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Abstract

We study the application of reputation as an instigator of beneficial user
behavior in selfish routing and when the network users rely on the network co-
ordinator for information about the network. Instead of using tolls or artificial
delays, the network coordinator takes advantage of the users’ insufficient data,
in order to manipulate them through the information he provides. The issue
that arises then is what can be the coordinator’s gain without compromising
by too much on the trust the users put on the information provided, i.e., by
maintaining a reputation for (at least some) trustworthiness.

Our main contribution is the modeling of such a system as a repeated game
of incomplete information in the case of single-commodity general networks.
This allows us to apply known folk-like theorems to get bounds on the price
of anarchy that are better than the well-known bounds without information

manipulation.
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Chapter 1

Introduction

1.1 Selfish Routing

In the modern society where almost everyone travels on a day-to-day basis,
the study of traffic networks plays an important role. For each traffic user,
when facing more than one route that can lead her to the destination, she
needs to choose one to travel on. In selfish routing, the traffic user always
acts “selfishly” and picks the route which brings her the maximum profit (or
minimum cost), without considering the payoff of any other users. If the traffic
user takes the time cost on the route as the only measure, ignoring other factors
(such as the landscape or personal feelings), then she will choose the one with
the minimum time latency. The road is a public resource shared by many
traffic users, and the more users travel on, the bigger travel latency tends to
be. This phenomenon is called congestion.

This thesis is about the selfish routing with homogeneous and infinites-
imal users, where “homogeneous” means that all traffic users are indistinct
(for example, we do not distinguish motorcycles and cars), and “infinitesimal”
implies that each traffic user’s contribution to the congestion is negligible. So
if some traffic user switches her choice of route from path p to path p’, the

increase of flow on p’ and the decrease of the flow on p is too small to matter.
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1.1.1 Routing Model

We will model the traffic network using a strongly connected, directed graph
G(V,E), with V being the set of nodes and F being the set of edges (links).
In reality, the edges are exactly the roads, and the nodes are the intersection
of the roads. All travelers in the network are starting from the nodes called
origins(O) and going to their corresponding nodes called destinations(D). The
origin and its corresponding destination is called an O-D pair. Let W be the
set of such O-D pairs in the network, and demand d,, be the total amount of
traffic users associated with the O-D pair w € W. An O-D pair together with
its associated demand is called a commodity. A path is a simple sequence of
connected edges, and P, denotes the set of all simple paths connecting an O-D
pair w € W. P is defined by P := J,cp Po-

If an edge e € F is on a path p € P, we will denote it by e € p. Incidence
matriz A|g|x|p| captures the relationship between edges and paths in the graph,

which is defined by

1, ecp, Vee E,peP
Ay =

0; e¢p Vee E,peP
Each traffic user in the network will pick a path going from her origin
to her destination. The aggregation of all traffic users’ choice will induce a
flow in the network. h, a vector of dimension |P|, denotes a path flow where
each item h, denotes the amount of traffic users on path p € P. f, a vector of
dimension |E|, denotes an edge flow where each item f. denotes the amount

of traffic user on edge e € F.

Definition 1.1.1 (Feasible flow) A path flow h is called feasible iff the

feasible conditions hold:

> hy=d,, YweW

PE Py



M.Sc. Thesis - Kun Hu McMaster - Computing and Software

h, >0, VpeP

An edge flow f is called feasible if there exists a feasible path flow h, st. f and

h satisfy the compatible condition:
f:A|E|X‘p‘h (11)

F denotes the set of all feasible edge flow, and U denotes the set of all
feasible path flow.

If a feasible f and a feasible h satisfy the compatible condition, we call
them compatible to each other, and we can get f, = Zpae hy,Ve € E.

The traffic users are homogeneous, so they suffer the same latency on the
same edge (or path). The common latency on an edge is related to the flow
because the more traffic users travel on, the more congested it will be, and the
users tend to suffer a bigger latency on it.

We will use edge latency functions to capture the relationship between
a feasible edge flow f € F and the latency on each edge e € F, defined by
l(f): F—>R,Ve e E.

Similarly we will use path latency functions to capture the relationship
between a feasible path flow h € U and the latency on each path p € P,
defined by l,(h) : U — R,Vp € P.

We will use a tuple (G, 1,d) to denote an instance of selfish routing, where
G indicates the topology of the network, 1 indicates the latency functions and
d indicates the demand.

We assume that the selfish routing problem satisfies the following prop-

erties.

Definition 1.1.2 (Separable property) The latency on an edge e € E is
only related to the edge flow on e, independently of the flow on any other edges.
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This makes sense because the congestion on any other edge has nothing
to do with the latency on this edge. Thus later on, we will use l.(f.) as the

edge latency function.

Definition 1.1.3 (‘Additive property) The latency on a path p € P is the
summation of the latency on each edge on p: l,(h) =3 . l.(f).

This is also a normal attribute in real life. Written in matrix form, this

1(h) = AT1(f) (1.2)

Definition 1.1.4 (Social cost) In a feasible flow h or (f), each traffic user
choosing path p € P will suffer the common latency l,(h). Define the social
cost S to be the total latency suffered by all traffic users:
S(h) :=> " hyl,(h)
peEP
We can also take the social cost as a function of the edge flow f:
S(£) ==Y fele(f)
eclk
These two definitions are equivalent, i.e., if f and h are compatible to
each other, then S(h) = S(f), since
> fele(fe) = £71(F) = h"AT1(f) = h"1(h) = ) Ryl (h) (1.3)
eclk peP

Definition 1.1.5 (Optimal flow) The optimal edge flow " is the feasible

edge flow that minimizes the social cost:

opt — : f
f argmin S(f)

The optimal path flow h°P is the one that is compatible to the optimal
edge flow.
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1.1.2 User Equilibrium

We can take the selfish routing problem as a game with all the infinitesimal
users as the players. Each player’s strategy is her choice of which path to travel
on, and her payoff is the negative of the latency on the chosen path. In the
selfish routing game, all the players are trying to maximize their payoft, which
is to minimize the latency on her chosen path.

A strategy profile is a set of strategies which includes one and only one
strategy for each player. In the selfish routing game, a strategy profile will
induce a feasible path flow.

The Nash Equilibrium[20] of the game is the strategy profile in which no
player has the incentive to switch her strategy, if all the other players do not
switch their strategies. The equilibrium flow denotes the flow induced by the
equilibrium strategy of the game. Denote f*/* and h®" to be the equilibrium
edge flow and path flow, respectively.

Studies about the equilibrium of selfish routing started early in the last
century, when some basic principles were stated. The first step towards a
mathematical investigation of the problem has been done by J. G. Wardrop [33]
in 1952. He developed the so-called Wardrop’s first principle of equilibrium.
The principle states:

“The journey times in all routes actually used are equal and less than those

which would be experienced by a single vehicle on any unused route”.

The traffic flow that satisfies this principle is referred to as user equilibrium
(UE) flow (see [33][28]). It is an equilibrium state (or stable state) since each
user chooses the route that is the best for her and no user may lower her

transportation cost through unilateral switch.



M.Sc. Thesis - Kun Hu McMaster - Computing and Software

Based on Wardrop’s first principle, the equilibrium condition in mathe-

matical language is:

Definition 1.1.6 (Equilibrium flow) A feasible flow h is a traffic equilib-
rium flow for the instance (G,1,d) iff : Yw € W, Vpy,ps € P, with p; > 0,
lp, (h) < [, (h).

If we take the social cost as the benchmark of a feasible flow, then the
optimal flow is the most efficient one since it minimizes the social cost. If all
the traffic users act as a team instead of playing selfishly, then their choices
will induce the optimal flow. But in selfish routing, every user plays selfishly
and the equilibrium flow is the stable result of their choices.

Usually the equilibrium flow is different from the optimal one. Pigou’s

Example [24] is a simple example of this.

Example 1.1

Figure 1.1 shows a simple network with a single origin s, a single desti-
nation ¢, and total demand d = 1. There are two parallel candidate routes:
path 1 has a fixed latency of 1, and the latency on path 2 is equal to the traffic
flow on it. Obviously, at equilibrium all the traffic users will choose path 2,
which is always a safe shot since path 2 is never worse than path 1. No traffic
user would like to choose path 1, because in that case the latency on path 2
will be less than 1, and all those choosing path 1 have an incentive to switch
to path 2.

The social cost of this equilibrium state is 1. But if they act under some
imaginary coordinator, instead of “selfishly”, then half of them will choose
path 1 and the other half choose path 2, which induces the optimal flow with
the social cost 3/4.
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Figure 1.1: Pigou’s Example

Beckmann et al. [2] observed that an equilibrium flow is an optimal
solution to a related convex program, and analyzed the existence and
uniqueness conditions for traffic equilibrium. It is proven that if the latency
functions l.(f.) are continuous and non-decreasing, then the equilibrium flow

fea exists and, moreover, all such flow shares the same edge latency 1(f).

Price of anarchy (PoA), proposed by Papadimitriou et al. [13][22], is a
method to measure the inefficiency of selfish routing. It is defined by the ratio

of the social cost at equilibrium flow to that at optimum flow.

Definition 1.1.7 (Price of anarchy) If £ and " are the equilibrium
flow and the optimal flow in the network, respectively, then the price of anarchy
1s defined by

S(fea)

PoA =
28T S (ot

(1.4)

Roughgarden et al. [28] [26] showed that the price of anarchy in user
equilibrium is independent of the network topology, and they gave a tight
upper bound of 4/3 if the latency functions are linear. Correa et al. [5]
found an even simpler proof of this bound for linear latency functions, and

generalized the result to general latency functions by categorizing the latency
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functions into classes.

The thesis is about methods to push the equilibrium flow towards the
optimal flow, and reduce the “inefficiency” of the equilibrium flow. There are
several previous works about methods to decrease the bound of PoA. Rough-
garden [27] analyzed the ideas of edge removal and imposing tolls. Edge re-
moval means that some of the edges are removed from the network and the
users are not allowed to use them. KEdge removal is a powerful method to
decrease the social cost of equilibrium flow.

In the idea of imposing tolls, the the traffic users are forced to pay
some extra tolls when using the network. The idea of marginal tolls appears
early in 1920s [24]. If the latency functions l.(f.),Ve € E are continuous and
differentiable, then the marginal tolls are known to be [27]

dl
. fopt "€ ( ropt
Te : fe dfe (fe )

The marginal tolls push the equilibrium flow to the optimal one.

Another idea, called Stackelberg routing, works under the assumption
that some part of the traffic users would like to obey a central coordinator’s
command and the rest act selfishly in the routing problem. The coordinator
controls a fraction « € (0, 1] of the total amount of users and his strategy to
control these part of users is referred to as Stackelberg policy. Roughgarden [29]
defined two natural Stackelberg policies: SCALE and Largest Latency First
(LLF). SCALE sets the flow on every path p € P equal to « times the optimal
flow h;pt. LLF (applied in parallel-link networks) orders the links by their
latency in the optimal flow from largest to smallest, and saturates them one-
by-one until there are no centrally controlled users remaining. Swammy [32]
considered the Stackelberg policies with general latency functions. Karakostas

et al. [12] generalized the result to multi-commodity networks with gener-

8
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al latency functions, and got bounds of PoA for both the SCALE and LLF

methods.

1.1.3 Stochastic User Equilibrium

Following McFadden [18] and Sheffi [30], we will consider the case where the
traffic users are allowed to commit some (random) errors when estimating the
path latency. In this case, users have some uncertainty (measured by the
random error) about the latency, and their choices of path to travel on is also
random. The model for this kind of selfish routing is referred to as stochastic
network loading model. The strategy of each traffic user in commodity w € W
is a probability distribution on every path p € P,, and the payoff is the
negative of the expected latency on the paths they choose. The aggregation
of all the users’ strategy will induce a feasible flow, and the traffic flows where
no user may lower her expected travel latency by unilaterally changing her
current strategy are referred to as flows at stochastic user equilibrium (SUE).

In the stochastic network loading models, the distribution of the random
error plays an important role. “Logit-based model”[3] and “probit-based
model” [4] are the two most widely used models. In the logit-based model, the
random errors on all paths are i.i.d (independent and identically distributed),
following the Gumbel distribution, and in the probit-based model, the random
errors are i.i.d. following the normal distribution. Guo and Yang [10] analyzed
the stochastic user equilibrium in the “logit-based model” and they presented
a bound of the price of anarchy which is related not only to the traffic

network, but also to the Gumbel distribution.
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1.1.4 Repeated Games

The kind of game above is referred to as stage game, or one-shot game, in which
the players play the game once. A repeated game [16] is a sequence of stage
games. In a repeated game, the stage game is played repeatedly in periods
0,1, 2... and the players make their choices simultaneously in each period and
observe that period’s outcome before proceeding to the next one. Let al be
the action chosen by player 7 in period ¢, and a’ be all the players’ actions in
period t. The payoff (stage payoff) for player 7 in period ¢ is u;(a’).

We consider two kinds of players, the long-run players and the short-run
players. A long-run player 7 plays the game in every period and maximizes his

normalized discount sum of payoff
(1=06)) d'u;(a")
t=0

where § € [0,1) is the discount factor. The discount factor § indicates the
importance of the stage payoffs in the future. The closer ¢ is to 1, the more
equivalent the stage payoffs in the distant future are to the ones closer to the
present.

A short-run player i is concerned only with his payoff in the current
period ¢ and hence is often referred to as myopic. He will maximize the stage
payoff u;(a’).

Fudenberg and Levine [8] [9] analyzed the case where one long-run
player plays a simultaneous-move stage game with a sequence of short-run
players who play only once in their current period but can observe all the
previous play of the long-run player. They considered the case where the
long-run player knows his payoff function but the short-run players do not.
They represented short-run players’ uncertainty about the long-run player’
payoffs using Harsanyi’s notion[11] of a game with incomplete information.

Let the Stackelberg strategy be the pure strategy to which the long-run player

10
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would most like to commit himself. If there is a positive prior probability
that the long-run player will always play the Stackelberg strategy in each
period of the repeated game, then his payoff in any Nash equilibrium of the
repeated game exceeds a bound that converges to the Stackelberg payoff in
the stage game (the payoff he is expected to get when he commits himself to
the Stackelberg strategy) as the discount factor approaches 1. Such results

are known as folk theorems.

Liu et al. [15] discussed the repeated game where instead of observing
the outcome of all the previous periods, the short-run players only have access
to the outcome of the most recent K periods. They analyzed the equilibrium

strategy and the payoff of the single long-run player in the repeated game.

1.2 Our Work and Applications

The thesis is about an idea to decrease the price of anarchy in the selfish
routing. We presented several potential ideas to decrease PoA in Section 1.1.2,
but there are some problems when we apply them in practice.

The idea of edge removal is unrealistic in practice, since given a traffic
network, we can hardly remove an edge or find any reasonable excuse for the
selfish users not to use an existing road.

The idea of imposing tolls is also hard to use in practice. First, the
latency is in terms of time, and the only practical toll is in terms of money,
while it is not easy to find the exchange rate of time and money because
everybody has his own weight of these two. Besides, when the idea is applied
in practice the only possible “person” to collect the tolls is the government.
But the government needs to find a reason to collect tolls from the traffic users.

The idea that part of the traffic users obey the coordinator’s command

is also an unrealistic assumption, since in practice every user acts selfishly.

11
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Our Model Description There will be a coordinator who can broadcast
information about the traffic to all the users in the network via the public
radio or through the Internet. He tells the users that there is some unexpected
extra flow h®"® in the network. Actually this is fabricated information, and
the extra flow does not exist at all in the network. Broadcasting fabricated
information is the coordinator’s way to manipulate the traffic flow.

The following simple example shows how the extra flow helps to decrease

the PoA if all the traffic users believe the information from the coordinator.

Example 1.2:

extra flow is 0.5

Figure 1.2: Virtual Flow Example

Figure 1.2 shows a simple network with a single origin s, a single desti-
nation ¢, and total demand d = 1. There are two parallel candidate routes:
path 1 has a fixed latency of 1, and the latency on path 2 is equal to the traffic
flow on it. If the coordinator broadcasts the information that on path 2 there
is unexpected extra flow of amount 0.5 and all the users believe in the coor-

dinator, then at equilibrium flow half of the traffic users will choose path 1,

12
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with the perceived travel latency 1, and the other half will choose path 2, also
with the perceived travel latency 1.

The extra flow does not exist in reality, so the users choosing path 2
will suffer latency 0.5, although they are expected to suffer latency 1
when they make their choice. The social cost of the equilibrium flow is
0.5 x 0.5+ 1 x 0.5 = 3/4, which is also the social cost of optimal flow. Thus
the PoA goes from 4/3 (without the extra flow) to 1.

It is the coordinator’s decision to choose how much extra flow to an-
nounce. We will consider the simple case where the coordinator picks an
x € [0,1] and sets h***@ := (1 — 2)h°"* where h?" is the optimal flow defined
in Definition 1.1.5.

The traffic users do not have complete information about the network
(they do not know how much the unexpected extra flow is). They will choose
an amount of trust y € [0, 1] to put on the coordinator’s information, and they
will take the part he*™@ = yh°®¥® into account when they make their choices
of which path to travel on. We will call this part virtual flow, since it only
exists in the users’ mind.

We are going to introduce a bi-level game. The upper level is a trust
game between the coordinator who decides how much advantage to take over
users’ incomplete information about the network, and the traffic users who
decide how much to trust the coordinator. The lower level is the selfish routing
game among all the traffic users, with the extra flow determined by the upper
level. In the trust game, the coordinator’s payoff is the negative of the price
of anarchy of the selfish routing game in the lower level, and the traffic users’s
payoff is the negative of their perceived path latency in the equilibrium flow
of the lower level.

Finally we consider the repeated games with the trust game being played

13
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repeatedly. The coordinator is a long-run player, and the traffic users are
short-run since they do not care about the stage payoff in the future periods.
The traffic users can look up the outcome of the previous periods, and then
decide how much trust to put on the coordinator. In this way, the coordinator
cannot be too greedy because he also needs to maintain his reputation so that
the traffic users would like to put more trust in him when they observe the
actions of the previous periods. We conclude that at the equilibrium of the
repeated games, the price of anarchy of the selfish routing game is decreased
from the well-known bounds (see [26][5]).

The thesis is about the traffic assignment. But the same analysis applies

to an information network, which is about data traffic, instead of vehicle traffic.

1.3 Organization

Chapter 1 is the introduction part, which is about the basic background of the
problem and presents some selected relevant works by the previous researchers.
In Chapter 2 we consider the user equilibrium (UE) model and discuss the
trust game between the traffic coordinator and traffic users. In Chapter 3,
we focus on the stochastic user equilibrium (SUE) model, which takes traffic
users’ errors about the measured latency into account, and then discuss the
trust game between the traffic coordinator and the users. Chapter 4 is about
reputation and repeated games, where the traffic coordinator will play with
a sequence of traffic users. The conclusion and some open problems will be

included in Chapter 5.

14



Chapter 2

User Equilibrium

This chapter introduces a trust game between the traffic coordinator and the
traffic users. The coordinator tries to manipulate the selfish users and push
the user equilibrium (UE) flow towards the optimum, by broadcasting virtual
flow to the users. The traffic users choose how much trust to put on the

coordinator, and route selfishly in the network.

2.1 Trust Game between the Network Coor-
dinator and the Users

The traffic coordinator knows everything about the network and he wants to
minimize the PoA of the traffic network. The traffic users route selfishly in the
network, i.e., they want to minimize the latency on their chosen path. Here
we assume that the users know the topology of the network G, the demand
d and latency function 1. This is reasonable because G and 1 are fixed for a
certain traffic network, and we consider the case with fixed demand d. We call
d the normal demand, and the flow consisting of the users in d normal flow.
In the trust game, we introduce the coordinator who broadcasts the
information of unexpected extra flow in the network to all the traffic users.
The traffic users do not know anything about extra flow themselves, so the

coordinator can take advantage of the users’ incomplete information about

15
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the network (here the incomplete information is the extra flow) to manipulate
the information he provides.

In our case, the extra flow that the coordinator broadcasts does not exist
at all in reality and is referred to as “virtual flow”. The coordinator provides
this fabricated information to manipulate the normal flow and push it towards
the optimum. If the traffic users believe the coordinator, they will take the
extra flow into account when they choose the path to route on, because they
believe the extra flow will also make a contribution to the congestion. Note
that even though the information about the extra flow is fabricated, it is not
easy for the traffic users to reveal this fact, because in the users’ view, both
the virtual flow and the normal flow are the aggregation of homogenous traffic
users, and they are not distinguishable at all.

In the game, the coordinator decides how much advantage he will take
of the users. In other words, he decides how much extra flow to broadcast to
the users. We assume the maximum extra demand he will put is d***"* and
the corresponding extra path flow is he¥tre.

Of course, the traffic users are not required to trust the coordinator’s
information. They are free to choose how much trust to put on the information
the coordinator announces.

On the other hand, when the users distrust the coordinator’s information,
they will be confused about the amount of extra latency the extra flow will
bring, and they will estimate it. Because of the homogeneity, we assume that
each traffic user in commodity w will believe that the extra flow will increase
her latency by m, (the same amount for all the users in w), which is the
estimated extra latency. Furthermore, we assume that the estimated extra
latency is identical for all the paths the users may choose, i.e, the users do not
have any personal feelings about the path p € P,, and they believe the extra

flow will bring the same extra latency to all the paths.

16
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Next, we will model this trust game formally.

Game Model

Players: In this game, there are |W| + 1 players. One is the network
coordinator, and the other |W| players are the W commodities. In the traffic
model with homogenous traffic users, we do not distinguish the users in the
same commodity, so we just pick a representative instead of considering each
single user’s choice.

In the following, we will focus on the simplified version where there is
only a single O-D pair in the instance (G,1,d). In this case, all the traffic
users share the same origin and destination, and d is one-dimensional, so
we will use d instead. The trust game involves two players: the coordinator
(denoted as Player 1 in the following) and the representative of all the traffic

users (denoted as Player 2 in the following).

Strategies: Player 1’s strategy s; is to pick an x € X = [0, 1], which
decides how much advantage he will take of Player 2’s incomplete information.
In our model, Player 1 will tell Player 2 that the extra path flow is hewtra —
(1 — 2)he*te, z = 0 indicates that he is taking full advantage of Player 2
and the extra path flow is h®*®. 2 = 1 means that he takes no advantage
of Player 2 and the extra edge flow is 0. In the model, Player 1 uses ho’ as
he* 5o the extra path flow he announces is (1 — 2)h°" (the corresponding
extra edge flow is (1 — 2)f°P*). Clearly, h®**"® can become part of Player 1’s
strategy in the design of the game; we leave this ability to future work and
just use h°P* in the following.

Player 2’s strategy s, is to choose y € Y = [0, 1] which denotes her trust

on Player 1. y = 1 means she completely trusts Player 1’s information, and

y = 0 implies that she totally distrusts Player 1. 1—y will be the corresponding

17
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weight she puts on her own estimation about the extra latency.
We consider the case where the two players move simultaneously. A
strategy profile s = (x,y) € [0,1] x [0,1] records Player 1 and Player 2’s

strategies.

Payoffs: Given a strategy profile s = (x,y), Player 2’s perceived latency
function 1(h) will be

I,(h) = I,(h + (1 — z)yh®") + (1 — y)m,¥p € P (2.1)
where 1(h) is the latency function, h is the normal flow, (1 — x)h°" is the
virtual flow Player 1 announces in which h°"* is the optimal flow, and m is
Player 2’s own estimation about the extra latency. Player 2 puts weight y on
the information Player 1 announces, and 1 — y on her own estimation.

The traffic users will route selfishly in the instance (G, I, d). Denote the
equilibrium flow of the instance by £/ (and path flow h®*).

The result in Beckmann et al. [2] can also be applied here to prove that
the instance with infinitesimal users admits at least one equilibrium flow and
all the equilibrium flow shares the common latency.

We will use p, the price of anarchy (PoA) in Definition 1.1.7, to measure
the inefficiency of the equilibrium flow. (1.4) implies p := %, where S(f) =
> eep fele(fe) is the social cost function, £ is the optimal flow and £°9* is the
equilibrium flow in the instance (G,1, d).

Player 1 is the network coordinator and his payoff is defined by the

negative of the price of anarchy.

Definition 2.1.1 (Player 1’s payoff) Player 1’s payoff in the trust game
18
S(fea)

Iyi=—p=— S(fort)

18
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The ratio p is lower bounded by 1 and p = 1 implies that the equilibrium

flow coincides with the optimal one.

Player 2 represents the traffic users, and her payoff I'; is defined by the

negative of the perceived common latency at equilibrium h?*.

Definition 2.1.2 (Player 2’s payoff) Player 2’s payoff in the trust game
18

~

Ty = —,(h*"), Vp e P, V" >0

This definition is valid since, at equilibrium, Wardrop’s Principle[33] guaran-
tees that all the used paths p (Vp € P,s.t. hy™ > () bear the same latency.

Hence, we can also use another equivalent definition:

1 equi equ
Iy = d thq Lp(h™*) (22)
peEP
We have
2)(2. 1
I, (1.2)(2:2) : Z h;qulp(hequ +(1- x)yhopt) —(1—=y)m
peEP
) 1
oS L (L= a)y ) — (L —ym (23)
eck

2.2 User Equilibrium Flow

Lemma 2.2.1 {9 ( or h®®"), the equilibrium flow for the instance (G,i, d), is

also the equilibrium flow for the instance (G,I, d), where
le(fo) = l(fe+ (1 —2)yf), VeeE (2.4)
Proof:

L (12) ~
i(h) AT, 10)

(2.4) ”
= A%X‘P‘l(f + (1 — x)yfr)

19
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(1.1) .
=" Alg p (A gx P (h + (1 — 2)yh™))

Wi(h+ (1 — 2)yh?t) (2.5)

Thus Vp € P, we have

~ opty (2.1) 7
lp(h) = l,(h + (1 — 2)yh™) ="[,(h) — (1 —y)m (2.6)
From Definition 1.1.6, we can see that if h®" is the equilibrium flow
for the instance (G, 1, d), then it must be an equilibrium flow for the instance
(G, 1,d).
]

Lemma 2.2.1 states that the equilibrium flow £¢¢* for the instance (G, 1, d)
is equal to the equilibrium flow for the instance (G 1 d). Next we will use the
equilibrium flow for (G,i, d) as £ and furthermore analyze the payoff for
Player 1 and Player 2 in the trust game.

Recall that I, (f.) = l.(fo+(1—2)yfo"),Ye € E. If we denote o = (1—x)y

for convenience, then
l(f.) = L(f. + af?),Ye € E (2.7)

Furthermore, the part af" is virtual flow which does not contribute to the

social cost.

2.2.1 Networks with Linear Latency Functions

Consider the case where the latency function of each edge is linear: [.(f.) =
Gefo+ be,ae,be > 0,Ve € E.

Without the virtual flow af”*, Roughgarden and Tardos [26] proved that
the price of anarchy of (G, 1, d) is upper bounded by 4/3 for all kinds of network
topology.

Next we will show that with the virtual flow af, the PoA is decreased.

20
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Lemma 2.2.2 Let f* be the equilibrium flow for the instance (G,I, d) where
1 is defined in (2.7), and the latency functions are linear: l.(f.) = acfe +
be, e, be > 0,Ye € E. The price of anarchy p(«) is upper bounded by

S(f%)

pla) = S <37 a,Va € [0,1] (2.8)

Proof: Since f* is a traffic equilibrium, and I (f.) = l.(f. + af"),Ve € E,
the following variational inequality holds ( see [26]):

LU fe—f2) =0, VEEF (2.9)

ecE

By setting f := " in (2.9), we get that

S(E) = (acf® +be) 2

eclR
<D (acfE b =y acfPfE — [
eeE eeE
< S(EP) + (1 —a) D acf (2 — ) (2.10)

ecE

If we set ¢, := ao.fPH(f> — fP'),Ve € E, then
(a) if f& < foP') then obviously ¢, <0 ;
(b) if foP* < f then we define A, := fo"/f> 0 < A\, < 1, and we have
ce = ac(f&) (e = X2)

1~ O ac(fey

(acfe + be) [

A
= &

—_

=1
To sum up, ¢, < 3(acf® + be) f2, so we have

D acfrfe - £ < %Z(aef“ +be) fe = (f“) (2.11)
eckE eclk
From (2.10), we get
S(E) < S + 11 - a)S(F)
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Then

S(E) 1 4

SRy S T—1ja(i—a) 3+a 0505

pla) =

O

p(0) < 3 implies that if we do not introduce any virtual flow, the PoA is
upper bounded by 4/3, which is the same result as the one Roughgarden and
Tardos showed in [26].

Lemma 2.2.2 also shows that if the extra flow is equal to £, then the

equilibrium flow will coincide with the optimum.

Lemma 2.2.3 Let f* be the equilibrium flow for the instance (G,I, d) where
1 is defined in (2.7), and the latency functions are linear: l.(f.) = acfe +
be,ae, b, > 0,Ve € E. We have

= 4
D) < g S(EP), Ya € [0,1] (2.12)
eelR —a
Proof: The variational inequality (2.9) for the instance (G,i, d) implies
SO <D Llelf8), VEEF
ecl eeE

By setting f := ", we get

DS af) <Y FPUfE A+ af) (2.13)
eckE eclk
Since the latency functions [.(z) are linear l.(z) = a.x + b, ae,be >

0,Ve € E, and we have

1 1
1x2+y2—fcy= (556—11)2 > 0,Yz,y

we can get
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1
& ylo(z) < yle(y) + Z:vle@),‘v’a:,y >0 (2.15)

If we set x := f* + afP' y := foP' then (2.15) implies

FEULE + af ) < fE(FE) + i(fﬁ‘ +af)e(fo + af)

Thus

ST+ af)

ecE

<DL + i DS+ afIl(f2 + af)

ecl e€lR

1 1
opt o o opt opt « opt
§S<fp>+zzfel€(fe +afep)+zazfepl€(fe +afep)
eckE eckE
(213) t 1 t t
< SE) + L (L+a) Y FL(fE+ af) (2.16)
eckE

Solving (2.16), we get

S PSS+ afo) < ——S(E)

33—«
eeElR

and (2.13) implies
~ 4
§ « ay < opt
fele(fe>—3_as(f )

eckE

2.2.2 Networks with General Latency Functions

The analysis of the linear case in Section 2.2.1 can be extended to general
latency functions that satisfy certain properties. These properties are

described in the following assumptions.

Assumption 1 Ve € E,l.(x) is a convex and non-decreasing continuous func-

tion of x, with the first and second derivative existing everywhere.
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Usually this assumption holds in practice. l.(z) is non-decreasing means
that the more the traffic on a road, the greater the latency will be. [.(z) is
convex means that if the traffic on an edge is already heavy, the same amount
of additional flow coming in will make more serious congestion than in the
case where the traffic is light. This is common in reality, because when the
traffic is light, a small amount of extra flow will bring no congestion at all,

but when a jam already exists, it will make a big difference.

Let £ denote the family of the continuous and non-decreasing latency
functions. Correa et al. [5] introduced the concept of S-function to denote the

linearity of L .

Definition 2.2.1 (Beta-function) Vi € L, define

B(l) :== sup yli) = Uy)) (2.17)

o<y<zx {L‘l(l')

Then B(L) is
B(L) = sup (1)

lel

It is obvious that 0 < B(£) < 1. If £ is the family of linear functions
le(fe) = aefe + be, e, be > 0,Ve € E| then 5(L) = i [5].

1

Assumption 2 We assume that 3(L) < 5, which indicates that these func-

tions are not too “nonlinear”.

Recall that 1(f) is |E|—dimensional. Define VL(f) to be the Jacobian

matrix of 1(f), with dimension |E| x |E|
Vi,j € E
If the separable property (see Definition 1.1.2) holds for the instance,

then [; is independent of f;,Vj # i, so VL(f) will be a diagonal matrix, with
the diagonal entries VL(f); = Z—}i. Note that VL(f) is positive semi-definite.
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The Jacobian similarity property [23] implies that there exists a constant
J satisfying that for all feasible flow f,f’, and for all w € RI”!

1
7WTVL(f)w <w! VL w < Jw'VL(f)w (2.18)

and the smallest .J is referred to as the Jacobian similarity factor.
Since VL(f) is positive semi-definite, (2.18) indicates that J > 1. If the

latency functions are linear, J = 1 since

_ g
==

Assumption 3 The Jacobian similarity property holds for the instance

(G,1,d), and the Jacobian similarity factor J satisfies

1
J < ———
1—B(L)
Lemma 2.2.4 Let £* be the equilibrium flow for the instance (G,i, d) where 1
is defined in (2.7), and the latency functions 1 are convex and non-decreasing.

If the Jacobian similarity property holds for the instance, then the price of

anarchy is bounded by

S(f*) < 1+ (J - 1o

P@) = Sga) = T2 57 pa (2.19)
where J is the similarity factor and 8 := B(L).
Proof: Define
Ty:= ZE FE(fE) = [EU(E") (2.20)
(e Z FL(fS 4 afP) (2.21)
g
Ty = fPLf + af) (2:22)
e

From Definition 2.2.1, we have

PP LLFR) = L (fo)]
TN
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Thus

Ty =3 for ()

ecE

<D IBFEFE) + fP(f)]

ecE

=B FRF) Y ()

eck eckE

= BS(f*) + S(f) (2.23)

Since l.(fe) is continuous, if I/(f.) denotes the first derivative of l.(f.)
with respect to f, then the mean value theorem ([17]) indicates that 3t € [0, 1]
such that if f. = f.* + taf.””", then

(f&+af?) = 1(f8) + afL(fe) (2.24)

Similarly, 3t € [0,1] such that if f, = £.%, then

L(f2) = 1.(0) + foUL(fe) (2.25)

The convexity of I, guarantees I(f.) > I(f.), since f. > f* > f..
We can get

2.24) ]

L(fo 4 af) £ 20100 12 4 af P L) £
(2.25

)
> L(fO) e+ afl(f8) = 1e(0)] VeeE

Thus we have

Ty =) LS+ afr)fe

eckE
> LS @ () = a ) f(0)
ecFE eckE ecE
> S(f) + Ty — a Y fP'1(0) (2.26)

ecE

Similarly, we have

Ty =3 L(fo+ af?) o

ecFE
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_ [fopt]Tl(fa + Conpt)

The mean value theorem implies that 3t € [0,1] s.t. if £ = £* + tafP!
then
(£ + af) = 1(£%) + VL(f) - af "

Thus

15 :[fOPt]T[l(fa) + aVL(f)fOpt]
(2.20)

=Ty + a[fP"|"VL(f)fo! (2.27)

Besides, the mean value theorem implies that 3t € [0,1] such that if
f = it then
£ I(E7) — 1(0)] = [£P] "V L(E)E (2.28)

The similarity property indicates
[£P) TV L(£)EPt < J[fP) TV L(F)fort
Using this in (2.27) and (2.28), we get
Ty < Ty + aJ [f7]"1(E7") — 1(0)]
=To+at ) fP(f) —1(0)]

eck
=T+ aJS(E7) — ] Y f'1.(0) (2.29)
eckE

The variational inequality (2.9) and (2.21), (2.22) imply 77 < T5. Thus

2.26
S(£) ( < ) Ty —aTy+a ) fP1(0)
eck
(2.29)
< (1—a)To+aJSE?) —alJ = 1) f7'1.(0)
eck

(2.23)

< Bl —a)S(E*) + (aJ + 1 — a)S(£7) (2.30)

We can get from (2.30)

_S(fY) 1+ (J -1
Pl = Sgay S T- A=)
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O

In the case where the latency functions are linear, J =1, g = 4117 the bound

4

Tra» which coincides with the one in Lem-

shown in Lemma 2.2.4 goes to

ma 2.2.2.

Lemma 2.2.5 Let £ be the equilibrium flow for the instance (G,I, d) where
1is defined in (2.7). If the latency function 1 satisfies Assumption 2, then we
have

S(fort) (2.31)

aj ( ra 1
CEZEfele(fe)S 1—<Oé+1>ﬁ

where 5 := ((L).

Proof:
From the variational inequality (2.9), we have
DL+ af?) <Y S+ af™) (2:32)
eek ecE
In (2.17), if we set z := f& + afP" y := fP' then we will get

JEPL(fE + afe?) — f&(f)

t opt S Ba
(f&+ af)le(fe + afe™)

which implies

FPULE A+ afP) < FPULAFPY) + B + afPe(f + af )

Thus
DRAURRIAS
< EZE FELf) + 8 ZE FEL(fE+ af) + af ZE FPU(fE A+ af)
st + (84 ap) > L + el (2.3)
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Assumption 2 indicates that 8 < 3, so (¢ 4+ 1)3 <1 when 0 < o < 1.
Thus (2.33) implies

opt « opt 1 opt
SGZEfe L +af) < 5y S0
From (2.32), we have
Fo ay e a opt 1 opt
Zfele(fe>_2fel€(fe+afe )Sl—(a+1)ﬁs(f )

eckE eckE

]

In the case where the latency functions are linear, § = }1, and the bound
here turns to Y, p fol(f%) < +—S(f""), which coincides with the one in

Lemma 2.2.3.

2.3 Stackelberg Payoff in the Trust Game

In the trust game, Player 1’s payoff is defined using the price of anarchy.

Lemma 2.3.1 Player 1’s payoff in the trust game is lower bounded by

I1+(J-1)(1—-2)y
N = Ty

where J denotes the Jacobian similarity factor and B := 5(L).

(2.34)

S(Fev)

S where £ is the

Proof: From Definition 2.1.1, we have I'y(z,y) = —
equilibrium flow for the instance (G, 1, d), which is equal to the equilibrium for
(G,i, d) as Lemma 2.2.1 implies.

By setting o := (1 —z)y,x € [0,1],y € [0, 1], we can use Lemma 2.2.4 to

get

S(fea) < 1+(J -1 —2)y
S(fort) = 1 -+ (1 —2)y
Thus
1+ (=D —a)y
1-B+p(1—2)y

29
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U
In the following, we will refer to the upper bound in Lemma 2.3.1 as I';.

Definition 2.3.1 I'; is a lower bound of I'1, defined by

_ I+ (- -2)y
P y) = = e B = oy

Note that in the case where the latency functions are linear, we have

le,ﬂ:}land

(2.35)

_ 4

Uiz, y) = T3 (-2 (2.36)

Lemma 2.3.2 £ the equilibrium flow for (G, 1, d), is continuous on (z,y).

Proof: Lemma 2.2.1 implies £ is also the equilibrium flow for (G,1,d). We
denote a = (z,y), a € & = [0,1] x [0,1]. Given an a € ®, from [28] we
know that h®", the equilibrium path flow for (G,I, d), is the solution to the

parametric mathematical problem

fe _
min  z(h,a) :Z/o le(w)dw s.t.

h
ecE

> h,=d,

peEP
fe=>Y _h, Ve€E
poe
hy, >0, Vpe P

The feasible set of the minimization problem is U, which is non-empty
and bounded. Besides, the feasible set (which is U) is independent of a € P,
so Theorem 2.2 in [34] indicates that when a belongs to a neighborhood of a*
and a — a*, we have h®™(a) — h®?"(a*).

So, the equilibrium flow h®? is continuous at (z,y), and therefore f?* is

also continuous. O

30



M.Sc. Thesis - Kun Hu McMaster - Computing and Software

Lemma 2.3.3 1) Function I'y(z,y) and T'y(x,y) are continuous on x € [0, 1]
and y € [0,1];
2) If Assumption 3 holds for the instance (G,1,d), then T1(x,y) is con-

tinuously decreasing in x € [0, 1] and increasing in y € [0, 1].

Proof:
1) When z,y € [0,1], 1 — g+ (1 — )y is positive, and Definition 2.3.1
implies the continuity of 'y (z,y).

Lemma 2.3.2 implies that f°¢* is continuous on x and y. Also

_ S Yeen fEM(fET)
Fl(x7y) - S(fopt) - ES(fopt) )

and l.(f¢%),e € E is continuous, so I';(x,y) is continuous on f°* and

furthermore, is continuous on x and y.

2) By taking the first derivative of I'; on x, we have

or, _ [B-(J-1)1-B)y

Ox — [L—B+pB(1—x)y?
Assumption 3 indicates (1 — )J < 1, thus [ — (J — 1)(1 — B)]y > 0,

which implies %—111 < 0. So 'y (z,y) is decreasing in x € [0, 1].
By taking the first derivative of I'; on y, we have
oy _ [ =115~ )1 —a)
Ay [1—B+pB(1—z)y?
Assumption 3 implies [(J — 1)(1 — 8) — Bly < 0, so [';(x,y) is increasing in
y € [0,1].

Lemma 2.3.4 Function I'y(z,y) is continuous on x and y.
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Proof:
In Definition 2.1.2, we have

Dy = = 37 f (2 + (L= 2)y ™) — (1= y)m

ecE

l(f¢™), e € E is continuous, and Lemma 2.3.2 implies f?* is continuous on x

and y, thus ['y(z,y) is continuous on z and y. O

Definition 2.3.2 (Best response) In the trust game, given Player 1’s strat-
egy x € [0,1], B(z) C [0, 1] is the set which satisfies

La(z,y") > Ta(z,y), Wy €[0,1],Vy" € B(x)
Furthermore, we defined Player 2’s best response to Player 1’s strategy x to be

*(z) = min
y () Jmin

Given an z € [0, 1], Lemma 2.3.4 indicates that I's(z,y) is continuous on
the closed set Y = [0, 1], so the boundedness theorem|[25] implies I'y is bounded
and the set B(z) is non-empty.

From the definition we can see that, in the trust game, if Player 1 plays
x € [0,1], then Player 2 always has an incentive to play an element in B(x).
When B(x) is not a singleton set, we assume that Player 2 always picks the

least trust in B(z) (the worst case).

Definition 2.3.3 (Stackelberg strategy) [31] In the trust game, Player 1’s
Stackelberg strategy is defined by
s = I ) i
Ty = argmax 1(z,y"(2))
Player 1’s Stackelberg payoff is
[T =T1(2s,y"(2s)) = Ta(2,y7(2)), Vo € [0, 1] (2.37)

Next we are going to analyze Player 1’s payoff at equilibrium and his Stackel-

berg payoff.
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2.3.1 Linear Latency Functions

We start from the simple case with linear latency functions l.(f.) = acfe +
be(ae,be > 0,Ve € E). In this case, J =1 and § = }l, and Player 1’s payoff
function is lower bounded by I';

_ 4

Iy(z,y) = ST (2.38)

Lemma 2.3.5 Whenm is positive, Player 1’s Stackelberg payoff T'y (x5, y*(xs))

18 lower bounded away from —%.

Proof:
By Definition 2.3.3, T'y(z,y*(x)) > I's(z,y),Va,y € [0, 1], so if we pick

y =1, then (2.3) implies

1 * * * O * 1 O,
—= D RLf A=)y @)~ =y @)m > =5 3 fll(fi+ (=) f")
eclk eclk
(2.39)
where f* is the equilibrium flow when Player 1 plays x and Player 2 plays y*(x)
in the trust game, and f! is the equilibrium flow when Player 1 plays z and
Player 2 plays 1 in the trust game.

If we set a = 1 — x, then Lemma 2.2.3 implies

S P+ (1= 2)f) < o S(E) (2.40)

eckE _2+$

Besides, we have
DS A A =2y (@) ) =) [ = S (2.41)
ecE eck

Combining (2.39), (2.40) and (2.41), we get

1S | S(E)

— 2.42
2+x md md ( )

y'(z) > 1

If we pick a positive €,0 < € < 1, then Vz € [0,1), we have
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1. Case a: 1 > y*(z) > €. In this case,

(2.34)
F1($,y*($)) > F1($>y*(x))
Lemma 2.3.3 _
]_—‘1(1',6)
L 4
3+ (1 —x)e
Thus
rs 0 1 4
D * > - 2.43
1 = 1(ZE,y (IL’))_ 3—|—(1—5E)€ ( )
2. Case b: 0 < y*(z) < e. In this case, if we denote k := S(Tf”—cit), then
(2.42) implies
. S(f* 4 .
L0 (0) =~ gty 2~ + 1= v (@l
4

Ebam— 1- 2.44
s -Ok (24)

Thus

(2.37)
7 > T,y (@)
(240) 4

> ———+(1—ek (2.45)

24 x

Combining (2.43) and (2.45), we can see that Player 1’s Stackelberg
payoff satisfies

4 4

'] > min{— —
1 2 ming 3+ (1—x)e 2+z

+ (1 —¢e)k},Vx €]0,1),Ve € (0,1)

Furthermore, we have

4 4
rs > in{— — 1—e)k
L= wG[O,r%,%}E{(O,l) min{ 3+(1—x) 24z +( €)k}
4
> - 2.46
= @oce 3+ (1—)e (246)
where C is defined by the system
4 4
< +(1— ek (2.47)

3+(1—x)¢ = 24z
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0<xr<l,0<ex1

(2.47) is equivalent to

4 4

/() ::2+a7_3+(1—x)e

<(1—-ek

f(z) is strictly decreasing in x, and f(1) = 0 < (1 — €)k,Ve € (0,1),
so e > 0, and xzp < 1 s.t. (2.47) holds Va € [zo,1), € = ¢. Hence C is
non-empty.

To sum up, (2.46) indicates that Player 1’s Stackelberg payoff is lower

bounded by the mathematical program

4

max ————" s.t.
(z,€) 3+ (]. — 13)6

md
E—
0< (o)
4 4

— < (1—-¢€k
2+ 3+(1—ZE)6_( )

0<z<l0<ex1

Since (o, €9), (€0 > 0,29 < 1) is a feasible point, I'; is lower bounded by
4
3+ (1 - :L'O)EQ,

which is strictly greater than —%.

O

Therefore, in the trust game, Player 1’s Stackelberg payoff is always

bounded away from —%.

Note that all the hope that the price of anarchy in our model is less than
the one in [26] lies on the chance that Player 1 will play an < 1, Player 2
will play a y > 0, otherwise the “virtual flow” we introduced is 0. But in the

Nash Equilibrium of the trust game, (0,0) may happen.
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Eample 2.3

The graph in Figure 2.1 is a simple network with a single origin s, a single
destination ¢, and total demand d = 1. There are 2 feasible paths: path 1,
choosing the upper edge from s to o and then to ¢, and path 2, choosing the
lower edge from s to o and then to . The optimal flow is A" = 5 and hy b= z,
and the social cost at optimum is a + %.

If the coordinator claims that the extra flow on path 1 and path 2 is
hsetre = 1(1 — z) and hs™® = (1 — z), = € [0,1] and Player 2’s trust is

y € [0,1], then the equilibrium flow will be A{" =1 — % and hy™" = @

Player 1’s payoff in the trust game is

Shee) (1 -y+ay)’+i+a
S(hert) N %—i—a

Fl(xay) = =
Player 2’s payoft is
Pa(z,y) = =[1+a(l —x)y + (1 —y)m]

where m is her own estimation about the extra latency.

Player 1 always has an incentive to play x = 0, no matter what Player 2
plays. When m < a, Player 2’s best response to z = 0 is y*(0) = 0, thus the
equilibrium of the trust game is (0, 0).

At equilibrium, the “virtual flow” does not help, and the price of anarchy

‘o 14a
1S %—l—a’

which converges to % when a goes to 0.

2.3.2 General Latency Functions

We will consider the general latency functions which satisfy Assumptions 1-3

in Section 2.2.2. For general latency functions, the well-known bound of PoA

is ﬁ (see [5]), where § is defined in (2.2.1).
(0,0) might be the Nash Equilibrium of the trust game, which means
Player 1 will win nothing from the “virtual flow”, and in that case Player 1’s

payoff can be as bad as I';(0,0). Next we will analyze Player 1’s Stackelberg
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Figure 2.1: A Traffic Example

payoff I'{ in the trust game and show that it is bounded away from T';(0,0).
Note that
_ 1

I'(0,0) = 1.3

Lemma 2.3.6 When m is positive, under Assumptions 1, 2 and 3 Player 1’s

Stackelberg payoff TS is lower bounded away from T'1(0,0).

Proof: The same method in Section 2.3.1 applies here. (2.39)(2.41) also hold

for general latency functions. Lemma 2.2.5 implies

DL+ (=) f) < S(£)

ecE

-
1-(2—-2)8

Thus we can get

1 S(ferty  S(f*)
C1-(2—2)8 md * md

y'(z) 21 (2.48)

If we pick a positive €,0 < € < 1, then Vz € [0,1), we have

1. Case a: 1 > y*(x) > €. In this case,

(2.
[i(z,y*(2) = Di(z,y"(2))
Lemma 2.3.3 _

> Ty(z,e)
(235 1+ (J—1)(1 —x)e
1—B+p(1—2x)
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Thus
(2:37) 1+ (J=1)1—x)e
r{ > 71T * > — 2.49
2. Case b: 0 < y*(z) < e. In this case, if we denote k := S(’?—(ff,t), then
inequality (2.48) implies
S(f*) 1
r * = — — 1—e)k 2.
l(xvy (ZL‘)) S(fopt) > 1_(2_$)B +( 6) ( 50)
Furthermore, we have
(2.37)
1
- 1—¢€e)k 2.51
Combining (2.49)(2.51), we can see that Player 1’s Stackelberg payoff
satisfies
1 J—1)(1— 1
['{ > min{— + A =)e +(1—€)k},Vz € ]0,1),Ve € (0,1)

=B+ B(1—2) 1-(2-2)8

Furthermore, we have

_ 1+ (J—-1)(1 —x)e 1
ry > — —
b= xe[O,rlr;i}e((O,l)mln{ 1-8+pB(1—2)’ 1—(2—2)8
1+ (J—1)(1—x)e

+ (1 —¢)k}

> — 2.52
“@oce 1-p+B(I—a)e 292
where C is defined by the system
1 J—=1)(1—
(=D~ a)e (1= ok (2.53)

C1-pB+B0—2) = 1-(2-2x)8
0<r<l,0<ex<1

(2.53) is equivalent to

o 1 1+ (=1 —x)e .
I = 5= " T=gs80—n)c =1~
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When Assumptions 2 and 3 hold, < 1 and J < ﬁ, f(x) is strictly
decreasing in x, and f(1) = 0 < (1 — €)k, so Jeg > 0, and xy < 1 s.t. (2.47)
holds Vz € [x,1) and € = €. Hence C is non-empty.

To sum up, (2.52) indicates that Player 1’s Stackelberg payoff is lower
bounded by the mathematical problem

1+ (J-D(I —2)e
I&%{ 1—-8+p8(1—2x)e st

0<z<l0<exl1

Since (g, €9), (€0 > 0,29 < 1) is a feasible point, I'; is lower bounded by

1+ (=1 —=0)e
1 =5+ B(1—xo)eo

When Assumption 3 holds, J <

ﬁ, and the bound is strictly greater than

1
1-8°

2.4 Networks with Multi-Commodities

If we consider the general network with multiple commodities, i.e., the instance
(G,1,d) with |IW| commodities, then there will be |IW|+ 1 players in the trust
game. One player is the network coordinator and the other |W| players are
the representatives for the traffic users, each one for a commodity. In the
strategy profile s = (s1, 8,) € [0, 1]"1#1] ) is the strategy for the coordinator
(denoted as Player 1 in the following) and s,,w € W is the strategy for the
representative of traffic users in commodity w € W (denoted as Player w in

the following).
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Player 1’s strategy s; is to pick an = € [0, 1] which denotes the amount
of advantage he will take of all the traffic users’ incomplete information. He
broadcasts the information of extra flow to all the traffic users in the network,
fertra — (1 — g)fort,

Player w’s strategy is to pick a y,, € [0, 1] to denote the trust she would
put on Player 1, and 1 — ¥, indicates the weight she would put on her own
estimation about the extra latency. The estimated extra latency is denoted by
m,, for commodity w € W.

When the strategy profile in the trust game is s = (s1,5,) € [0, 1]+,
we denote the induced equilibrium flow by f, and Player w’s payoff is the

negative of the perceived cost

Ty = —l(f) = =Y le(fet (1=2)yu f) — (1=1) My, Yo € W,Vp € Py, 5.ty > 0
ecp

Player 1’s payoff is the negative of the price of anarchy

S(f)

I = S(fort)

Assumption 4 Jzy € [0,1) s.t. when Player 1 plays some xo, Player w’s

(w € W) best response is to put a positive trust, i.e., yi (zo) > 0,Yw € W.

If Assumption 4 holds, then 3z € [0, 1) such that when Player 1 plays z,

Player w’s best response is y;, > 0,Vw € W. We denote

P : * U *
Ui = WYL Y = WS

We analyze the PoA of the induced selfish routing instance (G, 1,d). The

analysis in Section 2.2.2 also works here, and we can get Player 1’s payoft

_ 1+ (1 - x)(ymaxj - ymm)
1— ﬁ + 5(1 - m)ymm

where J is the Jacobian similarity factor and g = B(L).
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When all the players w € W put the same trust, i.e., Jy s.t. y = y,,, Yw €

W, we have Ymar = Ymin = ¥, and the bound of Player 1’s payoff converges to

r - S(fer) > 1+ (1 -2y - 1)

S(fort) 1—-p+pB(1—2)y

which coincides with the result in Lemma 2.3.1.

Here we did some basic work in the case of networks with multiple com-
modities.

We hope to prove that Assumption 4 holds (or find the condition which
makes the assumption hold). To do this, we need to consider all the [W| + 1
players’ payoff functions and analyze the trust game with multiple players
(instead of two). Until now, we have not been able to find a way to get rid of

Assumption 4, or get the payoff for Player 1 if the assumption fails.
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Chapter 3

Stochastic User Equilibrium

Chapter 2 is about the user equilibrium (UE), in which traffic users choose
the path with minimum time cost from their origin to the destination. In
that model, we assume that all traffic users have perfect information regarding
travel time over the entire network when they choose the paths to travel on.
In other words, the travel latency function is deterministic.

This chapter is about a new kind of traffic equilibrium, called stochastic
user equilibrium (SUE). In SUE, there is a random error in traffic user’s per-
ception of the travel latency. In this chapter, we are still going to deal with the
bi-level problem, with the trust game between the traffic coordinator and the
users being the upper level, and the selfish routing with random perception

error being the lower level.

3.1 Stochastic Network Loading Models

We consider the case of selfish routing where the traffic users do not have
perfect information of the travel cost. In other words, travelers have some
uncertainty about the latency functions. More realistically, the perceived travel
latency may be considered as a random variable for all the traffic users. Each
user may perceive a different travel time over the same path. The kind of

traffic model is referred to as stochastic network loading model (SNLM).
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We consider the traffic model with single commodity and infinitesimal
traffic users, and we will use (G, 1,d, €) to represent the SNLM. G indicates the
topology of the network, d indicates the demand and 1 denotes the (measured)
latency functions, as defined in Chapter 1.e denotes the random error of users’
perception of the latency.

Recall that U denotes the set of all feasible path flow, i.e., h € U iff
ZpEP hy, =d,h, > 0,Vp € P. F denotes the set of all feasible edge flow, i.e.,
f e Fiff 3h € U s.t. £ = Ah, where A is the incidence matrix defined in
Chapter 1.

In the stochastic network loading model, when a traffic user chooses a

path p € P, the perceived latency she will bear is a stochastic variable
cp=1Il,+¢, YVpeP

where [, is the measured travel latency on path p € P, and ¢, is the random
€error.

Furthermore, assume that the expectation Ele,] = 0, or E[c,] = [,,, which
indicates that the average random error is 0.

Since ¢,(Vp € P) is a stochastic variable, each traffic user may have a
different perception of the path latency. In selfish routing, each user will pick
the path that bears the shortest perceived latency. In the traffic model with
infinitesimal users, given the measured latency [, of all the paths p € P, we

can get ¢, the ratio of users choosing path p (see [30])

qp =Pr(c, < ¢, Vt € P), Vpe P

=Pr(l,+¢ <lL+¢e,Vte P) VYpeP (3.1)

In other words, the probability that a certain path p € P is chosen is the
probability that its travel latency is perceived to be the shortest of all the

alternatives.
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Definition 3.1.1 (Stochastic wuser equilibrium) In the instance

(G,1,d,€), a path flow h reaches the stochastic user equilibrium iff
hy, = ¢,d,¥p € P (3.2)

where q, 1s the probability that path p € P is chosen, given the measured travel

latency 1 defined in (3.1).

When every single selfish traffic user chooses the path with shortest perceived
latency for her, the aggregation of all users’ choice induces the equilibrium flow.
At equilibrium flow, no single user has an incentive to unilaterally switch her
current choice, which she has already selected based on her perceived latency.

When the model satisfies the additive and separable attributes, we have
lp =2 ceple(fe) where I.(fe) is the edge latency function. From the definition,
we know the SUE flow h®"¢, f5“¢ satisfies:

sue
hp

d

= PT[Z L(f3*) + ¢, < Zle(fj“e) +¢e,VteP], VpeP

ecp ect
3.1.1 Logit-based Model

A widely used route-choice model is called the “logit-based model”. In the
logit-based model, the €,, Vp € P are identically and independently distributed
(i.i.d.) variables of the Gumbel distribution Gumbel () [3]:

Definition 3.1.2 (Gumbel distribution) Gumbel distribution is the dis-
tribution with the probability density function fo(x) = e~ OrtNe=e""" vy ¢
(—00,00), where 7y is the Euler-Mascheroni constant,

v = limy o [(Yhy 1) — In(n)] &~ 0.57721566.

2

If X ~ Gumbel(), then we have E[X] =0, and 0? = I.
Following [30], we know that in the logit-based model, when the random
error terms €, are i.i.d of Gumbel(6), h**® (or £°"¢) is the the stochastic user

equilibrium flow iff
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Figure 3.1: Probability Density Function of the Gumbel Distribution (0 = 0.4)

h;ue e—elp(h“e)
qz) = d = Ztep 6—9lt(hsuﬁ) Y
(3.3) implies h5"¢ > 0,Vp € P, which means that in SUE, all the paths

Vp e P (3.3)

will be used with a positive probability.

Guo and Yang gave the variational inequality formulation of SUE in the
logit-based model [10], which indicates that h**¢ is SUE flow for the instance
(G,1,d,€) iff

> e+ L hste)(hy — h3*) > 0,vh € U (3.4)

0
peEP

We will use the price of anarchy p*"¢ to capture the inefficiency of SUE

sue __ S(fsue)

= S (3:5)

where S(f) is the social cost function S(f) = > _p fele(fe), Vf € F, and
fort = arg minge 7 S(f).
Since at SUE each traffic user is choosing the path with minimum per-

ceived latency, we can get the expected perceived latency for the traffic users

W= E[I;lellg ol = E[g‘g}g(lp +¢)]
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where the expectation is taken with respect to the random variables ¢,,.
Theorem 2.2 in [21] indicates that in the logit-based model, we have
1 —Qlsue
W:—gane z (3.6)
peEP

Combining (3.3) and (3.6), we can get

1 1
W =10"+ 7 In 7" — 7 Ind, VpeP (3.7)

3.2 Trust Game between the Traffic Coordi-
nator and the Users

The trust game is between the traffic coordinator and the traffic users. In
this model, the coordinator (Player 1) broadcasts the fabricated information
about the extra flow to all the traffic users, and Player 2 (the representative of
all the traffic users) chooses how much trust to put on the information. The
only difference with the model in Chapter 2 is that Player 2’s own estimation
about the extra latency on each path p € P due to the extra traffic is not a
deterministic factor m, but a stochastic term m + ¢y, where m is the expected
extra latency due to the extra traffic and ¢y is the error of the estimation.

Furthermore, we assume the errors follow i.i.d Gumbel(6y).

Game Model

Players: In this game there are two players. Omne is the network
coordinator (Player 1) and the other is the representative of all the traffic
users (Player 2). In the traffic model with single commodity and homogenous
traffic users, we just pick a representative instead of considering each single

user’s choice.

Strategies: Player 1’s strategy s; is to pick an © € X = [0, 1], which

indicates the amount of advantage he will take on Player 2’s incomplete infor-
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mation (here the incomplete information means Player 2 does not know about
the extra flow). In other words, Player 1 will tell Player 2 that the extra flow
is (1 —2)h?". z = 0 indicates that he is taking full advantage of Player 2 and
the extra flow is h°?*. z = 1 indicates that he takes no advantage of Player 2
and the extra flow is 0.

Player 2’s strategy so is to pick y € Y = [0, 1] which indicates her trust
in Player 1. y = 1 means she completely trusts Player 1’s information, and
y = 0 implies that she totally distrusts Player 1. 1—y will be the corresponding
weight she puts on her own estimation about the extra latency, which is m—+¢.

A strategy profile s = (z,y) € [0,1] x [0, 1] records both of the players’
strategies in the trust game. A strategy profile will induce a selfish routing

instance between all the traffic users.

Payoffs: In the selfish routing instance induced by s = (x,y), the per-
ceived latency on path p will be

cp(h) =ly(h + (1 — 2)yh™") + (1 — y)(m + €)

=lp(h + (1 — 2)yh") + (1 = y)m + (1 — y)eg (3.8)

where 1 is the latency function, h is the normal flow, (1 — z)h°" is the extra
flow Player 1 announces, m + ¢, is Player 2’s own estimation about the extra
latency, and y is Player 2’s trust in Player 1.

If we set € = (1 — y)€g, then y = 1 implies € = 0, and the users have no
estimation error about the perceived latency. In this case the equilibrium flow
induced by the trust game is the UE flow discussed in Chapter 2.

When y € [0,1), from Definition 3.1.2, we can see that if ¢ ~
Gumbel(0y), then € ~ Gumbel(f) where 6 = ﬁeo‘

In our model, the users’ measured latency 1is

i(h) =1(h+ (1 — 2)yh®?) + (1 — y)m
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¢ is the estimation error about the path latency, which follows Gumbel(#) in
our case.

When there is random error in traffic users’ perceived latency, we will use
the stochastic network loading model (G,i, d,€) to model the selfish routing
problem.

Let h*“¢ (or £*%¢) denote the SUE of the SNLM (G, 1,d, €) induced by the

trust game profile s = (x,y).

Definition 3.2.1 Player 1’s payoff T'1(x,y) in the trust game is the negative
of price of anarchy of (G,i, d,€)

sue S (fsue)

[y(z,y) = —p™ = S (o (3.9)

Definition 3.2.2 Player 2’s payoff Ts(x,y) in the trust game is the negative
of users’ expected perceived latency at SUE of (G, 1,d, €)

[y(z,y) := — Eminc,(h™)]

peEP

. 1 AS’U/e
(3:6)5 In Z el (3.10)

3.3 Stochastic User Equilibrium Flow

Lemma 3.3.1 £5“( or h*“¢), the equilibrium flow for the logit-based SNLM
(G,i, d,€), is also the equilibrium flow for the logit-based SNLM (G,i, d,e),
where

le(fe) = le(fe + (1 = 2)yf), Veec E (3.11)

Proof:
For all p € P, (2.6) states

lp(h) = l,(h) = (1 = y)m (3.12)
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If h*“¢ is the stochastic user equilibrium flow for the logit-based SNLM
(G,1,d,€), then (3.3) indicates

hfyue o0l ()
! B Ztep G*eit(hsue)a
(3.12) =0l (h7) +(1—y)m]
s 3 e p €Ol +1—y)m]
e_eip(h‘Sue)e_(l_y)m
- Ztep o0 (he) —(1—y)m

o—0lp(h™"<)

Vp e P

e ¢ )
Thus h*“¢ is also the stochastic user equilibrium flow for the logit-based SNLM
(G, 1,d, €).
O

Lemma 3.3.1 implies that the SUE flow £5“¢ for the instance (G,1,d, €)
is equal to the SUE flow for the instance (G,I, d,e). Next we will use the
equilibrium flow for (G,i, d,e) as f*¢, and furthermore analyze the payoff for

Player 1 and Player 2 in the trust game.

3.3.1 Networks with Linear Latency Functions

We start from the simple case, where the measured latency functions l.( f.) are

linear l.(f.) = aefe + be(ae, be > 0,Ve € E).

Lemma 3.3.2 Let h®“¢ be the SUE flow for instance (G,I, d,€) where 1 is
defined in (3.11) and latency functions are linear. The price of anarchy in the

SNLM is bounded by

sue

S 4 k
= S S ar o e

where k solves ke = 1(|P| — 1), ¢ = S(me) is the average travel latency of all

network users at optimal flow, and 0 is the parameter of €.
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Proof: The SUE flow h*"¢ satisfies the variational inequaility (3.4)

7 sue 1 sue sue
> [ (he) + 5 by l(hy — ) > 0,¥h e U
pEP
If we set h := h°?!| then we get

1 o sue
> [1,(he + (1 — 2)yh™) + 5 (B = h3) > 0 (3.13)
peEP
which implies
l hsue 1 hopt hopt hsue 1 hopt hsue 1 hsue > O 3 14
ZP( +(—Qf)y )(p_p>+gz<p_p)np— ()
per peP

Besides, we have

S 1B (1= )y (2 — i)

peP
(1. 3) Zl fsue 1 . I) fopt)(fopt f:ue)
eck
= SIS + (1 — @)y S — )
ecl
=Y Ll =Y L+ (L =)y ) acfP (7 = f2)
ecl eclb eclk

Then (3.14) implies

DLV <D L(fV P+ (L =)y Y acf(fP = )

eeE ecE eeE
1 O, sue sue
+3 > (gt — i) Inh
peP
<D LI L= (L =2y Y ac P = £
eckE e€R
]' O sue sue
+5 > (R — h3) In b (3.15)
peEP

For the term Y . ac fP(f3" — f2P'), we have

Z aefgpt(fes“e fOPt . Zl fsue fsue (316)

eckE eeE
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Using Lemma 3 in Guo and Yang [10], we have

> (Wt — ) In by < kd (3.17)
pEP

Combining (3.15), (3.16) and (3.17), we have

1
1— 31—y —a)]

Then, the price of anarchy of this stochastic user system is:

[S(£7) + %kd]

S 4 k
= S S 3r o e

3.3.2 Networks with General Latency Functions

We will consider the logit-based SNLMs (G, 1, d, €) where the measured latency

functions l.(f.), Ve € E are non-linear, and Assumptions 1-3 are satisfied.

Lemma 3.3.3 Let h**¢ be the SUE flow for (G,1,d, €) with 1 defined in (2.4).

If Assumption 1 holds for 1, then the price of anarchy of (G,i, d, €) is bounded

by

1+ (J -1 —2)y+ £
1=p[1—(1-2a)y

where k solves ke* = L(|P|—1), c = S(fTopt), J is the Jacobian similarity factor,

sue S<fsue )
p = S
S(fort)

B = B(L), and 0 is the parameter of €.

Proof:
We start again from the variational inequality (3.4) to get (3.14), and
define

To:=) fPUL(f) =) h'l,(h*)

eclk pEP
Ty:=> fL(f + (1= 2)yf) = el (h™ + (1 — z)yh™")
eckE peEP
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_ Z feoptle(fesue + yfopt Z hoptl hsue 1 LU)yhOpt>

eck peP

Combining (3.14) and (3.17), we have
1

Since (2.23),(2.26) and (2.29) also hold here, we have

(2.23)

Ty <ﬁaﬁﬂ+sww) (3.19)
(2.26)
ﬂ>sm% (1—a2)yTo — (1 =)y > [7'1.(0) (3.20)
(2.29) -
Ty < Ty+ (1—2)yJSEP) — (1—x)yJ Y fP'1(0) (3.21)
ecE

From (3.18),(3.19),(3.20) and (3.21), we get

aﬁﬂ—ﬁu—u—xwwGWﬁ§I+U—Uﬂ—$W“mﬂ+%M

Then
e _ S _ 1+ (T D1 —a)y+ A
PTSE) T T 1B - (1 a)y]
[l
In the simple case with linear latency functions, J =1 and g = }L, and
the bound converges to the one in Lemma 3.3.2.
We will refer to the upper bound in Lemma 3.3.3 as 'y,
_ I+(J-1D)1—-2)y+ £
Fya,y) = DU =2y + g (322

1=p[1—(1—-=)y
Note that in the case where the latency functions are linear, we have

4 k
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3.4 Stackelberg Payoff in the Trust Game
Lemma 3.4.1 f°“¢, the SUE flow for (G,i, d,€), is continuous on (x,y).

Proof: Lemma 3.3.1 implies that f**¢ is also the SUE flow for (G,i, d,e).
The analysis in the proof in Lemma 2.3.2 also works here. We denote

a = (z,y), a € ® =10,1] x [0,1]. Given an a € ®, from [10] we know that

h*"¢  the equilibrium path flow for (G, i, d, €), is the solution to the parametric

mathematical problem

' 1 fe _
min z(h,a) = 7 th Inh, + Z/o le(w)dw  s.t.

peEP eeR

> h,=d,

peP

fe=Y_h,, Ve€E

poe

h,>0. VpeP

The feasible set of the minimization problem is U, which is non-empty
and bounded. Besides, the feasible set (which is U) is independent of a € P,
so Theorem 2.2 in [34] indicates that when a belongs to a neighborhood of a*
and a — a*, we have h*?(a) — h®(a*).

So, the equilibrium flow h*? is continuous at (z,y), and therefore f7* is

also continuous.

Lemma 3.4.2 1) Function T'y(z,y) and T'y(x,y) are continuous on x € [0, 1]
and y € [0,1];
2) If Assumptions 1-3 hold for the instance (G,i, d,e), then T'y(z,y) is

continuously decreasing in x € [0,1] and increasing in y € [0, 1].
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Proof: The analysis in the proof of Lemma 2.3.3 also works here. O

Lemma 3.4.3 I'y(x,y) is continuous.

Proof: The analysis in the proof of Lemma 2.3.4 also works here. O

Assumption 5 When Player 2’s estimation about the extra latency is m+ e,
we assume that Oym > In|P| holds, where 0y is the parameter of ey, and P is

the set of paths connecting the O-D pair.

The expectation of Player 2’s own estimation about the extra latency is

. . 2
m, and the variance o2 satisfies 02 = %2, thus fym = NG
0

m

o So Assumption 5

9
indicates ™ > ‘/?6111 |P|.

g0

Lemma 3.4.4 If Assumptions 1, 2, 8 and 5 hold, then Player 1’s Stackelberg

payoff T's is lower bounded away from T'1(0,0).

Proof:

We start from the simple case where the latency functions are linear. By
definition, T's(z, y*(x)) > Ta(x,y), Vy € [0, 1].

If we set y := 1, then the random error is 0, and the SUE converges to
the UE. If we set @« = 1 — z, then Lemma 2.2.3 implies

4 S(fort)

T 1) > —
2w, 1) 2 24+ d

(3.24)

(3.7) implies that if y*(x) # 1, and h**¢ denotes the induced SUE flow,
then

. 1 1
Lo(z,y"(x)) = =W = —1,(h*"°) — i In A" + 7 Ind,Vp e P

Furthermore we have

* 1 suej sue 1 sue sue 1
Po(w,y" (@) = == > "Iy (h )—%th Inhy+oind - (3.25)

peEP peEP
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Note that in the minimization problem

minZ(h) =) hyInh, st

hy, >0

the KKT conditions indicate that the solution is h, = d/|P|,Vp € P and the
minimum Z,,;, = dInd — dIn | P| [14].

h*"¢ is a feasible solution for the problem, so we have

1 sue sue 1
%th Inf" > o (Ind — In | P)) (3.26)
peP
Then we have
* (3.25)(3.26) 1 suej (1.s5ue 1
Do(z,y*(z)) < _C_Zzhp lp(h )+§ln’P|
peEP
(3.12) 1 suey sue 1 *
< =5 D (0T + S [P — 1=y (2))m
peEP
(311)

L 2SR (1= )y @B+ [1 -y (@) (- [Pl m)

0o

peEP

LD LS L+ (L 2y @F) + -y @) [Pl = m)
eck
<= 23 L) + 1 -y @) 0 P — m)
eck 0
=~ L")+ [1 -y @) I |P| —m) (327
0

Fo(x,1) < Dy(z,y*(x)), thus if Assumption 5 holds, then combining
(3.24) and (3.27), we have

4 0yS(frt) 0o S (F2ue)

V@) 2l - e TP T Gom — [P

(3.28)
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The same analysis in the proof of Lemma 2.3.5 also works here, and we

can prove that I'] is lower bounded by

. i (TR
max min{———— —1, —
1= 2epo,1)0e(0,1) 3+ (1—2)\ Ooc’’ 2+

4 k

> SN S N
- (%??c 3+(1- :v))\[ - 906]

+ (1= N7}

where r := (m — m@l—ﬂ)d/S(fOpt), and C is the set of (z, \) that are the solutions
0

of the system

4 4 k
PR ey gy G v Gl (3.29)

x€[0,1),\ € (0,1]

Note that when Assumption 5 holds, » > 0. Since

I S SR
241 3+ (1—2)A Ooc

]

is continuous and strictly decreasing in x € [0, 1), C is non-empty if I\ € (0, 1]

/()

s.t.
(1) < (1=\)r (3.30)

Since f(1) = —%% < 0, (3.30) holds, and C is non-empty. Furthermore
dAo > 0, and 2y < 1 such that (3.29) holds Va € [zg,1), and A = Ao.
To sum up, Player 1’s Stackelberg payoff I'{ is lower bounded by

ma i 1+ i
X _ e _— —
zx 3+ (1—x)A oc

md — 2Pl
)
S(fort)
4 4 k
— 1+ —|<(1=X
2+x 3—1—(1—35))\[ +Hoc]_( r
0<z<1,0<A<1

] s.t.

T =

(o, Ao) is a feasible point for the maximum program, so I'{ is lower

bounded by
— 4 [1 + i
3+ (1 - LU()))\O ‘900

]
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which is strictly greater than I'1(0,0) = —3(1 + 7%).

6oc

We can generalize the analysis from the linear latency functions to general

latency functions satisfying Assumptions 1-3. Following the same method, we

have
1 0o S (£°P") S (£54¢)

() >1— 31
V@) 2 - e T 5 Gom —mPd T Gom —wmippa ooV
Also we can get the bound of I'] which is

1+ (J -1 —x)A k

— 1+ — .
e 1—6+B(1—x))\[ Jr900] i
m — lnel(fj'd
r =
S(fopt)

1 1+ (J=1)(1—x)A k
- 1+ —]<(1-— 32
T @—28  1-BxBl—m LT ge ST (3:32)

0<r<1l,0<A<1
Since
1 I+ (J -1 —-2)A k
o) = S ey

I—(2-2)8 1-B+B81—2)A " " b
is continuous and strictly decreasing in « € [0,1) when Assumption 2 and 3

hold, C is non-empty if I\ € (0, 1] such that
f) < (1=Xr (3.33)

Since f(1) = —%% < 0, (3.33) holds and C is non-empty. Furthermore 3\ >

0, and zg < 1 s.t. (3.32) holds Vz € [xg,1) and A = \,.
(20, Ao) is a feasible point for the maximization problem, so I'f is lower

bounded by
_1+(J—1)(1—l‘0))\0[1+£]
1= B+ B(1—z0)Ao Ooc
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When Assumption 2 and 3 hold, it is strictly greater than I';(0,0) =
SN

foc

O

Note that (0,0) might be the Nash Equilibrium of the trust game, so

Player 1’s Stackelberg payoff is bounded away from his equilibrium payoff.
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Chapter 4

Reputation and Repeated
Games

In the trust game mentioned in the previous chapters, Player 1 (coordinator)
and Player 2 (representative of traffic users) play this game only once. We call
such a game a “stage game”, or “one-shot” game.

If the stage game is played repeatedly, but the players do not record any
information about previous periods, then all the players will insist on playing
the Nash Equilibrium strategy of the stage game repeatedly. It is exactly
the fact that the players have a record of the past history of the game that
allows Player 1 to achieve a higher payoff than the equilibrium payoff in the
stage game by exploiting a reputation that he can build in his interaction with
Player 2. We formulate this new setting using the standard notions of repeated

games, as they are used in game theory and economics.

4.1 Repeated Games

A repeated game is an infinite repetition of the playing of a stage game in
periods or times ¢ = 0,1,2,...,00. In our case the stage game is the trust
game defined in Section 2 (the induce traffic equilibrium is UE) and Section 3
(the induced traffic equilibrium is SUE).

Of central importance in order to escape the stage game Nash equilibrium
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is the notion of history h* = {(xo,v0), (x1,41), -, (Ti—1,9:-1)}, defined for
every time length t as the sequence of pure strategies played by the two players
in the first ¢ periods (h° = @ at the beginning of the game). Each player always
records all his or her past actions (has perfect recall), and we consider the case
where the history is also available to all the players (they have access to all
players’ previous action). But we will later distinguish between a Player 2 with
unlimited memory who has a perfect record of Player 1’s actions from the very
beginning (period 0), and a Player 2 that has a limited memory and can only
record the last K actions of Player 1. In reality, the former means that the
traffic coordinator publishes the records of all the previous periods; the latter
means that the traffic users only have access to the records of the most recent
K periods.

Player 1 is a long-run player, i.e., his total payoff is a summation of his

stage payoff over all periods discounted by a discount factor § € [0, 1):

gi(x,y) = (1=0) Y 'Ti(',y") (4.1)

The factor ¢ indicates the importance of the payoff in the future. The
closer ¢ is to 1, the more equivalent (in terms of importance) stage payoffs in
the distant future are to the ones closer to the present. The factor (1 — §) is
a normalization factor that brings the repeated game payoff to the same units
as the stage payoff. In our case, Player 1 (the coordinator) is almost equally
interested in the payoffs of all periods, i.e., 6 — 1.

Let H' = (X x Y)! be the set of all possible histories of length ¢ > 0
(H° = 0), and H = U2 H' be the set of all possible histories. Then the
behavioral strategy of (long-run) Player 1 is defined as oy : H — X.

Player 2 can be simulated as a sequence of short-run players. She can be
replaced by an infinite sequence of players iq, i1, is, . . ., each with a behavioral

strategy of 0% : H' — Y and payoff T'%; each such player enters the game
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in only one specific period and acts myopically, but has the whole history
available to Player 2 in that period.

A Nash equilibrium of the repeated game then is defined in the usual
way, as a behavioral strategy profile ¢ = (01,05, 0%, ...) with the property
that no deviation by any player will improve his (or her) payoff if the other
players’ strategies remain the same.

In order to exploit reputation phenomena in repeated games, we define

two types for Player 1’s strategy profile:

e committed type w.: If Player 1 is of this type, he always plays ¢ € [0, 1]
in every period, independently of the history of the repeated game. The
strategy c is the Stackelberg strategy defined as follows:

c:=argmax 'y (z,y"(z))
z€[0,1]

The Stackelberg strategy is the one Player 1 would like the most to

commit himself to.

e rational type w,: Player 1 is not restricted in playing any strategy in
every period (he is opportunistic), and the payoff for the moves of this

type of Player 1 is given by ¢;(z,y) defined in (4.1).

In the repeated game, Player 1’s type is a private information that Play-
er 2 does not know. Player 2’s perception of the type of Player 1 is captured
by p(w.|h) which indicates the probability Player 2 assigns to Player 1 being
of committed type when she sees history h. u* = p(w.|h®) is the initial belief
Player 2 assigns to Player 1 being of committed type when she has no history
available (and, hence, probability 1 — p* of being of rational type w,).

4.2 Payoff in the Repeated Game

We first consider the case where there is no limit to the length of history, which

means that at period ¢, Player 2 has access to the full history from period 0
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to period t — 1.

Let T be the Stackelberg payoff of Player 1 in the stage game, and T'7""
be the minimum possible payoff he would get in the stage game.

Let V (0, 1*) be the least payoff achievable by Player 1 in the repeated
game with discount factor ¢ and initial belief u* for the type of Player 1 held
by Player 2.

Since the payoff functions I'1(x,y) and T'y(x,y) in the stage game are
proved to be continuous in Lemma 2.3.3 and Lemma 2.3.4 when the perceived
latency functions are deterministic, and in Lemma 3.4.2 and Lemma 3.4.3
when the perceived latency functions are stochastic, we can use Theorem 4 in

Fundenberg and Levine [8]:

Theorem 4.2.1 ([8]) If0 < p* < 1, then for all € > 0 there exists a § < 1
such that for all 6 € (4,1)

V,(5,p%) 2 (1= )T + elpin,

This Folk theorem implies that Player 1 can almost achieve the payoff
I'{ in the repeated game when o — 1. We have shown that if the equilibrium
of the stage game is (0,0), then I'{ is bounded away from T';(0,0), which is
the bound of I'1 (0, 0).

4.3 A New Payoff Function

Instead of considering the exact price of anarchy for each instance, plenty of
work (see [28][12][10]) is about the bound of price of anarchy which applies for
a certain class of latency functions.

So, in our model we assume that Player 1 uses the bound I'; in (2.35)
(in the case of UE) and (3.22) (in the case of SUE) as the payoff function of

the stage game, instead of I';.
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In the following we focus on the case where the perceived latency is
stochastic and latency functions are the general functions satisfying Assump-
tions 1, 2 and 3. Note that linear functions are special cases of such general
functions. Besides, when the stochastic part € in the perceived latency goes to

0, the instance goes to the deterministic case.

Fact 1 The following are true for function I'y(z,y):

1. (myopic incentive of Player 1) Ty (x,y) is strictly decreasing in x if y > 0
and constant if y = 0 (see Lemmas 2.5.3, 3.4.2).

2. (Player 1 wants to be trusted) T'y(z,y) is strictly increasing in y, unless

x =1 in which case it is constant (see Lemmas 2.3.3, 3.4.2).

Assumption 6 In the case where Player 2’°s perceived latency is stochastic
and the latency functions satisfy Assumptions 1, 2 and 3, we assume that
54+ =D -0 -28) _ k.
15} Ooc
holds for the instance (G,1,d,€) where k solves ke* = 1(|P| —1), ¢ = S(f;pt)

(4.2)

and 0y is the parameter of €.

Note that Assumptions 2 indicates [ + (J — 1)(1 — 8)](1 — 25) > 0, and
furthermore, in the deterministic case, % goes to 0, and the assumption holds.
Besides, in the case where latency functions are linear, J = 1, § = }1,
and (4.2) goes to
k - 1
600 2
Lemma 4.3.1 (sub-modularity of Player 1) T'y(x,y) — T1(2,y) is strictly in-

creasing in y for any x < x’.

Proof: (3.22) indicates

_ 1+ (J -1 —2)y+ 2
M@y = = 1=y
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Thus Vz, 2" € [0,1] and = < 2/,

(2 —2)y[B(L+ g + (J = D(1 = §)]

[1=B+p(1—a)yl[l -8+ B(1—2)y|

(@ = a)ylB+ B - y)g + (T = 1)1 - B)]
[1=B+p8(1—ayl[l =8+ B(1— )yl

f(z,y) is increasing in y for all 0 <z < 2’ <1, if

B+ —y)k + (T - ) B)]
N [1— 3+ By]?

f(x,y) =Ti(x,y) —T1(2',y) =

fy)

is increasing in y.
By taking the derivative of f on y, we have
df _[B+ B0 — )i+ (7= (1= )L - B - By] - By
dy (1-=8—By)?
Assumption 6 implies

B+ -D(-B1-28) &k
,8 900

Then ‘;—5 > 0 holds for all 0 < y < 1. Thus I'y(z,y) — T1(2',y) is strictly

increasing in y for any = < x’.

Assumption 7 In the case where the perceived latency is stochastic and the
latency functions satisfy Assumptions 1, 2 and 3, we assume that Player 2’s

own estimation about the extra latency, m + €g, satisfies

B S(Er) I[P
m > 5 4 + o (4.3)

where § = (L), S(£P") is the social cost of the optimal flow, and Oy is the

parameter of €.

Assumption 7 is about Player 2’s own estimation about the extra latency.

Note that S(fTopt) is the average latency in the optimal flow.
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In the case where latency functions are linear, § = }l, and % = % Then
(4.3) is
1 S(fert) n In |P|
3 d o

m >

Besides, Definition 3.1.2 implies that the variance of ¢, satisfies 03 = %,
0
so the part % is equal to WI%P‘O'O. When o goes to 0, the perceived latency
tends to be deterministic, the part % goes to 0, and (4.3) is
S fopt
B s
1—-6 d

Lemma 4.3.2 (valuable reputation for Player 1) Jc¢ € [0,1], s.t
[i(c,y*(c)) > T'1(0,0). In other words, Player 1 prefers Player 2 to believe
that he is a commitment type and to act accordingly rather than play (0,0) in

the stage game.

Proof: We consider the case where latency functions are the general functions
satisfying Assumptions 1, 2 and 3, and the perceived latency is stochastic.

Note that Lemma 3.4.4 shows that I'{ > I';(0,0) holds under Assump-
tion 5. The same result also applies for I'%, if we make a stronger assumption
(Assumption 7) about Player 2’s estimation of extra latency, instead of As-
sumption 5.

From (3.31) we have

. | 005 (£7") 00 S (£5¢)

V@) 2 T G T Gom —m[Pd T Gom = [P
- 1 005 (£ 00 S (£
- 1—=2—=2)8(6om —In|P|)d  (fym — In|P|)d
., @-x)B SE) 6

1—2—x)p d 6ym—In|P|
Note that
(2—x2)p B 28

1—(2—:5)56(1—5’1—25] & welol)

Thus if
g S(fort) 0o

1
-3 d Om—In|P|
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B S(E?)  In|P|
= >
METT5 4 ey
which is implied in Assumption 7, then 3z < 1 such that y*(x¢) > 0, and
S 235 1+ (J = 1)1 —z0)y"(zo)
FS > F €T s * €T frd —
12 Ta(@o,y™(@0)) 1= B+ B(1 — z0)y*(wo)

and T'§ > T'1(0,0) holds when J < ﬁ as Assump-

Note that I';(0,0) = —ﬁa
tion 3 indicates.

O

Note that the case where latency functions are linear is a special case of
the general latency functions satisfying Assumptions 1, 2 and 3, where § = i
and J = 1.

Besides, when % goes to 0, the stochastic case goes to the deterministic

one.

Assumption 8 (myopic incentive of Player 2) For any strategy by Player 1

x € [0,1], Player 2’s best response y*(x) is increasing in x.

The assumption implies that the less Player 1 takes the advantage over

Player 2, the more trust Player 2 would like to put on Player 1.

Fact 1, Lemmas 4.3.1, 4.3.2 and Assumption 8 allow us to use a more
powerful result by Liu and Skrzypacz [15] in the case where Player 2 is of
bounded rationality, in the sense that Player 2’s record keeping is limited (e.g.,
by memory limitations) to recording only the K most recent actions of Player 1,
for some parameter K (Player 2 still has perfect recall of her own actions in
all past history).

Unlike the Folk theorem of [8], this limitation allows [15] to describe
exactly the equilibrium strategies for the two players, and prove a payoff bound
for Player 1’s payoff similar to the bound in Theorem 4.2.1 at any point of the

game (not just at the beginning of the game as the bound in Theorem 4.2.1
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does). This is important for the study of games that have already been played
for a number of periods which we do not know (or do not care about), and we
want to evaluate the quality of Player 1’s payoff at the moment we start our
observation.

Let P(t), u(w|h) be Player 2’s prior belief of whether the current period is
t (i.e., she does not keep track of time, so she must have a prior belief on which
is the current period), and her posterior belief over Player 1’s type being w(w..
or wp) given a history h (truncated to the most recent K periods for Player 1’s
actions). Assume P(t) is improper uniform prior which indicates that Player 2
assigns identical probability on ¢ = 0,1,2.... Note that p* is Player 2’s initial
belief over Player 1’s type being w,. with the history h° = (.

If h contains a non-commitment action x # ¢, then
p(welh) =1 — p(wolh) =0

In this case, the notion of equilibrium used is that of stationary Perfec-
t Bayesian Equilibrium (PBE) which is more sophisticated than the simple
Nash equilibrium considered above since it takes into account Player 2’s be-
liefs pu . p is updated using Bayes’ rule!.

Then Theorem 2 in [15] holds in our case:

Theorem 4.3.1 ([15]) For any € > 0, p* € (0,1), there exists an integer
K (e, u*) such that Player 1’s payoff in the repeated game with limited records
of length K > K (e, u*) is lower bounded at any time by

(1 —6%)[1(0,0) + 05T% — ¢
which converges to TS as & goes to 1.

Theorem 4.3.1 indicates that in the repeated game, the bound of Play-
er 1’s payoff converges to his Stackelberg payoff in the stage game. In the

1See [15] for a formal definition of the Bayes’ rule applied here.

69



M.Sc. Thesis - Kun Hu McMaster - Computing and Software

previous sections, we proved that the Stackelberg payoff is bounded away from
['1(0,0), which might be the equilibrium payoff.

Given a history h of length K, we define the index of h to be the number
of commitment actions since the most recent non-commitment action in h.
Theorem 1 in [15] describes the the equilibrium strategies for the players in

the repeated game with limited-length history.

Theorem 4.3.2 ([15]) For any § > 0,K > 0 and any prior u* > 0, any
stationary PBE takes the following form:

1. There exists a strictly increasing sequence {By}r—y C (0,1) such that,
if the index of the history is k < K, Player 1 plays ¢ with probability By and 0
with probability 1 — By; Player 2 plays y = y* (k).

2. If the index of history is K, Player 1 plays 0 (with probability 1);

Player 2 plays y*(ux) where px > Br_1.

The theorem indicates that when the history is totally “clear” (Player 1
plays ¢ in all the previous K periods), Player 1 will exploit his reputation, and
play his dominant strategy 0 in the current period. When the history A is
not clear (Player 1 plays something other than ¢ in the history), the index k
indicates the distance from h to the clear history (the greater k is, the closer h
is to the clear history). The greater k is, with the higher probability Player 1

will play ¢ (he wants to accumulate his reputation).
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Chapter 5

Conclusion and Open Problems

The thesis is about a method to decrease the price of anarchy of a selfish rout-
ing problem. We designed a trust game between the traffic coordinator and
the users, in which the coordinator takes advantage of the users’ incomplete
information and provides them with fabricated information of unexpected ex-
tra traffic. Each strategy profile in the trust game will induce a selfish routing
instance, and Player 1 wants to decrease the price of anarchy of the induced
selfish routing instance.

We concluded that Player 1’s Stackelberg payoff in the trust game is
bounded away from his equilibrium payoff (in cases where the equilibrium of
the trust game is (0,0)). To entice the coordinator to play the Stackelberg
strategy instead of the Nash Equilibrium strategy in the trust game, we con-
sidered the repeated game with the trust game to be the stage game in each
period. In the repeated game with infinite memory of the previous actions,
using the result in [8], we concluded that the bound of the coordinator’s payoff
in the repeated game converges to the Stackelberg payoff in the stage game. In
the repeated game with limited-length memory, the result in [15] implies that
the coordinator’s payoff in the repeated game converges to the Stackelberg
payoff in the stage game at any time.

In conclusion, in the repeated game with each stage game being the
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trust game between the coordinator and the users, the coordinator can push
the equilibrium traffic flow towards the optimal flow and decrease the PoA.

There are still several open problems in the study.

e We made several assumptions in the thesis to make the conclusion work.
Assumptions 1-3 are about the latency functions. Linear functions sat-
isfy all the three. Assumption 1 works for polynomial latency functions
l(x) = > 2 ax’,a; > 0. Assumption 2 works for linear, quadratic and
cubic functions, and fails for higher level polynomial functions. Assump-
tion 3 is widely used (see [23]), but we need to look more into it and

figure out the circumstances where it can be applied.

Assumption 4 is an assumption about the instance with multiple com-
modities. Assumptions 5 and 6 are about the Player 2’s estimation of
the extra latency. Assumption 7 is a bound for m that we need when we
use I'; as Player 1’s payoff. Assumption 8 is about the best response in
the trust game which is a basic property for any reasonable trust game
(the less advantage Player 1 takes of Player 2, the more trust Player 2
should put), but we have not yet found an explicit formula for Player 2’s
best response, so we have to put that into an assumption. Future work

may focus on the relaxation of the assumptions.

e In this thesis, Player 1 picks = € [0,1] and then tells all the users that
the unexpected extra flow is (1 —x)h°*. Actually he can be more flexible
when choosing the extra flow to announce. Future work can be on some

other clever choices of the extra flow.

e The main part of the thesis is about the selfish routing problem with
a single commodity. In the case of multiple commodities, we made As-
sumption 4 in the thesis, and in the future, we may try to get rid of it

or make some other natural assumptions instead.
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e When we use the negative of the price of anarchy as Player 1’s payoft
function, we can use the conclusion in [9] to get the payoff in the repeated
game with infinite-length history. Also in the thesis we got bounds of
PoA, and when using the bounds to define Player 1’s payoff function,
we can apply the conclusion in [15] under several additional assumptions
(Assumptions 6, 7 and 8). To find a better (tighter) bound to avoid the

assumptions remains an open problem.
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