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ABSTRACT

This thesis consists of two parts. In the first
part, life cycle patterns of consumpticn, work hours,
savings and assets of an individuzal under uncertain
lifetimes with actuarialiy fair 1ife insurance and annuilbies
are studied and the ett+ects on consumption and work nours of
changes in survival probabilities, the age specitic wage
rates and the rate g+ interest are analyzed.

A substitutability relation between consumption and
leisure and the availability of actuarially fair annuitieg
=an explain the lack of decumulation even after retirement,.

The marginal saving rate out of anticipated labour
income is positive. Under certain conditions, the marginal
cansumption rate could also be positive, Thus the Keynesian
abysolute 1ncome hypothesis may be fully supportaed in the
1142 cvecle context,

A general increase in survival rates creates cor.iy a
wealth effect by changina the actuarially +3ir rates o+ in-
terast. The resulting i1ntertemporal substituticon =2ffect is
at+set by a change n discount factcrs apnlied to tne utils-
ty function due t3 life uncertainty. On the other hand. an
increass in survival probabilities for ore individual only,
creates an intertazmporal substitution sffect.

Aan avcivtionary increase in wage rates creatas an
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intertemporal allocation effect by changing the relative
price o+ expenditure {on consumption and leisure) at dit-
ferent ages and an intratemporal substitution effect by in-
creasing the price of leisure relative to consumptien. On
the othezr hand, a paramstric incr2ase in wage rates creates

s vizalth eftfect, an intertemporal reallccation efta2ct and an

bt o)

intratemporal substitution effect. The compensatsed sf+2ct
ot a parametric wage increase, Congisting of the intratem-
pnoral substitution =2ff2ct and the intertemporal reallocation
eftect, on work hours {(consumptioan) is smaller {(greater)
than the =24fects pf an squal evolutionary wage i1ncrease.

In the second part, 3 dynamic qQeneral eguilibrium
model based on the Samuelson-Diamond overlapping senerations
tramewor, i1s developed. The mods] is based on the standard
continuous time li+e cyzole model under life uncertainty and
incorporates all the demosraphic sspects or overlapping gen-
arations,

The implications of wmortality changes for aggregats
scenomic behavicur are discussed. 2 mortality change car-

rim®

]

3 realliorytion erfect by 3+fecting the lifebtime deci-
=100 Cf 1ndividuals, an acze redistribution efitect by c—hang-
ing the reiztivye size of difderent cobhoris, and a demograph-
ic s#¥ttect by changing the qgrowith rate of population. An in-
crease in surviwal rates at the young or middle (oid) age
vill reduce {increase’ the capital-labour ratio and the wace

rata and 1ncreoase (decrease) the rate of interest.

iv



ACKNOWLEDRGEMENTS

First of all I must acknowledge the contribution of
my sister, Mussarat Almas, in my education which is bud poniy
8 part of her impressicn on my (ife. Without her persistent
support I woulld never have acfguirsd any education beyond
high school.

In writing this thesis I had the privilege to work
under the invaiuable supervisian of Protessor Martin 3.
Browning, Professor John j. Burbidge and Professor A. Leslie
Rcbb. I express mv gratitude to Frotessor Browning
{Chairman of the Committee) $for his guidance and encburags-
ment during research. 1 am also thankful to him for all the
time he npatientlys spent on careful scrutiny of the thesis.
Without his proper supervisicn thiz thesis would nesver have
been completed.

Profeassor Robb’s door was always open for me. His
useful suggestions at various stages of research have
tremendously shriched ths guality péd the thesis; for ali
that I am esxtremely grateful tc him. I am also indebted to
him 4or his help in the printina of this thesis.

Frotessor Burbid3ze’s precise sugagestions were very
help+ul in saving a lot of time in avoiding unproductive =2f-
+aorts., At rertain stages in the reszsearch, his presence in

the supervisory commitieese proved ta be wvital., I am very



grateful to hinm.

I teel indebted tp Professor Ernest H. Oksanen and
Protessor rrank T. Denton for their encouragement throughout
my studies. I am alsc thank#ful to Aloma Munian, the depart-
ment secretary, for her concern with my progress in studies
and friendly co-operation.

Thanks are aiso duR to Professor Aly Ercelawn of
Suald-i-Azam University, Tslamabad who has been a great
spurce of inspiration for me.

I am extremely thankful to all the members of my
+amily, especially Ami, Munazza, Shehla and Babli, for their
support and 3oo0d wishes.

My aducation in Canada has beesn financed by McMaster
University and the Government of Ontario, Canada. For thisg
suppert I am thankful.

rinaliy, T cannot foraet ts thank many of @my friends
in Pakistan who otfered a hand of help 1n supporting me in
my move tn Canada.

All the possible erreors or omissions left in the

thesizs are my sole responsibility.



TABLE OF CONTENTS

page
CHAPTER 1: INTRODUCTION ) b
CHAPTER 2 SURVEY OF SELECTED LITERATURE ON THE
LIFE CYCLE ™MODEL OF &M IMDIVIDUAL 12
2.1 INTRODUCTION 12
2.2 LIFE CYCLE MODELS COF CONSUMPTION
ALLCCATION UNDER LIFE UMCERTAINTY i3
2.3 IMPLICATIONS 0f IMRROVED LIFE
EXPECTANMCY IM & LIFE CYCLE MODEL 22
2.4 TREATMEMT OF WOPKk-LEISURE CHOICE
IN LIFE CYCLE MOCDELS 28
2.9 COMCLUDING REMARKS 34
CHAPTER 3: CONSUMPTICN, WORK HCURS, SAVINGS AND
ASS5ET HOLDIMG IM LIFE CYCLE UNDER
UNCERTAIN LIFETIMES WITH ACTUARIALLY
FAIR LIFE IMSURANCE AND A4NNUITIES 38
3.1 INTRGDUCTICN I8
3.2 ASSUMPTIONS ANMD FRAMEWORK GF THE AMALYSIS 39
3.2.1 The Modelling of Lite Uncertainty a0
3.2.2 Feasibility Constraints With Life
Insurance ard Annuities 41
2.2.3 Ths Litetime Urtility Function 4as
3.2 THE CGPTIMIZING SOLUTIGN AND THE LIFE
CYCLE PATTERM OF CONSUMPTIOM AND WORK
HCURS: A TWO-STAGE BUDGETIMG APFRUOACH 53
3.3.1 The Problem at the Lower Stage 54
3.2.2 The Ingirect Utility Fancticn and
its Properties =Y-
2.3.2 The Problem at Lthe lUpper ZStage 53
3.3.4 Evnthesis ot the Lower ang the Upper
Stage Sclutions: Larfe Cyocle Pattern
o+ Consumption and Work Hours 85
3.4 SAVING BEHAVIOUR AND THE DYN&MICS OF
ASSET HOLDING 109
2.3 COMCLUDING REMARKS 135
3.A AFPFPENDIX TG CHAPTER 3 14¢



CHAPTER 4:

CHAFTER

CHAFTER

CHAPTER

CHAFTER

RVERNIRN|

‘\l

-

d

d

€

«

[T S R

(W [

r #=

COMPARATIVE STATIC EFFECTS ON THE
LIFE CYCLE ALLOCATION DECISION

INTRODUCTION

PRELIMINARIES

THE EFFECTS OF CHANGES IN THE
DISTRIBUTIOM OF LIFE

The Eftects of General Mortality
Improvements

The Implicaticns of Increasing general
mortality risk

The Effects of Subjective Mortality
Improvements

THE EFFECTS GF aM IMCREASE IM THE RATE
OF INTEREST

INCREASES IM WAGE RATES

The Effezcts ot age specitic changes in
rage rates

The Ceomparison of Parameiric and
Evolutionary Changes in Wage Rates
COMCLUDING REMARKS

APFENDIX 7O CHAPTER 4

SUMMARY OF THE INDIVIDUALISTIC MMODEL

IMNTRODUCTICON TC FPART 11X

DYMAMIC ECCNOMIC MODELS WITH DVERLAPPING

GEMERATIONS: A SURVEY OF SEL:=CTED
LITERATURE

INTRODUCTION

THE ISSUE OF DYNAMIC EFFICIENCY
THE ROLE OF SOCIAL SECURITY IN
QUERLAPFING GEMERATIONS MODEL

THE STUDY OF LIFE UMCERTAINTY

THE IMPLICATIONS OF A BETTER LIFE
EXPECTANCY

CONCLUDING REMARKE

AM AGGREGATE HOUSEHOLD MODEL AND THE
STUDY OF MORTALITY IMPROVEMENTS WITH
FIXED rFALCTOR PRICES AND FIXED WGRK
SOHEDULE OF AN IMGIVIDURAL

INTRODUCTION

AN INDIVIDUAL '3 LIFE CYCLE MODEL WITH
ACTUARIALLY FAIR LIFE INSURANCE AND
AMNUITIES

«
bt
[N
~

208
223
229

251



CHAPTER

CHAFPTER

1c.1

THE CHARACTERISTICS OF A STABLE
POPULATION

AN AGGREGATE HOUSEHOLD MODEL

A FEASIBLE COMPETITIVE SOLUTION
GENERAL E&UILIBRIUM EFFECTS OF
MORTALITY IMPROVEMENTS

The Effects of Mortality Improvements
on Capital Stock

The Economic Effect on the Capital Stock
The Democgraphic Ef+ect on the Capital
Stock

Full Effect of Mortality Improvements
on the Capital Stock

The Effects of Mortality Improvements
on the Employment of Labour
COMCLUDING REMARKS

A MEO-CLASSICAL PRODUCTION FUNCTICN,
ENDOGENOUS FACTOR PRICES AND THE
EFFECTS OF HMORTALITY IMPROVEMENTS

IMTRODUCTICN

DETERMINATION OF FACTOR DEMANDS UNDER

A NEO-CLASSICAL PRODUCTION ACTIVITY

A FEASIBLE COMPETITIVE SOLUTION

GENERAL EGUILIBRIUM EFFECTS OF

MORTALITY IMPROVEMENTS

The Economic Ef+ect on the Assets-Labour
Supply Ratio

The Demographic Effect on the Assets-
Labour Supply Ratio

The Full Effect of Mortality Improve-
ments on the Assets-Labour Supply Ratio
The Economic Effect of Mortality
Improvements on the Equilibrium Rate

of Interest, ithe Wage Rate and the
Capital-Labour Ratio

The Demographic Effect of Mortality
Inprovements on the Egquilibrium Rate

of Interest; the Wage Rate and the
Capital-Labour Ratio

The Full Effect o+ Mortality Improvements
on the Equilibrium Rate of Interest, the
Wage Rate and the Capital-Labour Ratio
COMCLUDIMNG REMARKS

THE MCODEL WITH ENDOGEMOUS FACTOR
PRICES, ENDOGENOUS WORK HOURS AND
THE EFFECTS OF MORTALITY IMPROVEMENTS

INTRODUCTION

ix

292
2597
309

312
3i4

325

330

330
335

339

339

240
243

350

363

367
373

376

376



10.2

10.3

10.4

10.A
CHAPTER 11

BIBLIOGRAFHY

THE HOUSEHOLD MODEL WITH ENDOGEMOUS
WORK HOURS AND A FEASIBLE COMPETITIVE
SOLUTION

THE EFFECTS OF MORTALITY IMPROVEMENTS
COMCLUDING REMARKS

APFEMDIX TO CHAFTER 10

SUMMARY AND CONCLUSION OF PART II

*

377
379
389
370

376

402



Figure |

Figqure !

Figure

Figqure

Figure °

Figure !

Fiaure

Figure

Figure

Figure i

Figure

LIST OF FIGURES

The Probability Distribution ot Life

ard the Shape of Survival Schedule

The Age FPro+iles of Work Hours,
Earnings and Consumpition with a
Hump Shaped Wage- age Relation

and a Positive Rate ot Intersast

The Kelationship Among the Anticipated

Wage Rats, the Plannhed Consumption,
Farnings and the Marrow Measure of

Savings with a Zero Rate of Interest

The Age Profile ot the Marrow Measure

of Savings ¢ix?
The Age Profile ot Asset Holding

The Relationship Among the Two
Measures gt Savings and Assets

The Age Profiles of Labour Income,
Consumption, thz2 Twe Measures of
Savings and Asssats with a3 Fixed
Work Schedule

Lguilibrium in the Labour and
Assets Markets with Fized Wage
Hate and Fate of Int=srest

The Ags Patitern ot the Economic
Effect of an Increass in Survival
mates on Aggragate Asseds

The Age Fattern of the Demogranchic
Effect of an Ircrease in Survival
Rates on Aggregate Assets

The Age FPattern of the Full Effect
2¢ an Increase ih Survival rates
on Agareqats Asseils

Age Pattern of the Economic
t of an Increase in Survival
es on the Emplovment of Labour

®
[y

page

105

itg

i13

1246

132

fel
o)
Ry

327

wl
[
{Q



Figure

Figure

Fiqure

Figure

Figura

Figure

Figure

Figure

N
a3
[§y]

re

The Age Pattern of the Demographic
Effect of an Increase in Survival
Rates on the Employment of Labour

Determination of the Eguilibrium

Capital-Labour Ratio, the Rate of
Interast and the Wage Rate with a
Meo-Classical Production Function

An Examplz ot Unstable Eguilibrium
with Positively a Sloped Aassetils
Supply Function

The Age Patitern of the Economic Eftect
of an Increase in 3urvival Rates on
the Assets-Labour Supply Ratio

The Age FPattern of che Demographic
E4fect pf an Increase i1n Survival Rates
on the Assets-Labour Supply Ratio

The Age Pattern of the Full Effect of
an Incre2ase in Survival Rates on the
Assets- Lakbour Supply Ratio

The Age Fattern of the Economic Effect
o4 an Increase in Survival Rates on the
Equilibrium Rate of Interest, the Wage
Fate and the Capital-iabour Supply Eatic

The Age Pattsrn of the Demographic Ertect
an Increase in Survival Rates on the
Equilibrium Rate of Interest, the Wage
Rate and the Capital-Labour Supply Ratic

The Demographic Effect pf Mortality
Improvements and the Classification of
a Competitive Equilibrium as efficient
or Inefficient

The Ace Pattern of the Full Effect o+t

an Increase in Survival Rates on the
Equilibrium Rate o+ Interest, the Wage
Hate and the Capitai-Labour Sunply Ratio

The Age Patt=rn of the Age Redistri-
butional Effect and the Induced E++ect
af an Increase in 3urvival Rates on
Azareaate Labour Supnply

%
ya
"

345

(V)]
B
1

()
o
N

357

359

362

370



Table 4.3.1

Table 4.3.1

Table 4.4.1

Table 4.5.1

fable 4.35.2

Table 4.5.73

LIST OF TABLES

The E+fects of an Increase in General
Survival Rate to Age x°

The Ef+ects ot an Iincrease in the
Subjective Probability ot Survival
to Age x°

The Effects of an Increase in the Rate
of Interest

Decomposition of the Compensated Effects
of a Parametric Increase in the Wage
mate for Age x° into the Intratemporal
and intertemporal Effects

Decomposition of the E+fects of a
FParametric Increase in the Wage Rate
for Age x° 1nto the Compensated and
Wealth Effects

Decomposition of the Compensated Effects
ot a Parameiric Incrzase in the Hage
Rate into the Zpecitic and the General
Substitution Effects

page

is?



Hi{x)

B{t)

Bilt,x)

cix)

Cit)

Car

e

LIST OF SYMBGLS USED

assets held by an individual aged x,

aggregate assets in the econopmy at time t,
aggregate assets normalized by current births,
average rate of repreduction in the population,
the rate of reproduction by the population aged x,
numper of births at time t,

number of births by the population aged x at time
t,

the rate of consumption by an individual aged =x,
aggregate consumption at time t,

aggregate consumption normalized by current births,
averaqge death rate in the population,

number of deaths at time ¢,

number of deatnhs in the population aged = at time
t,

the rate of expenditure on consumpticn and leisura
by an individual aged x measured in the units of
consumption sood,

thes production function in intensive $crm,

the arowth rate of population and of other
agaregate variables in steady state,

the pate2 of work hours by an individual aged x,

aggreagate labour supply (measured in hours!
at time 1,

aggir-eqgate labour supply normalized by current
3irths,



jixds

mix):
Miti:

ni(x}

N i)

rJ

pix)s

Ui
LX}

ase

an age productivity function showing the
productivity of an hour of work at age x,

the entire age path of the productivity parameters,
jtx): O & x & 7,

Jacobian matrixx for the lower stage problem,
the capital labour ratio in steady state,
capital stock at time &,

the rate pt le2isure consumed by an individual aged
g

labour income or earnings of an individual aged x,

aqgregate labour income at time t,

the lower stage elasticity of demand for
consumption with respect to wage rate,

the lower stage elasticity of demand for
leisure with respect to wage ratsa,

the unconditional probability of survival {also
equal to the actual survival rate in the
populaticn) to age x,

the sntire age path of survival probabilities to
various points in the life horizan,

the uncenditional probability of death (alsc sgual
to the actual death rate in the population) at age
Xy

the rate of interest on riskless bonds,

the actuarially fair instantanepus rate o+F interest
gn annuities and life insured borrowings at age =,

the retirement age,

3 broad measure of =zavings rate by an i1ndiwvidual
sqed <, detined as the 2xceszs of earnings pilus
net interest i1ncome over consumption,

339reqate brosd wmeasure of savings at time b,

agqgregate broad measure of savings normalized by
current births,



<
X
s

e

o
=
-
X
St
%

¢
N
N
N
—r
[T}

%
£

the expenditure share of consumption,

the expenditure share of leisure,

the time index,

uppar limit on the uncertain life horizon,

the sxpected litelime,

utility function defined over consumption at asqe

utility function defined over consumpltion and
leisure at age x,

indirect utility function det+ined over the wage
rate and expenditure rate at age =,

wage rate for a productive pr an effective unit
of 1sabour,

wage rate for an actual unit cf labour at age x,
the entire age path of wage rates,

the age index,

the age index,

the age index,

the weighting factor attached with the wealth
ef+ect in Slutsky eguation for the effect ot an
increase in the rate of interest on expenditure,
the waighting factor attached with the wealth

attect in Slutsky eguation +or the s+fect on
gxpenditure Df an iacrease in the wage rate for

83e ' anticipated at age n,

the lower stage elasticity of demand for
cansumption with regpect to expenditure,

the lower stage 2lasticity af demand for leisurse
with recspect to 2xpenditure,

the rate ot endowment of leisure of an i1ndividual
at each age,

XYl



Aix)

E({x)

Iis

hs

3¢

RS

for B
“n

Eix)

FY)

the Lagrange multiplier in the lower stage
optimizing problen,

the rate of expenditure at constant prices by an
individual aged x,

the instantanepus conditional probability of death,
gix)/pixi,

a narrow measure aof savings defined as the excess
of esarnings over consumption,

aggreqgate narrow measure of savings at Lime &,

aggregats narrow measure of savings normalizsd by
current bkirths,

the lifetime utility function,

the coefficient of relative risk aversion.

Hylil



CHAPTER 1

INTRODUCTION

The main cbject of this thesis

is ta study the im-
plications of

life uncertainty and the2 positive econcmics
congsequenc2s of lite expectancy 1mprovements in life cycle
model of an individual and 1n

3 dynamic general equilibrium
model

with overlapping generations. A secondary object is
the study of tar ;

iife cycle patterns of
rd

censumption, work hours,
savings and asset holiding of an individual in an endogenous
work-i=isure choice meodel with uncertain lifetines,
The imnlaications of

lite uncertainty +or the

litm
cvole consumption i

ard s=av

Yot

ags behaviour of 2n individual
have beewn studied in deiail by Davies {(1%81), Hurd (1586,
tevhari and Mirman (1977, Mirer (1957}, Yaar: (i9483) anc
Tilcha and Friedman {(1$¥835). These studies doc not include
wnrl-leisure choice problem into the analrsis and assuns
2n erodlsnaouslily fixed income str

0

am ovsr the lifte cycle,
In recent

overiapping gererations nogdels have also
hesen evtended *o ircornorzte

¢ of lire {(Abel
{1984, 1P35, 198éa, 193<bd, Eckzteian, Zichenbaum, and Feled
11922y, Hubbard (1324)

1Y, Tohnsten and Donsldsaon (19857 K
and Ziicha (15324},

N

Fechinshki ard Weiss (1R

1))

1),

[£)]

P
)
-
i
o
U
Tl

o

(8]

fu
o

14
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Skinner {1985)). But the analvyses have been limited to a
two peripd discrete model wilth no unceriainty in the +irst

pericd, For the =zstudy of lite

1]

xpectancy improvements, this
model seems to be restrictive as it doces not allow the study
of wvarious tvpes of mortality changes.

Life asrpectancy in many counitries has been improwing
+or the past 4ew decades. The recent trend in mortality im-
provements has led economists to study its economic aspects.
The typical contributicn of economists in this context has
been to conduct the cost beonetit analyses of diftferent life
saving schemes {(For svample, Arthnur {{¥81) and Jcnhnes-Lee
(1992, 1925y, Put ther=s are also a few studies on the pos-
itive economics aspects of the issue {(Abel (i1%36), Hameruecsh

{10243 | Malabudf and Zeclhaussr 17934), Sheshinski and

3]

[
-

—r
-

Veigs (1021}, Sinha (1P8&) and Shinner (198

Hamermesh (1584 and Malebut+t and Zechkhaussr 1724}

n

e

discuszsed the 2ffects o+ increasing the lernsgth ot 3 certain
lif2 horizor con the lifs cLoles consumption and work Jeciszion
of an indiwvideal, fside from being unrealistiz, the azsump-
tion of 3 non-stochastic lit4s horizon is not an appropriats
choice for the study of mortality variaticns because under
this zssumption, The only way mortality can vary is by addi-
tion or =ubtraction ot zome sears at the 2rd of a certain

1ifte hporizeon., Mowever, the obhserved sortality 1mprovemeanits

apopesr to bEe the reswult of mers pecple surviving to the
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later part of a given horizon rather than an i1ncrease in
horizon (Fries (1920)), On the other hand, Aabel (1936),
Sheshinski and Weiss {(1981)) assumed uncertain lifetimes in
their analyses of the effect of an increase in lifes expec-
taznecy on the steady state levels of consumption and savings
of an irdividual in an pverlapping generations model. Skin-
ner {(1985) ard Sinha (1984) also assumed uncertain lifetimes
in 3r3alyzing the etfect 5+ increased longevity on capital-
iabour ratiec. In al! thess studies the analysis has been
simplified by choosing 2 two period model in which there i3
no uncertainty of surviwval through the +irst pericd. Thus

11

~t

2 osypectancy tcan be increased cnly by increasing the sur-
vival rate in the second period. This model is restrictive
for the study ot life expectancy improvements as 1t doces not
ailow a distinctive analysis of changing survival prospects
at diftferant segments of life horizon and tnus +ails to re-
late increase in lite expectancy to ditferent saving and
work habits of individuals across variouzs seaments of life.
dnother commonly maintained assumption in 2 two per-
tod moael is that all births take place in the {firsi pericd

whern the2re is no uncartainty of survival. Due to thi as-—

1]

sumption growth rate of population becomes independent of
survival rate., Thus the model ignores the possible

demosrapnic effects or 3n increase i1n life axpectancy

thrnugh 3 change in the 3rowth rate of population.
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The above discussicon suggests that for a detailed
study of mortality variations, a more gensral model is
needed which permits sufficient variation in =avings, wark
and reproductivity pattern acress various segments of lite.
Therefore a continupus time horizon meodel is developed in
which many genersiions overlap. Survival to each poinkt in
the hori1zon is assumed o be uncertain and reproductivity
rates are assumed to vary smoothly with age. This framswork
has also been used by Arthur (1281) in his analysiz of the
value of life under the golden rule of accumulation. This
tramawork is preterred to an alternative cholce aof a three
neriod discrete model] dus to the following reason. in a
discrete meodel! the age gattern of consumption, savings, etc.
iz $#ivwed in an arbHitrarils pre-marked segment of lire. The
continvous time model, on the pther hand, does not impose
such behaviour., Rather it i3 the behavioural pattern which
classifies the horizon into various segments,

Another consideration for choosing a continuous time
mede: has to do with the study o+ lite cycle model of an 1n-
dividusl which alsc constitutes an important part of the
thesis, & coptinuous time framewark alilows agplication of a
convenient technigues of cptimization: the non-linear pro-

arzmming, to $ind 2 sclution in an endogencus work-izisure

[N

skhoice model with the provisipn of retirement. Besides,

this framewnri will ernable zn essvy comparison of ogur 4ind-
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ingzs with those of two basic studies on which our madel is
evtended. These studies are Yaari’'s (19635) life cycle medel
o+ consumption under uncertain lifetimes and Hecknan’s
11973 life cycle model of consumption and work hours under
rertain ii+eotimes.

ince the Ltime of dezath is nol known, an individual

]

can not plan a life cvcle allocation scheme which guarantess
zero asset holding at the time of death. This raises some
accounting problems. In particular, i4 an individual dies
nith positive wealth, it is necessary to identify a disteri-
bution schems £y which this wealth is passed cn to others.
There are two approaches commonly adopted to deal with this
isgue, One of these is to assuvme that all the wealth of a
deceased individual! i3 passed on to his/fher descendants.
The otrer apprcach is to assums the existence o+t 2 pertzct
insurance market which intermediates in the risk sharing
process among different members of sach cohort. The wealth
3+ 2 deceased individual 12 squally distributad amcng sur-—

wiving members in the cohort. The first approach reguires

[H]

e

i

detailed =2ccoun

b

ot the distributional consequences o4 an
uncertain amount o4 inheritance an individual wmay receive,.
Such anm analysis does not seem to e possible in a2 con-

tinuous time model in which there is no identificstion of

+amilties, Therefora, throughout the thes s a perfsct in-

surance market is assumed Lo exist.
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Life crycle model of an individual is an integral
part of an sguilibrium model based on overlapping genera-
tions. While the lite cycle meodel ot an individual has been
studiad in d=tail in the literature, there seems to be a
tendencv to include a simplified version of it in the over-
iapping generations mbdels du2 to the complex nature of the
iatter, 1In the present research the modelling of an indi-
vidual®’s life cyvcle allocation decisinn is considered to be
an important aspect of the equilibrium maodel. Due to this
consideration, tha thesis is divided into two parits: an in-
dividualistic j1f¥e cvcle model and an equilibrivm mogel
haged on 2ver iappina generations.

In 4irst part, 3an individualistic lite cvocle model
of consumption snd work allocation dec:sion under uncertain
litetimes is presented. 1In chapter 2, 3 survey 0f zcme re-
lated studies on the life cycle theory is presented. The
general features ot lite cycle models with life uncertainty
are described and previous contributions on ths study orf
mortality variations are summarized. The treatment cf work-
leisure choice in the life cycle context is also discussed.
The chapter concludes with a motivation for the proposed
lite cvrla model.

in chapter 3; w2 adopt a two stage budgeting ap-
prasch io evplain the lite zvole wetive for consumption and

work allsocation over Lime under 1ife uncertainty in Lhe
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presence of actuearially $air life insurance and annuities.
The analvsis allows for retirement as a pessible ogutcome o4
the gptimal work allocation plan. The effects of evolution-
ary changes in wage rates nver the life cycle an corsumption
and worl hcours are decomposad inta intertemporal sffects andg
an intratempocral effects. The relaticnships of consumption
and zavirgs with anticipated income are studied. The assets
accumulation behaviour ¥ the individveal i3 alsc spelled
out,

Chapter 4 deals vith Lthe comparative static analysis
of the model. OFf particular interest are the implications
af mortality improvements for the life cyclie aliccation be-
havicur. Two tvypes of mortality variations are discussed:
an increase in survival probabilities squal L2 3 general in-

creaa

in

e in survival rates in the sprciety and an iacrease in
subiective survival preoczsbilities independent of the general
mortality risks in the societv, In the presence of ac-
tuarialiy fai1r life i1rnsurance and annuities, a general in-
rrease in survival probabilities carries a weaith et+ect by
changing the actuarial rate of interest. The resulting in-
tertemporal substitution evfect is pft+set by an equivalent
shange in subjective discount rate applisd to the lifetime
uatility +tunction due o lite uncertainty. On the cther
hani, 1t actuari1al rates of interest are based on 3eneral

survival rizks in the scciety, an increase in subjschtive
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survival probabilities does not affect the actuarial rates
of interest and therefocre carries only an intertemporal sub-
stitution eftfect. The implications of an increase in risk
to life are also studied by adoptinag the notion of a mean
preserving spread in the distribution of litfe.

The eftfecis 3f increasing the rate of interest are
explained by Siutsky equations showing both the inter-
temporal substituticon effects and the wealth effects. The
etfects of parametric changes in wage rates are accounted
for by Slutsky equations showing the wealth sffects, the in-
tertamporal realliccation effects and the intratemporal sub-
zstitution =+tects. The distinction between parameiric and
evolutiaonary changes in wage rates is also explalined.

A summary of major findings ot the individualistic
lite cvcle model is presented in chapter S.

Part 1I of the thesis starts with an introduction
tchapter &) which provides scme motivation 4or the study of
the effects pof mortality variations orn the aggresgate a2conom-
iz variables.

Chagter 7 presen a selected revisw of the litsra-

[E]

;

tur® on cverlapping generations model which 1s the bas:ic
tmol of analysiz fgr the general sgu:iiibrium 2+f=2cts of
mortality changes. This review is not contined to studies

o mprtality changes. The general structure of overlapping
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generations models and scme cf the basic issues surrounding
the literature are also discussed.

Due to its complex nature, the analysis of mortality
changes is performed in a step by step process in the next
three chapter=. First, in chapter 3 an aggregate household
midael is presented. The main concern there is to form the
aagreagate hcuseheld variables and relate them to their 2on-

nomic and demographic determinants. Then a production func-

tion which is linear in =ach cf the two ractor inpguts, capi-

tal and labour, i3 added to the model. The purpose of this
unrealistic but ad hoc linearity assumplion is to make the
two factor prices, the rate of interest and the wage rate,
technoloaically fixed and thereby isolate the household
model! +rom endogenous changes in the factor prices which
soild ogtherwiza taks plasce due to mortaliiy changes. The
lite cvycle work allozation plan of an individual iz alsoc as-
sumed bto be fixked in this chapter.

The et+dzcts of 3 small increase in survival rates at
various paints of the life horizon on the aggresatsz capital
svocl, aormalized by the number 23+ current births, are cal-
culatea. Biven the arowth rate of population, capital stock
is aftfecisd on twe accsunt, a reallocaticon of zavaings by in-

widuals due o the wealth sffect of a change 1n survival

3
D
by
b
o

probabiliities and an sge radistributic ct trousht about

. the chanse in survival rates. The atfects of mortalit;



page 10

changes on the employment of labour are also obtained. An
increass in survival rates during reproductive years of lite
will increase the growth rat2 of population. This, in turn,
will increase the relative proportion of young individuais
in the Dopulation. The CTapital =stock and the labour emplaoy-
ment are stfzcted sccording to the age pattern of asset
holding and wor hours.,

The analysis of chapter 3 provides some groundwork
+tor a more realistic study of mortality changes in chapter %
where the assumption of fixed factor prices is relaxed by

introducing 3 neo-classical linear hamogenegus produchion

activity intc the model. The assumption cof a fixed work
plan of an individual is maintained in thi= chapter. The
conditions for a Diamaond (1945) type competitive egquilibrium
solutisn are 2st3blizhed, Assuming that the eguilibrium is
st3ble, these cenditione form the basis o+ analysis of
mertzality variations, Tha paritial effects of mortality
changes on the capita! stock and labeour emplcyment are
brousht in from chapter 8 and the 32neral sguilibrium 2+-
fects of mertality chasnges on the capital-lapour ratico, the
rate of irterast and the wagze ratz ars derived. The kay
rezsult 1 that an increase in the survival rate far 3 young
or middle zae will! reduca the capital-ilabour ratio, though

zn iagrease in suarvival rate +or oan cold age will increase
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In chaptar 10, the assumption of a +ixed work plan
of an individual is relaxed. The life zycle model of an op-
timal consumption-work allocation decisicn, developed in
chapters 3 and 4 is included in the gegneral eqguilibrium
model and the analysis of chapters 8 and ? is repeated. An

atar

o

increase in surviwval ralas for 3 young age or for the
part pf middlas a3ge results in a lower capital-labour ratia,
as fourd in chapter 2. Tue toc the complex nature o+ the
model, the eftfecits af an increacse in survival rates +or the
other zages are not ocbvipus. However, under certain condi-
tion=s, the relaxation of the assumption of a fixed work plan
aof an individual does net change the gualitative nature of
the results cbtained in chapter 2.

Finally, a summary of 2ll the +indings of tne gener-

3l sguiiibrium analysis is presented in chapter 11,



PART 1

AN INDIVIDUALISTIC LIFE CYCLE MODEL:
THE AGE PATTERNS OF COMSUMPTION, WORK HGOURS,

BAVINGS AND ASSETS UNDER UNCERTAIN LIFETIMES



CHAPTER 2
SBURVEY OF SELECTED LITERATURE ON THE

LIFE CYCLE MODEL OF AM INDIVIDUAL

2,1 INTRODUCTION

In this chapter we will review briefly some aof the
studies on life cycle allocation theory. The main cbject of
the first part of this thesis is to build a mod=zl of life
cycle consumpticon and work decisians under iife uncertainty
and to study the implications of life expectancy and other
narametric changes for lite cycle allocation behavicur.,
Therefore this review is limited basicsally tc the literature
dealing with the treatment of life uncertainty in lite cycile
nodels and the study of lite expectancy i1mprovements.

The literature on lites cycle models under life un-
certainty 1s mainly in the context pf a consumption profile
decizion with 3 g9iven inccme stream over the lite cvycle. We
plan to sxtend Yaari’s (17685 uncertainty maodel tn include
werk-leisure choice as a part of the lite cycle preoblem.
Theratore we will also review some of the litzrature dealing
mith the 1i4es cyocle work allocation decision, thousgh this

Iiterature s mainly in the context of certain lifetimes.
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2.2 LIFE CYCLE MODELS OF CONSUMPTION ALLOCATION UNDER LIFE
UNCERTAINTY

The fact that a consumer who is to make a cthoice be-
tween prasent and future consumption is uncertain about the
izngth o his/her life, has long been reccgnized. ALt least
both Marshall (192207 and Figher (1930) acknomiedged this
fact in their discussion of the litetime allocation problem
of a consumer. But it was only after Yaari {(19245) that an
explicit treatment of this aspect was given by systematical-
1y introducing uncertainty of life in a2 standard iit+e cycls
model of a consumer.

Yaari (1965) studied the effect of life uncertainty
on the lite cyrcle consumpticn nian ot a rigsk averse individ-
al under four different circumstances, depending on the
nresence or absence of actuarialily $air lite insurance and
annuities and of a beguest motive. His conclusions are as
tollows. In the absence of a bequest motive and life in-
surance, the effect of life uncertainty is to increase the
rate of preterence for present over future consumption.,

This tvpe of behaviour for a consumer facing an uncertain
lite, had alsc been predicisd earlier by Fisher (1930:.

The fact that uncertainty pof life increases the rate
ot pretference for present over future consumpticon does not
impl,, however, ithat undesr uncertainty, the absbolute i=2vel

cf consumption will be higher at early pericds of life as
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compared to that under certainty. This is the basic theme
of Levhari and Mirman (19277) which has also been picked up
byv Davies {(1981) in his e+fort to explain the observed lack

o+ decumulation by the 2lderly. We will discuss thess Leo

13

:tudies later in this chapter

[}

Yaarl showed that in the absence of a2 bDequest mo-
tive, the st+fect of actuarially fair life insurance and an-
rrities 1s to remove the impatiencs resulting from un-
certainty of Iife;l However, the consumpticn plan does not,
in general, coincide with the one chosen under certain
lifatimes because n¥ the difference in the budget con-
straints across the two situations.

For 2 consumer having a beguest meotive, uncertainty
ogf life in the absence of 1ife2 insurance and annuities wiill
increase fdecreoase!) impatience 14 the marginal wtility of
consumption evceeds (falls short of) the marginal utility os
pequests.  This ambiguity had aliso been recognized by Fisher

1,
b}

(11}

oF

{1930y, though he did not 3ivy 2 precise marginal czndi-
tiohs which determine the effect of 1if2 uncertainat, on the
degree of impatisnca,

n the +inal! z2se considered by Yaari 3 beguest mo-

tive is present a2nd 2ctuarially fair 1if4e insurance and an-
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lives on the average for the same number of periocds as the
consumer with certain life, his/her desire toc avoid risk by
consuming more in the present and the desire to provide {for
a possible longer life, pull in opposite directions. The
net e+tect of lite uncertainty on consumption in the initial
periods of life is uncertain.z According to Levhari and
Mirman, Champernowne’s result i3 not general as 1t depends
on nis specific parametric assumptions. Using the i1so-
elastic class of utility functiens: ulc) = clcrll-f, T > O,
Levhari and Mirman concluded that the s+ft+ect of uncertainty
on consumption in the initial periocd of life depends, both
in sign and magnitude, on the magnitudes of the coetficient
o+ relative risk aversion, the rate pf interest and the sub-
jective rate of time preference {(pothear than the one result-
ing from life uncertainty).

The assumption that life insurancte is not availiable
restricts the consumer to consume no more than hi:s/her zur-

rent weallth in any period of lif=,. I+ this constraint 13

2 Instead of comparing the case of uncertainty with
the case ot pertect certainty, Levhari and Mirman studisd
the afftect ot increasing risk in the digiribution of lif= on
the consumption pattern of a2 consumer already facing an un-
czrtain lifetime, with the assumplion that the expectead
length of lite dees not change when the distribution of lite
becomes more risics, In chapter 4 we nwill adopt the concept
a+ a3 mean preserving spread intreduced by Rothschild and
Stiglitz 197G and also used by Levhari and Mirman (1377},
to charactzrize increased riskiness.
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binding in the initial pericd, an increase in unceriainiy

at lif2 can in no circumstances result in higher consumption

i that period. Laevhari and Mirwman’s consumer, hoviever, i3

rot bound ta this constraint becauwse he/she 13 endcomed wilth

211 of bicgl’her lifetime rescurces at the time cof birt:
Navizse 11221 ztudied the effect gf uncertaint on

planned consumpticn a3t diftferent agss.

He sxamined whether

tha moantipaed accumilation or mild decunmulation observed
among msny elderly —corsumer= can be explained by the un-
certainty af life in the absence of 1ifs insurance and ah-

lsirg the iso-elastic class of ubility

.
fi-7y ¥ *» 5, Daviaes deri

and uncertain 1
of consumption under
S5how
cf this ra2tio depends on the magnitudes

rengs

ifetimes and analyzed
uncertarnt

that

rate and ths

FUNCTLIONS,

vad consumption paths

the

{lw)

cient of raiative risl aversisn, 7. However, Davies showad
that, i+ v iz large (3resier than 3} then far a wide range

T The empirical evidence provided by many stadies
sugqests that gontrsey to the traditional lire cycla thecry,
retired hous2heolds continue accunmualating wealith, see, for
exzmpla, Athinscn (19717, Hamerwmesh (1984db), xurz (19845,
Ldzal it 11955), ™Mangchik 2nd Tavid (1P332), Mirer (197%; ana
Sherrocke (177D T o the giher nand, thasre are also =eme
studies mhich sugIest the ppoosiittr (Diramond and Hausman
£122g), Hord {1R24, 1737 and Nirg sad Dicos-Mirsaus (1530 .
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ct the plausible values of interest rate and subjective time
prefarence rate, uncertainty of lite depresses consumplion
by & proportion increasing with age. He argued that the
available smpirical evidence suggests that the value D+ ! is
large =ncugh to preoduce this reszuli, Davies concluded from
this reselt that uncertainty of life explains much of the
iack ot decumuvlaticn by the slderly.

Another explanation of this ghenomenon is provided
by Zilcha and Friedman (1%83). They abandoned the assump-
tion of a fixsd utility function and a fixad probability
distribution of lite2 and analyzed tne consumption and
savings behavicur of an individual who is abgut to retire.
They sugaested that peopie replan their 4+uture consumption
as they age in the light 5+ changing tastes and subjective
lite distribution. Thus pecple may continue to accumulate
a3s they age either because they become more optimistic about
li42 expectancy or because thesy beccme more risk averse,

iLike Uavies (1¥381}, Zilcha and Friedman also used
the isg-elastic uwtility function, uic) = cl_rli-r, r > 0.
The:r aralvysis shows that i+ the gptimal consumption-age
profils sicpes downward, an increase in the cpetficient of
relative risk aversion, 7, will flatten the consumpticn-age
protile and therefore result in less consumplion during saome
zarly vears of planning horizon. This may explain the con-

tinued accumulation of wealih oy the glderiy. To the best
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of ocur knpwiedge there is no empirical study which suggests
anything about the behaviour D¢ a consumer’s risk aversion
over the li4e cycle. However, the other explanation for ithe
continued accumulation 5§ the elderly, provided by Zilcha
and Friedman, seems to be compatible with the empirical
fz3cts. Life zxpeciancy in many couniriss has in +act sub-
stantially increased during the last few decades {(Ses, +or
example, Hamermesh {(1985) and Fries (1930)). There 13 also
some empirical evidence that pegple are aware ot the current
changes in the life tables and they incorporate this in-
$ormation in determining their subjective li$e horizon
{Hamermesh (198351}, Therevore, as Zilcha and Friedman
11983} s=uggest, continued accumulation by the pecpls as they
age may be due tp an increase in their sxpected horizons
which may nct have been anticipated at an earlier age.

In a subsequent study, Zilcha and Friedman {(19£35)
uszed 3 concave utility tunction without specifying its para-
metars. Measuring an i1ncrease in risk aversion by a3 corncave
transformation of the original utility +unction, they
reached the same conciusion as in thelir criginal study.

In a3 recent study, Mirer {1987} argued that the mere
tact that lifetimes are uncertain and lif2 insurance ang an-
nuities are not available, mavy explain the lack of dissav-
ings in retirement., Since the conditional prctability oF

death iz sxpected to increase with age, the rate o+ discount
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applied to utility at a later age will be more than the cne
applied to utility of an earlier age. Therefore, 1§ rate of
interest is not too high to dominate the eftect of discount-
ing, at a certain point tn life cycle when the ctonditional
probability of survival has suafficiently increased, caonsump-
tion will start decre2asing with age. This may result in ac-~
cumulation of assets by a retired individual,

Hurd (1958) discussed the life cycle alliporation be-
havicur o+ a retirad consumer under ungertain lifstimes, He
showed that in the absence of annuities {(or pensions, stc.)
and 2 beguest mptive, if thes subjective rate of i1mpatience
2xcaeeds the rate of interest, both consumption and wealth
will decrease with age,. I+ wealth were ever to increase, it
wmould always increase due to declining consumption. But
HBurd points out, this contradicts rational conzumer benav-
igur reguiring that all!l wealth be consumed by the maximum
possible aqge i+ the individual survives. The subjiective
rate nf impatience is the sum Df the subjective discount
rate {‘other than the one resulting +rom life uncertainty)

and the instantaneous probability of death. GSince the lat-

(ad
L
"3
[
3
4]
]

eases with age {(a2pproaching taowards 1 at the maximum
possible age), the subjective rate of impatience will
sventuallv exceed the rate gf interest at some age and
remain S0 atter thalit. Hurd concluded therefore that con-

sumption and wealth will eventually declire with age no mat-
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ter how high is the rate of interest.

Hurd then introduced a beguest motive in his model
and showed that it causes the consumption trajectory to
flatten., Since the consumer holds additiconal wealth for be-
gquests, consumption in the initial periods will be smaller.
Therafore, wealth wiil decline sliower than without a beguest
motive,

Barro and Friedman {1977} discussed the welfare
aspects aof lite uncertainty under the assumption that ac-
tuarially fair life insurance and annuities are available.
They considered, for compariscon, the optimal lifetime utilai-
ty in Lwo alternative situations. In one situation life is
uncertain with a8 known distribution and actuarially +air
{ife insurance and annuities are availablse. in the cther
situsticon the lenqgth of (ifs 1=z randomly selected +from the
same distribution and announced to the consumer at the be-
3inning o4 planning horizon. Barroc and Friedman showed
that, i+ the consumer i3 allowesd o choose betwsen the twe
alternatives, he’/she will opt 4or not knowing the length of
lifa. The reascning 3023 as follows. The consumer wiih
certain lite does not escape the jamble because petfore tne
iengath of life i=z= random!ly selected, he’she is uncertain
both about the time of death and the consumpticon plan he/shsz
wWill choose after the knowladge of lifetime. The consuaer

with uncertain lifetime, con *he other hand, does =2scape the
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part of gamble associated with life urncertainty. The con-
sumer’s ability to buy insurance a2liows him/her to pool the
consequent monetary risk of uncertain death with others, ai-

though he/she is still uncertain about the length of life.

2.3 TIMPLICATICNS OF IMPROVED LIFE EXPECTANCY IN A LIFE
CYCLE MODEL

Another area of interest in the literature on iife
cycie models is the study of life expectancy improvements.
lite expectancy has signiticantiy increased during last fif-
tv vears in manv ccuntries.4 There is also some evidence
that pecple are aware of the current improvements in life
expectancy. In 3 recent study, Hamermesh {(1785) presents‘
evidence {from a survey ot &50 Economists and 975 other
people 1n the inited States and suggests: *"Most important, I
+ind that people de extrapolate changing Jife tables when
they determine their subjective horizons, and they are aware

a4 levels of and improvements within current life tables.”

4 Lif2 expectancy figures gupted in Hamermesh {(198%5)
show that expectsed life in the United States and many Euro-
pean countries has suostantially increased in the last few
decadas. Between 1939-41 and 1979-281 the expected lite2 for
25 years old United States white males and females increased
By 4.4 and 7.9 vears respectively. The comparables figures
for the Udnited Staizs nonwhites are 7.8 and 13,1 vears
respectively,
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Hamermesh {(1784) discussed the efftect of anm in-
craase in longevity on consumption and labour supply 1 a
lite cycle meodel with certain liftsetime., He concluded tnat,
with an increase in life =z :ipectanzy, consumphtior will

decreass and worl hours will increase in all the periods of

z
W
-
i}

tuts and Zeckhasoser (1%23) further showed thatl
under a certalin lite span, &n increase in longevity will in-
ducs later retirsment,

Both studies guoted sbove assumed that lifsfime is
recrtain.  Yherefore, the increase in longevity im their
analyses is caysed by adding more vears to a given horizon.
However, the observed improvements in life expectancy do not
appear in be interpretable as heing associated with an 1n-
cr~aeased hprizen., Rather, they are the resvlit of mors peopis
surviving ko ihe Istser part of 2 givzn horizon (Friass
r1e203), Theret4ore 3 more reslistic approach to study the
increase in langevity wowld be to tal2 life as wrcsriain =a2nd

3liow the survivasl probakilities to increase with 3 ai1ven

h]

upper bound on 1ifz (ZShinner 1192500,

Atel 11728&Y, Zheshinshi snd Weizs (1981 znd Thinner
(122%) adapt this zpproach in their 3ralysis of the effact
o4 2rn inocreasz=e in lgngevity or tne consumption allcoation
decisisn. A1l of then zonsidersd 3 o period model. Life

iz azewmed to be certain in the f:rzt period and uncertan
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in the secend. Wage income is assumed to be fixed and the
consunar is assumed to have a bequest motive.

Sheshinski and Weiss (1%81) alzp assume that i1n the
second period of life the consumer r2ceives no farnings.
agctuvarially fair annuities can be purchased 1n any amount
through a secial security scheme. In addition, the conhsumer
iz alsp able to carry his/her resources to the secend period
through a riskless bend., A simplified version of Yaari's
uncertainty model is considered. The consumer is assumed to
live a fraction 3 of the second period which has a length
equal to that of the +irst period. The fraction 3 i3 as-
symed to be a random variable distributed over the range O !¢
9 ¢ 1 around mean 9, O ¢ % ¢ 1. Sheshinski and Weiss
showed that an increase in the =sxpected life 143 will
result in a decreazse in the {low of litetime consumphtion.

In Abeli’'s (198&) model the consumer also retires
4rom wporie at the end =f the tirst pericd. However, i1 ithe
consumer survives in the second period, he/she receives a
sprcial security benetit in +ixed amount for which he/s=he has
paid a fixed social security tax in the +irst periocd. AT
tuarially fair lite insurance and annuilties as well as rais«-
less bonds are alsc avaiiable. Abel showed that the effect
o+ an increase in the probability of survival to *he second

nerind is tp decrease {increase) consumphtion in both

r
b
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perinods and the level of bequests i+ consumption in the sec-
ond period is more {(less) than the social security income.
This result ditfers from the ane found by Sheshinski
and Weiss (1981) because of their differant assumptions
regarding the life cycle pattern of income. In that model
the consumer earns no income in the s=2cond period of life.
Therefore the consumer saves in the first pericd in corder to
provide for consumpiion in the second period. I+ lite ex-
pectancy in the second period increases, the actuarially
fair returns on spcial security savings will decresase and
therefore the consumer will have to cut down lifetime con-

S In Abel’s model the consumer earns a fixed in-

sumption.
come in the second periaod of life through the mandatory so-
cial security scheme. I+ the planned consumption in the
second pericd is more than the social security income, the
consumer must have invested in annuities in the first period
{see footnote abovel. In this case an increase in lite ex-
pectancy will reduce actuarially fair return or annuities.

This will +orce the consumer to reduce consumption in both

the periods and the level of begusests, This is the same

S Sheshinski and Weiss also showed that in the
presence ot riskless bonds and actuarially fair annuities,
bonds are reserved for bequests, while annuities are used
exclusively +or consumptiaon during retirement. A similar
result is obtained bv Abel (193s&).
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result as found by Sheshinski and Weiss (1981). I+, on the
other hand, planned consumption in the second period is less
than social security income, the consumer must have borrowed
at the actuarially fair rate of interest in the +irst per-
iod. Now if the probability of survival into the second
pericd increases, the actuarialiy fair interest cost on bor-
rowings will decrease, thus permittincg more consumption in
both the periods of life and more beguests.

Finally, Skinner (19285) showed that in the absence
of life insurance and annuities, the ef+fect on consumption
cf an increase in the probability pf survival intoc the sec-
ond period is ambiguous. This ambiguity arises because in
response to a better life expectancy the two motives for
saving, namely the beguest motive and the life cycle motive
work in opposite directions. With a2 better life expectancy,
the probability of leaving beguests at an early age
declines. Therefore there is less incentive to build up as-
sets while young. As a resull consumption in the first per-
ind will increase. The life cycle motive, on the other
hand, calls for more savings and less consumption in the
+irst period in corder to provide 4or a longer expected life.
The net effect of the two motives on consumption in the
first period is uncertain.

Skinner then introduced in his model, life insurance

as an additional method of providing for beguests. This
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life insurance policy is different from the one considered
in the conventional models, like Yaari (1%43), Sheshinski
and Weiss (1981) and Abel (1986é). Life insurance 1n 3Skin-
ner's model quarantses bequests to the consumer’s heirs in
the agresd amount in the event of consumer’s death at the
2nd of first perind. S:ince with an increase in the prob-
gbility of survival intp the second period the consumer can
purchase the given amount of life Insurance for i2ss, he/she
can spend more on consumpticn. Therefore an increase in the
survival probability in this case will result in higher con-
sumption in both periods.

Arthur (1981) and Kakz (127%9) studied the welfare
implications of improvements in life expectancy. Using a
tmwo period model, Katz suggested that in the presence of ac-
tuarially 42ir lite insurance and annuities, 3 consumer may
be worse off by an incresse in probability gf survival into
the +uture. But, as later pointzd out by Pelzman and
Rousslang (19P22), Katz pverlooksd the implications of risk
aversian in the utility function for his mathematical
results. It turns owt that a risk averse consumer will al-
mavs be betier otf by an increases in probabiiity ot survival
inta the future. Arthur (i981) considerzad the same eff=ct
in nisz =weneral eguilibrium model, I{ we ignore the general

equilicrium aspects aof his model, his analysis alspo shows
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that an isolated risk averse consumer is better off with an

increase in probability of survival to any age.

2.4 TREATMENT OF WORK-LEISURE CHOICE IN LIFE CYCLE MODELS

Life cycle models have also been used to study the
lifetime work-leisure decision. An extreme approach fre-
guently adopted is to assume that vicrk-leisure checice is
discrete in the sense that workers can choose only the age
of retirement with fixed hours of work in each period betcre
retirement {(Burbidge and Robb (1980), Crawford and Lilien
{1981}, Hurd and Boskin (1984), Mitchell and Fields (i983),
Malebuff and Zeckhauser (1984), Sheshinski (12738)).

Crawford and Lilien (1981) also considered life un-
certainty in analyzing the sffect of social security on the
retirement decision. They assumed that social security is
actuarially fair 2nd that an actuarially fair life insurance
and annuities are not available in the private market. They
also assumed that the social security contribution is less
than the individual would choose i+ free to do so. The rate
of return available on investment in social security, which
is actuarially +fair, is higher than the one on investment in
bonds through a private market. Therefore, the provision of
an increase in the social security contributions will in-
crease the feasible consumption plan for the given retire-

ment age, and will therefore create an income effect to in-
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duce earlier retirement. The increase in social security
contributions will also create a substitution effect by
reducing the marginal cost cf consumption in terms of the
leisure foregone and thus induce more consumption and less
leisure. This substitution effect will erncourage later
retirement. Crawford and Lilien conclude that the net ef-
$tect of an increase in social security contribution on the
retirement decision is uncertain.

Li¥e cycle maodels which discuss retirement behaviour
assume that workers have only a limited choice. They can
either work full time or retire from work. On the other
hand, a large body of theoretical as well as empirical re-
search on life cycle aliocation protlem is based on com-
pletely flexible work-leisure choice (Browning, Deaton and
Irish (1985), Ghez and Becker {19275}, Heckman {(1%74, 1%974),
Hurd (1971), King (1983}, MaCurdy (1981, 1983, 1985), McCabe
{1283), Moffitt (1985). Mo study on these lines could be
found which would also discuss the implications of life un-
certainty for the life cycle allocation of work hours. How-
ever, in the light of present research programme, it will be
worthwhile to discuss the basic findings of these studies,
in particular the ones by Browning, Deaton and Irish (1985},
Heckman (1974), Ghez and Becker (1975) and MaCurdy (1981).

There are two main contributions of Heckman (1274)

and Ghez and Becker (19275). First, the response of work
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hours to anticipated variations in the wage rate over the
life cycle is unambiguous in sign, unlike the comparative
static etfect of a change in the wage rate on work hours in
a one period work-leisure choice model. Other things being
constant, work hours will vary in the same direction as the
wage rate over the life cycle. This relationship has been
empirically supported for the U.S5.A. by Ghez and Becker
{1975) and MaCurdy (1281, 1983, 1985) and for the U.K. by
Browning, Deaton and Irish (1984). A survey of many other
empirical studies in Killingsworth (1933) 3also seems to sup-
port this finding.

The other major contribution of Heckman {(19274) and
Ghez and Becker (1975) is that, unlike in the conventional
li¥e cycle wmodels, consumption is not independent of current
wage income unless the marginal utility of consumption is
independent of leisure. The observed positive relationship
between consumption and current income can be explained
within the context of a life cycle mpodel in which the wage
rate is not constant over the life cycle and work hours can
be varied. If consumption and leisure are substitutes for
each other in the sense that the marginal utility of con-
sumption increases with a reduction in leisure, then an

anticipated increase in the wage rate will result in in-
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creased work hours and increased consumptiun.6

MaCurdy {1981) further exposed the behaviour ot work
hours in respanse to different types of changes in the wage
rates. He distinguished among three different types o+
responses in work hours to changes in wage rates. First,
the intertemporal substitution effect which explains the =24-
fect of anticipated or evolutionary changes in the wage rate
over the life cycle on the life cycle pattern ot work hours.
Second, the uncompensated wage sffect which captures the ef-
+ect of a parametric change in wage rate on work hours.

This effect shows the difference in work hours across indi-
viduals with similar preferences and wealth but different
wage profiles. Finally, the compensated wage effect which
shows the effect of a parametric change in the wage rate on
mork hours, holding lifetime utility constant. MaCurdy
showed that the effect o+ an anticipated change i1n wage rate

on work hours at any age is eqguivalent to the effect of a

& Prior to Heckman’s result, Thurow {(1%768%7) at-
tributed the observed positive relationship between consump-
tion and current income toc the credit market constraints
which prevent consumers from borrowing against future in-
come. Magatani (1972) also found this relationship and at-
tributed it to the uncertainty of future income. In a rela-
tively recent study, haowever, Browning, Deaton and Irish
{1985) found both substitutability and compliemenarity rela-
tions between consumption and leisure in different estima-
tions for the U.K. data.
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parametric wage change at that age, holding constant the
marginal utility of wealth.

Browning, Deaton and Irish (1285) showed that if
prices of all the goeds over the entire planning horizon are
fully anticipated, the life cycle problem of an individual
can be studied in the framewcrk of a competitive profit max-
imizing firm. The individual can be viswed as maximizing
profite for each periocd in the life cycle from the sales of
utility (tpo himself/herself). The price of utility is the
reciprocal of the marginal utility of wealth. The costs
comprise of expenditure orn purchase of goods. Since an
anticipated change in wage rate is eguivalent to a
parametric change, holding constant the marginal utility of
mealth, this change will not atfect the price of utility
{which is equal to the reciprocal of the marginal utility of
vealth). Therefore the sffect of an anticipated change in
wage rate on leisure or consumption of a goed is identical
to the comparative static effect of a change in wage rate
for a price taker individual who maximizes profits from the
sales of utility in each period. 3Browning, Deaton and Irish
showed that the life cycls demand system derived in this
manner satisfies all the properties of the usual profit max-
imizing demand system. This approach is guite useful for
empirical =s=tudies because it suppresses all the future in-

formation into a single parameter: the price of utility.
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The empirical evidence by Dickens and Lundberg
{1985), Gordeon and Blinder {(1220) and Gustman and Steinmeier
(19823, 1982k, 19843, 1984b, 1985a, 1%85b, 1%84) suggests
that neither of the two approaches, namely the discrete
retirement choice and the fully flexible work-leisure choice
models, is completeiy ten=able. Gustman and Steinmeier con-
cliuded that retirement is not a discrete process. It in-
volves a transition to partial retirement before full
retirement. In many cases, partial retirement reguires a
job change and a wage reduction. This result was alsc found
bty Gordon and Blinder (1980). they concluded that a wage
reduction may induce many workers to retire. Gustman and
Steinmeier (19823) provided evidence on hours restrictions
on the jobs from the Michigan Panel Study of Income
Dynamics, 1971-1975, suaggesting that S56% of the employeses
face a minimum hours constraint on their jobs. They also
guoted another survey of 267 firms, ccnducted by the Bureau
ot Mational Affairs in 1972, which shows that 15% of the
firms allow their older ewmployees to gradually reduce work
hours and phase into partial retirement. Reid’s (192&a)
recent sxperiments with Canadian data show that 25% of
workers want to reduce their work time with a proportional
reductien in pay. He reached similar conclusicons in another
study for Canada (Reid (1P36bli. ©On the other hand, using a

sample of 555 employees from the Denver Income Maintenance
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Evperiment, 19272, Dickens and Lundberg (1%85) concluded that
a large proportion of the sample is working less than the

desired number of hours.

2.5 COMCLUDING REMARKS

As our discussion in this chapter shows, the litera-
ture on life cycle allocation behaviour under uncertain
lifetimes is mostly based on the assumption that the indi-
vidual receives a ftixed income stream over the lite cycle,
over which he/she has no control. On the other hand, there
is 3 comprehensive literature on the treatment of work-
leisure choice in the life cycle context, though it has been
limited by the assumption that life is certain (except Craw-
ford and Lilien’s {1?31) retirement model}. One aspect of
the present research is to develap a li+e cycle model under
uncertain lifetimes in which both consumption and work hours
are chosen by the individual.

We have also learned that there is a controversy in
the literature regarding the extent of variability of work
hours. Many studies allow only a discrete choice in which
the individual can choose only the age cf retirement with
fixed hours of work in each period before retirement. On
the other hand, there are also many studies which assune
that the individual is free to choose hours of work in each

periacd of lite. But these studies do not consider retire-
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ment as a possible cutcome of the lite cycle work-leisure
decision. Alternatively, these studies can be viewed as a
medel 4or the pre-retirement period of life. The empirical
evidence seems to suggest that neither of these two extreme
approaches is realistic. However, the institutional bar-
riers which limit the choice of an individual, vary from one
empirical situation to another. One cannot put torward a
theoretical model! which fits all the empirical situations.

In the present research we have chosen to consider a
perfectly flexible work-leisure choice model. This type of
model has already been developed by Heckman (1%74), Ghez and
Becker (1973), MaClurdy {1%9281) and Browning, Deaton and Irish
t1985) under certain lifetimes. These models explain the
life cvcle work and consumption decisions with a direct
utility maximizing approach and do not distinguish between
the intertemporal and intratemporal effects of changes in
wage rates. In the present research we plan to use a two
stage budgeting approach which is expected to provide a
clearer picture of lite cycle behaviour. 1In additicn, this
appraoach offers a mors explicit interpretation of the ef-
+ects of snticipated and comparstive static changes i1n vari-
nus parameters, like survival probabilities, wage rates, and
intersst rate. The two stage budgeting approach provides a
breal down of these effects into intertemporal and in-

tratemporal components.
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Earlier studies cn litz cycle savings pattern are
usually based on the assumption of a +ixed income strean.
The studies gon lite cyclie consumption-work allccation deci-
sion, on the pther hand, tend to ignore the analysis of

avings and asset halding., We plan to study the savings-age
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ainty with actuarially $air lite insurance and an-
ruitties. This study is expected to throw some more light on
the relationship ot ceonsumpticn with earnings over the lite
cvcle. We also plan to spell out the dynamic process of as-
set holding in tre presence of actuarially $air life in-
surarc2 and annuitiss,

We will adopt a2 continucus time framework which is
aralvtically esasier than a discrete model to study retirs-
nwent 35 3 possible ocutcome of the life cycle decision. This
extended framework is expected to provide same intormaticn
an the dizstinct consumption and savings pgatterns of an indi-
vidual during working and retirement pericds ot iite. it

mav explain the2 relaticnship of asset hoiding during reilire-
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ment with the gre-rerirement pattera of 2arnings and con-
zumption,
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n the proposed (ife cycle model we hope Lo obtain
more aeneral results than availabls in the existing litera-

ture, regarding the sff2cts of changes in survival probabil-
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ities to variocous segments of life on consumption, work
hours, retirement age and savings pattern.

This completes ocur discussion of the earlier studies
on life cycle allocation behaviour. Mow we formally proceed
to construct a lite cycle model of consumption and work al-

locaticn under uncertain lifetimes.



CHAPTER 3
CONSUMPTION, WORK HOURS, SAVINGS AND ASSET HOLDING IN
LIFE CYCLE UNDER UNCERTAINM LIFETIMES WITH ACTUARIALLY

FAIR LIFE INSURANCE AND ANNUITIES

3.1 INTRCODUCTION

In this chapter we will develop a life cycle model
of consumption and work hours under uncertain lifetimes in
the presence of actuarially fair life insurance and an-
nuities. A lite cycle model of consumpticon and work hours
under certainty has been presented by Heckman {(1974) in a
continuous time frameviork. We make use of this continucus
time framework in ocur analysis.

As is well known from Yaari’s (19485) model, the ex-
istence of life insurance and annuities eliminates the ef-
fect of life uncertainty on the consumer’s preference for
present over the future consumption. That is, the differen-
tial equation determining the age path of consumption looks
=imilar to that under certainty, though the consumption
plans ar= not identical in the two cases. This suggests
that the differential sgquations determining the age paths ot
censumption and wiork hours in our model are likely to loock

similar tc the ones obtained by Heckman (19274). In this
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sense our model is similar to Heckman’s. But there are many
aspects in which our analysis differs from Heckman’s.

First, unlike Heckman, we alsc allow retirement as a pos-
sible outcome of ths life-cycle work alleccation decision.
This provision is expected to produce some additional
results regarding the lifte cycle consumption, work and
savings pattern of an individual. Second, we adopt a two
stage budgeting approach in order to describe the character-
istics cof the lite cycle solution. This allows an easier
urderstanding of the model by giving new interpretations to
the ef+ects of various anticipated or parametric changes.
Finally, the analysis is not limited to the study of life
cycle consumption and work allocation decision. The lite
cycle pattern of savings and asset holding is also fully
spelled out. This study of lite cycle savings pattern pro-
vides some additional information on the relationships among

consumption, earnings and assets accumulation.

3.2 ASSUMPTICNS AND FRAMEWORK OF THE ANALYSIS

In this sectiaon we will present the +framework of the
model which is standard in life cycle theory under uncertain
lifetimes (See, +or example, Arthur (1981}, Barro and Fried-
man (1277} and Yaari (1943)). We start with the description

of the distribution of lite faced by the individual.
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3.2.1 The Mpdelling of Life Uncertainty

Consider an individual who is assumed to live no
more than T periods. The individual does not know the exact
time ot death, but has pertect knowledge of the probability
distribution of life. This assertion can be supported by
assuming that the individual lives in a sizable population
ot biologically identical members and therefore can calcu-
late the distribution of life +rom the known vital
statistics. As we have learned in chapter Z, there i3z some
evidence that people are aware of the improvements in cur-
rent life tables {(Hamermesh (1783)).

Foilowing the framework adopted by Yaari (12&68), we
now discuss the characteristics ot the distribution of life.
et gi{x) be the unconditional probability ot death at age x,
perca2ived 3t age 0. Obviously, the density function gix!

must satisfy the conditions:1

0 ¢ gtx) < 1 for all x, with g(7) > O (3.2.1)
T

Jgix) dx = 1 (3.2.2)
0

The probability of survival through age x, perceived at age

0, pix), can be calculated as follows.

1 I+ 7T is the upper limit on the possible life
herizon, the probability of death at zge T, g{(T}, must be
non-zero.
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T %
pix) = [ giy) dy = 1 - [ giy) dy (3.2.3)
X 0
It follows immediately that 0 < pi(x} £ 1 for all x < 7, pl(0)
= 1 and p{T) = 0. It also follows that

pi{x) = - gix) £ O (3.2.4)

That is, the probability cf survival is non-increasing 1in
age. iThe age paths of survival and death probabilities are
illustrated in figure .3.2.1.°
Finally, we can alsoc calculate the conditional prob-
abilities as follows. The conditional probability ot death
at age %, given age v {(y ¢{ x}) and the conditional probabil-

ity of survival through age x, given age y (y { x) are

gix}/pt{y) and pix)/pi{y) respectively.

3.2.2 Feasibility Constraints With Life Insurance and
Annuities
At each point of time during life, the individual
receilves a ftixzed endowment of leisure at the rate of 3 per

period which can be +reely allocated between wark and

2 For the shapes of the schedules p(x) and gi{xl see,
for example, Davies (1981), Fries (1980} and Hamermesh
(19385) .
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Figure 3.2.1 The Probability Distribution of Lite and the
Shape of Survival Schedule
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retained leisure. 1In order to concentrate on the un-
certainty of life, it is assumed that there is no other ele-
ment of uncertainty present in the model. The rate ot in-
terest on riskless bonds is assumed to be fixed over time
and known to the individual. The wage rate is also assumed
to be known with certainty, although it may vary with age.
The 2g9e pattern of wage rates will be discussed later in
this chapter. The price of a single composite consumption
good, assumed to be +ixed and known to the individual, 1s
normalized at 1.

We shall assume that the individuval does not receive
any transter income in the +orm of inheritance, gifts, etc.
and has no motive to leave besquests or to offer any other
form of transfers to others. It is assumed that social
security, pensions, health insurance and the like do not =x-
ist.

Finally, it is assumed that actuarially fair life
insurance and annuities are available. Foallewing Yaari
(1965), we intrnduce lite insurance and annvities by assum-
ing that the individual can buy or sell actuarial notes with
an insSursance company. It is assumed that the insurance com-
panies have perfesct knowledge of the distribution of life
and operate in a perfesctly competitive market. The buyer of
an actuarial note is a lsnder and receives an instantansous

return on it at each age so long 33 he/she keeps it. If
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he/she dies without redeeming the note, the insurance com-
pany is held free of any obligations. Likewise, the seller
o+t a note is a borrower and pays an instantaneous interest
on it to the insurance company at each age. If he/she dies
as a borreower, the insurance company has no claim on his/her
astate.

Perfect competition among insurance companies and
the individuals® ability tec buy or sell actuarial notes at
any point of time, eliminate the possibility of expected
profits or loss to the insurance companies on any actuarial
note for any period of time. If an individual aged x buys a
deollar worth of actuarial notes for a small periocd of time
£, then the =xpected profits of the insurance company from
this transacticn are zero if the exzpected value of principal
and interest pavments to the individual at age x+¢, by the
insurance company 1s equal to the certain revenue toc the in-
surance company from the investment of that dollar in risk-
less bcnds.3 A similar conditicon should hold if the indi-
vidual sells a dollar worth of actuarial notes.

For 2n individual aged %, the probability of sur-
vival to age x+f is p{x+&)/p(x). Therefore, if r*(x) and

are the instantarneous rates of return on actuarial notes and

2 To aveid complications it is assumed that costs to
rurn insurance industry are zero.
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riskless beonds respectively, the condition ot zero expected

profits can be written as follows.

Limit [€ptx+e)/plx)3fi+er®

€40

{(2}} + {1-pix+e)/pix)30 = 1 + ¢rl

This condition can also be interpreted as the reguirement
that rate of interest on actuarial notes is fair (Yaari
{126)). Writing pix+e)/pix) = 1 + [pix+e)-p(x)1/pixr),
dividing through by £, simplifying and taking the limit, the

above equation implies

ro(x) =r - pix)/plx) (3.2.9)

Or, using (3.2.4)

r¥l) = r o+ gtx)2pix) (3.2.6)

That is, the actuarially fair rate of interest exceeds the
rate on riskless bonds by the instantanecus conditional
probabtility of desth.

Yaari {(1945) has shown that, if a risk averse indi-
vidual is +ree to choose, he/she will opt for life insurance
and annuities in the desired amount rather than bonds at
rate r. Therefore ocur individual will hold life insurance

and annuities to realize all intertemporal transactions.4

4 Later in this chapter we will show how the indi-
vidual is better off bty the availatility of actuarially +$air
life insurance and annuities,
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Under thesze circumstances, the lifetime budget constraint

facing the individual can be written as follows.

Ul
4
i
L3
“d

7 f Ay 1
P oexp b= 0 rT Y Ay fwfdhix) - clx)D dgx 2 G
L J

wmhare, hi<, clxl and wix) ar= the age specitiz rates of
wark hours, consumption and real wage respectively.

This formalation o+ the lifetime budget constraint
is due to 7Yaari (1946%3). However, we can simplity it guite a
bit, Using souation (2.2.3), ithe Adiscouni {factor attached

wi1th the budget zonstraint can be wriltten as

! D I - ot
: = ‘ 2 < 4 )
exp |- i r*(w) dvl = exp - dy + ' Ipivirpiyrd dy'
o - oo 0 }
1' ",3.’. ‘ \} 3" X '
= exp (- i r d/ | exp | [alog piyi/sdyl 4,
L0 J LQ -

= exp {-rx} e2xp #iog pixi ~ log piGil

Since pid) = 1 and therefarsz lcg pild) = 0, the discount fac-

tor simplitiszs 33
-
(= |
! + | o-rs (5.2
z=uz §.. I ot d:,‘:‘ = '[:fx‘ {Sec: 3
(O J

Fubstituting this ;jesulld 1in 3

[§3)

2.7, the litetine budget

copstraint zar ge written azs in Arthur (15813 :
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j’l e"r‘x

0

pix) [wix)hix) - ci(x)1 dx 2 0O (3.2.9)

The budget constraint written in this form states that, dis-
count=2d by the rate of intsrest on riskless bonds, the pres-
ant value of the stream of sxpected consumption should not
exceed the present value of the stream ot expected labour
income.

There is anpther form in which we can express the
budget constraint, as in Barro and Friedman {(1977). Sub-
stituting from =2quation (3.2.31},

M

pix) = J gty) dy,

into equation (2.2.9) and changing the order of integration
we can write the budget constraint as follows.

L1 X

S agtx) e wiylhiy) - cty)1 dy dx 2 0 (3.2.10)
4] Q

That is, discounted by the rate of interest on riskless
tonds, the expected value of the discounted lifetime con-
sumption should not exceed the expescted walue of the dis-
counted lifetime income. Thus, due to risk sharing on an
actuarially fair basis, the individual is required to

satisfy the litetime budget caonstraint cnly on average.
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For our further analysis, we will use the simple
form of the budget constraint given by equation (3.2.%). 1In
addition to this constraint, the individual 1is also

restricted to meet the following boundary conditions:

cix) 2 0, 0O ¢ hi(x) £ 8 (3.2.11)

Any consumption-work plan is feasible if 1t is
within the limits set by the budget constraint (3.2.%) and
the boundary ceonditions {(3.2.11}.

2.2.3 The Lifetime Utility Function

The utility function defined over the rates of con-
sumption and leisure over the entire life is assumed to be
additively separable among sub-utility functions detined
over the rat=ss of consumption and leisure for each age.
Without additive separability assumption marginal utilities
3t one s3ge are re2lated to the goods consumed at other ages.
There are many poscsible patterns of inter-period related
marginal vtilities which one may like to study and, there-
+tore, the analvysis could end up with many possible patterns
of the life cvcle alloccaticn behaviour. Thus, the additive
separability assumpticon seems to be essentially indis-
pensable for a positive outcome of the analysis. Besides,

the general utility function alsc do not seem to be a
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suitable choice for modelling life uncertainty in the al-
location problem.

Let, for an individual aged x, the utility rate as-
sociated with the rate of consumption ci{x) and the rate o4
retained leisure 8-hi{xz}, be described by th2 function
Uici{=), 8-h(x)). Tastes are assumed to be independent of
age. In addition the utility +unction is assumed to satis+y

the following properties.s

Assumptions
1. Utx) is continuous in ci{x) and 8-h{x) and has continuous
+irst and second partial derivatives.
2, Uflx) is strictly increasing in cix}) and §-hi{x), that is,
1(x) and Uz(x) are positive.

= 2

= Uz(x)

letx)=0 4-hix)=0

u
u

a4, U{x) is strictly concave. Therefare
u

2
11 (%) € 0y Usnlx) € 0, Uy tx) Ugntx) = U520 > 0,

22

Assumption | enables us to make use of the tocls cf

differential calculus in cur aralysis. Assumption 2 means

S Henceforth we will use the abbreviated notation
Wiz} +or the utility $unction Ulci{xl, 9-h{(x)). The first
partial derivatives with respect to consumption and leisure
will be denoted by U, (x) and U,(x) respectively. Similarly

the conventional notatiocn Ui.(x) will be used for the second
partial derivatives. J
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that the individual is never saturated with consumpticn or
leisure. Assumption 3 implies that the individual cannot
survive without consumption or leisure. In ocur optimization
analysis this assumpition will be useful to allow us to ig-
nore the boundary conditions: cix}) 2 0, hix) ¢ 9. Finally,
the as=zumption of strict concavity of the utility function
allows application of nonlinear pptimization technigues to
obtain a well behaved soclution to the lite cycle allocation
prcblem.6

The lifetime utility functicn can be obtained by in-
tegrating the age related utility functions ocver the entire
life. Since the length of life is uncertain, we must con-
sider the expected utility as the objective function ot the
individual. Thus, for an individual aged 0, the =xpected
litetime utility $function can be written as:

T X

o= [ gi(x) [ UWcty), e-hiy)) dy dx
0 0

Or, with a change in the arder of integration

1 T
A= [ Uletx), 8-hix)) ' gly) dy dx
O %

& It may be noted that strict concavity of the in-
stantaneous utility function is a necessary and sufficient
cendition for the lifetime utility function, considered be-
low, to be guasi-concave.
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Finally, using the relation (3.2.3), we can write

T
I plx) Utcix), é-hix)) dx {3.2.12}
0

2

Motice that the survival probability, pi{x); i3 in
general less than one and decreasing with age. Therefore,
due to life uncertainty, the individual puts less weight on
future vtility as compared toc the present. This behaviour
of an individual facing an uncertain lifetime appears toc be
what Fisher (1930, pp.216-217) had in mind by his assertion:
*Uncertainty of human life increases the rate of preference
for present over future income for many people...-”

As pur lifetime utility function (3.2.12) shows, we
have as=sumed that the individual does not discount {future
utility for any reason other than uncertainty of life. How-
ever, our results would noct be much affected by introducing
a discount rate in the lifstiime utility function as locng as
it is less than the rate of interest on riskless baonds. As
cur analysis in sub-section 2.2.3 will show, the effect ot
discounting future utility due to lite uncertainty is exact-
ly offset by the excess of actuarial rate of interest over
thke rate on riskless bonds due to life insurance and an-
ruities, Therefors, it is the difference between the rate

ot interest on riskless bonds and the subjective discount
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rate cther than the one due to life uncertainty, which
will determine the trade pff betwesn present and future
spending. I+ the rate of interest is greater that the dis-
count rate then, given that the wage rate and the price of
the consumption 3ced are constant over the life cycle, the
individual will spend mare in future periods than in the
present. This result has also been sstablished by Yaari
{1245) in the context of life cycle consumption decision.
It is in this sense that the assumption of zerc discount
rate2 and a positive rate of interest on riskless bonds is
eguivalent tec assuming that the discount rate is less than
the rate of interest.

The basic structure of our model is now complete.
We have an objective‘functicn of the individual in the {form
of an expected lifetime utility fanction (3.2.12), a
lifetime budget constraint (3.2.%), and the boundary condi-
tions {(2.2.11). We 3are now ready to carry ouvt optimization
analysis and discuss the properties cf the cptimal
consumption-work pilan. This is the subject matter of the

next section.
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3.3 THE OPTIMIZING SOLUTION AND THE LIFE CYCLE PATTERN
CF CONSUMPTION AND WORK HOURS: A TWO-STAGE BUDGETING
APPROACH
The lifetime allocation problem of the individual is
to choose a feasible consumpticon-work plan in such a way as
to maximize his/her expected lifetime utility. For a better
understanding of the results, a two-stage budgeting approach
is adopted. At the uppsr stage of the problem, lifetime
respurces are 21located among expenditure rates on consump-
tion and retained leisure at varipus points of the life
cycle. At the lower stage, the expenditure chosen +rom the
upper stage for esch age is optimally allpcated between con-
sumption and leisure.
To explain precisely how the two stages work, we
+irst define the rate of normalized expenditure, e{x), on
consumption and leisure, measured in the units of the con-

sumpticn goed, as

el{x) = cix) + wix){d-h{x)} {3.3.:1)

Given the rate of expenditure at age %, e{x), the lower
stage problem is to choose the rates of consumption, c(x),
and leisure, 39-h{x}, in such a way as to maximize the rate
of utility at age x, Ulcixi, 9-hix})). The solution thus ob-

tained gives the conditional demand functions feor consump-
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tien and leisure, given the rate of expenditure. From thesea
demand functions can be derived the indirect utility +unc-
tion which describes the utility rate at age x as a +unction
nf expernditure and the wage rate at age x. The i1ndirect
utility function shows the utility derived 4rom a Jaiven rats
of =mupenditure under the assumption of cpitimal beshavicour =3t

trhe lovier

Mi

tage. Using this 1ndirect utility functicn, the

&%

evnected lifetime utility can then be expressed as a func-
ticn of expenditure and wage rates st varicus points o+ the
life cweole. Mext, moving to the upper stsge, the prooiem 13
to allocate litetime rescurces amcng 2xpenditurs rates at
various geoints of the lite2 cycle. Mow we formally proceed

to the prcblem.

3.3.1 The Problem ak the Lower Stage

The lower stage problem at age x can be gutlined as

0l locus,

M imize i £y} ERe 3

AREILTE, U0, tohe)

Subject tpl eixd - cix) - wixwtlo-hixi} 2 O
cixy 2 0, O L plxy & 5

The assumption ot positive marginal util:ities (aszumption I
implies hthat th=2 budget cornstrzint in the 2bove probliesm wilid

aluavs hold with strioct egquality under optimai: oehasigur.,
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In addition, assumpticn 3 on the wutility function guarantees
that the boundary conditions cix) 2 O and hix}) & 9 will not
Be binding. A=z a resulit, the problem can be converted into

the following Lagrange +format,
(§?§§?g%r))055£33, A-h{x)) + ) la(x)- oix)- wix)is-hixit]
such that hix} 2 0 and (2} > G.

The Kuhn-Tucksr conditions for maximization ars:

{1} ?Jltxﬁ— v{x) = O

{ii} -U2(><? + udwix) ¢ O

{iii: hixy 2 O

RV R Gt {Ugix) + {x¥wix)] = O
v} e{s]l - ci») - wix}ii-hix})i = &

T+ the splution exists, 1t will be either an interi-
or solution: cix) > 0, hi{x) » 2, or a corner szclution: cix)

> O, nta} = O, When the marimizing conditicon {ii} hoids

[

with strict egquality, *hzr2 zZan be an interior soiukion. Iin

b

thig 382 the maximizing conditicns atter eliminating - (x.

can be expr=ssed as follows.
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Since the utility function is assumed 15 have continucus
first ard second partial derivatives, it is obwvious that the
abnve two eguatipons have continuvous First partial deriva-
tives., Later in ouvr comparative static analysis, we will

prove that the relevant Jzcobisn matrisz +tor this set ot

i1l

saguations is non-singular. Th

i

refore the Implicit Functicn

Theorem guarsantees that there sxist continuous solution:

ti
W

clv) = clwind, 2{x))} {3.3.3
hixt = htwixd, elx)) {3.3.5)

shich has continuous first partial derivatives with respect
to wix) and =2(x).

Mext

[N

' ¢ the maximizing condition {(111) holds witn

strict eguality, we have an a2xplicit sclutian?

cix?! = pix) -~ wizx}3 (2. 3.6)
Riw) = O {(3.5.7

“Thwiously, this sclution 13 continupous and has zentinuDus

tiret partial derivatvives with respect to wizx: and =1{.4).
Finally, we must alsc considsr “he tordee l.ne case

in wmbich both the maximizing conditicns (2137 and (313) hosd

with strize =gqualit -, 1+ 2

i

olution ogcours in Lh2 nelgh-
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bourkoed of such a point, it wmay switch from interior to
corner or vice versa in response to small changes 1n any
parameter gf the problem. Therefore, wne call such a goint a
switching point., At such peint, the boundary condition hix
>0 ig effective jusit at the margin. In other words, Lhe
maximizing conditicns {(3.3.2}) z2nd (2.32.3) describing the :ina-
t2rior splution yield the result: cix? = 2ix) - wix)iv ang
hi=) = 0, which is alsc th2 zarner splution at that particu-
1ar switching point. Ther=2fore the sgliution 1s continuous
in the neighbourhoed ot a2 switching point.

The above discussion can be summarized in the fol-

inwing result.

Thecrem 3.3.1
A spiution to the lower sStage roolem exists
in the entire domain: wiz: » 0, eix; -+ O, The result-
ing conzumegtion demand and labour svpply functions are
gverythere continuous., In z2ddition; the two tunctions
have continuous first partial derivatives with respect

to *he itwo arguments wiz) and eix! at ail the ooint

L]

gxcept 2% the peossibiez swiiching points.

lcwer stage scluation which will bs 2sesul iafer, not only to



page 538

relate the solution at the two stages, but alsoc to perrvormn
the comparative static analysis of the enltir2 spluti1on.

Tha comparative static etfezts +or the interior
splution can be pbtained by differentiating eguations
12.2.2) and 13.3.3! with respect to all the variables, Cixl,

hixd, wix) and =210x}. The result in compact +form 158

(w8
n
R
e
oI
O
—— _\__4!
—y
o
%
et

vihere, Jlx) is the Jacobian matrix detined below.

{ N
Uy 6300 =m0V £ U (XD +W (21U, 5 (%) |
36 =l < - “= * | (3.3.%)
i -1 wix) i
L

N

Substituting wix) = Uq(x)/Ul(x} from equation (3.3.25, ine
.
determinant o4 matria 3{x) can be spived as
RS = T Y L 2 P - PP
o = - L»:(x‘fU,{x: 2 De a(G)
whera, @ix) is the guadratic form:
-

Gy = 1) i’J\J:'U Ta) = P fedid_ (i (xy o+ U ;\.,BU , )

2~~f liw;i. = i E\ii 12\,«4 \Jlu‘) EEX{.

I3.2.11)

Undar the assumpition ot the sirict concavity of the ut:lrty

funchtion, Six! i3 n=2gative,
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Solving (3.3.8) with dwix) = O and using (3.3.10}),

we obtain the $ollowing partial derivatives:

foix)/fie(x) = ?2(w)lﬂ(x) (3.3.12»
{xY/Iin) = -~ Pitx}/wix)de) {(3,3.1)
vhere,
bty = U (x)EU {x) - U, (302U, 4 {x) 15, 3. 14
2" ~1 22" S ICARERE ) e

2 . - .
ﬁlix) = Uz(x) u11(X) - Ul(x)Uztx)dizlx} {3.3.15)

The assumptions on the utility function are nct sut-
ficient to determine the signs of Ulix and p.{x}. However
Slix) and Y,i{x) satisfy the follow:ing obwvious ra2striciion.

911x3 + uzix) = [y O {3.3.18:

From this restriction +o0llows the adding-up property ot the

fincome effects’, krnown as the Engel aggrzgation condit:icn,’

F}

T3 iy 2 {x? Y - wiv) [t /3e{x)] = 1 {3.3.147
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14 both consumpticon and leisure are normal, dci{x)/zeix} >

0 and 3h{x}/3eix) < 0O, If consumption is interior and,

theretore, 3Jci=z)/3el{x) < O, we must have 3hi{x)/deix) < U,

that iz, leisure must be normal. Likewise, i+ leisure is

inferior and, therefore, Zhix)/d2{z) > 0, we must have

- ixt /e {x) > &, that is, consumpltiocon must D2 normal.
Mext holding deix) = G, we obtain the +ollowing

price effectis by soiving eguaticns {(2.2.8):

i)/ 3m{n) = - iw(x?Ul(x)3/Q€x§} - {9=-h{x}r 3 E}E(x)/aﬁx73
Shixy/9mix) = - TU_ (x313/3(x)1 + (3-hix}I L6, {x)/mix?@{x) 1

1 1

It is easy to contirm that the +irst part in the twe
nrice efftects represents ths compensated price efrect where
as tha =zeocond part corresponds to the income eftect.  There-
Id

fore, wve can write the effects of an increasse in the vage

rate in terms ot the following Slutsky eguat:ons:

Folwd ol = D3 i)/ 3md ) Hl( v 1 - D3-nixyllici{xi/ze(=xi]
Pyl 2 g
(3.3.,18;
) FOmie) = [3hix) /2m(x} émw} - [i-hixs Ilzhixd /oetix) ],

vhere,
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3G /3wt |y ) = - w(x)ul(x)3/sux) (3.3.20)

8h(x)/3w(x)|u(x, = - UI(X)B/Q(X’ {3.3.21)
The compensated effect of an increase in the wage
rate is to increase both consumption and work hours as ex-
pected. A= befcre, the signs of the income etfects are not
certain. In crder to be more definite about the possible
signs of the two price effects, we will use the +ollowing
identity which can be aobtained =2ither by using eguations
(3.3.146), (3.32.18) and (3.3.1%),; or directly +rom the budget

equaticn.e
T3c(xY 72m(x)] - wix) [3h{x}/3wi{x2)] = - {3-h{x)? {3.3.22)

This identity can be trancslated in terms aof elasticities as

follows:

n,{ixy = - [35

0)
-

G
h
W

2(:)/81(x)] [1+n2(x3]

Sltx) and Sztx) are respectively the expenditure shares of

consumption and leisure and nlix) and nz(x) are respectively

2 This identity is known as the Cournot aggrsgation
caonditian.
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the elasticities ot consumption and leisure with respect to

waqge rate. That is,

wied = wi) {s-hi{x)}/elu)
ﬁliwa = (i) /8m{=t ] Twin)/icix)]

ﬂ?'x3 = [346=-hi=)3/3wl{x)] Lwix}/{d~-hi{x}1]

4, by any chance, leisure 15 a ‘Gitfen’ good, that 1%,
nE(x) 1is pesitive then, as eguation (3,3.23) implies, niéx;
must be negatiwva. In this case an 1ncrease in trre wage rate
will result in a8 decrease both In consumphion and work
hagurs., The more realistic case, however, 15 n_{x) < G, tnat
i2, 2 higher wage rats w2:ll result in 1ncreased work hours.

Mow (4 the dzmard

™

pr leisurs | 1nelast

1
P

%

=, that 1:3, In_tzy !
¢ 1, then n1<m} will be negative and therefore an inoreass
in the wage rate will re=zult i« less consumpticon. On tne
other rand, if tha demand f2r leizsure is slastic, thast is,
han n1(x3 wmill ke positive and theeefors 3
ygde 1ncreasse will result in meors consumption.

Turring now Lo the corner scluiior {(hch at

P T
=10 S e 4]

i

tma point), t+2 compnarative ststic 24+eci=z ars guitsE obvicus

from the avplicit sgolubtiorn 3iven by a2guations (3.3.8) and



Ac{xYiieixi = 1
hix)Ysdel{x) = O
i)Y/ Iwix; = -§

A (x) /3wix) =

It may be notgd here that the effesct

the wage rate in the

case of a3 corner
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13.3.24}
{3.3.25)

(3.3.281

o4 3 small change in

zolution contaias only

an income =2+44izct, The substitution ef+ect 15 zbsent because
after the change in th2 wage rate, work hours still remain
2t zero. The income e44zct i3 zero on work hours and nega-
tive on corsumptinn, berause with a 3iven expenditure and

11S mBRImum,

&h

increase in the wage

»a3te must recsult in laower consuwmption. Finally, it may be
notad thet the s+fect of an increase in the wage rate in a
corner zagl-hionn zan also be weithern ia terms ofF the Zilatsey
squations 12,2.18) and (2.2.1%9), Ir the Clutsky equation
for worik hours both the substituvition effect and the income
effect azre rTero. Irn the 3lutsky =zguat:on for consumpiian
the substitution 248f2c0h 13 zoro mhere az the income =2ffect
=t 3 waag incress? 1Tz negative.

Mo t, we suplores the zonditions under which the
solution mav switch $rom an interior to a cornser segment ar
VID® wersa, The following resulits ars in order:
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Theorem 3,.3.2
A corner spolution: hi(x) = 0 is not possible 30
Iong as efix) & wix)d,
Preoot
Since alx) = i{«) % wix){3-h{x)3, =2{(x? 2 wix)§ 1mplies
that cixzt 2 wixinixy. However cix} > 2 by assumption

3. theretore hix) must ke positive.

Theorem 3.3.3
I+, with an increase in expenditure, tLhe solu-

tion switches +4rem an interior (corner) to a corner
tinterior) segment, leisure must be normal {(inferior)
in the neighbourhood ot that switching point.

Proo+
t2t e’ix! be the lesvel of 2xpenditure at which the
spivticon switches +rom an interiocr to a corner seg-
ment. Then fcr a small number ¢, at e’ {4)-f the woerk

nours must ke positive, That is, 1

3

Y response o o a
zmall increase in 2xpenditure from e’ 141 -2 to ! 1),
werlh phours decreaze from a positive number Lo fero.

Theret+are laisure must B2 nermal in the n

D

anbourhocd
ot e’ {u), Similarly, 14 at 27  {(xi:, the solutioch

zwmitchkes from a corner to a2p inter:cr segment, then

for a swmall number ¢, weork hours wust become positive

&4
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at =2’ {x)+¢, This is possible cnly 14 leisure 15 in-

ferior i1n the neighbourhood ot &7 {x).

Theoren 3.3.4
I+, with an increase in the wage rate; ths
soluticn swiltches +freom a corner {interiagr) to an i1nte-
rior {(corner) segment, leisure nust be aon-Gitfen
{Gi++en) 1n the neighbourhood of that switching point.
Proot
T+ 3t w'i{x}, =spoplution switches +rom a3 corner {(interi-
or* tp an interior {corner) segment then for a3 small
nunter ¢, work hours must be positive at the wage rate
witwi et (Wt iy —-gY, That 1s, 3as the wage rate 1n-
creases from W' iv) to witxl+: {fFrom w;(xi—e to wiix)),
morl hours increase from zero to a2 positive numcer
{decrease +rom a positive aumber to z2rod. This 1s

leisure is pon-Giffen (Giffent in the

vin

possible agniy 1

neirghbourhood of w’ (%),

A final 1 <

the +ir
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martial derivatives =4

Wimix), 2ix)} are »ot costinuous at a switching point.

-

Eirzt, notice that i+ we approach a switchirng point +rom

+
-

Yhe ieterior segment, hRoibh the derijivatives hixi el and

4]

Thifx) /3wl 2} 3re ach-Ze2rs in general (Theorsms 3.3.3 and

he tweo funcitions ciwix), =i} and

&5



2.3.4). Therstore sguaticons (3.2.17) and (3.3.22) imply
that 3cixY¥/3e(x} %= { and 3c{x2)/dwix} %+ -3. But, if we ap-
proach the same switching point from the corner segment, we

et dhiz)/etix) = 0, Jhix)/3wmin) = O, 3cix)/3ei{x) = 1 and

i

Jeiw)/dmiel = -3 (Spe equations (3.32.24) thrpough (3.3.2711
q

which are diffesrent from their respective vaiues cbhbtained
above. Thus, 211 the partial derivatives of ciwixl), 2ix))
and hiwix), eix}) are discontinuous at a switching point.
This completes our discussicon of the lower stags
splution, in next sub-sscticn we will derive and discuss
tae properties of the indairect wtility function whichn wiil

ce used toc 4irnd a soluticn at the upper stage.

F.3,2 The Indirect Ukility Function and its Frepertias

The indir=ct utility function can 5= gbtained by
sabstirtuting the consumption Jdemand and the lsbour supply
fupctiorse into the utility functicn, From the last sub-
section xe have lesrned Lhat the consumption demand and the

tabcur suanply functions can bhe wraitten in thelr genersal rorm

ciey = clwixt, 2{x))

Wiz) = hiwmie), 214v})



Faor a corner solutiaon,
explicit form as notad

Substituting the abgve

page &7

these two 4uncticns degenerats 1o an

in eguations

two Ffunctions

{(2.3.6} and {(3.3.7).

into the utility $func-

tioh, we can write the indirect wutility function in {Ls gen-
z2zral 4aorm 3= +ollows.
1wy = Uioctwmind,alxi: 4 3 - hiwix),2(x)) 1] {3.3.25!
For a zcorner sglution, thizs Fuanction takes 2 simple +orme
iy = el -wix)s, 43 (3.3.272)
But in z3ry casze, «2 can write the 1ndirect utility functicon
in its compact form as
Vel o= Wiy, el=)) 13.3.3G)
In order *c obtain 3 well benaved sgolution at the
upnper stage ot aur problem and tc perform the comparative
ztatic =2nalvsis, we mave t2 make sure that the indirsct
ability fepction sahisdies the rnecsesary aroparhlss
ep3lpoous o ous assunptions aon the dirzct utility funcition.
Tortungbsl v, all tr2 sssantial propacstiss are met, as
ligted 1m the 42i1zwins thecrsm. The proot is relsgatesd o
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Thaorem 3.3.95
ti) Yiul is continuous in wix) and eix) and has

continupus +irst partial derivatives in the

entire domain: wixt > G, ={(x} > 1., Except at a

zwitching peint, the {function Viz: alsc hes

continugus s=scond gartial derivatives.

£11) Yix) is incre2ssing in el«), that is, V_ (x) > J.
Pl
tiii) M tsd g =
277 ety =0
tiv) Vix) ig strictly concave in elx).

Properties (i) and {1v}! will allow us to apply the
*opls of difterential calculus to +ind a soluticn to the up-
per stase problem. FProperty (11} implies that trne Sudoet
cangtraint at the oupper =taze will heid with strict eguzii-

11i) implies that the individual

canrol survive wWithout g pesitive espenditurs Cn CaON3UMDL:ION

Using the indiercsch utility furnction, we can now +0r-

2te our pzroilsm 3t the upner stage.

2.2.3 The Problem at the lUpper Stage
The groblem st the upper stage is to aliccate
lifative rezcurces ameong 2ependiture races a3t various SCinis

ot the Rorizor iy such 3 w3y 35 10 maxaiwmize lifsztime atila-
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ty. By using the indirect utility 4unction, the expected
lifetime ntility can be expressed as a function of expendi-

ture rates at various points of the horizon as follouws.

-

0= ' plx) Yimix), 2(x)) dx (3.3.31)
0

Likewise, since ef{x) = cix) + wi{x){d-hi{x)i, the lifetime

budget constraint can alsoc be expressed in terms of expendi-

ture rates as follows.

-
& 27T pix) fwtx)e - 2(x)1 dx 2 O (3.3.32)

o

The lower stage bounds on consumption and leisure:
cix}) 2 C and %-h{(x) 2 G, imply an upper stage bound on ex-
penditurel ei{x) 2 0. Theorem 3.3.5(iii) guarantees, how-
ever, that this boundary condition is not binding. Thus,
the objective is to maximize the expected lifetime utility
function (3.3.31) subject to the lifetime budget constraint
{3.32.32), by choosing =2{(x) +for all x. The solution is char-

acterized by the follcwing egquations.

Vgtx) - e "XV 000 =0, 0¢x¢T (3.3.33)

e ™ pix) [wix)d - elx)1 dx = @ (3.3.34)
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From these equations +ollows the first result of

this sub-section.

Theorsem 3.3.6
There exists a splution +or the planned =x-

penditure rate:

etx) = elx, P, r, W (3.3.35)

vwhere, P stands +or the entire age path of the sur-
vival function: piy), 0 ¢ v ¢ T and W stands fcr the
entire age path of the functiocn: wix), 0 £ y ¢ T. The
function etx, P, r, W) is everywhere continuous in alil
its arguments. In addition, all the {first partizal
derivatives of this function are continupus except at

the possible switching points.

The prooct of this thecrem is long and therefore is given in
the appendix (section 3.A.2).

Although eguations (3.3.33) and (3.3.34) determine
the entire soluticn at ths upper stage, we can make use of
equation (3.3.33) alocne to trace out the age profile of ex-
penditure. Differentiating this eguation with respect to x,
we obtain the following differential equation which describ-

es the age path of expenditure.
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eix) = -r [V.(x)/V

2 zz(x)] = [VLZ(X)/VZZ(X)] wix) (3.3.36)

Notice that the age pattern of expenditure, accord-
ing to this differentia =2quation, does nct show any im-
patience due to lifte uncertainty. The reason is that this
source of impatience has been fully removed by the existence
of actuarially +f3ir lite insurance and annuities. The dis-
count factor which appears in the lifetime utility function
due tp life uncertainty, alsoc appears symmetrically in the
lifetime budget constraint because of the actuariaily +air
rate of interest at which the individual carries his/her
resources from present to future or vice versa. Therefore,
i¥ present spending is more desirable because of an un-
certain future, it is alsoc more expensive, to the same ex-
tent, becavse ot the higher rate of interest. The net et-
f2ct of uncertainty on relative prefera2nce for present over
the future spending is zerp. This result can aliso be sesn
in the fixed income life cycle consumption mcdels, con-
sidered by Yaari (19&5) and Barro and Friedman (1977). In
fact, if the subjective rate of time praferences in Yaari’s
medel is set equal to zero and the wage rate in our model is
h2ld constant, the differential equation governing the solu-

tion in our model coincides with the one obtained by Yaari
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{See esquation {(332) in Yaari (1965}).g

The +act that the availability of life insurance and
annuiti=2s removes the impatience resulting from uncertainty
of lite does not, however, imply that our solution coincides
HWith the one that would be cbtained in a model with cartain
litetime i+ the expected length of lite is the zame in the
two models. As Yaari (1965) puts it, while the differential
equaticn governing the solution will be the same in the two
models, the constants of integration which determine the
sglutien to these differential eguations, will be different
berause ot the di+terent budget constraints, In other
words, although the intertemporal substitution effect ot the
higher rate ot interest due to life insurance and annuitiss
is completely oftset by the s2f+ect of impatience due tp lite
uncertainty, the income effzct of a higher rate of interest
15 still present.

Earlier 1n sub-section 3.2.3 we have asserted that
the individual is better of+ by the availabiliity of ac-
tuarially fair 1if2 1nsurance and annuities. MNow we can

guality that statemant in the context of our model. Accord-

? it is appropriate to compars Qur sxpenditures
scheduls with Yaari’s consumption scheduls, The reasgn is
that consumphiion 15 the only scod in Yaari's aodel and
thergtore is syncon»mous with e2xnenditure, where as, 1» our
mode?! consumpdtion {5 only 3 part of expenditure,
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ing to the lifetime budget constraint (3.2.10), we can write
the upper stage budget constraint {3.3.32) as focllows.

T X .

gt e ™7 tuty)rs - ety)1 dy dx 2 €

0 0

Or, using Ex’ the conventional notation for expectation over
the probability distribution of the length of lite x, we can

write the budget constraint as

E. fxe"’ Lwiy)d - el(y)] dy]z o) {3.3.37)
T 1|0

Mext consider the lifetime budget constraint without
life insurance and annuities. I+ lite insurance and an-
nuitiss are nct available, the individual will have Lo bear
the burden of local berrowing coenstraints which restrict
him/her from borrowing against futurs expected income. In
terms of zur problem at the upper stage, this means that the
lifetime budget constraint must nhold for each pos=zibie
length of life, not just 4for the maximum possible ienath ot
life, 7. Thus the lifetime budget constraint without life

insurance and annuities will be as follows.

-4
s e-ry

0

Twyv)sd - ed{yv)l dy 2 O for all x ¢ 7T {3.3.38)
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The budget constraint with actuarially fair lite in-
surance and annuities, given by (3.32.37) is less restrictive
than the cne without lite insurance and annuities, given by
{2.32.38). The obvious reason is that the budget constraint
{2.32.38) reguires a certain inequality to hold for each paos-
sible lerngth of life where as the budget cornstraint (3.3.37)
reguires the same inequality to hold only on the average,
Thus, 25 also shown by Yaari (19465), the individual is bet-
ter ¥+ by the availability of actuarially +air lite in-
surance and annuities as compared to th2 situation in which
these are not available. The urderlying reason can be ex-
plained as follows. I+, without life insurance and an-
nuities, assets are positive at the time of death, these are
thrown awmay from the point of view of the individual con-
cerred and thus generate no utility. With actuarially +air
life insurance and annuities there is no such wastage. If,
on the other hand, assets are equal to zerc at the time of
death, the individusal may have suffered loss of utility due
to his/her inability to borrow and thereby increase consump-
tion befare death. There is no such borrowing constraint in
the presence cf life insurance and annuities.

Mow w2 come back to equation (3.3.36) which will be
crucial in deriving the age profiles of consumption and work
hours., The first part of this eguation shaows that expendi-

ture iz increasing with age i¥ the rate of interest is posi-
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tive. With a positive rate ot interest and a constant wage
rate, e¥penditure is more expensive in the early years of
l1ite as compared to later years. On the other hand, present
utility is as desirable as the future utility because the
effect of lite uncertainty on the preference +tor present
avar future spending is fully offsst by the higher rate of
irterest due to actuarially fa3ir life insurance and an-
nuities and there is no other discounting applied to ths
utility +unction. Therefore, under the optimal allocation
scheme expenditure is increasing with ags. NMNMotice that in
case we allow discounting of future utility for any reason
other than life uncertainty, expenditure would be increasing
with age i+ the rate of interest is greater than the dis-
count rate. This is the conventional result found by Yaari
{194%) and cthers.

The seccnd part of squation (3.3.36) measures the
ef+ect of anticipated or evolutiocnary changes in the wage
rate on expenditure. I¥f Ulz(x) is positive (negative), that
is, i¥, with an increase in wage rate, the marginal utility
of expenditure incresses {(decre=ases), the rates of expendi-
ture will increass {(decreasse) with age in response to an
anticipated increase in the wage rats.

Motice that in the approach used by MaCurdy (1981),

r

he second term in e2guation (2.3.34) also represents the

marginal untility of wealth censtant effect of changes in the
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viage rate.lo This can be easily seen in our model. in
deriving the differential eguation (3.3.368) we have used the
tangency condition (3.3.33) holding constant the marginal
utility of initial wealth which is equal to the marginal
utility of expenditure at age 0, that is, VE(O). Theretfore,

the coefficient attached to wmix) in eqguation (32.3.36) can

also be obtainsd as:

del{x) /dutx) ;VI(O) = = V%) /Vantx) (3.3.39)
Therefore, the difterential equation (3.3.36) can be written

as
s ) - -y T . t o 3 & 5 i = w ’ -
e {x) r vatx)ljzz(n)i + [dE(X)/dH‘“)IV£0)] wix} (3.3.430}

For completeness, we express the first and second
partial derivatives of the indirect utility function appear-
ing in equation (3.3.34), in terms of the derivatives of the
direct vtility function, The resulting expressiocn for egua-
ticn (2.32.36) will alsc be used to relate the solution at

the uppaer stage with that at the lowsr stage.

10 The marginal utility of wealth constant effect of
changes in wage rate aon work hours are discussed by MaCurdy
(1921, Since Malurdy did not use the two stage budgeting
approach, there is neo concept of expenditure in his model.
Therefore, we can not compare his results with curs at this
stage. However, when we will come to the discussion of work
hours, we will find some intsresting comparisons.
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First consider the interior solution. The expres-
sion for Vlzlx) for an interior solution, given by (2.A.43)

of sppendix 2.A.1, is reproduced belaw.

Ulz(x) = Ullix) [3c (%) /3mix)] - UIZ(X) [3h{x) /73wix) 1]

But this expression can be made more concise. We can sub-
stitute for 3ci{x)/3wix) and shix)/dwi{x) from equations
{3.3.18) and !2.3.1%2) respectively in this expression. With

a few manipulations, the final result is

2 -
- - ~ Es - r oo i '
Vlztx) [Ul(m)yl(x)/w(x)atx)] £{9 h(x)}ul(x) al{x)Y/@(x)3

(3.3.41)

where, 4y 0¢) is given by (3.2.13) and alx) is given below.

= 2 O
slx) = Ull(x) Uzg(x) - Uiz(x) > 0 {3.3.42)

Mow substitute into the differential egquaticn (3.3.3&:, the

expressions for Vztx), V22(x) and VlE(x) from equations

13.84.2), {(3.A.&8) and (3.3.41}) respectively. The result

after simplification is as follows.

e{x) = -r [Qx) /U, tx)atx)

{(2) /U =) alx)y + {3-h{x)31 wix) (3.3.43)

2
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Mext, consider the corner sclution. Substituting

for Uz(x), and Ulztx) and Uzztx) from equatians (3.A.7),
{3.A.11) and {2.A.12) respectively intn equation (3.3.38};

the result is

eix) = -r FU, tx) /U, T + 8 wix) (3.3.44)

13

Az betfore, the first term in the above two equations
is positive, indicating that expenditure is increasing with
age i+ the real rate of interest is positive {(or greater
than the subjective discount rate). The second term, which
renresents the effect cof an anticipated wage increase on ex-
penditure, can be decomposed into two parts which we shall
call a cost of living effect and an intertemporal allocation
effect. The cost of living =2f+fect shows the effect of an
anticipated wage increase on expenditure on a given basket
of consumption and leisure. The intertemporal allocation
effect shows the effect of an anticipated wage increase on
expenditure due to the optimal allocation of consumption and
leisure over the lite cycle, holding the wage rate constant.
This decompesition will be guite useful to integrate the up-
per stage sclution with the lower stage solution.

To find the intertemporal allocation effect, con-

sider the detinition of expenditure for periocd x-¢:

e{x—-€) = clx-¢) + wWwix-g){8-hi{x-¢)7%
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Mow define real expenditure for period x, §5{(x), as the value
o+ consumption and leisure measured in pericd x-¢ prices (in

this case wage rate).

El{x) = cfx) + wix-€){8-hix)?

Mctice that, i+ period x-¢ is considered as the base periaod,
then the exzpenditure in period x-¢, defined above also
represents real expenditure. Subtracting the constant price

expenditure for period 2-¢ from thsat for period x, we gst

Ef{x) - Eilx-¢) = [ci{x) + wix-£1{8-h(x}1 - elx-¢)
= 2(x) - ef{x-2}) = {3-h{sx)3lwixz) - wilx—-€}1

Dividing by ¢ and taking the limit as ¢ approaches zero, we

+ind
%(x) = ei{x) - {8-h{x)Iwix) {3.3.45)

This equation describes the relaticnship between the in-
stantan=2ous rate of change of constant price expenditure and
that of current price expenditure. Substituting eguations
(2.3.42) and (2.3.44) into =quation (2.3.45) and setting
hix} = O +or a corner sclution, we can find the relationship

of 2xpenditure with anticipated change in wage rate, holding
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the wage rate constant. The results of these substitutions

are:

E{x) = -r [Q(X)/Ultx)a(x)] + Ly (x) /Ugtx)alx)] wix)
interior solution {3.3.448)

l(x) = -r [Ui(x)lulltx)] corner sclution ({3.3.47)

The second term in squation (3.3.446) which is equal
to the first component of second term in equaticn (3.3.43),
represents the effect ot an increase in the wage rate on the
constant price expenditure, or what we call an intertemporal
allocation etfect of an anticipated increase in the wage
rate. We know from (3.3.13) that the expression ﬂltx) is
negative {positive) i+ leisure is normal (inferior). This

gives us the following result.

Theorem 3,.3.7
With an anticipated increase in the wage rate,
real expenditure will decrease {increase) in an inte-

rior solution i¥ leisure is ncrmal {interior).

This behaviour of a rational individual is analocgous to that
aof a profit maximizing firm which will decrs2ase (increase)
output when the price of a normal {(inferior) factor in-
cCreases. It can be explained as follows. I+ leisure 1is

normal, then it is economical top spend less when its price
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{wage rate) is higher. On the other hand, if¥ leisure is in-
ferior, then the individual can economize on it, when the
wage rate is higher, by increasing expenditure and thus
reducing the consumption of leisure time. This result could
have been obtained more easily in the framework of profit
maximizing approach used by Browning, Deaton and Irish
(1235).

Equation (3.3.47) implies that along the corner
solution real expenditure is independent of wage rate. This
trivial result can alsoc be compared with the behaviour of a
profit maximizing firm which will not change its cutput in
response to a change in the price of a fixed factor.

The cost of living effect of an anticipated change
in the wage rate can be obtained by taking the aée deriva-
tive of expenditure: ei{x) = ci{x) + wix) {§-hix}3}; holding
constant the rate of consumption, cix), and the rate of

leisure, 9-h{x). The result is cbvious:

etx) | {6-h(x)} wix) interior solution (3.3.48)

cix),hi{x}

é(X)ic(x),h(x) = 9 wix) corner soclution (3.3.47)

With the rates of consumption and leisure being
tixed, for a one dollar increase in the wage rate for age x,
expenditure at that age will increase by the number nf hours

retained for leisure.
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To recapitulate the above ideas we would like to
restate the differential equations (3.3.43) and (3.3.44) in
terms of decomposition sffects of an anticipated change in

wage rates. Thus with a more precise notation, we write:

Blx) - LRIxI/U, st 1+ Tdetxd Zdwixd o 1T wix)
Y ¥ 4

+ Idef(x) /dwix] i a} wWix) interior soluticn (3.3.50)
?

#

2{x) - IUl(x)/Ulltx)l + [de{x)/dwu{x} c,i] wix)

corner splution {3.3.54)

whers, the subscripts €,! and i,a stand for the cost of
iiving effect and intertemporal allocaticon effect respec-

tively, and

deix)!dw!x)%c 8 - hix) inte2rior solution t3.3.52})

3 -

de{xaiauax)gc \ 8 corner solution (3.3.53)

i

deix)/dwix) |, _ = p,ix)/Usix)alx)
] s
interior solution (3.3.543

dei{x)idwix)

U
o

corner solution {3.3.55;

i,a

These resulits will be useful +ar the study of the
age patterns of consumption and woerk hours in next sub-
saction and to compare the etfects of different types o+
changes in the wage rate zZcnsidered in chapter 3.

It will be usetul to relate the growth rate cf ex-

penditure wWwith the rate cf interest {(which is equal to the
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growth rate ot prices i+ wage rate is constant over the life
cycle) and the growth rate of wage rate. For this purpose,
we express 2quatipns (3.3.43) and {(3.3.44) in a slightly
different form. First consider eqguation {(3.3.43). Using
sguation (3.A.2) and {3.A.4), we can write equation {(3.2.43]

az +olliows.

el{x) = -r {v2<x>/v22«x>3

+ [V (/Y (xﬁ}{ﬁltx)/w(x§9(x3} + {8-nix) 31 wix)

22

Substituting Pl(x)/w(x)ﬂtx) = - jghix)/je{x) from 2quation
{3.3.13) and noting that - ghix}/dei(x) = 3l{x}/3e{x}, where
1{zx} is the rate of leisure retained at age x, the above

sgquatiorn can be written:

aix}) = -r {vztx)1v22(x>3

* E{Vzix)lvzzix)}{alix)lae(x)} + 1{x) 1 wix) {3.3.548)
Mow define
Suix) = wix)i(x)/eix) (3.3.57}
Eafxd = [31{x)/3eix)] f[eix)/1(x}1] {3.3.3583%
i) = - Eix}VEE(x)IVE(x} (3. 3.59

whers Sztx) 15 the 2apenditure share of lgisur2, Z{x} is the
slasticity of demand for leisure with respect ta sxpenditure

ard %{x} is the coefficient of reiative risk aversinon.
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Notice alsoc that Sztx)sztx) = wi{x)[3l1{x)/5ei{x)] is also
equal to the marginal expenditure share ot leisure. With a

+2w manipulations, squation {32.3.58) can be simplifiesd as:

etx)/elx) = [r/3{x311 + S %) [1 - €,(x)/8(x}] Li(x) /wix)]

3
2 {3.3.£0)

Mext, consider squation {(3.3.44) +cor the corner

solution. Since Ultx) = Vy(x} and U,,(x} = V. ,(x), we can
write:
elx)/etx) = {r/3ix)] + 8, 1x) Liwl(x)/wixy] (3.3.61)

The two esquations difter because in casa of a corner sciu-
Lion, the elasticity of demand for leisure with respect to
expenditure is egual to zero. Based pn equations (3.3.60)
and (2.3.681), we can write the foliowing thecrems:
Theorem 3.3.8
I+ the wage rate is held constant, the growth
rate of expenditure is proportional to reciprocal of

the coefficient cf relative risk aversion.

Thecram 3.3.%
I+ the rate o+ interest is equal *o zeroc (opr
eqgqual to the subjective discount rate), the growth
rate cof expenditure can be expressed as a produci o+

three factors! the expendiiure share of leisure, cns
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minus the ratio of elasticity of demand +or leisure
with respect to expenditures to the coetficient of reil-

ative rigk aversion, 2nd the graowth rate of wage rate,

-}

R

R
I

completoes cur discussion of the solubtion at the upper
stszges, Mow w2 can combine thne solutipe at lower stage wath
- - y ner stage to fin n unconditiona tion
that at the upper sta to find a dit 1 sclut:o

$or consumption and work plans.

3.3.4 ZSvynthesias of the Lower and the Upper Stage Sciutionu:
Li+® Cycle Pattern of Consumption and Work Hours
In this sub-section we are interested 1n finding ine
age pattern of consumption and work hours. Sur soluhion at

the ipwer st3age can 1n general be summarized in tne follow-

s

ing =qguations,

civ) = ctwin), elxl)
i) = "miwid, 2{=x)}

The sclution 3t the upper =taze, 3iven by sauabion |

Ul

t

L]

[qX]

411
T3

Thzse three z2guatisns taken together detaruine the sniira

srivtion to ouer lids cycle silocatics problem. The scluticn
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at the lower stage iz conditional upon expenditure which is
determined at the upper stage. Thus, substituting the upper
stage solution for expenditure in the solution for consump-
tien and work hours obtainsd at the lower stage, we obtain
the following unconditional soluticn for consumption and

warlk hours,

cix) clwix), elx, P, ry, Wil (3.3.62)

hix}

hiwnix), etx, P, r, W)1 {3.3.63)

Or, in compact form,

clx) = clx, P, r, W) (3.3.64)

hitx) = hix, P, r, W)  (3.3.65)

Theorems 3.3.1 and 3.3.46 imply the following result

on the consumption and work schedules.

Theorem 3.3.10
The functions ci{x, P, r, W) and hix, F, r, W)
are everywhere continupus in 211 their arguments, x,
P, r and W. In addition, the two functions have con-
tinuogus first partial derivatives with respect toc x,

P, r and W except at a switching point.
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Next, the differential equations governing the un-
conditional solution for consumption and work schedules can
be obtained by differentiating equations (3.3.62) and

(3.3.63) with respect to x. The results are:

Cix) = [3c(x)/3wix)] wix) + [dcix)/3el(x)1 eix) (3.3.66)

hix) = [3h(x)/3wix)] wix) + [3hi{x)/3e(x)] aix) (3.3.67)

To appreciate these esquations more fully, we substitute the
Slutsky equations for the first terms in these equations
from the lower stage (equations (3.3.18) and (3.3.1%) and
egquations (3.3.50) and (3.3.51) for e(x). The results of

these substitutions are:

i

cix) T3 (x) 73wix) |, 1 wix) - [3-h(x)1[3c(x)/3ei{x)] wix)
+ [3c(x) /7de(x)1] [de(x)/dw(x)lc . viix)

L ]
+ [3cix)/3e(x)1 [de(x)/dw(x)li al wix)

{ )

- pr [3ci{x)/3e{x)] [9(x)/U1(x)A(x)] (3.3.68)

hix) = [3h{x)/3w(x) Uix) ] wix) - [9-h{x)1[3hix)/3ei{x)] wix)
+ [3hix)/de(x)1 tde(x)/dw(x)lc 11 wix)
]
+ [3hix)/3etx)1] [de(x)/dw(x)!i al wix)
3

- r [3dhix)/3el{x)] [Q(x)/Ui(x)A(x)] (3.3.4%)

vhere, in the last term in these equations the expression

[Q(x)!Ultx)a(x)] should be replaced by [Ulix)lull(x)l in

case of a corner solution.
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Theorem 3.3.11
The cost of living effects on consumption and

work hours: [Bc(x)/3eix)llde(x)/dwi{x) :,l] wix) and
[dhi{x) /3e(x)1lde{x) /dui{x) c,ll wix) ara exactly offset
by the two income effects: -[8-h(x)IL3ci(x)/3e(x)Iw(x)
and -18-h(x)1{3hi{x)/3e({x)Iwix) respectively.

Proo+t
The cost of living effects can be written, according

to equations (3.3.52) and (3.3.53), as

[3ci{x)/3e(x)] [de(x)/dwix) - l] wix) =
]

[8-h(x)1 [3c(x)/de(x)] wix)

[3hix)/3ei{x)] [de(x)/dwi{x) c T wix) =
]

[o-hix)]1 [3hix)/deix)] wix)

which are obviously equal to the negative of the

respective income effects. This completes the proot.

This result has a straightforward interpretation.
Given work hours and consumption at age x, a one dollar in-
crease in the wage rate requires an increase in expenditure
by the amount of leisure retained, that is, 6-hi{x). If ex-
penditure is increased by this amount, the individual can
buy the same bundle of leisure and consumption as purchased

betore the wage increase. This increase in expenditure is
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exactly equal to thes compernsating variation 1n expenditure
necessary to =2liminate the income effect of a3 wage increase
at the lpwer stage spoluticn., Thus the differential equa-

tiorns {32,248} and (2.2.46%) deszcribing the aze paths of Zon-

IV}

sumption and warlk hours can be written a
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S -1
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The fact that there is no income or wealth effect of
an anticipated change in wage rate is well known in the lit-
erature (See, for example, Browning, Deaton and Irish {1985)
and MaCurdy {(1981)). The reason is that at the beginning of
the planning horizon the individual knows the age pattern of
future wage rates and plans his/her lifetime alleccation o+
work hours and consumption in light of anticipated varia-
tions in the wage rate. Therefore these changes in wnage
rate over the life cycle are not parametric changes that
would create any income or wealth eH‘-ects.11

The relationship of work hours with changes in the
anticipated wage rate has been regarded as the intertemporal
substituticn effect by MaCurdy {1981). The two stage
budgeting analysis, conducted above, however, shows that
this relationship does nct fully represent substitution over
time. Part of the substitution takes place at each age be-
tween consumption ard leisure as a result of anticipated
change in wage rate. Therefore it would be misleading to

identity the full effect of an anticipated change in the

wage rate with the intertemporal substitution effect. Egua-

11 The distinction between the evolutionary and the
parametric changes in the wage rates will be explained in
more detail in chapter 4.
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tions (3.3.70) and (3.3.71) clearly explain how this ettect
is a result of both the intratempcral substitution and the
intertemporal substitution. The intratemporal substitution
sffect measures the substituticn betwesn leisure and con-
sumption at a given age, holding constant the vtility rate
at that age. The intertemporal substitution effect measures
the change in consumption and leisure {thersfore work hours)
across the life cycle; holdinag constant the wage rate, or
the marginal rate of substitution between consumption and
leisure at sach age. This allpocation results from the con-
sideration that sxpenditure at some ages is cheaper than at
gther ages az a result of a changing wage rate,

For a more d2+inite ipnference regarding the age
paths of consumption and work hours we substitute for the
partial Jerivalives appgaring In egquations (3,2.70) and
{3.3.71). For an interiocr solution, substitute for the
derivatives! Jocix)/dei{x’, Ih{x)/3eix), 3cix)/iwix)

tUtx)?

NI Pominy | { ] . 12t 3
1%) . dw 1) and deix)/dwix) i,a +rom squations

(3.

()

L12Y, 13.3.13), (3.3.20:, {3.3.21) and (3.3.%4) respec-

tively. The resulis after simplification arae!

Cix: = - r £92€x)/Ui(x)3(x)}

TU, $xXI U, mix) /ad{x}] mwix)
! 12 {3.3.72)

hixy = r L3, () /o (x)atx) 1 = U, (x2U,, (%) /edx) T wix
“ {3.3.73)
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Mext, for a corner solution, we substitute for 3c(x)/3de(x),
dh(x)/3e({x) and de(x)/dw(x) i,a from equations (3.3.24),
{3.3.25) and {3.3.55) respectively. Also recall that in
case of a corner solution we have to replace the expression

[aix) /U, (x)alx)1 by [Ultx)lull(x)]. With 3ci{x}/3dw(x)

1 Uix)
dh({x) /3mix) Utx) = 0, the following results are found.
cix) = - p U, (%) /U, ,(x) ] (3.3.74)
hix) = 0 (3.3.75)

Unless otherwise stated, for the rest of the analy-
sis we will restrict ourselves to the assumption that both
consumption and leisure are normal. Therefore, it follows
from equations (3.3.12) and (3.3.13) that, both By tx) and
Vztx) are negative. Over the life cycle the segments of in-
terior and corner solutions will be referred to as the work-
ing and retirement periods of life. Some of the results

regarding the age pattern of consumption and work hours

directly follow from the four differential eqguations above.

Theorem 3.3.13
I+ the wage rate is constant and the rate of
interest is positive (or greater than the subjective
discount rate), consumption will increase and work
hours will decrease with age during the working years

of life.
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This result is well known in the literature {(Browning,
Deatocn and Irish {19835), Heckman (1974}, Ghez and Becker
{119751). Mith a positive rate of interest, a constant price
o+ the consumption good (normaiized at 1) and a constant
wage rate, the discounted price of the consumpltion cood and
the discountaed wage rate are decreasing with age. Therafars
ronsumption is more expensive and werk is better rewardsd in
the sarlier periods of life. I+ future uvti'ity is not dis-
counted, the cptimal lite cycle allocation under these cir-
czunstances will call for less consumpticon and mors work in

the early periods of iife than in the later pericds.

Theorsem 3.3.14

I+ the rate n% interest is zero {or egqual tn
the subjective discount rate2), then, durins rthe work-
ing periocd(s) ot 1ifte, work hours will 1increase
(decrease) with age whenever the wnage rate i3S incraas-
ing {decreasing}) with age. Again, with the rate ot
interest equal toc zero {or z2qual to the subj2ctive
discount rate), i+ Uizéx} is negative, then during the
working periodis’ o+ lit4e consumption will alse in-
crease {decrease) with age whenever the wage rate is
increasing (decreasing) with age. it Uiztx) is posi-
tive, the relationship o+ consumption witn the wage

ratz iz reversed, Finally, i+ U,zix) i rero, con-
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sumption is independent ot age-wis2 variations in the

nage rate.

Thizs result was firsi estabiliished by Hackman (1974)
and Ghez and Becuker (1975) +2r the lite cycle madel under
certain lifetime. The result that work hours wili respond
positively toc the variations in the vage rate over the lite
cycle, is unambiguous and does not depend on any assumitions
regarding the usual income or price elasticit:es. The rea-
son is that the response of wark hours to the anticipated
changes 1n the wage rats is a result pf the aptimal aliscca-
tion of labour time over the life cvcle and cannoi be con-
tused with the response of work hours ip alternative wage
agffers within a pericd.lz

The reaszon that consungtion may also vary with the
viage rate is =xplained by the complementarity or sub-
stitutability relationship between consumpticon and leisure.
I¢ Uizix? is negative, the marginal utility of leisure
decreases with an incresse in consumption or the marginal
uiility of consumption decreases with ar increase in

leisure. In other werds consumption and leisure are sub-

12 This behaviour of werk pattern has been 2mpiri-
cally tested by Browning, Deaton and Irish {(1938), Ghez and
Becker (1927S), MaCurdy (1981, (983, 1785) and #wany other
studies reported in Killingsworth {(1783}.
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stitutes for each other. Thereftore, i+ work hours are in-
creasing with age due to an increasing wage rate, leisure
will be decreasing and consumption will be increasing. By a
similar reasoning, if Ulzix) is positive, consumption will
be decreasing wnhen leisure iz decreasing due *o an increas-
ing wage rate. Finally, i+ Ulzix} = O, consumpticn i3 indgde-

pendent of the waqge rate.13

The observed positive rela-
tionship between consumpticn and current income 13 com-
patible with the life cycle theory i+ there is a sub-
stitutabiiity relationship between consumption and leisure,
that 1is, UIE{X) { . In this case an anticipated incresse

in the wage rate will c£all +or an increase in work hours and

labour income 35 well as an increase in consumption.

fhogrem 3.3.13
I+ the rate of interest is pesitive (or
greater than the subjective discount rate), consump-
tion is increasing with age and is independent of wage

rate during retirement. YWpork hours are2 constant at

i3 The utility function zonsidered by MaCurdy {(1781)
iz additively separable in consumption and le:sure and
theretore U (%) = 0. In this case the intratemporal sub-
stitution etfect of an anticipated change in wage rats cn
consumption is exactly offset by the intertemporal allocca-
tion etfect.
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zero irrespective of the rate of interest and wvage

This iz an obvious result, Since the individual is not

working, his/her life time decision is independent of the

o
g

[
i

wage rate. i¢ the rate of intesr=2st is positive, —onsumpgtiocn

-

must be incressing with age becauvse expenditurs 1s increas-
ing and leisure is constant 2t 1is maximum,
For further resulls vwe herz aeeg to lnow the age

profile o+ the wage rate, It is gene2rall assumed Lthat the

mage =chedule is concave, ncreasing with age up to =zcne

noint and decr=asing thereatfter, For smpirical sevidence on
this weoe-39e relaticrship, see Browning, Destorn and Irish

124y, Gher and RBecker 1975V, Gordon and Blinder (19893
ard Xillirgsuorth {1923, This wage-3ae relaticonship io-

plies that, pncoce the waags rate starts declining, worlk hours

will decrease with age if the rate vt interest is non-

A

naazbive, But 1F the wage rate is inzreasisng and the rate

g+ interest iz cositive, work hours may 1acrzase or decresase

with aaz. dependine on whather the sitzct od an inzrezasing
wmane ra3tes domirates the effzct gf 3 positive ~3zte o4 inter-
et or vice gersa2, This wage-age ~s3latichsEnip yi12ids the
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Theoream 3.3.1%
1+ the rate of interest is non-negative {or

not less than the subjective discount rate) and the
wage rate is decreasing, or, the rate of interest is
positive (or Qreater than the subjective discount
rate’ and wage rate is non-incresasing, tha individual
will never re-enter the labour force once retired.

Proo¥t
Suppose the individual retires at age R. Then, 1f the
individual enters the labour 4orce at some age, say x°’
gfter Bge R, weork hours must be iirncreasing in the
neighbourhocod of age x' due to the continuity o+ the
labour supply function. But this is not possible be-
cause, if the rate of interest is non-negative and the
wage rate is decreasing, or, i+ the rate of intersest
is positive and the wage rate is non-increasing, then
work hours must also be decreasing during the working
periodis! =t lit+e actording to the differential equa-

tien {(3.3.73).

Theorem 3.3.17
At the retirement age there is an upward
tdownward! jump in the sisope =f consumption schedule,

cfixi, i+ Uiv(x) is negative {(positive). F Ulzix) 15

=S
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equal to zero, then there is no sudden change in the
slope of cix).

Proof
The difference between the right side and the lett
side limits of the slope of cix) as x approaches the
retirement age, R, can be found by using the differen-
tial equations (3.3.72) and (3.3.74) as follows.

Limit ci{x) - Limit ci{x) = - r [U,(R)/U

{R)1
X4R+ xX+R~- $ i1

+r [VE(R)IUliR)A(R)] + [Ul(R)Ulz(R)la(R)] wiR)

This ditfterence can be soclved as:

Limit c({x) - Limit c(x) = - [V, ,(R) /U, (R)]

xR+ XR~- 11

IP{FI(R)IU2(R)A(R)} = {UI(R)U1 (R) 7a(R) 3w (R} 1]

1

Or, using equation (2.3.73), we end up with:

Limit ci{x) - Limit ci(x) = - U (R /U, (R)] Limit h(R)
xR+ 2R~ XxiR-

The sign o+ this expression is opposite of the sign of
cross derivative U

12(x). I+ Uiz(x) = 0, then this ex-

pression is also egqual to zero. Hence the proo+.

Theorem 3.3.18
I+ the rate o+ interest is positive {or

greater than the subjective discount rate) and there
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is an interior peak in work hours, it will occur be-
fore the peak in wage rate.
Proot

First of all, work hours are constant at zero after
retirement and, therefore, cannot pesak. Let x" be the
age at which wage rate peaks. Then, at esach working
age x 2 x", hi{x) must be decreasing according to the
differential equation (3.3.73). Therefore, i+ there
is a peak in work hours, it must be at some age,

called xh, below age ™,

Theorem 3.3.19%

I+ the rate of interest is positive ({(or
greater than the subjettive discount rate) and U12(X)
is negative, ther an interior peak in consumption can
occur only after the peak in the wage rate and before
retirement.

Proo#f
At age =x £ x", the wage rate is non-decreasing. With
UIE(x) < O, consumption must also be non-~decreasing if
the rate of interest is zero. Since the rate of in-
terest is positive, consumption must be increasing at

age x ¢ %", Therefore, if there is a peak in consump-

tion, it must be at some age, called xc, atter age <.

During retirement consumption is strictly increasing
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because ot a3 positive rate of interest. Therefore an
interior peal in consumption is not pessible during

retirement.

We can now discuss the general shapes of the con-
zsumption and work schadules., First consider the work sched-
ule. Ignoring for the moment, the possibility of retire-
ment, vie can see from the differential equaticon (3.3.73)
that at verv early years of life when the wage rate 13 1n-
creasing, its seffect in increasing wiecrk hours may dominate
the opnosite effect of 3 positive rate of interest. But,
sirnce the wage rate is assumed toc be increasing with age at
a diminishing rate;, the effect of a2 pesitive rate of inter-
est in depressing work hcurs will eventually dominate the
opposite sffect of 2 slow growth in the wage rate and there-
fore werl hours will start decreasing with age betore the
wage rate is at peak {(theogrem 3.3.13). After the peak, the
viage rate starts decreasing with age, reinforcing the etfect
of a positive rate of interest in decreasing work hours. It
iz possible that work hours reach zero betore the end of
horizon, that is, age T. If this happens, the individual
will retire from work for the rest of his/her lite (thecrem
2.2.18)., 8Sirce during the early years cof lite, work hours
may be incressing with age, 1t =seems pessibkble that, at the

heainning of the horizen work houwrs are equal to zero. But
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this possibility can be ignored by assuming that the plan-
ning horizon starts at a later age when the wage rate has
increased to a sufficient level at which work hours are pos-
itive.

For the age pattern of consumption let us assume
that U12(X) is negative, that is, consumption and leisure
are substitutes for each other. Therefore, consumption is
increasing with age due to the anticipated increase in the
vage rate. Thus, if the rate of interest is positive, at
the early years of life when the wage rate is increasing,
consumption is also increasing with age. Consumption will
continue to increase aven after the wage rate starts
decreasing with age if¥ the rate ot decrease in the wage rate
is small. However, since the wage rate is assumed to be
decreasing with age at an increasing rate, consumption may
eventually start decreasing with age at the later segment of
lite. During retirement, consumpltion does not respond to
changes in the wage rate. Since the rate of interest is
positive, consumption will be increasing with age during
retirement.

Mow we are in a position to discuss the age pattern

of earnings. Earnings at age x, mi{x), are defined as

mix) = wix)h{x) (3.3.76)
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Di+ferentiating this eguation with respect to x, we obtain
the differential equation describing the age profile of

earnings:
mix) = w(x)ﬁ(x) + hix)wix) (3.2.77)

First of all, it is cbvious that earnings are constant at
zero during retirement when hix) = hi(x) = 0. Before retire-

ment, earnings will display the following age pattern:

Thecrem 3.3.20
1+ there is an interior peak in work hours,

earnings will also peak. I+ the rate of interest is
positive {or greater than the subjective discount
rate), earnings are increasing with age before the
peak in work hours and decreasing after the peak in
the wage rate. Finally, earnings peak later in litfe
than work hours and =arlier than the wage rate.

Proo¥f

ke

Betore age % when work hours are at peak, the wage

rate must be increasing according to theorem 3.3.18.
Egquation (3.3.77) implies that earnings are increasing
with age during this segment of life. Similarly,

atter age xw, vwhen the wage rate is at a peak, work

hours must be decreasing with age. Eguation (3.3.77)

implies that earnings are decreasing with age after
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age . Finally, at age xh, hi{x) is constant and w(x)

is increasing with age. Therefore mix) is alsoc in-
creasing with age. At age x", wix) is constant but
hitx) is decreasing with age. Therefore mix) must be
decreasing with age. Then, earnings must peak at some

age, called xm, between age xh and age ",

The *"typical® age patterns of the wage rate, work
hours, earnings and consumption for a positive interest rate
are shown in figure 3.3.1. In part (a! we draw a wage pro-
file which is concave, increasing with age up to age %Y and
decreasing thereafter. In part (b) we show the age path o+
work hours. It is assumed that the individual does retire
from work at age R. The age profiles of earnings and con-
sumption are displayed in part (c) and (d) respectively.
Three consumption profiles are shown in the figure, one +4or
each case:s U12(X) < 0, Ulztx) > 0 and Ulztx) = 0. The con-
sumption profile for the case Uiztx) { 0 is drawn with a
solid line. For the other two cases the consumption profile
is drawn with a broken line. fhe shapes of these profiles
follows from our earlier results.

We have drawn the sarnings and consumption profiles

in two different diagrams. The reason is, that at this

stage we do not know their relative positions. We will
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Figure 3.3.1 The Age Profiles of Work Hours, Earnings and
Consumption with a Hump Shaped Wage-Age Rela-
tion and a Positive Rate of Interest
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consider this in the next section where we discuss the age
pattern of savings and asset holding.

Now we relate the growth rates of demands for con-
sumption and leisure with the rate of interest and the
growth rate of wage rate. First we rewrite equations

{3.3.86) and (3.3.67) as follows.

[3c(x) /3m(x)] [wix)/ci{x)] Lwix)/wix)1

cix)/cix)

[3c(x)/3ei{x)1 [ei{x)/cix)1 [e{x)/elx)] (3.3.78)

+

1i{x)71(x) = [31(x)/3wix)] [wix)/1(x)] Lwix)/wix)]

[31(x)/3e(x)] [eix)/1(x)1 [elx)/e(x)] (3.3.79)

+

vhere, we have converted equation (3.3.47) in terms of

leisure, 1{(x) = & - hi{x). Now we define the following

elasticities:

nltx) = [3c(x)/3mix)] [wix)/ci(x)1 {(3.3.80)
noix) = [31¢x)/3mix)]1 Iwix)/1{x)1] {3.3.81)
€,(x) = [3cix)/deix)] [eix}/cix)] {3.3.82)
€xix) = [31(x)/3eix)] [el(x)/1(x)] (3.3.83)

Using these notations for the elasticities, we can express
the growth rates of consumption and leisure in terms of the

growth rates of wage rate and expenditure as follows.

cix)/eix) = n (x) [wix)/wi(x)1 + el(x) [eix)/elx)] {3.3.34)

1
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1(x)/1tx) = ng tx) [wix)/wix)] + €5 (x) [eix)/e(x)] {3.3.85)

This gives us the following results:

Thecrem 3.3.21
Given the rate of expenditure, the growth rate
of consumption (leisure) is equal to the arowth rate
of wage rate multiplied by the elasticity cf demand
for consumption (leisure) with respect to the wage

rate.

Theorem 3.3.22
I+ the wage rate is held constant over the
lite cycle, the growth rate of consumption (leisure)
is equal to the growth rate of expenditure multiplied
by the elasticity of demand 4or consumption (leisure)

with respect to expenditure.

The growth rates of consumption and leisure can

. alternatively be expressed in terms of the rate ot interest
and the growth rate of wage rate. Substituting equation
{3.3.60), and using the above notations for elasticities,
aquations (3.3.78) and (3.3.79) can be written in terms of

elasticities, etc. as follows.
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cix)/cix) In, (x) + GI(X)SZ(x) (1—62(x)/§(x)}] {wix)/wix) 21

1
+ [Gl(x)fi(x)] (3.3.86)
1{x)/1i{x) = [nz(x) ¥ Gz(x)Sz(x) {l-ez(x)li(x)}] {wix)/mix) 31
+r {€2tx)/§(x)] {(3.3.87)

Following results are implied by these equations.

Theorem 3.3.23
I+ the wage rate is held constant, the growth
rate of consumption (leisure) is proportional to the
ratio of the elasticity of demand +or consumption
{leisure) with respect to expenditure to the coeffi-

cient ot relative risk aversion.

Theoram 3.3.24
I+ the rate of interest is equal to zero f{or
equal to the =subjective discount rate), the growth
rates of consumption and leisure can be expressed as
the products of the arowth rate of wage rate by a ¢ac-
tor involving the elasticities of demandé with respect
to expenditure and wage rate, the expenditure shares

and the coetficient o+ relative risk aversicn.
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This concludes our analysis of the lite cycis con-
sumption and work allocation behaviour of the individual.
We can ncw move to the study of life cycle savings and as-

sels accumuiation behaviour of the2 individual.

3.4 SAVING BEHAVICUR AND THE DYMAMITS OF ASSET MOLDING

In this section we discuss the life cycle savinas
and asset hplding behaviour of the individual. There are
two measurss of savings we are interssted in., First, there

is a narrow measure of savings defined as the excess of

garnings over consumption. Although this concept doges not
really measure actual savings because it ignores interest
income on the accumulated wealith or the interest costs on
the accumulated net borrowings, it bears greal operational
signiticance for ogur analysis. This narrow measure of
savings will be useful to understand the dvnamics of asset
holding. In adaition; in our anslysis of mortality varia-
tiogns, this measure 0f savings will play the key rola.  The

broad measure of savings is defined as the excess of income,

including both earnings arnd possible intsrest income, over
current s=pending on consumpticn and possible interest pay-
ments on the net baorrowings.

Let us first discuss the narrow measure cf savinags.

The rate of these savings is defired as
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3{x) = mix) - ci{x} {3.4.1)

Recalling the definition ot expenditure and earnings +rom
equations {3.32.1} and {3.3.76), notice that the schedule

gi{x) iz closely relatad to the schedule e(x) as foliows.

gix} = wixnid - 2{x) {3.4.2)

Thus, the savings rate 5{x) can also be interpreted as the
excess of the value of the current endowment of time over
the expenditure on consumption and leisure. This relations-

hip also allows the following interence from theorem 3.3.4%.

Theorem 3.4.1

There exists a solutiorn for the schedule g{i{xi

gi{x) = wixid - el{x, P, r, W

= 3ixy, Py, r, W {3.4.3)

The function 3six, P, r, W) i3 everywhere continuous in
all its arguments and has continuous +irst parzial

derivatives except at a switching point.

The age patiern of ¢ix) can be studied by dif-

terentiating equatiaon (3.4.2) with respect to x:
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%) = 8 wix) - alx) (3.4.49)

Substituting 4or elx) from equation (3.3.43), we obtain the

differential eguation for j7{x) for an interior sclution:

7ix) = r RO /U ) a8x) T + Thixd = L5y {x) /Uqixtatx) 31 wix)

{3.4.5}

Likewise, substituting for eix) from eguation (3.3.44), we
cbtain the differential =zgquation for ji{x) for a corner

splution:

.

S = 1 <Y 71 (S & @
r{x) r [Jltﬂ./Jilfx)] (3av.6)

Twe obvious results follow from these ditferential

equations,

Theorem 3.4.2
Holding the wage rate constant, if the rate of
interest is positive {(or greater than the subjective
Aiscount rate), the scheduls 7{z) will be decreasing

with age throughcut the life cycle.

This is a conventional result, With prefsrence for present
over future spending being exactly otfset by lite insurance

and annuities, = positive ratz of interest will encourage a
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delay in spending in the life cycle. This will produce the

savings behaviour stated above.

Theorem 3.4.3

In case of an interior solution, if leisure is
a normal good then ¢i{x) is positively correlated with
the anticipated wage rate. In case of a corner solu-
tion, the schedule 5{x) is independent ot the wage

rate.

This result complements the earlier finding by Heckman
{1974) and Ghez and Becker {(19735) that under certain condi-
tion (U12(X) ¢ 0), the life cycle model could explain a pos-
itive relationship between consumption and anticipated
earned income over the life cycle. The above result implies
that over the life cycle, wage induced variations in con-
sumption will always be smaller than wage induced variations
in earnings both measured in the absolute terms. Thus, our
model predicts that while the marginal propensity to consume
gut of anticipated earned income may be positive under
cartain condition, it will definitely be less than one.
This result suggests that the Keynesian absolute income
hypothesis is supported even in the life cycle context.

For the illustration of this point, consider the

wage profile in figure 3.4.1(a). I+ the rate of interest is
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egual to zero {(or equal to the subjective discount rate),
the earnings profile will follow the path as shown in figure
3.4.1iby, 1I¥ UIB(X) < 0, consumption will follow a similar

nath as shown in the +igure. Theorem 3.4.3 and the lifetime

budget constraint

T
ﬁ”

{ pix) gi(x) dx = 0
O

imply that the savings schedule Jix) will also follow a
similar hump-shaped age path as shown in figure 3.4.1(b).14
This age profile of savings clarities the implied restric-
ticns on the placement of consumption and 2arnings pratiles.
In particular, at the age ot the peak wage rate where both
consumption and 2arnings are also at peak, consumption not
only cannot excesed earnings tut alsc the former will $all
short of the latter by the maximum margin.

Mow, we can discuss the general shape of the sched-

ulz gix) over the life cycle when the rate of interest is

nsitive. During the retiremen* period of life, the sched-

0

1le 1{x) 13 independent of the wage rate. Theretore,

i34 During the early vears o+ lite the savings sched-
ule need not be negative. The consumption and earnings
schedulss shown in figure 3.4.1 diffar from the gnes in
Heckman {1274} and Ghex and Becker (157T} because they did
not consider retirement in their analysis,
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savings will unambiguously decrease with agse after retire-
ment. In view of our assumption that the waze rate is in-
creasing with age at a diminishing rate up toc ace xw, during
some =arly vears of lite the increase in the waage rate may
inCrease savings fast encugh to outweigh the oppos:te efrasct
o+ a3 positive rate gf inter=2gt. Theretore, during somne 22ar-
iy vears of life the savinags rate ¢{x) may be increasing
with age. However, early on the schedule 7{x) will start
decreasing with age and will continue tp do so since the
wage rate is increasing with age at a diminishing rate up to
some age and decreasing thereafter. If we assume that dur-
ing some 2arly years of life the savings rate gix) does in-
crease with age, then the age profile of gix} will follow an
inverted J-shaped path. There are two more resuits regard-

ing the shape 2% gix) which we would like to report.

Theoram 3.4.4
1+ tne rate of interest is positive lor
greater than the subjective discount rats), the
savincs scheduls 7ix) can geak only before agse <M gt
mhich 2arninaes peak.

The proot is somewhat involived and is given in appengix

3.4.3.
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Theorem 3.4.5
I+ the rate o+ interest is positive {or

greater than ths subjective discount rate! and the
sage rate is non—-incregasing at the retirement age or,
the rate of 1nterest is non-nsgative {or not less than
the subjective discoumnt rate; and wage ratz is
decreasing at the retirement age, then there will be
an upward jump in the sliope of savings schedule gixi
at the retirement age.

Proof
The lett side and the right side limits of the slope
o+ gix) as % approaches toward R, the retirement age,
can be obtained #from the dif+ferential equations
{3.4.3) and {2.4.48) respectively. The diffterence be-
tween the iwo limits is
Limit 5{x) - Limit 3{x) = = £§ (R)/U5¢RI2{R}1 w(R)
4R - xR+ -

e}
fr LU, (RYT 7 UL {RIULIRIZU,  (RIaIR)

i 2 11

This difference is necative under any o+ the two suf-

ficient cong:tions statsd. Hence the proct.

Thara is more we can say about the age nath of zix}.

The litetime budget consiraint can be written as:
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j'Te""‘ p(x) gix) dx = 0 (3.4,
0

Thus, the weighted sum of lifetime savings is egual to zero.
We know that during retirement earnings are zero but con-
sumption is positive. Therefore during retirement ¢i(x) is
negative. Since the schedule ¢gi{x) follows an inverted J-
shaped path, ¢0(x) must be positive during some middle years
of lite. Continuity of the earnings and consumption sched-

ules implies that age x*

at which ¢g{x} changes from a posi-
tive value to a negative, must be less than the retirement
age R. Since gi{x) is increasing with age during early years
of life, it may.alsn be negative during some =arly years.

The age pattern of gi{x) is illustrated in figure
3.4.2. 1t is assumed that g{x) does start negative. The
age at which ¢{(x) changes +from negative to positive and the
age at which it changes from positive to negative are markead
Xy and x* respectively.

Now we turn to the broad measure of savings which

can formally be defined as

wixlhix) + r¥(x)aix) - c{x)

s{x)

wixlhi{x) + [r + gix)/pix)1 aix) - cix) {3.4.8)

where, r* = r + gi{x)/pi{x) is the actuarially +air rate of

interest and ai{x) is the stock of assets held at age x. 1I¢
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Figure 3.4.2 The Age Profile of the Narrow Measure of
Savings ¢{x)

the
narrow
measure
of
savings

o (x)
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assets at age x are positive, this definition is interpreted
as earned income plus interest income minus consumption. On
the other hand, i¥ ai{x) is negative, the definition should
be interpreted as earned income minus interest payments on
bPorrowings minus consumption. Substituting wix)lhix) - cix)

= gi{x) in equation (3.4.8), we can also write

si{x) = gi{x) & [r + gi(x)/pi(x)] aix) (3.4.%)

We know the general shape of the schedule gi{x) but
so far we have not said anything about the shape of the as-
sets schedule ai{x). Therefore, at this stage we cannot dis-
cuss the savings schedule si{x). 1In fact, the twoc schedule
a{x) and si{x) are closely related to each other. Defined by
equation {3.4.9}, the rate of savings six) is also equal to
the net addition to assets at age x. Therefore we can write
the differential equation describing the age path of asset

holding.
six) = aix) = gilx) + [r + gix)/pi{x)1 alx) {(3.4.10)

Since the individual does not receive any transter
income, his/her assets at age zero are equal to zero. Given
this initial condition, the differential equation (3.4.10)

can be solved for aix). First recall from equation (3.2.4%)
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that gix) = - pix). Therefore with a different arrangement,

equation (3,4,10) can be written
aty) - r aty) + I[piy)/piy)l aly) = giy)

where, we have used y rather than x for the age index for a
reason that will become cbvious as we proceed. Multiplying
both the sides by the discount +actor e ™Y pl{y), we can

write this equation as follows:
e Tpiyraty) - r e "Tpiyraty) + e "Vpiyraty) = e "Vpiyrgiy)

or, die "“piylaiy)17dy = e "Ipiy)gty)

Integrating‘uver the interval [0,x]1, we +find

=z
e ™ pix) atx) - plo) ato) = | & 77 pty) giy) dy
0

Since a{0) 0, we can solve for ai{x) as:

X
atx) = [e" */p(x)1 { e 7Y ply) giy) dy {3.4.11)
)

This relationship between assets and savings implies

the fcllowing result.

Theorem 3.4.6

The sclution for ai{x) can be written
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afx) = alx, P, r, W) {3.4.12)

The function ;(x, P, r, W) is continuous in all its
arquments and has a continuous age derivative at all
the points including the possible switching points.
In addition the +irst partial derivatives of this
function with respect to other arguments are also con-
tinuous except at a switching point.

Proof
Substituting the solution for ¢i{x) given by equation
{3.4.3) into equation {(3.4.11), we can write

X

atx) = e */pix)1 g e ™Y pty) gly, P, r, W) dy
Since ¢lx, P, r, W) is continucous in all its argument,
so is the function a{x, P, r, W). Next, continuity of
the first partial derivatives of al{x, P, r, W) follows
from the continuity o+ the +first partial derivatives
cf the function Jgi{x, P, r, W). Finally, according to
equation (3.4.10), the age derivative of aix) can be

expressed in terms of the following function.

alx) = gix, P, ry, W) + [r + gi(x)/p(x)] aix, P, r, W)
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Since the functions gi{x, P, r;, W) and aix, P, r, W
are continuous at a switching point; the age deriva-
tive of aix, P, r, W) given above is also continuous

at such point.

The relationship between savings and assets given by
egquation {3.4.11) has a straight forward interpretation.

First, rewrite this esquation as

X
aix) = [ e "Yptyrze T pix)11 gty) dy (3.4.13)
)

From eguation (3.2.8) we know that

r y ' 3
e ™ pty) = exp |- § r¥(z2) 4z
L © J
a % 3
e ™ ptx) = exp |- { r¥(z) dz
. 0 J
where, r*(z) = r + gi{z)/p(2) is the actuarial rate of inter-

est. These two sguations imply

»

—_— - Y x
e "ptyrre T pix) exp |- [ r¥(2) dz + [ r¥() dz}
-

. 0 0

" % %
= exp | { r"{z) dz
L7
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Using this result in equation (3.4.13), we obtain the

desired expression

b %
aix) = [ exp [ I r¥ez) dz} sly} dy (3.4.14)
0 Y -

Equation (3.4.14) says that the level of assets at
age x are obtained by accumulating the excess of earnings
over consumption (positive or negative) incurred at each
previous age y { x, inflated by the appropriate interest
factor.

Mow we can discuss the age pattern of the assets
schedule. First, a=s ve have already noted, assets at age
zero are equal to zero, that is a2(0) = 0. Second, if the
individual survives, his/her assets at age T are alsoc equal
to zero. If we 1look at the definition of aix) given by
eguation {(3.4.11), it seems that 2({T) = 0/0 which is an un-
detined number. But applying the approepriate (L’Hospital)
rule for the limit of aix} as x approaches T, we obtain a
definits answer.

d { X
Limit — Le"" e ™ piy) gtyd dy]
x + T dx
Limit alx) =

x + T Limit dp{x)/dx
x + 7T

Upon solving, we obtain
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B |
Limit atx) = [1/ptT)1 [p(T)q(T) +r et g e"‘>’p(y>c<y)dy]
)

x + T
The secocnd term inside the sguare brackets is equal to zero
becaus=s of the lifetime budget constraint. With ptT) = G,
the first term is also =qual to zero. Since p{T) = - gi{T) =
0 {see conditions {32.2.1)}), the whole expression is egual to
zero. Therefore
Limit atx) = ai{T}) = 0O
% + 7T

The age pattern of asset holding at other segments

cf lite can be summarized in the +ollowing theorem.

Theorem 3,4.7

If during some esarly years of life the savings
rate 7i{x) is negative, the assets schedule aix! will
2lso be negative. The age at which ai{x) reaches 1ts
minimum, called R,y comes after age x,. At some point
between age % and age x*, al{x) becomes zero and after
this sge aix) is positive except at zge T where it is
again egual to zero. The age at which aix) peaks,

called xa, comes after age x*.
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Proof

Since al(0) = 0 and ¢i{x) is negative until age Xy
equation (3.4.11) implies that al{x) must alsoc be nega-
tive. The differential equation (3.4.10) shows that
at age Xgs 3t which gix) is 2qual to zero and alx) is
negative, alx) is decreasing with age, This implies
that the age at which aix) will reach its minimum,
called X9 will come after age Xy e Since a{T) = 0 and
gix) < 0O after age x*, equation {(3.4.11) shows that
a(x*) must be positive. Continuity of atix) implies
that aix}) will become zero at some age, called x7',

after 2age x_ and before age x*. Since at age x’, alx)

a
= 0 and g{x) > O, equation (3.4.10) implies that aix)
must be increasing with age. Equation (3.4.11) also

implies that ai{x) will remain positive in the inter-

val: x* < x <{ T. Finally, =at age x*, gix) = O and

atx) > 0. Therefore, according to the differential
eguation (3.4.10), aix) must be increasing at age x*.
*

Thus atx) will peak after age x".

The age profile of assets schedule, ai{x) is sketched
in figure 3.4.3. In part {(a) we plot the age profile of the
narrow savings schedule, ¢i{x). In part (b) we plot the

functiaon:



Figure 3.4.23 The Age Profile of Asset Holding
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g* e"TY p(y) o (v) dy

(b)

(c)

(d)

eTX/p(x)

o

assets

////ﬁ* T age
X* * T age
T age
a(x)
X X7 T age
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x
" e=-ry piy) giy) dy
0O

According to the age pettern of savings schedule 7{x) shown

in part {a) of the +tigure, the value o+ this functicn is

decreasing up Lo age ﬁ%, when 74ix) is negative, incrsasing
in the interval Xy { 2 < x*, when s7ix}) is positive and

decreszsing thereafter, when ¢ix} is again negative. This
functign reaches at its minmiwmum and maximum at age Xy and
age x* respectively. In part (g} of the rigqurz we plct tre
function erxfp(x) which i1s everywhere ilncreasing in age.
The plot of alx} is pbtained in part (d) by multiplying the
two functions drawn in part (b)) and parlt (cb.

The age pattern of asset holding shows that during
some eariy years of life the individual 13 a net baorrower

-*

and in the later part of life he/zmhe is s net lender. In

ntherest 42 have as-—

I

detining an sctuarialily fair rate of
sumed that at the time of desth, all the business ot the in-
dividual with the insurasnce company is +inished. The in-
surance comgany assumes the individual®s assets ar

lizbilitiecs when he/she dies, Someone who dies in debt is

o
pod

Hziled cut ans while alive has psaid an interest ratz higher
than that on rizkle=zs debt and scmecone wha dies with posi-
tive assets forfeits them but has 2nioved a rate o+ return

abcve the rate on risbkilesss bonds while alive. Let us &=x-
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plore this point a little further, The actuarial rate of
interest for an individual sged x exceeds the rate on bonds
by the instantareous conditional probability of death
qixifpix). Therefore, 1§ the individual dies at age x, ths
present value of hissher extra interest lncome {positive aor
negative Jepending on the sign patter of aiyl during his her

1i¥2) due to the actuarial rate of interest is

=
't

S eTTY sy tigiydspiydyy aty)l dy
0

— N

Since the probability of death at age x is gix), the sx-

pected present value of the extra interest income is

T 35
b1

Sogtxy e T pty)y figilyd/plyyialy) i dy dx
3 )

Changing the order of integration and simplitving, we can

Wwrite this expression as 421 iows,

2 T aixrat 13 dx

. -rda : < - . . .
ince 2 pizla(x) is the present value pf assels held at

¥,

[VE)

age x and gix) is the probability of death at age =, this
expression measures the expected present value of assets the
individual will lpse in case cf death. Thus the expected

prezent value 3f exira interest income is exactily =2gual o
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the expected present value cof assets left by the individual
at the time of death. This means that the provision of ac-
tuarially fair lite insurance and annuities allows the indi-
vidual to pool the monstary risk of an uncertain death with
others. It is in this sense that Barro and Friedman (1977)
suggest that in the presence of actuarially fair life in-
surance and annuities an individual will prefer an uncertain
lifs horizon as compared to the situation in which the
length of life is randomly selected and announced toc the in-
dividual at the beginning cf planning horizon.

Mow we come back to the broad me2asure of savings
six) defined as the rate of change in asset holding {equa-
tion 13.4.10)), First we write the following obvious

result.

Theorem 3.4.8
The savings schedules s{x) can be expressed in

term of the following function

stx) = six, gix), P, r, W) (3.4.15)

The function si{x, gix), P, r, W) is everywhere con-
tinuous in all its arguments and has continuous first

partial derivatives except at a switching point.
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This result follows directly from the definition of six)
given by equation (3.4.10) and continuity of the functions
{2, P, ry, W) 2and atx, P, r, W) 2nd their first partial
derivatives,

Next, we reproduces below the relationship among the

two savirngs rates and assets given by equation (2.4.107.
si{x) = af{z) = 5(x) + Lr + g{x)/p{x}1 alx) {3.4.16)

The two savings schedules and assets schedule satisty the
following relationships. The savings schedule s{u) is nega-
2

tive in the intervals 0 ¢ x ( xa and »~ <4 x ¢ 7 when alx) is

decreasing and positive in the interval g ¢ % ¢ %2 when

aix) is increasing. The broad measure of the savings rate,
six), is smaller {greater) than the narrcw measure 7{x} in
the interval 0 ¢ » & %7 %' ¢ 2 & 7)) when assets ars nega-
tive (positive).

For further results, we differentiate the above
savings schedule with respect to . The result is as fol-

lows:
Stx) = Flx) & [r + gix}/p(x)] atx) + alx) Tix)

where, 7{z) is the instantaneous conditional probability of
death gix)/pix). Substituting the short rnotatian r*(x) for
the instantanecus actuarial rate of interest, r + gQ(x)/pix)

and s{%) for 23i{x), we can also write this squation:
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(x) = §ix) + r¥i{x) si{x) + alx) E{x) (2.4.17)

Again substituting for si{x) from equation (3.4.18), we +ind:

Bix) = 3ix) # rXix) gix) + r¥ (0% alx) + al{x)Iix) (3.4.18)

These relations imply the following result.

Theorem 3.4.%
Given that the conditional probability of
death is increasing in the relevant range, it aix) 2 O
at the age when s{x) is at a peak or when gix) is at a

peak, then the age at which six) peaks, called x°,

Y

vwill come later in lite than age x° at which ¢ix)

peaks.

Figure 3.4.4 illustrates all the relationships among
the two measures of savings and assets. 1In part (a) is
shown the age profile of assets. The two measures of
savings are sketched in part {(b). As shown in the figure,
at the retirement age there is an upward jump in the slope
aof the broad measure of savings, that is, si{x). This fol-
lows from egquation (3.4.17), continuity of the schedules

stx) and 1({x) and theorem 3.4.5.
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Figqure 3.4.4 The Relationship Among the Two Measures of
Savings and Assets
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It i= interecsting to rote the placement of age x2,
at which the individual starts decumulating, in comparison
to the retirement age R. As shown in the figure, age g
comes earlier than the retirement age R. However, the
structure pf our model does not necessarily imply this rela-
tion., In other words, within the framework of ocur analysis
it is guite possible that the individual may be accumulating
z2ssets even during some early years of retirement.

Since at the retirement age earnings are zero, J(R)

= - ctR). Therefore the condition that six) is positive at

thizs age impli=ss the following relation:
sfR) > O i¥ and only i¥4 Ir + 1{R)1ai{F} > c(R) {(3.4.192}

That is, savings are positive i+ and cniy 1+ the interest
income is more than consumption. I+ s{R; is positive, then
assets must be increasing with age. I+ the conditional
probability of de=athk, 7i{x}, is non-decreasing, the interest
income must alsa be increasing with age. Then consumpticn
=hould also b2 ircresasing with age fast snough to make sure
that =savings will sventually become negative because i+ the
individoal survives toc the last instant of the horizon,
he/she wonld have consumed all the assets.

In 2nvy case, we can se= from condition (3.34.1%)
that, i¥f the actuasrial rate of interest is high, the indi-

vidual!l may be accumulating even after retirement. It has



page 134

been sugqested in the literature that, under life un-
certainty, if life insurance and annuitiss are not avail-
able, the individual! wmay ceontinue to accunulate atter
retirement in order o avoid the risk of being left with
little to conzume i¥ he/she survives lconger (Davies (19815,
and Zilcha and Frisdman (1223)).

This result can be obtained in the present model due
to 2 different reason. I+f Ulz(x) { 0, consumption during
early years o+ retiresment will be increasing +aster than the
later vears of working period of life (see Theorem 3.3.17
and diagram 2.2.1). For a +tew y=sars before retirement con-
sumption may have even started decreasing with age provided
the wage rate is decreasing. This implies that at the be-
2inning of the retirement peripd, consumption is expected to
be lower due to the endogencus work allocation decision. On
the pther hand, income could be higher due to the actuarial
rate of interest an assets which is higher than the rate on
bonds. This implies that durins some early years of retire-
ment the broad measure of savings cculd be positive, and
therefore, the individusal may still be accumulating. Thus,
becsides octher reasaons, an endogenous work-leisure choice and
uncertainty of life in the presence of life insurance and
annuities could also explain the continued accumulation or

mild decumulaticn by the elderly.
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This completes the analysis of an individual’s life
cycle model. After summarizing the main findings of this
chapter we will move to the comparative static analysis of

this modesl.

3.3 CONCLUDING REMARKS

A two stage budgeting approach was adopted to ex-
plain consumption, work and retirement decisions in a life
cycle model under uncertain lifetimes with actuarially fair
life insurance and annuities. Due to lite insurance and an-
nuities, the effect of uncertainty on relative time prefer-
ence is removed. Therefore, the differential equations de-
scribing the age paths of cnnsﬁmptinn and work hours were
+cund to be the same as under certainty. In that respect
many of the results regarding the age pattern of consumption
and work hours found in this research are comparable with
these already established in the literature for certain
lifetimes. However, the application of the two stage
budgeting approach, endocgenization of retirement decision
and studying in detail savings and assets holding provided
many additional results for the life cycle hypothesis. In
addition, the two stage budgeting approach better explained
the life cycle allocation process. Some of the findings
regarding life cycle allocatiocn behaviour are summarized be-

iow.
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The effect of an anticipated increase in wage rate
on expenditure (on consumption and leisure) was decomposed
inte two parts. First, there is a cost of living effect
which results in more expenditure Dn‘a given basket of con-
sumpticn and leisure as the wage rate increases. Second,
thera is an intertemporal asllocation effect which arises due
to the reason that a3 wage increase makes expenditure more
expensive. Given the marginal rate of substitution betwesen
consunption and leisure over the life cycle, an anticipated
increase in wa3e rate will result in arn increase (decrease)
in expenditure i+ leisure is 3 narmal {inferior) good:

The effects of an anticipated increase in wage rate
on consumption and work hours were decomposed into tweo com-
ponents: an intertemporal allocation effect and an in-
tratemporal substitution effect. First; an anticipated in-
crease in wage rate over the life cycle will make expendi-
ture more expensive in future than in present. This will
result in a decreasing {increasing) expenditure over the
lite cycle i+ leisure is a normal {inferior) good. This age
pattern of expenditure will, in turn, result in an increas-
ing wark hours over the liftz cycle whether leisure is in-
ferior or normal. If consumption and leisure are normal
goods, consumption will be decreasing with age. But, i+ any
of consumpticon and leisure are inferior, consumption will be

increasing with age. This substitution over the life cvycle
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may be interpreted as the intertemporal substitution effect.
Second, as a result of an anticipated increase in the wage
rate, consumption and work will increase due to substitution
between leisure and consumption a2t each age. This effect
has an interpretation of an intratemporal substitution ef-
fect. Thus the full effect of an anticipated increase in
wage rate should not be regarded, like MaCurdy (1981), as an
intertemporal substitution effect.

The life cycle motive explains the retirement deci-
sion. It was shown that, if the wage rate is non-increasing
at retirement age and the rate of interest is pasitive, the
individual will never re-enter the labour market once
retired.

Before retirement, consumption was shown to be in-
creasing and work hours decreasing with age due to 2 posi-
tive rate of interest. Waork hours are positively correlated
with anticipated variations in the wage rate over the life
cycle. I+ consumption and lsisure are substitutes for each
other, consumpticon also pcsitively responds to these varia-
tions in the wage rate. After retirement, consumption is
increasing with age due to a positive rate of interest and
is independent of the wage rate.

The relative position of the peak ages of different
variables was studied. If the wage rate is increasing with

age earlier in lite and decreasing thereatter, consumption
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and work hours can have interior peaks. I+ work hours peak,
then earnings will also peak. Work hours peak earlier in
life than earnings which in turn peak earlier than the wage
rate. Consumption can peak only after the peak in the wage
rate.

The study of savings and assets accumulation behav-
iour enabled us to put additional restrictions on the rela-
tionship between consumption and =2arnings over the life
cycle. 1In particular, over the life cycle, wage induced
variations in consumption will always be smaller than the
wage induced variations in earnings both measured in ab-
spolute terms. Thus, while the marginal propensity to consume
out of anticipated earned income may be positive under
certain condition, it will definitely be less than one.

This result suggests that the Keynesian absoclute income
hypaothesis may be supported even in the life cycle context,

It was also shown that the individual saves the max-
imum part of sarnings before earnings are at peak {assuming,
as usual, that wage rate i=s incrsasing earlier in life and
decreasing thereafter). During =arly years of life consump-
tion may exceed earnings. During middle years, consumption
is less than earnings and finally, during the later years,
consumption again exceeds earnings.

The life cycle behaviour of two measures of savings

vias studiesd, 2 narrow measure defined as the excess of earn-
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ings over consumption and a broad measure defined as the ex-
cess of full income {earnings plus net interest income) over
consumption. At early vyears of life, when asset holdings
are negative, interest income is also negative. Therefore
the broad measure of savings is smaller than the narrow
measure. In later years, when asset holding, and therefore
interest income, is positive, the broad measure of savings
axceeds the narrow measure.

While savings out of earnings are definitely nega-
tive at retirement, the savings out of full income could be
positive or negative. Consumption during some early years
of retirement is expected to be lower if¥ consumption and
leisure are substitutes. On the other hand, interest income
is higher dve to actuarially fair aﬁnuities which yield a
higher rate of return than bonds. Therefore, wWwith an
endogenous work-leisure decision and actuvarially fair an-
nuities, it is possible that during some early years of
retirement, the individual may still accumulate wealth.

The growth rates of expenditure, consumption and
leisure were related with the rate of interest and the
srowth rate of wage rate. These relations depend on the
coefficient of relative risk aversion, the lower stage
elasticities of demand for consumption and leisure with
respect to expenditure and wage rate and the lower stage ex-

penditure shares of consumption and lsisure.
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3.A APPENDIX TO CHAPTER 3

3.A.1 Proof ef Theorem 3.3.95
We will prove properties (i) through (iv) +4irst for
an interior soluticn, then for a corner sclution and +inally

for a switching point solution.

Interior Solution

{i} By assumption 1, U{x) is continuous in ci(x) and 1{x)
which in turn are continuous in wix) and ei{x) by theorem
3.3.1. Therefore, by definition, V{x) is continuous in wi{x)

and ef{x). The first partial derivatives of Vix! are

Vltx)

VE(X)

- {8-hix)? Ultx) {(3.A.1)

Ul(x) {2.A.2)

Since by assumption 1, Ultx) is continuous in ci{x) and h{x)
which in turn are continuous in wi{x) and ei{x) by theorem
3.3.1, both the partial derivatives Vltx) and Vztx) are con-
tinuous in wix) and ei{xi. Next, consider the secocnd partial
derivatives which can be obtained from equations (3.A.1) and
{3.A.2) as {ollows.

Ulllx) = —{a-h(x)}[Ull(x)Cec(x)ISN(x)}— U, o (x){dhi{x)/3w(x) 3]

12
¥ Ultx) [3h{x)/3wix)1] {3.A.3)
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Vlztx) = U, {(x)[3c({x)/3mwix)] - U1 (x)[3h{x)/3mix)] {3.A.4)

11 2
V22(x) = Ulltx)tac(x)lae(x)] - Ulz(x)[ah(x)lae(x)] (3.A.3)

All the first and secopond partial derivatives of the direct
utility function appearing in the above eguations are con-
tinuous in cix) and hix} by assumption 1. Similarly cix)
and hi{x) and their first partial derivatives with respect to
wix) and ei{x) are continuous by theorewm 3.3.1. Therefore
all the second partial derivatives Uij(x) given above are
continuous.

{ii) Since Ultx) is positive by assumption 2, equation
{3.A.2) implies that Vz(x} is also positive.

{iii) Since ci{x) or 9-h(x) cannot be negative, both must be
equal to zero when elx) = cix) + wix){9-hi(x)?} is egual to
zerg. Theretfore, using (3.A.2) and assumption 3, we coen-

clude

V,ix) = U

2 elx)=0 (x)

1 ci{x)=0

fiv) Substituting for 3cix)/3el(x) and 3hix)/3e({x) from equa-
tions {3.3.12) and (3.2.13) respectively in equation (3.A.5)

and simplifying, we find

v {x}) = U

2
2o {x)Talx)/R(x) (3.A.86)

4



page 142

8{x), defined by egquation {3.2.11) is negative and al{x),
detined below is positive under the assumption of strict

concavity of the utility function.
N - -— 2 -
alx) Ull(x)uzztx) Uyotx) {(3.A.7)

Since 8(x) < O and ai{x) > 0, Uzz(x) must be negative.
Therefore the indirect utility function Vix) is strictly

concave in e(x).

Corner Solution

{i) Continuity of the indirect utility function foliows from
assumption 1 and theorem 3.3.1 in the same way as under an
interior solution. The first and second partial derivatives

of Vix), which can be easily obtained, are

Vl(x) = - 9 UI(X) (3.A.8)
Uz(x) = UI(X) {3.A.9)
Vll(x) = 82 Ull(x, (3.A.10)
vi2(X) = - 8 Ull(x) (3.A.11)
Uzztx) = Ull(x) {3.A.12)

All these partial derivatives are continuous in ci{x) and
hix) by assumption 1. In turn, ci{x) and hi{x) are continuous

in wmix) and etx). Thersfore all the +irst and second par-
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tial derivatives of Vix) given above are continuous in
wix) and =2(x).

{ii) Equation (2.A.7} implies that V2(x) > 0 by assumption
P

{iii) This property is not relevant for a3 corner solution
bercause, as theorem 3.3.Z says, 2 corner solution i1s not
possible at elx) = 0.

tiv) Egquation (3.A.12) implies that U22(x) { 0 by assumption

4, Therefore Vix) is strictly concave.

Switching Point Solution

{i) Since ct{x) and hi{x) are continuous in wi{x) and e(x) at a
switching point by theorem 3.3.1, the indirect utility {func-
tion Wix) = Mcolw{x),2(x)) , 3 - hi{w{x),e{x)?]1 is also con-
tinuous at such point. As we approach a switching peint
from the interior solution, the first partial derivatives
Vi(x) and Ugfx), given by egquations (3.A.1) and (3.A.2), ap-
proach to -9% Ulte(x)—w(x)é, 3} and Ulte(x)—w(x)e, 2) respec-
tively. I+ we appreocach that point from the corner solution,
the two derivatives, now given by eguations (3.A.8) and
{2.A.%9), take the same valuss as betore. Therefare V, (x)

i

and V,(x) are also continuous at a switching point.

tii) At a swmitching point Vz(x) = Ul(e(x)-w<x)9, 9) which is

positive by assumption 2.
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tiii) As before there cannot be a corner sclution and there-
fore a switching point at el{x) =0.

{iv) I+ we approach a switching point from the interior
solution, Vztx) is decreasing in e{x) at the rate
Ultx)za(x)la(x), as shown by eguation (3.A.8). I+ we ap-
proach that point 4rom the corner sclution, Vztx) is again
decreasing in ei{x), though at a different rate, UII(X)

{equation (3.A4.12)). Therefore V{x) is concave in the

neighbourhood of a switching point.

3.A.2 Proof of Theorem 3.3.6

Equation (3.3.33), written in more elaborate form,
Uz(w(x),e(x)) - e X VE(H(O),e(O)) =0 (3.A.13)
can be imagined as an implicit function invelving ={x},
e{0), %, ry, Wwi0), and wix) as its arguments. Since this
function is continupus in all cf its arguments and
Uzz(wtx),e(x)) # 0, according to the Implicit Function
Thecrem e{x) can be sclved as a continuous function of e{(0},

%y Py Wwi0) and wix). Let us write this function as

etx) = EX(el0), %, ry, wl0), wix)) {3.A.14)
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where, the function takes the value ei0) at x = 0. Using
this function in equation (3.3.34), we obtain an implicit
functicn in et(0), P, r, and W , where P and W coentain the
entire domains of p(;) and wix), 0 ¢ x ¢ T.

.
8 f e 7% pix) wix) dx - Eie(0), P, r, W) (3.A.15)
0

where,

"
Ef(e(0), P, r, W) = [ e "% ptx) EX(et0),x,r,wi0),wix)) dx
0

{3.A.18)

The implicit function given by {(3.A.15) is obviously con-
tinuous in all of its arguments since the function: Ex(e(O),

%y Py Wi0), wWix)) is continuous. Consider the following

derivative.

dEtel(0), Py r, W)/del{0) =

"
I e ™ pix) [dEX(el(0),x,r,wl0),wix))/de(0)] dx
0

= [ e 2% pix) [V,.(0)/V

{x)] dx
0 22

22
Since VEE(O)lvzz(x! # 0, therefore dE(e(0), P, r, W)/del(0) £
0. It $ollows that e{0) can be sclved as a continuous func-
tion of P, r and W from equation (3.A.15). We can write

this 4unctiorn as
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e{D) = (P, r, W {(3.A.17)

Finally, substituting this function in eguation (3.A.14), we

find the solution for e{x).

EX*(etP, r, W, %, ry; wi0), wix))

e{x)

eix, P, ry W) {3.A.18)

Since the function Ex(e(O), %y ry Wi0), wi{x)) is continuocus
in 2e{0), %2, r;, wi0) and wix) and ef({0) = ei{P, r, W) is con-
tinuous in P, r and W, it follows that the function eix, P,
r, W) is continuous in all its arguments.

Since within a segment of interior or corner sclu-
tion, VIQ(X) and Uzztx) are continuous by theorem 3.3.5(1),
the implicit function (3.A.13) has continuous first partial
derivatives. This implies, according to the Implicit Func-
tion Theorem, that the functiocn given by (3.A.14) which is
obtained from (2.A.13) also has continucus first partial
derivatives. This in.turn implies that the implicit {func-
tion (3.A.15) and its explicit counterpart {(3.A.17) also
have continuous first partial derivatives. It follows,
therefore, that the spolution for planned expenditure given

by the function (3.A.18) has continuous first partial
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derivatives with respect to %, P, r and W within a segment

of interior or corner solutions.

3.A.3 Proof of Thecrem 3.4.4
The differential eguation {(32.4.5) implies that gi{x)
iz decreasing after age x". We can show that g(x) is aiso
w

decreasing in the interval x™ ¢ % ¢ x". The definition of

savings given by equation {(3.4.1) implies
FEx) = mix) - C(x) (3.A.19)

Caonsider the differential equation (3.3.73) which implies

that

hix) ¢ 0 if and only if

POLE Ux) FUnx) alx}T & LU (U, (x) /atx) ] wix)

Multiplying both sides by - Uz(x)pztx)/ul(x)ul(x) < 0 and

subtracting [U tx) U nix) 7atx) ] Wwix) we can write

hix} < O if and only if
= DEg(x) /U () alx) 1 = (U (XU 5(x)/alx)] wix) >

= {{Uz(x)ulltx)pztx)/pl(x)a(x)} + {Ul(x)Ulztx)/a(x)}] Wi x

The left hand side of this inequality is egual to cix) {(see

equation (2.3.72)). The right hand side can be simplitied
o N
to - [Ul{x)“U,(x)/HI(x)} vi{x). Thus the above ineguality

=

implies
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ﬁ(x) { 0 i¥ and only i+ cix) > - [Ultx)zuztx)lyl(x)] wix).

Since ultx) { O, this relationship implies that in the in-

h

terval x" < x ¢ x" when hix) is decreasing and wix) is in-

creasing; c(x) must be increasing. This means that in the

m i

sub-interval x < 2% { x when mi{x) is decreasing, ci{x) is

increasing. Thus equation (2.A.1%) implies that ¢{x) must

be decreasing in this interval. We already know that gix)

is decreasing in the interval x" ¢ x ¢ T. Therefore gix)

can peak only before age x™,



CHAPTER 4
COMPARATIVE STATIC EFFECTS ON THE
LIFE CYCLE ALLOCATION DECISICN

4.1 INTRODUCTION

In the previous chapter we have concluded, apart
from other things, that the lifetime allocation decision of
the individual depends on certain parameters like the sur-
vival probabilities, interest rate and the wage rates. 1In
this chapter we will discuss in detail how the individual
reacts to small changes in these parameters. The effect of
an increase in the probability of survival to various points
cf lite cycle is of particular interest in this research.
This exercise will show how the individual’s lifetime al-
location decisicn is affected by different types of
mortality improvements all of which result in an equal in-
crease in expected lifetime. This analysis will be useful
to study the implications of mortality improvements for the
aggreqgate economic behaviour in part II of this thesis.

In addition, we will also study the effects of an
increase in the rate of interest and wage rates on the life
cycle allocation decision. The type of changes in wage

rates considered in this chapter is different from the type
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discussed in chapter 3. 1In particular, the changes in wage
rates across life cycle, discussed in chapter 3 are known to
the individual at the beginning of planning horizon and,
therefore, are already incorporated into the lifetime budget
constraint. The changes in wage rates to be discussed in
this chapter, on the other hand, are not incorporated into
the lifetime budget constraint. These changes in wage rates
are the parametric changes unlike the eveolutionary or
anticipated changes discussed earlier. This distinction
will become clearer in section 4.5.

In the next section we discuss some preliminary mat-
ters relating to comparative static analysis in the life
cycle model., In particular, we restate the lite cycle model
for an individual who had impliemented a part of his/her ini-
tial life cycle plan and faces the problem of replanning due
to a change in some parameter{s) of the problem. The effect
o+ changes in the distribution of life are studied in sec-
tion 4.3. First we shall discuss the effects of an increase
in the general survival rates {for various segments of litfe.
These changes in the survival rates affect both the expected
lifetime utility function of the individual as well as the
lifetime budget constraint due to the implied changes in the
actuarial rates of interest. Then, we shall discuss the im-
plications of an increase in a mean preserving spread in the

distribution of life +or the lifetime allocation decision of
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the individual. Finally, we shall also discuss briefly the
implications of an increase in the subjective survival prob-
abilities, independent of general survival risks in the
society. These subjective mortality changes will alter the
expectaed litetime utility function of the individual but
will lsave the lifetime budgetl constraint unchanged, the
reason being that the actuarial rates of interest are based
on general survival risks in the society rather than the
subjective life distribution of some particular individual.
The effects of an increase in the rate of interest and the
age specitic wage rates are studied in section 4.4 and 4.5
respectively. The main mathematical results used for the

analysis are appended to the chapter.

4.2 PRELIMIMARIES

The solution to the 1life cycle allocation problem is
determined in two stages. The conditional solution +or con-
sumption and work hours at age x, determined at the lower
stage, depends on the wage rate and the expenditure rate at
age x. In turn, the expenditure rate at age x is determined
at the upper stage and depends on all the parameters of the
problem. The ipgical way to proceed with the comparative
static analysis is to start at the upper stage. The solu-
tion of the upper stage problem is characterized by equa-

tions {3.3.32) and {3.2.34) which are reproduced below.
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-rx
V2(x) = e 02(0), 0 ¢ x 4T (4.2.1)

T

-I. e-f‘x

p(x) [wix)d - ei{x)] dx = O (4.2.2)

It will be assumed that at a certain age the indi-
vidual realizes that some parametsrs of the problem have
changed. This change in the parameters will force the indi-
vidual to replan his/her allocation of expenditure for the
rest of life. Let us suppose that at age n the individual
is informed of a change in certain parameters of the prob-
lem. Obviously, the initial plan of expenditure allocation
for any age below age n has been implemented. All the indi-
vidual is left to do is to replan the allocation of expendi-
ture 4$or the rest his/her of lifta2. In order to capture this
aspect, we restate the optimizing conditions (4.2.1) and
{(4.2.2) in terms of the life cycle problem of an individual
aged n. First consider the tangency condition (4.2.1). For
% = n, this condition can be written as

Uotn) = e "7 v_t0)

h
h

Dividing equation (4.2.1) by this equation, we can write,

far % 2 n,

Vz(x) = e Vz(n) {(4.2.3)
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Next, we can partition eguation (4.2.2) as +ollaws.

n T
e ™ phxilui)s-elx)1 dx + [ e

D] n

TP pix)Twix)e-elx)1 dx = 0

mrn

Dividing this =2guation by the discount factor e pin}l, we
can write

o {x-n)
atm) + f e TV rpix)/pin) 1 [wix)é-eix)1 dx = O (4.2.4)

n

where, ain) is asset holding at age n (eguation (3.4.11)}).

Equations {(4.2.3) and (4.2.4) are the optimizing
conditions for the allocation of expenditure by an individu-
al aged n who holds initial assets in the amount ain) as a
result of his/her past cptimizing behaviour, If there is
any charge in the parzsmeters of the problem which the indi-
vidual is informed of at age n, then the past behaviour is
unatfectad by this change. Therefore we can treat ain} as a
given parameter. However, the individual may change his/her
future plan +rom 3ge n onwards,

W2 ar= now ready to study the effects of changes in

different parameters anticipated at age n.
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4.3 THE EFFECTS OF CHANGES IN THE DISTRIBUTION OF LIFE

Unlike in the conventional two period model, lite
expectancy in our model can be increased by increasing the
probability of survival to any age. This is an important
departure from the earlier work by Sheshinski and Weiss
{1981), Abel (1984) and Skinner {1985). In their models
life is uncertain only in the second period. Therefore life
expectancy can increase only if there is an increase in the
probability of survival in the second pericd. The present
model is more general as it recognizes the fact that human
iife at any age is never certain. Thus in studying the e+-
fect of longevity on life cycle behaviour one may consider
the effect of an increase in the probability of survival to
various peints of horizon.

First we discuss how different types of mortality
improvements can be brought abcut by changing the distribu-
tion of life which is described by the density function
gix}. Consider the simplest form of a change in the distri-
bution of life. Let us suppose that the probability of
death at some age, say Xy decreases by dthl). Since the
density +unction gix) must sum to unity, there must be a
compensating increase in the probability of death at some
other agefl{s!. Suppose that this compensating increase in
the probability of death takes place at age X Obviously

dq(xz) = - dq(xl) > 0 since dq(xl) < 0. This change in the



page 155

distribution of life implies a mortality improvement if and
only i+ Xo > Xy To be more explicit, consider the expected

life of the individual, T.

o

i
1

x gix) dx (4.3. 1)

With the above described change in the distribution of life,

the expected life of the individual will increase by
dT = (xy = %,) dgixgy) > 0 (4.3.2)

The individual’s consumptinon and work schedules etc.
have been expressed as functions of survival probabilities.
Theret4ore to study the effect of above change in the distri-
bution of life, we first study how this change relates to
the survival probabilities. Thus consider the definition of

probability of survival to age x, pix).

~
A

pix) =1 - [ qgty) dy (4.3.3)
0

It follows immediately that

dpix) dq(xz) >0 for all x: X4 ¢ x < Xo

(4.3.4)

O far all x: x < x1 or x 2 Xoy
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To express the increase in expected life asscciated
with the change in the distribution of life under considera-
tion, in terms of the resulting changes in the survival
probabilities, we now express the expected life in terms of
survival probabilities. The expected life is given by equa-
tion (4.3.1). Substituting gi{x) = -pi(x) in (4.3.1), solving
the definite integral and noting that pi{T) = O, we obtain

T
T = [ ptx) dx (4.3.5)
0

The increase in expected life resulting from the mortality

improvement is given as,
= . 2
dT = [ Tdpix) dx {4.3.6)

where, dpi{x) = dq(xz) > 0 for all x: Xy ¢ x < Xoe

It is obvious fraom {(4.3.6) that a given increase in
survival probability by dq(xz) in a given interval Xy to X
will increase the expected lite by the same margin irrespec-
tive of the placement of that interval in the life horizon.
But, as we shall shortly notice in this section, the im-
plications of this mortality improvement for the life cycle
allocation behaviour crucially depend on the placement o+
this interval. In other words, the effect of mortality im-

provement on the life cycle allocation of consumption and
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work hours depends on the segment of the life horizon over
which the survival probabilities are assumed to have in-
creased.

We are now ready to study the effects of improve-
ments in life expectancy on the individual’s life cycle al-
location decision. There are two types of life expectancy
improvements which can be studied in our model. First,
there can be an improvement in the subjective probability
distribution of life for the individual concerned, with the
general mortality prospects in the society being unchanged.
This subjective improvement in life expectancy may be due to
personal reasons, like improvement in health prospects or a
change in the degree of optimism or pessimism. The other
tvpe of improvement in life expectancy is due to a general
mortality improvement in the society which will alsa aftfect
the subjective life distribution of the individual con-
cerned.

In our discussion so far we have not distinguished
between the subjective and the actual distributions of life.
It has been assumed that the two distributions are identical
and therefore insurance companries carry their transactions
with the individual at an actuarially fair rates of interest
based on the probability distribution of life perceived by
the individual, In analyzing the effects of subjective im-

provements in lite expectancy, we need to specity the behav-
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iour of insurance companies towards such improvements. It
will be assumed that insurance companies calculate actuarial
rates of interest on the basis of general mortality risks
and therefore do not recognized changes in the subjective
distribution of life of any particular individual.

This assumption implies that, while a general
mortality improvement will change both the expected lifetime
utility function and the budget constraint, a subjective im-
provement in life expectancy will atfect only the expected
lifetime utility function. Mow we discuss these two types

of improvements in the distribution of life.

4.2.1 The Effects of General Mortality Improvements

As we have discussed above, a general mortality im-
provement will affect the allocation decision of the indi-
vidual due to two factor, namely the change in expected
lifetime utility function and the change in lifetime budget
censtraint., The budget constraint will change due to
chang=as in the actuarial rates of interest implied by the
mortality improvement. The individual will realize this
change in the actuarial rates of interest only after the
mortality improvement has been known and fully acknowledged
by the insurance market. In the following analysis we as-
sume that a small increase in probability of survival to a

specific age, say %", takes place and that this change is
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krown by the individual as well as acknowledged by the in-
surance market when the individual is zaged n., If =x° < n,
then, as already explained, this mortality improvement is o4
no conseqguence for the life cycle aliccation decision of the
individual. Therefore we assume that =" ! a.
In the appendix {(secticon 4.4.1, squation {4.A.2}) it
iz shown that the effect of an increase in the probability

of survival! to age %" anticipated at age n on expaenditure at

age % is as follows.

deix)/dp(x) = [edx)/3{x)@tn)2 L[ "% ¢ix")1 {(4.3.7)
vhere,
T X a4
Fin) = { e 7% pix) [elx)/3{x)1 dx > O {(4.3.3)
141
and,
Pix) = - eIV ix) V4 Ix) > O (4.3.%)

i In the long run, or what may be calied a steady
state, al! the changes in =urvival rates are expected to be-
come a public knowledgse., But, then we should be comparing
the li+= cvcle allocation decision af two 1ndividuals aged
zarn, rather than aged n; one facing the initial distribu-
tign of lite and the other facing the changed distribution.
it wmould De an interesting exercise to lpeck at the transi-
tignal! issuve involved in passing from one steady state to
angther., We plan to take on this issue in our future re-
sarch,. The prs=esent snelysiz, however, is maore sualtable +or
ne study of such mortality chenges which are recnognized
van in a short periacd.

thov il
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It is known that the coefficient of relative risk
aversion 3{x) and hence ?in} are positive. Therefore the
2ign and magnitude o+ the st+ect ot an increase in the prob-
apility of survival tp age x° anticipat;d at age n { x° on
erpenditure at age % 2 n is directly reiated to the sign and
magnitude of the gresant value ot =avings planned for aqe

% *, Thus the main result pf this section can be summarized

as

Theorem 4,.3.1
Anticipated at age n, an increase in the prob-

ability o+ survival to an age in the interval x_, to x*

*
tbeiow %y Or above x*) when the savings rate 5ix) is
positive (negative), will result in more {(lesser) ex-

penditure at 2ach future age x 2 n,

vhere Ky and x* are the ages at which the zavings schedule
Fix? changes iis sign +rom negative to positive and $rom
nositive to negative respectively,

A similar result has been obtained by Abel (1986)
and Sheshinski and Weiss (1921 in their analvsis g+ the st~
ftect pf 3 better life sxpectancy for the secend period of a
two perind consumption model. Our result, hcowever, is more
g2nersal as 1t distinguishes amcng diff2rent Lypes of im-

nrovements in lite sxpectancy.
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The result can be interpreted as follows. With an
increase in the probability of survival toc an age at which
the savings rate 7ix) is positive (negative), the present
value of lifetime savings wilil increase {decrease) +or the
given zavings plan, To bring th2 budgelt in balance, Lhe in-
dividual will increase {decrease’) sxpenditure in alil the 4u-
ture periods of life.

To be more specitic; we now study the type o+
mortality improvement which increases the probability e+
survival in the intearval Xy to =, by dqixg) {Sea equations
14.2.43)., First note that, as given in squation (4.3.7),
the zffect or an increase in the probability of surviwval o
2ge »° on expenditure depends on age %' cnly tarough a +ac-
tor ot proporticnality: a—rx' gix*). Therefore, tr2ating x°
as a continuous variable and integrating eguation (4.3.7)
aver the interval {xl, XE}’ the effect of mortality improve-
ment represented by equations (4.3.4) on the allocation of

sxpenditure can b2 obitained azs +ollpows.

3
N

-
e sy dy (4.3.10)

i

de{vl = [2{(2'/3{x)Din)1

This mortality improvement will lower the instantaneous con-
ditiomal probability of death giv!/piy) and hence the ac-
tuarially fair rate of interest for the interwval %, to x,.

- =

With this lower rate of interest, tne present value o+
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lifetime savings will increase {decrease) if the savings
rate during that segment of life is positive (negative).
The rest of the argument goes as discussed above.

An important thing to notice is that the resulting
decrease in the actuarially fair rate of interest carries no
intertemporal substitution effects. The reason is that this
effect is fully offset by the impatience due to life un-
certainty. Thus, if an increase in life expectancy lowers
the actuarial rate of interest by lowering the instantaneous
conditional probability of death, it will also lower the in-
stantaneous rate of time preference by the same margin.

Thus the only effect of a mortality improvement on the
lifetime allocation decision is due to the '‘wealth effect’.

The sensitivity of expenditure with respect to
mortality variation also depends on the time lag between the
age pf anticipation and the actual age of the mortality wvar-
iation. To see this point, we differentiate the derivative

de{x)/dp{(=x") given in equation (4.32.7) with respect to n.

didei{x)/dpi{x*)1/dn =

2] -rx "

- [elx)/8i{x)PDin) [e gix%*)1 [dé{n)/dnl

Or, substituting
dPtn)/dn = - @ ™" pin} L[eln)/3(n)1, (4.3.11)

vie can write:
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dide(x)/dpix°)1/dn = [e "'" pinletn)/3tn)Pin)] del(x)/dpix")

(4.3.12)

Since 3(n) and $(n) are pcsitive, the sign of the derivative
didei{x)/dp{x")1/dn will be the same as that of the deriva-
tive dei{x)/dpix*). Therefore, if a mortality improvement
results in more {(less) expenditure, then a delay in the
anticipation of a change in survival probability will in-
crease (decrease) the extent of this effect. This gives us

the next result:

Theorem 4.3.2
The later the mortality improvement is
anticipated, the shorter will be the remaining horizon
for replanning, and therefore, the more will be the

adjustment in expenditure.

Next, wme discuss the effect of wmortality improve-
ments on consumption and work hours. Since the mortality
improvement does not disturb the relative price of leisure
in terms of consumption for any age, these effects can be

easily inferred from the lower stage solution as

docix)/dpi(x®) = [3cix)/3ei(x)] [del(x)/dpi{x")] (4.3.13)
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dhix)/dptx*) = [3hi{x)/3eix)] [del(x)/dp(x*})1 {4.3.14)

1+ both consumption and leisure are normal, a mortality im-
provement which results in more (less) expenditure will also
result in more (less) consumption at each age and less
{more) work hours at each age before retirement. The reason
is that with the real wage rate given, when the expenditure
increases (decreases) we move along the expansion path and,
therefore, before retirement both consumption and leisure
also increase (decrease) as both of these are assumed to be
narmal. During retirement the change in expenditure induced
by the mortality improvement is fully absorbed by an equal
change in consumption because leisure is fixed at its maxi-
mum possible level. Thus theorem 4.3.1 implies the follow-
ing result regarding the eftect of 2 mortality improvement

on the allocation of consumption and work hours.

Theorem 4.3.3
I+ consumption and leisure are ncrmal, then

with an anticipated (at age n}! increase in the prob-

*

ability of survival to an age in the interval Xy to x

{below Xy oOr above x*) when the savings rate ¢gix) is
positive {(negative), consumption will increase

{decrease) at each future age % 2 n and work hours
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will decrease (increase) at each future working age =x:

Let us now 2xamine how the retirsment decision is
aftzcted by mortality improvements, The retirement age is
defined by the condition that the solution for work hours
4or the pre-retirement segment of the horizon approaches
rer> 35 the age index approaches the reltirement age, In
other words, the individual will retire at age R i+
Limit hix, P, r, W) =0 {4.3.15)
¥ AR
Di+terentiating this condition with respect to pix"); while

treating 2 as the sndagenous wvariable, we can write

Limit Ta00 {dx/dpix®yd + {dhix)/dpix®)}? o]
v 4R

Taking the limit and solving for dR/dp{x"); we obtain

Limit Idhix}/dpix"i1d
v 4R
dR/dpix’) = {2.3.158)
- Limit atx)
AR

The dencwminator in this expression is positive because work
nours must be decreasing in the left side neiaghbourhood o+
the ret:rement age. The numerator could be positive aor neg-

ative, dependina on normality ot 12isure and the nature of
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mortality improvement. Therefore, we can write the follow-
ing result regarding the effect of mortality improvement on

the retirement decision.

Theorem 4.3.4
I+ leisure is normal, then an anticipated in-
crease in the probability of survival to a future age
in the interwval e to x* (below Xy Or above x*) when
the savings rate ¢gi{x) is positive (negative), will in-

duce an earlier (later) retirement.

The signs of all the effects of an increase in the
probability of survival to different ages are summarized in
table 4.2.1.

At this stage we can also do some ground work for
the general equilibrium analysis of mortality improvements
to be conducted in second part of the thesis. For this pur-
pose we discuss the effects of mortality variations on the

narrow measure of savings ¢gi{x). Since, by definition
Fg{x) = wix)? - e{x)
and wi{x) arnd 8 are fixed, it follows that

doi(x)/dpi{x") = - de(x)/dpi{x") {4.3.17)



de {x)

dc{x)
dhi{x)
dR

dc{x)
dh{x)
dRr

dci{x)
dh{x)
dR

Table 4.3.1

The Effects of an Increase in

General Survival Rate to Age x°

p 4 4 x* or
x“ < X" < x* x" > x*
+ -
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Consumption and Leisure are Normal

+

-

+
+

Consumption is Inferior

+
+
+

Leisure is Inferior

oo

200
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Therefore ve can infer the following result from theorem

4.3.1.

Theorem 4.3.3

An anticipated increase in the probability of

survival to an age in the interval x, to x* (below x

*

or above x*) when the savings rate ¢i{x) is positive

*

{negative), will result in less (more) savings in the

narrow sense at each future age.

This result will be very important in studying the
2¥fect of mortality improvements in the general egquilibrium
model. Therefore, we explicitly write the expression for
the derivative in egquation {(4.3.17) by substituting $or

de(x) /dp{x") from equaticn (4.3.7).

dotx) 7dpix®) = - [e(x)/30)PIn) 1 [e ™% §ix")1

This equation shows that the effect of an increase in the

probability of survival to age x* depends on age x" only

through a factor of proportiaonality [e—rx'

gi{x*)1. In cur
equilibrium model we will be interested in the study ot
mortality improvements in the steady state. Therefore, we

will be considering changes in the mortality schedule which
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are known at the beginning of the horizon. The correspond-

ing expression for dgi{x)/dpi{x®) is

deix) 7dpix®) = - [elx)/3x)P(0)1 [e ™* gix*)1 (4.3.18)

Mext we move to the study of another type af change

in the distribution of life which increases risk of lite.

4.3.2 The Implications o¢ Increasing General Mortality
Risk

In this section we discuss the effect of increasing
risk in the distribution of lite on life cycle allocation
behaviour., We will use the definition of a mean preserving
spread given by Rothschild and Stiglitz (1970) te character-
ize the riskiness of the distribution of life. According to
the notion of a mean preserving spread a probability density
function Gi{x) represents more spread than Fi{x) if G(x) has
moare weights in the tails of the distribution of x than the
function Fix}!. This implies that the cumulative distribu-
tion functions should satisfy the relation:

s,

i Gtx) dx - [ F(x) dx 2 0 +for small values of vy
0 0

< 0 for large values of vy

vihere, it is assumed that the lower bound on x is 0. This

relation, together with the condition that mean of % ob-
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tained with the twao distributions is identical, gives the
tollowing conditions for Gix) to represent mor2 mean

praserving spread than Fix).

z
¢ IGixY - F(x}Y dx dy 2 O far O ¢ 2z < 7T
0 Q

= 0

for =z = T

where, T is the upper bound on x.

in the context af 1i+2 uncertainty, a distribution
ot lite represented by the density +unction g’ix) is riskier
than another distribution represented by the density func-
tion gi{x) if the two density tuncltiens satis+y the condi-

tions?

z Y
g’ i{xy-gixdl dw dv 2 0 for 0z (7T

{
3

] T

= for z o= ¥

{Cee egquations {4} and (7} in Rothschild and Stiglitz

(19707, I+ the distribution g’ {x) represents more risk,

-t

there must be a =strict inequality 3t least for cne z 4 .

We can sxpress these integral zconditions in terms of
zuryival probabilities. Consider the relationsnip o4 a sur-
vival probability with probabilities of death given by sgua-
tion (2.2.3v:

ot A

pivyY = 1 ~ [ =mi{x) dx

[o JyS
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Using this relation, the integral conditions can be written

as
z
S Ip*iy)-piy)1 dy ¢ O for 0 ¢ 2 < T
8]
= 0 for z = T
Or, if the difference p'{x) - pi{x) is small, we can write

the integral conditions in terms of the cumulative density

function as +ollows.

cdp(z) £ 0 for 0 £ 2 < 7 {4.3.19)

cdpi{z) = 0O for 2 = T (4.3.20)

with at least one strict inequality, and where cdp(z) is the
cumulative density function defined below.

r4
cdptz) = [ dply) dy (4.3.21)

o

Now we can discuss the implications of increasing
risk +or the life cycle allocation decision. Consider equa-
tion (4.3.7) which implies that the effect of a shift in the
mortality schedul2 on planned expenditure at age x of an in-

dividual aged 0 can be written as follows:
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T
deix) = lel{x)/3ix}®{ )1 | $t{z)dpiz) d=z {4.3.22
1]
and, where §{z) = L gi{z?! rcan be written as
zc
{z) = | 5{y) dy & 5§10}

This reiationship implies that

T T z ., T

{8tz dpizy dz = f dp(zy [ siy) dy dz + 340y [ dpiz) dz
0 0 0 0

The second term on the right hand side of this equation is
equal to zero according toc the integral condition (4.3.20).
Theretore, with a change in th2 crder of integration, we can
write:

T T T

4 =} dptz) dz = [ §(z) [ dply' dy dz
0 0 z

"y
o~
(R}

st

Or, using the definition of the cumulative density functicon

given by (4,3,21} and the integral condition {4.3.20),

T T

5(z) dplz) dz = - [ i(z) cdpiz; dz
3] (9]

Supbstituting this result in equation (4.3.22) we obtain the

desiresd relationship:
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T
deix) = - [e(x)/§(x)P(0)1 [ §(z) cdplz) dz (4.3.23)
0

Clearly, the factor - [e(x)/3(x)%{n)] is negative.
We also know by the intearal condition (4.3.1%F that the
cumulative density function cdp(z) is non-positive for all z
{ T, with at l=sast one negative term. Therefore the sign of
the above differential depends on the pattern of the age
derivative of the function §(x). According to our analysis

in chapter 3; gi{x) is increasing with age up to some point

%7 and decreasing thereafter. This implies that the vari-

rx b

able §(x) = e gix) must be increasing up to some age x <

%7 and decr2asing thereafter. Under these conditions, the

above differential has an indeterminate sign. However, we
can discuss the implications of increasing risk after age

XS_ Thus we assume that

cdpi(z) = 0 for O ¢ z ¢ x
<0 for xP ¢z ¢ T
= 0 for z = T

with at least one strict inequality. Egquation (4.3.23) ac-
cordingly simplifies to
-

detx) = - [ei{x)/3ix)i{n})1] fsgtz) cdpl{z) dz (4.3.24)
X
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Since - [ei{x)/3({x)®in)1 and g(z) are negative and
cdp(z) is also negative at least for one z, and non-positive

for all z, the change in expenditure, de({x) must be nega-

tive.

Theorem 4.3.4
With actuarially +fair life insurance and an-
nuities, a change in survival probabilities +or ages
above age xS which makes the distribution of life more

risky, will result in less expenditure at each age.

The reasoning is as follows. An increase in risk results in
higher probastilities of surviving to the later part ot the
horizon in exchange for the lower survival probabilities at
vounger ages. Since the saving rate g{x) is decreasing with
age, the present value of life time savings will decrease
for the given savings plan and thus result in less expendi-
ture at each age.

The implications of increasing risk of life on the
iife cycle behaviour in the absence of [ ife insurance and
annuities has been discussed by Levhari and Mirman (1277).
In their analysis a change in the distr.bution of life means
a change in the stream of discount factors attached with the

utility function for different ages. In our model this ef-
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fect is exactly of+set by the intertemporal substitution et-
fects due to the corresponding changes in the age specific
actuarial! rates of interest. Heowever, the life cycle al-
location will be affected due to the wealth effect assncia:
ted with changes in the actuarial rates of interest. Thus
the effect of increasing risk in cur model works through a
different channel than in Levhari and Mirman (1227).

The effect of increasing risk on the allocation of
canzumption and work hours is straight forward. I+ both
consumption and leisure ar2 normal, then increasing risk

will result in lesser consumption at each age and more work

at each working age.

4.3.3 The Effects of Subjective Mortality Improvements

In order to study such life expectancy improvements,
we must distinguish between the distribution of life per-
ceived by the individual and the general life distribution
in the society on the basis of which insurance companies
calrulate the actuarial rates of interest. Our analysis so
+ar has been conducted under the assumpliion that the two
distributions coincide. Now we assume that the two distri-
butions of life are not necessarily identical and study the
effect of =mall changes in the subjective survival probabil-

ities, with the general mortality rates being fixed.
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For the proposed analysis, we will use diftferent
notations for the subjective survival probabilities and the
actual survival rates. The reasan is thit in the compara-
tive static analysis we will aliow chang¢s only in the sub-
jective survival probabilities with the actual mortality
rates being fixed. Under these circumstinces, the lifetime
allocation problem of the individual at iage n can be written

as follows.
Maximize

T
[ ptx) Viwix),ei(x)) dx (4.3.25)
n

Subject to,

-ri{x-n) *

ain) + [ e (x)/p*(n)][w(x)e-e(x)] dx = O (4.3.261)

n

p

where pi(x) is the subjective survival proabability and p*(x)

is the general survival rate in the soci2ty. The maximizing

conditions for this problem are:

-r{x-n)

Vyix) = e [pX(xiptn) /ptxip¥ins 1 Vytn) (4.3.27)

f o t® p*(x) [wi(x)é - @e{x)1 dx = constant (4.3.238)
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Di+ferentiating these two equations with respect to pix°),
we can +ind the effect of an increase in subjective survival
probability on the alliocation of expenditure. In appendix
3.A.2, this effect is shown by egquations {4.A.13) and

{4.8.14) to be as foilows.

deix)/dpix®) =

- [ei(x)/3(x)1 e 7% p*(x')etz')/i(x')¢*(n)p(x')]

+ [etx®)/3i{x")pi{x®)1] for 2 = x°* {4.3.2%9)

deix)/dpix*) =
- [e{x)/3i{x)1] e 7% p*(x')e(x')Ii(x')¢*(n)p(x')]

for x & x° {4.3.30)

where, 3{x), the cpefficient of relative risk aversion, is

defined by equation {4.3.9) to be as 40! lows:

itx) = - e(x)Uzztx)lUZ(x) > 0 (4.3.31)

and ¢*(n), which is analogous to #(n) is as follows.

T
2¥tn) = o e ™ p¥(x) fe(x)/3(x)1 dx > O (4.3.32)
n

For the interpr=tation of eguations (4.3.2%) and

{(4.3.30), +irst notice that 3(x) and hence ¢*(n) are posi-
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tive. In addition, by the definition of ﬁ*(n), the expres-
5 ] ,_rxt * - » - * & . - .

sion: e prixie{x*)/8ix"i1/g " {n) is a positive +fraction.

Thus equatioans {4,.3,.29) and {34.3.30) imply the following

result.

Theorem 4.3.7
I+ the actuarial rates nt interest are held
conztant; an increase in the probability ot survival
tn age %' will result in more expenditure at age x°

and less expenditure at each other age = £ x°,

The reazpning gnes as +ollows. With an increase in the
orebability of survival to age x°, the subjective weighting
ftactor attached with the utility rate 4or age 2° increases.
Theretore, the utility rate for z2g9e %" 15 distscunted less
heavily, The result is that the individual will allocate
more expenditure for age %", With the actuyarial rates of
intere=st being 4ixed, the lifetime budget ronstraint is un-
changed, Theretore expenditure for age x' can increase if
ard only 1£ there is a compensating decr2as2 in gxpgenditure
at =z=ome other age. Wilth add4itively separatla lifetime util-
ity $unction, expenditure +or all the ages = = x° wil]
decrease because the relative price of expenditure rate at

"

all thesa ages iz unchangsd.
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An increase in the probability of survival in the
present context carries only the substitution effect. This
result is in contrast with the result obtained in sub-
section 4.32.1 where an increase in the probability of sur-
vivail had only the wealth si+ect. The substitution etfect
nt the itvpe cbhtained in this section was tully offset by an
mpposite supstitution effact due to the resulting changes in
the actuarial rates of interest. The net effect therefors

was due tp the wealth effect associated with the changes in

3
e
]

actuarial rates of interest.

We can alsp discuss briefly the effects pf a subjec-
tive increase in the probabiiity of survival con the alloca-
*ion pf consumption and work hours. The following result is
implied by theorem 4.32.7 and squations {(4.3.13) and

t4,3.14) .

Theorem 4,3.8
I+ the actuarial rates of interest are held
constant, an increase in the probability of survival

"

“m oage 2 (R will resullt in more consumption and less
worl: hours at age x°, less consumption at each ogther
age x # ¥  a3and wmore work hours at each other woriking
age % = 2, w% ¢ R, provided noth consumpition and

leizsure are normal goods. An increase in the arob-

ability of survival a3t age x° 2 R will resullb in meore
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consumption at age x°, less consumption at each other

age = # x* and mere work hours at each working age x ¢

R.

tlext, we analyze the effect on the retirement deci-
sion af the individusl., Eguation (4.3.14) shows that the
individual will retire earlier {(later}? 1f the increase in
survival arobability resultg in less {more) wbrk hours in
the left side neighbourhood of the retirement age. We know
by theorem 4.2.38 that an increase2 in probabilities of sur-
wival tn any ages not in left side neighbourhood of the
retirement age will result in more work hours in that neigh-
hourhned of the retirement age {(provided lzisure is narmall.
{in the cther hand, an increase in survival prcbtabilities to
ages inr the lsft side neighbourhocd of retirement age wili
resuit in less work hours in that neighbourhood (provide
leisure is nermel’. This implies the following result

regarding the rstirement decizion.

Thecrem 4.3.9
I+ the actuarial rates of interest are heid
constant, an increase in prebabilities of survival to
ages in the aeighbourhcod {(not in tre neighbourhecad)
a+ the retirement age will resuit in an earlizsr

{later) ra2tirement, provided lsisure is a normal good.
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The signs of the effects of subjective mortality im-
provements on consumption, work hours and retirement age are
summarized in table 4.3.2. This completes our discussion of
the effects of different types of mortality changes on the
litetime allocation decision of the individual.2 Now we

move to the analysis of a change in the rate of interest.

4.4 THE EFFECTS OF AN INCREASE IN THE RATE OF INTEREST

We first discuss the effect of a small increase in
the rate of interest on the allocation of sxpenditure. This
effect can be obtained by diftferentiating the optimizing
conditions {(4.2.3) and {4.2.4) with respect to r and sclving
far deix)/dr. As shown in the appendix (equation (4.A.23),
the full effect of an increase in the rate of interest can

te split into two parts according to the Slutsky equation:

de{x)/dr = delx)/dr 0 + %{n) [del{x)/dai{n)l {4.4.1)

2 Like the effects of increasing risk in the general
mortality schedule, we can also discuss the effects of in-
creasing subjective risk to life. these effects have been
found to be too general to postulate anything about the in-
dividual’s behaviour tpowards risk to life. The results
depend on the behaviour of the cpefficient of relative risk
aversion over time as well as on the precise pattern of
changes in survival probabilities., It is in our future re-
search plan to conduct a detailed study of such changes in
subjective survival risk.
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TABLE 4.3.2

The Effects of an Increase in the Subjective

Probability of Survival to Age x°

% = x" + &
X £ x* - - -
Consumption
and Leisure Consumption Leisure
are Normal is Inferior is Inferior
X = x° ¥ - +
X £ x° - + -
X = x°" - - +
X £ xX° + + -
LI - - *

ail other x°* + + =
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The first term in this equation represents the
lifetime utility held constant =ffect or the compensated ef-
fect of an increase in the rate of interest where as the
second term has the interpretation of the wealth effect as-
sociated with an increase in the rate of interest.3 The
term ¥(n) will be defined below. We will discuss these ef-
fects one by one.

Consider first the compensated effect which is shown
to be as follows in the appendix {equation (4.A.22)).

de(x) /dr g > = [etx)/3(x)1 (;n - x) (4.4.2)

vhere, ;n is the weighted average of x defined as follows.

T
I x e ™ pix) [etx)/78(x)1 dx
n
X, = - (4.4.3)
f e ™% ptx) [et(x)/78i{x)1 dx
4]

With n < ;n T and 3{x) > 0, this compensated effect im-

plies the +pollowing result on the allocation of expenditure.

3 The s2ffects of an increase in rate of interest on
demands for goods in a life cycle model! have been derived
long ago by Tintner (1238b). The above decomposition of the
+ull ettects of an increase in the rate o+ interest into the
compensated and wealth effects is a simplified version of
the decomposition sffects obtained by Tintner for a non-
additive lifitime utility +unction.
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Thecrem 4.4.1
With lifetime utility held constant, the e+f-
4ect of an increase in the rate of interest is that at
zarlier ages (below in) 2xpenditure will decrease and

at the later ages {above En) it will increase.

The reason is as follows. With an increase in the rate o+t
interest, the price of future expenditure falls relative to
the present. Therefore it is cheaper to spend more in the
future than in the present.

Next, consider the second part in the Slutsky equa-
tion {4.4.1)., This part represents the wealth effect asso-
ciated with an increase in the rate of interest. The
derivative de(x)/dai{n) represents the effect of an increase
in the initial wealth on expenditure. In the appendix
{tegquation (4.A.24)) this effect is shown to be as +follows.

detx)/datn) = & '™ ptn) [e(x) /3038 (n)1 (4.4.4)

where, ?(n} and 3{x) are defined by equations (4.3.8}) and
{4.3,%) respectively. With 3{x) and ®(x) being positive,
this wealth effect shows that due to an increase in the ini-

tial wealth, expenditure will increase at each age.
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Finally, the weighting factor ¥{(n) is shown in the
appendix {equation {(4.A.27)) to be as follows.

Ivlre-r“‘X‘n)

¥in) = {pix)/pin) ] alx) dx {4.4.35)

n

The 3ign of this weighting factor depends on the age pattern
of asset holding. I4 the savings rate ¢{x) is positive dur-
ing the early vyears and negative later on, then assets are
positive at each age. 1In this case the weighting factor
%{n}) will be positive for all the values of n. Therefore
the wealth etfect of an increase in the rate ot interest

. will be positive. The reason is that, if savings are posi-
tive during the early years and negative during the later
vyears, then an increase in the rate of interest will in-
crease the interest income on lendings. On the other hand,
i¥ savings are negative during esarly vyears and positive
later on, then asset holding iz always negative. In that
case an increase in the rate of interest will increase in-
terest cost on borrowing, and thus create a negative wealth
effect,

According to the age pattern of savings posited in
chapter 3, the savings rate ¢ix) is assumed to be negative
during some early years. During the middle years, savings
are positive and during the later years savings are again

negative. Accordingly, asset holding is negative during
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some early years, up to age x’ and positive later an. Thus,
when the rate of interest increases, the individual bears
some additional interest costs, provided the rate o+ inter-
est increases before age x’. But later on, the individual
becomes a net lender and therefore gains some additional in-
terest income. The net effect, in principle, could be in
any direction. This discussion can be summarized in the

following result,

Theorem 4.4.2
An increase in the rate of interest after age
%x?', when assets become positive, carries a positive

wealth effecty; implying more expenditure at each fu-

ture age.

For further discussion, we assume that the negative
asset holding at the early years ot life is small enough
such that the wealth effect of an increase in the rate of
interest at any age is positive. The full effect of an in-
creasa2 in the rate of interest is predictable only for the
later years of life (above age En) when both the compensated
etfect and the wealth effect are positive. Theretfore, an
increase in the rate of interest implies more expenditure

atter age ;n' On the other hand, at any age below ;n’ the
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compensated and wealth effects work in the opposite direc-
tions, and therefore the effect of an increase in the rate
of interest is uncertain. This ambuigity has also been
pointed out by Feldstein and Tsiang (1948) in the context of
a two period medel.

The effects of a higher rate of interest on the al-
location of consumption and work hours can be easily in-
ferred from the above result. Thus using the lower stage

splution, we find

dec{x)/dr = [3ci(x)/3e(x)] [dei{x)/drl (4.4.6)

dhix)/dr = [3hi{x)/3e(x)] [del(x)/drl (4.4.7)

Both consumption and leisure are assumed to be normal, that
is, dc{x)/3e(x) > O and shi{x})/3e(x) < 0. Therefore before
retirement, consumption will move in the same direction as
expenditure and work hours will change in the opposite
direction. After retirement work hours are fixed at zero
and therefore consumption will move in the same direction as
expenditure., Thus, the compensated effect of a higher rate
of interest is to decrease consumption and increase work
hours during the early years (below age ;n) and to increase
consumption and decrease work hours during the later years.
I+ the wealth effect cf a higher rate of interest on ex-

penditure is assumed to be positive, then consumption will
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increase and work hours will decrease at each age due to
this wealth effect.

Finally, we can also study the effect of a higher
rate of interest on the retirement decision of the individu-
al. The condition that the individual will retire at age R
is given by eguation (4.3.15). Differentiating this condi-
tion with respect to r, we can write

Limit [hix) {dx/dr? + {dhix)7dr3}l = 0O
x+R

Taking the limit and sclving for dR/dr, we obtain

Limi} [dhix)/dr]
xR

dR/dr (4.4.8)

- Limit hix)
X+R

Since the denominator of this expression is pesitive, we

have the 4ollowing result.

Theoram 4.4.3
An increase in the rate of interest will
result in an earlier {(a later) retirement i1+ it
results in less (more) work hours in the neighbourhood

the of retirement age.

Table 4.4.1 provides the details of the sings of

various eftects ot an increase in the rate of interest.
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Table 4.4.1

The Eftects of an Increas2 in the Rate of Interest

X
oA

x
TS

x
v i~

X X
H o~

e

Compensated Wealth Fulil
Effects Effects Effects

- + ?

0 + +

- + &

Consumption and Leisure are Normal

+ O

O o+

[« K

fo I )

+ O

+ O

+ 2
+ +
% +
- 2

Consumption is Interior

- ?
- 2
Leisure is Interior
+ ?
+ +
+ +
+ 2
+ +
+ +
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4.3 INCREASES IN WAGE RATES

4.5.1 The Effects of age specific changes in wage rates

For a3 better understanding of the comparative static
analysis we discuss the effects of a small increase in the
viage rate for a specific age, rather than a shift in wage
profile. Let us assume; therefore, that a small increase in
the wage rate for a specific age x° 1s anticipated by the
individual at age n, with the wage rate {for each other age
being constant. We start pur analysis with the effect of
this vage increase on the allocation of expenditure. As
derived in the appendix (equation (4.A.40)), this effect can

be written in terms of a Slutsky equation as follows.

de{x}/duix®) = [del{x)/dwuix"®) Q} + 8i{n, x") [dei{x)/dal(n)l

{4.5.1)

vihere, the +irst term, deix)/dwix") 0 is the lifetime util-
ity held constant effect or the compensated effect where as
the second term, Bin, x*} [de(x)/dai{n)l, has the interpreta-
tion of the wealth effect asscciated with the wage increase.
The derivative de(x)/dai{n) measures the effect of an in-

crease in initial wealth on expenditure, given by equation

(4.4.4 and the weishting factor 8{(n, x'} is the effect on
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wealth 2t 292 n of an increase in the wage rate for age x°
anticipated at age n.

Now we discuss these effects one by one. The com-
pensated effect has been shown in the appendix tc be as fol-

lows.

de(x)/dmx')|Q =

- [etx)/73ix)8tm)1 & 7% pix*) [y (x*) /U tx ) atx")]

1
+ [y (x ) /Ustx")atx®) 4+ 0 - hix")]
for x = x*, x" ¢ R {(4.5.2)
de(x)/dw(x')}n =
- [elxi1/3(x)®in)l e 7 pix") [py(x) /U5 (x ) atx®) ]
for x # 2%, x° ¢ R (4.5.3)
de(x)/dnix") | = o for x = x°", x" 2R (4.5.4)
de(x)/dwtx*) | =0 for x % x°, x* 2 R (4.5.5)

where, ?i{n) and 3{x) are defined by equations (4.3.8) and
{4.3.%) respectively. In order to interpret these com-
pensated sffects we further decompose them into two parts as
follows. Recall $rom egquation {(3.3.52) of chapter 3 that 9-
hix*) in equation (4.5.2) represents the cost of living ef-
tect of a wmage increase at age x* on expenditure at age x°

for a working age. Likewise, according to egquation



page 192

{3.3.53), 9 in equation (4.5.4) represents the cost of
living effect of a wage increase during retirement. The
remaining effects in the above four equations must be due to
reallocation of consumption and work hours over the life
cycle as a result of th2 wage increase.

Accerdingly, we can rewrite the above equations as:

detx)/dwix®) 0= de(x)/dwui{x") e, 1 + dei(x)/dwix") Q,ir

{4.5.6)
where we use the notations c,1 and 0,ir for the cost of
living effect and the intertemporal reallccation effect o+

an increase in the wage rate. These effects on expenditure

are as follows.

detx)/dwix™) [, =@ - h(x)  for x = x*, x" ¢R (4.5.7)
detx)/du(x") |, =0 for x # x°, x* ¢ R (4.5.8)
de(x)ldw(x')[c’l = 9 for x = x*, x" 2 R (4.5.9)
de(x)ldn(x')lc,l = 0 for x # x*, x" 2 R (4.5.10)
de(x)/dw(x‘)lﬂ,ir =
- [e(x)/3(x)Ptn) 1 @ 7% pix") Lhy (x") /Uq(x ") atx") ]
+ [Hltx‘)/Uz(x')A(x')] for ¥ = x*, x* ¢ R {4.5.11)

de(x)/du(x'){ . o=
f,ir
- [e(x)/30x)Ptn) 1 e 7% pix*) Chytx™) /U (%" ) atx®) ]

for 2 £ x*, x" ¢ R (4.5.12)
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de(x)/dw(x‘)ln ip = O for x = x*, x°
3

(L%

R (4.5.13)
dei{x)/dwix") |n sp ™ O for x # x", x* 2 R {4.5.14)
L ]

From the definition ot $P(n) and 3i({x), given by (4.3.8) and

{4.3.9) we knaow that both of these are positive and the ex-

pression: o pix™le(x")/3i{x")1¢(n) is a positive fraction.

Therefore following results are implied by the above equa-

tions:

Theoram 4.35.1

The compensated effect of a wage increase on
expenditure can be broken into two parts. A cost of
living effect and an intertemporal reallocation et-
fect. The cost of living effect implies that, given
the rate ot consumption and leisure, a one dollar in-
crease in the wage rate at age 2 will result in an in-
crease in expenditure at that age by the amount of
leisure retained, {39-h(x)3. The cost of living effect
of a wage increase at some age on expenditure at other
ages is zero. The intertemporal reallocation effect
implies that, if leisure is normal, then an increase
in the wage rate during a working age will result in

less expenditure at that age and more at others. A
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change in the wage rate during retirement is ir-
relevant for the life cycle allocation decision.
Therefore the intertemporal reallocation effect of a

vage increase during retirement is zerao.

These results are similar to those found in chapter
3. But, as we shall explain later in this chapter, the com-
pensated effects of parametric changes in wage rates are not
identical to the effects of evolutionary changes in wage
rates. The decomposition of compensated effects into the
cost of living and intertemporal! reallocation effects will
be useful to find the effects of a parametric wage increase
on consumpticen and work hours.,

NMow we move to the wealth effect associated with a
wage increase, given by the second term in equation (4.5.1).
The expression for the wealth effect de(x)/dai{n) is given by
equation (4.4.4), It shows that an increase in initial
wealth will result in more expenditure at each age. The
weighting factor 8i{n, x2") which measures the effect on
vwealth at age n of an increase in the wage rate for age x°
anticipated at age n, is given below {See equation (4.A.41)
in the appendix).
Btn, x*) = a T{XTM) T sy /ptn) ] hix")  for x ¢ R

{4.5.15)
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g{n, x") =0 for x* ¢ R (4.5.16)

Theorem 4.5.2

The wealth effect of a wage increase implies
that an increase in the wage rate before retirement
results in more expenditure at all ages since for each
one dollar increase in the wage rate at a working age,
wealth at age n will increase by the number of hours
worked at that age discounted by the interest factor.
There is no wealth effect associated with a wage in-

crease atter retirement.

Motice that the part of the endowment of time 8-hi{x)
which is retained for leisure does not enter into the wealth
effect because the effect of increase in its value is offset
by the corresponding increase in spending. Thus, only that
part of the endowment 8 will effect wealth which is sold in
the market, that is, hi{x). That is why there is no wealth
eftfect of an increase in the wage rate for a retirement age.

For our later analysis we substitute equation
{4.5.48) which shows the decompcocsition of compensated effect
into the cost of living etfect and the intertemporal real-
location effect, into the Slutsky equation (4.5.1). Thus,

in light of egquations (4.5.7) through (4.5.10) we obtain:
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deix)/dwiz") = deix)/dwi{x") + de(x)/dwi{x")

C,l flyir
+ Bin, x") [dei{x)/dai(n)] for x = x° {(4.5.172)
del{x)/dwi(x") = de(x)/dwi{x") aip ¥ B8(n, x") [dei(x)/dain)]
L
for x £ x° {4.5.18)

These equation are useful to study the etfects of a
change in wage rates on the allocation of work hours and
consumption aver the life cycle to which we now turn our at-
tention., Recall from chapter 3 that the lower stage solu-

tion +or consumption and work hours can in general be writ-

ten as
ci{x) = clwix), a{x})) (4.5.192)
hix) = hiwix), ef{x)), {4.5.20]

though for age % 2 R this solution degenerates to

cix) = ef{x) - wix)d for 2 2 R (4.4.21)
hix) = 0 for x 2 R {(4.6.22)
The 4ull effects of an increase in the wage rate for age x°
anticipated at age n ¢ x° on the life cycle ailocation of
consumption and work hours at age x 2 n can be represented

by the following equations.
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deix) fdwix ™)

dc{x)/3mwix") + [3cix)/3e(x)1ldel(x)/dwix")]

for x = x° {4.5.23)

doix)/dwi{x®)

f3c(x) /3e(x)] [del{x)/dwix")1]

for x & x° (4.5.24)

dhix)/dwi{x")

]

dh(x)/3nix") + [3hix)/3e(x)llde(x)/dwi(x" )]

for x = x° {(4.5.25)

dhix)/dwi{x"™) [3hix)/3e(x)] [de{x)/dwi{x")1

for x £ x° {4.5.26)

Theorem 4.35.3

The full e+fect of an increase in the wage
rate on the allocation of consumption and work hours
can be decomposed into two parts, a one period effect
and a lite cycle effect. The one period effect
represanted by the first term in equations (4.5.23)
and {(4.5.25), measures the effect of an increase in
the current wage rate; given the life cycle allocation
of expenditure. The one period effect of an increase
in the wage rate at age x" is zerc on expenditure at
age %2 # x". The life cycle effect, represented by the

secaond term in equations (4.5.23) and {(4.5.25) and the
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only term in egquations (4.5.24) and (4.5.26) measures
the change in consumpticn and work hours soclely due to
the reallocatiocn of expenditure pver the life cycle as

a result ot the wage: increase,

For further details, we make use of the Slutsky
eguistiorns both 4nor the lower stage eftfects of an increase in
the viage rate on consumpltion and work hours and for the up-
per stage effect on sxipendituce. The Slutsky equations 4or
the lomer stage effzcts, given by eguations (3.3.18) and

{3,3,1%) are reproduced below:

"
(]
o~
£
s
.
4
iz
-~
3¢
L]
P
il

3T} 3mln ™) Uty I5-h(x®*2] [ici{x}/detx"}1]

{4.8.27)

Shis)/9%m{x®} dhi{x)/3mix

gy - E3A(xTYY [3hix)/3e(x")]

The Slutsky sguations for the upper stage effects on ex-
pencditure are given by 2gquaticns {(4.35.17) and [4.5.13%.
sing these Slutsky sguaticrs, wie can write z2quations

(34.3.22) through {3.5.235) as ftolliows.



deix) fdmis")

doix)/dmixz®)

dh{xz}/dw{=<"}

dh(x}/dw{x")

As

(3.5.202

tion

i

in chapter

[l

{2y /3mix®}

U{x™)

[3-h(x"}] T3cix)/dei(x")]

[3cix) 73eix) ] Ede(x)ldwﬁx‘)!

[3cix)/se{x}]

{amix

/3¢ ]

[3ci{x)/idei{x)]

[3ci{x)/3ei{xi 1

Thix} /3mix )§U(x‘}

E2-hix")1 [3hix}/3el{x")]

Q,cll
r i a
Ide(x) /dwix ’!n,ir3
Bingx™) [de(xy/dain)l
far = x°

[detx) /dwix") |

Blngx")

[daix)sdain? i

t

[3hix)/3eix)] [deix)/dwix*) |

{zhixi/3eix) ]

[dhi{x}/deix!]

-
M
-

EEY]

hix)/3ei{x)]

[Zhix) 73a2{u4; ]

~
33

t+=ct of 3 wage

ilycl

Ide(x)ldw(x‘l%

Bin,x")

Tde{xi/dain}i

for x =

X
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{de{x}

%
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(4,5.29)

{(3.5.30)

and

can be referrad to a3s the intratemporal substitu-—-

to sub-
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stitution betveen consumption and leisure at a given age due
to an increase in the current wage rate. The second term in
these twn squations can be cailed the income etiect of a
wage increase as it shows the etf+ect of an equivalent
decrzase in expenditure at age » necessary to realize the
zame level of atility at age 2 as attained dve to the wage
increase., The third term shows the cost o living effect
warling through the increase in expenditure necessary (o
retsin a given bundi=s of consumption and leisure as the wage
rate increases. The na2xt two terms in these equaticons as
wall 3s the only two terms in eguations (4.5,30! and
{4.%5,.32) hawve besn reterred Lo earlier as the intertemporal

realliogcation s2ft+ect and the wealth efftect respectively.

Thetrem 4,5.4

The income eftect components of the one period

gitfectz ©f a parameiric wage increase on consumption
and work nours, that is, - [§-hi{x")] [eci{x)/ieix"i]
and - Id-hi{x Y] [3hi{x)/3eix”}] are exactiy offset by

the respecti1y2 cost of living effect companzants ot the

tifte cyole effect: [3cixi/s3elixd? [delx

A
[+ 3
I
-
¥

L]
beed

and [dh (x> f32{x}) ] {de(:)/dw(x‘)éﬁ _1}.
dy =

EProos

Py

The zZost o

iiving effects can be written according to

sguaticns (4.5.77 and (4.5.%) as
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[3cix)/3e{x)] [de(x)/dwi(x") n,cl]

[e-h{x")1 [dc(x)/dei{x")1]

[3hi{x)/3e{x)] [de{x)/dwi{x") ﬁ,:l]

[o-h{x")1 [3h(x)/de(x")1]

which are obviously equal to the negative of the

respective income effects.

The fact that there is no net income effect associa-
ted with a3 wage increase is exactly what one should expect
in a life cycle model. A change in income at any age due to
3 parametric change is converted into the resulting change
in wesalth at the beginning of the planning horizon (age n in
this case) and this additional wealth is then allocated
among different commodities at different ages.

Egquaticns {(4.5.29) through (4.5.32) and theocrenm

4.5.4 imply the following result,.

Theorem 4.5.5
The full effect of an increase in wage rate on
the life cycle allpocation ot consumption and waork

hours can be decomposed as follows:
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deix)/dwi(x®) = [3cix)/3wix") i 3
Uix*)

+ [dcix)/3e(x)] [de(x)/dwi(x") |
Qg1r

+ [3ctx)/3eix)] Bi(n,x") [de(x)/da(n)l]

for x = x° {4.35.33)

deix) 7dmix") [ci{x)/3e(x)] [de{x)/dwix")

n,ir]

+ [3c(x)/3e(x)] Bi{ngx") [del(x)/dain)l

for x £ x° {4.5.34)
dhi{x)/dwix") = [dhi{x)/3wix") U(x')]
+ [shix)/3e(x)] [de{x)/dwix") R |
Qeir

+ [3hi{x)/3e(x)] Bi{ny,x") [del(x)/dain)l

tor x = x° {4.5.39)

dhi{x)/dwui{x")

[3hi{x)/3e({x)] [del{x)/dwi{x") ;. 1
Ngir
+ [3hix)/3eix)] Bin,x"}) [de(x)/dal(n)l

for x £ x° (4.5.36)

As in chapter 3, the +irst term in equations
(4.5.33) and (4.5.35) will be retferred to as the in-
tratemporal substitution effect ot an increase in the wage
rate at age »°. The secend term in equations (3.3.33) and
{2.5.35) and the first term in equations (32.5.34) and
(2.5.26), will be called the intertemporal reallocation ef-

tect of an increase in the wage rate at age x°. Finally,
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the last term will be called the wealth effect of the wage
incre2ase., The behaviour of consumption and work hours due
to these three effects can be summsrized as follows.
Theorem 4.35.4
The intratemporal substitution effect, implies
that an increase in the wage rate at age x° before
retirement will result in more consumption and more
wark hours at age x°. A wage increase after retire-

ment has no intratemporal substitution effect.

Theorem 4.5.7
The intertempaoral reallocation effect of an

increase in the wage rate at age x" before retirement,
#ill result in more work hours at that age and less at
others, irrespective of its expenditure eslasticity.
Consumption will be affected in the opposite directicn
i¥f and only i+ both consumption and leisure are
normal. I+ any one of these two goods is inferior,
consumption will be affected in the same direction as
wiork heurs. Finally, a wage increase after retirement
has no intertemporal reallocation effect.

Proof
I+ l2isure is normal, then in response tp an increase

in the wage rate for age x* betfore retirement the in-
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dividual will allocate less expenditure for age x" and
more expenditure for each age x # x° (See equations
(4.5.11) and (4.5.12) and theorem 4.5.1). This im-
plies that, with leisure being normal, work hours will
increase and consumption will decrease {(increase) at
age x" if it is normal (inferior) and the opposite
wmill! result for each age x £ x°, On the other hand,
it leisure is inferior, then expenditure will increase
at age x%° and decrease at each age x $ x". With

leisure being inferior, wverk hours will again in-

crease, but consumption will definitely increase at

age x° and the opposite will happen at each age x #

.
.
¥ s

This means that the intertemporal effect of an
increase in the wage rate at age x* will definitesly
result in more work hours at that age and less at
others, irrespective of its expenditure elasticity.
In addition, consumption will be affected in the oppo-
site direction i4¥ 2nd only if both consumption and
leisure sre normal. I+ any one of these two goods is
inferior; consumption will be affected in the same
direction as work hours. The result that 2 wage in-
crease after retirement has no intertemporal realloca-
tion effect is ovbvious from equations (4.5.13) and

14.5.14).
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Theorem 4.%,.8

The wealth effect, says that an increase 1in
the wage rate at 2ge x" ¢ R will increass wealth at
the beginning of the planning horizon, n, by the num-
ner of hours worked at age x° discounted by the inter-
#st factor {(egquation 4.5.13) and thecrem 4.35.2).
Therefors, (+ gconsumption and leisure are normal, con-
sumption will increase at zach age and work hours will
decrease at each at sach age before retirsament. The
wealth effect of an inhcrease in the wage rate after
retirement is zerg lequation {(4.5.16) and theorem

4.5.2) .

Theorem 4.%,9
The intratempeoral substitution effects of a
yrage 1ncrease on consumption and wark hours are inde-
pendent of the age at wvhich the charge in the wage
rate i3 anticipated. The sarlier the wage increase at

age x°, x° ¢ R, anticipatad, ithe larger {zmaller) will

¥}

te the intertemporal reallocation =+4ects on work
novrs and consumption at age x° {(at any age x £ x7).
Finally, the =arlier the wage increase at age x'y x* &
P, anticipated, the smaller will be the asscciated

Azalth 2f+facts an work hours and consumption.
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Thus, whether the change in wage rate at age x° is
anticipated at an earlier age, or it comes as a shock at age
x° is of no consequence for the intratemporal substitution
et$ect. The reason is that this is a one periaod etfect and
has nothing toc do with the life cycle considerations.
Theretore it is independent of the anticipation lag.

The intertemporal reailocation effect does, on the
octher hand, depend on the anticipation lag. The smaller the
age n at which the wage increase is anticipated, the larger
will be the value of ${n) (as can be seen from squation
{4.3.8)). This implies that the intertemporal reallocation
effect of an increase in the wage rate for age x" on ex-
pendifure at age %°, given by equations {(4.35.11}, will be
larger in absolute terms. On the other hand, the inter-
temporal reallocation effect on expenditure at any age x #
%"y given by eguation (4.6.12), will be smaller in absolute
terms.

In other words, the earlier the age at which the
vwage increase is anticipated, the longer will be the remain-
ing horizon for replanning. With a longer period for ad-
justment, expenditure at age x*' can be more easily changed.

But with a longer pericd for adjustment, the compensating

changes in each other period will be smaller.
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Finally, the relationship of the wealth effect with
th2 anticipation lag can be explained due to two factors.
First, the earlier the wage increase anticipated, the longer
the remaining planning horizon for readjustment and there-
tore the smaller the effect of a given increase in initial
wealth on expenditure at any age. Second, an earlier
anticipation of a wage increase alsoc results in a smaller
weighting factor attached to the wealth effect, B8i{n,x), as
can be seen $from equation {(4.5.15). The reascn is that the
longer the anticipation lag, that is, x"-n, the more heavily
will be the increased vage income at age x' discounted to
obtain the effect on initial wealth.

Firally, we study briefly the effect of a wage in-
crease aon the retirement decision of the individuai. Con-
sider the retirement condition (4.3.13). Differentiating
this condition with respect to wix"), we can write

Limjt Thix) {dx/dwix*)} + {dhtx)/dwi{x*)3] = 0
»4R

Taking the limit and solving for dR/dwi{x"), we obtain

Limit Ldh(x)/dwix"}1]
xR
dR/dwix"} = {4.5.37)
- Limit hix)
xR~

Thus the cbviocus result is that, if the wage increase

results in less {more) work at an age slightly below the
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retirement age, the individual will also retire earlier
{later?.
The signs of diftferent components of the comparative

T 2ftzcts of an increase in the wage rate for some age

L

stat
tetore reatirement on consumphtion and work hours at different

ages are reportzsd in tables 4.35.1. and 4.3.2.

4.5,2 The Comparison of Parametric and Evolutionary Changes

in Wage Rates

The parametric changes in wage rates discussed above
should be distinguished from the anticipated changes across
the life cycle, also called the evsolutionary changes, dis-
cuszed in chapter 3. To understand this distinction it
showld be realized that in the context of a lite cycle prob-
lem the wage grofile 15 a3 st of distinct parameters, name-
v, the =g9e specific wase rates. These should not be inter-
preted as a3 time series of 3 single variabie. Thus, the
f3ct that waze rate may vary across the life cycle means
that these distinct parameters tazake their cwn values which
may dr1ffer $from one another, Then, evciutionary charges in
the wage rates involve having some distinct parameters di4-
f2ring fezm one anothsr. On the other hand, a change in the
vaage ~zt2 from ite initially anticipated value is clearly a
saranetric “hange. As MaCurdy (1981} interprats, the =2+f+ect

of zuch a paramelric change in the wage rate an the 1i

-

2
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Decomposition of the Compensatad Effects of a Parametric

de (x)

dhix}

deix)

dhix)

dcix)

dh{=x)

Increase in the Wage Rate for Age x°

Intratemporal and intertemporal Effects

b

h

h

* 0

+

Intratemporal iIntertemporal
Substitution Reallocation Compensated
Effects Effects Eftfects

{ R into the

Consumption and Leisure are hNormal

4+
0

+

+

+

Consumption is Interior

Leisure is Interior

s
+

-
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Table 4.5.2

Lecomposition of the Effectz of a Parametric
< R

Increane in the Wage Rats for Age x°

into the Compenzatad and Wesalth Effects

Compensated Weaith Fuil
Effects Efftects Effects

consempiion and Leisure are Narmal
de (o) x = w* 2 + 7
S + + +
dh{:} x = 2° + - =
% £ x° - - -
Consumptina iz Inferior
doix} x = =" 4 - ?
¥ £ x" - - -
dh () X o= %" & - -
X £ x° - - -
Leisare is Inf2rior
dc iy x = %’ + +
X F x° - + ?
Ahix} ¥ = x°" + +
% & N - +

J
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cycle allocation decision shaows the difference in alloca-
tion across two individuals who are identical in every
respect but have different wsge profiles. As a consequance,
the effects of a parametric change in the wage rate are dif-
4+erent from those of an evolutionary change.

First, as explained by MaCurdy {(1981), a parametric
change in the wage rate carries a wealth effect which is ab-
sent in the case of an evolutionary change. The reason is
that an evolutionary change in the wage rate means that the
wage rate across different ages is not identical. This age
pattern of wage rates does not create any wealth ettect. On
the other hand, 2 parametric change in the wage rate will
also change wealth i+ the individual is working at the age
for which the wage rate has changed.

To be more precise, consider the way the two sffects
have been derived. tThe derivation of the sffects of evolu-
tionary changes in the wage rates is based on the tangency
condition {3.3.23) alone, igrnoring the lifetime budget con-
strain., The reason is that these type of changes in wage
rates do not alter the lifetime budget constraint which al-
ready incorporates the fact that wage rate may vary =2cross
the 1life cvecle. ©On the other hand, ths derivation of the
etfects of parametric changes in wiage rates is based an both
the tanaency condition (2.3.32) as well as the budget con-

straint (3.3.34). The parametric changes in wage rates are
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not anticipated at the beginning of the planning horizan and
rence thes2 changes are not incorporated into the budget

constraint initially perceived by the individusl. The ob-

-

vwinus nubtoome of this diffzrence is that the evoluticonary
changes in waa=s ratss do not creste any wealth effect where
23 tha asrzmetric changes in wage rates will also change
wealth i+ the individusl is werking at the age +or which the
wage rate has changed,

The fact that thera is no wealth effech aszociated
witth ar evolutionsry change in the wage rate, does not make
the affactzs nf this type of change in the sagle rate com-
parskis with the compensated effects of a parametric change
in the wage w2t2., The sffzcits of an evolutiocnary change in
the wage rate consist pé the intratsmpors] substituetion et-

T

tacts and the intertamporal allozation 2+f2cis. ine com-
pensated eftects =f 2 paramet~ic change in the wage rate are
eplit intn the intratemporal substitutisn =2Fffects and the
intertemrcoral re=zsllocstion effects. While the intratempoaral
gffects pre idertical acrosz the tus i pes of changes in the
vizoe rats, the intertemporal effsctz are ditterent, The 1n-

Tertemeperal 2allacation effzclis of an evalutionar Zhange In

the wage rate sre the results of cptimal allocztiion of v~

nandtture cver the {ife cyole in the light of a known wage

prodris, T the ghher hand., ths intzriemporal realipcation

u
o

, recreszant thes edifzct of optimal reallscation of =2u-

he
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penditure in the ligsht of changes in wage rates away from
the initially anticipated wage profile.

To be more specific, rec2ll +rom chapter 2 that the

effacts of an evslutionary change in the wage rate are

b
)

denticae? to the effects of a parametric change holding con-
stant the marginal utilil, aof wealth. The compensatad ef-

fects, on the other hand, =2re bassd on 2 parametric change

hnlding cornstant tifetims utility, rather than marginal uati-

T3t The ditference betvieen the two types ot affecitz of a
charge in the wage rats on the allocation of sxpenditure is

evplained by the 4o0llonming result proved in appendi=z 3,A.T.

Theorem 4.5,10
In the context of lite ovocle allocation prob-
iem of 2n individual azed n, thes compensated sffect o4
2 paramnetric change in ths wage rate on expanditurs:

oefnl fdwie) is relatad tpn the etfect of an evolu-

s

tiorary change in the wage rate: deix)/dw({“)%v (ny 35
- !
Fclloks,
dafvs w0 o= dedl sdwint) |
‘ ) COrdwINTY 1y
{1 (4.3.23)

K (B R Y e )
+ [de A.,uzén)l {évzfn)/dw(m }

vheare, delix)/Voin), the effect of an increase in the

marainal ati1lity cf weEalth on expenditurs at age .« is:
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-r(x-n)lv

22(x) £ 0 (3.5.39)

defx}/V _(n) = e
ard dvg(n)/dwtx‘)§q, the compensated effect of an in-
crease in the wage rate $for age x nn the marginal

utility of wealth is:

rizx-nl
At = = o
AV tn) 1wt e Vg tx
Lelx)/3x3Pin)] & 7% pitx*) [y, €x"3/Uqix")atx)2
for x* ¢ R {4.5.40)
s¥5tn) fdwix) | = O for x* 2 R (4.5.44)

Equation (4.5.3%} says that with an i1ncrease in the
marginal utility of weaslth, expenditure at =zach age must
decrease. This is an abvious gutcome of a utility function
concave in expenditurs. This resullt is also analogous to
the behaviour 24 a protit maximizing +irm which will
decrease its sxpenditure 2rn inputs as the price of cutput

d_creases.4 Equation (4.3.40) says that i+ leisure is a

4 It may be noted that reciprocal of the marginal
utility of wealith is =2qual to the marginal cost of utility.
In their profitables approach tp the life cyclie probiem,
Braowning, IDea=ocn and Irizh {19835) interpret the reciprocal
2f the marginal utrility of wealth as the price of ubility
far a price taker ‘profit maximizing® individual! sinc® under
orofit maximization marginal sost 1s egqual to the price of
sutput,
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normal (inferior) good, an increase in the wage rate at a
working age will decrease {increase) the marginal utility of
nominal wealth. Again, this result is analogous to the ef-
fects of an increase in the price of a normal (inferior)
tactor input on the marginal cost ot pruductiun.s Egquation
{4.5.41) says that an increase in the wage rate atter
retirement has no =ffect on the marginal utility of wealth.
Once again, we find an ana2logy. An increase in the price of

a fived factor input has no effect on marginal cost. The

above discussion implies:

Thaorem 4.5.11
The compensated effect on expenditure ot an
increase in the wage rate for some2 age before retire-
ment is greater {(smaller) than the effect of an equal
evolutionary change 14 leisure is a normal {(an in-
ferior) good. The compensated sffect of an increase
in the wage rate +or some age after retirement is

egqual to the effect of an evolutionary change.

To analyze the relationships between the effects of

evolutionary and parametric changes in the wage rate on con-

5 It should be noted again, that the "marginal cost
of utility’ is reciprocal of the marginal utility of wealth
(See Browning, Deaton and Irish (1935)).
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sumptior and worl hours, we substitute in {4.5.38) +for the
rompensatad effact: delw)/dwix’) a in terms of the cost of
living mffect and the intertemporal reallocation etfect from
aguation (4.5,48). According to pur analysis in chapter 3
{gubsection 2.3.3), we can also substitute for the effect of

an avolutipnary change in the wage rate in terms of a cost

of living effect and an intertemporal allocation effect.

1)

-
3
]
i

the cost of 1ising eoff2cts are identical on both the

sides, the resalt of thiz substitution is:

de ) fdwie®) |, . =
iyl
+ de{x)/dutx™) |, y /N ! (x|,
e{x) /dulx ' 1i,a + [deix}/Vaoin)l [dV,(ni/dwix’™) |3

{4.9.42)

Multiplving both the sides by the derivative Jduixi/3ei{x) and
ihis) 73e{x) alternatively, we can find the relationship of
the s2ft+ects ot svolutionary and compensated changes in the
waze rate on consumpltion as well as on work hours. This re-

tatonship is summarized in the foilowin3g result.

Theprem 4,.5,.12
The intertemporal! realicscation effects o+ a

|

[B]
vl

rametric change in the wage rate are related with

the interiemporal allocation effects of an avociution-

ars chanse az follcws.



{3cixi/3ei{x)]) [deix)/duwi{x") | 1 =

‘Q,ir‘"
[3c(x)/3etx)1 [delx)/dwi(x") | 1
+ Tactx)/3e(x)1 [deix) /Vytn)l [dV,(n)sduix") | ]
i4.
I3hix)/%eixYl {de(xd/dwix")y | . 31 =
g i
[3hi{x)/3eix)] I[de(x)/duix") 3

i,a

+ T3n0x) /3eix)] Ide(x)/V,(n) 1 LdV,(n) Zdwix®) | )

(4.

Adding the intratemporal effechts on both the
nt sguations (2.3.432) and (4.5.44), w2 obtain the fo

rasult:

Tolx) A3t 4 T3e (k) fletx) T Ide k) rdwint) [ L
X ily
L3 =) /amix") | )3
+ [F0ix)/3e(x)] [dei{x)/duix") | 1

fi,a

+ [50(x)/2=ix) ] [de i) /Vatn)l [dV,tn) /dwix") |

3h§x315wiw‘313(x) + [3hix)/3eix)] {deix}fdw{z°)§ﬁ L3
‘ (] g i
T3l (x) /i) i
LREINE I R I
+ [3hix)/3eix)] [deix)/dwix") | 1

iisa

+ (dh({x)/3e(x)] {de(x)fvzin)} {dvzﬂn)/iwix') 2
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il
5.431)

Y]
S5.44;

sides

l1lowing

-

0

&
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The left hand sides of the above equations are equal to the
compensated effects of a parametric change in the wage rate.
Similarly the first two components on the right hand sides
are egual top the effects of an evolutionary change in the

viage rate . Thus we cbtain the following result.

Theorem 4.3.13
The compensated effects of a parametlric change
in the wage rate are related with the effects ot an

evolutionary change as follows.

dci{x)/dwmix"®) ™ [dci{x)Y/3mix™)

v, tm?

+ [3ci{x)/3e{x)1 [de(x)lvz(n)] [dUZ(n)/dw(x°) n]

(4.5.4%)

hix)/3mtx") 0 = [3h{x)/3mix") v, (n)

+ [3dhi{x)/3e(x)] [de(x)lvz(n)] [dUztn)/dw(x‘)

1

Al

(4.35.46)

From these relations we can also infer the following result.

Theorem 4.3.14
The compensated effect on work hours of a
parametric increase in the wage rate for some age be-
fore retirement is less than the effect of an evolu-

tionary increase. The compensated effect on consump-
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tion o+ a parameitric increase in the wage rate is more
{less! than the effact of an evolutionary increase 1€
2otk consumpticn and leisure are neormal (any one of
magrsumption and leisure is inferioe). The two types
nt effects of an increase in the wage rate +for some
age after retirement are =qgqual to =2ach other, both

reing egqual to zero.

Proot
The darivative: Ide(xﬁlvzfn)] is known to be negative
&ty eguation {(4.5.3%9). I+ leisure is normal, the

terivatives: {dVE(n)!dm(x‘?in3 and [3hix)/3e(x)] will
e negative, {(see esquation {(4.35.40))., 14, on the
cth=r hand leisure is inferior, both of these deriva-
tives are positive, Therefpre, whether leisurs 1S
normal or inferior, the difference between th2 twe
types of effects of a changes in the wage rates

iy 2] ;Q - I3h{x)/3mix®) 1

Uz(n}

I2hi{xY/2e({x}? ] Ideix)fvzén)} [V {ni/dwi(=z") 1

oS

iz negative. Mext —onsider the e+fects on consump-
tion. I+ bSoth consumpticon and l2isure are normal, the
differsnce between the two types pt etffacts of =

cirange in *he wage rate:
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] ~r a\‘ - - =
Ic{x) /3viix Y1) {3cix)/dmix"]) Vz(n)]

[dci{=)/73e{x) ] [de(x)lvztn)] {dvz(n)/dw(x“) Q]
is positive. I+ any uv¥ the two goods is inferior,

this difference is negative. Finally; the derivative!

dvqtn}/dw(x‘)i equals zern 4or x" 2 R {see equatian

Q

(4.5.411). This completes the proos.

The brealk down of the compensatsd e+fecis given by
equaticns {4.5.4%) and (4.5.44) can be reterred ta as the
break down intn the 'specific substitution’ effects and the

‘gerneral substitution® e2+sects due to Houthakker (19460},

(2]
W

analvyzing the comparative statiz effects of price changes
mith additive utility +function, Fouthakker has referred the
zrnss compansated afiects to Se the zeneral substitution ef-
+2ct=s., Due to additive separability of the uwtility func-
tion, these effects come aonly thirough change in the marginal
utiltity =+ income brought about by the change in price, i+
the etitity functiorn i3 nct additive, the cross substitution
eftects will be ditferent, The additicral compconents in the
cross substitotion sffects due Lo nom-additivity of the
srhilits functich are referred o be the specific substitu-
tion afftects by Houathakicer., This means that the compensated

aftfercts with norn additive utility $functicn can Do decomposed

[

ints bec components, the specific substitution 2ff2cts and
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the general substitutiaon effects. The specitic =substitubtion
sffects can be obtained by evaluating the effects of a price
change, holding cornstant the marginal utility,., The gensral
subgstitution effacts can be obtained by deriving the et+ects
cf a price change aor the demands {for goods due to the
reselting compensated change in the marginal utility.

Thie is precisely what we have done in ocbtaining the
hrealt down of the compensated effects given by equatiocns
14.2.4%) and (4.5.46)., Thus the eftects of an evolutionary
zhanga in the wage rate or the marginal utility heid con-
stant eftects of 2 parsmetric change in the wage rate can
also be called rthe "specific substitution’ effects of a
parametric change in the wage rate. Similarly thz eftects
=2+ a pavametric channe in the wage rate through the com-
pene2t=zd charge in the marginal utility of wealth can be
callzd the gene~al suhstitution 24fects. To recapitulats
these idess, we new r2rport the signs pattern of the break
down af the compensated =2ffects cf a parasmetric increase in

the wage rates in table 4.3.3,
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Table 4.5.3

Decompozition of the Compensataed Effscis of a FParametbtric
Increase in the Wage Rate for Age x* < K inkp the

Specific and the General Substitution Tffects

The Specitic Sub.
Effects or the

Margiral Utility Col.

Constant Effescts minus
Compensated Or Effects of Cal.
Effects of a an Evolutionary The General
Wage Increase Wage Ingrease Sub. Effects

Consumption and Laiszsure are Normal

de te) vo= X - ?
O + o
Ak {2} X = + +
X - O
Consumpticon 1s Interior
de i) ¥ = X + +
* g X - 8]
db {3 O + +
X £ X - 6]
Leisure is Interior
deix! v = X + +
% x X - 0
di ()} X = x ¥ +
¥ ' X - 0
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4.4 CONCLUDING REMARKS

In this chapter we studied the implications of vari-
ous parametric changes on the lite cycle consumption and
werk allocation decision. The parametri& changes included
the survival probabilities, the rate of interest and the
wage rates, The analysis shows that the s+feclis of these
parametric changes are sensitive to the anticipation lag,
that is, the lag between the actual time o a3 parametric
charge and the time when this change was anticipatsed. The
earlisr the parametric change is antizipated, the longer
wmill be the horizon for replanning and, theretore, the smal-
l2r will be the adiustment +for each Ffuture age.

Two types of mortality changes were discussed, an
inCcrease in g2neral survival rates in the society and a sub-
igctive increase in the =urviwval probabilities 4or the indi-
vidual concerned. It was shown that an increase in general
survival rates aftects the individuozal’s lifz2time allocation
decision due to two ressons. First, this moriality improve-
ment mill atfect the expected lifetime utility function c+
the Individual dus to the changes in survival probabilities.
ZTecond, 2n increase in survival rates in the society in gen-
erzil will alsp affz-t the lifetime budget zonstraint of the
ividusl! due tn the2 changes in the actuarially fair rates

nf interest which ara2 zalcviated on the basis of gensral

zursival risks in the scciety., This type of mortaliiy im-
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provement carries wealth ef4ects by changing the actuarial
ratas pf interest. Bul the resulting intertemporal sub-
stitution effects are fully otfset by an eguivalent change
in discount $factors attached with the lifetime utility func-
tion., The wezlith effecits depend on the savings palteen dur-
ing th2 ssgment of (ife for which ths survival rates have
increased. An increase in the survival rates to a young or
an old age, when savings are negative, will result in less
consunption, more work, more savings and 3 later retirement
{assuming that consumptiorn and leisure are normall). On the
o*her hand, the effects of an increase in the =urvival rates
tn 3 middle age, when 33vings are positive, are the oppo-
site, This result rannoct be obtainsd in a two period model
without asssuaming, liks Ab=21 ({23&), that savings in cld age
zould ke poeitive,

The impliczcations of an increase in the mean preserv-
ing spread in the distribution of life were also noted. I+
the survival probabilities throush the earlier segment of
the horizon. when savings cut cof sarnings are increasing,
ara hald constant, then the effect of increasing risk is to
reduce consumption and increase work hgurs for all the fu-
tire ages {(assumiag *hat corsumption and (2isure are
normall,

Since the sffscts of jeneral mortality changes come

from the resuliting zhanges in the actusarial rates of inter-
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est, it is impertant to note that for the realization ot
thegse effects, the insurance companies must also fully
recognize the current wmortality variaticons. An alternative
tvype of mortality variation could be due to a changes in
survival prospects for the individual concerned, independent
nf g2neral survival rates 1n th2 sgoisty. We showed that
thizs tvpe of nortality change aftfects ocnly the expected
lifetinme utility function and, therefore, carries only an
intertenporal subsztitution effect. The actuarial rates of
interest which are calculated on the basis ov general sur-
wvival risks in the spriety rather than the subjective dig-
tribution of life of a particular individual, are unchanged.
Thera4ore this subjective mortality change will leave the
lifa2time budget constraint unchanged. 1t was shown that an
incr23se ip the subjective probability of survival to scme
298 will! result in more consumption and less work hours at

that zg2 gnd iess consumption and more work hours at 2ach

The offech on corsunption and work hours of an in-
crease ir the rzte of intersst was shown to consist ot a
compenszated effsct and a wealth effect. The compensated e+~
fect resultz in nigher consumptiorn and lower work hours at
later 33es i1n Compensation for lower consumption and higher
mork hours at =2zrlisr ages. The wealth effect depends on

the sian pattesrn of

]

szat nolding gver the iife cyvcle. it
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the affect of negative asset holding at an earlier age 15
small, then a higher rate of interest will create a positive
wealth effect by increasing the interest income on assets.
Thiz will result in more consumplion and less work (assuming
both corsumprticon and leisure are normall. Tha full =st+fect
2% an increase in the rats of interest 1s predictable oniv
$or the later segment of lite at which both the compensated
gnd wealth 2ffects are in the same divection,

Parametric changes in the wage rate were studied in
d4etail. The effects on consumption and work hours are split
intp three perts, an intratemporal scbstitution effect, an
irntesrtemporal reallocstion effect and a wealth effect.

The intratemporsl substitution sffect of an increase
in th2 magse rata at zcme specific age relatses to substite-
tion betueen consumption and leisure, 3iven the ratz of
uptilit 3t that agze. This sefiect resulis in more Cconsumo-
tian and mors work at that age, The intertemporal reallioca-
tion effect ot 2 hizgher wage rat=2 relatzs to the resulting
reallocation of 2xpenditure over the life cycle due to the
chavges in ralative prices of expend:iiure for difrerent ages
brought sbout by the increase ({n the wage rate., This will

result in more work at the age 4ocr which the wage rata iz

ot

nersased and less 3t the crther ages. I+ both consumption

W
3
[+ 5
il

1sura are normal, consumpticn will be arfsciad in the

t

itg

e

cs

o
ko
he)

dirsrticn, I+, on thes cther hend, =1ther one ovf
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these two gopds is interior, consumption will be affected in
the same diresction as work hours, An increase in the wage
rate during working age will increase wage income for a
given work plan., The consaguent wealth effect 13 to
dzcreasze work hours and increzse consumption, providsd both
consumption arnd l2isure are normal.

A parametric change in the wage rate has a distinct-
1w different etfect than an evolutionary change. First, a
parametric change vwill carry a wealth etfect which is absent
in the 2volutionary chang2, Se=cond, the =ffect of an evolu-
tipnary change in the wage rate is not even comparable with
the cempensated effect of a parametric change. While the
farmer i1s i1dentical! to the sffect gf 3 parametric change

holding constant the marginal utility o+ wealth, the latter

i

ba

151

24 on 8 parsmetric change hoiding constant litetine

ra

3
W

s

it

o

by, vathar than the marginal utility. wWhile the in-

tratemporal effects asre identical across the two types of
tharnges in the wage rats, th2 intzrtemporal effects are dir-
+zrent, The intertemporal! ailocation effect of an svolu-
tionary zhange s a result of nptimal zallocation of expend:-
tuera over the lite Zycl2 in the light of a known viage pro-

$ile. On the cther hand, the intertemporal realiocation ef-

S
&
[A]
-
0
iii
=
[
-
i
b
Qa
3
s
5
1]
—~
n
]
st
3]
n

ation of expenditure in the

)

{aht 3f 3 chanse in thes wage rate away from the initially
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To further explain this distinction, the compensated
atfects of an increase in the wage rate were decomposed into
two components, the marginal utility held constant effects
or the ‘specific substitution’ effects and the so+fects
through the compensated change in the marginal utility of
waalth or Lthe ‘3ensral substitution' sffects. It was shown
that the compensated effects of a parsmetric increase in the
wage rate on work hours are swaller than the effecis of an
2gual evolutionary wage increase cor the specific substitu-~
tion affects, Therefpre, the general substitution effects
of a parametric wage increase on work hours are negative.

In addition, the compensated effects of a parametric wage
increase on consumption are greater {(smaller) than the =24-

fects of an sqgqual evolutionary wage increase or the specitic

1]

ubstitutior effects if both corsumption and leisurs are
normal {(any one of consumpticon and leisure is inferior).
This implies that the generzal substitution et+fects of a
parametric wage increase on Zonsumption are positive (nega-
tivel i4 consumption and leisure are normal {either consump-

Yigon 2w leisure is inferiar).
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4.A APPENDIX TO CHAPTER 4

4.A.1 The atfecits ot General Mortality Improvements on the
Allocation of Expenditure (Eguation 4.3.7}
In this appendix we will derive an expression for

the a2ffact of a small increase in the probability of sur-

wvival to age «° anticipated at age n ¢ x* on expenditure at
age ¥, n £ »x ¢ 7T, Differentiation the optimizing conditions

(4,2.37 and {4.2.4) with respect to pi{x"), we +ind

delx)sdpix®) = & "8 ry  (miv

25 {x)] dein)/idpix") (4.A.11

22

T .
{ E—P{x-n)[pix)/p(n)]tde(x)/dp(x')} dx = o "X "n)o(x’)ip(n)

n

rn

Multiplying the second eguaticn by e pin), w2 write:

.
)
P e ptx) Idetx)/dpix*)l dx = e gix")

n

SBubstituting del{x)/dpix®) 4rom equation (4.A.1) into this
zuation, we cbtain the following eguation in one unknown,
namely dein) /dpi. "),

T (x-n)
(e ™ p00 27Tty k)1 dx
el o

4]

kol

V.nin: fdatndidpix')

-rx “
= @ ="}

—r{x-ni

Or subkstituting 2 = Uzix)/vqénﬁ, we obtain:
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IV,o(n) /Votnl 1 Ldein) sdptx™)1 4 e %

n

pix] {VE(X)IUZE

- X' .
= o r gix?™)

(x)1 dx

Now we introduce coefticient of relative risk aversion,

iix}, detined as fnllows.

Fix} = - e€x3V22(x)!V2(x) {(4.4.2)

Usaing this coefficient, we can write the above equation as:

= Y o) /¥, in) T $in) [dein)/dpix™)] = & *ogtx {d.A.3)

z

vhare,
i) = | e pPlxy {2} /3w de » O {4.A.97

Egquaticon {4.A.32} can be snolved for deini/doix®) as follows:

L]

| -4

12ini/dpicty = ~ Y _ {n) /W {nlPin) 3 [a gi{x"11

22

-

Finally, =substituting this result in equatien {(4.A.1) and

simplifving, we obtain the sclution for deix)/dp{x< )

dalu)idpixt) = - Ze"”‘““"’vzcn}fvzz(x}¢<n>3 [a
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Substituting E'"(x'"’vz(n) = VUoix), and using (3.A.2), we
and up with:
de(x) /dpix®) = [a()/3tx)P(m 1 T2 ™% 5i(x")1 (4.A.5)

4.A.2 The Effects cor Subjective Mcortallity Improvementis on
Expenditure {(Equations (4.3,.29!, (4,3,30)
Ffor the problem under contideration, the cptimizing
conditions are give by sguations (4.3.27F and (4.3.28) of

the text. These egquations are reproduced below.

Vo tx) = 2T ¥ aptmrptap® ey 1 vt (4.A.6)

T
& ™ p¥(x) Lwix)s - etx)? dx = constant {4.A.7)
n

Differentiating equation {(4.A.8) with respect to pi{x"), we

can mrite:

dei{zt/dpix®) =

-riv-n) R i . .
27" n ip*\x>pan)fp(x)p*tns} £v221n>fv22<x3} dei{n) /dpi{x";

* 2%

~rix*-n} : . ; . :
n ix*ipin)/pix p i{nil Vz(n)fvgzin'P

-~ a Ip

$or x = =

dei{x)/dpix*) =

-rig-n} * . 3 .
in éx?p(n)fp(x)p*(n)] TV nY /oo ix) ] dein: 7dpix:

0P 2 = X
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Or substituoting e»r(x~n) Ip*(x)p(n)/p(x)p*(n)l = V?(xilvz(n)

+rom =squation {(4.4.8),

il

dai{x)/dpig®) {UEixbfvzﬁnBE :v22<n)/v224x>3 de{n: /dpix i

- ivq(x“}’vzztx')p(x‘)i for x = x° {4.A.8)

-

deix)idpix®)

i

FW(x)/Uqin) 3 Ivgq(n}!vzzfx)] dein) /dp(x™)

far % & x° {(4.A4.%)

Mext we dit+erentiate equation {4.A.7) with respect to

Bex®Y, The result is:

i eT™ 5% rdetx) /dpix*)1 dAx = O

Substituting eguations (4.A4.2)) and {(4.A.9) into the above

sguaticn, we obtain:

, . A o S & P )
[Vo (n) /U, tn) 1 Zdetn) /dpx®) ] e B Ux) TV, 00 /s (x) 1 dx
N N TR UL () Vgt Bkl = O

Using ecguation (4.A.2), we ctan write this equation as:

IVeoind /Ygtni 1 Idetn) 7dpliu™il @
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Or,

dai{n)Y/dpix®*l =

TVofn) Wontn)d T ™% pFixvetx i/3tx"18%(n31 [1/pix)1

2 22
{4, 4,10G;
whers,
* ¥ -rx %
F5tnr = e 7 pix) [ef{x)/3i{x¥] dx > O
4}

Substitueting equation (4.A.10) back into eguations (4.A.3)

and (4.A.%), we cbtain:

dei:x) fdpix™)

LU 1) 2Uoa ] Lo 7% pFixreix ) /3t 8  (nypixy s

22

- Vzix')lvzzix‘)p(x‘3 for x = x {(4.A.11)

delixlsdptxz*) =
BV, 60 7V 5 (1 ] e ™% pFixtraixisnixra¥tnipixn
+Oor X £ %° {4.A. 12}
3r,
deix: /dpix*) =

- Letx1/730001 Le ™% pFixtiaix it 9 cmipiaty

+ fef{x*)/3(x"ipix")1 for x = x° (3.A. 13}
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de{x)/dp{x*) =

rx’

- felxy/?3(x)] [e p*(x')e(x‘)/§(x‘)¢*(n)p(x‘)3

$ar x £ x°* {4.A.13)

4,A.2 The E4fecty of an Increase in the Rate pf Interest on

the Alincation of Expenditure

In order to find the =24fect ot an increase in the
~ata of interest on the allocation of sxpenditure we dif-
ferentiaste the optimizing conditions (4.2.3) and {(4.2.4)
with respect to r. The result of this differentiation for
aguation (4.2.3) is as +ollowns.

a2 ix-n}

daivw)/dr = = [1J22(h)/§122<

e—r(x-n!

211 de{n)/dr

- {x - n}

[Uz(n)ivzz(x}l

Or substituting g P inTn) Voix)/Y5in), we obtain:

deixlj/dr = {szx}v in)!vzén)v {x)1 del(n)s/dr

22 22
- {2 - n} £v2<x}fv221x31 {(4.72.13)

Me-t, dit+zrentiating eguation {(4.2.4}) with respect to r and

multiplying the resulting expression by e R pi{ni, we gat

T T
- e T itk fdetwdsdrd dx - f {x-n) 2 TF pixy gix) dx = O

n n
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Substituting equation {4.A.15) into this eguation, we find

I
- [V, (n) /Vgtn) 1 [deln) /dr] f e T plx) IV, (x) VLo 1x) ] dx +
T T .
#xem 2T T R OO IV, () W txY 1dx ~ [ (x-n)e TXpix)gixrdx = O
n - n
Or, using {4.A.2) and {(4.A.4]),
[Voa (n) /Y5t ] #in) [dein)/dr]
i -rx T -rx
- txemde TRl Ie(x) 43(x) ) 1dx - { (x-n)e “pix)gixidx = O
n n

where, $iny is detined by equation (4.A.4). The acove egua-

tiogn can be salved for def(n)/dr as +ollows.

datn)/dr = (V. in} U nin) ] ch -
T ~rX
+ [u2<n>/v22&n)¢<n)3 [ {x-n) 2 pix) ¢{x) (3.A.18)
n

nhere, xh iz the waighted average of = detined as follows,

T
Uox o2 T gk [etx)/3tx) 1 dx
_ 4]
.-‘{n = {4.A.17)
T -—
{2 % pix) [elx)/3(x)1 dx
N

minally, =substituting for dei{n)/dr from 2guation (4.4.18)

cack into esgquation (4.A,15), we citain the desired solutian.
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= 1 i - -
deix} /dr {Jz(xbe {x)1 (xn x}

22
J -rX
+ iV2€x)1922(x)¢(n)] i {x-n) e pix) gix) dx

Or, using {4.8,2),

del{x)/dr = - [2{x)/3(x)1] (in - %}
T -

- Teix}/3000Ptn) 1 § (x-n} 2 "% pix) gix) dx (4.A. 13}

n

The etfect of an increase in the rate of interest
can be expressed in terms o+ a Slutsky equation representing
the compensated and wealth effects. The compensated s+fsct
can be gbtained by differentiating the +olliowing sgquations

wWwith resperct to r,

“ri{z-n}
-

V.Z{z:) = = ‘Jz(n) {(3.A.1%)
n T

' pix) Vix) dx ¢ [ pix) Vi) dx = 0 t4.A,20)

0 n

where, sguation {4.3.19) is the tangency condition +or the
pptimiziang problem at the upper stage. With a fixed value
o+ f, equatiocn (4.A.20) hclds constant the lifetime utility.
For an indiwidusl at age n at which the rate of interest is
assumed to hawve changed, the rate of utility derived at each
previous age ¢ 1 on 15 fixed., Therefore, differentiating the

tis aquations with respect to r, we can wrilte
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-r{x-nl

de(x)/dr | = e [Vynin) /W5 (x0T detn)/dr |
o N L N TA DI N P (4.A.21)
2 22
T L4
! plxd Vytx) rde(x)/dr | 1 dx = 0
n

Substituting for de&z)/driﬁ from equation (4.A.21) into the

akove equation and simplifving, we can write:

rn . :
o vzzxn; Bind de(n»/drfn

T
Star 0 tx-n) e TF pixd [ei(x)/3(x)1 dx = 0O

=y
n

+ 20y

Or, simplifving further

) -
dein)/dr , = {UE(n)!UZE(n)] (xn - nl

T3

nwhera, <, is the weighted average of 2, detined by egqua-

tion {(4.4.17), Substituting +or dein)/driu from the above

equation back into equation {4.A.21), we +ind

N { s ) - =
Sl faAn - =t n r . _ |
doix 'd«i} = & &jztn:zvﬂq(x:] (Xn X}

L - . -riz-n}i .

Jr substituting e TU_tm) = Uoix) and then Ve i) 7V o {2
p 4 b i“ F oy

= -aix)ziixl, we pbitain the compensated effect of an in-

crease 1n tne rate 94 interest.,
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deixdi/dr |, = - [eix)/30x3] ix =~ x) (4.4,22)
Mext, we +ind 2n expressicn +or the wealith etfect on

g¥penditure, Differentisting eguaticns (4.2.3) and (3.2.4)

wmhich represent the optimizing conditions, with respect to

inttial wealth ain) and simplifying, we obtain

detx)/datny = e "X ry i) sv o101 detn)zdatn), (4.A.23

T
Poa ) o /ptni 1 Tdedx) fdatn) ]l dx = 1

n
Substituting for dei{x)/dain}! from equaticn (4.A.23) into the

abgve equation, using {4.A.4) and simpliftying, we find

detny/datn? = -~ 2 "7 pin} [V_in)/V

o 2m{n)PBiall

Substituting this result back into equation {(4.4.23},

simplifving and using (94,A.2), we cobtain:

deltx)/dain) = e ptn) Toix3/3{x)Pintl {3.4.24)

Using the expressions {(4.A.22) and {4.A4.24), the
fu1il effect of ar increase in the rata of interest as given
Ey equation {4.A.18}, can be represented by the Slutsky

2quation:
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1

del{x}/dr = dﬁ'(x)f'df‘gf.l + xin) Idelix)/daindid {3.A.25]

i

i . . .
mhersa, deix)/dr§A is the compensated sf+fect given oy

b

f4,.4,22Y, deiy)idaia: the viealtn =f+4ie2ct given by 14.4,24)

-
1]

and “in?! 13 the weighling factor detined below.

S gxeny 2 T EETRY reispind 1 1l dx

¥ind

The weighting factor Y{n) can be wmritten in a more

in*erpretable form as:

i1 e T plyy sty) dy dx (4.8.,248)

. R .
Since e 'Y ply) iy dyv = 02, we can write:
O
P A ) L Doy )
- pivY siy) dy = - e sly} 7(y)r dy
¥ o

Substituting this relation in eguation {3.A.23) and uzing

the definitiaon of assets given by (3.4.11), we zbta:n
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T
xtny = # & T ot rpingl atx) dx {4.A.27)

n
4.A.4 The Effects of an Incraage in the Wage Rats un ths
Allocation of Expenditure
We will derive an expression for the eftect of a
z=mall increase in the wage rate for a specific age x°,
anticipated at age n ¢ x°, on expenditure at age x. fAgain
vwe start with the optimizing conditions {(4.2.3) and (4.2.4).

Differentiating equaticn {(3.2.3) with respect to wix'); we

can write:

dalx) 2duix®y = o Tix-n) [Vonin) fUos (%31 Tdeln) /dwix")]

- fvizix’)lvzztx')] f0r x = x°* {4.A7.28)

delx)/dwix®) = o Tix=n) LVonin) Voo tx) 1 Tdeln) /dwix®) 3

+0or X # xX° {(4.A.2%9)

Mext, we differentiate squation {4.2.4) with respect to

wix"), The resulit is:

=n
foe 00T T Iptay/pindl [def{«) /dwi{x Y1 dx

=3 27NN i rnng 3

Substituting for z2ei{xzl/dwiz"} $from =2quaticns (4.4.23) and

A, A,29 into the accve equation and simplifying, we obtain



1

£
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fe’' "/pin 1 IV in) /V5tn) 1 $in) [de(a) fdwix')]

22

= eI e pnd T LIV, kT /Yoo (k") 4 2]

2 22

From this zquation we can solve for deinl idwix”) as

deln)/duix®) =

-rx" . u . B
- Ivzin)fvzztn)Qin)] 2 pix"Y [V, (x )/VEZ(X 1Y + 91

12

Mow we substitute this solution for dei(nl/fdwix®) back into

gquations (4.A.28) and {(4.A.29). The result is as fallows:

d2{x) /dmix") =

S IV 2 Vo txIBn) Y @ T pUxTh LIV o (x ) Unnix )Y 4 )
TV gt ] or k=
deix)fdwin*} =
-rx

- VY vy

> s pix™) DLV, {x")/V

1«1®{n}l1 & zzix’)}

+or ¥ = X

Or using (4.A.2},

da{z)/dwi{v’) =

Taix}/300Pin1 e 7" pix®) B4V, (27 /Vnn (%13 + 31

(") /0anfx™)] for x = x°  {4.A.30
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del{x)/dwix®) =
‘?"X’ 3 I v . - »
[ai)/730:)0(nM ] & pix®) [1U12(x )/sz(x 1y + 3l

{or x £ x° {4.A.31)

For the compensated efdect we differentiate egua-
tions (34.A.1%) and (4,A.20) with respect to wix™}. The

results are!

oot Lay ] _mrix-n) .. e
deoi~} dwmix }iﬁ = = £v22<n1/0224x)] [dei{n) /dwix )2ﬂ3
fvlzix')lvzzix')] for x = x° {(3.A.32)
. -r{x- . .
de (x) /dwtz®) | = 27" n [Vonin) /Yoo tx)1 Tdetn) /dwis® |,
for x = x° {(3.A.33?

.-
i
tH

! pix) Vo (e Tde(x)/dwtx) {.3 du = - pi{x") V,txt) i4.4.34)

s
PN
N

Substituting for de(x)fdw(x’)iq from sguations (4.A.32) and

{4.4.33) intp =quaticn {(4.4.34), we get

= 1277 Ut fdetn) 2wty |3 B
= PixT) DU ta ™3V, S Ix ") Vo lx ™)) = W, tx")] {4.4.35)

Egquations (3.4.17 and {(3.A.2! o+ last chapter imply that <‘or

workisg age
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YV, {x}y = = {3-hix)3 szx} {4.A.38)

Likewise +or the retirement period, we can write according

to equations (2.A.3) and (3.A.%), V tx) = - ¢ VY, {x). Egua-

tion (4.A8.348) howevar covers poth cases since in retirement

hix) = 08, ZBubstituting this relation intp equaticn (4.A.35)

and solving for dein)/dwix®) | the result is as follows:

14

=-rn

éefn)idw(x')iq = - g p(x‘)vzix')ivzzin)¢(n2]

({V12(x‘}1022(x')} + [9-hix")31 {4.4.37)

!

Substituting +or dein)/dw(x’)]Q

back i1nto eguation (3.A.32}

and {4.A,.33) and simplifying, we get

#

deixi /dwix) iq - Vg2 /Yan(x1Pin) ]

-rx’ . . . . IR
a pix"} [{letx VIV o (x™Y 2 + {3 hizx®) 1

- {Vi?(x‘)iVEE(xn)] for < = x°

defxiidwix‘}iﬁ
4l

AT WAV P T TR

2pt

-rx’ . N o ay s X .y n

2 plxy IV, J{x" )/ Wani{x™3: + {i-h{x"}3]
i

Pgirng 14,A4.2Y, we can write these equations as +cliows.
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de(x)/dwfx‘)§ﬁ =

felx}/3021B(nmT 2 5% pix*) [LY, (x*) /Y

17 {(x")3 + {9-hix"})21

22
- {Vlz(x')ivzzfx‘)] for ¥ = x° {3.A.382)

RS AR A %1 =
. Ty -rx* <y T vy A e A (ot
[etx}/3{x)1®in)] & pix®) Q(Uizﬁn }/\}22(n Y3 o+ fh9-nlx")31

for x = x° {d.A.39)

Comparing these compensated 2ffe2cts with the fuill
affects of a3 wage increase, given by eguations {($.A.30y and

{4.A.31}), we can write the latter as:

detx)/dwix" = [delx)/dwix") |1
+ Te T plxMieix) /10PN T Al

r, using the =2xpre=ssion for the wealth effect, given bv
equation {(4.A.24Y, we can write the Blutsky squation for a3

viaz2 incre2ase as fallows!:

! ; ;
1ad + Bin, w7y [deixi/dain;)l

{2, A.40G)

mhers, ieix§rdwix‘}%q 13 the compensated effect of an in-
crease in the wags rate for 2g5e %" given by sguations

td.A,.38% and 14,.A.39), deixl/dain) is the wealtn sffect,
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3iven by equation (4.A.24) and Bin, %", the weighting fac-
tor which measures the eftect nf an increase in the wage

rate for age x° on wealth at age n, is given below,.

e-r!x -n)

[p{x®)/pin}i hix"} t3.A.41)

The compensated effect, de(x}/dwxx‘)iﬂ may be writ-

ten in a mare interpretable form by substituting for V,_ (x™)

12
and Y,,(x") in terms of the corresponding expressions in the

direct utility function. Thus, tor the prz-retirement per-

i0d we substitute +or Uiq(x') and Voo{x"} +rom equatiocns

P Ao

{2.2.41) and {23.A.é&) respectively into egquatiocns (4.4.38)
and {4.A.29). For the retirement period we substitute for
these partial derivatives from eguations (3.4.11) and

(2.4,12) respectively. The resulis after simplification

ieix?/dwir')§ﬁ =
, -rx"* . . s sra .
- [eix}/iH{x3Pind] = Pig) Ty (x 3/ 1x")stx")]

3

R N R LR BN S EL AR R

fi

<
%

H
w
~
A

for x %7, {3.A.42)

detx)iduixy | =
- feC0) /3@ in) Y @ T kY D, ) /Ug ik aix ") ]

+or < g ;{', wt IR {4,733

]



deix)/duix*} |, =3 for x = %'y, x" 2R (3.A.34;
detx)/dutx") | =0 for x # x°, %' 2 R (3. A.45)

1

4.8,3 PFrood st Theorem 4.3.10

In chapter 2, we have shown in 2gquation (3.3.3%)
that the effect of an evolutionary change in the wage rate
on expenditurs can alsec be chtained as the effact of a
czrametric change holding constant the marginal utility ot
initial wealth, In the present contexzt of the life cycie
allocastion problem of a3n individeal aged n, the effect of an
eavolutionary change in the wage rate given by eguation

t2,3.3%) can ce written as nllaows.,

el R TR EIL ! ETUE | . ' = . a2 4a s
da o) /de i ﬁvl{n, NlE(x)/vzﬂix1 for x X (4.4, 40
= 6o iy o2 ® ] - Loy P "™ l 1=
A2ty /dw i 7§v2§n} G for & & x (s RS

Substituting foar YV, _ix"Y and Y_5(x'} from 2guations {3.3.3%7
and (2.4.4! vreszspechtively 4$or th2 pre-retirement pericd and
from 2ouaticns (3.A.11Y 3nd (2.A.12) reepectivel, for the

s =4+esct ag +allows.

b

ratirament pericd we can write th

’ s,y _ , .
Ao iz} [ dw O A S A I S L R I I P Ll R I
far o x o= 2, = R 4. A28



page 247

tul? (x*) | X"y %" & 3. A.
daetu) /dw )%len) 4] tor x £ x%y ¢ R {3.A.49
detx)/dwtx") | = 8 for x = <*, x* : R t4,A,30)
gefu) idmix | = 0 for x £ 94", »" : R 3. ALS

We hawve to prove that the compensated o2ffects given
by squations (4.4.42) through (3.3.43) are relatzd with

v held constant ed+fects as follows.

these marginal utilit

: s ALy
o dﬁ'{u,fdiftq 3 »‘\jl(n}

ik
i
-
49
-
<
-~
——
i}

+ Tdels)/Vytn)d [4V

- E(n)fdw(x‘)i

irst we find an e-rpraszior far dei{x)}/Y,inY, the =2ffect of
an increasze the marginal utility cf weallh on expenditure at

32 v, Givenr the tangency Zondition:

vy . ~r {v-nil I =
Szt = a Wy i) {(3.A.331
we carn fird:
] -ri{s—-n' , _ =
dalad oty = a IVanix) ¢ 0 (3. AL 54
2 =2
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From the same tangency tandition we alsc have a relation be-

tween the effects of a compensated change in the wage rate
on =sxpenditure and on the marginal utility of wealth:
i - e P Pr B H - * -
JZQCM} Tda{ Y /dwiy 3»11 + 912(” ¥
-}‘iX"!ﬂ’ Y . r £
=3 LAV ins 7dwix )iql +Or x = x
P 3
: -r{x—-n} . .
Vsl eliv) fdwin®) | = [dv. Zdwi Ty,
mm ) Ldeix) fdiwd P & nind /dw 143
for x = x°
Therefaore.
Vo trd 7wty o= en T u_ ) tae ko0 sdwiets ]
2 ] 22 )
e P . 3
+ gl EIT oy {x"} tor v = x°
12
. i [AIDRCE oW - , Py
o tn) rdiwt™ 4, = 2 Voo tx) Dd2{x)/dei<™) {2
for x = x°
Substituting +or déix)idwtf'igq from eguations [(34.A.38) and
4.A,.3%), we +ind:
; by b riu-n) .
ﬂyzgnxfdwfﬁ yfq = @ g221<3

Telw)14vd@in)l o F pix®) LIV, (x 1 /WUa {x"}} + {4=h(x"}}]

A hoe

fcr ajli x
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Substituting +or V,_{x") and Uzz(x') from equations (3.3.41)

12

and (3.A.&8) respectively +or the pre-retirement period and
from eguations (3.A.11) and (3.A.12) for the paost retirement

period, we obtain:

v tn)ramtxty |, = - " T v 0o

[el{x)/3{x}Pin)] & 7% pix*®) [Vl(x')/U {x*)atx®)1

2
+or %2 ¢ R (3.A.55)

dvz(n;/dw(x') q = Q for x 2 R {4.A7A.356)

Multiplying these expressions by de(x)lvz(n), given by egua-

tion 14,A.34), we find:

tdetx) /Vy(n) ] [dvz(n)/dw(x‘)' 1 =

i
il

- Leix)2300® (M1 e ™% pix) Ly (%) /Ug(x "1 atx") ]

1
for %" § R (4.A.57)
[detx)/Votnt 1 [dV5tn) /amix™) |1 = & for x° 2 R {3.A.38)

Combining these =24+fects with the marginal uzil:i1ty
held constant 2+fects gsiven by sguaticns {(34,3.48) through

{4.A.51), we +ind:



del(x) /dalx"} | + fdei{x)/Vn,in)] [dV_(n)/dwix®) {1 =

w, tm) 2 2

- [el{x)/3x)PImIY @ 7% pix™) Doy (=) PUgx ") atx") 3

2

+ {Ql(x')/U {x"raix") + {g-hix")31

2

for 2= x", %' {R {4.A.5%)

: 2/ ‘:{'}’ " 4 i3] 7 Pty | =
datxY/dmi: gvltn? + {de(n)iJE(n.4 Cdvz(n),dWad )gﬁ4

ot

- et} /3i{x)P(n)1 o PEX™Y LU {x") /U (" atx i ]
‘?"D!" s :": X‘; '_‘;{’ i R (";'A:b":;;

Asi{x) 3wt t [de{x} 'Y _{n)l Equ(h3JdW(i‘)§\] = 3

"y, e

2 ¥
for x = x*, x* 2 R {4.A.81)
defx)/dwf&')gv 'y F Edeix)!VEfn)l {dv2(n)fdw(x')§F3 = 0
VP LY
dor ® £ x*, »* 2 R (4.4,

These eotfects ares exactly identical to the compensated ef-

.2

arct

1n

Fivaen by 2quations {(2,A.42) through 14.A.4€). Hence

3

tre proot.



CHAPTER S

SUMMARY OF THE INDIVIDUALISTIC LIFE CYCLE MODEL

A lite cycle model of consumption and work hours un-
der uncertain lifetime with actuarially fair life insurance
and annuities has been developed. A two stage budgeting ap-
proach was used to model the individual’s life cycle alloca-
tion behaviour. This new approach offers a cliearer picture
of the life cycle allocation process and therefore provides
some 2dditiornal results regarding the life cycle hypothesis
which have not been recognized in the existing literature.

The effects ot anticipated variations in the wage
rate on worlt hours are interpreted as an intertemporal sub-
stitution effect by MaCurdy (1981). The two stage budgeting
analysis, on the other hand, decomposes this effesct intoc two
parts interpretakble as an intratemporal substitution effect
and an intertemporal allocation effect. The intratemporal
effect is the result of substitution between consumption and
leisure, given the age specific utility rate. The inter-
tempora! effect, an the other hand, relates to substitution
pver the life cycle, giver the wmar3inal rate of substitution
between consumption and leisure 4or each age. The net ef-

f2ct n¥ an anticipated incr=sase in the wviage rate over a seg-
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ment o+ the lite crole is to increase work hours over that
segmant, The net affsct results in increased consumption if
consumnption and lsisure are substitutes, This erplains a
positive ralation batwesn currant Ecﬁaumptian and current
sxrrnings, This relation was further retirned by the study of
z=3virgs bBehaviour, It was shown that wage induced chanages
ir consvmption are alwavs smaller than the changes in earn-
inas., Thersfore the marginal propensity to consums out of
the planned sarnings is lezs than ane.

4z avpected, consumption is increasing with age and
wonm~lk hours decreasing duse to a positive rate of interest {(or
& rate of intar=2st greater than bthe subjective discount rate
Adue *m any r2ascnh other than lif2 uncertainty), Thi=s rela-
tipm, coupled with the assumpiion of a concave waae profile,
mhich iz $irzt increasing and then decreasing with age, also
eaxplains the retirement process. it was shown that, i+ the

wage rat

I
i
-
4]
3

t
(W3
3
)
]
/]
4]
i
por
3
Wi
i
I 4
-+

he retiremeni =332 and twe

rate of interest is positive, the ndividual will never re-

ok

1f farent

i
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peak earlier than wage rate. Consumption can peak only
after the peak in wage rate. Finally, savings out of earn-
ings can peak only before esarnings are at a peak.

Savings and asset hoclding behaviour of the indiwvidu-
al was also studied in detail. A narrow measure of s5avings
was defined as the sxcess of earnings over consumption while
2 broad measure was d=tined as the excess of fuil income
{earnings plus net interest income) gver consumption. in
early vears of life when asset holding is negative, interest
income is also negative. Therefore the broad measure of
savings is smaller than the narrow measure, In the later
years when asset holding, and therefore interest income, is
positive, the bropad measure of savings sxteeds the narrow
measursa.

The life cycle model also explains the possibility
o+ continuing asset accumulation by the retired. I+ con-
sunmption and iegisure are substitutes, consumption may be
reduced at retirement due to a declining wage rate. Inter-
25t income may be hisher duese to an actuarially +fair rates of
intarest on assets which exceed the rate on bands (hy the
instantanecus Tonditional probabilities od deathy . Thesa
two factors combined may resuit in pesitive savings {in
broad sensel 3and therefore2 an accunulatioer ofr wealith during

some early vears 24 retirement.



page 254

The lite cycle effects of various parametric changes
were then studied., Different types of mortality variations
vere analyzed. It was shown that an increase in the general
survival rates in the society carries a wealth effect, by
changing the actuarial rates of interest. But the resulting
intertemporal substitution effect is fully offset by an
equivalent change in impatience due to life uncertainty.

The wealth effect depends on the savings pattern. An in-
crease in the preobability of survival to a yocung or an old
age, when savings are negative, will re2sult in lesser con-
sumption, more worl:, more savings and a later retirement.
On the pther hand, the 2ffect of an incresase in the prob-
ability of survival to 3 middle age, when savings are posi-
tive, is the opposite. If the survival rates through the
parlisr segment of the horizon are held constant, then the
2ffect of an increase in 3 mean preserving spread in the
distribution of lite is to reduce consumption and increase
work hours for all the future ages.

The a2+t+ect=z of subjsctive mortality improvements,
independent of the general survival rates in the society,
were2 also studied. Since the actuarial rates of interest
are based on the agener3al survival risks in the society,
these mortality improvements do not atfect the actuarial
rates of interest. Therefore the lifetime budget constraint

ot the individual is not aftfectz=d due to these mortality im-
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provements, The lifetime allocation decision of the indi-
vidual, however, is affected due to the change in the ex-
pected lifetime utility function implied by the changes in
subjsctive survival probabilities. Thus, unlike in the case
of a gerneral mertality improvement, a subjective mortality
improvement carries only an intertemporal substitution ef-
fect on the lifetime allcocation decision. An increase in
the subjiective probability of survival to some age results
in more consumption and less work hours at that age and less
consumption and more work hours at the other ages.

The effect of an increase in the rate of interest
was decomposed into 3 compensated effect and a3 wealth ef-
+ect. A higher rate of interest on assets creates a posi-
tive weslth eff=ct and thus resu1£s in an increase in the
stream of consumpticn and a decrease in the stream of vork
hours. The compensated effect results in a higher consump-
tion and lower work hours at later ages, in compensation +or
lower consumption and higher work hours at sarlier ages.

The $full e+fect is predictakle only for the later segment of
life at which both the compensated and wealth effects are in
the same direction.

A parametric change in the wage rate was studied in
detail. The eftects on consumption and work hours were
split into three paris, an intratemporzal substitution =f-

fect, an intertemporal resllocation effect and a wealth ef-
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+ect. The intratemporal substitution effect relates to sub-
stitution between consumption and leisure at each age for
vihich the wage rate is increased, given the rate of uvutility
at that age. This results in more consumption and more work
at thst age. The intertemporal reallocaticn ef4ect relates
to the resulting reallocation over the life cycle, given the
marginal rate of substitution between consumption and
leisura at each age and the lifetime utility. This will
result in more worle at the age far which the wage rate is
increased and less at other working ages. Consumption is
af+ected in the opposite {same) direction to the change in
work hours if both consumption and leisure are normal (any
of these two goods is inpferiori. Finally, the wealth effect
of 2n increase in the wage rate resulits in 2 decrease in
worlk hours and an increase in consumption at each age.

The implications of a parametric change in the wage
rate for the life cycle al!llocation process are different
from those of an evolutionary change du= to two reasons.
First, the wealth effects are present in a parametric change
but absent in an evolutionary change. Second, even the com-
pensated etffects ot a parametric change are not comparable
with the =2ffects nf an esvolutionary change. The compensated
etf=2cts are based on a parametric change in the wage rate
holding constant the lifetime wtility. The effects of an

evolutiaonary change, aon the cther hand, are identical to the
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effects nf a parametric change in the wage rate holding con-
stant the marginal utility of wealth, not lifetime utility.

Tao +urther explain this distinction, the compensated
effects of a parametric increase in the wage rate were
decomposed into two parts, the ‘specific substitution’ ef-
fects and the "general substitution’ effect=s. The specific
substitution effects are the marginal utility held constarnt
effects and, therefore, are identical to the effects of an
equal evolutionary change in the wage rate. The general
substitution effects arise due to a compensating change in
the marginal vtility of wealth as a result of the change in
the wage rate.

Tt was shown that the compensated effects of an in-
crease in the wage rate for some age on work hours at dif-
ferent ages are smaller than the specific substitution ef-
$ects or the effects cf an equal evolutionary change in the
wage rate, Th2 compensatsd effects on consumpticon are
grester {(smaller!)! than the effects of an equal evolutionary
change in tha wage rate i consumption and leisure arse
normal tary one of consumption and leisure is inferior).
This implies that the general substitution sffects of a
parametric wmage increase on work hours are negative. The
genaral substitution effects on consumption are positive
tnegative) i+ both consumption and leisure are normal (ei-

ther consumption or leisure is inferior).



PART 1II

CVERLAPPING GENERATIONS, DYNAMIC GENERAL

EQUILIBRIUM AND THE STUDY OF LIFE EXFECTANCY



CHAPTER 6

INTRCDUCTION TO PART 1I

This part ot thesis considers the implications of
mertality improvements for aggregate economic behaviour. In
particuiar, the 2ffects of an increase in survival rates
along various segments of life, on capital intensity; the
rate of interest and the wage rate are studied. The analy-
sis is conducted in the framework of a continuous time ver-
sipn of a3 standard overlapping generations model.

The only available studies which have discussed the
positive effects of longevity in an aggregate model are by
Skinner (1985) and Sinha {(1986). Skinner calculated the ef-
t2ct of longevity on capital intensity in the abtsence of an-
nuities in a simulation model and found that this effect is
positive, though negligible. Sinha showed that an increase
in longevity will increase the equilibrium capital-labour
ratic i¥ actuarially +air annuities are available. The
analyses in these two studies are based on a two period
model in which lorgevity can be increased only by increasing
the survival rate into the second period when an individu-
al's savings are negative.

An examinaticn of survival rates at various ages in

page 2358
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different countries reported in various issues of World

Health Statistics Annual {(World Health Organization), shows

that the actual mortality improvements in the past have been
a result of an increase in survival rates at all the seg-
ments of lite horizon. Therefore to find the effects of an
increased longevity on the aggregate economic variables, one
would have to go into the details ot changes in the life
tables and calculate the net effect of all the changes in
survival rates at varicus points in the horizon.

These statistics also show that the survival rates
at various ages differ from country to country. In particu-
lar, while there seems to be little scope of further im-
provements in survival rates at young ages in the developed
countries, there is enough room for such mortality improve-
ments in the underdevelaoped cuuntries.1

In the light of these observations it seems impor-
tant to distinguwish among improvements in survival rates at
ditterent segment of life horizon while analyzing the ef-
tects of longevity on aggregate econcmic behaviour. In par-

ticular, this analysis is expected to provide distinct im-

! According to World Health Statistics Annual, sur-
vival rates in Jlapan in 1981 at the age of 1 year, 15 years,
435 yeras and 65 years were 0.992. 0.988. 0.953 and 0.808
respectively. The comarable rates for Mouratius were 0.%62,
0.950, 0.875 and 0.3580 respectively.
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plications of different types of mortality improvements +ar
the classification of a dyramic equilibrium as efficient or
inetficient.

in the presenrt research survival risks are assumed
to he present at all instants of the lit+e horizon. Due to a
continuous time framewori, many gensrations of different
ages co-exi1st at any instant of time. A hump shaped
zavings-age r2lstionship is derived 4rom the underlying life
cvcle model of an individual. The eftects of mortality im-
provements are calculated in the steady state competitive
spiutipn., Thus, if an incresase in survival rates $feor a
specific s=sgment of the horizon 1s assumed to have taken
alace, its e+fect on aggregate savings Or assets will depend
on the savings rates of those in that segment of life and
the impact c+ lite cycle reallocation decisions con the
savings rates of diffsrent generations in response to the
mortality improvement.

The two studies on iongevity, guoted above, also as-
sume that all the births take place in an individual’s first

period of li+e and therefors 1ncreases in longevity cannct

ohs

I
+

w

ect the growth rate of population. In the present anaiy-
53is, on the nther hard, the possible 2+fect of mortaliity im-
provemeants on the growth rate of peopulation is aiso recog-
nized. I+ the growmth rate is increased, tne relative pro-

mrortizn 2+ the vyoung population will increase 1n the ecp-
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nomy. This will also atfect the aggregate economic vari-
ables in accordance with the savings and work habits of the
young population relative to the old.

Atter presenting a selzcted review of literature on
overlapping generations models and the studies on lite ex-
pectancy in chapter 7, we will build-up our analysis in the
next three chapters. In chapter 8 we assume that the +factor
prices, the rate of interest and the wage rate, and the life
cycle work plan of an individual are +ixed and analyze the
effects of lite expectancy improvements on the aggregate
capital stock and the employment of labour. In chapter 2,
we ralax the assumption of fixed factor prices and analyze
the effects of lite expectancy improvements on the egui-
librium capital-labour ratio, the rate of interest and the
wage rate. Firnally, in chapter 10 we also relax the assump-
tion of a fixed life cycle work plan of an individual and
repeat the analysis of chapter 2. A summary cf all the
findings of the general equilibrium model is presented in

chapter 11.



CHAPTER 7
DYNAMIC ECCNCMIC MODELS WITH OVERLAPPING GENERATIONS:

A SURVEY OF SELECTED LITERATURE

7.1 INTRODUCTION

The rate of interest plays a crucial role in dynamic
economic theory. The basic principles of the theory of in-
terest were long age laid down by Fisher {(1930). But Fisher
was mainly concerned with household behaviour rather than
the general equilibrium analysis of the entire economy as
were later investigétnrs of life cycle consumption theory
such as Modigliani and Brumberg‘(1954) and Friedman (1%257).
The traditional neo-classical theory of economic growth, on
the other hand, re2lies heavily on the production sector of
the sconomy and tends to ignare the role of household sector
in the determination of interest rates in spite of its in-
tention to determin2 a dynamic general equilibrium (See, +for
example, Sclow (1954) and Swan (1256)).

The latest theory of the determination of the inter-
est rate bassd on overlapping generations models has at-
tracted a lot of attention in the literature. The original
version of overlapping generations model put forward by

Samuelson {1958) does not include a production activity and

page 2&2
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hence any role of capital as a productive factor in the
dynamic 2quilibrium. Yet, it suggests a realistic approach
to deal with the capital market. It fully spells out the
dynamic process of assets supply by the household sector in
an infinite horizon model while recognizing the fact that
human life is finite. Samuelson’s consumption loan model
gppened new avenues for research in different areas of eco-
nomics like capital theory, public finance, monetary econom-

ics and demographic economics.

7.2 THE ISSUE OF DYNAMIC INEFFICIENCY

Samueison demonstrated that in a pure exchange
dynamic model, the +ree market system does not guarantee a
spcially cptimum solution which requires that rate of inter-
25t should be =qual to the growth rate of population, or
what is known as the golden rule of accumulation. In addi-
tiony, a free market solution which results in an interest
rate less than the graowth rate of population is dynamically
inefficient. This aspect of inefficiency of the competitive
solution had also been recognized in the traditional growth
framework by Malinvaud (1953), Koopman (1957) and Phelps
(19451,

Samuelson made extreme assumptions in his analysis
in order to make sure that the resulting competitive equi-

librium solution is dynamically inefficient. In his model
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people receive income in the early period of their lives and
none at the 2nd. This assumption is exactly the opposite of
vhat Fisher {(19230) had assumed in his impatience argument
+or a positive rate of interest. As a result, in a pure ex-
chang2 model based con the Samuelson (Fisher) assumption, net
assets of the society on the golden rule path are positive
tnegative). This distinction between the two types of ex-
zhange models has been pocinted out by Gale (1i?73). He
ca2lled an exchange model based on Fisher’s assumption a
classical model.

Gale demonstrated that the rate of interest in a
competitive market solution, or what he called, a balanced
equilibrium, is l=2ss {(greater) than the growth rate of popu-
lation if the model is Samuelson {(classical). He also
showed that, in a two pericd model a competitive equilibrium
is Pareto optimal in the classical case and not in Samuelson
case. This aspect of efficiency in an exchange model has
also been pointed out by Starrett (1272). He stressed that
the golden rule path is always efficient and more desirable
that any cther steady state path if and only if it is +fol-
lowed by all the generations in the indefinite past and the
indefinite future. If, however, the existing path is not
the golden rule path, a transition to the golden rule path

may not lead to a Pareto improvement.
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Diamond (1965) introduced production into Samuel-
spon’s model and re-examin2d the issue of inefficiency. The
single good in his model can be consumed or used as a pro-
ductive gactor, capital. Therefore, individuals can trans-
fer their resources from the first peripnd to the second by
lending their savings to firms. I+ the marginal product of
capital is positive, 2 competitive solution guarantees a
positive rate of interest which in Samuelson’s exchange
mode!l was always negative. But the interest rate may still
fall short of the growth rate of population. Therefore, the
introduction of a production activity into the model does
not eliminate the possibility of an inefficient competitive
solution.

Again, like in Gale’s (12732) exchange model, we can
have a classical or a Samuelson model in an sconomy with a
production activity. According to Burbidge (1983a), the
model is Samuelson (classical) i+ in the golden rule
household assets exceed {(fall shart of) the stock of capital
held by the firms, that is the aggregate credit balance o
households and firms combined is positive (negativel. Or
alternstively, the model! is Samuelson (classical) i+ in the
balanced =quilibrium, the interest rate is smalier ({(greater)
than the growth rate of populaticon. Willis (1983) +urther
generalized the analysis by considering a model with many

overlapping generations and a production activity. He
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derived similar conclusions to those cbtained by Burbidge
(1983a}.

Several explanations have been given +or the pos-
sible inefficiency of a competitive equilibrium sulut?nn in
a dynamic model. Samuelson (1958) suggested that the source
ot inetficiency is the limited opportunity of exchange among
different generations. Cass and Yaari (1948) showed that
this source of inefficiency is nothing different from the
usual absence of double coincidence of wants in a barter ex-
change and, therefore, can be cbserved in a static model i+f
there is no clearing house or what they called an inter-
mediary. The real scurce cf inefficiency, according to Cass
and Yaari, is the existence of dead weight in the form of
inventories. Cass and Yaari assigned an additional role to
the intermediary in the dynamic model which is not needed in
3 static model. The intermediary must carry negative net
worth to balance the net assets (or dead weight) of the pri-
vate sectar. However, Starrett (1972) provided a counter
eaxample in which ther2 is no dead weight in the sense of
Cass and Yaari but the competitive equilibrium is still in-
efficient.

Samuelson (1958, 175%) has also suggested that the
sogurce ot inefficiency is the infinite dimension of the
dynamic model. Shell (1971} further elaborated this point

and demecnstrated that a double infinity of traders and dated
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commodities can result in an inefficient cumpetitive solu-
tion. He also showed that, if the number of traders and the
number of goods traded are both infinite, a competitive
equilibrium may not be efficient even in a static model in

vihich 211 the traders are present in the Walrasian market.

7.3 THE ROLE OF SOCIAL SECURITY IN OVERLAPPIMG GENERATIONS
MODEL

A substantial amount of effort in the literature has
also been directed to sort out some device to restore ef-
ficiency in an otherwise inefficient competitive solution.
Cass and Yaari (1986) suggested that there should be an in-
termediary to support the golden rule path. The inter-
mediary would held a credit balance (positive or negative)
equal to the negative of the credit balance of private sec-
tor. In a Samuelsen model, society is a net creditor and
therefore the intermediary must hold net debt to support
guolden rule. Cass and Yaari argued that such an inter-
mediary, which always remains under dsbht, cannot be private.
As reqgards the classical mcdel, Cass and Yaari suggested
that zolden rule path can be attained in this model with the
help of a privately operated intermediary because the inter-
mediary in a classical model will always hold a positive

credit balance.
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But Willis (1285) has shown that the golden rule
path in the classical model cannot be supported by private
market institutions becsuse of the following reason. I+ the
intermediary is privately owned, shares in its assets con-
stitute additional weslth for the members o+ society. With
this additicnal wealth, the poptimal consumption plan will
exceed the one permissible under the social budget con-
straint. Obviously, this higher consumption plan is not
feasible.

Aside from the credit position of the intermediary,
there is a basic difficulty in realizing the transition +rom
balanced equilibrium to the golden rule path in the classi-
cal model. In the classical model, both the balanced and
golden Eule paths are efficient. Thersfore, the transition
to the golden rule path must make at least one generation
worse off (Starrett (19272)). This transition is not pos-
sible in a free market system. Thus, the golden rule path
cannot be realized by privately organized market institu-
tions, bBoth in the Samuslson and the classical model.

Samuslson (1958) suggested two procedures to attain
etticiency in his model. One of these procedures is ta in-
troduce paper money into the economy. Samuelson insisted
that money is valued +for what it will fetch in exchange,
otherwise it has no wutility by itself. Obviously, Samuelson

meant by money a legal tender which has noc real backing of
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gold or any other valuable durable good. This is essential-
ly the assumption ot the existence cf an intermediary, name-
1y the monetary authority, which is supposed to hold a net
debt =2qual to the value of the stock of money in circula-
ticn. It has already been concluded that such an inter-
mediary cannot be private.

The other procedure which Samuelison (1258) recom-
mended 1s a social security scheme through which young gen-
erations provide for the old. In return, the young genera-
tions expect that when they get old;, they will be supported
by the young generations at that time. For the enforcement
of this social sscurity scheme Samuelson allowed government
intervention in the economy.

The above discussion suggests that there is }oom for
government intervention in an otherwise +free market system.
The government intervention can take the usual form of fis-
cal tools, like taxes and subsidies, or a simple one through
a social security system.

Diamond (1745} analyzed the effect of an increase in
national debt on the welfare of a representative individual
in the steady state competitive sclution. With the debt
growing at the rate of population growth in steady state,
the excess of interest pavments on debt over the increase in
debt is assumed to be balanced by a labour income tax, which

will be positive {negative) i+ the rate of interest is
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greater (smaller) than the growth rate of population.
Diamond showed that an increase in internal debt which also
creates social capital, lowers {(raises) utility i the solu-
tion is efficient linefficient). An increase in external
debt which does not create social capital, lowers utility in
the efficient case and may lower or raise it in the ineffi-
cient case.

Stein (196%) showed that the mere existence of so-
cial capital and a social rule that a generation may not
consume the social capital or its imputed rent, may produce
efficiency. I+ the competitive solution is initially inef-
ficient and therefore the interest rate is less than the
growth rate, the stock of saocial capital will grow less
rapidly than the labour force. As long as rate of interest
$+alls short of the growth rate, the social capital per
viorker will continue to decline and the rate of interest
viill continue to rise towards the growth rate. It is pos-
sible that social capital will vanish before the realization
of the golden rule. Stein suggested that a sufficient
amount of internal debt may prevent this situation. The ex-
istence of =ocial capital also guarantees that the interest
rate will never 2xceed the growth rate because in that
situation soccial capital per worker will rise and therefare

the interest rate will decline towards the growth rate.
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Samuelson (1975) showed that there exists an in-
finity of social security programmes that can support the
golden rule steady state path. The reason is that any fully
funded increase in sccial capital will drive out an equal
amount of private capital. Therefore the allocation between
social and private capital is a matter ot indifference.

Bowley (1981} has taken the position that the golden
rule is not the only cptimal allocation. All interest rates
greater than or egual toc the growth rate of population are
Pareto efficient by this view as they a3ll maximize some so-
cial vieltare tunction. Therefore the rate of interest is
=2ssentially determined by the government policy. I1f{ govern-
ment does not intervene, there may not be a Pareto cptimal
equilibrium. But if government intervenes by creating debt
and choosing the resulting interest rate, it must also have

chosen the underlying welfare function.

7.4 THE STUDY OF LIFE UNCERTAINTY

In recent years, overlapping generaticns models have
been extended to recognize the fact that human life is un-
certain. Sheshinski and Weiss {(1981) examined the effect of
social security under life uncertainty on the savings behav-
iour of an individual who has a begquest motive. They showed
that, if the level of spocial securitvy is optimally chosen by

the individual, a +ully funded and a pay as you 9o scocial
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security are equivalent in terms of all the real aggregates.
They also showed that, contrary to Barro’s (1274) neutrality
theorem, imposed changes in social security may have real
effects because bequests are not perfect substitutes for ac-
tuarially fair social security bene+its.1 Sheshinski and
Weiss considered lite uncertainty in a limited szense. 1In
their model all the peopie born at the same time have the
same life span.

Karni and Zilcha (i984) considered a 3 period over-
lapping generations model with uncertain lifetimes. In
their model pecple receive fixed income in the first two
periods of life and none in the third pericd. Fiat money is
alsp included in the model in order to aveoid the well known
possibtility of dynamic inefficiency of the type discovered
by Samuelson (1253). The growth rate of population is as-
csumed to be zero. If life insurance and annuities ar2 nct
available, the optimal steady state consumption plan in a
free market results in a zero rate of interest {equal to the
growth rate of population) which,; however, is not Pareto op-

timal because of uncertainty of lite. With actuarially fair

1 Barro (19274) has shown that in the presence of a
bequest motive an increase in government debt has no net-
wealth effect on private capital, the rate of interest or
current and future consumption. The increased tax burden on
the future generations will be offset by an appropriate
change in the level of beguests by the present generations.
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life insurance, people can share the monetary risk of un-
certain life. The optimal steady state consumption plan in
this case also results in a zero rate of interest but the
splution now is Paresto optimal.

Abel (1984b, 1985) considered a two period model in
which survival through the second period is assumed to be
uncertain. Each consumer earns a fixed labour income in the
4irst period and none in the second. Private annuities and
life insurance are not available. In case the individual
dies after the first period, all his/her wealth is distrib-
ut=zd to his/her children but the individual has no bequest
motive. Abel introduced an actuarially fair fully funded
social ss=scurity, the amount of which is chosen by the go-
vernment rather than by the individual. The introduction of
a2 small amount of such social security causes aggregate pri-
vate capital and aggregate national capital to +all. If the
rate of return on capital is equal to the growth rate of
population, aggregate consumption is unaffected by sccial
security. I+ the rate pof return on capital is greater
{less) than the growth rate of population, aggregate con-
sumption will decrease {increase) because of social
security. The intrpoduction of social security also narrows
the inter-cohort distribution of consumption.

Abel then modified the analysis by allowing ac-

tuarially fair privats anruities in the model, which are
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perfect substitutes for actuarially fair social security.

In this case the introduction of social Security has no ef-
tect on the economy. However, the introduction of private
annuities which an individual can choose in the desired
amount has different effects than the social security. I+
the rate of return on capital is equal to the growth rate of
populaticon, the introduction of private annuities will
reduce aggregate consumption of the young generation and in-
crease the aggregate consumption of the old generation.

In a subseguent paper Abel {(1986) considered a
situation in which consumers have different survival prob-
abilities and they can buy actuarially fair private an-
nuities offering different rates of return. A bequest mo-
tive is also assumed to be present. Abel showed that, if
spocial security does not discriminate on the basis of dif-
ferent mortality risks, then the introduction of social
security will narrow the cross sectional distribution o+
consumption and beguests.

Hubbard (1724) also discussed the effect of sccial
security on savings, consumption and welfare in a model in
which life span is certain in the pre-retirement period and
uncertain in the post-retirement period. Wage income, the
individual’'s retirement age and work hours are assumed Lo be
t+ixed. A preduction activity is also included in the model.

Hubbard simulated the effect of social security for a range
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of values for the elasticity of intertemporal substitution
and concluded that, for interest rates greater than the
growth rate of the economy, consumption per head, capital
stock per worker, the savings ratio, output per worker and
the level of welfare will fall and the interest rate will

incra3ase.

7.5 THE IMPLICATICNS OF A BETTER LIFE EXPECTANCY

There are some studies which also discuss the e+-
fects of an increase in life expectancy in an overlapping
generations model. The implications of increased longevity
for an individual’s lifetime allocation behaviour have been
studied by Abel (1984), Sheshinski and Weiss (1%81) and
Skinner {(1785) and we have already discussed these studies
in chapter 2.

Skinner (1985) also discussed the effect of an in-
crease in the probability of survival into the second period
on the aggregate assets-labour supply ratio in the presence
of a beguest motive and the absence ot lite insurance or an-
nuities., Using a consumer expenditure survey for the
B.5.A., he showed that his mode! predicts a very small in-
crease in the assets-labour supply ratio in response to an
increase in life expectancy. The primary reason for the in-
crease in the assets-labour ratio is an increase in the rel-

ative number of older pecple who hold more assets but work
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lesser than the voung. The induced change in assets because
o+ the reallocation of consumption by individuals is negli-
gible. The reason is that an increase in survival probabil-
ity will induce more savings to finance consumption for a
possible longer life, but it will also reduce the need to
save for contingent beguests, the net effect being un-
certain.

In a recent study Sinha (1984) concluded that if ac-
tuarially fsir annuities are available, then in the absence
of a bequest motive an increase in longevity will result in
a3 higher capital-labocur ratio. In Sinha’s model the primary
reason for this result is the decrease in actuarially +fair
rate ot interest on annuities brought about by the increase
in survival rate for the second period of life. This lower
rate ot interest will reduce the incaome from annuities in
the second period of lif=2. Therefore the young generatiocn
~will increase their savings in the first period.

Arthur (1981} discussed the genersl equilibrium ef-
tects of an increase in the survival rats at various points
of the lite herizeon on the welfare of a representative indi-
vidual under the golden rule of accumulation. He concluded
that; given the rate cf interest and the wage rate, an in-
crease in the probability of survival will increase the well
being of an individual, as discussed in chapter 2. However,

an increase in the survival rate during the reproductive
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vyears of lite will also increase the growth rate of popula-
tion. Under the golden rule of accumuliation, this increase
in the growth rate will imply an equal increase in the rate
¥ interest and a decrease in the wage rate. Arthur argued
that in assessing the value of life measured by the increase
in welfare of a representative individual because of an in-
crease in the survival rate, the effect of resulting —hanges
in the rate of interest and the wage rate should also be in-
corporated. But, Arthur did not introduce social capital,
or the like, to enforce the golden rule. Therefore; in
measuring the value of life he did not acknowledge the con-
sequent implications of changes in social capital when the
growth rate of population increases due to ircreased lite

sxpectancy.

7.4 CONCLUDING REMARKS

Overlapping generations models have been widely used
in ditferent areas of economics, specially in the public fi-
nance literature. In the recent past, the framework has
been extended to random li+2 horizon models. The implica-
tions of private life insurance and annuities and social
security have been studied under alternative assumptiaons
regarding the fairness (in actuarial sense) ot such inter-

temporal transasctions.
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There are a few studies which discuss the implica-
tions of changes in the distribution of the random life
horizon. Skinner’s {1985) finding that increases in litfe
expectancy may increase or decrease capital accumulation, is
ot particular interest 4or the present research. The pos-
zibility of a decline in capital accumulation in resporse to
a better life expectancy irn Skinner’'s model, rests on the
assumption that individuals have a strong bequest motive.
They must build up assets for bequests at an early age be-
cause survival in the future is uncertain. In the absence
of contingent beguests, increasing life expectancy cannot
reduce capital! accumulation. In Sinha’s model there i3 no
bequest motive and actuarially fair annuities are available,
A&n increase in longevity in his model resulis in a highesr
capital-labour ratio.

Like many others who have studi=d overlapping gener-
sticns models, Skinner (1985) and Sinha (19868) also used a
two period model for their analyses. As usual, consumption
in the second period is more than earnings. Therefore in-
creasing the survival probability in the second pericd will
induce more savings in the +first pericd.

The two studi=s also assume that all births take
piace in the #first pericd when there is no uncertainty.

This model, theretfore, can not incorporate the effect of a

higher growth rates of population resulting from a mortality
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improvement. On the other hand, this effect is over
emphasized in Arthur’s (1981) analysis of the value of litfe.
Arthur considered only the golden rule steady state. There-
fore unless the mortality improvement effects the growth
rate of population, it has no gensral equilibrium conse-
guences in his aralvsis.

Arthur’s (19381) study does not relate directly to
our research programme as it is confined to the weltfare im-
plications of mortality improvements. But it provides a
suitable framework to study the positive etfects of
mortality variations. In particular, Arthur used & con-
tinuous time overlapping generations model! in which many
gererations co-exist. In the present research we will fol-
low his framework withouvt, haowever, rescrting to the golden
rule of accumulation.

We shall assume that survival is uncertain not only
at an old age but alsp at a middle age when savings are pos-
itive. There are many different types of possible changes
in the life tables which may all result in an equal increase
in 2xpected horizen. But some of these changes are associa-
ted with a higher probsbility of survival to middle age when
arn individual’s savings rate is pesitive, rather than toc ocld
age when the savings rate is negative. Such a mortality im-
provement will carry a positive wealih =2+ffect on an individ-

ual’s allocation decisian and therefore reduce the need +or
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savings. Thus an improvement in lite expectancy may in-
crease or decrease capital accumulation even in the absence
o+ contingent begquests.

The possible effect of mortality improvements on the
grovith rate of population will also be recognized. I+ the
growth rate is =ffected, it will disturb the age distribu-
tion of population. This in turn may also effect economic
variables i+ the behaviour of young and old individuals is
different 4rom one another.

Mow we move to the next chapter where we formulate
the aggregate household model and study the effects o4
mortality improvements on the aggregate capital stock and

the employment of labour.



CHAPTER 8
AN AGGREGATE HOUSEHOLD MODEL AND THE STUDY OF
MORTALITY IMPROVEMENTS WITH FIXED FACTOR PRICES

AND FIXED WORK SCHEDULE OF AN INDIVIDUAL

8.1 INTRODUCTION

The main purpose of this chapter is to prepare some
groundwork for the study of the effects of mortality varia-
tions on the egquilibrium capital-labour ratio, the rate ot
interest and the wage rate. First an aggregate household
rodel is developed. The main concern in this context is to
+orm aggregsate economic variables like consumption, lasbour
supply, sSavings and assets and to relate these ecocnomic ag-
gregates to their economic and demographic determinants.

We will adopt a continuous time framework of an
averlapping generations model with uncertain lifetimes in
the presence of =actuarially fair life insurance and an-
nuities. This framework has also been used by Arthur {(1981)
in his analysis of the valuavof life under the golden rule
o+ zaccumulaticn. We follow his framework without, however,
resort to the golden rulese assumption which he employed. in
other weords, we will consider only the competitive equi-

librium for our analysis as in Diamond’s (1245) model. The
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benefit of adopting a continuous time framework is that it
allows to study the implications of mortality improvements
which are caused by an increase in survival rates at
alternative points of the li+e horizon.

A simplified version of a general eguilibrium model
iz considered which 1s based on aggregate household beshav-
ipur and a production activity. It is assumed that the pro-
duction functicn relating output to the two factor inputs,

capital and labour is linear in each of the two factor in-

puts. This assumpticn implies that both the rate of inter-
est and the wage rate are constant (in terms of output) and
given by technology. With technologically given +actor
prices, the levels of the two factor inputs are $ully supply
determined. Thus the analysis in this chapter focuses =s-
sentially on the household model.

Another putcome of the linear production function is
that the capital and labour markets are isolated from each
other. Therefore one can study each of these two markets
separately without reference to the ather.

The analysis 1s further simplified by assuming that
an individual’s work schedule is fixed. This is the conven-
tional! assumption in the literature on overlapping genera-
tions models {(See, for example, Diamond (1965}, Skinner
(1935) and Willis (1285)). This assumption will be carried

over to the next chapter where we will consider a neo-
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classical linear homogenecous production functicn and discuss
the effects of mortality improvements on the equilibrium
capital-lasbour ratio, the rate of interest and the wage
rate. This assumptiocn will be relaxed, however, in chapter
10 where we explore the effects of martality improvements in
the framework of a perfectly #lexible work-leisure choice
decision. This step by step build-up of the analysis will
help us to understand the complex nature of our results.

The =f+ects ot small increases in survival rates at
various points of the life cycle on the employment of the
two factor inputs are then studied. Because of the assumed
technology, which implies that the two factor prices are
f+ixed, the eftects of these mortality improvements on
household assets and labauf supply are fully realized in the
respective markets and therefore represent the actual
changes in the employment of the two factor inputs. 1In
cther words;, the effects of mortality improvements on the
household decision can be studied in isolation from the rest

of the economy.

8.2 AN INDIVIDUAL'S LIFE CYCLE MODEL WITH ACTUARIALLY FAIR
LIFE INSURANCE AND ANNUITIES
The individual’s life cycle model with an endogencus
wark-leisure choice has been discussed in chapters 3 and 4.

The results ot these chapters will be used in cur more gen-



page 284

eral model to be considered in chapter 10. But in the pres-
ent chapter we need a simplified version of the life cycle
model in which the individual's wiork schedule is +ixed. 1In
all other respects, the life cycle model considered in this
chapter will ke similar to the one discussed in chapters 3
and 4.

As befors, we assume that actuarially +air life in-
surance a2nd annuities are available. We must emphasize at
this point that this assumption is crucial for the general
equilibrium analysis under uncertain lifetimes. I+ risk
pooling on an actuarially fair basis is not assumed, we must
allow involuntary intergenerational transtfers because at the
time of death an individual may be holding positive net
wealth., The presence of such random involuntary transfers
reguires a2 detailed consideration of the distributional im-
plications of life uncertainty. Although we are not typi-
cally interested in this aspect of life uncertainty, a good
discussion on this subject can be found in Desai and Shah
(1221). A convenient way to bypass this issue is to assume
that there exists a perfect insurance market. With a per-
tect insurance market, at the time of death, the net assets
o+ an individual {(positive or negative) are egually distrib-
uted among all the members of his/her cohort as a part of

agreement.
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An alternative approach would be to assume that
life insurance and annuities do not exist and at the time of
death, all the assets of an individual {(which cannot be neg-
ative) are passed on to his/her offspring. But under this
assumpticn, as Abel (1984, 17235) has shown, individuals
receive different levels of inheritance, depending on the
lite spans aof their parents and +orefathers. While it is
easy to trace such family history in Abel’s two period
model, this exercise is not possible in our continuous time
moda2l in which many generations co-exist. Besides, in pur
framework it is not possible to identify any individual with
his/her parents or children.

Another approach could bs to assume that assets of a
deceased individual are passed on to worthy institutions by
the will of the deceased. This approach also seems to
result in complications in ocur model. Therefore, to avoid
211 the issues relating to the distributional implications
cf li+e uncertainty, we assume that a pertect insurance
market 2xists through which individuals pool the monetary
risi: of uncertain lifetimes.

Under the circumstances considered, the life cycle
allocation problem of an individual is to maximize the

lifetime utility function:

T

o

i op(x) ulctix)) dux (B.2:1)
0
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subject to the lifetime budget constraint:

-rx

I e pix) [wix)hi{x) - ci{x}1 dx 2 C {8.2.2)

0

where, we have assumed, as betfore, that the lifetime utility
function is additively separable among age related sub-
vtility functions, ufci{x}?). As usual, the utility function
ufcix)) is assumed to be strictly increasing and concave in
ci{x}. Therefore uvw’i{cix)) > 0 and u"i{c(x)) < 0. It is also

assumed that u’(cix))} = a,

ci{x)=0

The maximizing conditions for this problem are:

rx

u'lctix)) - e i {eib)) = 0, and (3.2.3)
i e "™ pix) Iwixdhix) - ci(x)1 dx = 0O (38.2.4)
(3]

The solution for ci{x} can be expressed in terms of the fol-

lowing continuously differentiable function.

ci{x) = cix, Py, ry W) {8.2.9)

wherz, P and W represents respectively the entire age paths
of survival probabilities, pi{z}: 0 1 x ¢ T and wage rates,
wix), 0 ¢ %2 ¢ T. Throughout this chapter, we will assume

that the individual’s werk schedule , hix), is fixed and we
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have, theretore, suppressed it from the function (8.2.35).
This has been done to keep the notation consistent with that
in chapter 10, where the labour supply schedule is
endogenous and therefore not an independent argument in the
consumption demand function.

Th2 age profile of consumption can be obtained by
diftferentiating eguation (8.2.3) with respect to x. The

result is:

cix) = - r [u’tctix))/uti{cix))] (3.2.6)

Since v*{cix}) i=s positive and u®{c{x)) is negative, con-
sumption i3 increasing with age, provided the rate of inter-
est is positive,

We can now discuss the savings behaviour of the in-
dividual in this simple mecdel. First, consider the narrow
measure of savings, Ji{x). The solution for ¢{x) can be in-

ferred from the solution for ci{x), given by {(8.2.5}), as fol-

lows.
1{x) = m(x) - ci{=, P, r, W?

= gix, P, ry W) {(8.2.7)
where, mix) = wixlhi{x) is the labour income schedule.

Similarly, the age protile of the savings schedule,

7{x}, can be obtained by using {(8.2.46), as follows.
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i) = mix) - c{x) (8.2.8)

The lifetime budget constraint (8.2.4) implies that savinas
must be positive at scome ages and negative at others {(sxzept
in the trivial case! 7{x) = 0 for all x}. To determine the
age pattern of zmavings, we must aliso know the age path of
iabour 1ncome, mix). It is assumed that work hours and wage
schedules follows the same age paths as the ones obtained in
chapter 2. Therefore labour inccme 1S incoreasing in age up
to some point and decreasing thersafter, sventually becocming
zerc towsrds the ond pf life horizon.

The age nrofiles o the schedules mix), cix) and
si%) are displaved in figure 8.2.1{al. During the early
vears of life up Lo age Xy the savings rate 1s assumed to
he negative {although 1t could be positive as well, depend-
ing on the rate of interest and the labour income pattarn).
Buring the wmiddle vears cf lit+s, between zqe Xy and age x*,
the savings rate is positive. Finally, during the later

*, the savings rate i3 a9ain nega-

vaars of life, after age x
tive. The retirement age at which lzbour income becomes
zern, is marked =,

Next, consider the broad measure of savings, sixl,

and asset heolding, ai{xl. According to our analysis in chap-

rar Z, w2 can prite bthese two schedules as follows!:



page 289

Figure €.2.1 The Age Profiles of Labour Income, Consump-

tion, the Two Measures of Savings and Assets

Wwith a Fixed Work Schedule

earnings,
consumption
and savings

(a) c(x)

assets

(b a0

0] T age




six) = [e Fipted1 § e pityr sty) dy {8.2.9)
O
six) = s{x} + [r ¥ {gixi/pi{x)3] ai{x? (8.2.440

The ace preo+iles o+ the schedules si{x] and 2{x) are dis-

niaved in figures 3.2.142a) arnd 2.2.11b) respectivaly.

Let us now study

the =2f+ect o+ a small incresse in

.

the preobability 2F survival to a specitic age, say %', oan

the lite coycle patterns of consumption and mavings. The

results of this exercise

plicaticns of mortality

will be useful to study thes im-

improvements +or the aggregate eco-

nomic Sehavicur. Differentiating Lhe maximiziang conditions

(8.2.3) and 8.2.4) wmith

regspect o pix"Y, we can write:

.~ . -r PP 2 P I P s
iy /ipivt) = @ TulefOrd/u?icixi Yl c{Gr2ipia”,
(2.2.1 0
T -
R . -rxn . S
e nlx) L[3cix)/3pix"y] dx = o | sl=) (2.2.12;
8

Substituting for 3ci{x)fIpix*) from equation {(8.2.11} 1nto

thas terms, «@e obtain:

ety DLsut ey d

15.2,127 and rearranging
- »
e -
IClGy S3ipiv Ty o=
T
7
, -2rx
-
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Finally, substitutinag for c{(0}/3pi{x") from this =qguation

back into equation (3.2.11); we pbtain the desired result:

el g4

2 T1/u{c(=+31 o 7% stx®)
Soixd siptx ) o= — (8,2, 13}
T
! 9‘27‘?«

G

pl:yfisu™icint ] dx

Since utici{x)) is negative ror ali «, this deriva-
tive will be positive {negative) $or ail x 214 7{x"} is posi-
tive {(nega*ivel., Therefore with an increase 1n the prob-
abilit,y of survival to an age beatwesn Ty and x* {below “y or
above 7)) when the savings rate, 1{x}, is positive (nega-
tival, consumpitieon at =211 the ases will increase (decrease).
This rzsult can be suplained in Lhe ssme manner 35 in chap-
ter 2 and ihsredcre therse (s no need to repeat the argument.

Mzwy, considss the =244sct gn Lthe sSavings scheduls,
nce 2ix) = mix! - o{x) and mix) i3 given exdgenpus-
vy the effect of an increase in the probability of survival

te aze ¥ on th

it

zavings scheduls can be inferred from

L2.13) as ftollows:

- 2 T llfgticterrl o oe 7 yix;
8-{wy fiplatt = (8.2.14:
T =
voe T 7 phyli/uticixy o dx
5

Therefore in response toc an increase in the probability of

survival o an 29 S=stween ¥, and s {beiow <., pr abowve ¢*}
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vihen the savings rate, gi{x), is positive inegativei), the in-
dividual will decrease (incresse! savings in all the periods
of life.

This completes our discussion ot the lite cycle al-

Iocation bekaviour of an individusl.

5.3 THE CHARACTERIZTICS 0OF A STABLE POPULATION

In this section we will discuss the dynamics of pop-
slation and other demographic variables under the assumption
that populaticn i1s stable. The population is called stable

if the zg=

U

pecific rates of reproduction and mortality and

the normatiized age disteribution of population ars a3il co

bt

y -

izt

panr

stant over time (Lobtka (19354)). This assumpticn 1s imp
*1f not explicit} in ail! studiszs which assume a constant
srowth rakz of populabtion.

Let Bl{ty, D{t}: and N{t}) be the size of births,

d2zths and population respectively in period %, Livew:s

i

¥

et BiL, 3, Dlt,u; and Mit,«) denote respectively the number
ot births by tne population aged =, deaths in the populaticn

zmad % and the size 24 the propulation aged 2 in period t.

T+ the populatiscn is stable, we can write

Bit, « /N, Y = Do) (2,2.11
Dl owi/Bit-=z) = gix} (2, 3.2%
Mon oMLY = on{w (2.3.2)
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That is, the age specific rates of reproduction, the age
specific death rates and the age distribution of population

are constant oves time, With 7 being these upper bound on

age, the +folliowking reiation holds:

In other word, the size of aged = population in period t is
egual to the sum of future ideaths ot that population. or,
the size of zged « pecpulation in period t 13 equal to the
number of births in pericd t-% minus tne past deaths of
thozse bora in peripd t-x., Dividing through by the number of
Rirths in peciod t-w%, the above relation can be written as
ol laws

T
Mit,x)/B{t-2) = ) gly! dv = 1 -  g(y) dy

£ O
Because of the assumption that the age specific dzath rcates

are constant cver timz, we have draopped the time wvariasbise

wbhinh would otherwise appesar in Ythe dsath ratss, gisi.
Motice foo that the ratic Mit,n) /B{:-x} 15 the sur-
viwval rate fgr age # cul oF the total born. The above r=la-

& specitic survival rates are a:isc con-

Ly}

stant in 2 stable copulatiaon. Thersiore we can wrhits



T ®

pix) = 7 givy) dv = 1 - { gly) dy (8.3.4)
# O

shers,

plwd = MIt,x}y/Brb-u: (3, 2.5)

It may be recalled thar at the peginning ot chapter

3 w2 assumed that an individusal living in a sizable popula-

*ion of identicail members can calculate the probability dis-
P

tributian of his/her lite. Berausses of this assumpltior we do

not distinguish betueen the prokability of death at ags x
pgerosived at 3ge O and hthe actual death rate at age x out of

the total born in that age group. That 15 why we have uzed
the svymbnl gt to repressnt ooth the probability of death

gnd *he actval death rate. For the same reascn; tne symbol

nixt denotes both the praobability of survival through age <
znd *the2 actual survival rate throuagh age x.

We can show Lhat under the assumption of 3 stable
pepuliztion, the numbee of births and the number of deaths
are aroportional to the size of populatbion, The nunber of

Births 1n period * csn be written as
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Bi(t) = b N(t) {8.3.48)
where,
T >
b = [ bix) nix) dx (8.3.7)
0

Likewise, the rnumber of deaths in peripcd t can be written as

T
Dit) = [ Dit,x) dx =
0
k 4
= N(t) " [D(t,x)/Blt-x)1IM{t,x)/MN(t)1/IN(t, %) /Blt-x)dx]
0
Or,
D(t) = d MN{t) {2.3.2)
vhere,
T
d = [ [gixdnix)/pi{x)] dx (2.3.9)
0

Obviously, the growth rate of population which is,

IB(t} - D(t)I/N(t) =b - d,

is constant over time. Since the number of births and
deaths are propertional to the size of population, these
also grow at the constant rate at which the population is

growiing. Let us denote the growth rate by 3.
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Mow we can relate the growth rate ot population with
the rates of survival and reproduction. Births in period t
can alsoc be written as follows:

T T
Bit) = [ Btt,x) dx = [ B(t-x) pix) bix) dx

] 0

With g being the constant growth rate of population, we can
write B(t) = e3% B(0) and B(t-x) = «3'*™*) B(o). Dividing
B(t-x) by Bi{t) we can write: Bi{t-x)}/B(t) = e 3% or Blt-x} =
e 9% B(b). Thus, dividing both sides of the above sguation
by B{t), we obtain
T

i e pxy bix) dx =1 e
O

This is an implicit function which shows how the growth rate
aof population depends on the age path of survival rates P
and the age path of rsproduction rates b. The partial

derivative of this function with respect to g is

T

- I x e 3% ptx) bix) dx
0

vihich is non-zero. Therefore we can soive for 3 as a func-

tion of P and b. Let us write this function as

3 = 3P, b} (8.3.11)
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The effects of variations in survival and reproduc-

tion rates on the arowth rate of population are then as fol-

lows:
T -1 o,
I e 9% bix) dpix) dx
0
9p dP = (8.3.12)
T
I x 279% pix) bix) dx
0
T —
I @79% ptx) dbix) dx
gP db = {8.3: 13}

jFx e 3% pix) bix) dx

0
Eguation (8.3.12) says that the growth rate of peopulation
will increase if¥ the survival rates incresse +for those per-
inds of lif=e when the rate ct reproduction is positive.
Similarly eguaticn (2.3.132) shows that the effect of an in-
crease in the rates of reproduction on the growth rate o+

pepulaticon is positive.

8.4 AN AGGREGATE HOUSEHOLD MODEL

In section 2.2 we have discussed the life cycle al-
location behaviour of an individual. Now we can aggregate
the household behaviour over the entire society in which

many generations co-sxist., It i1s assumed that all the mem-
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bers of the socciety have identical preferences. We 2lso as-
sume that the =sconomy is on a steady state path and there-
fore the rate pf interest and the age specific wage rates
are constant ogver time. Since all the individuals face the
identical distribution of life, their expected lifetime
iabour income is also identical.

Under these circumstances the age specitic rates ot
consumpticn wiill also be constant over time. Therefore ag-

gregate consumpticn in pericd t can be written as

T T
Ctty = [ Nit,x) cix) dx = [ Blt-x) pix) cix) dx
0 0
or ,
Cit) = Bit) [ e 3 pix) ctx) dx (2.4.1)

o

Similarly, aggregate labour supply in period t can be writ-
ten as follows:
Hit) = Bit) [ e 3% pix) ji(x) hix) dx (8.4.2)
9]
The function ji{x) which measures the age produc-
tivity of labour, translates an actual unit of labour into
an ‘effective unit’, With the normalization j(0) = 1, the

functian j{x) transforms the worlk hours at age x in the
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eguivalent hours of work at age 0. We assume that work is
rewarded according to effective units, not actual units of
labour. Therefore, i1+ w is the wage rate for a unit of
labour at age 0, the wage rate for an actual unit of labour
{or, jix) 'effective units’ of labour) a2t age x will be
wijlx). That is, the wage rate for an actual unit of labour

at age x, wi{x), can be written as

wlx) = w jlx) {3.4.3)

It may be noted that wi{x) is to be interpreted as
the same wage rate schedule which we used in our individu-
alistic model in section 8.2. HNotice that the age protile
of wage rate is proportional to the age protile of produc-
tivity function, j{x). Thus, if work is rewarded according
to effective units pof labour, the ags path of jix) can be
inferred 4rom the zge path of wage rate. Thus pur assump-
tion in chapter 3 (which is also carried over to section
2,2 that wage rates is increasing with age at a diminishing
rate up to some ase and decreasing thereafter; impliss a
similar age pattern of productivity function, jix).

Mext, we find the relationship between aggregate
labour income and aggregate labour supply. Aggregate labour
income at tims t, M{t) can be obtained by adding labour in-
cocmes of 2!l the individuals of different ages at time t.

That is,
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1
Mit) = B(t) { e 9% pix) mix) dx (3.4.4)
0

Or, substituting mi{x) = wi{x) hix) = w ji{x) hi{x), we can
virite aggregate labour income in terms of aggregate iabour
supply as +ollows:

T—
Mit) = w B(t) | e 3% ptx) jix) hix) dx = w H{t)

G

Mow we can write the two measures of aggregate

savings., The narrow measure, L{t), is detined as the excass
of aggregate labour income, M{t), over aggregate consump-

tion, Ctt). That is,
T{E) = M(t) - C(t) (S.49.5)

Substituting for M{t) and Ci{t) 4rom equations (8.4.1) and
{8.4.4) respectively and recalling that mi{x) - cix) = gix),
we can sxpress aggreqgate savings, I{t), as the sum of indi-
vidual savings over all the members of the scciety. That

is,

o~

Tty = B(t) [ e 3 plx) gix) dx (2.4.4)

D) =
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Next consider the broad measure of savings, S{t).
These savings can be defined as the net rate of increase in

aggregate assets. Therefore we can write
Sty = dAlt)/dt {8.4.7)

where, Alt) denotes the stock of aggregate assets in period
t, defined as +ollows:
T

Att) = Btt) | e 3% pix) atx) dx (3.4.8)
0

Or, substituting for ai{x! from equation (3.2.9)

T %
Aty = Bty [ eT7IX [ oTY oiyd gty) dy dx (2.4.9)
0 O

Since births, B{t) grow at a constant rate g, it follows
+rom (8.4.7) and (8.4.8) that the broad measure of agaregate

savings, S{t) can be written as
Sttty = g At} (3.4.10)

To #urther 2lucidate the broad concept of savings we
now develop an accounting relationship between the narrow
measure of savings, Li{t) and ass=sts, Alt). This relations-
hip will also be usetul to study the effects of mortality

improvemants on aggregate capital stock in section 8.4. The
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aggreqgate savings, Ilt), defined by (8.4.6) can be written
as follows.
T

T(t) = Btt) [ e ™% pix) gix) 27 X 4y (5.4.11)
0

{r-gl)x

It is convenient to write = in the following form:

-
e(r—g)x = - t{r-g) | e(r—g)y dy + e(r—g)T
X

Substituting this relation in equation (8.4.11), we obtain

T _ ¥ oo
Ttt) = - (r-g) Bit) J e ™% pix) gtx) | "3 dy dx
O X

T
{ =

+ " VT gy p e pix) gix) dx (8.4.12)

i
8]
The second term in the above expression is equal to zero be-
cause of the lifetime budget constraint ot the individual
(See esguation (2.2.4)), Theretfore, with a change in the or-
der of integration, equaticn (8.4.12) becomes.

T

X
Tthy = (g-r) Bty [ e TTIE TPV iy siy) dy dx (3.4.13)
o 0

Or, using {8.4.9), we obtain our desirsd result:

I{tY = (g-r) A(L) (8.4.1%)



page 303

This leads us to the following well known relationship be-

tween savings and assets:

Theorem S.4.1:
I+ aggregate assests, A(l), are positive (nega-
tive) then the narrow measure of aggregate savings,
Z{t), will be positive (negative) in the case g > r

and non-positive {(naon-negative) in the g ¢ r.

The caze g > r has come toc be known as the “inef+fi-
cient’ case while g £ r is known as the ‘efficient’ case
{See, for example, Gale (1973), Shell {(1971) and Starrett
(127223}. The above relationship betwesn savings and assets
has besn established by Gale (1973) for an exchange econaomy
and by Willis (1925} for a production economy under certain
lifetimes. Motice that this classification of competitive
egquilibrium is bas=d on the asssumption of given tastes and
technology. In the context of life uncertainty tastes aliso
include survival probabilities since the lifetime utility
tuncticn of arn individual has been oibtained by integrating
age r=lated utility rates weighted by the survival probabil-
ities over the entire life horizon. Later in this chapter
we will be interested in the implications of mortality im-
provements for the classiticaticon of competitive equilibrium

as efficient or inefficient. Since maortality improvements
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will also change the utility function, these implications
should not be taken as normative consequences of mortality
improvements.

Combining {2.4.10) and (2.4.14) we can also write

the bropad measure o+ aggregate savings, S(t), as +follows.

Stt) = L{t) + r ALY (8.4.195)

This relationship amon3 the two measures of savings and as-

sets implies the following result,

Theorem 8.4.2:

The effect of extra interest income (or costs)
resulting from actuarially +fair lite insurance and an-
nuiti=es which was present in the individual’'s savings
schedule, s{x), disappears from the corresponding ag-

gregate measure of savings, Si{t}.

It may be recalled From chapter 3 (=2guation (3.4.7})})
that the broad measure of =avings for an individual includes
2xtra interest income from assets dus to the actuarially
+3ir rate gf interest. The ftact that this ettect disappears
from the aggregate broad measure of savings is exactly what
aone would sxpect if the lite insurance and annuities are ac-
tuzarially fair. To further explain this point, we express

aggregate savings, S5{t}, in terms of the individual savings



page 305

schedule, si{x). Theretore, we substitute for IZ{(t) and A(t)
from equations (8.4.6) and (2.4.8) respectively into equa-
tion (2.4.15). The result is

T
Sttty = Bit) [ e 3% pix) [s5(x) + r atx)1 dx
)

Since six) = gi{x) + [r + gix)/pi{x)] ai{x), the above expres-
sion can ke written in terms of si{x) as {follows:

T
Stt) = Bit) | e 3% pix) Isix) - {gix)/pix)laix)] dx

0

If a{x) is positive; then the term {gi{x)/pix)lalx)

can be interpreted ss the per capita expenditure on in-
surance premium by people aged x. The full amount of this
insurance premium is paid, however, only by those who die at
age . ESince this is an expenditure item, it will cause per
capita savings cof people aged x to be reduced by the amount
{gl=«)/pix)taix). This is alsc exactly the amount the in-
surance companies distribute as an extra per capita interest
income to people aged 2. The full amount of this interest
income 1s distributed among those who survive to age x.
Theretore the extra interest income of the survivors is 2x-
actlv ofts=et by the payment ot insurance premiums by those
who died at age =x. I+, orn the other hand, alx) is negative

ther the term {gi{x)/pi{x)iaix} constitutes an extra per
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capita income for peaple aged % because it is their
liability tp the insurance companies which will not be paid.
Accordingly, per capita savings of the people aged x will
increase by the amount -{gi{x)/pi{xilaix). With a{x) being
negative, the extra interest costs by the survivors in this
case are 2xactly offset by the unpaid liabilities of the
dead.

At this point we can also confirm the fact that in-
surance companies 4o not earn any profits. Consider the
balance sheet of the insurance compani=2s. The cost of in-
terest payments by insurances companies in periocd t is

"
Bit) | @ 9% ptx) Ir + {gix)/pix)?laix) dx

The interest income= on capital held by insurance companies

T T
r Bit) [ e 3% pix) atx) dx = B(t) [ e '® pix) r atx) dx
0 0

Finally, the income from insurance premiums 1S

P T
Btt) [ e F¥gixlaix) dx = Bit) | e Fpix)Igix)/pix)laix) dx
0 )

It is ocbvious that sum of these two sources of income is

=qual to the cost of interest payments. Therefore insurance
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companies earn no profits {(positive or negative) and serve
only as an intermediary between households and the ultimate
users of capital, that is, +firms.

Let us now see2 what factors determine the levels of
the aggregate varisbles consumption, labour supply, savings
and assets. The individual consumption and savings schedul-
2s, that is, cix) and 7{x} have been shown to be the func-
tions of age, the age path of survival probabilities, the
interest rate and the age path of wage rates. These func-
tions, given by (8.2.5) and (8.2.7) respectively, are

reproduced below:

clx) = clx, Py, ry, W)
lxw) = gtx, P, ry; W)
T

he age path of wags rates, W, appearing in these functions

can be written as follouws:

where, Ww i3 the wage rate for a unit of lakbour at a3ge zero
and ] represents the entire age path of the age productivity
parametars jly)} ¢ 0 ¢ yv ¢ 7. Throughout the 2nalysis we as-
sume that the azge productivity function, jix), is +ixed.

Therefora, ws suppress it from the above two functions,

vihich can rnow be written as:
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Substituting these two functions into the ap-
propriate places, we can write the aggregate variables with

all their arguments as follows.

-
Ctt) = B(t) | e 3% plx) ctx, P, r, w dx (8.4.16)
0
T -
Hit) = B(t) | e 3% pix) jix) hix) dx (8.4.17)
J
0
T - ~;
Ttt) = B(t) ["e 77 pi{x) six, P, r, w) dx (3.4.13)
0
¥ otpemig T~
Alt) = Bit) (e "X 1 27T piy) siy,Pyr,w) dy dx  (3.4.15)
)
V tr-gix -y
Sit) = g Btt) j e " I* | 7Y piy) sly,P,r,w) dy dx

0 0
(3.4.20})
Motice that all these aggregate variables depend on
time only througsh a factor of proportionality B{t), current
tirths, which grows at a constant rate, 9. Therefore all
the aggregates grow at a common constant rate, g, an outcome

ot the assumption of steady state. With normalization by
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the current births, the above functions can be written in

the following compact form.

b
1]

Clg, P, r, w . (3.4.21)
H = Hig, P (3.4.22)
T =Ttg, P, r, W) (8.4.23)
§ = 8(g, P, r, w (2.4.24)
A= Alg. Py, r, w (3.4.25)

vihere, ~ indicates that the variable has been divided by the

number of current births, Bi(t).

8.5 A FEASIBLE COMPETITIVE SOLUTION

First we assume that the production function +or a
single good, which can be consumsd or used as capital, is
linear in esach of the two inputs, capital and labour. Under
the assumed competitive conditions, the rate of intersst and
the vage rate are eguated to the marginal products of capi-
tal and labour respectively. Since, with a linear produc-
ticon function, both marginal! products are constant, the rate
of interest and the wage rate are also constant, given by
the technoclogy. Let us call the fixed rate of interest and
the fixed wage rate as r and w respectively. Under

these circumstances we can write the production function as
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Y =r K+ wH {3.5.1)

Consequently, profits of the firms (Y - r K - w H) are
identically equal to zero irrespective of the levels of cap-
ital and labour employed. In other words, the firms are
willing +to employ as much capital and labour as available in
the market. Thus, the level of =smployment of the twd fac-
tors are completely determined by their respective supplies.
The supply of labour is independent of the rate of
interest and the wage rate while the supply pof assets
depends on the two factor prices. The equilibrium levels of
labour and capital, normalized by the number ot current

births, are given as follows.

H = Htg, P (3.5.2)
A = Alg, P, 7, W (2.5.3)

The solution is illustrated in figures 8.5.1(a) and
3.5.1(b). Motice that in figure 3.5.1(b) we have assumed
that the assets supply function responds positively to the
rate of interest. But; with a heorizontal demand function
for capital, this assumption is not vital for the analysis.
In any event, in the next chapter we discuss the possible

slope of this function.
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Figure 8.5.1 Equilibrium in the Labour and Assets Markets

with Fixed Wage Rat= and Rate of Interest

wage ~
rate H(g, P)
(a)
W
0 hours of labour
interest
rate
3(2, P, r, W)
(b) /
= /

1
0 g(q, P, T, W) assets
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This completely describes the nature ot general
equilibrium for the simple sconomy under consideration. We
ar2 now ready to study the implications of mortality im-
provements in this economy. This analysis is conducted in

the neut section.

8.6 GENMERAL EGQUILIBRIUM EFFECTS OF MORTALITY IMPROVEMENTS
In this section we discuss the effects of increased
lite expectancy on the aggrsgate capital stock ard aggregate
l1abour. This mill! be done by introducing a small change in
the survival rate {or, survival probability) at a specitic
2ge, say %' and calculating its effect on aggregate assets
and labour supply. Then, we will study how this effect
depends on the age aﬁ which the survival rate is assumed to
incresse. Since in the present model the equilibrium lsvels
of capital and labour are fully determined by their respec-
tive supplies, the resulting change in the supply of assets
and labour will represent the =+fect of the mortality im-
provement on the egquilibrium levels ot capital and labour

respectively.

2.6.1 The Effects of Mortality Improvements on Capital
Stock
To +ind the eff=ct of an increase in the survival

rate at age x" on the equilibrium lev=l of capital stock, we
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need to differentiate the function A = Alg, P, P, W)

with respect to pix"). But, +irst recall +rom ssction 5.3
that the growth rate of population, g, can be expressed in
term of more basic variables, namesly the age path of sur-
vival rates and the age path of reproduction rates, by the

following function:®
9 = 3(P, b) {8.5.1}

Substituting this function into the eqgquilibrium level of

capital stock, we can write

A = A(gtP,b), P, 7, @) (8.6.2)

The derivative of this +unction with respect to

p{x*) can be written as follows.

)
N

dA/dp(x") = 3A/3ptx*) *+ [3A/3g1 [3g9/3pix*)] (

Thus, the full e+fect of an increase in the survival rate at
age x" on the capital stock can ke split into two parts.

The +irst part in eguation {(8.6.3), 53!3p(x’), can be
referred to as the pure economic e+fect of an increase in
the survival rate, as will later become obvious. The second
rart, {35/391{39/3p(x’)], represents a pure demographic
effect, It measures the change in capital stock resulting

purely from the shi+t in the growth rate of population in-
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duced by the increase in survival rate. We will discuss

these two effects on2 by one.

8.6.2 The Ecornomic Effect on the Capital Stock

To evaluate this effect, given by the derivative
Balap(x'), consider the relationship between savings and
assets given by (8.4.14) which implies that for g £ ry a =

E/(g-r). Therefore, for g9 £ r, we can write
Salap(x’) = tailap(x‘)lltg—r) (8.6.4)

A l.
Differentiating £ = [ e 3% pix) gix) dx
0

vith respect to pix*), we obtain
T

aL/3pix) = e T six*) + { e 9% pix) [agix)/apix)1 dx
0

{8.86.3)

We know that at age X, and age x*, gi{x) = 0. We
also know by equation (8.2.14) that [3¢({x)/3pix")1 = O for
all =%, i¥ gix*) = 0. Therefore, egquation (8.6.5) implies
that at x* = Xy and x* = x*, the derivative aiiap(x') is
equal to zero. This in turn implies, according to equation
(8.6.4), that Ba/ap(x') is equal to zern. For other

values of x°, consider the second part in equation (8.46.5).

Dividing and multiplying by
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T
£ ks pix) [3g{x}/3p{x")] dx, we can write this term as:
2

-
f @73% pix) [3g(x)/3pix")1 dx =

-

. T
el I XM X g Lagix) Z3pix*r1dx [ e T¥pix)L3g(x) /3pix") Idx
0 o)

=
£ e ™ pix) [agix)/3pix™)1 dx

e ptx) [3gi(x)/3pix™)1 dx (8.6.4)

(r-gix

vihere, we use the notaticn e tor the weighted average

{r-gl)x
3

of the variable e defined below.

.
felP™3Mx oTPX Livy Lagix) /3p(x*) 1 dx
0

e'\T-9)x _

{8.6.7)

"
i e T pix) [agix)/3pix*)1 dx

0
Motice from sguation {(82.2.14) that the derivative
dgix}/3pix") depends on the age %' only through a factor of
proparticnality, e "% g(x"). This factor cancels out from
the numerator and the dencminator of the weighted average
dat+ined sbove. Therefore this weighted average is independ-
ent aof ', the age at which the survival rate is assumed to

increase.
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Using equation {8.2.12) and noting that 3ci{xi/3p(x™}
= -3ci{x)/3Ppix*), we can also write equation (B.6.48) as

{ e™9% pix) [3ix)/3pix*)] dx = - @ " 91X gPxXT L4 0

Substituting this result in equation (2.6.35), we obtain

AT/3pixt) = @ I gix*) - elNTIIX TPXT Ly

A

Or, 3T/3pix") = e rx" gix") [e(r—g)x‘ _ e(r-g)x]

Substituting this result in equation (8.6.4) yields

M) = e ™% six LTI X (rogiy - (TR r-gi 1

(8.6.8)

The above expression has been derived for g £ r.
For g = r, we can take its limit as g9 approaches towards r.

Applying L'’Hospital Ruls, the result is found to be as +ol-

lovwis:

A/Ip(x") = e "% J(x*)Ix - x*1 (8.6.9)
where, x is the weighted average of x obtained by applying
the same weighting scheme as used in (8.&.7).

The derivatives given by (8.&6.8) and {(5.6.%) have
been evaluated for a specific age, x°'. Replacing this

specific age by the age index, %, we can express these
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derivatives as functions of the age at which the survival

rate is assumed to increase. Theretfors, we can wWwrite
2873pi(x") = e "% 5tx) [Z - zix)1 (8.6.10)

vhere,

= e(r—g)x

z /{r-g) tor g £ r
{(8.6.11)

= x for g =r

zix) = e "™ %,(r_g) for g £r
{2.6.12)

= ¥ tor g = r

To determine the age pattern of the derivative
aK/ap<x'>, we first determine the age path of the function

z{x). The slope and curvature of this function are as +fol-

lows.
7(x) = eP7IX » g for g £ r
{(2.6.13)
=1 > O for g = r
Ztx) = {r - 3) e(r—g)x 0 for g > p
> O for g { r (8.48.14)
=0 for g = r

Mext, since z is the weighted average of the vari-
able z{x), the latter being monotonic in x, the value of z

must lie scmewhere kbetween z(0) and z{(T}. Although it is
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*

possible to have z ¢ zi(x,) pr z > z(x) under certain

*

age patters ot savings, for the detailed study we will con-

) ¢z & ozixTy.

cantrate only on the more likely case z(x*
However the general characteristics of ocur results are not
dependent on this assunption (see fooinote 2 of this chap-
ter).

The sge pattern ot the derivative azlap(x‘) can be
gstudied with the help of a diagram. In part {(a) of figure
8.46.,! are drawn the age paths of the twn functions e ™% 5ix
and = - z{x). The function z - z(x) has been drawn under
the assumption: g9 < r. If g > r, the function z - zix) will
be cenvex and with g = r, it will be linear. Multiplving

the height nf the two functions Z - z{x) and e ' >

3{x2, we
obtain the age path of the derivative aﬁzap<x°) in part ()
ot the figure, This age nath summarizes the main resuli ot

this chapter.

1 The age x, at which individuals start consuming
less than current labour income, is expected to come guite
early in life. On the cther hand, the age = at which indi-
viduals start censuming mere than current labour income, s
axpected to come later in lite, a few vears before ratire-
ment, Therefore it seems more likely that the wmeighted

average z will lie somewhers between z(x*) and zixg ).
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Figure B8.468.1 The Age Pattern ct the Ecaonomic Effect ot an
Increase in Survival Rates on Aggresate Assels

e TX o (%),

z - z(x)
(ad
T age
AN
:
2 A/3p(x) |
{b) —
NN
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Theorem 8.4.1:

I+ the individual’s savings schedule follows a
hump shaped age path, an increase in survival rates at
a2 young sge (below age x*) or at the later part ot
middle age (bestweszn the ages ¥ and x§i 111 result 1n
g decreas2 in the capital stock, where ¥ 1= the ag=
suchk thst 32 = z{%). On the cther hand, an increase in
survival rates at the esariier part ot the niddie age
{betwesn the ages ¥y and %) or at the old age {(above

age % ) will result in an increase in the capital

lLet us now see how we can explain this rather com-

plex pattern of the effect of mortality improvement on ths
capgital stock. Consider the da2firition of assets held =y an
irdividual aged -

a2ixy = =" Trptad1 e 7Y ptyd siyy dy fF0. 13

Given tha2 savinge rate, Ji{y}, an lncrease in survival rabta

at age x will decreass the actuarially fair return on zli

¥,

2 If we relz the assumplbion *éﬁ*} £z & ozTix LI
the z2ce math of thsz dsecivative 2A/3p €>‘) will bhe simiiar
toc §h9 ora showp in +izure 2.6.1, except that in case z
zix 1, pointz % and X will be reversed and 1n cass = -
e Yy points wy and ¥ will be reversed.
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previcus savings by increasing the conditional survival rate
at age % given age y, pi{x)/piy}). Theretfore, the absolute
ievel ot assets accumulated by =n individual aged = will
decrease. However, the azgre3ate level of assets heid by

the individuals aged % will not be attected because the

[

al

P

sizz ©f ths populat:on aged «, Mib, «) = pix}) Bi{t-xi, will
increase by the same +tactor by which the absolute level of

assets of ar individual decreases. Thus aggregate assets of

all individuals aged x, normalized by the current births,
Mitex)atx) /Bity = ' T73X 0 ™0y 500y siy) dy (3.4, 14
O

ar2 independent ot Lthe survival rate at age x, p{x). This
is an ocbvicus outcome of risk sharing on an actuarially fair
basis.

Mexz, a highsr survival rates at ase y ¢ x impliss a

lower ~—onditional survival rate

[}

L age = given age 3,
pix¥/pty) and therstore, a2 higher actuarially fair return on
savings at age v. With this nigher return, the assets held

2y oan andividual sged w, which are obitsuined by accumeiszting

P
P

iy

the previous savings ‘ros:tice or negative)r intlatad o

T
-
1]

setuearially $3iv interest facicr will Ltncrease

-

fdacrezss! 14 the =zzvinas r=t

in
1t}
-+
i
¥4}
i}
e
-
-
n
T
0
i
-
t
-
<,
1]

fnzgeiive’,. Also netice that any change in a survival rats

2t 3ze, say <7, will have rpo effect on assets helild b
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dividual aged less than x'. Therefore, the earlier the age
at which the survival rate is assumed to increase, the high-
er will be the number p¥ individuals affected by the resull-
ing increase in the actuarially fair return on savings.

Finally, as we have concluded in section 8.2, in
response to an increase in the survival rate at the age at
which the savings rate, ¢i{y), is positive (negative), an in-
dividual will decrease {increase) savings in all periods of
life. Thus, this reallocation effect on aggregate assets is
opposite in sign to the effect of a higher return on the
given savings plan discussed above.

Combining the two effects, we expect that i+ the
survival rates increase at scme =arlier segment of 1if=2, the
effect of a higher return on the given savings plan will
dominate the reallocation effect and the opposite w#ill hap-
pen if¥ the survival rates increase at some later segment of
life. In other words, 1f the age abt which this pattern is
reversed is called ;, then with an increase in the sur-
vival rates in the segment below age ;, aggre=gates assets
will change in the same directicn as the effect aof a higher
raturn on the given savings plan. If the age ; lies scme-
where in the interval %y to x* then with an increase in sur-

vival rates in the segment: 0 to x {x, to ;), aggregate

* *

assets will decrease (increase) because in this segment, the

savings rate, glyi, and therefore, the effect of a higher



L)
[y
3

pasge

return on assets with a given savings plan, on aggregats

1]

avings isg ne3ative {positivel.

Or the other hand,; with an increase in survival

rates 1n the s=zoment above 392 x, bthe resulting change in

aqgregate asseits will! be of the same z=ign as the realloca-

Yion aftect. herafpore, with an increase In survival rates
" * *

in the sesgment = to %" (¥ to T} aggregate assers will
decreszse {i1rcreasel bescause in this segment, the savings
rata, iy}, 13 pesitive {(negative) and therefore the real-
lnocation sftect is aegative {(positivel. This age pattern of
the effect of moritality improvement on aggregate assets and,
theretore, on the capital stock 1s exactly what is shown in
figurs &.5.1%1,

Let us now se2 how this resull comparss with soms

earlisr +indings, Sheshirski and Weiss {1F

[0y
[,
u
o
0
¥
i
i3
.
o

irn the pressnce 2F actuearialily f23ir anrnuities, an increass

o

he +raction of the retirement pericd an individual ex-
meots o survive, wWill resull in mores =avings in Lthe working
period of lit=, EZince in their two period model, savings of
thez wyoungs {during bthe working peripd! ars egual to agarsgalte
azgatz, their conclusion is analogspus to cur resuii
o ¥
R/ %pliey D fpr o U o 4T,

Zhinner’s (1925} simulation analysis, also in the
context ot a2 itwo period wmodel, shaows tihat an increase in the

zervivael rate in the sscond pericd 3f lif2 will raise Lhe
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assets-labour supply ratio, though he also concluded that
thig effect 15 neqligible in magnitude. Since the work-
lzisure choice in Skinner’s analysis is exogencus and work
hours of an old worker are positive {(aimost S0% of the work
hours of a young worker), the increase 1n the survival rate
in the second period will definitely increase agsragate
igbour supply, This implies that in Skinner’s calculations
the absclute isvel of asssts must have increased by a
greater percentage than the assets-labour supply ratio. In
that sense, Skinner’s conclusion is also in agreement with

Qur result: aalaptx) > 0 +or x*

< x ¢ 7T, though his model

iz not exactly comparable with ours since he di:d not aliow
life insurance and annuities in his analysis.s Finally, the
result aﬁzapzx) > 0 +$or x* { x £ T has alsao been obtained

By Sinha (19861},

The twc period model considered in these studies,
however, is restrictive to study mortality improvements be-
cause it assumes that survival through the first pericd of
lite is certain and therefore increases in lifta expectancy

cannot be assgriated with an increase in suprwviwval rates ab

an eariier 3g9e when the savings rate is positive. In the

2 Recall 4rom chapter 7 that the life insurance con-
sidered by Skianer is different f+rom that considered in cur
model and by Arthur {(1281), Barrsc and Friedman (1?72} ana
Yzari (19453,
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present modsl, on the other hand, mortality improvements can
be brought about by increasing survival rates at any segment
pf lite Qduring which the savings rate may 2e positive as
viell as nesative.

Anothrar common assumption in these studies as well
2z in other two pericd models 1s that all the births take
place during the first period of lifs when Lhere in no un-

3

certainty Therefore an increase in 1ife

s

1]

xpectancy has no

T

demagraphic =t+f=2ct associated wilh an increassed growth ~ats
of the populatien. In the present model this effect has

been fully recognized and we now turn our attsnbtion to that.

82.86.3 The Demographic Effect on the Capital Stock
This =++ect, given by the second tsrm in egquatian

(2.6.3}, 15 ce2produced below.
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Fi==t consider the factor 3Af33. With A defined as
P _!v
= 27 pixy oatwt d- (Z.3.13)
0
tha derivative JAFIg is clearly given oy.
LS T
W/ig = - { xoe P gy mix) dx ERE=



X
Substituting = = ' dy, we can write this derivative as
- T . o
3739 = - | e F® six) aix) , dy dx
O 8]

With a3 change in the order of integration we can also writs

this expression as tollows:

TT
W/3g = - ¢ [ e 3 piyr aly) dy dx {

5 5. 205
2 X

o

Aggreqgate asssets, defined by eguation {(8.4.18), are
positive because in equilibrium assets are egqual to the cap-

ital stock which is positive.

¥y

ince, in additioan, assets of

Bt
3
b
Y
ot
S

idyal are neaative at an early age and sDceEibive at

lat=r 23es, th=z rollowing relation must hold:

pis) aly) dy » Q0 +or all =«

Ui
o
fud
[

-
This implies that the derivative 3A73g given B
sguation {£.42.20 nust be negative. The reascn 1S Quite

shraightforward., With an

[N

ncrease in Lthe growth rate of

nopulaticon, the ase distribution of population 13 disturbeaq

s

trom o its initial position. In partizulsr the proporiion 2

vounger pecgple increasses snd the propeortion of older peaple
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decreases., From the age path of assets holding of an indi-
vidual predicted in section 2.2, we know that in a broad
sense vound pepple hold less assets than the old., There-
for=z, with the change in the age distribution of popuiation
i the direction of relatively more yocung pecple, brought
about by ths incrsase in the garowth rabts of populaticr, as-

A}

setx per new born will decresse.

MNas

i

t, consider the facztor 3grs3pix’) in eguation
(2. 46,173, This derivative follows directly from egquation

12,.3.12).

2”3 m(xn

This evpression shows thabk the growhbh ratzs of population
will increase if¥ the rate of reproducticn, bi{x"}, 15 poszi-

tive 3t the age at which the survival rate is assumed Lo 10~

creasa, ity on the cther hand, Bix") is zero, Lhe 3Irowih
rate ot populatiocn will not be atfected.

lacing »" 2y tha age indzvw x; we zZan «ritse hhe

demographic efdsct as a3 function of age at which the sur-
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r3Aa/3g1 L2g73pix)1 < O if bix) > O
(2.6.23)

O i+ bix} = 0

Figure .6.2 illustrates the ag= path of this
demographic etfect. In part {(a) we plot the functicns o T3
and bi{x1. 1t i3z asgumed that the rate of reproduction,
mix}, is positive and increasing in age up to some point In
middle age and decressing thereatter, eventually bscoming
Ters in lata ags. in part (b} we plot the demographic e+-
tect, {33/393£39f8p(z)3 By maltiplying the tunctions
2 7% and bix), dividing by

P4

S v @ 3 pixy Bl Au
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T
h
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o

angd then qaultiplyving by the derivative

An increase in survival rate at an age at wmnich the

reproductive rate, bix}; is zero, will leave the growih rate

et

af population unchangsd and, thecres+tors, will have rnoc sffsc

&}
3
o
93}
1]

aregate assets.  Thus, as shown 1a the diagram, an in-

1
-
o‘{.
[t
n
1]

in survival ratz at the ceginaing or towards btne end
=+ th=s horizon where “he reproductive r3ie 1S assumes to bs
=23us! to zero, has ro sff=ct on aggregats assets. The

dizzgram alzc shows that the s+f=ct of an 1ncCrease in sur-—
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Figure 8.4.2 The Age Pattern of the Demagraphic Effect ot
an Increase in Survival Rates on Aggregate
Assels
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Mow we can combine the two effects to $ind the full

i}
i
-h
Iy}
n
a

o+ mortality improvemest on capital stock.

B8.68.4 Full Effect of Mortality Improvemenis on the Capital

Stock

~de

Tao finga ke +ull effect of mortality improvement on
capital stock, we simply hsve to add the two ccmponents

~ ~

3A73p () and T3A/333103g9/3ptx)] a5 in equation (2.58.31.

Thus, by adding thz two ftunctions drawn in figures 8.4.11ib)
and 8.6.2{k) we find the relationship between the age at
which the survival rate is assumed to incresse and the
resulting change in zapital stock. This relationship, as
drsmn in ficure 3.4.2, shows that the e+fsct of increase in
survival rates during yourng or middle (nld) age is to

decresase {incresse) th

H(

capital stock. However, the etrvact

G
B
Y
3
va
b}
s

resse in survival rates at some points in the mid-

ES

= x* and age ~ 13 in fact ambigucus. But for

1
iD
W]
ada
W
)

simplification we assume that this s4+ect is negative as

showr in the $igurae,

8.46.3 The Effects of Mortality Improvements an Lhe

Employment o+ Labour

fad

We first substitoet

(1]
W

il
U
ﬁi
v

in the aggrsgats

o

iabour supply functicn (2.4,

h
h)
-t
8]
ul
it
o+

o
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Figure 8.6.3 The Age Fattern of the Full Effect of an In-
crease in Survival rates on Aggregate Assels
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o~

H = HigtrP,b), P) (5.8.2

4

Az betore, the derivative pf this function with respect to

n{x="% can be sxpress=d in terms of twoc additive components

az fnllows.,
Py ELN il . -
M/3ntu) = 2H/3plx) ¢ D3H/3igl Tigripiu:d {2.6.25)

With the irndividuzl’®s work schedule given, there 1s
no economic effect 24 mortality improvsment on aggregates

labour suppiy. However, an increase in surviwval rates dur-

e

ny the working vears of life will increase aggiregate labour

9y}

e

ale by increasing the number of workers who survive dur-

AL

1
+
w

78

ing thase wvears, This e++=ct i35 represented by tha2 +irst

comparent in the z2bove sguatior. It can be calculated +rom

tme sggrasstz labour supply functicn,
T

y " -3% . . -

H= a7 oixdy jtur hixd dx (2.8.2%)
Q

as follows:

Hp ) = @ 3% mixiiw (%.2.37)

In accordance with the age pattern ot labour 1ncome o+ an

kY

individual mix}, ths age path of this 2=rivative 1S shown in
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Figure B.46.4 The Age Pattern of the Age Redistributional
Effect of an Increase in Survival Rates on the
Emplaoyment of Labour

aﬁ/ap(x)
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population given by the secoend component in eguation

{

(%))

L85.25Y,  The facitor 3g/3pix) has already besen evaluated in
.
terms of equation i8.4£.22). The cther +factor H/3g can be

evaluzated +rom tha

4]

ggregate labour supply funcltior (5.4.26)

(1]

as +oilicwkms

HiIg = - | x & 3% ptw) 3lx) hix) dux

Tubstituting x

l
(51
<

and changing the order of integration, we can wrikts thi

ui

derivative as +ollows:

Since werk hours are positive or zero at various

points of the life cyocle, the sbove derivative must be nega-

Tive. The r2330n again liss in the change in the age dis-

tribtuticn ot populstion brought about By tne increasse n the
growth rats of population., Wwiih the proportion or the
rounger populaticon bBsing higher, there ares fower people per
raw Dorn. Juerefore, the hizher the 3rowth rate of populs-

tizh, the lower w:ill bz the aggregate iabour suppl

it
id
il
[«
v
r
flc
1
5
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e
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“
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Multiplvying this derivative by 2g/7:pix) which is

positive frerg) 14 at age x at whi:ch the survival rate,

o

pix), is suppgsed to have i1ncreased, he rate of reproduc-
tion, {%), is positive fzero), we +ind the demograph:ic ef-

f2ct of mortality improvemsni:

P
f3H3g3 [3g/3p(xy3 < ¢ if bix) > C

[FY
A8
rJ
NI

= ¢ if bix) = 0

This demographic effect is illustrated in figure 8.6.35.

The +ull effect of the mortality improvement on the
employment of labour is ambiguous in sign because tnere 13
no a priori reason toc decide which of the twoe sftecis, name-

-

f3cix) or [3H/331i%g/73p{x) 1 i1s the stronaer.

€I

1
P4

3
2.7 CONCLUBDING REMARKS

The etfects of mortality i1mprovements on Lths cap:ital
stoclkk and the employment aof labeour have been studied uvnder
the aszsumption that the twe factor pricss, that is, the wnage
rate and rate or interest arz exnogenously given., The main

canclusions are outlinsd below.

te

4n increase in (ite =2¥pectancy may increase or

&

deagreases the zapital

Ui

tock depending on the nature of the

mortsiity improvementh. This result is obtairned 1in 2 purs

-
N

[
1

ccle modzal and does not depend on any bequest motive.

Thus Skinrner’s {19335 rescli that an 1ncrease 1n longewiiy
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Figure 8.6.5 The Age Pattern of the Demographic Effect of
an Increase in Survival Rates on the Empiloy-
ment of Labour
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may reduce capital stock, is possitle in a pure lite cycle
model without a contingent beguest motive.

Given the growth rate of populatiaon, with a hump
shaped savings scheduies, increass in survival rates at an
cld 292 wil! increase the normalized level of capirtal stock,

33 expecitsed, Howsvar, the eftect of an increase in surviva:

3
w
e o
1]
11}
1]
e
[V
1
[
3
)
iy
W
b
'™

iz to decrease the capital steck. ¥Final-
1yv. the =+fszt of ar increase in sqarvival rates at the ear-
tigr {(later) psrt of middle age is to increase (decrease)
the capitsl stocyv. Actual meortality improvements will, 1n

general, iacreass survival rstes at all the sagments of

-

lite, Therafors, to fFind the e2ffect of increassd iongevity

on the capital stocl; gne would have 1o go intec the details
net etfect

ot zhanrges in thz l:ife tables and calculate th

¥
(]
i

of all the changes 1n survival rates at varicus points ot

With the ingdiwvideal’s labour supply schedule ex-
ocgenously given, increases in survival rates during the

working fretiremenit! period of lite will increass (have no

Traditional two pericd models, 1n whizh 211 the
4 o3y =mlarme im *h Lirmet icd anag SRR 1 y H -
hs tTawve place in the +irst pericd and survival is un
certsin ocnly in hhe sscond perizd, igsnore the demographic

etfect ot a possible incresse in the growih rats of popula-

it

tion rascliting from the incrsase in longsvity, I

-+

a1 A —
e ra3nes

f
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o+ reproduction are independent of the survival rates, this
demggrapghic =2f+ect in our model impliss that increases 1n

gurvival rates during the reproductive vyesars of lite wiil

decreasz the normalizsdi levels ot capital stock and labour.

{

Thrs adde 4urther doubt to the presumed positive relation

betwsan longavilty and capital accumulation.



CHAPTER %
A MNEG-CLASSICAL PRODUCTION FUNCTIGON,
EMDOGENOUS FACTOR PRICES AND THE

EFFECTS OF MORTALITY IMPROVEMENTS

2.1 INTRODUCTION

in this chapter we generalize our model by introduc-
ing a well behaved neo-classical production function. in
all other respects the model considered is the same as that
developed in the previous chaptesr. With this more realistic
producticn technoclogy, the two factor prices, the wage rate
and rate o+ interest, become endogencus and are determined
by the interaction of supply and demand in the rtachtor
markets., The conseguence cf this mod:ification +or the anal-
vs5is of mortality improvements is that the changes in the
supply of assets 3and labour brought about by the mortality
improvements are somewhat offset by actions in the markets.
With endogsnous factor prices, the changes push the equi-
librium wage rate and the rate of intzrest from their ini-
tial =quilibrium positions, As a result, the equilibriunm
lavels of emplioywment of capital asnd labour will not chanse
By as much as dictated by the changes in their respective

supplis=s,

()
R

page 3
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This more general madel also enable us to study the
eftects of mortality improvements on the egquilibrium wage

rate and the rate of interest.

9.2 DETERMINATION OF FACTCR DEMANDS UNDER A& NEO-CLASSICAL
PROJUCTICN ACTIVITY

The production function relating the two factor in-

puts, capital and iabour to a singe gutput, Yit), which can

be consumed or used for capital accumulation, is assumed to

be linear homogeneous. Therefore we can write

Yi{t) = Ht) £<kit)) (P.2.0)

vhere, kit} is the capital-labour ratio! Ki(t)/H(t)., The
production function 1s assumed to satisfy the usual nen-
classical preoperties of continuity., That is, the functicn
f{k} is continuous ard has continupous first and second
derivatives. The marginal products of capital and labour

are assumed fto be positive and diminishing. Theretore:

AY (LY /73K(EY = £ (kit)y > O {(7.2.2!
SY LR S3HIRY = Fikib)) -~ Wik} £7(kii)y > O 19,2.3)
Zi ~ 2 Id o “

FTYAR) 7KDY = £ {k{tii/HIY) < O {(2.2.4)
2\ EN - 2 - \2 3 z [ ¢

3TV IR FaHE)D = kit FRikity) sHIEY (G (2.2.5)

In addition, the gproducticn function is assumed to satis+ty

the foliowing properties.



Yit) = H{t) ${kit)} = 0 if H{t) = 0 or Kit}) = 0O (2.2.6)
Limit +#7({ki{t)) = = (9.2.7)
kit)+0

Limit £’ (ktity} = 0O {(7.2.3)

kitt)qe

The markets for output, capital and labour are as-
sumed to be perfectly competitive. Under these circum-
stances, the demands for capital and labour are determined
bv equating the values of their marginal products to their
respective prices. Therefore, normalizing the price of ocut-

put at 1, we can write

£ {k) = r (2.2.%

$lu) - k +7{U) = w (2.2,10)

Berause of the assumption of a steady state, the two factor
prices, and therefore, the capital-labpour ratio are constant
over time. That is why the Lime variable has been dropped
+rom the above eguations.

I+t is obvious that the twe marginal praducts are
+unctions of the capitali-labour ratio. theretore, +or any
pair of factor prices, it is not gossible to determine the
absoiute levels of capital and labour demanded. However, we
can find the capital-labour ratio demanded. The pair oOf

+actor prices which is compatible with a unigque capital-
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labour ratio is given by the factor price frontier, obtained
as foilows. From equation (9.2.9) we can solve for the

demand +or the capital-labour ratio k as a function of r,

that is,

ko= kir) {(?.2.113
with

diki{r}/dr = 1/7%%tk) < O 12.2.12)

Substituting the demand function for k, (?.2.11), in egua-

tion {9?.2.10}), we obtain the factor price frontier:
w = ${kir)) - kir} $*{kir)) (9.2.13)

This equation determines all possible pairs of w and
r which are compatible with the given production technology.
A specitic pair of W and r which satisfies this equation,
corresponds to a unigue capital-labour ratio, whether
determined by equatipn (9,.2.9} or (2.2.10})., The slope and

curvature gf factor price frontier are

dwidyr = - kir} < 2 {9.2.14!}

—

2 Z . - 5
A wmsde" = - L/E"(r) > O (P.2.153

This complet2ly describes the production side of the

economy . The household side has already been discussed in
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detail in chapter 2. We can now discuss the possible exist-

ence of a general equilibrium and its properties.

‘9.3 A FEASIBLE COMPETITIVE SOLUTION

As we have already discussed, the absglute levels of
demands for capital and iabour by firms cannot be determined
because of the linear homogeneity of the production func-
tion., However, a unigue capital-labour ratio can be
deternined at any +feasihle pair of rate of interest and wage
rate given by the factor price frontier, Under these cir-
cumstances, the eguilibrium levels o+ the rate of interest
and the wage rate can be determined simultanecusiy by the

folliowing conditions:

a¥i3, By or, oW o= kUM {9.3.1)

Wi = owilrd {9.3.2}

where, A*(g, Py vy w) is the assets-labour supply ratio:
5(9, Py ¢ w)!ﬁ(g, P, kir}? is the demand function +for

the capital-labour ratio (%.2.11) and w = wir] is the +factor
price frontier {(92,2.13}, writlten in compact 4orm.i

The two eguations {($.3.1) and (¥.3.2) can be com-

bDired as follouws.

! Canditions (9.3.1) and {(7.3.2% ar2 analogues of
the $functicns: w = $i(r) and r*+1 = ?(Ht) in Diamond’s (1263}
twa period model. -
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A¥(g, P, r, wir1) = k(r) (9.3.3)

Motice that thiz egquation contains only one unknown; the
rate of interest. If a solution exists, we can find the
ecuilibrium rate of interest, Using this equilibrium rate
of intereast, we can also +ind the =quilibrium wage rate from
the +actor price 4rontier {(9.3.2) and the eguilibrium
capital-labour ratio from eguation {2.2.11).,

It is assumed that a unigue and stable sclution to
2guation {?.3.3) exists. The solution is illustrated in
figure 9.3.1!. The equilibrium levels of rate of interest,
wage rate and capital-labour ratio are marked 2s r, W
and | respectively. In the 4ollowing analysis we will
provide a sufficient condition for the stability o equi-
{ibrium and discuss what this condition implies for our
moael.

We will follow Samuelsan’s {1943) correspondence
principle to expiore stability of equilibrium, assuming that
a Walrasian adjustment mechanism is operative in the market.
The excess demand function for the zapital-iabour rat:c can

Ee writien as a functicn of rate of interest as foilows:

*

Errl = A% {r, wir't - kir) (2.3.4)

Since g and P are only shift parameters, we have suppressed

these from the excess demand funchtion for the present
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Determination of the Equilibrium Capital-

L. abour Ratio,

the Rate of Interest and the

Wage Rate with a Neo-Classical Product:on
Function

wage rate

rate of
interest

A*(r,w(r))
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Y

capital-
labour
ratio

I

(b)



page 346

analyesis. Mext, the Walrasian price adjustment squation can

be written as
r = RIE) 19,.3.5)

with R{EY > O,

Folliowing the standard procedurs, we now formulate
an equation pt motion +or the endogenous variable, r, which
describes the necessary and sufficient condition for

stability in the Walrasian markest.
dr/dr < O (%.3.4)

Using equations {(9.2.4) and (9.3.5) this equation of motion

can be splved as foliows.
dr/dr = R*{E) (dE/dr) {(2.3.7)

Since RP(E) » G, dr/dr will be negative if and only i+ d4dE/dr
< Q. That iz, the excess demand Ffunctiocn must be negatively
sloped for Walrasian stability.

Let us now explore the conditions that are i1mposed
an our wmodal by this stability condition. In terms aof the
supply and demand functions for the cagital-labour ratiao,

the =tability condition can be writiten as follows.

aa¥rdr = 3a%/3r) « 038% /50 (dwsdr) > (dk/dr) {9.3.3;
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Since aggregate labour supply is independent of the rate ot

* A~ A~

interest and the wage rate, and recalling that A" = A/H,

this condition can be further simplified as follows.
L1701 [(3A73r) + (3A73w) (dw/dr}1 3 (dk/dr) 19.3.9)

Thiz means that the stability ceondition involves the
total effect of an increase in ratese of interest on the as-
sets supply function including the partial effect aS/ar as
well as the indirect edfect through the change in wage rate
which is implied by a higher rate of interest with the neo-
classical production technology, that is, {3A/3w) tdw/dr}.
The derivatives dw/dr and dk/dr in the above stability con-
di1tion are known to be negative. Hpwever, it deoes not seem
possible to determine the signs of the other two derivatives
38/3r and aBzaw withoit parametrizing the household
model. We can assume that SA*/ar is positive, but this con-
dition alone 13 not sufficient For stability.g Figure 92.,3.2
illustrates the situation. Suppose that the system is ini-
tialiy in an =quilibrium position at point «, with the equi-

librium rate of interest r’ the wage rate w’ and the

2 Using a oontinucus time framework such as ours,
but with a different i1ncome pattern, Summers (1%81) has per-
formed a simaiation 3nalysis with a constant elasticity
utility functicn and concluded that aggregat=z %Ssets respend
pesitivaly to the rate gof interest, that is, 3A/4r is pesi-
tive, for & viide range of the parameter values.
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Figure 9.3.2 An Example of Unstable Equilibrium with a
Positively Sloped Assets Supply Function

rate of rate of
interest inte{est

& wage (
rate

(a) (p)
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capital-labour ratio kir') = A*(r’, w'l. The functiocn A*(r,
W’} has been drawn for the given wage rate w’. HNow suppose
that rate of interest is raised arbitrarily to r". At this
rate ot interest, the demand for the capital-labour ratio,
as determined at point B, is lowered to the lewvel kir®), I¥
the wage rate is held constant at w’, the assets-labour
supply ratio, as determined at point 7, would be raisea to
the lewvel A*(r‘,w’). One may argue that, since supply is
more than demand, the rate of interest should be pushed down
towards the equilibrium position. But, the argqument iz not
complete.

The higher rate of interest r* and the lower
capital-labtour ratic kir®) are compatible with a lcower wage
rate w*, not with w’, In other words, given the competitive
canditions and linear homogeneous technology, firms will ot~
ter Lthe wage rate w" i+ they plan to hice capital and labour
in the proportion kir®*}., This higher wage offer may shitt
the assets-labour supply function 2ither way. For the sake
of argument, we aszsume that the new assets-ilabour suppiy
function A*(r, W) crosses the horizontal line at r" tp Lthe
iett of point B, abk point $. This means that adjusting for
the ~hange 1n the wage rate, the $ull etfect ot an arbitrary
increas® in rate of interest to r* is toc decrease the

¥*

assets-labour surply ratio to the isvel A {(r*, w*) whnich is

less than the demand for capital-labour ratio k{(r*). Thus
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the rate of interest will be pushed even further away +rom
the equilibrium position. The reason is that in this illus-
trative example, the assets-labour supply function with an
endogenous wagze rate, passing through points a0 and 35, 13
negatively sloped and less steep than the demand {function
for the capital-labour ratioc. This illustrates the point

that even if the derivative SA*

f3r i3 positive, which would
be a sutficient condition for stability 1+ assets were not

responsive tg wage rate, there is no guarantes of stavility.

9.4 GEMERAL EGUILIBRIUM EFFECTS GF MORTALITY IMPROVEMENTS
We can now study the effects of mortality improve-
ments on the eguilibrium capital-labour ratio, the rate of
interest and the wage rate, assuming that the equilibrium s
stable. ihe equiiibrium conditicn for the aggregats modedl

15 reproduced below:
A¥t(g, P, r, wird) = kir (9.4, 13

It is obvious that the demand side 0f the mode! is inde2pend-
ant of survival rates. This means that all the a2ffect of a
change in survaival rates will come through a shi4t in the
assets-iabour supply ratig. Theretcore, we first discuss Lhe
24+faect of an increase in survival rates on assets-lapcur

supply ratio.
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Az in the previous chapter, the full effect of an
increase in survival rate at any age %, on the assets-labour
supply ratio can be split into two parts, the eccnomic e+~

f{=ct and the dempbaraphic eftect, as follows:

aa¥rdpty = 3a%r9par + r3a¥sagitagiap o 3 (9.4,2)

We will discuss the two effects seguentially.

%.4,1 The Economic Effec:t o Mortaliiy Improvements on the
Assata-Labour Supply Ratio
Since A* = A/Q, the economic effect of an in-

crease in survival rates at age x on A* can be written as

folicws:

WW¥raptx) = A% [03A23ptx) 78 - £2H/3p o) /HTI {9.4,3)
The two derivatives Safap(x) and aglap(x) viere evaluated

in the previous chapter and their age patterns were dis-
played in figures 3.5.1¢(b) and 8.4.4 respectiveliy. From
these two derivatives we can obtain the age pattern o+ the
derivative SA*XSpix} by using the relaticn ($.4.3). This is
dons in figure 2.4.1. As showun in the figure, the age pat-
tern of this derivative suggests that the sffect of an in-
creaze in a survwival rate 3t a young or middle age {(an old

aqe) 15 to decrease {increase! the assets-labour supply

rati1o. However, the a+fect pf an increase in a survival
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Figure 9.4.1 The Age Pattern of the Economic Effect of an
Increase in Survival Rates on the Assets-
Labour Supply Ratio
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rate at some point in the middie of age Xy and age ; is,
in fact ambigucus.3 But to simplify the diagram we assume

that this etfect is negative.4

2.4.2 The Damographic Effect of Mortality Improvements on
the Asasts-Labour Supply Ratio
This effect, given by the second term in ecguation

(9.4.2), is reproduced beiow:
138%/331 13g/3p(x) 1 (7.4.4)

First consider the factor aé*iag. With A* =

afﬁ, we <an write,
* * 0 = e als ~
dA" /dg = A" [{3a/8g9)/AY - {3H/3g! /H}] {?.4.5

The normalized levels of aggregates assets and labour suppiy,

given by squations (8.6.18) and (38,5.258) respectively, are:

A T

A= ' e I pixy atx) dx
0

- [

H = 2 9% pixy jix) hix) dx
0

2 Recall $rom chapter 8 (theorem 8.6.1 and figure
8.46.1) that at age %, z = z{%).

4 For consistency, this simplification will be
carried over toa all the subseguent +igures.
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Taking the derivatives and substituting in equation (2.4.5),

we find the following result,

* = - a¥% = _ =

where ;a and ;m are respectively the average ages of as-

set holding and labour income, defined as follows:

T
I %= e 3 ptx) ai(x) dx
0
§a = {9.4.7)
T
I e 3% ptx) atx) dx
0
T
I x e pix) mix) dx
0
= (%.4.8)
-

{ @79% pix) mix) dx
(9]

Motice that ;m is 2ls0o the weighted average of the ‘effec-
tive units’ of labour supply. In defining this average we
have multiplied the numerator and the denominator of squa-
tion (9.4.8) by the age zero wage rate;, w, and used the re-

lation wji{xthi(x) = wixthi{x) = mi{x).

The two averases ;a and ;m differ because of

their different weighting schemes. The weighting scheme

basaed on labour income assigns more weight to the younger
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age as compared to the weighting scheme based on assets
holding. Therefore, we expect that §a will be greater

than Em' Conseqguently, the derivative given by (?.4.4) is
srxpected to be negative. A common sense sxplanation 30es as
follows. MWith an increase in bthe growith rate o+ population,
the proporticn of younger population increases and the pro-
portion of older population decreases. From the age paths
of assets holding and labour income shown in figure 8.2.1,
we know that, in a broag sense, yound people earn more
labour income and hold less assets than the old. Theretore,
with the change in the age distributicn of population in the
direction of relatively more voung people, the assets-labour
supply ratio will decrease.

Mext, zcnsider the factor 9g/3pix}. In the previous
chapter, we concluded that this factor i3 pasitive {eguai to
zern) if the rate ot reproduction, bix), is positive {equal
to zero) at the age at which the survival rate is assumed to
have incresased. In particular, this derivative was shown by

equation 18.6.22) to be as +ollgus:

pixy bix) dx

Combining the two factors: Sé%fag and 3g/i2pix), we

can conclude that
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138%/3g1 t3g/3p(x)1 < O if bix) » O
{i7.4.9)
=0 if bix) =0
Figur2 2.4.2 illustrates the age pattern of this
demoaraphic effect. This +igure nas been drawsn in the same
way as figurs 8.46.2 in the last chapter. In part (3} «~=
pilot the functions e 3 and bix). The demographic 2ffect,
{3A*lag]{33/3p(x)] is obtained in {figure (b) by multiplying
the derivative SA*leg { 0 (equation {9.4.4)) by the func-

tions e 2% and bix), and dividing by

Mow we are in a position to combine the two effocts
to $ind the +ull e+fect pt mortality improvement on assets-

iabour suppiy rstio.

2,4,3 The Full E¢fect of Mortaliity Improvements on the
Assetz-Labour Supply Ratio
To +ind the +ull esffect of mertality improvements on
the aszets-labour supply ratic, we simply have to ade the
twao companents aa*ldp(xk and {SA*iagltagjap(:)l as in equa-
tion (9.4.2}). Thus by adding the two functions drawn in
figures ?,.4.1(c) and 9.3.2(b}, we find the relaticnship oce-

tween the age at which the survival rate is assumed to
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Figure 9.4.2 The Age Pattern of the Demographic Eftect o+
an Increase in Survival Rates on the Assetszs-
Labour Supply Ratio
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increase and the resulting change in the assets-labour supp-
ly ratio. This relationship, drawn in figure %.4.3, shows
that the eftfect pt arn increase in the survival rate at a
young or middle tan o1ld) age is to lower {(raise) the assets-

S In this figure wme have assumed Lthat

*

labsur supply ratio.
the rates ot reproduction become zersc at age «x° at which the
individual starts consuming more than labour income tthat
is, savings schedule 7{x}) becomes non-positivel). But the
general shape of the function dA*!dptx) does not depend on
this assumpticn as long as it is assumed that the rates of

reproduction become zero scmewhere during late yvears of

li4e.

2.4.4 The Economnic Effect of Mortality Improvements on the
Egquilibrium Rate on Interesat, the Wage Rate and the
Capital-Labour Ratio

The economic effects of mortality improvements on
the egquilibrium rate of interest can be found by Jdif-

ferentiating the =2quilibrium conditior (9.4.1) with respect

S It may be recalled from sub-section .4.1 that the
economic si+ect of an increase in a survival rate at some
point in the middle of age x, and age x is ambiguous.
However, with the demographic etfect being negative,; the
full esfect of an increase in survival rate at such a point
iz mere likely to be negative ithan just the sconomic =++fect.



page 357

Figure 9.4.3 The Age Pattern of the Full Effect of an In-
crease in Survival Rates on the Assets-Labour
Supply Ratio
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to the survival rate, piz}, holding constant the growth rate

of population, 9. The result is as follows:

- 38%/3p 00

ar/ipix) = (9.4.10)
1da¥/dr) - (dksdr)

Next, the effect on the eguilibrium wage rate can be ob-
tained by multiplying Lthe siope of the factor price fron-
tier, dw/dr = -k leguation {(2.2.14})), by the derivative

r/3pix), 3Jiven above. The result is

kir) [38%/5p(x)1

du/dpixy = % {(?.4.11»
(dA” /dr) - (dk/dr)

Finally, to +ind the effect on the equilibrium capital-
labour ratio, we differentiate the dewmand function for the
capital-labour ratio, kirl), with respect to r and multiply

the resulting derivative, by 3Sr/3pix). Thus we obtain

- tdksdr) 18a%/3p o3

dks3pixi = % {2.4,12)
{dA” 7dr) - {dk/dr)

The dencminataor cn the right hand side aof each ot
the above three eguations, (da*/dr) - {gk/dr), 135 positive
by %the stability condition (2.3.8}. It is alsgc know that
k{r} is positive and dk/dr is negative. It follows, there-
tore, from equations (2.4,10}, ($.4,1!) and (2.4,12) that

the eguilibrium rate of interest will change in the appositsa
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direction to the change in assets-labour supply ratio and
the equilibrium wage rate and capital-labour ratioc will
change in the same dirsction as the change in the assets-
labour supply ratio. Thus, as shown in figure .4.4, the
sf+ect of 3n increase in the survival rate at a young or
middle 292 13 to increase the equilibrium rate of interest
and decrease the eguilibrium wage rate and capitai-labour
ratio. if, on the other hand, survival rate increases at an
old age, the rate of interest will decrease and the wage
rate and capital-labour ratio will increase.

It may te noted that the effect of mortality im-
provement on the eqguilibrium capital-labour ratic will Ee
less (greater}, in absplute terms, than the e+fect on the
aszets-labour supply ratio 1+ the assets-labour supply func-
tign iz positively i{negastivaely) sioped, The reasgn is that
the 2ffect on the assets-labour supply ratio was evaluated
urder the assumpticon that the rate of interest and the wage
rate are constant. Once these variables are allowed to
change, 3 rightward {(lst+tward) shit+t in assets-labour supoly
functicn will push down {up) the rate of interest. I+ the
assets-labour supply functicon is positively sloped, the
asseis-labour supply ratioc will decrease {increasel), thus
partly compensating the initial change in the assets-labour
supply ratio, I+, on the other hand, the assets-iabour

supply +unction is negatively sloped, the gf+fect of a change
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Figqure %.4.4 The Age Pattern of the Economic Effect ot an
Increase in Survival Rstes on the Equilibrium
Rate of Interest, the Waqe Rate and the
Capital-Labour Supply RKatio
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in rate of interest on the assets-labour supply ratio will
fturther re-=2nforce the initial change in the assets-1labour
supply ratic. But in any case, i1+ the szclution is stable in
a Walrasian sense, endogernizing factor prices will not
reverse the direction of the e+t+ect gf a mortaiity improve-

ment on the capital-!abour ratioc.

2.4.83 The Deamographic Effect of Mortality Improvements on
the Equilibrium Rate of Intarest; ths Wage Raote and
the Capital-Labour Ratio

The demographic sffect pf a mortality improvement on
the egquilibrium rate of interest, the wage rate and the
capital-labour ratio can be obtained in the same way as the
ecanomic effect. The only dit+erence is that we start with
ditferentialing the eguilibrium condition (2.4.1} with
respect to g and ther multiply the resuiting diftferentizl oy

thz derivative 33/8pix). The results are as follows:

- r38%/391059/3p(x) 3

tar/331035/3p(x)1 = . (9. 3.13}
taa¥/dr) - (diksdrs
L *
®ir) [3A7/73glLag/3pix) ]
[3w/3g1l3g/apix) 1 = A (5.4.14)
tda*sdry - (dksdm
- [dk/drir3a¥/3girig/apix) 1
[3k/3g103g/3p(x) ] = (5.4, 15)

1da¥/dr) - (dk/dr)
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The age profiles of these eftfects of mortality im-
provement are shown in figure 2.4.5. It may be noted that
the demographic effect of a mortality improvement an tne
eguilibrium rate of intérest; the wage rate and the capital-
labour ratio depends an the age at which the survival rate
is assumed tno have increased {(which determines the resuliing
change in the growth rate of populaticon), the ditference be-
tween the mean ages ot asset holding and labour income
tyhich determines the effect of 3 aiven increase in the
growth rate of population on the sssets-labour supply func-
tion), 2nd the =lopes ot the functions A%(g, P, ry wirl)) and
kitr)y., Figqure 9.4.5 illustrates the relationship between ths
age at which survival rate is assumed to increase and the
resulting change in the rate of intersst, the wage rate and
the capital-labour ratic, given the maanitudes o+ the other
parameters invelved. This relationship essentially depends
an the eftfact ot an increase in the survival rate on the
3rowth rate of population.

In the following analysis we discuss how a given in-

Il d

crease in the growtih rate of population relates to the
resulting change in the equilibrium rate of interest. We
argue that far a ziven increase in the growth rate o+ popu-
lation, the change in the eguilibrium rate of intersst could

be z=mall or big in =ize depending upon the magnitudes of the

parameters invoived. This aspect has an i1mportant bearinag
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Figure 2.4.5 The Age Pattern of the Demographic Effect o+

an Increase in Survival Ratez on the Egui-
librium Rate of Interest, the Wage Rate and
the Capital-Labour Supply Ratio
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on the classification of a competitive equilibrium as =24+3i-
cient or inz2fficient. Figure 2.4,6 shows how a given in-
rrease in the growth rate of population may convert an inet-
ficient 2quilibrium into an efficient ons and vice versaeé
In ¥igures (a2} and {(b) the competitive equilibrium 1s iny-
tially inefficient with the srowth rate of population §' and
the rate of interest r’. In both cases the growth rate in-
creases by the same margin (to 9*) but the assets-labour

supply functicn A*

{g, Py, ry wirl)) shifts by a biager margin
in fiqure (b} than in tigure {a) because of a3 wider dif-
ference between the mean ages of asset hoiding and labour
income. The resuit i1s that in +igure (b)!, the increase in
the rate of interest is big encush to overshoot the increase
in the growth rate and therefaore the +inal competitive egui-
librium scluticn becomes ef~icient, In figure (3), on the
other hand, with a modest increase in the rate of interest,
the solution remains inefficient.

In figure {c) the soiuticn is initialiy efficient
anyg remains 30 after the increase in the growith rate of pop-
ulaticn. Finally, in figure (d} ine sclution is i1nitially

2¢ficient and becomes inefficient atter the increase in btne

& Recall #rom chapter 8 that a competitive eqgui-
librium is classified as inetticient i+ 9 > r and as e4+fi-
cieant i+ g ¢ r {Gale {17273), Shell [(1271) and Starrett
1192231,
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The Demographic Effect of Mortality Improve-

ments and the Classification of a Competitive
Equilibrium as etficient or Inetficient
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growth rate of population. For illustrative purpose the
different putcomes in +igures {(c) and {(d) are accounted {or
byv ditferent slopes of the twa functions A*(g, P, ry wir)}
and kir) across the two cases. The shi+t in the +unction
A*tg, P, ry wir)}, measured by the horizontal distance is
considered 2qual across the two cases.

In the above analysis we have discussed the rela-
ticnship between the growth rate of population and the equi-
librium rate of interest, We know that the growth rate ot
population tan be changed only by changing the survival
rates or the rates of reproduction, In the above analysis
we have considered only the demographic eff=2ct of an 1n-
Zreas2 in survival rates on the 2guilibrium rate of inter-
ast. Alternatively, the increase in the growth rate o+ pop-
wlation can be viewed as being the result of an increase in
reproduction rates rather thsn an increase in survival
rates.

Angther reascn to consider only the demographic =+-
fect of 3an incresse in surviva! rates in the above analvysis
is to isolate the analysis +rcm normative implications of
mertality changes. The e2conomic effect of mortality im-
provements alse involves changes in the lifetime utility
+unction due to the changes in survival probsbilities,.

Thus, i+ we consider the #u3l1l1 eff2cts of mortality improve-

ments, then, for example, an efficient soiution mav have
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been converted into an inefficien one while at the same time
the steady state utility may have increased for all genera-
tions due to the changes in lifetime utility function as a
result of better survival probabilities. In this case a
transiticn into an inefficient equilibrium from an etdicient
one may have occurred along with a Pareto improvement rathar
than a Pareto detericration. We will discuss this issue in
mare detail 1n the next sub-section.

In next secticn we combine the economic and
demographic effects of mortality improvements and study the
implications aof mortality improvements for the classitica-
tion of a3 competitive equilibrium as efficient or ine+fi-

cient.

?.4.4 Tha Full Effect cf Mortality Improvemants on the
Equilibrium Rate of Intarest, the Wace Rate and the
capital-Labour Ratio

The full ef+ect of mortality improvements can be ob-
tained by adding equations (2.4.190) and (9.4.13) +for the ef-
fects on the egquilibrium rate of intasresh, equations

{7.4.11) and (2.3.14) +or the effects on the wage rate and

aqualions {(92.4.12) and {9.4,13) for the sffects on the

capital-labour ratic. Figure 2.4.7 shaws the age pattern o+

these 2ffects.
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Figure 9.4.7 The Age Pattern of the Full Effect of an In-
crease in Survival Rates on the Equilibrium

Rate of Interest,
Capital-Labour Supply Ratio
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Once again we can discuss the implications of
mortality improvements for the classification of competitive
equilibrium as efficient or inefficient. An increase in
survival rates at an old a3ze, when the rates of reproduction
are equal to zero, has no effect on the growth rate of popu-
lation, but it will result in a lower equilibrium rate of
interest. Therefore, i¥ the competitive squilibrium is ini-
tially inefficient, it must remain so after the mortality
improvement but if the equilibrium is initially e+ficient,
the mortality improvement may carry it into the inefficient
region. On the cother hand, an increase in survival rates at
an earlier age, when the rates of reproduction are positive,
wwill raise both the equilibrium rate of interest and the
growth rate of population. Since the change in the rate of
interest can be smaller or larger than the change in the
growth rate depending on the parameters involved, the
mortality improvement has no predictable consequence on the
classification of the competitive eguilibrium as =fficient
or inefficient.

Again we remind ourselves that the classification of
a competitive equilibrium as eftficient or inefficient holds
with given tastes (which also include probabilities of sur-
vival) and technology, etc. If a mortality improvement con-
verts an efficient equilibrium into an inefficient one, it

gpens the possibility of a Pareto improvement (for example,
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by an intergenerational transter scheme), although the
mortality improvement by itself may have resulted in all
generations being better off. Likewise, if{ a mortality im-
provement converts an inefficient eguilibrium into an effi-
cient one, it eliminates the possibility ot a Pareto im-
provement, irrespective of the effect of mortality improve-
ment on the weltare pof different generations.

This discussion implies that a conversion of an e+-
ficient equilibrium into an inefficient one due to a
mortality improvement does not necessarily imply a welfare
loss. The new equilibrium is inefficient in the new state
tatter the change in survival probabilities and, hence, in
the utility function). Similarly 2 conversion of an ineffi-
cient equilibrium into an efficient one due to a mortality
improvement does not necessarily imply a welfare gain. The
new equilibrium is efficient in the new state (after the
change in the utility function).

It seems that no definite welfare implications can
be attached with the analysis of mortality improvements.
The change in the equilibrium rate of interest (or the
capital-labour ratio) cannot be associated with a welfare
change unless an sxplicit aralysis of the effects of
mortality improvements on the welfare of different genera-
tions is conducted. At this point, we leave this subject

for future research.
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?.5 CONCLUDING REMARKS

A linear homogeneous production function has been
added to the household model to examine the competitive
equilibrium. Due to the linear homogeneity of the produc-
tion function, the market equilibrium condition is defined
only in terms of the capital-labour ratio. Equilibrium is
described by a technologically feasible pair of rate of in-
terest and the wage rate at which the demand for the
capital-labour ratio is equal to the assets-labour supply
ratio.

The effects of mortality improvements on the egui-
librium rate of interest, the wage rate and the capital-
labour ratio have been studied under competitive conditions,
assuming that the equilibrium is stable in Walrasian sense.
As in the previous chapter, we have found that these effects
depend, among other things, on the age at which the survival
rate is assumed to increase. Given the arcwth rate of popu-
lation, with a hump-shaped savings schedule, an increase in
survival rates at an old age will increase the equilibrium
capital-labour ratic and the wage rate and decrease the
equilibrium rate of interest. On the other hand, the effect

of an increase in survival rates at earlier segments of litfe
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is the oppusite.7 Thus Skinner's (19335) result that an in-
crease in life expectancy may reduce the capital-labour
ratio, can be found in a pure life cycle model and there is
no need to introduce contingent bequests to obtain this
result.

Like in the previous chapter, we have also studied
the ettect of an increase in the growth rate of population
induced by mortality improvements. This effect shows that
an increase in survival rates during the reproductive years
of life will decrease the equilibrium capital-labour ratic
and the wage rate and increase the equilibrium rate of in-
terest.

Finally, the implications o+ mortality improvements
for the classification of competitive equilibrium as effi-
cient or inefficient are noted. An intermediate result is
that, ignoring the econaomic effect of variations in survival
rates, a higher growth rate of population has no implica-
tions for the classification of eguilibrium as efficient or
inefficiant. In particular, an economy with a slower growth

rate of population may be even further away from an effi-

7 I+ work hours at certain points in the middle of
life horizon are low, an increase in the survival rates at
that segment may also result in an increase in the equi-
librium capital-labour ratic. But this segment is likely to
be a small fraction of the entire horizon.



page 3735

cient equilibrium than an economy with a faster growth rate,
thougsh the reverse may also be true.

An increase in survival rates at an old age lesaves
the growth rate of population unchanged, but it lowers the
equilibrium rate of interest. Thus, i+ the competitive
equilibrium is initially inefficient, it will remain so
aftter the mortality improvement and if the equilibrium is
initially efficient, the mortality improvement may carry it
into the inefficient region. An increase in survival rates
at an earlier age raises both the growth rate of population
and the rate of interest. In this case the mortality im-
provement carries no implications for the classification of
equilibrium as efficient or inefficient.

The classification of a competitive equilibrium as
efficient or inefficient holds with given tastes (which also
include survival precbabilities) and technology, etc. A con-
version of an_e+¥icient egquilibrium into an inetficient one
due to a mortality improvement does not necessarily imply a
welfare loss. The new 2quilibrium is inefficient in the new
state (after the change in survival probabilities and,
hence, in the utility function). Similarly a2 conversion of
an inefficient equilibrium into an efficient one due to a
mortality improvement does not necessarily imply a welfare
gain. fhe new equilibrium is efficient in the new state

tafter the change in the utility {function).



CHAPTER 10

THE MODEL WITH ENDOGENGCUS FACTOR PRICES,
ENDOGENGCUS WORK HOURS AND THE EFFECTS

OF MORTALITY IMPROVEMENTS

ic.1 INTRODUCTION

In this chapter we consider a general eguilibrium
maodel in which the individual’'s labour supply schedule is
endogenous. In all other respects the model is similar to
fhe one presented in the last chapter. This 1s a sig-
nificant ds=parture from the conventional literature oh over -
lapping gensrations model in which an individual’s work
habits arz assumed to be fixed., The study of mortality var-
iations is a lon3 run issue and it seewms to be 3 strong as-
sumption that these demographic changes will not induce in-
dividuals to change their work habits.

The construction of our model in this chapter dif-
ters only sltightly $from previcus chapters. However, the in-
dividusl’s life cycle model which underlies the analysis is
dit+erent because, unlike in the previocus analysis, it con-
tains the work-l2isure choice as an endogenous de2cision.

Dus to this ditference vie wiill have to restate, briefly, the
bEshaviour of the househol!d model and the nature of general
equilibrium.
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10,2 THE HOUSEMOLD MODEL WITH ENMDCGEMOUS WORK HQURS AND A
FEASIBLE COMPETITIVE SOLUTION

The +ormation of aggregate household variables and
their accounting idantities are independeni of any assump-~
tion regarding household behaviour. However their sconomic
determination does dep2nd on the underliying household behav-
iour, In the present context we have to modity the
houseshold nodel developed in chapter 38 to make 1t consistent
rwith the individual’s lite cycle madel of chapter 3.

According to our analysis in chapter 3, an individu-
2]1’s consumption, work and narrcw savings schedules can be

writien in terms of the $following functions,

ciz) = olx, P, r, Wi

iy
-~
9
.
1
T
PN
p2
()

P, r, W)

Since W = w I and 3 can be suppressed from these functions

25 being an age path of fixed paramet=rs, we can write Lthese

functions azs follows.

cixy = =fz2, Fy, r, w)
hix)y = hix, P, r, w}
i = og5ixy Py or, w?

Zubstituting these function into the aggregats vari-
ables we get the same results as in chapter 3 except that

the aggresgate labour supply furncltiorn hecomes:
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T
Hit) = Bit) " e 3% pixy jix) hiz, P, r, w dx (15,2, 1)
0O

Or, dividing by the number of current births, Bibi, w2 can

write this funcition in zocmpact form as +oglliows!

»

H = Hlg, P, i, &) 110, 2.2

£z irn chapter 2, wie assume that production pas-

o-claszical linear

f11]

1

s5inilities are described by a n
homoasneous production functien.,  Under these conditions an

.

zouiliberium i1n ths two factor wmarka2its is characterized oy

o~

he ~gnditions:

Atlg, P, oy wird! = kiy}

-
]
wJ

-
=z
i
X

o~
-

-
b
[}
]

A&z bafors we assume that therz =svists a unigue and stablz
eguilibrium. Motice that th= stabhiiity condizicn in the

presant model is a litti=2 more compliicatzd than before. In

f

chapter 2 we concluded that in a Wazlrasian marlber the equ:-

titrium 13 =t3blz i+ and orl, 1f

* an ¥ A ¥ o S —
AL 2dry = LIRATIMr Y 4+ TSAT Y Sdw/Sdr {dw/dry Cia,.Z.3)
dity 2 4I-ed work s=crheduvlie 2fF an individoal, this zondit:izn
conbkalicad opl-or bhe darisatises ofF Lthe asssitz suppl functaz
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{2.3.91)}. MNow with an endogencus work decision, this condi-
tion must be spelilied out in terms of the derivatives of both

assets 3nd labour supply functions as follows:

>

A% rei3Aiory + t3A73w) tdw/dr) 3 /A

- [(3H/3r) +OIHZ30 (dw/dr) 3/HT S (dk/dr) 110.2.8)

Due to complex nature ot the comparative static
resuits of the individualistic model in chapter 4 it does
not s=2eom possible to detsrmine the signs pt the partial
derivatives 3A/3r, 3A/3w, 3H/3r and 3H/3w. There-
fore, we cannot =2xamine the +easibility of the above
stability condition. We simply assume that this condition
iz met by cur model. We are naow ready to conduct the analy-

sis of mortality improvements in this model.

iC.3 THE EFFECTS OF MORTALITY IMPROVEMENTS

The $ull e+fect of an increase in survival rate at
age x on the assets-labour supsly ratio has been expressed
in terms of tuwo sdditive componente by sqguation (F.4.25.

This zguation 13 reproduced below:

sa¥rdpir = 3a%52

1.
he]
Fa
3
-
.'.
(e |
3%
)
wy
[%1]
[
1

3g/2pix) 1 {10.3. 15

First we +ind the —omponent!: aﬁ*fgptx) which we refer to as

the sconomic effect.
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With an endogerncus warl schedule of an individual,
the anal,y sis becomes more complicated than before. We are
now vrnabkle tg determins the directicn ot change in the

L:_Z

]

bour supply ratio in responss fo a8n Increas2 in

SBEa

zurvival rates 3t most ages by directly evaluating the
~alayant derivati.aes, I+ the foilowing snalysis ~2 discuss

~
T
]

basic problems inveolved in this regsrd. Howevsr later
i= this z=ction w2 will adopt an indirect aspprecach in Dur
zf+ort to spluve this problem by using the accovnting rela-
Yi1monships among the household variablies.

As 1n equation {9.4.32), the economic etfect ot an
inzZreass in survival rate at age = on the assests-lilabour

supply ratiog, that is, A /dpix) can be written as

aa®ia F or e N - apyg s O -

T Ipix) = 47 LISA/IpixYy/AY - {3H/3pix) /HY] {1G. 3.2}
- . .«}. - .

Az in chapter 3, the derivative 3A/Fdp{x} can be express=d

in terms of the +ollowing function.

W pin) = 2 7% slx) [2 - ziadd (10,3, 3

wikth the same propertiz2s as befgre (see s4pressicns '2.&.1C

i
w
o+
i
[+8
(=%
s
i
n
o
i
Ui
-
{1
-
3

through (2.5.142) anga the r

s

3
W

o
o
Ul
-
03

[BN]

In particualar, the weightsd averages is independent of

the =g st whico the survival rate i1z assumed to have in-
gre2zed. This aversge was defined in chapter 2 as below

Y

izsge =s=guation (B.4.1510

N
éu
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- eir—gix

z /I tr-g) for g #r
{10.3.94)
= % for g =r
vhere, e(r-g)x is the weighted average defined belcw (see

equation {8.6.7)):

-
Poelt9¥x o7PX g Lagtx)/3pix )1 dx
_— 0
alr-glx 4 (10.3.5)
.
f e ™ ptx) ragix)/3pix)1 dx
)

For g = r, z converges to x which is calculated
by using the =ame weighting scheme as used in {(10.3.5).
From =2quation (4.3.18) of chapter 4 we can see that the

derivative 3¢(x)/3pi{x"} depends on the age x" only through a

+actor of proportionality @ e ™™ six") which cancels out

$rom the numerator and the denominator of (10.3.5). There-
fore, as in chapter 8, this weighted average i3 independent
of x*, the age at which the survival rate is assumed to have
increased.

The derivative 3A/3p(x) = & ™% s(x) [z - z(x)1
follows the same age pattern as in chapter 8. Theretfare
there does not seem top be any problem in evaluating the ef-
tect of mortality improvements on assets supply.

The sffect of an increase in survival rates at some

ages on labour supply is uncertain in sign, however. The
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reason is as follows. Given the viork schedule of an indi-
vidual, an increas2 in the survival rate during the working
period of life will increass aggregate labour supply by in-
creasing the size of working population, as shown in figurse
83.458.4, This effect may be callisd the age redistributicnal
2f¢fect., With an sndogenous work schedule, th2 increase in
the survival rate (or survival probability) will also induce
individuals to chang2 their work schsdules. According to ocur
analvysis in chapter 4 an increase in survival rates below
338 2y or above aqe x* {between age x* and age x*) when the
savings rate ri{x} is nezative (positivel), will induce mors
{lesser) work hours throughout the life cyclie. We call this

2¥fa2ct the induced effect. The age pattern af the two =2+-

0
e

+ects is =shawn in figure 10,

It is obvious that, for an

incressa in survival raites a3t the sarly or later part of

lite; the s3ign of these two =ftczsis cowmbined is to increase

aggregate lsbour supply. Howevsr, the effzct ofF an incr2ase
UF

15 zurvival rates in the niddle of the segment Xy to

is
amc1IoUE in sSign.

By directly =2valuating the derivatives, 1t does nct
seem o be possibie to deitermine the effect of mortality im-
provement on assets-lakouvr supply ratic exczpt for an in-
cresse in survival rates below age fy which will result in

legs a=zsets snd more labour supplw, Therefor2 we need sone

atditiornal information tp det2rmine the age pattern cof the
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Figure 10.3.1 The Age Pattern of the Age Redistributiconal
Effect and the Induced Effect of an Increase
in Survival Rates on Aggregate Labour Supply

distributional effect
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derivative Bﬁ*lap(x). The following two resulits will be

helpful in thiszs regard, The proocts are given 1n the appen-

dix {(zmechtion 10.A).

Thecrem 10.3.1
The sum of the derivative 38%/3plx), weighted
by the probsbility of survival over the entire life
cycle 1s Terp. That is

~
H

P optxy 18%s3p G0 dx = © (10.3.8;
o

Theorem 10.3.2

£~ ~

The sign ot the derivative F{A/H]

(9

pi{x} 15 %the

.
-4

At

s

mame as that of 3{A/CY}/3pix). In particuilar the two

derivativas are 1nterrelated as $clions,

~ Lond

AR/ Iptx) = wiC/wHIS 2{A/C3/3p i) (10,3, 7)

Mice we proceed to determine the sian of the deriva-

tive 3LAHI/Ipiz), We do this in a siep by step procoess

Far varicus segments g+ lifs

Thegrem 10.3.3

5.
1]
-
i
"
w
o+
e
i
W
Lit
i
i
[
4]
5
o
5
e
rr
2]
i
4
3¢
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Proot
At age %y and age x* the savings rate j7i{x) = 0, Also,
by definition at ages ;, z = z(;}. Eguaticn {10.3.3)
implies that aglaptxi = O at all these ages. Next,

consider the etfect cn !abour supply. Aczeording to
the comparative static resulils found in chapter 4, any
change in th=2 zurvival rate at age %% and age x* wiill
nat induce an individual to change his/her work plan.
The only effect remaining, theretors, is due te the
resulting chang® in the age distribut:cn of popula-
tion. This et+tect is given by g 3% 4%} hix}, At =ach
ot thess two agegs the savings rate ix} is zero.

Zince consumption is always pesitive, current labour
income and therefore work hours must also be pesitive.
Therafore, thae 24+ect oFf an increase in the survival

rate on the labour supply e % jixn) nix) is posiiive,.

[So 4
il

Finally, at age x, Sé/ép(x) = 0, Eince {g - ri
A, we also get 3L/3pix) = 0 at x = : Therefore

wiH/2p(x) is equal to 23C/Ipix} which can be calculatad

as +ollows:

A
~
a3

o
Fie

il
i)

|

¥ (]
i
X
+
D
"

p{y){icivi/api=z}} dy

The +irst term on the rizht hand side is cbhviously

o

Ca: - . *
positive., Since x lies between zge Ry and age =z 4 the
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savings rate 7{x) is positive at age ; and theretore
according teo pur analysis in chapter 4, Gciy)/3pix) 15
also positive. Thus both the terms in above expras-

siogn are positive. Theretcre BEin{x)

]
X
[+ X
T
Sa
o
0
*
[ =4
[H]

positive,

Since at age Xy x* and 2, 3A/3pix) = 0O and

Sﬁfap(x} ¥ 0O, QA*!?p(x) must be negative.

* P

Since in the neighbourhoed of points x and x

¥ 7
the derivative Eéfap(x) is amall, the above theorem also

implies that Bé*fapix) will be negative in a small neigh-

bourhmod around these three points.

Thecrem 10.3.2

w¥/mixy ¢ 0 for o x ¢ x

Proof
We already know that in this range EAIBp{x) iz neaqga-

S
tive. Mext, the derivative 3H/3p is as +ollows:

-

X

-

WH/3pixt = 2 2% jix) hix)

+ e 3 piyy vy [3hiyi/Zipixi} dy

The first term in this equation is obvicusly positive,

The second term is also positive because for x < Rys
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g{x) is negative and, therefore, shiy)/3ipi{x) is posi-

tive. With 3A/3p(x) ¢ O and 3H/3p(x) > O we must have

38¥72p ) = A% [aA/3pix)3/A - aH/3px) 3/HT < O

This completes the proot.

Theorem 10.3.3
30%/3ptx) ¢ 0 $or x < x ¢ x*,

Proo+f
By theorem 10.3.2 the sign of the derivative 3A%/3p(x)
is the same as that of 3{3/€}i3p<x). We also know by
theorem 2.6.1 that 3A/3pix) < O for x < x < x¥. Next
consider the derivative 3C/3p(x)

T

3C/aptx) = e 3% cux) + [ @9 piy)laciy)/apix)} dy
0

The first term in this equation is positive. Next,
for x < x < x*, the savings rate ¢ix) 1s positive.
Therefore 3ci{y) /3pix}) and henc2 the second term is

also positive. Thus Balap(x) is positive. Since

3A/3pix) < O and 3C/3pix) > O, we must have
3{A/CI/3p(x) = C 2 [CL3A/3ptx)} - A (3C/3p(x) 31 < O

It has been established that BA*laptx) is negative

in the neighbourhcod of the points Xy x* and ; and in the
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intervals x < x* and X ¢ % ¢ x*. We still have to examine

i~

the sign of this derivative in the intervals Xy { x € X

and x* { %2 ¢ T which seems to be uncertain. However; we can

show the following result.

Theorem 10.3.6

%, then 3a%

some points in the interval x* < x 7.

/3pi{x) must be positive at lesast at

Proot

.
Since | ptx) {3a%/3p(x)3 dx = ©
0

by theorem 10.3.! and aA*lap(x) £ 0 $or x ¢ x*,

BA*lap(x) must be positive at least somewhere in the

interval x* { % ¢ 7T.

Even i1+ ags ; is slightly above age x*, this result can be

expected to hold. The reason is that the derivative

SA*Iap(x) is also negative in the neighbourhood of points Xy

-

and x.
The above discussion suggests that, if the interval:

[ ;1 is small, we ocbtain more or less the same age pat-

X*,

tern of the economic effect of an increase in survival rates

on the assets-labour supply ratio as ogbtained in chapter @
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where the work schedule of an individual was assumed to be
finzed.

The effects on the egquilibrium rate of interest;, the
viage rate and the rapital-lsbour ratio can be cbtained in
the szame marner as in chapter ? and therefore there is no
ne=sd to repeat that exercise.

The demographic effect of mortality impreovements
does not depend on whether the work schedule of an individu-
al is fixed or endogenous. It depends; among other things,
on the age pattern of asset holdings and the labour income
of an individual. This age pattern is same in the present
chapter as in chapters 8 and 9. Therefore the demagraphic
effects of mortality improvements will also be the same as

before,

10.4 CONCLUDINMG REMARKS

With an endeogenous work schedule of an individual
the analysis of mortality improvements becomes gquite compli-
catad. In particular the effect of an increase in survival
rates at the earlier part of middle age and at cld age can-
not be =asily sigred. However, one can +ind a sufficient
and conceivable condition under which the signs of these ef-
fects can be determined. It turns out that the effects of
mortality improvements in this extended mcdel are more or

less the same as found in chapter 2.
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1C.A APPENDIX TO CHAPTER 10

10.A.{ Proof of Thecrem 10.3.1
First we reproduce equation {10.3.2) in a slightly

different +orm

138%/3p () 37Aa% = {3A/3ptx23/A - (3H/3pix) 3/H (10.A. 1)

According to this equation we can write

-
(1/8%) F ptxr taa¥rapixry dx =
0

: T - . ~ T ~
(1/8) " pix){3A/3pix)3dx - (1/H) | pi(x){3H/3p(x) rdx
0 0O

(10.4.2)

This equation contains two components involving the deriva-
tives Baiap(x) and 3ﬁ/3p(x). Consider the first com-
ponent. According te eguation (10.3.3), the derivative

Salap(x) can be written as
3A/3pix) = 2 7% gix) [z - z(x)1
Since z is a constant; we can write

T . T
Ioplx) {3A73pix)Y dx = 2z [ e 7% pix) glx) dx
(3] x

- .j‘ e-rx

8]

pi{x) ogl(x) zi{x) dx {10.A.3}
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The +irst term in this equation vanishes because ot the
lifetime budgaet constraint of an individual (see equation
{(2.4.7)). Therefore, substituting for zix) +rom equation
{(8.6.12) for 3 £ r, this esguation becomes

T - T

I ptx) (3A73ptx)} dx = [1/2(g-r1 [ e 3% pix) gix) dx

0 4]

= [1/{g-r)11 I
Or, using the identity (8.4.14) we +ind, for g = r

T

I' ptx) (3A/3pix)} dx = A (10.A.4)
0

Mext, substituting for z(x) from equation (8.6.12) for g =

r, equation {(10.A.3) becomes

T . T
I ptx) (3A73px) 3 dx = - [ x e "% ptx) 3ix) dx (10.A.5)
0 0
T
Since x =T - [ dy
X

equation (10.A.5) can be written as

T
A

P pix) (3A/3ptx)} dx =
0

.T - L 1]
- T i e pix) gix) dx + [ e ™™ pix) gix) [ dy dx
0 O X
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The first term vanishes because of the lifetime budget con-
straint of an individual. With a change in the order of in-
tegration, we can write this eguation as

T - T x
I ptx) {3A73p80)3 dx = [ [ e 77 pty) ¢ly) dy dx
0 00

With g = r, the right hand side of the above eqguation is
equal to the level of aggregate normalized assets, 3.
Theretore +or g = r also we get the same relation as given
by esguation (10.A.4}.,

Next, consider the second component in equation
(1C.A.2}. Let us first write the derivative of aggregate
normalized labour supply ﬁ with respect to survival rate
at age x. With H defined by equation (8.6.26), this
derivative can be written as follows.

s T

AH/3ptx) = e 35t hix) + ' e 9 piy) jiy) Lahiy)/3pix)} dy
0O

We know from our comparative static analysis in chapter 4

that tor all y, the derivative 3h(y)/3p({x}) depends on age x

anly through a tactor of propaortionality: e "™ six). There-

tore the second term in the above equation as a whole can be

3 e "~ —r‘x N : . - -
written as: ™ e 7{x}) where " is a constant definite in-
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tegral! of =zome function of ¥y over the interval [0, T1. Thus
we can writa

H/2pix) = e 3% () hix) + 17 2 77 rix

Multioiving by ptu} and integrating owver z tor the intervail

T

T2, T1, we can writa

1 T
i ptx) [3H/Ipixid dx = ¢ @ P gixd §ivy his dx
G 0

ey

T P Y SV o e

The 4irst term in this s2quaticn is egqual ta aggregate
normaitized labour supply H and tnhe second term 13 egual o
zero because cf the lifetime budaet constraint o+

widual. Therefors

= 3 FEN Lt RS DA

Substituting egquations (10,4

b
W
o
[
[T
-
I
U

'
)
¢t

zouastiocn (1G. A2, we get

and ther=tore,
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[ pix) {3AT/3ptx)} dx = 0O
0

This completes the proo+t.

10.A.2 Proot of Theorem 10.3.2

Consider the +ollowing identity

-~ A -~

wH-C=%=1(g-r) A

which implies

A

wH = (g - r) A +C (10.A.7)

Therefore vie can write the ratio aiﬁ as follows.

”~ N

A/H = wA/wH = wA/f(g - r)A + C1

= w (A/CY/Ltg - r)lA/C) + 11

Mow difterentiating both sides with respect to pix), we ob-

tain

3(A/H) 73ptx) = w [(g - PYLA/C) + 1172
LEtg - rYtA/C) + 1} (3(A/C)/3pix)?

- tA/C)tg - r){a(A/C)/apix) 2]
_ a A a2 ~ A
= wn C° [(g-r}A + C1 3(A/C) /3p{x?

Or using (10.A.7),
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3{A/HI/3pix) = wiC/wl32 3tA/C3/3p(x) (10.A.8)

This completes the proot.



CHAPTER 11

SUMMARY AND CONCLUSION OF PART 11l

The implications of alternative types of mortality
improvements have been studied in an aggregate model under
competitive conditions. A continupus time version of an
cverlapping generations model was used for the analysis.
Actuarially +4a3ir lite insurance and annuities were assumed
to be available. Individuals were assumed to be selfish.
Therefore, begquests or gifts were not present in the model.
It was also assumed that pensions or social security do not
exist., Except for the uncertainty of life, there was no
cther olement of uncertainty present in the model. The main
+indings of the research are as follows.

Given the rate of interest and the wage rate, an in-
cr=2ase in lite expectancy may increase or decrease the capi-
tal stock depending on the nature of the mortality improve-
ment. This result is cbtained in a pure life cycle madel
and does not depend on any beqguest motive. Thus, Skinner’s

result that an increase in longevity may increase or

1 For the summary and conclusion of part I o+ the
thesis see chapter 5.

page 3%&
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decrease capital stock, is possible in a pure life cycle
model.

Given the factor prices and the growth rate of popu-
lation, with a hump shaped savinas schedule, an increase in
survival rates at an old age will increase the normalized
level ot the capital =tock, as expected. However; the et-
fect of an increase in survival rates at a young age is to
decrease the capital stock. Finally, the effect of an in-
creas2 in survival rates at an earlier (later) part of mid-
dle age is to increase {(decrease) the capital stock.

The effects of mortality improvements with an
endogenous rate of interest and wage rate, but fixed work
sch=dule of an individual, were also studied under competi-
tive conditions, assuming that the eguilibrium is stable.
Cnce again we find that these effects depend on the age at
which the survival rate is assumed to increase. Given the
growth rate of population, with a hump-shaped savings sched-
ule, an increase in survival rates at an o0ld age will in-
crease the equilibrium capital-labour ratio and the wage
rate and decrease the equilibrium rate of interest. The e+-
f=ct of an increase in survival rates at the earlier seg-
ments of life is the opposite. Thus Skinner’s result that
incre2ass in life expectancy may reduce the capital-labour
ratio, can bte found in a pure life cycle model without a

contingent beqguest motive.
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The traditional two pericd models, in which all
births take place in the first period and survival is un-
certain only in the second period, ignore the demographic
eff=ct of a possible increase in the growth rate of popula-
tion resulting from the increase in longevity. This etfect
has been recognized in the present research. I+ the rates
of reproduction are independent of survival rates, this ef-
fect shows that an increase in survival rates during the
reproductive vears of lite will decrease the equilibrium
capital-labour ratio and the wage rate and increase the
eguilibrium rate of interest. This further supports our
zuspicion about the presumed positive relation between
longevity and capital! accumulstion.

The implications of mortality improvements for the
classitication of competitive equilibrium as =fficient or
inefficient were noted. An intermediate result is that, ig-
noring the economic effect of variations in survival rates,
a higher arowth rate of population has no implications for
the classification of equilibrium as efficient or ineffi-
ciant,. In particular, an sconomy with a slower growth rate
of populaticn may even te further away +from an efficient
equilibrium than an sconomy with a faster growth rate.

An increase in survival rates at an old age will
ieave the growth rate of population unchanged, but it will

lovier the egquilibrium rate of interest. Thus, if the compe-
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titive eguilibrium is initially inetficient, it will remain
so after the mortality improvement and i+ the equilibrium is
initially sfficient, th2 mortality iuprovement may carry it
into the inefficient r=3icon. #n increass in survival rates
a8t earlier aas will raise both the growth rate o4 populaltion
and the rate of iptsrest. In this case the mortality im-
provement carries no implications for the classiticaticn of
eguilibrium as efficient or inetficisnt.

Trhe classification of & competitive seguilibrium as
gfficiant or inefficient holds with given tastes (whitch aiso
include survival probatilities) and technology, =2ic. A con-
varsion of an efficisnt equilibrium ints an inefficient one
due to 3 wmortality improvement does not anecessarily impiy a
“elfare loss. The new =guilibrium 1s inefficient in the new
stzte (atte~ the change in survival probsbilities and,
hance, in the utility functiont. Similarily a conversicn of
an inefficient equilibrium into an sfficient vne due Lo a
mortality improvement does not necessarily inply a welfare

3ain, The new =2guilibrium is efficient in the new state

-k

tatt

]

r the zhange in th2 utility functionl.

3
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tnen repeatesd for a more compliil-
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catzd mpde in which the work schedule of an 1ndividual was

assumed ts bz sndogencous. The results were zhown to bBe more
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z ghbtained with a fixzd work scheduls.
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Aside 4rom these results relating to the basic issue
involved in this research, we also noted some other results.

The effect of a higher rate of interest due to ac-
tuarially fair life insurance and annuities present in an
individual’s savings or assets is absent +rom aggregate
savings or assets.

The fundamental accounting identities betwesn
szvings and assets which had been obtained +or an overlap-
ping generations model! under certainty (Gale {(1973), Willis
{1985)), also hold in a model with life uncertainty and ac-
tuarially +air life insurance and annuities.

In a new-classical model with a linear homogeneous
production function, the stability of a Walrasian equi-
librium is not guaranteed by a positive relationship between
assets supply and the rate of interest. An arbitrary in-
crease in the rate of interest from the equilibrium level
will also imply a lower wmage rate under the neo~-classical
production technology. This decrease in the wage rate may
raeduce the level of assets enouwgh to compensate the increase
due to a higher rate cof interest. Under these conditions
the equilibrium sclution may be unstable despite a positive
relationship between assets supply and rate of interest.

The present analysis has been conducted for a free
competitive model. In particular no mandatory social

s2curity programme is considered and the life insurance and
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annuities market is assumed to be competitive and +ree of
any distorticns. In addition, no bequest motive is allowed
in the model. The research can be easily extended to con-
sider the effects of these special environments surrounding
the individual’s life cycle allocation decision. The analy-
5is of mortality changes can also be repeated for a mpodel in
which lite insurance and annuities do not exist. In addi-
tion, one can also study the welfare implications of
mortality changes under alternative assumptions regarding
life insurance and annuities. To study the short term e¢-
fects of mortality changes it would be useful to examine the
transition paths in response to changes in survival rates.

We plan to search in these aress in future,
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