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ABSTRACT

Thisg thesis deals with the dynamics of cam systems, and
stems. from the need to 1ntegrate the dynamic design with the quality
of manufacture of the cam profijle. The objective ig to “provide a

better insight into the high-speed dynamic Performance of the system,

the dynamic degign and the manufacturing of cams, A' simulation
approach has been used, and a stochastic model has been proposed for
the generation of the input signal, which comprises the desired 1ift
and the lift error due to manufacturing errors in the cam profile. The
stochastic model employs the techniques of random number ganeratioﬁ
and spline smooéhing. The input signal is Integrated with the seven
éegrees—of—freedom dynamic model congidered for the common cam-
follower sygtem.

A  comprehengive gtudy of the Popular cam motions has

been conductead to investigate their high-gpeed performance. In

Particular, the effects of cém profile manufacturing errorg on the

studies have been performed to Iinvestigate the effects of criticail
system parameters on the syastem behaviour.

The stgdy has demonstrated that for sami-rigid follower
cam systems, the combined effecty of system flexibility and cam

profile errors are significantly greater than that of flexibilify
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alone.' and that the effects of profile érrors are: dominating. The
dynamic résponsa is critically dependent on the wavinegg of the 1ift

error. It has been established that at high speéds. it i3 not, the
5 : L]

ﬁibrational response, but the jJjump behavigur which determines thﬁ'

dynamic performance. The Modified-Sine,. Slmile Harmonic, and 3-4-5
Polynomial motions have been shown to exhibit superior high;npeod
pe;formanca‘to that of the popular Cycloidal and Modified-Trapezoida)
motions. It has algo been demonstrated that, for the flexible follower
system, the dynamic effects of cam profile errors are small. This isg
probably the reason why previpus investigatore have neglected the
effects of cam profile errors in their modellinyg.

Thie thesis makes 3 significant contribution in the
field of design of cam-follower systems and the manufacture of cams.
A versatile, user-oriented software system — COSCAD has been developed
which can be a very useful tool for the cam designer to search for the
best cam motion, the system parameters, and the pProduction quality of
cams to achieve optimum dynamic performance. Ueing this program, the
8ystem behaviour can be predicted during the design development stage

without setting bBp a complex experimental rig.
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'NOMENCLATURE

. Damping coefficient of camghaft bearing

Coulomb friction damping coefficient at the
follower-guide interface

Internal friction damping coefficient of follower

Internal friction damping coefficlent of return
spring : .

™

" Damping coefficlent for drive ehaft in toraion

Damping coefficient for drive shaft in transvarse
vibrations

Follower offget

Contact force between cam and follower at their
contact

Coulomb friction force on the follower
Return spring preload
External work load

Cam inertia Plus inertia of the camshaft considered
at the cam

Inertia of the camshaft congldered at the cam
Foliower stiffness

Contact stiffnegs

Stiffneas of the return epring

Drive ahaft atiffness in Torsion

Tgansverae stiffness of the drive shaft

Cam thickness

ix



R

~
#)

e

\. ' A
L

Mass of the cam plus that of the camshaft considarad
at the cam

Mass of.camshaft congidered at the cam

Follower mass ' ’ »

Masg ,of the follower rolser -ay alsgo incluad®a part
of the followor masg ‘

Mass of the return spring
Cam base circle radius
Roller radius

Cam torque

Theoretical 1lift (dlgplacement), velocity, and
acceleration of the follower

Vertical displacements, velocities, and accelerations
of various masses
Input angular displacement, and velocity

Angular displacement, valocity, and acceleration of
the cam

Return apring compression in agsembly
Damping factor for the follower
Damping factor for the return spring
Pressure angle

Cam rotational speed (éc)



CHAPTER 1

. INTRODUCTION
S~

1.1 General Background o ;

' ?
Cams are used extensively in automotive industry and in

hi{gh-gpeed, automated, spacial-purpose production machinery for

.tranamlttgng a desiraed motion to a follower by direct contact. They

provide an unlimited range of applicationu and a compact e}utem which
is easy to design and manufacture. However, the accuracy of maéhining
the cam profile becomes critical in high-speed applications because of
the sensitivity of the desired follower motion to these errors, and
combined with the X'bration effects of system elasticity, cam profile
arrors  produce bad dynamic‘behavlour of the syatenm. Congequently,
{ncreased ;ibration. Jump, shock, fatigue, and wear problems occur.
The dypamics of high-speed cam—féllower Bystems remains
an  active field of research and development with the ever—increasing
demand of achieving high performance at minimum welght and cost.

Computer simulation studies are an important analytical tool in the

cam design field. They have long been used to predict the dynamic

‘behaviour of new designs, or in the development of existing systems.

This form of computer-aided design drastically reduces the need for an
expensive and time consuming exercige of.éonstrucling and testing

prototypesn. SGDSIG\Vlty information can be eagily generated to gain a

.baaic understanding of the system behavioural characteristica. and to

evaluate design trade-offsm.
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As  the demands on the cam system increasa, the

designer’s ﬁnderstandlns of the system dynamics must alsgo Im;Fbvp. It

-
i

ié, therafbre. important to refine the simuiation models continuocugly
to describe the physical syatem as accﬁrately ag possible, 'kithin the

constraints of mathematical complexity and computational effort.

1.2  Objectives and .Scope of Research

. The output motion of the foLi;war in a cam-follower
aystem deviateswfrom.the motion designed intd the cam because of the
vib;ations of driving and driven elements ;h’ihe mechanism, and fhbn
manufacturing er;ors in the cam profile. Egrllar inveatigatiéns have
followed either a pure dynamic approach, consiaering the cam profile
as perfect, or have congidered only Einematics to study the influence
of profile errors on the followar response for a- perfectly rigid
syatem. The most general case ( IV in Pi;: 1.1 ), where both dynamics
and profile errors are taken into account, has seldom been studied.

Considering the realities of cam manufacture and its high-speed

operation, this cage presents the actual 8ltuation in practica.

™~

" Ideal Profile Real Profile

xinemati/ca,/\/ I II

Dynamic I1I IV

Fig. 1.1 Posgible combinations for investigation of cam mechanisms.



Most ;f the previous Btudies have considered the gystam
ag  an ovars!mplifiad singla degree-of—freedom (d.o.f.) "gsyetem with
fdealizations which would 8eriously affect the information obtained
and thg conclusions'dﬁawn. It -has been felt that a greater inaight
into the dynamic behaviour of the cam Bystem can be achieved when the
syatem is conaiderad in fitg entirety,'accounting for all the important
factoras that Infiuance the system response. This forms the bagis of

1]

the investigations undertaken in thip work.,

- —- - -
— . L . - e e ——

m. T e A comprehensive design Procedure requires trade—offg
between the dynamic response at the cam such ag driving torque,
contact forces, etc.y and at the‘_output in the form of motion
dfstortion. vibration, and Jump, during the complete cam cycle in the
steady-state. " Direct optimization woula involve multi—objectjvea
and highly nonlinear analyeis equations 1in the parametric form
because of continuous cam rotation. It is, however, convenient to
simulate the system behaviour and conduct Bensitivity analysis to
study the effect of system parameter changes on various degign
criteria. Based on the studies on different cam motions, an optimal

*

design giving the most desirable cam Profile and the syatem
parameters, can thus be approached. '

In this investigation, the‘ high-speed dynamic
performance of all the popular caﬁ motions will be evaluated and
compared using gimilar system specificat;ona. The degired theoretical
cam motion cannot be reproduced in manufacturing, and machining errorsg

do occur in the profile which seriously affect the syatem performance.



The éffecﬁs'of these errors havé generally been neglected in the paét
beéa;se most studies were done on very flexible follower systems of
the push-rod typelvalve—gear in aqtomotive engines, wsere these errorsg
have been obgerved to havé no significant ' effects on ihe system
dynamice. In ;he'éreaent gtudy, the main emphasis will be laid‘on the
dyhamic effects of machining errrors in cam profiles and their
relation to-tLe cam motion specification and operating cam spéeds. A
comﬁrehanaive Hynamic model will be considered to. account for the
effects of cam apeed variations, compliance at the cam-follower
interface! return spring vibrations, and tuulomb friction, etc.
Sensitivity analysis will be performed t6 study the effects of changes
in cfitical system parameters. Tt will be possible to study the
effects of gystem flexibility and machining errors separately as well
as in combination. Uherever possible, the results will be compared
with those of the previous investigators. |

Important qualitative and quantitative information on
the high-speed dynamic performance of the moat common type  of cam-
follower mechanism and for all the popular cam motion programs will be
provided. In additfon, the software system to be developed within
these object{ives will be of significant value to the cam designer to
predict, without setting up a complex experimental rig, the system
performance during the design development stage. It ig important to
note here that for a comparative study of cam motions, an experimental
approgch cannot duplicate the 1{ft error for camg produced to

different motion specifications.



1.3 Method of Approach

The anhlysis approéch used heré is the eimulatioq
technique.l A multi—degrea—of~fpaedom dynamic:. model for the cam-
foilower system along-.with a Istochastic mo&el to 'simulate the
excitétion. takiﬁg into account the 1ift error due to cam . profile
machining . inaccuracy, hag been developéd for the dynamic analyeis of
the aystem. An actual input signal (e#citation). obtained by
superimposing on thertheoreticai lift. thé iqspection lift error data
acquired from quality cam manufacturers, is aleo employed to determine
the dynamic effects in a more realistic situation. The érrqr data at
disgcrete cam anglé ‘positions hae been smoothed by spline
interpolatidﬁ. The dynamic model includes all the significant factors
that influence the gygtem response characteristics., An appropriate
model has been considered to gsimulate the return epring vwvibrations,
and expressions are agveloped to compute the compliance alt the
contact between cam and follower surfaces.

The performance criteria comprise the dynamic response
at the output in the form of acceleration oscillationa and Jﬁmp. and
at the cam in the form of contact force, cam torque, pressure angle,
and cam—speeq variations.. Because of the consideration of
noenlinearities, 1like Coulomb friction, numerical integration has been
employed te obtain the dynamic ‘response. The regultsg are presented in

the tabular forn and plotted for the visual {nterpretation of the

system response.
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1.4 Organization of the Work
Here a summary of the subjects presented and discussed

13

is given;

Chapter 2 gives a comprehensive ;;;;ey of the
investigations in cam syetem dynamics. The literature has been covered
under three broad areas; namely, the consideration of system dynamics
alone, consideration of manufacturing effects, and optimization
gtudies in cam dynamics. A critical review, pointing out the
weaknesges and omissions in these works, has been presented.

Chapter 3 deals with the performance characteristics
generally used  to deqcriba the aystem response. Other behavioural
characteristics which more specifically determine the cam system
dynamic performance are also defined.

System modelling is covered under Chapter 4, which
pregsents a detailed development of the dynamic system model for ghe
cam mechanism, and the stochastic model to generate the input signal.
Expressions' ére derived for the centact compliance and the contact
force at the cam—follower interface, and the criterion haé been'
developed to define the follower Jump. System equations are derived
for both the normal follower—cam contact mode and t:)

gltuation where

follower jump has occured.
o R

- .Chapter 5 contains the method of solution employed for

the system of equations, the actual generation of the lift error, the
specifications for the cam—follower sBystem under investigation, and

the calculation of approximate system natural frequencies.



The results of the study are presented in Chapter 6.
Logical discussions on the reagults are also provided. Finally,
conclusions ‘ara drawn and recommehdations made in Chapter 7. The

results are compared with those of Praevious 1nvestigations, and

extensions of the research are suggested.



CHAPTER 2

LITERATURE REVIEY

2.1 Introduction

| | The importance of cam system dynamics wasg recognized
only in the 1late 1940°g, Early studiegs dealt with the merits of
various motion curvés for cam shapen; In general, the criteria of a
succeagful pfofile have been - that itg accelerq}ion be codéinuous.
the rate of change of acceleration be small, and the magnitudes of
acceleration and velocity be @gmall. Consequently, higher order
bolynomials. Cycloidal, Hodified—Trapezoidal. and Modified-Sine
-motions have been coneidered as Buparior cholces. However, the dynamic
rerformance (the output motion, and contact agtresses, etc.) and
relative merits of any one of these cam motions depend on many
parameters in the cam-follower mystem. The important factorsg that
contribute te the observed regsponge characteriatica, and the
difference between the real output motion of the system and the

theoretical motion designed into the cam can be identified ag:

- the basic acceleration form of the designed cam motion,
- manufacturing errors in cam profile,
- other imperfectiona, clearances and backlash,

- inertia and flexibility of the follower system,
- energy dissipation through friction at interfaces and
the internal friction,

- speed of rotation,
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variatioﬁh “in  cam rotational sapeed due to ghaft

flexibility and drive characteristics,

. ~ . work-function (load) characteristics,
- preload and resonant vibrations of the return epring,
if used, ‘ \
- spring behaviour of the elastic zone at th;’?ontact of.

the cam follower interface,
- pressure éngle and cam size (bage radius),
- various system inertias,

- type of follower.

2.2 Investigations in Cam System Dynamica

Over the years, serious efforts have been made to
obtain a better understandlng of the influence of various factore on
the dynamic behaviour of cam driven mechaniems. A literature review {g
presented here {n chronological order, and different agudiea are
grouped wunder three main areas, namely, the co;slderation of system

dynamics alone, consideration of manufacturing error effects, and

optimization studies {n cam syatem dynamics.

Consideration of System Dynamice Alone

Dudley [1] developed what {s known as the "polydyne”
method, by introducing follower syatem dynamice into the cam
synthesis problem. This reéﬁltad in an excellent approach to the
design of high-speed, highly flexible Bystems of the automotive valve-—
gear (Flg; 2.la) and textile machinery. The method involved gpecifying

the desired output (valve) motion, and adjusting the cam profile
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7

Cam
{a) Automotive overhead {push-rod) (b) Dynamically equivalent
valve train [6] system (1]

Fig. 2.1 A high-gpeed, high flexibility cam-follower linkage.

Cx
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through the solution of the dlfferential equations of motion for that
dynamic system to achieve the required output motion ¥ - Fig, 2.15.
+ Polynomialg are used for the cam motion becauae of their {nherent
flaxibility. The principal drawbacks of the method howaver, are the
lack of local motion control, and that the mqthod is preciéa only at
the design speed, ‘whereas gpoed variations always occur in most
applicationg, Though extremely popular in automoﬁive Industry, the
method does pot result in quantitative ‘correlation batween the
designed dynamic responee and the true dynamic response at high gpeeds .
becauaa of the unaccounted sgystem imParfectione in the form of
;achinlng errorag, cleafancea. nonlinearitjes and variations in cam
.-
speed, atc.

Hrones [2] wag Probably the first to employ dynamic
simulation of- the cam—-followar system to account for system
flexibilities. Of the thraee basic motien turves popular at that time,
ﬁhe Cycloidal was. ghown to have much smaller amplitudes of
oscxllationa than either of Parabolic and the Simple Harmonic motiong.

On  the basis of tests conducted with the three basic
motions — Parabolic, Simple Harmonic (SH%, and Cycloidal, Mitchell [3]

4
demonstrated the superior dynamic performance of the Cycloidal motion
with its smooth acceleration curve, thusg experimentally supporting the
findings of Hrones {2). Resonance was observed at forcing frequencies
approaching the odd integral multiplea of the natural frequency of the
follower system. The tolerances achieved averaged legsg than
*0.00)1 in. Althougﬁ the importénce of extreme machining accuracy

required for good operatjon of the Cycloidal cam ig mentioned, the
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profile error effects.afe not disecussed. Sufficiently long dwell
periods were congidered go that the follower transient vibrations
. damped out begore the start of the next‘cam cycle.

| Commenting on H!t&hell’s paper [3], Barkan supported
the‘ conclusions that a succegsful cam profile muat have a .éontlnuoua
acceieratlon. and added that the derivative of the acceleration curve
(Jerk) should also be dqntinuoua. This condition wag, howeQer, greatly
limited by the accuracy to which cam ﬁrofilas were prﬁduced.

Hrones commented that it was gurprising, and at the
same time comforting to observe that ﬁhe inaccuracies in cam contour
and backlash in the actual system céused little deviation from hisg own
analytical predictions of E@e dynamic response [2].

Stoddart [4) expanded on the "polydyne” method and
derived 24th and 40th order polynomials to improve the automotive
valve cam design.

Barkan [5] modelied an engine overhead valve linkage by
an  equivalent gingle d.a.f. system and studied the dynamic response
consldering aygtem flexibility, inertia, and damping effects. The
effect of the force produced by resonant vibrations of the valve
gpring (return spring) was algo lncludedi For the flexible eystem
under study, the spring vibrations were shown to have little effect.
The comparisoh between the predicted Qéceleration regponse and the
electronically measured acceleration showed saignificant deviationg
througho;t the cam cycle. The observed deviation wag mainly due to the
vibration effects of a highly flexible follower saystem. In the

glmulation, the cam speed was assumed constant, and no consideration
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was lgi;en to the . cam préflle ;rrora and thelcompliahce at the canm
follower contact,

Turkish [6] compared the measured resbonee of a push-
rod *valve-gear ariangament- with the s{mulated ‘response of an
equivglené gingle d.o.f. model. It was demonstrated that in the casme
of éonafant acceleration (Parabolic)‘cam sotion. a large amount of
valve—gear vibrations occurred even with a valve gear of high
frequency (risid'follower). and that.a smooth acceleration curve was
very benaf!cial in Producing good valve-gear dynamica. On the bas;a of
a critical analygis of the transient vibrations in springs, it waa

. fecommended that thg best way to keep the spring surge to a minimum
was to operate at high hérmonic orders (> 12) by using a relatively
high valve apring frequenc; (stiff spring).

During the discussion ¢n valve sympogium Papers [5,6),
Barkan commented that with highly flexible syatems (push-rod
automotive) . the valve linkage vibrations had a much greater
significance than the spring vibrations. With highly rigid ayatems,
however, Bpring sﬁrges were of first order importance at high speeds.

Neklutin {7) analyzed many acceleration diagrams based
on Harmonie Seriea, but without considering follower system dynamicsg.
The studies -reaultgd‘ in the development of tha popular Modified-
Trapezoidal and Modified-$ine acceleration curvesg having reascnable
magnitudes of maximum acceleraticn, and finite jerk characterigticg.

The design procedure developed by Johnaon [8) allows
the designer to approximate, quantitatively, 4 general acceleration

curve by finite-differences. The displacement curve is generated from
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*
the desired.accelerat!on curve using numerical integration and curve-—
fitting.

Mercer .and Holowenko [9] simulateﬁ the fesigual
vibrational charactaerigtics of various cam motions over a range of
. follower system natural frequencies. Many important fac}ors ware not
considered ln.their rather gimple gingle d.o.f. mo&el. They concluded
fhgt there was no best;of~a11 poseible cam motion. However, the 7th
g}dar Polynomial motion resulted in low regidual vibrations over the
widest range of follower system natural frequancieﬁ.

ﬁothbart. commenting on their contribution, pointed out
the significance of including cam surface irresuiarities. cam gpeed
variations, and damping effects as {mportant factors.

Freudensgtein [10] suggested the use of harmonie series
48  an alternative tg pPolynomials as a meansg for establishing profile
specifications for high-apeed cams. To account for system dynamics, a
dynamic acceleration factor was defined, which could be evaluated when
the acceleration profile was known. Using finite Fourier Series, he
dev;loped functiong having minimum components in the higher order
harmonics, the lowest order of which was the Cycloid (gine
acceleration). The harmonic profile could be optimized between the
extremes of a Cycloid and a constant acceleration (Parabolic) moFion
to yield min{mum acceleration factor. Curves gimilar to the Modified-
Trapézoidal motion have been gsuggeated. )

Baumgarten {11] derived equations for the preload force

nhecessary Lo maintain contact of the follower on the cam for gimple

types of cam motions. In the gimple dynamic model, the follower is
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assumed risid..damping iﬁ 1gnqrud. and the profile ig considéred as
perfect. 'Onlj the rise portion is invaatisated, whereas the Jump is
more 1likely to occur on return. Static weight of the follower ‘is
wrongly considered in tﬁe dynamic equilibriug equations.

. Allais [i2] compared the dynamice of the Cycloldgl and
HodifieduTrapezoidal cama; The Hodifiad—Trapazoidal motion Yieldad
lowaer peak foréea f;r n>7 and the Cycloidal motion had the advantage
for flexible ;ystams with n lying batwean 3 and 6, Where n is the
ratio of cam rise time to the natural vibration period of the follower
system. Neither Curve was suitable for very flexible systema, where

"
the polydyne Procedure, employing the POolynomial &otlons, was
recommended. The analysis assumed an undamped‘system. no return spring
vibrations, and the cam machined to the mathematical accuracy.

Eiss [i3] formulated a two d.o.f. dynamic model of the
cam—follower system, considering the elastic deflection of the cam
follower interface and cam support flexibility. Two techniques aré
ldentifled to reduce the vibrations, namely, (a) to select an
acceleration Ffunction which cauaeé minimum vibration, and {(b) to
adlust the Bystem.parameters to obtain minimum vibration for a glven
acceleration function. System damping, cam speed variations, 2Pturn
gpring vibratione, and cam profile errors are neglected. Analytical
solutions are presented for gix acceleration pulees, and, through an
example, it ig demonstrated as to how the parameters could be selected
to give minimum vibration amplitudes.

As  an extension to the Dudley’g Polydyne cam synthesis

technique, Johnson [14]) presented a numerical method of synthesizing
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motion qonéiderlns tRe dynamics of a system of n-degrees of freedom.

He develpped‘polynbmjala wherein interfor motion requiramtha could be
controlled in addition to the consideration of the usual boundary.
* conditions. The derived poiynomiala gave quite hish values of maximum .

-accealeration as compared to that of the Parabolic and Cycloidall

motions. ) 7 | \

ﬁarkan, in his discussion on the paper, questioned the
general benefits of alm;re refined approach considering response to
the nth harmonic. He péinted odt that in mqst real cam aystems, the
dynamic response wae dominated by the fundamental harmonic — an
observation qupported by many authors. -Alao.“pqzﬂzif quite impossibie
to manufacture cams with sufficient ;écuracy to control even the third
derivative (Jerk) with any real. precision. Based_ on his own
investigations {5], he concluded that ‘eignificant errores in the
manﬁfgctured acceleration curve did not affect, auhstantlally; the
response of a flexible system at high apeeds because, at high gpeeds,
they constituted a higher order excitation of frequencies, much higher
than the system was capasle of following.

Johnsgon himselfF pointed ip his closure to the
discussion that a profile tolerance of #0,002 in. produced no
. measurable error in the output of the very flexible mechanism studied
by him. He noted that the required precision of cam manufacture was
inversely proportional to the natural period of vibration so that high

precision was demanded for rigid gyastems.

L
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Eriqhan'[lS] uaed Fourfer Series in the.development',of
a continuoua function . teo express cam lifte and accelerations in
flexible automofive yalve linkages. The smooth accelaraéibn diagram
wag duplicéted wlth a finite series of odd sine terms and the
resulting harmonic expression for the’ .cam profile Yo was cumbined with
the differantial aquatinn of system dynamicsg involvins dynamic wvalve
lift Y, and dynamic valve acceleration yv. An undamped gingle d.o.f.
cam—follower system model was considered. .The golution of the
resulting equatioﬁ yielded the valve motion ¥y+ The characteristics of
the valve gpring in relation to the complete valve train linkage have
bean investigated. Hany interrelated variables could be presented as
dimensionless Parameters. It was found that for the flexible saystem
under gtudy, the spring surge had little effect on the coﬁplete
dynamic system, but in general the selection of a high ratio (n>12) of
the wvalve Bpring natural frequency to the cam shaft apeed was
recommended. It was also recognized that the cam speed had a definite
influence on the ultimate choice of the cam profile. Profile error
effecte and cam follower contact condition were not congidered,

Meeusen [16] has presented a computer based formulation
for evaluating Ehe overhead-cam valve train system dynamics. The Galve
train ig asgumed ag Infinitely rigid, and the effecty of valve @gpring
Burge are considered. No damping is accounted .for, Theoretically
predicted results are correlated with the experimental data on the
basis of no—follow (jump) speed criterion. Although the program has
the provision to use the inspection cam 1ift data as the input, the

regulte do not show cam lift error effects.
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Crutcher: [17] developed a computer pProgram to study the
dynamic behaviour of the pPoppet valve mechanism. An equivalent gingle
&.o:f:-eystam, sub jected to internal damping and Coulomb friction. was
considered. Through comparison with measured results, It was ahowq
that the simulation studies predicted the valve motion ané linkage“
forcés .quite éatisfactorily..Tha effects of changes in Intefnal
friction, Coulomb frtction factor, and valve spring stiffrness were
also studied. Whereas the Coulomb friction at the guides waa shown to
have adversge effects, 'tha-internal_damping of the follqwer system wag
usgeful inp controlling the amplitude of vibrations.

Wagstaff - (18] considered a nulti-mass model of the

. ra "
valve apring to include the spring surge effects in ‘the gimulation of

—push-rod valve-gear dynamics. The cam proflle provided the forcing

function, and was read into the computer Program in the form. of the
tappet displacement (lift) for each degree of cam rotation. It wag
concluded that the simulation-of the valve spring was g very important
factor in obtaining accurate agreement with exparimental responase,
egpecially at high sgpeeds where the spring vibrations were
Bignificanti Also the simulation must be carrled through geveral
cycles to arrive at a steady state.

Based on an extension of Hertz theories, Smitﬁ [19]
pregented an analyeis of the elagtic déformation at the point of
contact beLween the cam surface and the follower 8o that the contact

8pPring constant could be determined.
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. Sakai anq Tauéa'[20] obgerved that the ;nalyaia of
valve motion kopld reducg}a great deal of experimental work precediné
the final decigion of valve%gear design. They investigated the valve
Jump charactefisticé considering-a single dro.f.-model of the &alve—
8ear, taking into account the dry friction at vélvé guide and the

 hysteresig damping of the equivalent_push-rod. They recorded the

2300 rpm camshaft speed, which‘waa shown to support the“analytical
results 6btained from their model. They also stressed the need to take
into acecount the valve spring Qibrations.

Bagci [21] ‘used a gingle d.o.f model to test the
dynamic performance of th;ae different cam motion curves through
several cycles of cam rotationA an& at a sgeries of cam Bpeeds,
Stiffness at the cam-follower interface wag accounted for. PBageq on
the gimulation studieé,.tﬁe following conclugions were drawn,

- The actual motion of the follower system can only be
simulated after several cycles of canm rotatio ana that
the wuge of ontly the rige period of a cam cyclé yields
unreliable Information for the completp responge
analysis of the cam-followaer sygtem.

- Motion curves that regult in favourable dynamic
behaviour of the follower system at g Particular cam
speed may not be good choices at different canm speedé.

- The follower system experiences certain cam-speeds as

critical (as experimentaliy observed by Mitchell {3n. -
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The effects of return spring vibrations, camahaft flexibility, Coulomb
friction gt the guides, and cam profile errors were not considered.

Fawcett and Fawcett [22] studied the effectg of‘
variatiops'-;n cam spead due to the flegigility of the cam;haft and
its drive. Thig had a qignificant effect on the valve dynamica, and
was ' an important conasideration in rigid follower éystemal typical of
high—speed production machinery and overhead camshaft valve gears in
engines.

Matthew and Tesgar [23] developed a matrix method for
apecification of Trapezoidal motfion éhakacteristics, allowing control
of vy, v, ¥ v +«. at spgg}fic points during cam rotation. They point
out the very esignificant differences between the push-rod type
automotive valve~gear and the typical high-gpeed production machinery
cam~follower systems, namely that

- automatic prpduction machinery cags have very rigid
follower syatems compared to the relatively flexible
automotive follower gystems, 80 that only modest
proportions of the total energy is absorbed by
deformations,

- production machinery cams are seldom decoupied from the
follower at any part of the cycle, and thus require

Precise and emooth motion at the end pointa. Autoqotive

valve-gear hasg intentional clearances,aggo that the

-
motion contraol at the boundaries is not ecritical,
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The apecification of the output.motion Properties for
affectively rigid s}atema. .therefore, requires a unique philogophy
.differént from that for the fléxible autamotive cam systems., Here it
is  important Ehat the motion hag well controlled local'propertiea in
térm; of. velocity,_acceleratibn, and=éhock; etc, ]

Kanzaki and .Itao [24] investigated the residual
vibration characterisgics of thg cam mechanigm for typehead
'positloning in high-speed te?aprintera. The pPolynomial equations 6f
motion are determine& upon thﬁ congideration }of the boundary.
conéitions and the characterigtics of residual vibrations. The results
cbtained by a single d.o.f. viscoqs damped follower aystém are
verifiad by the experiment. By the uge of higher order polyngmiaia,
the .residual vibrations are shown to be reduced over a comparativeiy'
wider range of riae‘tlmes.

Chen [25] studied the dynamic response of a cam driven
system, considering a lumped multi-d.o.f, model containing nonlinear
.Parametera. He identified two factors that hagq defi?ite influence on
" the sBysgtem response characterigticg asg thq/baaic acceleration form,
and the gystenm internal Parameters of mags, stiffneaa. and damping.

Beeve and Rees-Jones [26] studied the dynamic
performance of the famil} of standard motions having a sine-constant-
cosine accéleration {5Cca) function. The standard motiong like SH, .
constant acceleration—retardation (Parabolic), Cycloida]l, Hodified-

Sine, and Hodified—Trapezoidal. fit into thisg family. “he important

dynamic Parameters studied included the maximum and ninimum
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: acéeleration, residual vibration, and.torque requirements during lift.‘
gingle d}ﬁ.f. aimulation modél was.uaed,' and a constant rotational |
/fpeed of the cam was agsumed. They concluded that no single motion -
could completely satisfy all the necessary requiremeﬂta. and selecting
a motion was a matter‘of compromise. Although the authors recommend
;the Modified-Trapezoidal motion as the most ugeful general purpose.
motion, yet their ratings in Taﬁle 2.1 indicate the Modified-Sine and
the Simple 'Harmqnic motions go be the superior choices; with the

Cycloidal motion being praferred for flexible systems.

$  TABLE 2.1

COMPARISON OF CAM MOTIONS (26]

Deviation . ,

in Lift Accel. i Input Torque Regidual
Motion Velocity Impact Vibration

Nominal 2<n<10 . Nominal 2<n<10  2<n<10
Paraboli’c 5 1 2 1 1 1 1
Modified- 3 3 2 2 2 2 4
‘Trapez al
Simple 3 2 5 5 5 3 1
Harmonic
Hodified1§ 2 3 k] 4 4 4 4
Sine
Cycleidal 1 5 2 3 3 4 5

n: ratio of the 1ift period to the natural period of
vibration of the follower system.

Ratings 1 to S correspond to a range from relatively bad tg
excellent, respectively.
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Matthew and Tesaf (27] posed the synthesis problem. ag
that of determining the cam shaps factor g’ to prodice the specified
‘response y(t). The c;m shape factor was defined in terms of the ou(ﬁut
motion y; ¥ , and 'a and the dimensionlagg psrameters M ﬁc' and_uk
‘ K -and the

which depend. on the system coefficients M, C K

re r'

rotational design speed wy -~ Flg. 2.2, They clagsified the cam-

follower systems into low, medium, and high speed depending on the

LLLLL L L2 L 277

Return L_ Viscous
spring K _J damper,C
.r r
Output
System Y.V, ¥
Equivalent
mass, M
System
Equivalent
SPﬂing» K Shape

factor,
- ﬁqf.s

Fig. 2.2 The one d.o.f. cam—follower model [27].

)
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TABLE 2.2 -

»
CLASSIFICATION OF SYSTEMS BY umf [27]

Type of Weight System Spring Speed - u

m
Cam System (1b) - (1b/in) ~(rev/min) Un {general)
Low-gpeed 10.00 0.5x107 300 5.2x10"6 109-5-10-6
industrial ' .
Automobile 0.75 1.0x10% 3000 2.0x10~4 10~4
(overhead~cam)
High-speed 2.00 | 0.5x10% 3000 - 1.0x10~3 1073
industrial
Automobile 1.35 12,650 3000 2.7x10~2  2-7x10-2
(push-~rod)

g 2

w, o= ( ) @y - Design speed
wn

b, — Natural frequency of the follower aystem

parameter Hn which was defined as the squared ratic of the design
gpeed Wy to the natural frequency of the follower gsystem &ny Table
2.2. They recommended the use of higher order polynomial motion
specification and highest possible accuracy of cam manufacture
(+0.0001 in. or better) for high-speed cams. Their model assumed
constant cam speed, parfect profile, and massless return spring.
Reeve, commenting on the manufacturing accuracy, stated
that the very bast that could be achieved in practice for induatrial
cams  was commonly 0.001 in. in absolute error range, and a rate of

change of error of 0.0002 in/deg.

b
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The authors concluded the discugaion with the following
ramarkﬂ‘ = "Many important questions remain to be answeted when.
congidering a complete system'aﬁé they form thé basis of 3 worthwhile
Investigat-ion".@

. Rac  and Raghavacharyulu [28] studied lthe Jump
characteristics of vafious standard cam motions experimentally. .A
rigid follower and a very soft return gpring were used. Sihple
Harmonic motion wag shown to give much better jump characteristics
than the Cycloidal and the Polynomial caﬁs as indicated by the higher
cam .speeds at which Jump started. Thé higher the order of the
polynomial, the poorer was itg perforﬁance in relation to Jump
behaviour. Thisg is expected becausa of the high accelerations, and
consequently, high inertig forces in higher order polynomiale,
although their ;ibretion characteristics are better.

Koster [29] Feveloped a four d.o.f. gimulation model to
investigate the dynamics of a cam—operated transfer mechanism. The
follower linkage was represented by a single mass and a single
stiffness, but additional freedoms werﬁ included to account fer the
camshaft flexibility {in torsion and tranaverse vibrations. It was
shown that the transient vibrétions characterized the dynamic
_behaviour of the cam mechanism. The effects of the non-uniform cam
speed, backlasgh, and -lubricant Bqueeze were accounted for and a closge
correlation between the gimulated and the measured response .waa

demonstrated.
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Chen [30] has given a comnaphenaive review of the gtate
of the art of cam ayatém dynamics, D;acuaaips the trend _for future
developments, it -is suggested that ;utura efforta ﬁust be  directed
towards the study of more refined and realistic models which
congidered the combined dynamic effects of many parametersg involved.
It 1ieg finally remarked. that much work needed to be done concerning
system idantxfication and sansitivity anglysis in the cam mechaniam

e e . ]
field.

To predict the automotive valve train behaviour at high
speeds, Akiba et al. [31) have uged a aingle d.o.f, model, with three
additiona]l masses to simulate the valve spring effacts. They
substantiated their findings with experimental results. It was
observed that the valve Jump and bounce phenomenon would occur within
the speed ranges where the modern high-speed engines were driven with
4 considerable probability. They suggefpted a two magg model for, the
valve train to predict the jump phenomenon morg adequately.

Through experimgntal inveatigationa. Pisgano and
Freudenstein (32) demonstrated that the operating gpeed of the
cam—followear aystem of an automotive valve-gear wag limitted not by
excesgive dynamic forces or vibrations, but by a loss of load on the
Push-rod and the resulting valve toas (jump). They alao Created g
single d.o.f. dynamic model, congsidering mosgt linkage elementa asg
rigid and the return spring as a distributed rParameter element, and
compared the gimulation results with their experimental resultg. The
effects of Coulomb friction at guides, cam follower contact stiffneas,

nonuniform cam speed, and profile errors were not considered.
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Althéugh the importance of machining accuracy in cam
system dynamics is well recognized, veﬁyllittle work’ has been done in
studying the dynamic effects of cam profile errors and the sensitivity“
of popular motion curves to such efrors. 7 ‘

In a purely kinematic study, ' Johnsgon [33] applied the
method of finite-differences to establlsh the approximate acceleration
e?fecté of profile \inaccuraciaa. No sound basis. wasg 3i§en for
datermiﬁing the actJ;i follower diaplacement which was a?sumed to

"
deviate from the desired curve in'a cyclic and smooth fashion between

the limits of tolerancs specification, )

Rothbart i34] conducted dynamic tests to study the
dynamic effect of single non—peyiodic errors in the cam profile, and
observed large variationsg in the acceleration curve when the rate of
change of earror was high. He observed that accuracies as cloge to
+0.0003 {n. may be necessary In high-apeed applicationé. Further, 1in
a sdurvey on cam manufacturing techniques, Rothbart [35] haes given a
complete list of methods popular at that time, along with the probable
accuracy that could be obtained from each,

Nourse [36] identified cam Production tolerances ag
made up of the following two componentsg: )

(i) A maximum allowable deviation with which the profile
"as made"™ can be permitted_to deviate from the

designed profile. Normally, thisg bandwidth changeg

with the location along the profile.
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(i1) - The profile waviness which indicated” the rate at
which khe p;ofila ."as made” can be permitted go
deviate from.the degigned profile.

He daveloped ‘an analytical procedurq for profile random . arror
smootﬁins. The smoothest profile was defined matﬁematically ag thgt
profile, within thé random error iimita, for which the higher order
derivatives (acceleration énd its rate of change) had the least
numerical value. Thig wasg achieved ;hrough the use of polynomials and
application of th§ mpthod of least squares. The smoothed lift error
and its kinematic effects on acceleration are shown in Fig. 2.3. In
practice, the 1ift error function is not aﬂ:amodth a; shown, and hasg
high frequency pulses.

Brittain and Horsnell [(37] studied the effect of
grinding wheel wear and setting—up errors on the accuracy of profiles
produced on a copy grinding machine. The ana1§q19 does not account for
the randomness error, and the smooth error variation follows the
changes in velocity over the rise and return periods, with the maximum
variation occuring near the middle of these perlqda. Using the dynamic
analysis program of Barkan [5], it was shown that these smooth errors
had wvery little effect on the dynamicsi

Dhande and Chakraborty (38} analyzed the effect of
manufacturing and assembly errors on the output displacement
characteristics of the cam—-follower systems using a probabiliamtic
approach. In thisg purely kinematic study; the etochastic model

considered the contact between two random surfaceg and all input
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variables as random-and normally distributed. It was observed that

T
.

.- maximum errof occured at the angular positions of the cam whgré'pthe

he

. pressure angle ‘as well aéithe velocity of the follower was ﬁaxlmum.

Kawaski et al. [39] presented an analytical procedure

for computing the .1ift error of the cam profile produced by the

hinveree profile copy method using the dééillat ng cam -grinding
machine. Three principal factors were identified to contribute to.the
lifh error ~ the diameter;of the cam grinding wheel, preEiaion of

Ty .
‘model cam profile, . and process errors. Typical lift-error functions

are shown in Fig. 2.4, ’ )

An automatic system for kinematic evaluation of the cam
profile has been daveloped by Krawczynski et al. [40]._ The measured
sequence of follpwe; displacements, for equally s#aced_values of the
cam angle, is smoothed utilizing the concept of movable mean “used in
time-series analysis. They employ a third—order piecewise polynomial
fit with least square. miniﬁization. Stirling’s formula is used to
obtain accelerat{on variation ever the cam cycle and the smoothed
acceleration thus obtained 1{s compared with the theoretical
acceleration - Fig. 2.5b. The acceleration deviations lie within #10
percent of the theoreticai acceleration. System dynamice are not
considered in this study. 3

Kim and Newcombe [41] investigatéd th? kinematic

effects of cam profile tolerances on the followsr displacement,

'

ﬁeiocity. and acceleration using a stochastic approach, finite

n

differeuces, and the maximum likelihood theory. A uniform tolerance

was congidered over the cam cycle.
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4‘12 Symetry-oxis of cam.
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Bialkowicz et al. [(42) Presented the results of

experimental investigations for the effects of-wear on the dynamic

"charaéteristica of real cam profiles. They concluded that eaven 2

significant wear (after 1500 hra._running) did not markedly change the
dynamic Properties of the cam. They stressed the importance of the
simulation apﬁroach and the modelling of the inéut gignal (cam

profilé) based on  probabilistic data obtained from numerous newly

\ .
‘machined cams. In their analytical investigationa, they employed the

automatic system of cam prcflle control deﬁgloped by ‘Krawczynski eF
-.[39)]. |

. In their survey on cam manufacturing methods, Grant and

Soni’ [43)] indlcata that even with all the advances made in the state

of the art, basic machining with most NC machines and common mills angd

lathes was stil] in the tolerance band of *0.0005 to +0.001 in. of

course tolerances of the order of *0,00005 in. have been. achieved
where ;gsolutely neceesary.

Giordana et al. [44) studied the influence of
conscruction errors in the law of motion (Trapezoidal) of cam
mechanismg. iThe analyafs carried out was purely kinematic. with the
elements of the mechanigm coneidercd perfectly rigid. The lift error
distribution had a typical trend, similar to the behaviour of the
pPrassure angle or the follower velocity, with tha maximum error
occuring in the middle of the rise and return portionsa. The effect of
other dimensional errors, and variations in the cam rotational speed

were also investigated. They concluded that the profile errorg and

other dimensional inaccuracies introduced only allght variations (legs

¢

LF]
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than 10 *)-into the law of‘motion'and Ehht changes in angular speed
héd a noticeable influence. | .
Sankar ;nd Osman [45] gimulated the dynamice of a two
dimenaional hybrid proflling mechanisn uged in cam manufactﬁring, ané
studied the - effect of wsystem paraﬁeters in - controlling thé.
manufactufins error. The cam profile errpr was ldentified to be due to
.atatic.' kihematic, and gransient béhaviour of the mechan:sm. The-'
manufactured proflle indicated undercutting on the rige portion and
overcutting on the return side. Haximum error of the order of 0.0) in.
occurred in the :gdspan of the rise and return portions.

In a comprehensive investigation, Kim and Newéombe [46]
developéd an algvan'd.o.f; godel to aimulate the response of the cam-—
follower—dri#e system go that the effects of eys;em.flexibility and
cam profile tolerances could be investigated separately as well ag in
combination. The- afmulation results showed high frequency vibrations
wiéh la;ge variations in the follower acceleration causged by the
waviness frequency in profile errors. The simulation was ‘carried out
at a aingle rotational speed of 800 rpm and.thé spring surge affects
.were neglected which is an important conaideration for rigid follower
systgm .uaeJ in the investigation. The machining tolerance wasm
considered uniform over the cam cycle.

Norton [47], in a review work, explained the
significance of ecam manufacture and observed the lack of research

integrating -the theoretically superior cam motions with the realities

of cam manufacturs.
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.‘Iﬁ' é more .recent'work, Norton [48] hasg conducted

experimental investigétibns to gtudy the effect of cam _manufactur{ng‘

methods on the dynamic perfqrmancé of double-dwell cams. Four motions

- Modified-Sine (MS), Cycloidél'(CY), 3-4-5 Polynomial (5P) and 4-5-6-—
1 Polynomial (7P}, were all cut on ihe game cém as rise, return, rise,
return and six such Cams, produced by different manﬁfacturing methods,
were tested for their acceleration characﬁeristica. The shaft speed.
was 3.2 Hz. Even at this low speed, Lhe acceleration Plots showed
significant oscillationsg. Large differencéa ware observed in the noise
(RMS error in the abceler;tion waveform) generated b} cams produced
with different manufacturing methods — Fig. 2.6. Cléarly some methoaa
(C15 were far‘superior to others (L2) in producing quality cams. Tt
was also concluded that fhere was significant diffarence in the noise
-~ .
agsociated with the- different cam motions produced by the game
manufacturing technique. The 3-4-5 Pglynomial motion was observed to
be the quietest, and the 4-5-6-7 Polynomial, the noisiest. This
conclusion is based on the RMS average power for al)] manufacturing
methods taken Eogether. The results with geparate manufacturing
methods, however, do not show any eignificant noise differences for

various motions -~ Fig. 2.6.

W
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CAM TYPE

€I - Circular Interpolat
AG - Ahalog Ground

Ll - Linear Interpolatio

ion CNC

n CNC 1 deg.

L4 - Linear Interpolation CNC 1/4 deg.

-

AM - Analog Milled

L2 - Linear Interpolation CNC 1/2 deg.

Effects of cam manufacturing
on follower accelerationl[48]

methods and cam motions
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Optimization Studiees in Cam m System Dynamice:

Recent studies in cam synthesis have considered the

proqlem as one of optimization, and have‘emphasized the. minimization

of gome or many ofj the dynamic response ‘chéracteriatics at a

preacribed speed or ;ver a range of cam speeds.

Kwakernaak and Smit [49] empléyed a single d.o.f.
undamped system and formulated the problem of finding a suitable cam
proflle to min1mxze the residual vibrationsg over a Prescribed range of
cam apeeds._with limiting congtraints anp the follower velocity,
acceleration, and Jerk The optimized profile compared favourably with
the popular Cycloidal profile.

Based on the polydyne procedure for cam‘synthesis. and
considéring a sgingle d.o.Ff. dynamic medel, Berzak and Freudenatein

{501 aescribed a procedure for determining optimum performance for the

output motion in a cam driven system. Inclugsion of extra terms in the

‘polynomials provided additional freedoms that could be used for the

imposition of appropriate constraints to satisfy the optimization
criteria such as peak velocity, pe;k‘ acceleration, reaidual_
vibrations, and symmetry, etc. A balanded set of performance criteria
could be obtained through trade-offsg by scanning th; domain of
feasible polynomial cam curves.

Rac [51] considered a single 'd.o.f. undamped ayastem
including the return spring and minimized the leagt gquare flexibility
error (defined am the difference between the motion machined into the

<

cam and the follower responsgse), sgubject to prevention qf separation

between the cam and the follower.
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A method of caiculating the variance of the dynamic
response. ﬁging a stochastic approach by coupling numerical -
1ntegrat1on and probabllity Principles, hag been presented by Rao and
Gavane "[52). The problem of allocat1on of .tolerances on the cam
profile and other geametrical parameters, and variatipﬁs in aystem
Parameters like mass, étiffnesa, and damping hasg been formulated ag a
nonlinear Programming ﬁr;blem. A measure of the manufacturing cogt is
minimized, subjéct to constraints on the allowabie deviation {qn the
dynamic response. It is concluded that the variations in the mass
mainly govern the optimum point.

Cheﬁ et al. [53] considered a single d.o.f,. model with
viscous damping and included the roller Eollower mags to provide a
realiét;c descE}ption of contact force and stress at the cam follower
interface. To achieve g balance between the Bystem characteristjcg at
the output {motion distortion and vibration) and gt the cam follower
interface (contact stresses), they developed an optimality criterion
with suitable weighting factors and Bounds. and evaluated the
criterion with the aid of optimal control theory. Design parameters

for the synthesis of high-gpeed cam—follower systems could be

Shaft flexlbxllty. cam manufacturing errors, and return Bpring

vibration effects have not been considered in this development .

-



CHAPTER 3

PERFORHANCE CHARACTERISTICS IN CAM DYNAHICS

3.1  Introductien s - . ¥

Thﬁ béhaviour of ;hé end member‘(ﬁhe followé;) of the
cam mech&nism. caused by'the input motion excitation (caﬁ), iz known
, as‘ita responge. Design avaluat1on of a high~speed cam—actuated system
requires anp asgessment of the response of the follower to the input
mot}on. e;citagiqn. To_determine the response of a typical dynamic
‘aystem, one generaliy congiders both thé steady-astate and the
trangient response.‘ For caﬁ—folloﬁer axstems. powever. it is  the
transient regponse that characterizes the system, bacausge the cyclic
forcing frequency is very low in comparison with the natural frequency
of the follower system [29}], Non-periodic, high frequency pulees due
te cam profile errors also indﬁce transients. The ‘vibrations are
characterized by the fundamental frequency of the follower gystem. If
dwell periods are short and démping small.‘ the initial conditions of
8Yery new cam cycle are determined by the residuail vibrationg of tge

preceding motion.

3.2 Performance Criteria

Follower regponse is generally described in one of the
two ways -
(a) Frequency-domain response.

(b) Time-domain response,

39



3.2.1

Frequency-Domain Reeponeg

40

Frequency—dumain reaponee, also termed ag the Dynamic
Responge Spectra (DRS),. ig formally defined ae the pPlot of €he peak
accelerations {primary or reeidual) of a multitude of

v

single - d.o.f. .
undamped gpring-mass gystems, of different natural frequenciee (period
Tn). w.r.t. a gpeciffed

excitation (period TI)' The dimeneionleee
ratio of the reeponee amplitude to the etatic displacement termed as
-~
N the dynamic magnification factor (D) is plotted vergus the frequency
ratfo (or period ratio T)/Ty) - Fig. 3.1. Such a response "spectrum
analysig Provides unique information to help the degigner quickly
visualize the effoects. of machanical shock (pulse) on a system,
indicating the maximum dynamic loads expected.
X tig“
rll .,:ﬂ‘l
Accel, y
Tuz T 7Ty
[ 0
_ Input Qutput
g X
; S
- Toes
€ g
= T/,
SINGLE DOF SYSTEM TIME RESPONSE OF
OF VARYING PERIOD.

ACCEL. RESPONSE SPECTRA
FOLLOWER IN ACCEL. NONDIMENSIONAL PLOTS

Fig. 3.1

Graphic definitions of Dynamic Response Spectra (DRS) (56]



N A e e e b

| | "
3.2.2 Time-Domain Reaeoﬁae
| In "the timeuaoﬁain, the responge chgracteristica are
defined with respect to rea1 time or the cém angle. . Time ;esponse at
the‘foliower gompriﬂes-itq-diaplacement. 'veidcity. and acceleration
variétiona over the cam cyéle. Followar Jump describes the conditxon'
éf separation of the follower from the cam surface because of high
inertia, vibrations, or a_eoft‘r?taining spring;

.

. Follower respoﬁae in diqplacement provides information
on .the pqaitiohal accuracy of the follower at the.end of riee and
.return perioda. _However, the response in acceleration (Fis. 3.2) is

moat important because of the inertia forces which are produced.

No damping Dornpir;g-g Lo} |
i ﬂﬂn,
W RN
Parabolic
Anlin
hd \_\J UVV
Harmonic
A oa

Cycloidal

-~

Fig. 3.2 V1bratory regponse characterist;cs of cam—foilowar
for Parabelic, Simple Harmonic and Cycloidal input
{(a) no damping, and (b) with 10% damping.



3.2.3 lDznédic Characterigtica gg the Ca

v In addition to the ouﬁpﬁt_time-réaponsa in the form of
' folloéar accelération v@riat%oqe. one would ﬁe concerned with‘certain
important behévioural char;;téristics at the cam; These comprise the,
coniaet force, cam torque, pregsure angle. and - the cam speed
?ariatiﬁns with reaspect 'tb . cam -angle over ;_ cycle. Thgse-
charactéqistics determine bhé contact.étreasea and power requirements,
and thus affect the effiqiency, wear, and life of the maéhanisﬁ;

lThe present invéetigati;n considers the time—;eﬁbonse
.of the folloker acceleration, and the bahavioural-characteristica atl

the cam as the performance criteria.

.



. CHAPTER .4 ] S

SYSTEM IDENTIFICATION

4.1 Introduction’

A model is a combination of idealized comﬁonents ﬁsed
to describe .the behaviour of a real physical system. Modelling is one
of the majpr'tasks in the study of cam dynamics and the ua;fulnaaa of
the aplutioﬁ is 3réat1y dependent on how closely tﬁa model represents
the \syaﬁem. A very complex model may not be warranted because of
ﬁathematical ﬁomplexity‘and solution economy, ‘however, it must- be

‘
elaborate enough to provide éccurate information necessary for
engineering action.

Uh;le earlier investigations indicated that the simple

onea d.o.f. 1linear ﬁodel was adequate for Lthe study of cam system

dynamice [29], the dynamic behaviour of cam-actuated systems in modern

-

high—apéed applications can only be expressed realisticglly by means
i of more refined multi~degree-of—freedom nonlinear models. Such models
ﬁugt include the important affects of cam manufacturing errors, cam
sp%ed variations, return spring vibrations, Coulomb friction, and the
compliance at the cam follower interface.
Two models are necessary for the physical simulation of
cam system dynamics:
(a) a represgntative dynamic model.of the cam mechanism to

be investigated,

(b) the model of the input ‘signal - the lift function.

2 43
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443\\ Cam—Follower §ya£gm .
‘ N Hany. different éah—follower-configurations are in use
in industry. No particular éppliéation is intended for simulation in
thig work. Beéause the idea is ;0 present a comprehensive com;arison
of popular 'cam motiong, ;nd perform sensitivity® studies, only a
reprgaentative system haa been chosen. This is a two-dimensional digk
cam mechanisma with a Flexible camshafti_and apiving' a epring-
'controlled"égﬁnslating roller follower — see Fig. 4.1,_‘This- is a
- popular and vérsatile model wﬂich is easy to . analyze ki;ematically,

and is best applied to automotive cam systems an& many similar

applications.

4.3 Ideali;ed Dynamic Hodel

- -Al€hough the system, in reality, is a continuous

sys;am,‘it ig morg _convenient to 1dea;ize it ag a discrete system with-
1ump?d.masseat inertias, é&asticity and damping. The motion, deacf!béd
b;. ordinary diffqrehtial Pquaticns. can be wsasily obtained and
nonlinearities éan be directly,&ncluded.

For the cam-follower sysé?m under study, a seven d.o.f.
dynamic simul%tion model, ag shown in Fig. 4.2, has been propo;ed. It
comprises . a single d.o.f, torsional system and a ‘aix d.o.f.
tranaslational system. The torsional system represents the inertia of
the .cam along with a portion of the camshaft, and the torsional

flexibility of the drive shaft. The translational syetem coneiders the

effects of transverse flexibility of the camshaft, contact compliance
N
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Representative cam-follower gystem. -
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47 -
at th; cam folioﬁer intarface, .fullowér flexibility, Iénd thé return
‘séring 'vibrétions, and .1nc1udes‘the.iﬁportaﬂt facﬁofs _@f internal
gdamp;ng ih the follower system, Coulomb friction at the guides.
lnternal frxctlon in the return aprxng and the external work load.
Since the return spring vibrations intefact strongly -
with the follower vibrations, particularly at high séeeds, they must
be simulated, and solved simultaneously-witﬁ'the follower behaviour.
Coil spring‘ vibrations are often compared - to the - longitudinal
vibrations of an elasticf bar and for convenience caﬁ be treated
méthgmatically .by a d;acrate mass system. T; Bimuiate the ,éeturn
spring, a triple masg model satisfies the Tequiremenéé for appropriate
modelling [Bi]. It has {ts second. and third naturai frequencies twice
and thrae—times‘the fundamental frequency, respectively — Appendix A3.
The internal friction can be considered as  viecous
[32]. The only other assumption made is that there are no clearances,
This can be ‘eaaily raali%ed unless intended for a partiéular
application, like the automotive valve—-gear.
4.4 Mathematical Model - Formulation of Equatioﬁs of Motion
The .free~body diagramﬁ. corresponding to the dynamic
model ;onsidered, are sho;n in Figs. 4.3a and 4.3p. The governing
equations of motioﬁ are derived employiné Newton’s @gecond law of

LR

motion.
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(a).Rotational system

{b) Translational system

»

vsyl_Fp Cvsyl

K

Fig. 4.3 Free-body diagrams for the dynamic model of Fig. 4.2.
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4;4.1 Tora{onal Syetem

¥ith reference to Fig, 4.33[ the equation of

rotational motion can be written as "A T

.. -

Ic Bc == ch (9 - 9 ) - st (9 - ei) - Cb ec - Tc' ‘ (4.1)

where the cam torque T is given by

‘s

Yz .
\ Tc = ) F_ cos¢. (4.2)
- | ;
FC = the contact force between cam and follower,
and $ = the preaaure angle.

For the radial can with a translating roller follower,

Fig. 4.4, the Pressure angle is given by [56]

y

el — e L

mc
tang = (4.3)
. y +f(Ry + ROZ = 2 :

Fig. 4.4 Definition of
Pressure angle

P



4.4.2 . Cbntact Force

{ .
The contact force Fe) between the follower roller and

the .cam at their pﬁint of contact — Fig. 4.2 and 4.3b, is given ag

follows: \~- N\

F, coap = Ky, COB2¢ (y+y1—y2) + Fp | ) . (4.4)
where )

" Ky, cos?d. = ve;ticallcontact etiffness

(y+y1—y2) = céntact 8pring compression

FP = return eprigg preload.
Therefore , °
F
F, = Ky, [(y+y}—y2) + ] cos¢ . {4.5)
: ) cog“$

4.4.3 Return Spring Preload

In nonpogitive-drive cam mechanisms, the returﬁ spring
iz an important element used to contrel the follower motion during the
return. stroke. Adequate preload is necessary to hold the follower on
the cam, and avoid geparation. To provide the preload, the gpring is
assembled in compression.

To determine the preload FP, let 6r5 be the compression
of the Bpring of stiffness Krs‘ It causes a deformation & of the
equivalent gpring (Keq) due to the follower stiffness -Kf. contact
stiffneas Kh' and the camshaft tranaverae gtiffneas Kva' The return

apring is relaxed by the same length A.



K

rs,
‘free length

4

ﬁrs

Fig.

f

eq

4.5 Return spring preload.

With reference to Fig. 4.5, the

equation can be written as

K A=K

eq

rs(ars - 4.

For the Eprings in geries,

K =

Kf Kh Kyg

eq
K¢

From equation (4.6)

A=

Therefore, the ‘preload force Fp

F =

Kh + Kh‘Kvs + Kf Kvs

KFB 6?8
—

Keq + Kpg

.

o
is given by

Keq A

51

static equilibrium

(4.6)



52

or Fp= —a T3 T8 ‘ (4.7)
' ) goq + Kpg '

4.4.4 Contact Stiffness

The elastic deformatlon at the contact between the cam
gurface and the follower is an important oonslderatlon in egm degign
for high- speed applications. The load deformatlon relationship in.the
contact region can be defined by a non11near spring because the radius
of curvature of the cam varies with the cam angle.

The spring constant for the contact between cam and
follower hasg been analytically determined from the theory of contact
of two elastic boedies. Smith [19] has given separate expregsions for
the diametral and locol deformations of cylinders in contact. Burr
‘[58) hasa given;a more realistic analysis and conagidered the total
deformation between the centers of two contacting cylindrical surfaces
as consisting of the local Hertz deformation at the point of contact,
and the radjal elastic deformations of the bodies.

Consider two cylindrical surfacee of radii Rl and - RZ
()Rl), and of length g, subjeoted to load P as shown in Fig. 4.6.

The holf—wldth b of the rectangle of contact between

parallel cylinders is given by [b8],

4 p P
b=/ (=)Mnpng) R =113/ (cecy) 2 q R, (4.8)
w L g
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-/
Fig. 4.6 Contact between two elastic hodies.
where .
1 1
R=1 (— + — ). —
Rl . RZ
For the contacting bod{es of the same mategial,
y
1 -
]‘]1 = nz = = 'I"|
v E
v = Polsgon’s ratio
E-= modulous of elasticity.
For steel n = 4,40 x 107® mm2 /N.
The total deformation (approach of bodles) is given by [58) -
P 2 2 Rl 2 R2
§ = 0.638 (—) n [ — + 1In + 1ln ] . (4.9
L 3 b b

In the cam-follower system under conelderaﬁion, Rl.is

the radius of the follower roller (Rr), and R2 is the \¥adius of
J

~,
~ v



>4

curvature of the cam profllq (ﬁc).' which variés according to the

" contact position, and ié:given by [56,57)

Yy .
[(Rgtn)2 + (e = —)2 )3/2

- w : T
c - .
R, = _ : — — - R, (4.10)
y. y y
.(R0+y)2 + (e -~ —) [2(e - —) - ¢] - (Rg+y) 3
w m W

c 'C . . c

where -

R0=Rb+Rr.

.The radius R, |is taken as negative for the’ concave
surface (shown dotta@ in Fig. 4.6), and'infinigy f&r the plane
surfaée, axcept in the expression for deformation. Iﬁ expression
(4.9), RZ ig taken asg a 1arge pogitive number for any value negative
or infinity. It has been observed by the author, as also by Smith [lé]
in his analysis, that the deformation was relatively insengitive to
the variable radius of the cam,

Computing the deformation & in metres under a unit load

P = IN, the contact stiffnegs will be given by

Ky = 1/¢ N/m. . (4.11)

.
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4.4.5 Translational System — Motion with Ko-Jump

_ From- Fig. 4.3b, the .equations of translational motion
"are derived as fbllows-:

Mo F1 o= - Cug ) - Kyg 1y ;_ Fe cosé + F .
Mz ¥y = - Cf(92f93) - Ke(yy-v3) + F_ cos¢ - Fy
. : : : | 7
He vy = Ce(yazya) + Kelyo-yy) - C4lyz-v4) - Kglya-vy)
Py - Fep
M3.54 = C4lyz-v4) + Kgly3=v4) = C3074-¥5) - Kylygys)
Mp Vs = C30iads) + Rylygvs) = Colygiye) - Kp(ysoyy)
My Yo = Ca095-96) + Kaplys—ye) - Cyvg - Kyvg (4.12)
where
Fe. = external work load
N
Fcb = Coulomb friction.force. alwaysg oppoiing the motion

of the follower.

4.4.6 Energy Disgipation

fhere 'are several points in the cam mechanism at which
relative motion, and hence friction, can develop. This includes the
drive ghaft, bearings, cam ;ollower interface, the follower, gliding
pair at the followser guide, and reiurn spring,letc. However, 6n1y the
damping mechanisma that affect the response of the sgygstem to a

noticeable extent have been included in the modelling. For the



. L ‘7_\._ i-i' | s |
v , o . . " . : :
tpanalaéibnai'Aaystam. the damping 1n the follower (material dampins)
an& ghe: Couloqb“ friction at the follower guide ‘interface are df-
signifﬁcant imﬁorgance.- The phenomenon' can:ﬁe modelled by saimple
deacriptl:ions'; that is, a va:ua type of damping for the followar and
the damping force proporé&onal to the normal load ifor the Coulomb‘

-frxct:on as shown in Fig. 4. 7
| The damplng coeffjcign£ for the material friction can

+

" be obtained from experimentally determined damping ratio ¥, glven by
,

c
¢ = —
T

where, Cor i the critical damping, which depends on the mass “and

stiffness values.

B

}Viscous

. e -LJ{/‘Coulomb

Damping force

- + Velocit;

Fig. 4.7 Damping mechanisms.
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. For the follower, we have "‘” . . e

o= 8% Cer = tp2 [RiM, . (4.13)

P

C < . .
The values of Cg for cam—fpl{ower g8ystem have been foundnﬁq range from
0,05 to*0.15 {3,17.18.56]. In the present investigation, ¢¢ 18 taken
ag 0.10.. .

_';For“the return spring,

ENEE " (4.14)

{hhare~crs_is taken as 0.01.[18].‘
Coulomb Friction

The normal &ontact force between the cam and the

follower acts at an angle ¢ (the pressure angle) with the vertical.

"

This results ig side thrust between the follower and its guide.

Referring to Fig. 4.8, the thrust reactions are given by

GF
. A+ B .
o 'Nl = ’}c sing : -
- - . B - -
A
No = — Fo sing . (4.15)
B
The friction forces F| and F, are given’as ¥
Fl = Cep Ny

<

e .
where Ccp 18 the sliding friction coefficient. A value of 0.08 has

been selected for the coefficient ch.
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Fig. 4.8 Coulomb friction at the follower guide.
The total friction force Fcb is given by -
Fep = F} + Fp . (4.17)
All the coefficients are allowed as variables in the software system
p™
go that any user—defined values can be entered,
4.4:7 Jump Criterion
The contact between cam and follower is maintained for
Fq positive. Therefore, for no Jump to occcur, we can write from

equation (4.5), the inequality

Fp

(y+yy-yp) +
cosz¢



Fp"

.6r . ’ y + y1.+ 9_;y2 .
o : coa“d -

~ Separation . between the cam and_.follower occurs

= 0. Alternatively, :

o o . F_ .
Yy 4y 4 £
- . ‘ YZ ) y yl . 2 - 3
. cog4d

4.4.8 Translationa] System- - Motion During’ Jump

When thé'follower leaves .the cam -surface., Fo

- . v

F

(4.18)

when

(4.19)

"equalsg

Zero and Lthe eprings Kf and_Kv are no longer compreased by the

return 8pring preload. The follower esgentially rides on the

return

spring and the aystem will vibrate at a new low frequency determined

mainly by the return Bprlhg stiffnesa. The first three equations of

motion for the translational system (4.12), are changed ag follows:

M. §1 = _.CVB Y] - Kvs Y1

He ¥y = - Ce(y2-¥3) = Ke(ygmyy)

He ¥ Ce(y2¥3) + Re(ypmyy) - C4(y3-4)

- K4(Y3“Y4) - FN — FP

1}
o

The Coulomb friction force Fcb becomes zero, because Fc

. {4.20)
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. 4.5 H”Slmulatlon of the Excitation

The cgmfﬁrof}le‘provides'the forcing function fofr“thg"
follower. In addition'to the thecratical motion cuﬁ.onﬂtha cam,"the"
proflle errors- due to cam ﬁaﬁufhcturing ihfluencé the ﬁhiure of the

excitation.

————

;.S.IN Machining Procesq of Cam Profile - Cam Production
| Several mathoda are ueed for cam production: [35,43). For
the manufacture of precision cams, the two most common methodq are:
(1) Analog duplication of a magter cam.

\ (ii) Direct Continuous Numerically Controlled {CNC) cutting
) of ;éoduction cams.
When g humber of cams of the “same design are to be
produced, as {n auvtomotive caﬁahaft production, a master cam is firgt
cut by the common inﬁreﬁental cutting method- fhia is usually done on
rotary-table milling macrines, or mills that a;a numerically
controlled. After'the méster cam leaves the milling machine, it will
ha@e a seriea of scallops or flats on itg contour as ghown {np Filg.
4.9. For the next atep, a skilled workman "hand-dreggeg” tge master
with abrasiveg to remove the scallopa or flate, and create g Bmooth,
continuous contour, The master camg are commonly produced te
tolerances of *0.000} to =+0.0002 in. To produce the required cam,
the master canm: is placed in an analog‘ duplicating cam production
méchine which tr;ces its contour and drives g cutt?r ’contlnuously

k-]

against the final workpiece. to cut g eimilar shape. Magter cams are

generally made oversize 80 that the inaccuracies in the master will be
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"A decreasedA.by the ‘rati;.of thé‘mastar to the p%qductioﬁ'cam size. The
‘copying process. hag ite own ﬂynamica which 'contribute to- ;hé
diﬁtoftion betéepn,the master and the 'workpiecé prqfiie. Pre;iaién
cams gré%first'machihed aoft,. then_hardened; énd_fiqélly ground uging

hopy—grindiﬁg or NC grinders.

& ~.
-
N,
N
Scalloped Cutter f\
—— ‘Contour J/P ‘
_a
el T
/ \
{
\ \\Desired

profile’

Fig. 4.9 Scallops (a), and Flats (b) on cam contour as a
reault of incremental cutting.
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T

. In the CNC method of cam manufacture, no master cam is

involved. - Each production cam is a eeparate operatlon. An NC tape’is

-

first made. which contains all the cam profile (diaplacement)

information encoded in either polar or carteaian coordinatas depending
on the particular machine to be used. The cutter moves in a step-wise
fashion according to the programmed data pointg, creating either a
pIeca—wise linear approximation or circu;ar 1nterpélation of. the
original function. The higher derivatives of such a function tend to
infinite pulsges. However, the subsequent gfinding, ;lao on a CNC
grinder, removes these sharp errore and produces a fairly emooth and
continuous profile.

Quality cam manufactu;ers, like Eonic, Inc. - Detroit,
have computer programs that perform-.the basic engineering analyais
required in cam degign, and aleolpngpare NC tapes used in cam
production. This cutsg cost, and reduc;hféhe production times.

Each manufacturing method introduces {ta own noige into
the resultant cam motion. There‘are a variety of machineg uged to
Inspect the finighed>~cam. At Eonic, their Digital Cam Inspection
Machine records the deviapion from theoretical cam data (Lift) to
actual cam data, to twenty—millionéhs of an inch. It employs the
actual follower gize, can check a camshaft lobe at 360 points
(1' interval) and prinf.out the deviation at each point. Commonly

achieved accuracies, with most of the NC machines and common mills and

. lathes, range between +0.001 to +0.005 in. {43].

LY
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4.5.2 Model of the I_:_a,m_t igna] - The lift Functmn

| o In industry ‘practice, the lift error, defined as rhe
difference .betwaen the actual 1ift and the thé;retical lift, ig
meagured as a function of the cam angle over the cam cycle. In érdér
to quantify the effacts resulting from the cam profile errors, this
S lift error must be super1mposed on the ideal desired lift function.
Howerer, since the 1ift grrpr depends on go many factora of the
manufacturing proceéa. such ra -the grinding wheel size , and the
dynamics of the.machinery used, the error generated for differeqt
camg, produced to the same aspecifications, i of random nature, as
shown in Fiés. 4.10 and 4.11. These are typical cam -profile error
measurement charts for automotive cams obtained from Eonic, Inc.,
Detroit, Hichigann- Usa, which were produced from their*Digital Cam
Inspection Machine.

To simulate the input signai generated by a real cam, a
stochastic model has been considered. The deviation in the follswer
displacement (lift error) due to cam profile errors, measured ag a
function of cam angle, is a random function. Engineering
specific;tiona for the production cam tolerances congisat of a maximum
allowable ‘deviatlon in lift, and an allowable rate of deviation.
Typical valﬁes for quality automotive cams are:

maximum allowable deviation : £0.001 in.
(Size tolerance specification)

allowable rate of deviation : 0.0001 in/deg.
(Waviness specification)
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Fig. 4.10 Inspection 1ift error for automotive camas - Eonic, Inc., Detroit.
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Fig. 4.11 Inspection lift error for automotive camg - Eonic, Inc., Detroit,
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There, can be two approaches tgo - the generation of data
for the lift function.
(i) from the real aeﬁuences of 1lift erfor measurements,

(ii) assuming a distribution for the random errdrs.

(i) If sufficient informat1on on cam prolee checklng is available,
Fig. 4.11, real sequences of cam 1ift _error measurement data
{(inapection lift error) ean be emﬁloyad. For n-independent
realizations of the random function X(8) - Fig. 4.}2. the mean and
standard deviation .at angle ek can be calculated in the following way

.

- Ref. Table 4.].

n
L X;(8,)
_ i=1
Mean, X(O,) = — (4.21)
n
n

K0 - X852
=1

Variance, Dx(ek) = 1 : (4.22)
. n—

Then, repreaenting the data by a Probability distribution, a sBequence

can be sampled randomly,

(ii) If, haowever, enough data is not available, it {g convenient
and necesgary to make realist{ic assumptions about the distribution of
values, and then sample randomly from thege distributions. The
asgumptions made in the present asimulation are baged on the available
literature on eam profile errors, as shown in Figg. 2.3-2.5, and the
records of deviationg obtained from quality cam manufacturereg, Figa.

4.10, 4.11, and 4.13. The lift error is characterized by a variable-
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THE RESULTS OF THE MEASUREMENTS

TABLE 4.1

67

12 The expectation (mean) of a randem function.

8 ) 85 e 8
X(0) . k .
xl(e) xl(Bl) Xl(ez) xl(ek). Xl(em)
X5(0) x9(6;) x2(8) ¥ (8,) x2(8,)
xl(e) xi(el) Xi(ez) xi(ek) xi(am)
X, (8) x,(81) xn(ez) x,(8,) x,(8,)
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mean " deviation or "gize-error” and a super imposged waviness of. random

hK}

nature ~ Figs. 4.12 and 4.14. The generél_lift error function can be

L]

written as
— . o
X(e) = X(8) -+ e(0). - PR (4.23)

The meanui?ES islgaauméd.to follow the pféssufe‘ énéle
_(or velocity) variatiéns over the’ complete cam cyclé, with a maximum
defined- by the maiimﬁm allowable gize tbieranca. and‘ the wafineaa
‘érror €(6) has been asaumedbto be nqrmally‘diagributed between‘the: o
limits of randomness deviation‘about ﬁﬁe variable mean.

With the variéble~ mean and r;ndomnesa deviation‘
determined at fixed incremental angles, random numbar~generation is
employed tﬁ' determine discrete values of the simulated 1lift error.
This error is added to the ideal 1lift to give the gimulated discr;te
1ift funckion. The two approaches for generating theilift function
have Been' implemented in the software‘ system developed for the
simulation of the cam dynamics. The system is also programmed so that
the measured 1ift error data from a single cam can be input to study
the dynamic influence of the profile errors for a particular cam

design.

4.5.3 Smoothing by Spline fnterpolation
S5pline functions are used extensively as approximating
functions because they permit local curve fitting, and heﬁce are

suited to the characterization. of complex waveforms. They are

computationally easy to handle; their derjivatives and integralas are



: alau spline functions,

. varlable (dlscrete lift function values).

of one degree lower and higher, respectively,

Smooth!ng Bpline interpolation [59-62] replaces strict interpolation

by a blending of tha adjacent splines at their Junctions. This haR

been employed, here to obtain a smooth piece~wise polynomial fit to

- _
"the dxecrete data obtained with either of the two approachas described

’ . LN
earIier Mo the main section. . '

L

Referring to Fig. 4.15, 1let 90, 91, cee 6, be

distinct valués of the independent variable (cam angle positions), and

yo, yl, '... » Y, denote the ~corresponding values of the dependent
L

In this development a knot .
(where polynomialg Jein) will be considered to be placed at each data

point 8;, -0,1. +«+«y' N, 80 that.each point isg treated equivalently,

|
so(o)r sl(a)

]
l .
I [
~ I |
. ! { - 1
80 - 61 62 Gn

Fig. 4.15 Spline interpolation.
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\ ~ minimize the smoothég integral - ‘ : i
’ . . - . R . ' .‘ .

R 2

»

_A mathematical spline S(B) ig, by definition [59 60], a
piece—wise polynomial of degree k, and has\the following properties.
(i) The polynomials (alllof degree k) join in Ehe knots,

e i.e., 5(8;) = y;, 1= 0,.1, ..., n.

- (iiy -The _polynomial and.its first (k-1) derivatives obey

_contxnuxty cond1tion at the Joints (knots), i.e., for

a cubic Bpline S(B), S (8), and 5"(8) are continﬂoua

0

‘on [eo.en].

i)

In terms of the flexible strip mechanical spline, thesge

properties can be described as follows: . ) ™

€i) | The spline must pass through the knots.

- -
(ii) The spline does not break, nor does it beni} into
aharp angles.
. o ’
Also the theory of thin beams shows that, between the knots, the

mechanical spline approximates a cubic polynqmiaf.
&
A cubic spline . function Si(G)"ia defined within

- : »

L

) Bi €8 ¢ &1+l. 0 €1 ¢ n-1 ae"
54(0) = ai+b(a-a)+c(e-e)2+d(e-a@3 (4.24)
aatisfying conditions (i) and (iH)
-
) To provide smoo;hxng. the methqd developed by Reinsch
. . , Y i - . .
[59] has been emploYed. Cubic spline fittiﬁg provides one free

-

parameter whlch is reaponsible for smoothing the fit within the given

ke \
bounda. The smooth:ng function s(e) shall be conatructed so as to

N,

g
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2] -

‘ n. ‘
I = ss"(e)2 ds, (4.25)
89 Lo E : R f
- under the boundary conditions that !
n ‘ 2 _ .
: —~ E{15(8;) - y;1/ 8y:}? « M3 8y >0
- \. i=0 - ‘

] . zalyp) . (4.26)

£ . LR

That 18, &y7 is an eatimate of the standard deviation of the ordinate

e

¥{- The congtant SM30, ‘called the enoothing parameter, controls the

e*tent of empothing; Choosing SN ‘équal tq Zero leads to sim;le
interpolation by cubic spline functions, without amodthingl

Condition (4.25) states that the spline assumes the “'
shape that minimizes its potént?al.energy. which ia approximately
proportional to'the curvature, i.e., the sécond derivative. All th%
gpline functisns do not neceaéarily pass through the measured values

L
yj» however, the curvature is minimized. Thig requires that [60],

5"(e)

5"(8,) = 0 . , (4.27)

T soluEiQn of (4.25) and.(4.26) ma; be obtained by

the method of calculys of wvariationsg. Introdueing an  auxiliary
e .

variable <« tqgether with a Lagrangian'parameter P, we require to

-

minimize the functional

2] ) n .
/™ s (e)2 g 4 p<;; ((S€8;) — yp)/ 8y;1% + 22 — syy . (4.28)
] =0 - .

0 . .

pree
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The 6ptimizgtion-brocadure for‘tﬁ.éa){ and:an ALGOL program have'seen
developed by Reiﬁa;h [59]). The same algorithm has béen. implemented
here in Forfran 7. | ‘

° % The Ffirst two derivatives, i.e., the velocity and
acceleratior‘ ’ r,e;]u‘ired in the dynamic -Biqmulation. are direcfly
gvailable from fhe gpline interpoiation. Thi& displacemenf, velocity{

and aéceleration;information,_ rather than that from the theoretical

ideal cam motion function, is then used‘to_aimulate the cam system

nd th&\

dynamics ‘I%r the most general casse when the dynamic effe

influence of ‘errora in the'cém profile are taken inte account.

, B



CHAPTER § 14

IMPLEMENTATION
==L LRIRNIALION

5.1 Introduction- (//,-\\

The .'multi—degree-of—freedom- system of equations,
involving nonlineariﬁies, mqgﬁ be solved‘by a2 suitable numerical
methodl The 1ift error functioa has. been Zenerated using practical
‘values for the maximum aliowable size tolerance and random error
confidence limits. For the system parameters selected, approximate

natural frequencies have been computed for the return spring, follower

system, and the torsional drive gystem.

\ i
\S~) 5.2 Solution of Eguationa of Motion
A

The non11near gecond-order dif{erential equations for
the dynamic model have been transformed into a system of first-order
equations. Qver the yearsg, many efficient methods have been developed

P for the solution of guch a4 sygtem of equations. This implementation
employs the most widely uged fourth-order Runge-Kutta method. The
method is aelf-starting. eagy to érogram. quite stable, and hag small
truncation'$error per step. A step gize of 0.1 degree of cam angle

(0.0000} sec. Ltime-gtep at 4 cam spsed of 1500 R;h\ has been uged.

This gave an accurate and economical solut10n. which was determined bw
experlmentxhg with different ;8tep sizes and comparing the resultg with
the solution obtained by the application of 3 more accdratm fiftp
order Ru&he—Kutta method with an ad justable step‘ gig [63,64]1. a
solﬁtion time of i:gs than two minutes was’ taken for simulation over

i

75
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one cam cycle, if only dynamic effects for 3 perfect profile were
degired. For 'tha combined .effacta of - profile errors and saystem

dynamica, the solution time taken was less than four minutes.

————

v -

5.3 Generation gﬁ Lift Error Function
| The poptinuoua lift error function has been. generatad
‘In two ways;
(a) . from the measured values, of the lift error for a aingle
.cam, qbtain;d from industry, and
(b) through simulation, by assuming a maximum deviation for the
smooth mean error (size tolerance) and 3 dist;ibution for

the waviness error.,

{a) In thi cage the 1ift error data was obtainaq from Eonic, Inc.,
Detroit ih tabular form at l' cam anéie intervals. The system program
1s capable of accepting éhis dat; from a file. This discrete data ig
internally lntergglated using apline fit;{gg, without gmoothing

(SM=0), E}jg@nerate the continuous 1ift error function.

(b) For simulation, the smooth gize—error is asaumed to’bary as th
pressure angle over the cam cycle:_ For the comparative study of cam
motions and for the sensitivity apalyals, the maximum allowab;e
tolerance on the size-error, at the location of the makimum p}essqre
angle is fixed as 0.0127 mm (0.00QS in. or 5 tenths). The waviness
arror. is asgumed to be normally dietributed ﬁithin a‘toleranca band
(30) of +0.00254 mm (+0.0001 in.). Thege tolerances are representative

of thosge obtainable in industrial practice. Ag ig observed from

N
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inspection lift error Plots obtéined from. ihduatry. there is no

sisnificant uévineaé error over the qwell periods. Therefore, a very
small confidance interval is chogen gz;.the waviness ér}or over theaé

R -
portions, :

The frequency of the wavinesﬂ errorA(HE) dependas on the
cam incremental angle selected for lift error aimulation, -whereas its
amplltude. depends on' the 30 limits. "For the chosen 3g limits of
waviness error, it is found from 8everal tests, that a large cam ansle
Interval (s to 10*) genaratea a4 waviness of much lower frequancy than
‘opaerved in {nspectign lift error plots. Anp 1ncremenbﬁl gle of 1°
gives a closer approximation to the waviness frequency observed in
Plots obtained from industry. Thisa, however, reaulte in severe
vibrations of the semi-rigid followef system cqpaidered for the
investigation. Reaulps-are presented for the 1ift err§§\fimulated with
1° and 2° cam angle interyala.

To study the affecté‘of profile errors for arparticular
motion, the gizeterror tolerance ig varied, and. the smoothness

Parameter (SM) changed to get different rate of deviation (mm/deg. "

or the sharpness of profile irregularities.

5.4 System Parameters

The critical system parameters of follower mags and itg
gtiffness have been chosen for a typical semi-rigid system used in

high-speed industrial applications and in overhead—cam automotive

designs [2M. The return spring stiffness has bheen selected 80 as to
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- Balected design spead. The total lift has been fixed g0 as to keep the
maximum accaleration at a reasonable level for the gelected cam speed.
Cam sgpeed was typical of a high-apeed application. Basic cam and
roller follower aizea. and Lhe drive parameters wWare taken from a
study conducted by Kim and Newcombs ‘[46]. 'The drive parameters
répraaent ‘an aeaentially rigid drive. The system damping factors and
Coulomb ‘frigtion _coeffi;ient Vhave been baged on the" typical
experiment#l values ¥ obtained in cam—folldwer systems 6f  the tyﬁe
congidered in this investigation [17,18,56)]. For the aake _ of
comp;riaon, regults ha;e alseo bean‘given for a t}pical flexible
aystem, representative of push-rod automotive designs,

Although the system hés bean prograﬁmed for the general
case of. a sprin3~constrained roller féllowar. driven by any of the
radial cam types, e.g., Dwell-Rise-Dwell—Return {D-R-D~R), Dwell-Rige-
Return—-Dwell {D-R—-R-D), or a‘RiBe;Raturh—Rlae (R-R-R); results have
been presented for the moat‘comﬁ%n D-R-D-R cams., Unless apecified‘
otherwige, the following input data and system p;rameters have been

" chosen for the system under congideration.
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Basic Input Data

Cam motion program : D-R-D-R-D A i

Dwell Rige " Dwell ' Raturn Dwell

' Cam angle interval 0;30 30-150 150-210 210-330 330-3460

(deg.) B ”y
. Total rige - .- . T 1 0.02540 m
Diameter of cam base circle : 0.07620 m
" Diameter of follower ;oller ' ¢ 0.01905 m
Cam thickness ‘ :°0.00635 ;m
Initial return spring compressgion ' : 0.01270 m

Mass of camshaft considered at the cam, Hca I 4.668 kg

Inertia of camghaft considered at the cam, I 0.000454 kg.m2

cs °
Reference to Fig. 4.1 A=0.111125
B =0.0762 m
Maximum allowable gize tolerance t 0.127E—4 n

Ay
Standard deviation of waviness error

—= over rige and return 0.762E~6 m
== over dwell periods t 0.020E-6 m
'
Smoothing parameter —~ SM % : 35.0
Cam gpeed . : 1500 RPM
-
" [l



-UznamiCJS¥stem§Parameters:

'Ic = Internally comsuted for each motion - APPENDIX A.1
(0.00066§ kzg.m for Cycloidal cam) -

M. = Internally computed for each motion - APPENDIX A.1
: (0.42365 kg for Cycloidal cam)

M. = 0.02276 kg
M = 0.340 kg
M. = 0.068 kg
Kgg = 2.26E+4 N.u/rad
Kyg = 2.60E+9 N/m

K — internally computed (Section 4.4.4), and
nonlinear because cam radiue changes cont inuously

- G

Ke = 1.751E48 N/m

Keg = 2.10E+4 N/m .
Caf = 0.01356 N.m—sec/rad
Cos = 752.9 N-sec/m

pamping factor - follower Cg = 0.1
Damping factor - return spring Lrg = 0,01

C¢ and C.g are internally co?puted uging the damping factors
Cf and cl‘ﬂ .

C, = 0.113 N.m-sec/rad .

Coulomb friction coefficient, Cep = 0.08 .
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5.5 Calculation of Natural Frequencies

Toraionél System

xB;' = 2.26E+4 N.m/rad, I, = 0.00112 kg.m?

i ' : - - (including I_.)

Natural frequency ig given by

4492.0 rad/sec

[}

(observed‘frequency 2 4710 rad/aeé).
Follower Syatem
Alt??ush the contact‘atiffneaﬂ Kh varies with the cam

radiug, the variation hasg been found to be legs than 103. For the

o

contact stiffnesgs Kh corresponding to the cam base circle radius, the
equivalent follower stiffneas (Kg) is given by

\ . ) K K
3 h s 8
| cRe s Kg v —— 1 o 0. 706x108 N/g

s

Hf = 0-34 kg

Therefore, ' ' - -

1]

14410.0 rad/gec

(obaeryed frequency 2 1413 rad/sec).

Return Spring - Fundamental natyral frequency (APPENDIX A.3)

re Q

e )
Hz , M = 2 e
2 . .

250.1 Hz. or 1571.0 rad/sec.

(observed'frequency 2 245 Hz).

S
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The natural frequenc for the follower system and the

return spring were -aleso checked throqgh a modal analysis for the
translational system. and very close results were obtainad This wag

done to provide a means of checking the frequencies to be obaerved in

the graphs regulting from the simulatxon Process.

Implementation hag been done in FORTRAN 77.on the VAX-

730 computer. The available options are interactively selected,

whereas the input data is given iln filea. The resgults can”‘be

plotted on an Hﬁ‘plotter and/or printed out.

The following popular am motions have been gtudied -

Parabolic, Siﬁple Harmonic, - Cycloidal \ ﬁodified—Trapezoidal. 3—-4-5

Bolynomial, 4-5-6-—-7 Polynomial. and Modified-Sine.-
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CHAPTER 6

RESULTS AND DISCUSSION

. N
6.1 Introduction

In this chapter,

and discugsed. The results are covaréd under three headings, namely,

—  comparison of cam motions,

. effects of cam profile errors, and

response gensitivity to ayastem parametersg.

A

Host"simulétion results are presented for the third

_cycle of cam‘rotation, at which time a steady state was achieved in

the absence of signlficant return spring vibrations.' The gabulatad

results comprise — the root mean square (RMS) dqviatibn‘of the

follower acceleration from the theoretical acceleration over a cam

cycle, the deviation at the peak acceleration, - maximum and minimum

contact force. and the maximum cam torque over the rise and return

periods. The RHS deviation: has bean taken amg the index of comparigson
. of motionsg, but the degiation at peak ,acceleration ig always useful

information. Cam & speed variations are discussed wherever important and

no significant deviations are observed in the preasura angla.

Graphic ocutput is of moat uge to the des:gner to

visualize the. response characteristicn. The various dynamic response

criteria have been plotted on the HP-7221A plotter and are given

along with the tabulated data.

83

"the simulation results are presented

actual

o
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6.2 “Comparison of Cam Motions

f{ ’ . - - The ‘maxinum valﬁes of the thebreﬁical charactarlaticn_

i . o - of varioua motiona are given in Table 6.1 and the accaleration curvéa
for various cam motion pPrograms are shown f/BTable 6.la. The aalected

2: ' : s -cam motions ar compared with respect to;

- the . effects of system dynamics alone (flaxibility ef foects) for a.

perfect cam profile,

- the effacts oflcam profile errors alone (tolarance effecta) for a

perfectly rigid system, and
- Ehe combined effects of system dynamics and profile - errorsg

(flexibility + tolerance) for the most general case.

" The - same ayatem-.paraméters and the. gimulated (or

inspection) 1ift error function havq been ugped for each cam motion.

It isg important to note that the same 11ft 'rror cannot be realized in

0y

experimantal studies bacause camg with diéf‘rant motions will be cut

with dlfferent random profile errors.

6.2.1 Comparfson Based on Flexibility Alone
« The performance criieria are given ih Téblea 6.2 and
6;3, and seleéted response‘chaf;cteristic; are ghown in Figs. 6.1-6.M%.
The - accaleration.rasponue shows a well-defined tranaient'occqrins' at
the natural frequency of the .follower system - Fig, 6.1; No
- significant” return spring vibrations occur at‘the cam speed of 1500
RPM. Houﬁver. at a higher Epead oé 2100 RPM, low frequency return
‘apfing vibratioﬁ§ are_claarly obaserved even for the smooth Cycloidal

motion - Fig. 6.4. A very small contact force is available on the:
™~

Ay

{
K



-, TABLE 6.1 THEORETICAL CHARACTERISTICS - MAXIMUM VALUES

Cam Speed — 1500 RPM

Motion Velocity  Acceleration Pressure Angle Cam Torque
(m/sec) (m/sec.sq.). {deg.) {N.m)

1. Parabolic 3.81 571.50 21.9 ©13.0
2. Simple 2.99. ' 705.06 - 17.9 © . 11.2
Hafmonic' a :
3. Cycloidal 3.8l 897.71 22.3 , 14.0 .
4. Modified '3.81 698,39 22.1 13.7
: Trap. '
5. 3-4-5 Poly. 3.57 824.76 21.0 13.2
6. 4-5-6-7 . 4.17 - 1073.39 ' 24,1 15.3
Poly. ' ¢
7. Modified 3.35 789.81 19.9, 125
" Sine - ' R
\. \
]
{ -&-
4 - ‘
PR - 5 e
- .
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TABLE 6.la" ACCELERATION CHARACTERISTICS‘OF THEORETICAL CAM MOTIONS

Motion Acceleration
Curve Relative Max.
{(Min.)
. {I
Parabolic : , 1.00

Simple Harmonic

Cycloidal

Modified-Trapezoidal

3-4-5 Polynomial

4-5-6-7 Polynomial

Modified—Sine

[\\J
N
RY,
ﬂu
A
\V
/\\/
N
J
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TABLE 6.2 FLEXIBILITY EFFECTS ON FOLLOWER ACCELERATION

Cam Speed -- 1500 RPM

“.Hotlon Deviation at Peak Acceleratjon RMS ' Deviation
(m/sec.gq.) (m/sec.sq.)
Max. Rise Max. Return

1. Parabolic 908.78 968.63 277.32

2. Simple 613.47 677.75 201.93
Harmonic

3. Cycloidal 9.94 7 13.01 8.86

4. Modified 23.12 28.47 14.64
Trap.

5. 3-4-5 Poly. 16.94 17.48 13.25 a

6. 4-5-6-7 1.04 2.58 2.56
Poly.

7. Modified 26.60 33.47 15.99

Sine
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TABLE 6.3 FLEXIBILITY EFFECTS AT THE CAM

Cam Spéed - 150Q HH

Motion Cantact Force (N) Max. Cam Torque
: , ‘ (N.m)
Rige Upper Dwell Return
Hin. Max. Max. Max. Min. Rige Return

Parabolic 0.0 1004.4 1022.4  999.8 254.6  22.6 —20.¢

. Simple - 531.7 746.7 1032.9 539.6 297.1 12.2 -9.8
Harmonic ‘

Cycloidal 434.% 192.2 ' 812.1 638.3 374.9 16.0 -12.4
Modified 434.4 834.3 828.6 654.8 354.9 17.4 —-13.4
Trap. '

. 3-4-5 474,8 733.3 818:3 601.1 413.9 14.4 -11.3
Poly. -

. 4=5-6-1 360.5 881.5 801.4 704.9 3ll.s 18.7 -14.2

Poly.

. Modified 502.8 680.7 824.7 565.9 454.0 13.2 -10.5

Sine
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return, and follower jump occurs Just above this speed.
An  assessment of the relative merits of cam motions is
presented -in Table 6.4, where the numbers 1 to 7 correspond to ratings

of excellent .tc bad. The comparison of various cam hotions. based on

nystaﬁ dynamics alone, is xiven undey the following five headings.

1. Trans{ent Vibrations
The programs are -listed in the order of increased
vibrati{ons as:

4-5-6-7 Poly., Cycloidal, 3-4-5 Ppoly., Modi f ind-

Trapezoidal, Hodif!ed—Sine,“Simpla Harmonic, Parabolic.

Ciéarly, the cam motions Qith smooth acceleration
characteristics induce onlﬁ\_dmall osciflationa 16 the fpllower
acceleration - Fig. 6.2, whereas the motions containing high frequency
components (Parabolic) result in sevére vibrations. This observation
is obvious, but i{s made here for the sake of comparison when the
effects of cam profile errors are accounted for along with the

flexibility effects.

2. Pitting Performance - Maximum Contact Force

For most motiona, the maximum contact force occures on
the upper dwell, rather than the lower flank of rise, because of low
inertia force at the speaed considered. The maximum depends on the
smoothness of the cam motion and hence its residual vibration
characteristica. The maximum contact force on the lower flank of the
rigse, however, depends on the theoretical maximum acceleration of the

cam motion, the amplitude of vibrations, and the shape of the
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TABLE 6.4 COMPARISOR OF CAM MOTIONS - FLEXIBILITY EFFECTS ALONE
" Cam Speed -- 1500 RPN
' l1-Excellent . 7-Bad
Motion Transient . Pitting . Jump Torque
’ Vibration Tendency _ Requirement
Rise Return *
l. Parabolic . 7 7 7 7 7
(YES)

2. Simple 6 3 1 6 1

Harmonic
3. Cycleidal 2 4 4 3 4
4, Modified 4 - 5 5 4 5

Trap. '
5. 3-4-5 Poly. k! 2 3 2 3
6. 4-5-6-7 1 6 6 ub 6

Poly,.
7. Modified 5 1 2 1 2

Sine
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acceleration curve. . For the Parabolic and SH motions, very high
contact forces occur due to sudden Jump in the acceleration of these
uotionb at the t;ansition points and the resulting high vibrationa. 

Ih the order of increased maximum contact fo}ce on the
“rise portion, the motions are listed as beolow:
Modified-Sine, 3-4-5. Poly., Simple Harmonic, Cycloidal,

/“Modifiad-Trapezoidal, 4-5-6-7 Rely., Parabolic.

3. Jump\Characteristics

The jump characteristics are defined by the minimum
contact force over the rise aad ¥eturn periods. The Parabolic motion
causes the follower to Jump on the rise portion, as lndicgted by the
Zero contact force in Table 6.3. This happens due to the high
amplityde of vibration in the beginning of the negative acceleration,
cauged by infinite jerk. Modified-Sine motion is obsarved to give the
best jump characteristics because of the early and late peaks in itg
acceleration\gqrva (Table 6.1a). The gpring force is high near the end
of rise and in\lpe beginning of return, and on subtracting the maximum

)
inertia force, reagults in a high minfimum contact force to avoid Jump.
Theoretically, in the absence of flexibility effecta, the SH motio;
should give bast Jump behaviour beqauee of ite low theoretical maximum
s

acceleration which occurse at the end points of rise and return periods
(Table 6.la). This le clearly observed on the rise (Table 6.3) where a
high minimum contact force is available because the vibrationg have
almost damped out near the end of the rige Period. However, because of

very high vibration amplitudes (hence high inertia force) in the

beginning of return {Fig. 6.1), the minimum contact force reduces
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subs®antially resulting in poor Jnmp behaviour.
In the order of increased Jump tendency. the vi::ous
motions are rated ag follows : .
Mod{f{ed-Sine, 3—‘—5 Poly., Cycloidal, Hodifiéd—Trapuzoidal.
4-5-6-7 Poly., Simple Harmonic. Parabolic.
The motions with bad Jump characterigticy have aither a
.hish theoretical maximum acceleration (4-5-6-7 Poly.) or Produce high

transient vibrationg (Parabolic). and their acceleration peakg occur

.
towards the middle of the rise and return Periods (Table 6.1la).

4. Maximum Torque Requirementa
Maximum cam torque determines the power requirementsg
for the drive. It depends directly on the theoreticai maximum values
of the velocity, pressure angle, and the maximum contact force.
The motions are rated according te the cam torque
requirements, from superior to bad, as follows : |
Simple Harmonic, Modified-Sina, 3-4-5 Poly., Cycloidal,
Hodified-Trapezoidal. 4-5-6-7 Poly., Parabolic.
The superior motions have 1low maximum wvalues of
velocity, pressure angle (Table 6.1) and contact force (Table 6.3).

These motions have their Peak acceleration skewad to the left on rige.

5. Cam Speed Variations
For most motions, the va fation in cam gpeed g
\\\\\?bserved to be lees than 0,23 because of the rigid drive uged. For
Parabollc motion, the fluctuation iz of the order of 2. 3:\Qecauae of

high vibrations and Jump occuring on the rise portion. )
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6.2.2 Comparison Based on Profile Errors (Tolerance) Alone

Since system dynamics are not involved, only the

kinanatiC'offecta\Bt\fam profile errorET) on the follower motibn, are

»
to be connldered.' Any error in the 1ift Functi is magnified in the
acceleration response because of thn;rsacond dorivativ_e Involved.' The
nimulaknd 1ift error function is shown in Fis; 6.5 a d_tha results. on
its effects on follower accelsration are glven in Table 6.5 and shown
for/;H and Cycloidal motions in Fige. 6.6 and 6.7, respectively. Tﬁe
accoieration fluctuations are not 80 severely magnified because of the
relatively smooth 1lift orror function.

] The step change of acceleration in Parabolic and SH
motivns./\slvins rise' to infinite Jerk, is Bmooéhed bacause of the cam
profile errors, i.e., a perfect step is impessible to manufacture.
This should help to limit the vibration amplitudes for these motions.
Referring to Table 6.5, no significant differences are observed in the
RMS deviatPons in accelerations for various motions. The relatively
high values for the Parabolic and SH motions are due to - high
de {ations at the transition points to the dwells.

This comparison is only of academic importance because,

\

in actice, system dynamics are always involved.

S
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TABLE 6.5 TOLERANCE EFFECTS ON FOLLOWER ACCELERATION

Cam Speed — 1500 RPM,

Size Tolr.= 0.0127 mm, Waviness SD = 0.000762 mm, SM = 35.0

Max. Rate of Deviation = 0.00092 mm/deg.

99

Motion . Deviation at Peak Acceleration RMS Deviation )
(m/sec.sq.) (m/sec.gq.)
Max. Rise Max.  Return

1. Parabolic 95.60 94.13 68.50

2. Simple " 90.47 48.10 50.45

- Harmonic :

3. Cycloidal 58. 49 38.55 18.51

4. Modified 60.35 60.57 19.20
Trap.

5. 3-4-5 Poly. 45.61 16.73 18.81

6. 4-5-6-7 57.90 38.29 18.42
Poly.

7. Modified 37.83 61.03 19.25
Sine

* SD - Standard Deviation
5M - Smoothing Parameter
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6.2.3 Compar{son Based on the Combined Flexibility and
Tolerance Effects :

This is the most general, and least studied, case of
practical inta;est Because of the importance of the combined effactse,
studies have been made with the simulated 1ift error at cam speeds of
1500 and 1900 RPM, and also with the inaspection lift earror data
acquire& from industry.

| The response characteristics.at the cam aspeed of 1500
RPM are givan in Tables 6.6 and 6.7, and 3 few gelected plots are
shown in Figse. 6.8 to 6.11. The comparison of various motions. with
ratings excellent (1) to bad (1), 1is presented_in Table 6.8. It ig
easily recognized that, for the sémi;rigid system under investigation.
the combined effects of gystem dynamicg (flaxibility) and cam profile
errorsa (tolerance) are significantly greater than for either
flexibility or tolerance alone. The dynamic effects on fellowear
acceleration, and the responge characterigticsg at the cam, are

discussed under the following five headings. '

l. Transient Vibrations

For most motions, the RMS deviation in follower
acceleration ig increased about four times the deviation due to the
kinematic effects of profile errors alone. Deviations at peak
acceleration are similarly magnified, because of the superimpoged
Pulse transients g;;eratad due to cam profile 1r;egu1aritias. The RMS
deviations, for different motions, are not significantly different

except for'very rough motiong, Smooth motions, which have been shown

to give very small follower oscillations due to the flexibility



TABLE 6.6

Cam Speed —~ 1500 RPM

103

- (FLEX. + TbLR.) fFFECTS ON FOLLOWER ACCELERATION:

Size Tolr. = 0.0127 mm, Vaviness SD = 0.000762 mm, Si = 35.0

tfax. Rate of Deviation = 0.00092 mm/deg.

Motion

Deviation at Peak Acceleration

Max. Rise

(m/eec.sq.)

RMS Deviation
(m/Bec.sq.)

. Max. Return
1. Parabolic 475.10 386.61 152. 46
_-a : .
2. Simple 336.68 399.67 106.68
Harmonic
3. Cycloidal 150.99 129.08 75.42
4. Modified 274.25 179. 44 80.93
Trap.
5. 3-4-5 Poly. 186.01 125.38 17. 46
6. 4-5-6-7 157.17 133.96 74.36
Poly.
7. Modified 272.03 184. 45 80.73

Sine
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‘TABLE 6.7 (FLEX. + TOLR. ) BFFECTS AT THE CAM
Cam Speed — 1500 RPM
Size Tolr. = 0.0127 mm, Waviness SD = 0.,000762 mm, SM = 35.0

Hax. Rate of Deviation = 0.00092 mm/deg.

Motion ' Contact Force (N) Max. Cam Torque

(N.m)
Rige Upper Dwell Return -

Min.. Max. Max. Max. Min.  Rise Return

. Parabolic 271.4 991.5 850.3 7162.8  297.0 22.0 . -l6.1

. Simple 420.2 679.9 851.9 636.7 440.6 12.4 -9.7
Harmenic

. tycloidal 387.2 840.2 827.6  675.1 349.4 16.4 -12.9

- Modified 368.6 851.6 843.1 683.0 338.1 17.7  -13.7

Trap.

. 3-4-5 427.1 185.2 830.8 644,1 392.9 14.8 -11.7
Poly.

. A-5-6-17 310.9 927.5 8217.1 7128.8 283.6 19.0 -14.8
Poly. )

. Modified 410.4 132.3 336.2 615.6 4%§;J> 13,7 -10.8
Sine .
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TABLE 6.8 COMPARISON OF CAM MOTIONS - (FLEX. + TOLR.) EFFECTS:

Cam Speed — 1500 RPM

1-Excellent 7-Bad
Motion . Tranaient Pitting Jump Torque
Vibration Tendancy " Requirement
: : Risge Return
1. Parabol;c' 1 7 7 6 7
2. Simple 6 1 2 | 1
Harmonic
3. Cycloidal 2 4 4 4 4
4. Modifjed 5 5 5 5 5
Trap.
5. 3-4-5 Poly. 3 ] 1 3 3
6. 4-5-6-17 1 6 6 7 6
Poly.
7. Modified 4 2 3 2 2
" Sine
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effecta alone, no longer have that advantase when the cam prof!le
errors are also connlda;ed The effects of manufacturlng .arrofs in the
cam profile dqmlnate tha combined effacts of saystem dynamics and
profile errors on the system performance. The .vibrutionai:
characteristice of the Parabolic and SH motiank are much improved
baéauao the profile arrors result in finite jerks to occur at the
transition points to dwells - Fig. 6.8. The response plots of Fige.
6.8 and 6.9 indicate that high amplitude‘vibrations occur at locationsg

of sharp 1ift errors. No significant return spring. vibrations are

observed at thig cam spead.

Z, Pitt!ng Performance ~ Maximum Contact Force

The ParabOISC'.and SH motions have their pitting
performance improved because the maximum contact force on rige is
raduced due to the smoothing of sudden Jumps in the ‘accaleration. In
fact, the SH motion is observed to give the best pitting perfo;manca
because of its low maximum acceleration (hence low inertia) which
occurs at the beginﬁing and the end of rise and raturn periodes. The’
Bpring force has its lowest value early on the rine period, and its
sun with the inertia force ia, therefore, small. The same reasoning
holds for the superior pitting performance of the Modified-Sine
motion., In the‘ order” of increased pitting tendency on the rise
portion, the motions are rated as follows:

Simple Harmonic, Modified-Sine, 3-4-5- Poly., Cycloidal,

Hodifiéd—Trapezoidal. 4-5—-6-7 Poly., Parabolic.
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3. Jump Characteristics

The Jumh charaqtariﬁtlcs are also changed in a nimf!ar
way. The Parabolic motion, which wag observed to produce Jump on thg
rise due to flexibility effects alone, has nOﬁ a slgnificant
contact force availabia and a ﬁuch less tendency to Jumé; The SH
motion is obmerved to 5ive the best Jump behavxour, indicated by the
Breatest minimum contact force on return. This is due to the fact that
the wvibration amplitudes in tha beginning of the raturn have been
greatly reduced due to the amoothing effect of profile errors at the
trangition points - Fig. 6.8. However, the minimum contact }orce on
the rise has r;ducsd due to increased vibrgtiona at the location of
the maximum deceleration on the rise period causged by the sharp
profile errors thare (Fig. 6.8). Consequeqfly. the jump is more likely
to occur on the rise parloé. The 3-4-5 Polynomial motion also has good
Jump characteristics because of its low peak acceleratian and small
vibrationg.

In the order of increasged jhmp tendency, the motions
are listed as follows:

Simple Harmonic, Nodified-Sine, 3-4-% éoly., Cycloidal,

Hodified—Trapezoidal. Parabolic, 4-5-¢-7 Poly.

4. Haximum Torque Requirements

The maximum torque on rise and return ia increaged for
most motions because of the fncreased maximum contact force. The
torque on return for the Parabolic motion is much decreased because of

a significant reduction in the maximum contact force. The motions are
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‘rated according to the cam torque requirements. as fﬁllows:

'
’
[

Simple Harmon!c. Hodified-Sine, 3-4-5 Poly., Cycloidal,

Hodified -Trapezoidal, 4-5-6-7 Poly., Parabolic.

5. Cam Speed Variations

The cam gpéed fluctuations are observed to be less than
O.Btl(Fis. Gﬁll) and for the Parabolic motion the deviation is reduced
to less than 1.9% because of the emoothing action ofyg the profile
errore. .

Compar{son of Cam Motions Based on Combined Flexibiiitx and Tolerance

———— rrr—— 21

Effects - at 1900 RPM

v

The comparison of motions based on the combined affects
of system dynamics and cam profila errors, at a cam speed of 1900 RPN,
ie given in Tables 6.9 and 6.10. The Parabolic motion gives rise to

Jump because of high vibrations occuring at the transition points.

1. Transient Vibrations

The RMS deviation in acceleration is in;reaaed. but
again it {s not significantly different for various samooth motions.
But since the theoretical maximum acceleration also increases, .the
relative increase ig not very high. The high value of acceleration
vibration for the Parabolic motion result from jump.

The response characterigtics at the cam are Breatly

changed at this high speed.



TABLE 6.9 - (FLEX. + TOLR.) EFFECTS ON FOLLOWER ACCELERATION

Size Tolr. = 0.0127 mm, Waviness SD = 0.000762 mm, &M

Max. Rate of Deviation = 0.00092 mm/deg.
.

Cam“Speed — 1900 RPM -

= 35.0

e ————— .,

113

Motion

Deviation
at Peak Accel.
(m/sec.sq.)

Max. Rise

Max. Return

Max.

Theoretical
Accel,
(m/sac.sq.)

- RMS Deviation

T {(m/sec.sq.)

« Parabolic 983.62

« Simple

Harmonic

. Cycloidal
(IRS=0)

. Modified
© Trap.

. 4-5-6-7

Poly.

. Modified

Sine

317.54
363.74
364.37
431.63
374.31

362.38

263,37

8408.84
499.73
214.81 -
213.89
299.09
257.66

215.79

203.81

916.94
+1131.23
1440.33
1440.33
1120.53
1323.28

1722.21

1267.20

420.
243.
143,
143.
149,
145.

145,

149,

53

18

39

19

21

317

62

54
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TABLE 6.10 (FLEX. + TOLR.) EFFECTS AT THE CAM
Cam Speed — 1900 RPM
Size Tolr. = 0.0127 mm, Waviness SD = 0.000762 mm, SM = 35.0

Max. Rate of Deviation = 0.00092 mm/deg.

Motion Contact Force (N) - Hax. Cam Torque
. (N.m)

Rise Upper Dwell . Return -

Min. Max., Max. -Max. Hin; Rige Return

1. Parabolic 0.0 1352.7 1038.0 . 1062.8 0.0 28.2 -21.2

. 2. Simple 322.3 970.3 861.0 801.7 187.1 16.4 -11.8
' Harmonic )

3. Cycloidal 137.6 1178.8 894.9  901.8 122.0 22.4 -15.1

: “TIRS=0) 165.6 1157.2 887.8 870.0 143.2 22.2 ~14.9

4, Modified 169.9 1165.0 880.6 816.7 122.2 23.9 -16.2
Trap. . ' )

5. 3-4-5 205.7 1082.5 894.2 870.0 174.4 19.7 -13.3
Poly.
6. 4-5-6-7 30.2 1331.6 899.4 983.7 16.8 27.0 -18.4
" Poly.,

7. Modified 253.8 1002.8 894.0 834.1 231.1 17.6 -12.3
Sine -
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2. Pitting Performance — Maximum Coﬁtact Fgrce

The maximum contact force occurs on the lowé} flank of
rise for all the motiong, becausa at high speed the inertia force iu“
incrﬁased. The motfonn are rated in the order of incraésing maximum

contact force as followa:

Simple Harmonic, Modified-Sine, 3-4-5 Poly.; Modified-

Trapezoidal, Cycloiqal, 4-5-6-7 Poly., Parabolic.

Very high contact forces occur with the Parabolic‘motion bpcause of

jump, and for the 4-5-§-7 Polynomial motion becauge of high inertia.

3. Jump Charactaristi;a

The minimum conta&t force on rise and rqturn decreasgs
for all motions becaﬁse of . the high inertia force 'and increased
vibrations. For the Parabolic motion, the contact force reduces to

~

zero on both thé rise and return periods, and jump isg indicated as
ghown in Fis.‘ 6.12, The follower Jump results in significant camshaft
vibrations, and maximum speed fluctuations of the order of 3% occur
during the cycle. Very small contact force is available on both the
rise and return ﬁariods for the 4~5~6—7 Polynomial cam, and it will
give rige to jump Just above this speed. The motions are rated on the
basis of jump criteria as follows:

Modified-Sine, Simple Harmonjic, 3-4-5 Poly., Hodi?ied—

Trapezoidal, Cycloidal, 4—5;6—7 Poly., Parabolic.

However, there ig little to choose between the Cycloidal and Modified-

Trapezoidal motions. ‘
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" TABLE 6.11 _ COMPARISON OF CAM MOTIONS - kFLEX. + TOLR.) EFFECTS

Cam Speed — 1900 RPH.

1-Excellent " 7-Bad
Motion Tranasient Pitting Jump Torque
- Vibration Tendency ‘ Requirement
Risea Return
1. Parabolic 5 7 -7 6 7
(YES) {YES)
2. Simple 4 1 1 2 1
Harmonic —
3. Cycloidal 1 4 . 5 4 4
4, Modified 3 3 4 4 5
Trap.
5. 3-4-5 Poly. 2 5 3 3 3
6. 4-5-6-7 2 6 é 5 6
Poly.
. Modified 3 2 2 1 2
Sine
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4. Maximum Torque Requirements
The maximum'torqué valueg are also greatly increased
because of highér veldcity and higﬁ_contact forces. The motions are

réted according to increasing torque requirements as followsa:

Simple Harmonic, Modifigd-Sina, 3-4-5 Poly., Cycloidal,
-Hodified-Trapezoida;. 4-5-6-7 Poly., Parabolic.

Although the return spring vibrations do not change th;
acceleration response much, the dynamic characteristics at the cam are
significantly changed and the effects. are different for-different cam
motions. The results for IRS=0 (no spring vibrations) aré given for

'th; Cycloidal motion during the third cycle of cam rotation and
indicate significant diff;rences in the cantact fo}ce values - Table
6.10. The Pitting and jump tendencies increage, and more cam torque.
is required when 8pring wvibrations are accounted for. These
differences wgre not observed at the lower cam speed of 1500 RPM.

The comparison of cam motions at the cam speed of 1900
RPH ~ Table 6.11 indicates a little change in the ratings based on
different performance criteri;. but still the SH .and Modified-Sine
motions remain as superior choices. The 3-4-5 Polynomial motion also
has good high-speed performance. The Parabolic and 4-5-6-7 Polynﬁmial

motions are poor choices at high apeeds.
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Comparison of Cam Motions Based on the Combined Flexibility and

Tolerance Effects - Inapection Lift Error

Fi#. 6.13 Bhows;a plo£ of the iift error. produced by an
actuai-cam'profila.'The lift error data wag obtaineé from Eonic, Incf,
Detroit, in tabular form for 1.‘cam angle interval. The discrefe data
has been smoothed by spline interpolation to obtain ; continuous lift
‘error function. The plot-iﬁdiéates sharp high frequeﬁcy errors in the
1ift function. . '
| “To 1hvestigat§ the dynami& effects, the following input
data ‘hd gystem parameters wera changed to suit the'particular _riae

and return perioas of the measured cam so 8 to keep the maximum

acceleration and contact force to reasdna @ valuas.

.

Lower Dwell Rige Upper Dwell Return Lower Dwell

Cam Angle - 0-70 70-140 140-220 220-290 290-360
Interval{deg.)

Rige . t 0.0127 m

3.15E+4 N/m

Return Spring Stiffness; Krs
Smoothing Parameter, SM : 0.0

Cam Speaed : 1200 RPM
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The combiﬁeg‘effacté‘of Byatém,dygiﬁica and inspection
lift error are given in Tables 6.]12 and 6.13 and_‘the response
characteriqtica for the Cycioidal motion are shown in-Figas. 6.14 to
6.16. The observed dynamic béhaviour 1s discussed under the foilowinsl

four headings.

1. Transient Vib}ations

' \ Vib;aﬁions are observed to occur at the follower system
natural frpqubncy — Fig. 6.14. The observed freq;ency and'lthe
calculate& frequency (14410 rad/sec) match quite closely. The °
amplitude of vibrations is high becauge of the sharp high freduency
profile erroré. ‘For various smooth motiocns, the RHS.geviatioﬁa in
acceleration are not bignificantly different. For the Parabolic and

Simple Harmonic motions, the vibrations are only marginally increased

from those due to flexibility alone. ;5P

2. Pitting Performance — Maximum Contact Force

‘y,‘l

The maximum contact force 1s'significan£§§' increased
because of high vibrations, and it cccurs on the lower flank of the
rise - Fig. 6.15, except for the ‘SH motion, where it occurs on the
upper dwell due to‘the.audden Jump in acceleration at the transition.
The mptions are rated according to the maximum contact force asg
follows:

Simple Harmonic, Modified-Sine; Parabolic, 3—4—5 Poly.,

Cycloidal, Hodlfied—Trapezoidal, 4-5-6-7 Poly.
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TABLE 6.12 (FLEX.. + TOLR.) EFFECTS ON FOLLOWER ACCELERATION

-~ Ipgpection Lift Error

v

Cam Speed —- iZOO RPM

Max. Rate of Deviation = 0.001825 mm/deg. , SM = 0.0

.

lHotion Deviation at Peak Acceleration - RMS Deviation

(n/BBC.Bq. ) . : {m/sec.sq.)
ﬁax.‘Rise . Max. Return
. ‘Parabolic 971.99 621.24 228.59
.. _ N
. Simple 551.178 342,27 196.62
Harmonic
. Cycloidal 346.99 320.52 151.91
. Modified 418.53 325.07 - 145,40
"Trap.
- 3-4-5 Poly, 407.82 310.38 149,83
. 4-5-6-17 317.40 . 376.52 150.16
Poly. '
. Modified 386.96 342.21 145.18

Sine
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“
TABLE 6.13 (FLEX. + TOLR:f EFFECTS AT THE CAM
—— Inspection Lift Error
Cam Speaed — 1200 RPM
Max. Rate of Deviation = 0.001825 mm/deg. , SM = 0.0
Motion : Contact Force (N) Max. Cam Torque
' . (N.m)
Rise Upper Dwell  Return
Min. Max. Max. -Max.  Min. Rise. Return

. Parabolic 116.6 964.] 955.2 861.9 351.2 18.7 15,4
- Simple - 464.1 869.2  1012.2  750.1 373.8  12.4 -9.7

Harmonic
- Cycloidal 372.9 1051.1 872.0 . 839.2 300.2 18.1 -13.0
. Modified 380.6 1077.0 870.7  770.8  347.2  17.7 -13.6

Trap,
« 3-4-5 413.3 984.5 867.0 804.9 346.2 16.3 -11.9 -

Poly. '
. 4-5-6-7 293.3 1120.5% 876.3 883.4 226.6° 20.2 -14.8

Paly.
. Modified §56.9 924.8 864.2 784.9 392.0 14.8 -11.0

Sine
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- Inspection Lift Error

-~ .TABLE 6.14 COMPARISON OF CAM. MOTIONS — (FLEX..+ TOLR.) EFFECTS

_éaﬁ,épeed -— 1200 RPM

- . Max. Rate of Deviation = 0.001825 mm/deg. , . SM = 040

l—ExceIEent - 1-Bad

'

N o

A

Mation Trangient Pittfng © Jump .  Torque
K Vibration Tendency Requirement
. ' Rige - Return
— . >
1. Parabolic i ° 7 3 7 3 6
s
2, Simple 6 1 1 2, 1
' Harmonic _
3. Cycloidal 5 5 5 6 5
4. Modified 2 6 4 4 4
Trap.
5. 3-4-5 Poly. 3 4 3 5 3
6. 4-5-6-17 4 1 6 7 1
Poly.
7. Modified 1 2 2 1 2
Sine

S
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3. Jump Characteristics .

. The availahla | minimum contact fo;ce reduces
aisnificantly due to high vibration amplitudes. In order‘of increased
Jumg tendency, the motions ara listed as follows: |

uodi’fied—sme,-Smp_le Harmonie, 3- 4-5 Poly., l‘!odified—

Trapezoidal, Cycloi&al, 4-— 5~6-7 Poly., Paraholic.

4. Maximum Torque Requirements
The maximum torque values are also increased and the
motions are rated as follows;
Simple Harhonic, Modified-Sine, 3-4-5 Poly.: Modified-
Trapezoidal, Cyclqidal, Paraholig, 4—5—6—7 Poly.
Speed fluctuations are below 0.5% fqr most motions and less than 2.4%

for the Parabolic. motion.

Theu Simple Harmonic and the Modified-Sine are observed

~

tb be the superior: motions, with the latter giving the best overall

performance based on both the vibrational behaviour and - the dynamic

v

characteristics at the cam - Tébie 6.14.

v

Comparison of Cam Motions Based on Combined Flexibility and Tolerance

. L]
Effects — Simulated Lift Error at 1 Cam Angle Intervals

As has alreaigabbeen remarked in Section +5.3, the

. L]
simulation of 1i{ft error with a cam incremental angle of 1 gives a

‘closer approximation to the uavineas frequency observed in inepection

1ift error - Fig. 6.13. The Bimulated lift error plot is given in

Fig. 6.17, and its dynamic effects on the follower atceleration and
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TABLE 6.15 (FLEX. + TOLR.) EFFECTS ON.FOLLOWER ACCELERATION

— Simulated Lift_Efror‘at 1' cam Angle Intervals

Cam Speed — 1200 RPM

Size Tolr. = 0.00680 mm, Waviness SD = 0.000508 mm, SM =.5.0

Max. Rate of Deviation = 0.001615 ﬁm/deg.

‘130

.

Motion -Déviation Théoretical RMS Deviation
at Peak Accel. Max. Accel. (m/sec.sq.’)
(m/sec.sq.) (m/sec.sq.)
Hax. Rise - Max. Return

1. Parabolic 543.29 696.86 . 537.44 220.28

2. Simple 592.42 499.52 663.04 207.35
Harmonic

3. Cycloidal 325.18 598.33 843.37 167.18

4. Modified 402.65 575.20 656.77 169.96
Trap. '

5. 3-4-5 Poly. 343,23 617.45 775,61 174.85

6. 4-5-6-7 %27.47 '481.81 1008.87 159.80
Poly.,

7. Hodified 320.32 . 581.2} 742.66 172.58
Sine
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" TABLE 6.16

Size Tolr. = 0. 00680 mm , Wavinessg 5D =

Max. Rate of Deviation = 0.001615 mm/deg.

—-Simulated Lift Error at 1*

Intervals

Cam Speed ~— 1200 RPH

(FLEX. + TOLR.) EFFECTS AT THE CAM

Cam Angle

0.00508 mm , sSM =

132

5.0

" Motion

Contact Force (N)

Max. Cam Torque
(N.m)
Rige Upper Dwell Return
*t Min. Max. Hax.' Max. Min. Rise Return
\ ‘
1. Parabolic 347.4 1087.8 979.0 960.0 253.6 19.9 -17.1
. )
2. Simple 415.8 886.3 943.7 164.0 371.0 13.2 -11.3
' Harmonic
3. Cycloidal 345.2 1019.7 890. 4 920.7 374,1 19.3 -14.5
4. Modified 370.1 1094.9  901.0 860.9  334.4 19.8  -15.]
Trap. :
5. 3-4-5 378.6 988.9 892.4 908.2 395.5 17.9 ~13.2
Poly.
6. 4-5-6-7 279.1 1095.9 884.1 931.5 318.4 21.8 -16.5
Poly.
7. Modified 404, 4 952.6 896. 4 862.1 401.9 16.3 -12.1
Sine
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TABLE 6.17 COMPARISON OF CAM HMOTIONS - (FLEX. + TOLR.) EFFECTSA

—Simulated Lift Error at 1°

Cam Speed — 1200 RPM

Cam Angle Intervals™” A

-

Size Tolr. = 0.00680 mm , Waviness SD = 0.00508 mm , SM =50

Max. Rata.of'Deviatidn‘=

0.001615_mm/deg.

Sine

1-Excellent 7-Bad
— '
Motion Transient Pitting Jump Torque
Vibration ' Tendency Requirement
‘ . . Rise Return

I'. Parabolic 7 5 5 7 6
2. Simple 6 1 1 4 1

Harmonic ‘

\

3. Cycloidal 2 4 6 3 4
4. Modified 3 6 4 5 5

Trap.
5. 3-4-5 Poly. 5 3 3 2 3
6. 4-5-6-7 1 7 7 6 -7

Poly.
7. Modified 4 2 2 1 2




" Fig. 6.18.
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the characteristice at the cam are 3iven in Tahlea 6.15 and 6 16 A
typical acceleration responsge .for the Cycloidal motion isa shown 1n'
7 ' o0

The results in_ Table 6. 15 show hxgh trane1ent vibration

amplitudee of the order obeerved with the 1nspection lift error -

Table x6.11. The higher deviation at peak acceleration on the return

period. occurs due to the presence of sharp pfofile. errorg in ' that

. portion. The dynamic characteristics at the cam - Table 6.16 are aleo

similarly affected. The compar1eon of cam motions given in Table 6.17
indicates the similar rating of motions, with the Simple Harmonic and

Hodified Sine motione giving superior overall performance.

§T3 Effect of Varying the Cam Profile Error
Figs. 6.19a and .6.19b show tae simulated lift error

functions  for different values of the smoothing parameter - SHM, and
Fig. 6.19c¢ shows the’lift error function when the gize tolerance is
1nc;eased. with the smoothing parameter SM = 35.0. It is important to
note tﬁat because of the scale, the waviness error cannot be
distinguished in Fig. 6.19%c, but it is the same as that in Fig. 6.5,
The wavineee standard deviation is fixed as 0.000762 mm. The effects
of varying the smoothness (SM), with the size tolerance fixed at
0.1276-4 m  and of changing the gize tolerance, with'tﬁe smoothness
parameter constant, are tabulated in Tables 6.18 and 6.19. Fig. 6.20

shows the increase in the levels of vibrations with a rougher profile

corresponding to SM=10.0. All previous results correspond to SH=3§.0.
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TABLE 6.18 SIZE TOLERANCE AND WAVINESS ERROR EFFECTS
ON FOLLOHER ACCELERATION
Cycloidal Hotion. Cam Speed - 1500 “RPH
Waviness SD = 0.000762 mm
SM —— Smoothing .Parameter’ ‘
DEVN — Maximum Rate of Deviation, mm/deg.
sy Size Tolerance Deviation at Peak Accel. RMS Deviation
(DEVN) {m) (m/sec.sq.) : {n/sec.aq.)
Max. Rise Max. Return
0.0 0.127E-4 1215.33 - 1218.22  414.51
(0.001838)
. 10.0 0.127E—4 449.98 . 326.05 190.28
(0.001398) : _
20.0 01214 U 236,90 223.50 129.59
(0.001174) ‘
35.0 0.127E-4 150.99 129.08 75.42
(0.000920)
50.0 0.127E-4 93.85 ~73.30 44,12
(0.000727)
100.0 0.127E-4 16. 39 29.07 15.08
(0.000546) .
35.0 0.508E-4 154.07 130.92 ' 75.57
(0.002000)
35.0 0.127£-3 ' 160.4] 134.61 76.12




TABLE 6.19

SIZE TOLERANCE AND WAVI
AT THE CAM

NESS ERROR EFFECTS

Cycloidal Motion, Cam Speed — 1500 RPM
‘Waviness SD = 0.000762 mm
SM —~ Smoothing Parameter
DEVN —-— Maximum Rate of Deviation, mm/deg.

137 °

sH Size

Tolerance

Contact Force (N)

- Max. Cam-Torqqe
{DEVN) (m) : {N.m)
"Rise Return
Min. Max. Max. Min Rige Return
0.0 J127E-4 © "154.2  1074. 845, 243, 19.7 -14.6
(0.001838) -
10.0 L127E-4 306.1 926. 741, 307. 17.2 -13.6
(0.001398) . :
20.0  0.127E-4  348.5 881, 707. 329. 16.8 -13.3
(0.001174). . -
35.0 L127E-4 387.2 840. a75. 349, 16.4 ~12.9
(0.000920)
50.0 L127E-4 410.2 . 8le. 656. 360. 16.1 -12.7
(0.000727)
100.0 L127E-4 §28.0 793. 640, 370, 16.0 -12.4
{0.000546)
35.0 .508E~4  387.0  B40. 675. 349, 16.4 -12.9
{0.002000)
35.0 .1278-3 386.7 B42. 674. 350.0. 16.4 -13.0
(0.004261)
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. JAs Ean ‘be’ éoen’frﬁm thé éahulatéalresulta- #nd the
l.aécelerqtion'plot'of Fig. 6.20, Eha dynéﬁic charggtqriqtics are highly T
_laénsitiva ‘to the::waQineaér éfrort ﬁiﬁﬁ‘ the increase in . profile
-_wa@lneaa;' (maximum rate of de:iation). | the dynamic “‘Eesponsa,

datérioratgs rapidly. This ig iﬁdicated by é sharp increase in

\;ibratibna. an . increase in the.maximumgcontacé force ana cam torque,-
‘and a greater tendency to Jump. Smoothing aubstaptia!ly reducas_ the
follower oscillations, and ét a high degrée of smootﬁin§> {SM=100.0),

when Geril little wa§inaas reﬁains - (Fig. 6.19b), the -dyna;ic
charactariaticq apprbach thoge due to flexibility eoffects alone =
Tables 6.2 and 6.3.. -

The effects Sf varying the magnitude  of the size
tolérance are seen to be Bmall.. 1n&icating that a high smooth qrrbr,
wfthout significant waviness, does not change the dynamic
charaétarfstica much. Tharefoc? a fairly high deviation in the mean

llift error can be accepted for'; relatively good rerformance, provided
the waviness in the lift error ig closely controlled.

It can be 6bserved that sharb profile errors at the
béglnning and the end of rise and return periods and the reglon of
maximum accelaratidn, are critical. Waviness error in these areas
mugt be controlled as closely as possible and should be of_ low

amplitude and low frequency.
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6.4 Response Sénsiiivlﬁx to Szétém Parameters
) Studies have been made to invéatigate the effects of
-important parameters of cam speed, return spring stiffness, followar

mass, gyatem damping, and camshaft torsional stiffness on the dynamic

parforménca -0f the cam systen. .For the system under inveétigation,
Cycloidal qotipn is considered and one parameter is changed at a time,
keebing all lothers lconstént. The basic input data and system
‘parameters given on pages 79 aﬁd 80, respectively, haQa been used. The
resulta'ara pabuiatad.aﬁd sraphically presented, wheravar Necessary.

The resultg of sahsitivity studies are discuased in detail.
’ . .

6.4.1 Speed Effects
Tﬁe aéeed effeqts on follower acceleration are given ;n
Table 6.20. The effects on the dynamic characteristics at the cam are
given in fable 6.21 and presented graphically in Fig. 6.21. Some
typical ﬁésponse plots at higher speeds are shown in Figs. 6.22 and
6.23. Thé dynamic .performance is observed to deteriorate with an

increase in the cam operating speed.

[

Transiené Vibrations:

Follower vibrations are increased with an 'increaae-in
cam gpeed. Howevér. since the theore@lcal maximum accelpration also
increases, the proportional increase is gradual. Thia shows that the
speed effects on the vibfational characteristicds are not critical. A

sharp increase at the caﬁ speed of 2020 RPM results due to Jump on

the rise portion.
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"TABLE 6.20 SPEED EFFECTS ON FOLLOWER ACCELERATION
{Flex. + Tolr.)
Cycloidal Motion
) ‘i
Speed Deviation Theorebtical RMS Deviation
RPM _~ at Peak Accel. - Max. Accel. {(m/sec.sq.)
/ (n/sec.sq.) (m/sec.zaq.)
_gm1ﬂax Rise Max. Returhl
1 " .
1500 5 150.99 ) 129.08 897.71 15.42
1600 177.81 143.84 1021.39 100.90
1700 © 243.30 +230.53 ~ 1153.06 121.98
A | ) l N
1800 295.97 263.96 1292.70 136.67
“ % . .
1900 1363.74 * 21481 1440. 33 143.39
2020 519.03 289.05 1628.01 229.39
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*  TABLE 6.2)1 SPEED EFFECTS AT THE caM.
(Flex. + Tolr.) :

Cycioidal Motion

w

Sﬁeed' Contact Force (N) " Max. Cam Torque
RPH - . . ' (N.m)
*Rige Uppér Dwell Return
Min. - Max. Hax. Max. Min. Rige Return
. }__/'"
1500 387.2 B40.2 827.6 675.1  349.4 16.4 -12.9
1600 _333.0. B76.4 864.3 725.7 313.1 17.6 -13.4
e . ' :

1700 " 290.4 96?.0 875.4 800.3, 240.9 18.9 -14.4
1800 201.8 1058.4 864.9 862.8 178.7 21.3 -14.8
1900 137.6 -1178.8 894.9  901.8 122.0 22;4 -15.1

2020 0.0 1331.7 865.6 997.1 73.1 24.5 -17.1
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Pitting Pefformance:

»

The maximum contact force increases with the increase
in cam speed becauae of h1gh inertia and increased vibrations - Fig.
6.21-6.23. ’

Jump Charactbristics:.

‘The available contact force decreéées 'rapidly with
speed CFig. 6.21), and jump occurs juat beyond a cam speed of 2000
RPp ‘(Fig. 6.23). Jump ;ccurs on the rise port:on because of high
vibration amplitudes. . At Jump. the dynamic regsponse gets much worsge.
'However, the jump on rise is not so eritical as on return, because-the.

cam isg following the follower on its ‘upward motion.

6.4.2 éffects of Return SErjngWStiffness:

Return spring atiffness has been obaerved to have no
significant 4 effect on the vibrational characteristicas of the follower
because the natural frequency of the follower system does not change.
However. the dynamic performance at the cam is greatly affected as
shown in Table 6.22 and présented graphically in Fig. 6.24. The
available contact force, which I8 an important indicator of impending
jump, decreaseg quickly as the apring is made more flexible. Whereas a
decrease in the maximum contacl torge and cam torque are useful, fhe
decrease in)the minimum contact force on rise and return increases Fhe
tendency of the follower to jump - Fig.  6.25. Jumﬁ is observed to
accur at a'SOX reduction in the gpring stiffnesg — Figa. 6.26 to 6.28,

with the contact force reducing to zero on both the rise and return.

Jump is very gevere on . the return and the dynamic characteristics get

o N
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TABLE 6,22 RETURN- SPRING STiFFNESS EFFECTS AT THE CAM
(Flexﬂ + Tolr.)

Cycloidal Motion, Cam 'speed — 1500 RPM

- SN \
Return Spring Contact Force (N) ‘ Max. Cam Torque
Stiffness o ) ' : « (N.m)
{(N/m) Rige - Upper Dwell.  Return. .
Min.  HMax. Max. Max.  Min. Rise Return

2.1008+4 . 387.2 840.2  627.6  675.1 3494 164 1209
OOEKL 2334 159.9 6611 €147 224 141 o112
1.260E+4  73.4 697 sons 5810 76.3  12.0 9.5
LASSERA 361 6510 468.5 5345 39.0  11.6 9.0

1.050E+4 0.0 671.5 472.3 629.4 0.0 11.0 -14.7.
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. . . . O/
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400 1200 190
200 - -1100 5
/A/A
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Co K 1 i { 0 L 0 o
1.050 1.260 1.470 1.680 1.890 2.100x10"
Return spring stiffness, N/m
Fig. 6.24 Effecta of return spring stiffness on contact force and

cam tor?an— Cycloidal motion, 1500 RPM.
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" : o ) > ; o
reall? bad. - Lowlffrequency. return sprioé vibrations are clearly
'indicated:;ntFig; 6.27: Because of audden changes in cam torque during
the retﬁro; cao -epeed fluctuations occur ag 8hown io Fig. 6.28,
Camahaft v1bratmns occur at 1Imatura1 frequency (4492 rad/sec)

‘ To“ avoid jump,- the” return eprxng Bhould be adequately
stiff. Too high a stlffneee. : however. . increases the torque
Eeqoiremeote 'ond results in a high contact force-on the riee'to cause

: faet. wear. The Byetem developed here will enable designere to .more

. accuretely forecast a Jump problem in any design.

6.4.3 Effects of Follower Mass

’

The results are siven in Tables 6.23 and 6. 24, ang are
presented graphica}ly in Fig. 6.29. Follower masgs affects both the
vibrationol. characteristics of the follower as well ag the dynamic.
effects at the cam because the foilower natural frequency changes.
Follower vibrations: the meximum contact force, and cam 'torque
increase sharply with an increase in the follower mass and the minimum
contact force, ‘to avoid Jump, decreases. The control of al)l the

desired characteristics requires as amall a mass asg posgible.

6.4.4 Effects of Damping

| The effects of changing the interoal damping and the:a
rubbing friction at the guides are given in Tables 6.25 and 6.26. The
internal friction ig useful in controlling the vibration amplitudes
and hence the tendency of the follower to jumb. But an increage in the

Coulomb friction coefficient ig observed to worsen the dynamic

regponse. characteristics. It resulte in an increage in the amplitude



'TABLE 6.23  EFFECTS OF FOLLOWER MASS ON FOLLOWER ACCELERATION

154 -

PR

- —

(Flex. + Tolr.)-"

~
w

Cycloidal Mation, Cam. Speed -— 1500 RPH

- . -
LI

..i‘

followar Daviétion.at.Peak Acceleration RMS Deviation
Mass (ni/sec.sq.) , i (m/sec.s8q.)

Do (kg)- , ' o ' :
. z Max. Rise Max. Return

0.204 " 130.24 “ 8597 . 46.29

0l272 131.02 - 129.60 83.00

0.340 150.99 ) 129.08 75.42

M . N & . .. Ly
0.408 166.06 ' 140.95 - 89.38
0.476 226.98 168.32 95.61
g
[ 4
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TABLE 6.24 EFFECTS OF FOLLOWER MASS AT THE CAM
' (Flex: + Tolr.) i
Cycloidal Motion, Cam Speed — ISOO'RPH'
Follower Contact Force (N) Max. Cam Torque:
Mass ] _ ‘ (N.m)
(kg) Risge Upper Dwell Return
Min. Max.- Max. Max.” Min. Rise  Return
ziiilj 0.204 546.0 710.8 826.1 541.0  465.1 15.4 -11.7.
" 0.272 464.7 - 752.1 . ~B840.7 612.3  419.6 15.7  -12.3
0:340 387.2 B40.2 . B827.6  675.1 349.4 16.4 -12.9
0.408 315.1 873.7 887.4 146.5 288.6 7.6 -13.5
0.476

251.6 1029.6 888.9 826.7 208.0 19.8 —i4.5




Contact Force,N
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‘800
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400
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—y g Max. Cam Torque

/

Contact Force,N  .A
ﬁg'_
Cam Torque,N.m

< Min.
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1400

300

200

100

0.204 Q.272 0.340 0.408

[

Fig. 6.29

Follower. m£s, Kg

Ef fects of follower mass on contact force and cam torque

— Cycloidal motiom, 1500 RPM.
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.TABLE 6. 25 DAHPING EFFECTS ON FOLLOWER ACCELERATION.
(Flex. + Tolr.) ' '

g Cycloidal Motion, Cam Speed —- 1500 RPN -
Daﬁping Coulomb Dev1at1on at Peak Acceleratlon e RMS Deviation
Factor . Friction _ (m/aec -8q.) : (m/sec.sq.)

(e) Coeff. C : : '

T Max.. Rise " Max. Return
. O_.OSO . 191,36 . 103.78 103.96
'0.075 ' 163.03 T 12191 85.79
0.100  0.08 °  150.99 129.08 75.42
0.10 224.94 . 145,98 719,40
0.12 257.04 165.64 .. 81.89

T T e it Ly vt o s e e <
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TABLE 6.26 DAMPING EFFECTS AT THE CAM
(Flex. + Tolr.)
. . » . . . )
Cycloidal Motion, Cam Speed -— 1500 RPH

.

———y

Damping Coulomb, " -Contact Force (N) ‘ Max.. Cam To:éue '
Factor Friction i : . ' (N.m)
{e) “Coeff. Rige Upper Dwell ‘Return : ’
Min. Max. Max. Max. 7 Min. Rise Return \§\
\

0.050 - 355.4 863.4 465 6%6.1_ 339.8  16.8 -13.0
0.075 C . 315.8 848.7 8349 672.7 345.2  16.5 129
0.100 - 0.08 387f2 840.2  827.6  675.1 349.4 16,; -12.9

0.10  395.4 865.4 832.9  668.5 345.5 170 -12.6

0.12 404.0 8%3.7 839.9 663.1 341.9 17.6 -12.3

T A T T T
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of _vibrations] an 1ncrease in the maximum: contact force and torque,

P
and g _decreage in the minimum contact force The effects. hokeyér. are

only marginal.

- J

6.4.5 Effects of Camshaft Toreional Stiffness 7.

. Camshaft is generally qulte rigid in most applications
and hag been chosen 80 in .the present investigat1on. Consequently. the
speed fluctuations -are small. To etudy the dynamic effects of . a

‘ relatively flexible shaft. seneitxvity analysis hae been conducted for
stiffness “up to 5% of the original torsienal stiffnese. The results
are tabulated in Tables 6 27 and 6.28. As can be_obeerved. a decrease
in s8tiffness to 202 of the originel value Cauges leas than g
fluctuation jn cam gpeed and ap ineignificant ‘change in the dynamic
'chsracteristics However, a stiffness of 5% of the original, results
in a large variation ip the cam speed (6. 22) and a significant change
in‘ the dynamic characteristicsg., The gpeed fluctuations are shown in

--\__\

the Fig. 6.30, which indicatea camshaft vibrations at ite natural

frequency.
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TABLE 6. 27 EFFECTS OF CAHSHAFT TORSIONAL STIFFNESSMON ?OLLOHER ACCEL.
: (Flex. + Tolr.) R : .

Cycloidal Motion, Cam Speed ~— 1500 RPM .

‘Camshaft Deviation at Peak Accel. _ RMS Deviation Speed

Stiffness (m/sec.8q.) E (m/sec.sq.) Variation

(N.m/rad.) Max. Rise  Max. Return o l ()
 N260E+4 © 150.99 129.08 75,42 0.2

(original) ’

1.808E+4 147.47 134.87 . 76.04 - 0.2
(80%) . ' '

1.356E+4 146.62 132.20 16.68 0.3
(60%) '

0.904E+4 149.94 127.86 77.47 0.4
(40%)

0.452E+4 147.40 130.32 18,57 0.8
(20%) ‘

0.226E+4 . 140,62 109.53 82.33 2.0
(10%)

0.113E+4 278.76 143,00 102.61 6.2
(5%)
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TABLE 6.28 EFFECTS OF CAHSHAFT TORSIOHAL STIFFNESS AT THE CAM
(Flex 4+ Tolr.)

Cycloidal Motion . Cam Speed —— 1500 RPM

b

&y .
- .
Camshaft ' Contact Force (N). ‘ Max. Cam Torque
Stiffness Co. T ' (N.m) -
. Rige Upper Dwell Return, )
(N.m/rad.) Min. Max. Max. Max.” Min. ~ Rise Return '

2.260E+4 - 337.2 840.2 - 827.6 675.1 349.4 16.4 -12.9
(original) ' :

S

1.808E+4  389.1 841.8  826.2  677.2 349.2  16.4 -13.0
(80%) & ‘ '

1.356E+4  390.2 841.5 829.1 676.0 348.8 16.4 -12.9
(60%) '

0.904E+4  392.2 841.8  830.2  674.3 348.5  16.5 -12.9
-(40%)

0.452E+4  390.3 839.4 831.8 676.4 _344(4 16.6 -12.8
(20%)

0.226E+4  383.0 839.4 831.7 676.4 351.3 17.1 ~-13.2
(10%)

0.113E+4 320.7 B46.8 ©  849.0 698.2 354.9 18.1 -13.2
(5%) y
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v

6.5 Effects of System Dynamics and Cam Profile Errors’ for a Flexiblg

Follower System

. ' The maJor portion of the pPresent work has heen devoted

to the studies- on a Bemi—rigid follower system. However, sgince most

€arlier inveatigationa have. been done on systems with a flexible

‘ follower, an analysis is also presented here for auch 4 case. Studies

have been performed with follower atiffness in the range of 2.5 to 10%
of the originJE stiffness. This stiffness is typical of the push-rod
type automotive valve gear [17,18,27). The results are_presented for
the. Cycloidal motion in Tables 6.29 ‘to 6.32, and htwo of Athe
representative plots are given in Figs.l6.3l and 6.32. The resgultg in
Table 6.29 &ghow that‘due‘to the flexibility affects alone. the
transient vibrations increase with a decrease in follower stiffness,
Howe;er. the dynamic performance due to the combined effects of
flexibility and profile errorsg ig muco.improved because the flexible
follower filtero out the higher order excitation of frequencies. 4asg

the follower 1ig made more flexible the dynamic responge due to the

combined effects of flexibility and profile errors gBets closer to the

'responae, due to flexibility effectsg alone. This ghows that the

manufacturing errors in the cam profile do not substantially affect
the high-gpeed response of the flexible follower system. This
observation BUPports the regultg of earlier investigationsg on the

Push-rod type automotive cam—follower system.
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TABLE 6.29 FLEXIBILITY.EFFECTS ON FOLLOWER ACCELERATION .

— Flexible Follower »

Cycloidal Hotiqn, Cam Speed — 1500 RPM

Y

Follower . _ Deviatipn-at Peak Acéel. RHS.Deviétion

Stiffness ‘ (m/sec.sq.) (m/sec.aq.)
(N/m) Hax. Rise Max. Return

1.751000E+8 ° . .9.94 13.01 8.86

(original :

rigid follower)

0.175100E+8 " 7.61 T 15.96 14,22
(102) '

0:087550E+8 18.92 20.97 21.18
(5%)

0.043775E+8 50.29 56,62 34.08
(2.5%) -
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TABLE 6.30  (FLEX. + TOLR.) .EFFECTS ON FOLLOWER ACCELERATION

- Flexible Follower ‘r‘
Tl _ ", Cycloidal Hotioﬁ. Cam Speed — 1500 RPM
Follower ' “Deviation at Peak Accel. . RMS Deviation
~ Stiffness (m/sec.aq.) : (m/sec.8q.)
: (N/m) Max. Rise Max. Return
1.751000E+8 150.99 129.08 75.42
(original . v

rigid follower)

0.175100E+8 ~ 80.05° 77.851 44.39
O (10%) - : : :
0.087550E+8 50.15 . 58.64 33.16
(5%) ‘
0.043775E+8 67.42 45.20 - 37.09
(2.5%)
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TABLE 6.31 - FLEXIBILITY EFFECTS.AT THE CAM
C - FlexiBle Follower -

Cycloidal Motion , Cam Speed ~ 1500 RPA -
] : .
n

T

A ¥

Followear " Contact Force (N) Max. Cam Torque

-Stiffness : . ‘ (N.m)
(N/m) Rise Upper Dwell Return .
R - Min. Max. - Max. Max. Min. Rise Return

l.i§{b00E+8 434.6 792.2 B12.1 638.3 374.9 16.0 -12.4
(original . .
rigid follower)

0.175100E+8  431.5 791.8 817.6 . 638.4 375.3 16.0 -12.4
(10z) ' ' o ‘

-

0.087550E+8  428.1 792.¢ 823.2 640.3 375.0 16.1 -12.4
(5%) _— -

0.043775E+8  425.9. 792.2 831.5 638.7 379.0 16.0 -12.4
(2.5%) i .




TABLE 6.32 (FLEX. + TOLR.) EFFECTS AT THE CAM
v . o . — Flexible Follower -
A Cycloidal Motion , Cam Speed -- 1500 RPH
Follower S Contact Force (N) - " Max. Cam Torque
Stiffness ' . v : {N.m)
{N/m) " Risme Upper Dwell Return .
' Min. . Max. Haxk. Max. Min. . Rise  Return °*
'1.751000548 387.2 840.2  827.6  675.1 349.4  16.4 - -12.9
(original L. ‘ ' N
r}g’id follower)
0.175100E+8 423.1 '803.2  842.9  660.7. 364.7  16.6 -12.8
(10%) i . )
' . ’ .,- . ' ﬁ
‘_*0;0875505+$\{ 801.0 830.7 642.1 . 362.5 16.5 -12.6
(s _ » =
. ‘“
0.043775E+8 423.4 793.9 B34.5 635.5 373.8 . 16.0 -12.3
(2.5%) . - '
. L] . \‘
/
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CHAPTER 7

CONCLUSIONS

e
Y

-7.1 tonclusions'hnd Recommendat ions

7 o
““‘aféééks of system dynamxcs and cam profxie manufacturing errore on the
dynamic performance of a semx—rigid follower cqm_aystem.: A simulation
P )

approach has beaﬁ employed. A very refined &ynamic modél has “been
developed for the'mechaniam under investigation, which _takeg >int§
account most of the fagtord'thak influence tﬁe dynamic behgviour< of

the sysfem{ A stochéstic model hag been pr;posedffor thé‘genération of

the input s;gnal.' The "input signal cone;sts of the ‘1ift function,.

“ taking . intBl aécount A the lift. error _due\ to manufacturing
irreguiarities. The .1lift error is considered to be composed of a

smooth Lomponent and a superimposed waviness error gy Results have

also been obtained by employing the actual inspection 1ift error data

e

obtained from industry. The performance criteria xnciude the dynamic

response at the output in the form of acceleration deviations and at

the cam in the for;EE}“juﬂp.‘ contact force, cam torque, and cam speed
variation§. A fourth order Runge-Kutta method has been'prpgrammed and

employed\to golve the system of equptionq.[;;

All popular cam motions haﬁefbeen compared for their
high-apeed dynamlc peffor&i;ce. The ma:n emphas1s has been laid on the

dynam1c effects of machlning errors in the cam profile.‘ A seﬁsitivity
4
analysis has been -performed to .study the effecty of changes in
o o -
critical system pafametprsf The results. of theﬂinvestigaﬁion‘have'been_
‘ '. { U R ‘ §
. N 7 i . - .
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. This Hofk involved an investigation of the combined -

.

e

TR )
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neaﬁl} tabulafed, and also presented in the form of plots for

illustration.

The purpose of the investigation haﬁ been to provide

-

more refined qualitative and quantitaﬁive information that will be of

‘ . b ’ 9

great value in the 'manufactufe of cams. and te the desxsner in

]

'predxctlng the system performance durxng the syateﬁ development/design
- stage, |

Bésed on the resulté. of tﬁ{g, inveétigation. many
.important. coﬁélusioné are drawn on the design of semi-rigid foliower
cam systems, and fha m;nufacture.of cams. A aummafy of the concluaioés
and reﬁymmendatiohé is given below: .

T
[

1. Transient: vibratione characterize the gystem and occur at fhe

fundamental natural frequenc& of the follower aystem.

r

2. Smooth cam motiona, which induce very little follower oscillations
due to the flexibility effects alone. have thgir dynamic performance
greatly deteriorated when the effects of profile errors are accounted
for. The combined effécts of system dynamice and cam profile errorﬁ
are significantly greater because of the superimposed Pulse transients
due to the profile bumps. Therefore, a mathematically aﬁootﬁ motion is
no guarantee éor'a superior - pérformance aE high speeds because of the

~ .
dynamic Affects of manufacturing errors in the profile. -

3. The | kinematic effects of cam profile errors . alone are not

critical, nd of no practical consequence because system dynamics are .

-

always'involved. . //,_\
» | R . g
\



. 172 .

4. tam profile grror& smooth oqt the sharp transient . poiqta at the
Besinning and end " ofrithe'ramés in ?arabolic and . Simple Harmonic
motiona.»'anq . sigﬁificantlf 'iﬁprove'.phe otherwise poor dynamic
performanéalef  thése motiqu{fh;;rabolic motion. which résultqd; in
followar jump on the.rise.when congidering only the system- dyhamics.
gives a sighificant minimum contact force whén the p;ofile errorsg are
accounted for. The Simple Harmoni;-ﬁotion ias observed to give vary

superior jumb characteristics for reasons explained in the discussion

on results in Section 6.2.3.

5. When the ‘combined effects of system flexibility and cam.

manufacturing . errors are taken into‘account. the dynamic effects of

B 1 .
\S?élhining errors are dominating.

hY

-

6. At high speeds, it is not the vibrational’response. but - the

follower tendency to Jump which determines whether or not a particular
* )

cam motion has good dynamic performance. Jump occurs at much lower
’ .
speeds when the effects of profile errors are included.

7. Jump is more likely to occur on the return stroke than on the

rise, and if_ﬁ; doeg occur on the rise, the effects are less savere

(Figs. 6.23, 6.26-6.28). The dynamic performance is ségﬁrely affected

i '

during the jump, therefore, this gituation must not be allowed to

occur by proper choice of the cam motion and éystem parameters:
t

8. Return gpring vibrations are critical at high BPEEdB. d mﬂ%t be
accounted for. _Thq\) dynamic characteristics at the .cam are

gignificantly changed as a result of spring vibrations.

-
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‘9, At high apaeds. higher~order Polynomlal and Cyclo:dal cams have
1nferxor Jump characteristics and relat1vely PoOT performanc§ bbéause
of lhe inherently high maximum acceleration in their theoretical
motibns. and the resultin; high.inertia forces. Fof the best hiéh;
spaed perforpance, the choice will be made between tﬁe ﬁodified-Sine.
Simple Harmonic, and the 5—4—5 Polynémial motions, with the Hodified—
Sine motion having superior overall characteriaticg.
'Overall. the cgm motions can be rated for their high-

speed performance as follows:- |

Exceliént.: Modified-Sine, Simple Harmonic, 3-4-5 Poly.

Good : Cycloidal, Modified-Trapezoidal

Poor - 4-5-6-7 Poly., Parabolic. y
y . . -

10. Dynamié esponse is critically dependent on the random error
(waviness) fn the lift function. Sharp, high frequency errorg cause
high wvibration amplitudesf and c;naequéntly. a greatef tendency to
Jump, faster wear, and increased power requiremgnts. Waviness error,

- \o’
therefore.:ﬁrould be of low amplitude and low frequency.

11. The samooth size-error has very little dynamic effecia. and. a

N . v
fairly high deviation can be accepted for a relatively good

performance.

12. Sharp profile. errors at the beginning and the end of ‘Tise. and

[ ]
return periods, and in the region of maximum acceleration are very
= . N

serious. Waviness error must be closely controlled in tRese areas.
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13. It ig diffleult to Bpec1fy a limiting value for the rate—-of-
daviation error . because it depends both on the size tolerance and 3o
_ limits of : \he waviness error. Only general rules, ‘as ‘already 31van.“.
can be. prescrxbed for size and wavxnesa tolerances. Typically. a size
tolerance of + 0.05 mm (or even more), which can be eagily achleved in
cam production, may.be allowed. Howavqr, for good dfnam1c behavxour of
sepz—rig1d follower systems. the waviness error must be qontrolled

within a band of + 0.0025 mm, and the resulting rate-of-— deviation be

much less than the normally gpecified value of 0.005 mm/deg gﬁé]

l4. Return spring stiffness does not influence the vibrational
responge of the' follower, but the characteristics at the cam are

greatly changed. 'Stiffnéss must be optimized ato have a good

compromise of an adequate minimum and a small maximum dontact force.

15. Follower mass is very important in controlling the cam gystem

LY

dynamics and must be optimized for a minimum.

l6. Coulomb: friction - hasg adverse effects on the response

characteristics. and should be minimized.
+

17. For flexible camshafts, where a speed fluctuation of more than 2%

occurs, the effects of cam speed variations must be accounted for.

~

18. lhe dynamic effects of cam profile errors are rather small for a

flexible fgllower system defined in {27). For such systems, the

-
./

simulation gtudies, considering a perfect profile, will giveL quite
ey

accurate results. : .

.
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7 2 Comgarieon with theé Results of Previoﬁa Mork

It is difficult to give apee;fxc comparlsons because
‘most ofl the pagt investlgatlona have been concerned ma1n1y with the
‘-dynaqics of flex1b1e follower syatems. However. in the related
discuesxons. aome remarke have been made on the dynam:cs of . Bemi—rigid
follower sysatem, ‘Also in most studies, some of the importane factors

. . . - . .
were not accounted for. Comparxeonspare‘made_here in the threée areas

gf the present invstigaqua.

1. Work on Comparisen of Standard Cam Motions

Earlier ‘1nvestigations [2.3]Aehowed that the Cycloidal
mo:}on had superxor dynamxc performance in comparison to the Parabolic
and Simple Harmonic motions betause of the smooth acceleration curve.
Hereer .and Ho;owenko [9] concluded that there waa no begt-of-all
possible motion on the bagis of residual v1bration characterietics.
howevee. the 7th order Polynom1al motion resulted in low vibrations.
Simulation atudieg by Reeve and ReeBiJonee [26] indicated the Modified
Sine to bhe thelmoet ueefel general purpose motien. with the Cycloidal
proéram preferred for Eelatively flexible systems. Simple Harmonic
motion gave the eeet characterietics'of veiocity. impact, and input
torque,. Koeter {29] eeates that for the general D-R-D profile, it was
hardly possible to improve uhoﬁ the Cycloidal cam.

Through - experimentel Einvestigations with a rigid
follower saystem, Rao and R;ghavacheryulu {20] showed “the Simple
Harmonic motion to give the besgt Jump characteristics. The 7th order

-

Polynomial produced jump at much lewer speeds. In a cam geminar given

v »
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at a léading cam design and' manﬁchturing. company - EONIC, INC.

Detroit, it was remarked_that the Hodified:Siné'motion wap 1d§3i“_for i

high speeds, and was. particularly suited for index cams because of ite

- .
¢

low maximum pressure angle and velocity. 1Its acceleration and pulse
curves ware also very acceptablé. Simple Harmonié.motion was alao
a very desirable curve when modifications were made to reund off the
transxtxons at the dwella. Even .manufacturing errorsg help to remove
the 15f1nite pulse at the transitions. . N ”

Kim and Newcombe {46] concluded that the Cycloidal
' curve was the best and most practical motion, Through experimental
qtudies with the Cycloidal, 3-<4-5 Poly., Hodified—siﬁe,- and 4-5-6-7
Poly. motions, Nortoﬁ [48], on the basis of vibrational réapoﬁse.
conqluded ﬁhat‘ the 5th order Polynomial was the quietast and the
7th order Polngpial,.;he noisiest motion. Thié conclusion ie baged on
the RMS average power for gix different manufacturing methods taken

L4 u
together. The results with aepara%e tranufacturing methods, however, do
not show any aignifi?ant noise differences for various motions ag
obsefved in tH; present investigation. Testing a number of motio;s cut
on a single cam‘loba. ag déne iﬁ the study'%y Norton, 1is likely to
produce err;neous results becauab_the residual vibrations of one
motioq‘ will  influence the following ;otion.‘ Additionally, the cam
motions are produced with‘different machining errors.

Thel cé;cluaions from the present inveastigation, that

the Modified-Sine, Simple Harmonic, and the 3-4-5 Polynomial were the

preferred motions for high-speed applications, generally agree with

Y

a .
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those of earlier works. However, the.commonly favoured Cycloidal .and

Hodi?ied—Trapazoidal- I26j motions have been- shown to giva'lrelatifely
poor performanée at high speeds; the former because of fts inherently
higﬁ accelerétion. vei&city. and_ pressure apgle. and‘ the latter
because of its poor vibrational characteristics, high velocity, 'énd

pressure angle.

2. ' Work on the Effects of Cam Profile.Hanufacturing Er;érs

bn thq baais of dynamic ﬁests condqcted_to study the
effecté of smingle sﬁooth non—peribaié error in the cam profile‘of ‘a.
high-speed airﬁraft'valve gear mechanism, Rothbart t34] dbaerQed that
sharp errors caused large vibration amp}i;udaa. Brittain and Horanell
[37), and Giordana et al.' {44} concluded that smooth errors had very
little dynamic effects. Studigs on the kinematic effects‘ of cam
profile errors [36,40] show that cam accelerat;on errors of 10 to 15%
occur d;e to the waviness error in a tolérance band of 5 tenths,

¥ ) Many authors [3,5214] have concluded that the

- H :
manufacturing errors in the cam profile do not substantially affect

the high-speed ' response of the flexible follower system. At high
speeds, the profile errors constituted higher order excitation of
frequencies which the soft a?stem was incapable of following.- Results
of thig investigatiog with a flexible fgllower support these
conclusions.

Tesar in a discussion on papers ‘in Camg and Cam
Hechanisma ({26, page 60) made the following remarks regarding the

dynamics of rigid systems;



178 °

v S
o . -
A

" The remarks on Ford 8 éxperience should not belloat on
the designer of high~apaad systems. It cpncludaa. wear is more llkaly
for .the overhaad—cam syatam.l Thia syatém is much stiffer than the
.puah—rod dasign. and it cannot filter outn}mpacta at .thé' Qalve asg

completely -~ hence, the increased wear".

Resuits of the-rpresent inveatisation on sami—rigid
'follow;r syalems indicate high amplitude vibrations and high contact‘
forces, and agree "with Tesar 8 ramarks on stiff systems.
GT“ "The work on the offects of cam 1ift érro;., separating
out tﬁe size—error (size tolerance) and waviness (randomness)

components, has been logically performed for the firat time. The usual

gpecification of a tolerance band (e.g. +0.001 in.) for the prefile

Vs
,
en the tolerance band does not remain uniform over the cam
—

cyq}e. The use of the smoothiﬁg parameter in spline fitting helps to

errors 1:93 not mean much unle the variation within _the band ig”
E

given,

control the severity of the waviness error and study itsg dynamic

'N- .
effects. The amplitude and frequency of the waviness error can- also

be changed by manipulating itg 3o liglféf:;d the cam angle interval

for simulation, ' \\1

3. Work on Response Sensitivity to Syétem Parameters

Ha ;ystamatic study appears to have been conducted on
the dynamie effecta of changes in the system parametars. In a general
-Bense, different authors recommend some general rules for cam aystem

daaign. and some examples follow.
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- In the Eonic seminar on Eam design [54]. the following
Tecommendations were méd;; . | ¥
- .dhéogertﬁe beft_ppsagglg“dam motion,
= design ‘the linkage to be stiff and of minimum mass, and
having a natural‘ftequency‘éhat is far. removed from the

machige speed and preferably ndt a multiple of it, and

- agsure quality manufacture.

>

Matthew and Tesar [27] 1i§t the following design rules
as guides to the cam designer; |
- minimize a by gecreasing ﬂ or by inéreasing K, |
- use highar-order  Poiyhomiallmotion specification and. then.
ma facturekthelcaﬁ to the highest possible quality (0.0001
in. o bettef)r

Q - friction should be kept low for efficient operation.

- Crutcher (17) studied the effects of changes in
internal friction, the Coulomb friction factor, and valve agpring

stiffness on the dynamics of the valve méchaniam. He found that the
. { N

-

Internal friction of the follower was uaéful ,in‘.controlllng the
amplitude of vibrations, but the Coulomb friction had adverse effects.

Results of the breaent study agree very well with thegé ohservations.
i X 'j . .
4.
P sano et al. [32}, on the basis of experimental

studies on the ghhapeed performance of automotive valve-gear,

i
-

concluded that the operating speeﬂ of the cam-follower system was not

k(

limited by excessive dynamic lcads or vibrations, but by a losg of

load on the push-rod and the resulting valve toss (jump). Reaﬁlts-
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obtained here on the hxgh—speed performanca of cam-follower aystem.l .

with diffarent cam motiona.-asree very well with thig: hypotheaia.

Thxs' investigation gives uaeful qualltat1ve and
quantitative 1nformat10n on the sen51t1v1ty of aystem performance to

.the changea in critical gystem parameteres.

4, Work on Return Spring Vibrationg

"During the discuasxon on valve sympogium papers [5,6],
Barkan commented that with hxghly rigid Bystems. sprins surgee were of

f1rst order 1mportance at high speeds. Uagstaff [18] concluded that

' -~

the ‘simulation of the valve spring was a very 1mportant factor in.

obtaining accurate agreement with exparimental response, eapecially at
high Bpeeds where the springqvibrations were aignif};\ht

‘ Thesge . oba;rvationq are Btrongly suppor;ed py the
results of thia study, Significant spring vibrations have been
obaerveq at high speeds, and they gfeatly influence the dynamic
performance at the cam. |

D !
7.3 Contributions in the Area of Research

TQ? original contributions of .this research effort to
the field of knowledge in the design and manufacture of cam-follower

syatems are given as follows:

1. Host investigations in the paat have been concerned .Nith the
dynamice of flexible - follower cam systems employed in automotive.
valve-gear mechanisms. The preaent research is g 313n1f1c1pt

contrxbut1on to the field of study of the dynamics of relatively rigid

y .
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follower cam systems typical of production machineny and ovarhea&-cam

auionotivq. valve-gear. in which cam manufacturing errors and returnf

spring vibrations play a significant role. ‘ L

2. A vary"refinad and yet computationally mnnagaable. system

model haa been developed that takes into account all the "important

. »

 factors’ which influence the syatem dynamics in aemi-rigid follower cam
- s

E systams. Earlier studies .employad simple single or two d. o. f. m¢ﬁ§1é.

q,.

and experimental evidence \}ndtcated that such models ‘were fairly
satisfactory for the -study of dynamics of flexible foIlowar cam
systems. These sgtudies did not congider the effects of cam profile

arrors and many other factors. v

3. . In ‘the Bystem identification Process, ' appropriate axpreséions
have been developed to- calculate properties aggsociated with the
dynamics of the system guch as: contact force, contact stiffness, and

the jump criterion.

4. Considering the combined effects of all the important factore, a
very comprehensive study has baea presented for the comparison of all

the popular . cam motions regarding their high-speed performance.

Studies in the past have ga§§h§11y negPecSed the effects of cam
profile.arrora. These atudiea have provided omparlsons of a limited

numbaer of cam motions based on their vxbratlonal character1at1cs ornly.

This 1nve8t13at10n has gemonstrated that at high speeds, it is not the

" vibraticnal responge, but thehjump behaviour and the maximum contact:

N

force and  torque values which detegrmine the system dynamic’
N . ' Q

performance. The Modified-Sine, SH, and 3—4—§'P01ynomra1 motions have

g

- o

€
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beenﬁﬁhown t6 give aupQrior parformance at high apeeda compared to the

-

commonly favoured Cyclo:dal and Modified-Trapezoidai motxons.

t 5.-' Another impo;tan;. contribution-of this work is the simuiaﬁion of
thé ‘.e itation {the input signal) This l reéuired extensxve
experimentation and data’ collaction from industry in ordet to develop
a realistic model. The input 91sna1 consists of the'lift_funcﬁioﬁ} and,
_'takas.;nto account the profile errors in cam manufacturing.'fhe ;ommon
practice to define a tolerance band (a.s; +.0.001 ih.i—for the PfOf;le-
error does n?t mean much unless the rate of deviation per degree of
" cam angle is éonsidared. The stochastic model developed here conszdars
the lift error to be composed of a variable—mean smooth error (s1ze—
error) and a.superimposed wavinesa,qrror (randomness). The gimulati

process employs the techniques of .raﬁdom ‘number generation and
smoothing spline. interpolation in which the wavineés érror can ba

, controlled. The software e?stem developed in .this work also allows tﬁe

uee‘?f the actual inspection lift error data available from industry.

c-
t

6. fhe investigafion on the dynamic effggge of cam profile errors,
separating out the smooth B1ze—error and the waviness error, has been
systematically performed for the;flrat time. The same 1ift er;or -
fupctions can be used for different motions, wh{ch is an inpossibility
with any experimental study because different cams will be _produced
_ﬁith different random errofs; It has also been pos;;ble to Btﬁay the
kinemaﬁic: and dynamic effects. aepafately .or -in c;mbination. An

éxperipental study would necessarily include both of-these .effects.

The resuits on the dynamic effects of the smooth size—error ‘and tﬁe
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waviness error provide very useful information fof.cam-manufacturinj.

1

I, The _sensitigify anal&sis-is th; firgt such gtudy conducteq .to
deﬁérmine - the ?ffects of changes in system parameters on the dynamic
performance characteristics, and important qualitative ag Néll as
quantitative information hgs bqen -pro-.ricled‘.:‘5 Different cam motion
Programa can be considered so that the optimum profile and the most

desirable set of design parameters can be derived.

8. An efficient. versatile, and user—o;iented softwarelsyétem -
COSCAD has besn developed which can be a very useful tool for the canm
designer to search for the most desirable cam‘ profile, thg system
Vparam;ters. and -the production quality of cams to achieve high overall
performance. The system can be conveniently employed to predict the
occurence of jump in any cam sfstem design, and thus help in the
selection of an appropriate return spring to avoid jumpl The software
gyatem provides for éhe-following options - kinematic analysis for a
perfectly rigid system; dynamic analysis considering a perfect ecanm
profile; a general case of dynamic analysis accounting for cam profile
errorg; dynamic analysis with or without return spring vibrations; use
of simulated 1lift error or the actual inspection 1lift error ‘data
obtained from iﬁduatry; any get of user—defined design parameters; any

user—&ETined cam motion function for rige and return, and for both D-

R-D-R or D-R-R-D cams; any work load function; and simulation to any

number of cam cycles.

The conclusions and recommendations made in'Sec. 7.] lustify the

research carried out to investigate the cam-follower gystem dynamics.
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7.4 Suggestions for Further Reaea;dﬁ‘~

The software system déveloped in this work can be
employed to conduct further etudies in cam system dynamics. In
. . : A

particular, followipg areas can be investigated:

- Any other motion, or suitable motion combinations, can be
studied.

- The effects ‘of load functioﬁs. camshaft flexibility in
bending, and ;he camshaft _inertia can be investigated.

- A comparatiée study of the cam motions can be made with a
.flexible follower system. |

=  The same motion. produced by different cam manufacturing

methods can be investigated to compare the quality of

manufacture produced by different methods.

The work can be extended to include the effects of

clearances where they are essential to the function of a mechanism,

A sgimulation approach similar to that employed in this
investigation could also be used to investigate the dyl!mic behaviour
of other point or line contact mechanisms such as ball or roller

bearings and gearsg.
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APPENDICES

A.1 Calculation of System Propertles

Cam Mase and Rotational Inertla: .

.
f, .
Fhe mass and rotational inertia of a disk cam can be

directly found by usihg,poiar cﬁordinatou. We require to determine tge
COc;dinateé of cam profile as functiqn of the cam angle 0G. Fig. A.l
shows a disk cam with aétached system of coordinates. With reference
to the moving coordinate sttem i;Y attached to the cam.” a point on

the cam pitch curve isg defined by -

X =y 8in8 + d cosd
¥ = v cos -~ e gind (A.1)
where
Y = ¥y + 8(08), 8(8) is the 1ift functian
Yo —\/(Rb+R)2— 2, (A.2)
X
Y
v
‘A dr
-— 48

Fig. A.l Disk cam with a translating offset roller follower.,
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L} ‘ ' 1
Tﬁe cam profilé is therefore expressed as - f
Xp = y-sin8'+-e cos® - R sina
Yp = ¥ cos® - e sinf ~ R,. cosa. - (A.3)
From the geometry of Fig. A.l l .
a=9-¢ | | (A.4)
whore % = preassure angler "
Therefore, we can write
‘ Xp = ¥ 8inb '+ e cosf + R. cun(¢18—n/2)
CYp =Y 8ind - e aind + R. sin(¢-8-u/2). (A.5)

Conaider an element at a radius r'as shown in the
figure. The area and mass of this element are

dA = r dr de

and dm e L rdr de,

It

respectively. The total masg and rotational inertia of the cam are,

therefore, expressed as

2n ¢
Hc =J [ e & dr do
00
2n ¢ 2n c )
Ip=J fridmn=ffp¢r3 drde,
0a 00

where ¢ is the radial distance of a point on the cam profile along the
radius r, and is a function of cam angle 8,

dengity of the cam material

e

L

cam thickness.
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Performing the internal integration in above equations, we obtain
Zn
M. =0t fc?/2de
0
: . 2n '
_and I. =9t JcY4 ds. (A.6)
) 0

¢

The radial distaﬁco.c caR, be expressed in terms of the system

o .
- parameters as

/

2 2, .2
co = xp + Yp
= y2 + e? ¢ R, 2 + 2y R. cosé - 2e R cos¢ (A.T)
/ r r r cos¢. .

Numerical integration has been employed to compute the integrals in
L J

(A.6). The subroutine computes the mass and rotational inertia of the

cam for any standard cam motion defined by the user.
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A.2 Random Number Generat{op - : : (:
~An abproximation to the normaliy distributed random
number Y can be found from a sequence of uniform random numbers: vaing

0

the formula:

Y =
i

X; - k/2 )/(k/12)1/2 _ . (A.8)

nmx

\

where

Xi = a uniformly distributed random number (0<xi<1)

»
n

number of xi.

Y approaches a true normal diastribution - asymptotically
as k abproa;hes infinity. Choosing k equal to 12 éivea 3 distribution
for Y close to normal..having a zero maan and a variance of | [65]. It

Y Rl
also requires a emall computer time. The equatian (A.8}) then becomes

12
Y =1I Xi - 6.0 - (A.9)
i=1 : '
The adjustment for the required mean u and 6tandard deviation o
L
gives
Y=o0Y+u (A.10)

where, Y is the required normally distributed random number.
Uniformly distributed random numbers Xi are generated

by employing aubroutine RANDU available with the VAX-730 system.

v
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A.3 Return Spring Idealization

To simulate. itsg vibrational behavivur, the restraining

- )
apring has been d{pcratizeﬁ a8 a three-mass system - Fii' A.2. This

has been shown to fulfil the modell’requireménta édequately (317

.o“

:

é?
1]

H.g/2, K, = Reg

= M3 = 8/15 M,

SF
Ll

X
8]
n

479 M,

Fa
o8]
L.
Fo
L
[}

16/3 K,

-~
—
(]
Fal
F-
li

1675 K,

Fig. A.2 A 3-mass model for
the return spring.
The spring natural frequencies have heen obtained in
the followling development. -

The equations of motion for the gyatem are

Ml Yo = - Ky v + Kalys - vg)
Hz ¥5 = = Kolyg - Yg) t Kylyy - ¥g) )
H3 ;;4 = - K3(Y4 - Y5) - K4 Y4-

which can be expressed in matrix form ag:

0] Hz 0 575 + - Kz (Kz + K3) - K3 Yg = 0.
0 0 |y, 0 S STRRT SUPSE J51 | IV



- Y 195

quuning a harmonic golution of natural frequency « and {te multiples,

]

and substituting in terms of H, and K , we have the characteristic

S

equation . . R
(128/15. K, ~ w? 8/15 By)  -16/3 K, . 0
-16/3 K, (32/3 Ky - w? 479 H))  -16/3 K, =0
, 2
0 -16/3 K, (128/15 Ky - w? 8/15 M)

(A.11)
This 1is solved to obtain the following three roots as natural
frequencies in rad/eec.
. L | ) -
- A (1)1 = 2’ KOIHO' %
4/ KOIHO.

6/ K /M, (A.12)

1]

w2

il

and Wy

In Hertz, the cyclic frequencies are given as

(= U/n /KoMy, £y = 2/nfR /M, £y = 3/n/ﬁo/qo. (A.13)
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