L, H)|[u|| + bmax(L, H) |lu|?,

where a, b are the sums of absolute values of coefficients of F in linear and cubic parts

correspondingly. Under condition that

max(L, H)(2a + 8b||w|*) < 1
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the set of admissible functions is mapped by A into itself. As vector function F'(u)
is Lipschitz on the set of admissible functions and the equation u = Au has only one

solution. ]

Thus, for the finite norm boundary data there is always a unique solution of the Kerr

nonlinear boundary-value problem given that domain is small enough.

4.2 Existence and uniqueness of solution for N waves

Let us consider now the case of N waves in resonance. The characteristic coordinates

are introduced from the set of resonant wave vectors
9 _kad k0 kiz9
o8 kX k&Y k 07’

such that characteristic lines are taken in the direction of wave vectors k;’s.

j=1,...,N,

We will consider now two dimensional spatial space X = (X, Y') for simplicity. The
only parallel resonant waves allowed in crystal are counter propagating waves: vectors
(kiz, kiy) and (kjz,kj,) could be in the opposite directions but any other vector
(kiz, k1) should be linearly independent of them. Hence, generally characteristics fill
the whole plane.

We consider now the general problem of N-wave resonant propagation in the
convex crystal. Due to convexity the characteristics for any point inside the domain
lie entirely in the domain. Clearly the same family of characteristics can intersect
more than one face of the crystal as shown on the Figures 4.2,4.3. As can be seen
from the Figure 4.1, we only needed one wave profile at each face.

We consider the following boundary conditions: on avery face of the crystal we
give a profile A"(z, y) of the wave A* whose characteristics incidents on the face, we

require the continuity of profile on the verges (edges for 3D).
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92555 NN

Figure 4.2: Modified boundary value problem for four counter-propagating waves on
the plane. The direction of the characteristics is shown with the arrowed lines. The
characteristics that are going through points P and ) are shown with dashed lines.
The wave a, propagates along &;, a_ along &, b, along & and b_ along &;. The
boundary data for this particular geometry of domain D is shown.

The boundary-value problem for the stationary transmission can be written in the

form
oa’

(4.13) o

+ Fi(z,y;a) =0, i=1,...,N

in the given convex domain D, with the boundary conditions described above, such
that profiles a”*(x,y) are continuous (on the verges as well as on the faces) and

F(z,y,a) is continuous and satisfy Lipschitz condition in it’s “functional“ argument

|F(z, y;a1) — F(z,y; a2)|| < M|la; — as|
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integral map A as
b (2(0), y(0)) + [ F (x(£), y(€"); a) de?
Aa = :
bY(2(0),5(0)) + fi¥ FN(x(e),y(¢N); a) deN
we find that
If(fl(Fl(fc,y; a1) — F'(z,y; a)) d€'|

|Aa; — Aay| < :

| & (PN (2, y21) — FY (2, 95 29)) dEV|

1
| [5 dgl|
< : M|a; — ag|
N
| Je deM|
51
<| i | Mla,—a
£N

Hence, A is a contraction map for a small enough domain and the equation Aa = a

has a unique solution. L]

The theorems proved can be used for numerical solutions of the coupled-mode
systems through iteration of the integral map u,;; = Au,. The analytical solutions

for linear case is obtained in the next chapter.

4.3 Multi-symplectic structure of the coupled-mode
equations

Following [Br|, a multi-symplectic system on the plane in canonical form in real

coordinates is

Mu, + Ku, = Vh(u), u € R,
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where M and K are any 2n x 2n skew-symmetric matrices.

An important part of the theory of conservative systems is the Noether theory
that relates symmetries and conservation laws. When a conservative system has
a Hamiltonian structure the symplectic operator gives a natural correspondence be-
tween symmetries and invariants or conserved densities ([O]). However in the classical
setting there is only one symplectic operator and therefore there is no relation be-
tween symplecticity and the fluxes of a conservation law. In the multi-symplectic
framework such a connection is possible and leads to a new and useful decomposition
of the Noether theory.

In its simplest setting, finite-dimensional Hamiltonian systems, the connection
between symmetry and conservation laws can be stated as follows. Suppose u € R?"

and

Ju; = Vh(u)
with J the usual unit symplectic operator on R?"
0 -I,
I, 0

Suppose there exists a one-parameter Lie group G(e) acting symplectically on R?

which leaves the Hamiltonian functional invariant. Let

d
v =—[G(e)] B
and suppose
(4.14) Jv = Vp(u)

for some functional p(u). Then 8;p = 0. A proof of this result is given in [O]. The

above result connects the action of the symmetry group with the conserved densities
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but in the case of classical Hamiltonian system it does not establish a connection
between the action of the symmetry and the fluxes. In the expression (4.14) it is
the action of the symplectic operator, on the infinitesimal action of the Lie group,
that generates the gradient of the conserved quantity. Therefore its generalization to
include fluxes is clear: act on V with each element in the family of skew-symmetric
operators in the multi-symplectic structure to obtain all the components of the con-
servation law. This leads to a new decomposition of the Noether theory.

Let u € R?" and consider the multi-symplectic Hamiltonian system
(4.15) M(u)u, + K(u)u, + L(u)u, = Vh(u)

We say that the system (4.15) is invariant with respect to the action of one parameter

Lie group G(e) if

(4.16) h(G(e) - u) = h(u)
DG(e)*M(G(e) - u)DG(€) = M (u)

DG(e)*K(G(e) - u)DG(e) = K (u)

DG(e)*L(G(¢) - u)DG(€) = L(u)

where DG(e) is Jacobian with respect to € and * indicates formal adjoint.

Theorem 4.5 (Bridges, 1997) Let the Hamiltonian system (4.15) be invariant with
respect to the action of a one-parameter Lie group G(€) with generator v. Suppose
there exist a solution u(z,y, z) and functionals p(u), g(u),r(u) such that

M(u)v = Vp(u), K(u)v=Vg(u), L(u)v=Vr(u).
Then p,q and r, evaluated at the solution u of (4.15), satisfy the conservation law

Op O0q  Or _
$+8_y+$_0
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Proof. The proof of this result is straightforward. Differentiating the first equation

of (4.16) with respect to € and setting to zero results in

= dii.h(G(e) -u) I (Vh(u),v)
= (M(u)u, + K(u)u, + L(u)u,,v)
= “'(uxa M(U)V) - (uy’ K(u)V) - (uz’ L(u)v)

= _(uma vp) - (uy7 VQ) - (uZ’ VT)
Op Oq Or

proving the claim. [ |

We illustrate the multi-symplectic Noether theorem on the example of four counter
propagating waves in crystal (4.18)-(4.21).

The system for stationary transmission of four counter-propagating waves can be
rewritten in the bi-symplectic Hamiltonian form.

Denoting

h=Qa,dy +a_a_+byby+b.b_)+a@ra.+a,a.)+albyb_ +byb )+

(4.17) B((bs +b-)(@y +a-) + (by +b-)(a4 +a-))

The system becomes

0 . Oh
(418) '5:;(14_ =1 5_(1—_'__
0 . Oh
(419) —a—xa_ = -1 5{
0 Oh
(4.20) 8yb+ ? ab,
(4.21) 9y - O

dy ob_
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And corresponding complex conjugate system. Here a., by and @y, by are treated as
independent variables. Note that first half of the system and it’s complex conjugate
describes non-autonomous (for some fixed functions b ) x-spatial dynamics of (a,a_)
with hamiltonian h and the second half of the system and it’s complex conjugate
describes non-autonomous (for some fixed functions a. ) y-spatial dynamics of (b4, b_)
with hamiltonian h.

This system has number of symmetries [PS]

e time inversion

(4.22) ay = a_,a_ — a4

(423) b+ — 5_,b_ —) B+

e spatial reflection in x and in y

(4.24) ay — 0_,6_ — G4, — —Z

(4.25) by =b_,b_ —=by,y— —y

e gauge symmetry

(426) (a+va—vb+ab—) =2 ei¢(a+aa—7b+:b—)
Denoting
(4.27)  u= (Imay,Rea_,Reay,Ima_,Imb,,Reb_,Reb,,Imb_)T € R®

we transfer the system to canonical form

J 0 00 i
u, + u, = =Vh(u
(0 o) (0 J)” 2 Vh(u)
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0 -1

L 0
group (4.26) obviously conserve symplectic structure M, K, it is a simple rotation in

with J the usual symplectic matrix: J = ( ) and h(u) given by (4.17). The

the u space, therefore, we immediately find the generator (corresponding real parts

in vector u change sign)

—y?
3
V= .
U
\ v )
We have
ud
—ul
Mv =
ul

which corresponds to p(u) = (u!)2 — (u?)? + (u®)? - (u*)? = |a, |> — |a—|? due to (4.27).

Similarly ¢ = |b,|? — |b-|? and we have conservation law

0 a
5y (12l = la-1?) + - (B = [p-?) = 0.

We conclude this part with the remark that multi-symplectic structure of the
system of four (2D) and six (3D) counter-propagating waves could be very useful
in developing numerical algorithms for integrations of such systems, as conservation
laws can be used to stabilize numerics (Marsden, Patrick, and Shkoller (1998) ?? -

methods derived from descrite variational principle; Bridges and Reich (2001) ?7?-

methods preserve multi-symplectic conservation law ).



Chapter 5

Explicit analytical solution in the
linear case

In this chapter we give analytical solutions for some linear coupled-mode systems.
We also give the proof of the well-posedness of the boundary-value problem for four
counter-propagating waves using the method of separation of variables and generalized

Fourier series.

5.1 Transmission of two counter-propagating waves

After separation of variables (4.1), the linear coupled-mode equations (3.8)—(3.9) re-

duce to the following ODE system:

(5.1) icfia_g +Qay +aa- = 0,
(5.2) —icf;—z_ +aay +Qa_ = 0.

The problem (5.1)—(5.2) is defined on the interval 0 < Z < Lz. When the incident
wave is illuminated to the photonic crystal from the left, the linear system (5.1)—(5.2)

is completed by the boundary conditions:

(5.3) a+(0) = ay, a_(Lz) =0,

51
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where o is the given amplitude of the incident wave at the left (z,y)-plane of the
crystal. The general solution of the ODE system (5.1)-(5.2) is given explicitly as
follows:

(5.4) )= Cy “ e +c_ “ e %,
a_ Q+ik Q—ix

where ¢y € C are arbitrary and « € C is the root of the determinant equation:
(5.5) k=+va? -2

When xk = iK, K € R, the linear dispersion relation = Q(K) follows from the

quadratic equation:

(5.6) Q% =ao®+ K2

The two branches of the dispersion relation (5.6) correspond to the two counter-
propagating resonant waves. Their resonance leads to the photonic stop band, which
is located in the interval: |Q| < |a|.

Let 2 = 0 for simplicity, i.e. the detuning frequency is fixed in the middle of the stop
band. The unique solution of the boundary-value problem (5.1)-(5.3) follows from

the general solution (5.4):

a4 oy cosha(Lz — 7)
(5.7) = )
a_ coshalz \ —isinha(Ly — Z)

The transmittance T and reflectance R are defined from the other boundary values

of the solution (5.7):

sinh? aL

cosh?aly’

a+(Lz)
a+(0)

such that the balance identity T4+ R = 1 is satisfied. The analytical solution (5.7)

2 1

T= = 3 ,
cosh®alLyz

for the two counter-propagating waves is well-known [SS] and is reproduced here for
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comparison with the case of four counter-propagating and two oblique waves on the

plane.

5.2 Transmission of four counter-propagating waves

The stationary transmission of four counter-propagating waves in the coupled-mode

equations (3.12)—(3.15) is studied in the characteristic coordinates (&, 7):

X+Y XY

5__‘ 2 ) 77_‘ 2

After the separation of variables (4.1), the linear coupled-mode equations (3.12)-

(3.15) reduce to the PDE system:

(5.8) 8aag+9a++aa +8(bs+b) = 0,
(5.9) ﬂ%€+am+ﬂm+ﬂ®++b)= 0,
(5.10) 68;+ﬁ(a++a )+ Qb +ab_ = 0,
(5.11) —i%+ﬂ(a++a_)+ab++9b_ = {0

The problem (5.8)-(5.11) is defined in a bounded domain on the plane (£,17). We

consider the rectangle,
(5.12) D={(&n): 0§ <L, 0<n< Ly},

which corresponds to a rectangle in physical coordinates (X,Y), rotated at 45° in
characteristic coordinates (£,7). When the incident wave is illuminated from the left
along the main diagonal in the (X, Y)-plane of the photonic crystal, the linear system

(5.8)—(5.11) is completed by the boundary conditions:

(5.13) a+(0’ 77) = a4 (n), a—(LEvn) =0, b+(€a O) =0, b (f: Ln) =0,
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where ay (1) is the given amplitude of the incident wave at the left boundary of the
crystal. We give alternative proof of the balance equation for four counter-propagating

waves.

Theorem 5.1 The amplitudes ay, by of the PDE system (5.8)-(5.11) satisfy the bal-
ance equation:

0
(5.14) ¢ (s = 1a-) + 55 (IbaP = [6-17) =

Proof. The system (5.8)—(5.11) can be rewritten as follows:

a% 0 0 0 ay Q a B 8 ay
p 0 —565- 0 0 a_ N a Q B8 p a_ _ 0
0 £ 0 be B B Q a by
0 —% b_ B B a Q b_
or
0 é)
19 | 20 _
z(fy 8€+'y 8n)1/)+M¢ 0
where
1 0 00 000 O
L 0 -1 00 000 O
Y= )
0 00 001 O
0 00 000 -1
Qa B B ay
M= a Q g 8 = a_
B B8 Q a by
6 8 a Q b_

To obtain the balance equation we multiply this system from the left by 7, multiply

the complex conjugate system from the left by 1/ and subtract the results

(7 10 (7 20 : 9 -\, /= _
g (w,vla—gw) (1/),7 a£¢>+z (%7257—71!))% <¢,7255w)+(w,M¢)—(w, My) =0
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As y' , 4%, M are symmetric we get

L

_ o -
9 (Yy'y) + 6—77(10721/)) =0

Using the degenerate structure of 4! , 42 we obtain the balance equation

0, _ _ 8, = -
a—g(a+a+ —a-a_)+ a_n(b+b+ —b_b_)=0

or

0 0
9 (|a+|2 - la—|2) + B (|b+|2 bes |b-|2) = 0.

The linear dispersion relation Q = Q(Kg, K,)), where (K¢, K,,) are Fourier wave
numbers, follows from the determinant equation of the linear PDE system (5.8)-

(5.11).

Lemma 5.2 The linear dispersion relation Q = Q(K¢, K,)) is defined by roots of
D(Q, K¢, K,), where

(5.15)  D(Q, K¢, K,) = (2% — o — K2) (2 — o® — K2) — 46%(2 — o).
There ezists real-valued roots D(0, K¢, K,) = 0 for a® < 432, while no roots ezist for

a? > 442

Proof. The determinant equation follows from the PDE system (5.8)—(5.11) for the

Fourier modes e*B¢¢+Kn) in the explicit form:

Q-K: «a 3 i
« Q+KE ;B ,3
5.16 D(Q, K¢, K,) =
( ) ( 4 n) 3 3 Q—K,, 5
B g a Q+K,
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Although the straightforward computations of D(§, K, K,,) are involved technically,

it is easy to compute that:

(5.17) %g =20 (2% —a? - K}) +2Q(Q? - o® — K?) — 86°Q + 8’
and
(5.18) D(0, K¢, Ky) = (& + K2)(&? + K7) — 4a°5°.

Integrating (5.17)—(5.18), we find that D(Q, K¢, K,,) is given by (5.15). When o? >
4/3? the function D(0, K, K,) is positive definite on (K¢, K,;) € R? such that no real-
valued roots (K¢, K,)) exist for Q = 0. When o? < 42, there exist two curves on the

(K¢, Kp)-plane, which correspond to the real-valued roots of D(0, K¢, Kj,). |

There are four surfaces of the dispersion relations Q = Q(K¢, K,), which corre-
spond to the four resonant counter-propagating Bloch waves. When a? > 432, the
interaction of four resonant waves leads to the stop band near the zero detuning fre-
quency 2 = 0. When o? < 442, no stop bands occur in the interaction of the four
resonant waves.

We consider solutions of the system (5.8)—(5.11) at 2 = 0. By separating variables

[St], we reduce the PDE problem to two ODE problems as follows:

(5.19) a(&n) = ur(Qwa(n),  a—(&n) = u_(wa(n)
(5.20) bi(&m) = w(€ve(m),  b-(§, 1) = wp(§)v-(n),
where

vi(n) tu_(n) = pwa(n),  up(&) +u_(§) = —dwp(§),
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parameters (A, p) are arbitrary, and vectors (uy,u_)T and (vy,v_)T solve the two

uncoupled ODE systems:

10 « up \ 11 Uy
e (T () ()0

and

0, « vy | 11 vy
e () )-()0)

where I' = A/p. The boundary conditions for (5.21)-(5.22) follow from (5.13) as

follows:

(5.23) uy(0) =1, u—(Le¢) =0,
and

(5.24) v4+(0) =v_(Ly) = 0.

The homogeneous problem (5.22) and (5.24) defines the spectrum of I', while the
inhomogeneous problem (5.21) and (5.23) defines a unique particular solution (5.19)-
(5.20). The general solution of the problem (5.8)—(5.11) with the boundary values
(5.13) is thought to be a linear superposition of infinitely many particular solutions, if
the convergence and completeness of the decomposition formulas can be proved [St].
We first give solutions of the two problems above and then consider the orthogonality

and completeness of the generalized Fourier series.

Lemma 5.3 All eigenvalues T' of the homogeneous problem (5.22) and (5.24) are
given by non-zero roots of the characteristic equation:

2
(5.25) R = {keC: (:;Z) e 2*In = 1, Re(k) > 0, kaéo},

such that
(5.26) =
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Let « > 0. Then, the roots k € R are all located in the first open quadrant of k € C.
Moreover, all roots are simple and there exists C > 0 and N € N such that only one
root k € R is located in each rectangle:

4 - m(dn —1) m(4n + 1) S
Dn‘{kec'—__an <k<—__2Ln , 0<Im(k) < C ¢, n>N
and
p-={rec. ™rtYD o ™43 o pwm<cl, s W
2L, 2L,

Proof. The general solution of the ODE system (5.22) with the use of (5.26) is

found explicitly as follows:

-k\ . k :
(5.27) - Ck * e 4+ ¢t ot e~
V- a+k a—k

The coeflicients ¢ and c_i, satisfy the relations due to the boundary conditions (5.24):

2 —* = = "
(5.28) c.r k—a k-l—oze

)

from which the characteristic equation (5.25) for roots k € C follows. The symmetric
roots k and (—k) correspond to the same I" and v.(n). The root £ = 0 corresponds
to the zero solution for v,.(n). Therefore, the roots £ = 0 and Re(k) < 0 are excluded
from the definition of R. The characteristic equation (5.25) is equivalent to the

modulus equation:

|k — o i
o) ~ 1

When a > 0, the left-hand-side equals to one at Re(k) = 0 and is smaller than one
for Re(k) > 0. The right-hand-side equals to one at Im(k) = 0 and is larger than one
for Im(k) < 0. Therefore, roots k € R may only occur in the first open quadrant of
kecC.

All roots k € R are simple, since

fl(k) = —%‘;‘—) [(K* — 0®)L, + 2ia] #0
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for f(k) = (k — a)?e 2% — (k + @)% = 0, as the values of k* — a? for k € R are
located in upper half-plane of the complex plane.
The characteristic equation (5.25) split into two sets of roots R4 and R_, such that

R+ UR_ =R, where

_ L k—o _ar, _
(5.29) R*_{kec'k+ae "_il,Re(k)>0}.

We consider the set k € R and rewrite it in the form f(k) = g(k), where

. 2a
__ ,ikLy __ e
f) = =1, g(k) = -

The function f(k) has a zero at

PO,
L"'l
Let us consider the domain
_ - 4 1
ot = e, BT b BB s em@<al, R
2Ly, 2L,

for some large C' > 0 and N such that ﬂ;’i—;ll > a, that surrounds a simple zero of
f(k) at k = k. It is clear that for sufficiently large C | f(k)| > |g(k)| on the boundary
of D;}. By the Rouche’s Theorem, the function f(k) + g(k) has the same number of
zeros inside D as f(k) does, i.e. only one zero. We can change D} to D; as all
k € R lie in the first open quadrant. The same analysis applies to the second set

k € R_ in the domain D, . |

Roots k € R and (—k) € R are shown on Figure 5.1 from the numerical solution
of the characteristic equation (5.25) for « = 1 and L, = 20. In agreement with

Lemma 5.3, all roots £ € R are isolated points in the first open quadrant, which
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accumulate to the real axis of k at infinity. The standard analysis of analytic functions
at infinity leads to the asymptotic formula for distribution of large roots k in the
domain |k| > ko > 1:

2 o 1 _ 7w(1+2n) 2ia 1
. 0 k+ _ = —_ _ k b —
(530 K L,,+7rn+o(n2)’ " L, +7r(1—|—2n)+o(n2>’

where n is large positive integer. The leading order of the asymptotic approximation
(5.30) is also shown on Figure 5.1 by dotted curves. The two sets in (5.30) correspond

to the splitting k € R+ in (5.29).

Im(k) N
x* ¥
01+ y * 1
*
* kS
*
»
« *t
LY
%
* THX g
W x *
*® o
0 1
* *
*k w
*%*)‘** *
*y
*
it* 'Y
¥*
* *
*
-0.1 F + *
* %
«
—l Il i
-5 =25 0 25 5

Re(k)

Figure 5.1: Roots k € R and (—k) € R of the characteristic equation (5.25) fora =1
and L, = 20. Dark dots show roots of R4 and bright dots show roots of R_. The
dotted curves show the leading-order asymptotic approximation (5.30).

The eigenfunction v(n) = v4(n) + v—(n) is symmetric (anti-symmetric) with re-

spect ton = L, /2 for k € R4 (k € R_). Moreover, explicit formulas for v(n) follow
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from (5.27) and (5.28):
Ly
k€ Ry : v(n) =c4cosk 5 ~ 1)
. Ly,
keR_: v(n) =c_sink T

where (c;,c_) are normalization constants. Asymptotic solutions (5.30) correspond

to two sets of eigenfunctions

(5.31) {cos(mﬁ), din (1(2”2;1)’7) } L #= i—’z _1,

which solve the homogeneous Neumann’s problem on the normalized interval —1 <
<1

Lemma 5.4 Let I" be an eigenvalue of the problem (5.22) and (5.24). There exists
a unique solution of the non-homogeneous problem (5.21) and (5.23) for this T.

Proof. A general solution of the ODE system (5.21) is found explicitly as follows:

3 4 12 2 3 4 1.2 2

el dy otk 20 e 1 g, o+ —20 g o,

u_ Me(a? + k?) + 282 —e(a? + k?) + 232
(5.32)
where

432

The relation (5.33) satisfies the determinant equation (5.15), such that D(0, g, k) =
0. Using the boundary conditions (5.23), coefficients dy and d_j are found uniquely,

under the constraint:
(5.34) uy = A (a? + k?) cos adp Lg + 2iB3% sin al, Le # 0.

We show that ug # 0. The equation uy = 0 can be rewritten in the form:

(Ak — 1)2 — p2iadLg
(5.35) e = .
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By analysis of Lemma 5.3, it is clear that non-zero roots of the characteristic equation
(5.35) may exist only in the first and in the third open quadrant of A\, € C for a > 0.
On the other hand the map & — X given by (5.33) maps first quadrant onto second
and third quadrant onto forth one. Thus there could not be a solution of (5.34)
except when k is mapped into A = 0: \/;;1—_% —1 = 0. In this case k¥ € R must be
purely real or imaginary which is not the case. Therefore, the relation (5.33) leads to

contradiction, which proves that ug # 0. [ |

Solutions of the non-homogeneous problem (5.21) and (5.23) with the normaliza-
tion u4(0) = up # 0 can be written explicitly by eliminating dj and d_j from the
implicit form (5.32):

( 3é1:)t ) = M(?+E?) ( ; ) cos ag(Le—E&)+1 ( y +12£2— . ) sin aXg(Le—£).
When the representation (5.19) is used for a1(n) = a,(0,7).

The function a.(n) is expanded as series of scalar eigenfunctions v(n) = vi.(n)+v_(n),
defined for roots k € R. This decomposition is only possible if the set of eigenfunctions

v(n) is orthogonal and complete.

Lemma 5.5 There exists a set of normalized and orthogonal eigenfunctions v;(n) for
distinct roots k = k; € R, according to the inner product:

(5.37) /0 " (n)dn = 8.

Proof. The set of adjoint eigenvectors to the problem (5.22) and (5.24) with respect
to the standard inner product in L*([0, L,]) is given by the vectors (4_,7,)T. As a
result, the scalar eigenfunctions v;(n) for distinct roots k = k; satisfy the orthogo-

nality relations (5.37) with ¢ # j. The scalar eigenfunction v(n) is found from (5.27)
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and (5.28) in the explicit form:
(5.38) v(n) = co (kcoskn + iasinkn) ,

where ¢ is a normalization constant. Integrating v?(n) on n € [0, L,], we confirm that
the eigenfunctions v;(n) can be normalized by the inner product (5.37) with i = j,
under the constraint:

(5.39) (k* — o®)L, + 2ia # 0.

Since the values of k2 — a? for k € R are located in upper half-plane of the complex

plane, the constraint (5.39) is met for & > 0 ( constraint (5.39) is the condition that

all roots k € R are simple). [ |

Proposition 5.6 Any continuously differentiable complex-valued function f(n) on
0 < n < L, is uniquely represented by the series of eigenfunctions:

L
(5.40) fm =Y cutn), ¢= f(m)v;(m)dn,

all k;E€R 0

and the series converges to f(n) uniformly on 0 <n < L,.

Proof. It follows from (5.22) and (5.24) that the scalar eigenfunction v(n) solves

the second-order boundary-value problem:

(5.41) v" + k% =0,
such that
(5.42) iv'(0) + av(0) = 0, —iv'(Ly) + av(L,) = 0.

The Sommerfeld radiation boundary conditions (5.42) explain why the spectrum of
the formally self-adjoint operator (5.41) is complex-valued. The statement of Propo-

sition follows from Expansion Theorem [CL, p.303|, since the theorem’s condition is
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satisfied: Az4 = 1, where Ay 4 is the determinant of the second and fourth columns

of the matrix A, associated with the boundary conditions:

A:az’OO.
0 0 a —1

The key idea here is that asymptotically the eigenvalue problem is the homogeneous
Neumann’s problem. As a result, the Fourier series of asymptotic eigenfunctions
(5.31) approximates the series expansion (5.40) for large roots & = kI uniformly on
n € [0, L,]. The uniform convergence of (5.40) follows from that of the Fourier series

[St). m

Using separation of variables and convergence of series of eigenfunctions, we sum-
marize the existence and uniqueness results on the generalized Fourier series solutions

of the linear boundary-value problem (5.8)—(5.11) and (5.13) with Q = 0.

Proposition 5.7 Let the set {c;} be uniquely defined by the series (5.40) for f(n) =
a4(n). There erists a unique continuously differentiable solution of the boundary-
value problem (5.8)-(5.11) and (5.13) with Q = 0 in the domain (5.12):

(5.43) wen = 5 o S8 (0a5n) + 0-51),
(5.44) o) = alléncjﬁg(vﬂ(n)wﬁ(n)),
(5.49) belEm) = —au;eﬂCf““h’f«?ufj?o‘)"(g)v+j<n>,
(5.46) bo(Em) = —ageﬁCf“’“j(rilfj?(;)j(ﬁ)v-j(n)-

We illustrate the generalized Fourier series solutions (5.43)—(5.46) with two ex-
amples: (i) a single term of the generalized Fourier series and (ii) a constant input

function a4(n) = a4. For both examples, we compute the integral invariants for
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the incident (Zi,), transmitted (Zoyut), reflected (Zyef) and diffracted (Zgi¢) waves from

their definitions:

L, Ly
T = / s (0, Pdn,  Tous = / las (Le, ) dn,

Ly, L€
T = [Tla-Pdn Zac= [ (a6 LR + (6 0P) e
Let the transmittance T, reflectance R and diffractance D be defined from the rela-

tions:

Iout _ Iref Idif
T’ S Tin ' Tin

The integral invariants satisfy the balance identity:

7

B4+T 4+ D=1,

which follows from integration of the balance equation:

4 ]
5 (ol = la-f) + 5 (b2 = 1p-%) = 0.

First, we consider a single term of the Fourier series solutions (5.43)-(5.46). The

transmittance and reflectance for £ € R are found from (5.36) in the explicit form:

_— Ai(0? + E?) .
B = Ai(a? + k2) cos adpLe + 2152 sin a, L

B, — (0 + k2 — 202) sin o\, Le =
Ax(@? + k2) cos adg Le + 2i5% sin a, Le

while the diffractance is found from the balance identity as Dy = 1 — Ty — Ry. These
integral invariants of the stationary transmission for « = 1 and L¢ = L, = 20 are
shown on Figure 5.2 for 8 = 0.25 and on Figure 5.3 for 8 = 0.75. In the first case,
when a? > 432, there is a stop band at 2 = 0, such that all modes are fully reflected,
except for small losses due to diffraction. In the second case, when a? < 432, there is
no stop band at {2 = 0, such that transmittance and diffractance are large for smaller

values of |k| and become negligible for larger values of |k|.
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Figure 5.2: Transmittance (7}), reflectance (Ry), and diffractance (Dy) versus Re(k)
for the roots k € R, when a =1, 8 = 0.25, and L, = L, = 20.
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Figure 5.3: Transmittance (T%), reflectance (Ry), and diffractance (D) versus Re(k)
for the roots k € R, when a =1, 8 =0.75, and L = L,, = 20.
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Next, we consider a constant input function:
(5.47) ar(n) =ar, ne0,Ly,

when ¢; can be found from (5.40):

4z'aa+
k;[L(k? — a?) + 2ia]’

kj € R+a

C; =

and ¢; = 0 for k; € R_. The solution surfaces |a+ (£, n)|? and |b4(€,7)|? in the domain
(56.12) are shown for o = 1, Ly = L, = 20, and a4 = 1 on Figure 5.4 for 8 = 0.25
and on Figure 5.5 for 8 = 0.75. We can see from the figures that the boundary
conditions (5.13) and (5.47) are satisfied by the truncated generalized Fourier series
(5.43)—(5.46) with only 30 first terms.

Parseval’s identity can not be applied to eigenfunctions v;(7), because the inner
product (5.37) is not the standard inner product in L2([0, L,)). As a result, the
energy spectrum of oy, Ief, and Ig¢ can not be decomposed into a superposition
of the squared amplitudes |c;|?. Nevertheless, the numerical values for T, R, and D
can be found from numerical integration of the solution surfaces (5.47)—(5.47). The

numerical values are

B=025: Tx~3x107" R=~0.9853, D= 0.0147,

B=075: T=0.7394, R~ 0.0133, D =~ 0.2473,

such that T+ R+ D ~ 1. When a? > 432, there exists a stop band at Q = 0 and the
incident wave is reflected from the photonic crystal with energy loss of 1.5% due to
diffraction. When a2 < 42, there is no stop band at Q = 0 and the incident wave is
transmitted along the photonic crystal with energy loss of 26% due to reflection and

diffraction.
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Figure 5.4: Solution surfaces |a+|%(¢,7) and |b+|2(€,1) on the domain (5.12) for
a=1,8=025 L =L, = 20, and oy = 1. Symmetries: |a+|?(¢, L,/2 — ) =
04 P (& Lo/2+ 1) and [a_[(€, Ly/2 — 1) = la_X(€, L/2-+17) (i |as * Jo_|? are sym-
metric with respect to n = L,/2) and |by |*(§, L,/2 — 1) = |b-|*(&, L,/2 + n) hold as
expected.
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Figure 5.5: Solution surfaces |ax|?(¢,m) and |b+|?(€,n) on the domain (5.12) for
a=18=07, L¢ = L, = 20, and oy = 1. Symmetries: |a;|?(¢, L,/2 — n) =
0, (6, Lo/2+ 1) andt [a (6, Ly/2—n) = la_P(€, Ly/2+7) (i |arl? Ja_? are sym-
metric with respect to n = L, /2) and |b4|*(¢, L,/2 — 1) = |b-|*(§, Ly/2 + 1) hold as
expected.
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5.3 Transmission of two oblique waves

The stationary transmission of two oblique waves in the coupled-mode equations
(3.20)—(3.21) becomes diagonal in the characteristic coordinates (§,7):

_ JPiE _
£ = 2(pm — 1) ((g+2m)X — (p+2n)Y),

/2+ 2
n = Y2 (_ox 4py).

2(pm — nq)
After the separation of variables (4.1), the linear coupled-mode equations (3.20)-

(3.21) reduce to the PDE system:

.0a;

(548) Za—f == Qal + aay = 0,
(5.49) 2.38_6:72 +aa; +Qa; = 0.
The coordinate lines £ = &, are parallel to the wave vector ko = k((,ﬁ’tm’o), while the

coordinate lines n = 7 are parallel to the wave vector k; = ky,. The problem (5.48)-
(5.49) is defined in a bounded domain on the plane (£,7). We consider the same
rectangle D, defined by (5.12). When the incident wave is illuminated in the wave k;
but not in the wave ks, the linear system (5.48)—(5.49) is completed by the boundary

conditions:
(550) ai (O’ 77) = 011(77), a2(§1 0) = 0.

The boundary value problem of type (5.48)-(5.50) is referred to as Goursat problem
or characteristic Cauchy problem in the terminology of [CH]. The linear dispersion
relation 2 = Q(K¢, K,,), where (K¢, K,)) are Fourier wave numbers, is given explicitly

as

2 2
(5.51) (Q o= &;_KI’_) — o+ <_I_{f_;ﬁ) .



72

Two surfaces of the dispersion relation (5.51) correspond to the two oblique resonant
waves. Although the stop band is not the band gap in the characteristic coordinates
(&,7m) , there exist the reference frame on the plane (£,7) that moves with constant
velocity in time T, such that K, + K, = const , where exists a stop band in the
dispersion relation (5.51). We set 2 = 0, and write the formal solution of the system

(5.48)—(5.49) as follows:

13

& = ia [ aemnde+ a0
0")

ax(§,m) = ia/O a1(§,n) dn

Interchanging integrals, we reduce the system to the Volterra type integral equation

[
ar(6,m) = —a? /0 /0 ax(€, m) dndg + a,(0,7)

Hence the solution a1(§,n),a2(€,n) exist and unique. We consider solutions of the

system (5.48)—(5.49) at (2 = 0 by using the Fourier transform:

(5.52) ai(€,m) :/ kc(k)eia(k—lE-f-k’fl)dk’
(5.53) a(E,n) = / o{k) ek~ ek g

It follows from the boundary conditions (5.50) that

a [In ;

(5.54) ke(k) = ——/ oy (n)e™"*dn, keR
2T 0

and

(5.55) 0= / c(k)e®* ¢ dk, 0< €< Le.

Interchanging integrals, we reduce the constraint (5.55) to the form:

L, 0o 3 -
a o1 (1) (/ sina(kn — k 1£)dk) dn, 0< €< L.

- 27TZ 0 —o0 k
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The inner integral is zero for £ > 0 and 1 > 0, due to the table integral 3.871 on p.
474 of [GR]. Therefore, the constraint (5.55) is satisfied and a unique solution of the
problem (5.48)—(5.50) exists in the form (5.52)—(5.54).

We illustrate the Fourier transform solution (5.52)—(5.53) with the constant input
function:

01(77) = Qq, n € [0’ Ln]a

when c(k) can be found from (5.54):

ay 1 = e~z'0sz,7

k=55 @

k e R.

Evaluating Fourier integrals (5.52)—(5.53) with the help of the table integral 3.871 on

p. 474 of [GR], we find the explicit solution of the stationary problem:

(556)  aul,m) = ardo(2av/ER), az(i,n)=ia\1/-\£/ﬁ=h(2a\/5),

where Jy 1 (2) are Bessel functions [GR]. Figure 6 shows the solution surfaces |a; (£, 7)|?
and |az(€,m)|? in the domain (5.12) for a = 1, L¢ = L, = 10, and oy = 1. The inte-
gral invariants for the stationary transmission follow from integration of the balance
equation:

0 0
(5.57) 3—€|(11|2 + 8_n|a2|2 = 0.
We define the incident (Z;,), transmitted (Z,y), and diffracted (Zg;) intensities by
Ly 9 Ly 9 L 2
Zo= [ la@nfdn, Tau= [ lorLenldn, Tac= [ loale L)Pde.
0 0 0

The transmittance (7') and diffractance (D) are defined by the same relations (5.2)
and the balance identity 7"+ D = 1 follows from integration of the balance equation

(5.57). The numerical values for 7" and D are found from numerical integration of
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the solution surfaces (5.58) as follows:
T =~ 0.032, D =~ 0.968,

such that T+ D ~ 1. These values show that the incident wave is diffracted to
the oblique resonance wave, such that only 3.2% of the wave energy remains in the

transmitted wave.
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Figure 5.6: Solution surfaces |a;|?(£,n) and |az|?(€,7) on the domain (5.12) for a = 1,
L¢=L,=10,and oy = 1.



Chapter 6

Summary and open problems

We have shown that the coupled-mode equations can be used for analysis and model-
ing of resonant interaction of Bloch waves in low-contrast cubic-lattice three-dimensional
photonic crystals.

We have proved existence and uniqueness of solution for the N-wave coupled-mode
system boundary value problem in any small enough convex domain for a linear and
non-linear cases.

The analytical solutions for the linear stationary transmission problem are found
by using separation of variables and generalized Fourier series.

Non-stationary transmission problems are also of interest, and very few analytical
results are available on local and global well-posedness of the non-stationary nonlinear
coupled-mode equations.

Finally, numerical integration of the coupled-mode equations using multi-symplecticity

seems to be very promising.
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