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ABSTRACT

In this thesis, I have three objectives:

(1) to estimate the substitutability/complementarity
relationship between monetary assets; (2) to systema-
tically test the empirical significance of the
separability (aggregation) assumptions implicit in
broad definitions of money, and (3) to compare the use
of simple-sum and Divisia monetary quantity indices as
data in an empirical demand system.

The theoretical part of the thesis consists of
deriving a system of monetary asset demand equations
from an individual model of utility maximizing behaviour.
This model takes advantage of a number of important
advances in the theory of models of utility maximization
in this context, such as: the duality between direct and
indirect utility functions; and the theory of two-stage
optimization.

For our empirical work, we use a demand system
which is derived from a flexible functional form interpre-
tation of the indirect translog utility function. The
use of such an approximate demand system enables us to
impose theoretical restrictions through explicit side

constraints on the parameters, thus permitting statistical
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tests of their validity. Moreover, as Denny and Fuss
(1977) have shown, the approximate translog model
permits a less restrictive test of separability than
the Berndt-Christensen exact translog framework.

The model was applied to quarterly Canadian
data for the period 1968I-19821V, and was estimated
using Barten's (1969) F.I.M.L. method for estimating
singular systems.

The results obtained from the study lead to
a number of important conclusions and are also of value

as indicators of potential future research.
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CHAPTER I

INTRODUCTION

Ll INTRODUCTORY REMARKS

The main purposes of this thesis are to
examine the substitutability/complementarity relation-
ship between monetary assets; to establish the
advantages of applying the theory of economic and
statistical index numbers to the problem of defining
monetary aggregates; and to test the separability
assumptions implicit in previous studies and in various
money measures. This chapter discusses some of the
issues on which the results will shed light and
provides a brief summary of previous studies that are
most similar in approach.

The issue of monetary asset substitutability
has attracted a great deal of attention and has been
extensively explored in tne literature during the past two
decades. Despite, however,the volume of research
undertaken the results are still inconclusive as to the
degree of substitutability between money and near money
ana leave much room for further empirical investigation.

As Feige and Pearce (1977) put it:



«... the issue of substitutability

between money and near-monies is likely

to continue to be an important gquestion

for monetary economics just as it has

been since the days of the currency-

banking school controversy!.

Knowledge of the substitutability of monetary
assets is essential in order to understand the potential
effects of monetary policy actions. In particular, the
stability of a narrowly defined demand for money function,
the appropriate definition of moneyz, and the effectsof
the growth of financial intermediation, are closely
linked to the degree of substitutability that exists
between monetary assets. For example, if these assets
are close substitutes for money, their inclusion into
a broader measure of money could provide a more stable
demand for money function. On the other hand, the exis-
tence of such substitutes could increase the interest
elasticity of the liquidity preference schedule for a

narrowly defined monetary aggregate and reduce the

effectiveness of monetary policy (targeting) based on

- Feige and Pierce (1977, p. 465).

There are two major approaches to defining the money
stock. The "a priori" approach and the "empirical"
approach. The former defines money in a theoretical
sense by appeal to its functions while the latter
defines money as that collection of financial assets
that has the most predictable effect on nominal income.
Both approaches implicitly make the assumption that
aggregation over different financial assets by simple
addition, is feasible.



W)

such a narrow aggregate as individuals could very

easily shift out of money into the higher interest

3
earning financial assets .

The issue of monetary asset aggregation has,
in recent years, attracted a great deal of attention
in the literature. Much of the attention derives
directly or indirectly from Barnett's challenging paper
(1980a) in which he voiced objections to simple-sum
aggregation procedures and argued instead for applying
aggregation theory and statistical %ndex number theory
to monetary aggregation. As he and co-authors argued in

a later paper:

By equally weighting components,
simple-sun aggregation can badly
distort an aggregate. For example,
1f one wished to obtain an aggregate
of transportation vehicles, one
would never aggregate by simple
summation over tne physical units

of, say, subway trains and roller
skates. Instead, one could construct
a quantity index (such as the Commerce
Department's many Laspeyres quantity
indexes), using weights based upon the
values of the different modes of
transportation®.

4 Gurley and Shaw (1960) take this position and argue
that the growth of near-bank liabilities was the
main reason that monetary authorities failed to
reduce the liquidity in the economy during the
post-war period.

4 Barnett, Offenbacher and Spindt (1984).



These authors argue that a more satisfactory
approach to monetary aggregation must involve considera-
tion of the utility function underlying the demand for
monetary assets. For example, the appropriate form
of aggregation (simple-sum as opposed to other possibi-
lities) will be determined by the relationship monetary
assets bear to one another and their contribution to
total "money". Simple-sum aggregation (the usual
procedure) is justifieqd, when viewed in this framework,
only if the component assets are perfect substitutes
(implying linear indifference surfaces). With perfect
substitutability a change in the monetary components
within the aggregate, that leaves the level of the
aggregate constant, would be completely internalized
and have no effect on other variables in the system. If
this condition of perfect substitutability is violatedq,
it is inappropriate to form a quantity index by giving
an equal weight of unity to each asset component.
Barnett has shown that consistent and satisfactory
approach to aggregation results if aggregation is
performed using a superlative gquantity index (EE?neLE&
1980a, 198la). Such an index attaches different weights
to assets according to their degree of "moneyness" or
"liquidity," and uses monetary asset user costs to

calculate these weights.
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A totally unresolved problem is the method
by which various monetary assets are selected to be
included in the aggregate. As Barnett (1982a) notes,
this has to do with the separability properties of the
underlying utility function. In particular, an aggregate
exists in aggregation theory if the utility function
defined over the items of the aggregate and other items
as well, is weakly separable in the components of the
aggregate. If this separability condition is violated,
stable preferences cannot exist over the aggregate in
the sense that varying the relative quantities of the
elements within the aggregate (while holding the aggregate
level constant) will affect consumer preferences over
other assets or goods. Further, knowledge of the change
in the level of the aggregate will say little about the
change in the demand for the monetary elements within the
aggregate in the absence of additional conditions. Only
under certain assumptions will an aggregate behave like
an elementary good, in the sense that a change in a price
of an asset outside the separable group is the same for
all assets in the given aggregate and hence the same for
the aggregate. Homothetic weak separability with
respect to the monetary assets within the aggregate is

necessary and sufficient for the monetary aggregate to



be a meaningful functional quantity index. Neither
weak separability nor homothetic weak separability have
yet been tested with monetary assets.

This thesis will provide new evidence bearing
on these issues by adopting a theoretical framework
which allows for sophisticated modelling of the demand
for money (and money substitutes) and which is empirically
interesting. The utility theory (or demand system)
approach to money demand modelling has been chosen, in
the present application, because of the desire to
consider the monetary problems in a-framework that
takes account of the different relationships monetary
components bear to one another and, also, because this
approach is currently the basis for rapidly expanding
empirical research in tihe literature.

In addition to the utility theory approach to
modelling the demand for money (and money substitutes),
suggested above, and which we adopt in this thesis, we
may distinguish two alternative frameworks: a) the
mean-variance (Markowitz (1952), Tobin (1958))
approach, and b) the transactions cost (Baumol (1952),
Tobin (1956)) approach. Each of these approaches
captures different aspects of the role of money. We
briefly aiscuss the advantages and disadvantages of
these three alternative theoretical frameworks to the

demand for money.



The mean-variance approach deals with the
division between riskless assets (money) and risky
assets (bonds). It is based on the assumption that
utility depends. on risk and expected returns and it
views the speculative (and the precautionary) demand
for money in the context of a portfolio choice problem.
This approach, however, has not been frequently used in
empirical work because of the difficulties involved in
measuring the risk of holding bonds.

The transactions cost (or inventory-theoretic)
approach, ignores uncertainty ana focuses on the
transactions motive for holding money. The major novelty
of this approach is that it takes account of inventory
holding costs as well as brokerage costs, since it is
based on the assumption that money is the means of
exchange in the economy and that there are transaction
costs in switching between money and interest-earning
assets. However, most transaction cost models are usually
presented in a two-asset (money-bond) framework and as
such do not easily apply to the modelling of the choice
among liguid assets. Also, the empirical application of
these models is restricted due to the lack of consistent
data series on transaction costs (both pecuniary and non-

pecuniary in nature).



The demand system approach, sometimes regarded
as a generalization of the transactions cost approach,
views money as a durable good (or monetary assets as
durable goods) yielding a flow of non-observable services
(either transaction services or store of wealth services)
which enter as arguments in aggregator functions (either
utility or production functions). This approach possesses
a number of advantages over the other approaches, in
particular, with respect to empirical implementation.
First, it premits imposition of symmetry restrictions
that are sufficient for integrability, i.e., the demand
system can be shewn to be derivable from an aggregator
function. The existence of this aggregator function is
important because substitution is thought of as being a
property of an aggregator function. Moreover, this
aggregator function itself, once estimated, would imply
the appropriate aggregation procedure. Second, the
demand system approachn allows for interdependence between
the real and financial decisions (of the economic unit)
by modelling the demand for monetary assets simultaneously
with the demand for consumption goods and leisure.
Finally, the demand system approach allows the testing
of functional form restrictions such as homotheticity

and/or separability and provides, also, a suitable



framework for analyzing data sets that appear in a
disaggregated form.

We now return to the theoretical framework
adopted in this thesis. The model used is based on
the demand theory approach and takes advantage of a
number of important advances in the theory and
application of models of utility maximization in this
context, such as: the duality between direct and
indirect utility functions; the theory of multistage
optimization; the flexible functional forms method of
approximating aggregator functions; and constrained
estimation and hypothesis testing techniques.

My approach also assumes a common aggregator
function for all economic agents and I am mainly concerned
with the problem of monetary asset aggregation and the
application of empirical demand analysis. Questions of
aggregation over economic agents are beyond the scope
of this study, although I recognize that the data used
are observations of expenditure on monetary assets made
by a group of economic agents (both households and firms).
Future work could usefully investigate possible differ-
ences across the groups.

The issue of monetary asset aggregation is

addressed by attempting to provide a suitable setting for
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a demand analysis of a data set that appears in a too
disaggregated form. As the number of monetary assets
is large (n = 19, in the present application), the
estimation of a highly disaggregated demand system
encompassing this many assets 1is econometrically
intractable, both because in many cases separable returns
could not be identified and because of computational
difficulties in the parameter space. We reduced the
number of variables by forming quantity subaggregates
and price indices for these subaggrégates.

The next problem with regard to monetary asset
aggregation is to investigate whether these monetary
subaggregates can be further aggregated into a single
aggregate that could be used as an aggregate for the
system as a whole. The majority of empirical studies
have been based on relationships involving broad-based
monetary aggregates (e.g., M2, M3). It is appropriate,
therefore, that we examine the empirical significance of the
separability (aggregation) assumption.

The major differences between this study and
related previous studies are now discussed. We only
review, briefly, those studies that take a demand system

approach. As was pointed out, this approach is arguably
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superior to the single demand equation approach, since
it can be shown to be grounded in a neoclassical
aggregator function. Before turning to the studies we
note that as yet no clear view has emerged in these
studies as to the degree of substitutability between
money and near monies.

Feige (1964), was the first to estimate
simultaneously a system of monetary asset demand equations.
He regressed quantities of financial assets, excluding
currency, on income and on own and other asset returns.
He used U.S. data, that involved a ﬁooling of cross-
section and time series observations, .and he could not
reject the symmetry conditions5 and found low substitu-
tability between money and near money. (Chetty (1969)
suggested the derivation of money demand equations
directly from an explicit model of consumer utility
maximization. He extended the Feige model and applied
it to U.S. time series data. His framework without
symmetry imposed, indicates a high degree of substitut-
ability between monetary assets. Gramlinch and Kalchbrenner
(1970) later used a guadratic utility function with argu-

ments being the end of period liquid asset values. Maximi-

- The conditions he imposed were not the usual

symmetry restrictions (on the compensated cross
price partial derivatives of the demand functions),
but rather restrictions on the cross price elastici-
ties.
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zation subject to a constraint, and estimation of

money demand for U.S. time series indicated very low
substitution effects. Kemp (1975) using Feige's data,
and a translog direct utility function, again found low
substitution elasticities. He imposed the symmetry
restriction but did not test it.

Donovan (1978) used Canadian data for the
period 1947-1974, and under the assumption that the
services of money are proportional to the stocks,
derived user costs for monetary assets. These user
costs were used as the price variables in the budget
constraint where the products of the stocks times
corresponding user costs define expenditure on the
services of the stocks. Three models were examined

empirically. The first contained only consumption

goods and leisure. The second included money along
with consumption goods and leisure while the third
containedonly liquid assets, i.e., disaggregated
compcnents of money and near money. The demand
equations for each model werederived from a Gorman polar
form representation of the indirect utility function.
The model indicated low substitutability between money
and near-money.

Barnett (1980a), assumed intertemporal weak

separability to acquire a current period utility

function. Then using a C.E.S. specification, he esti-
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mated a model of liquid financial assets with U.S.
data. The results indicate high substitutability
among the various passbook (savings and time
deposits at different institutions) accounts and

low substitutability between transaction

balances and the passbook account aggregate. Tests

for the empirical validity of the chosen aggregates
were not performed. More recently, Barnett (1983a), in
a model which includes aggregate money along with
consumption goods, compared simple-sum and Divisia
monetary aggregates in terms of estimation performance.
He concluded in favour of Divisia monetary aggregation.

Finally, Offenbacher’'s (1979) work is quite

similar to Barnett's on both theoretical and empirical

grounds. The major difference is that Offenbacher
takes a different approach to commercial bank
behaviour using an implicit rate of return to bank
deposits (while Barnett treats regulated own rates of
return on monetary assets as the true own rates).

This implies an explicit, meaningful distinction
between currency and deposits and allows the estimation
of substitution elasticities between these assets. He
uses the linear logarithmic expenditure system (a
homogenecus of degree minus one indirect translog
function). The major findings are complementary to

Barnett's in spite of the widely disparate assumptions
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on the own rates and the differences in functional
form.

Hence the state of the art is to develop
a monetary asset expenditure system that is capable of
generating some new results and is also theoretically
more satisfactory than the monetary asset demand
functions now in use. The principal motivation is the
possibility of shedding some light on the problem of
measuring the degree of substitutability among
alternative liquid assets and, also, on the problem of

constructing an appropriate definition of money.

I.2 SYNOPSIS OF THE DISSERTATION

In the theoretical section of this thesis, I
derive a system of monetary asset demand equations from
an individual model of utility maximizing behaviour. I
exploit the literature on multistage budgeting and
aggregation theory to this end. I use a flexible second-
order approximation to an arbitrary indirect utility
function, and estimate it with quarterly Canadian data

for the period 1968I-1982IV. 1In the empirical section,
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I investigate the degree of substitutability between
monetary assets and I compare two forms of monetary
subaggregation -- simple sum and Divisia -- in terms

of satisfying the integrability conditions of the
demand functions based on the indirect utility function.
Lastly, I systematically test the weak separability
restrictions implicit in various money measures.

The remainder of this thesis is organized as
follows: I begin Chapter II with a.discussion of the
"price of money." ©Next, I investigate the conceptual
shortcomings of conventional monetary aggregates and I
emphasize the need for a more satisfactory method of
aggregation. I distinguish between the economic
approach and the statistical approach to the aggregation
problem. This leads me to Diewert's (1976) contribution
which pulls together the two approaches and describes
how and when statistical index numbers provide parameter-
free approximations to economic aggregates.

Finally, I conclude with a discussion of which indices
are more appropriate for the purpose of our analysis.

In Chapter III, I outline a general model

of individual utility maximization. I assume a two-
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stage optimization procedure and focus on the details
of the demand for monetary assets ignoring other

types of goods. The salient issues in the two-level
optimization literature relevant to our monetary

assets demand model are explicitly stated. I then
argue that the specification of the translog indirect
utility function is the best approximation to the true
indirect utility function for monetary assets. I
distinguish between the homothetic and quasi-homothetic
versions of the translog, and based on the latter, I
derive price and expenditure elasticities as well as
the elasticities of substitution. The rest of the
chapter is devoted to econometric considerations. In
particular, a stochastic version of the share equation
system is specified and the error term is given an
interpretation. The various tests of the theory of
demand are outlined and finally we formulate the
approximate weak separability hypotheses to be tested,
while distinguishing between exact and approximate
separability.

The first part of Chapter IV is concerned with
data. I discuss the main issues regarding the monetary
components used and I provide an appendix with data
sources. In the second part the results are presented

and interpreted.
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Finally, in Chapter V, I summarize the
main findings of my research and examine their
importance with respect to the carrying out of
monetary policy. In addition, I outline further

useful directions of enquiry and conclude the thesis.
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CHAPTER II

THE MEASUREMENT OF MONEY: AN APPLICATION

OF INDEX NUMBER THEORY

This chapter is concerned with the problems
of aggregating quantities of different monetary assets
in a non-parametric manner in the context of estimating
demand systems. That our empirical analysis deals with
subaggregates could hardly be otherwise. There are
simply too many monetary assets (n = 19, see Table IV.1)
with their corresponding prices, for simultaneous esti-
mation of a demand system encompassing the full range of
assets. Such estimation, although theoretically conceivable,
is not possible in practice, because of computational
difficulties in the large parameter space. Some degree
of prior aggregation is inevitable in order to reduce
the number of parameters to be estimated.

We, therefore, reduced the number of variables
by forming gquantity subaggregates and price indices for
these subaggregates, based on prior knowledge of the parti-
cular assets being analyzed. By taking this approach, we
work directly with a small system of aggregated monetary
assets (i.e., money (M), checkable deposits (C), savings
deposits (S), and time deposits (T), see Table IV.1l),
abstracting from the obvious fact that there are many

types of checkable, savings and time deposits.
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In constructing these monetary subaggregates,
we obviously have to use an index (either economic or
statistical). In what follows, we present a survey of
the theoretical results on aggregation and index number
theory. We discuss these results systematically from the
point of view of empirical demand analysis. Our particular
focus is on indices which may be consistent with the
underlying assumptions about preferences.

The Sections are organized as follows: Section II.1
investigates the conceptual shortcomings of conventional
monetary aggregates and emphasizes the need for a more
satisfactory method of aggregation. In Section II.2, a
discussion of the price of money is provided. Then in
Section II.3, I take up the economic -approach and in
Section II.4 the statistical approach to the aggregation
problem. This will lead us to Section II.5 which pulls
together the two approaches and describes how and when
statistical index numbers provide parameter-free approxi-
mations to the economic aggregates. Finally, in Section
II1.6, I conclude as to which indices are more appropriate

for the purpose of my analysis.

IT.1 SIMPLE SUMMATION MONETARY QUANTITY INDICES

Conventional monetary aggregates are simple-sum
indices in which all monetary components are assigned a

constant and equal (unitary) weight. This summation index
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implies that all monetary components (xi) contribute equally
to the money total (Q) and it views all components as dollar
for dollar perfect substitutes. Such an index, there is

no question, represents an index of the stock of nominal
monetary wealth, but cannot, in general, represent a

valid structural economic variable for the services of

the quantity of money.

Empirical evidence accumulated over the last
decade on substitutability within money markets indicates
that monetary assets are not perfect substitutesl. In
fact, these assets contain differing degrees of moneyness
or liquidityz. For example, money (currency plus demand
deposits) has by assumption perfect liquidity, while near-
monies (financial assets that are excluded from the
definition of money but are very similar to some assets
that are included3) although very ligquid, are not as
liguid as money since there is cost and trouble in

turning them into money.

. See Feige and Pearce (1977) and Offenbacher (1979).

. The liquidity of an asset depends on how easily it
can be bought or sold and on the transaction cost of
selling or buying it.

The distinction between money and near-monies is not
clear cut but depends on the definition of money that
we accept.
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Hence, if we are to construct a monetary
aggregate that captures the contribution of its
components to the economy's flow of monetary services,
simple-sum aggregation seems unsatisfactory. As

Irving Fisher put it:

The simple arithmetic (simple-sum
index) should not be used under any
circumstances“.

Similarly, Friedman and Schwartz noted:

This procedure (simple-sum aggregation)

is a very special case of-the more general
approach discussed earlier. In brief, the
general approach consists of regarding each
asset as a joint product having different
degrees of "moneyness," and defining the
quantity of money as the weighted sum of the
aggregate value of all assets, the weights
for individual assets varying from zero to
unity with a weight of unity assigned to that
asset or assets regarded as having the largest
guantity of "moneyness" per dollar of aggre-
gate value. The procedure we have followed
implies that all weights are either zero or
unity?S.

Over the years, there have been a series
of attempts at properly weighting monetary components
within a simple-sum aggregate6. However, it is only
recently that Barnett (1980a) applied the literature

on aggregation theory and index number theory to

4 1. Fisher (1922, p. 361).
5 y

Friedman and Schwartz (1970, p. 151-152).
6

See, for example, Friedman and Meiselman (1963)
and Chetty (1969).
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monetary aggregation. He constructed monetary aggregates
based upon Diewert's class of superlative index numbers7
and in particular advocated the use of Divisia quantity

indices.

Our approach in this chapter is to provide
a sharp qualitative assessment of the relative merits
of monetary quantity indices based on the rigorous
application of economic aggregation and index number
theory. The application, however, of aggregation theory
and index number theory to monetary.aggregation requires
information about the price of money. I take up this

problem in the section that follows.

IT.2 THE MEANING OF THE PRICE OF MONEY

The meaning of the price or value of money
is not obvious in monetary theory. Usually this price
has been viewed to vary inversely with the general
price level. In this sense the price of money is,
in fact, its purchasing power in terms of real goods

and services. 1In the recent literature, however, money

7 . " : ; ; : ;
A quantity index is superlative if it is exact for

an aggregator function which can provide a second-
order approximation to a linear homogenous function.
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is treated as a durable good having an infinite life
and it is assumed that money retains at least some
value beyond the holding period. Under such assumptions
it would be wrong to attribute a price of unity -- the
full purchase price -- to a unit of the stock of money,
simply because this one dollar price represents the
price of a unit of the stock over an infinite holding
period. There is no question that money is a stock (at
an instant of time). But money is also an economic good
which provides a variety of services (i.e., liquidity,
safety, convenience). These services of money are
better described in a flow dimension (per period of time).
Donovan (1978) asserted that a "Jorgensonian"
user cost concept, rather than the full purchase price
is more appropriate for pricing money. Donovan derived
the user cost formula through general economic reasoning
and under the assumption that the services of money are
proportional to the stocks with a unitary factor of
proportionality. Barnett (1978) derived the same
formula through an intertemporal consumption allocation
model, without any assumptions regarding the factor

of proportionality. The user cost formula is

*
(2.2) Pi 7 1 + BR
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where pP. = user cost of monetary component i

P = aggregate price index of consumption goods
BR = the highest rate of interest (benchmark
rate)

r. = own rate of return on the ith component

Observe that the user cost is the discounted foregone
interest by holding one dollar of the ith asset.
Equivalently, it is the price of the quantity of
services provided by a unit of the stock during a
finite holding period.

The remainder of this chapter is mainly
composed of two sections devoted to aggregation theoretic
procedures for constructing monetary quantity indices.
The first section discusses the economic (or functional)
approach which considers the utility function and its
properties, while the second section discusses the
statistical (or atomistic) approach to index numbers.

We also, briefly, review the recent contributions by

Diewert (1976).
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IT=3 THE ECONOMIC APPROACH TO MONETARY

QUANTITY INDICES

This approach is concerned with rational
individuals who act according to their scale of
preferences and is related to aggregation theory.
Monetary aggregates (e.g., M1, M2) are regarded as
functional gquantity indices providing a mapping from
the set of monetary assets into the set of real
numbers. The existence of a functional quantity

aggregator

u(x)

(2.3) u

is important in understanding functional quantity

indices, where u is "utility" (or "output" depending

on the case) and x represents the vector of monetary
asset quantities. Notice that (2.3) involves only the
unknéwn aggregator function, u, the quantities, and

any unknown parameters. The economic approach then
suggests the selection of a differentiable functional
form for the functional guantity aggregator (2.3). Then,

using Wold's (1944) theorems, the inverse demand functions

- See Diewert (1976).
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u. (x)
(2.4) ¢ (x) = e e i=1,...,n

u, X,
can be derivedg.

Using equation (2.4) and detailed data we can
estimate the parameters and replace the unknown parameters
by their estimates. The resulting function is called
an economic (or functional) index and its function value
is an economic quantity index number.

Using such an index simply means the aggregation
of a well defined set of quantities and, of course, the
loss of some information. A clear concept of an economic
index exists only in the case of a linearly homogeneous

utility function, in which case equation (2.4) becomes

ui(x)

(=3} ¢i(x) = W 1 = liees gl

and the resulting economic index (aggregate) is called
"consistent". The use of any particular functional form
for the monetary quantity aggregator function, when
viewed in this framework, reflects a particular set of

preferences among monetary assets. For example, the use

Ordinary demand functions could be derived from the
indirect utility function by Roy's theorem.
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of a weighted linear aggregator function

(2.6) u(x) =) a, x
i

implies perfect substitutability among the assets and
hence should logically lead to specialization in
consumption of the least expensive assetlo. If this is
inaccurate, obviously, we commit a specification error
by using this functional form.

As a second example, the use of a Cobb-Douglas

functionsl form
(2.7) u(x) = I xi

imposes an elasticity of substitution equal to unity,
(0= 1), between every pair of assets and its use implies
that each asset always accounts for a constant share of
the expenditure. Again, if this propoéition is at

odds with the facts, the use of the Cobb-Douglas seems
inappropriate.

Thirdly, a Constant Elasticity of Substitution

10 The more restrictive unit-weighted (a‘_.L =1, i)

aggregator function implies dollar for dollar
perfect substitutability.
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aggregator function

(2.8) u(x) =) [a.x
i L

relaxes the unitary elasticity of substitution restric-
tion imposed by the Cobb-Douglas, but imposes the
restriction that the elasticity of substitution between
any pair of assets is always constant (¢ = 1/(l-r)).
Finally, the Leontief aggregator function

(a special case of the C.E.S. when r -+ -=)

X1 X
{2.9) u(x) = mln(gz ’...{E;)

imposes the restriction of zero substitutability (¢ = 0)
between any pair of assets, and its use would lead
us to assume that relative monetary asset demands are
totally unresponsive to changes in other asset prices.
These functional forms, as we have just
pointed out, all imply serious limitations on behaviour
if they are used as aggregator functions. An alternative
way to view these limitations is to note that these
functional forms impose (rather than test) potentially
undesirable functional form restrictions such as linear

homogeneity and/or strong separability. The main

0<ai<l,-oo<r<1
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disadvantage of strongly separable utility functions

is that they cannot model in a general way the inter-
action of different assets. A more flexible approach

is to use a function from the class of quadratic utility
functions which do not impose separability or homo-
geneity. Some commonly used quadratic functional

forms are:

the generalized quadratic

(2.10) u(x) = a, + Z a; £, (x ) + 1/2 I 184, (x;) £ (x )

i3 b s
where Bij = Bji ¥ i,j, and
the quadratic mean of order r
- r/2|1/r
(2,11) u(x) = B g Bij(xi xj) J
where B8 = B.. 1,9 r#0. This latter class of

ij g b3
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functions is of considerable interest becuase it
contains a number of interesting special cases including:
the generalized Leontief (r = 1), the gquadratic mean
function (r = 2), and the Constant Elasticity of
Substitution function (Bij =0 fori# j, and r # 1
o 2).,

But the most popular specification appears
to be the transcendental logarithmic utility function,
which is a quadratic function in the logarithms of the

variablesll.

(2.12)  u(x) =ay+ ] enx + 3]
.1

where 8. = B,; i,

The functional forms (2.10)-(2.12) imply neither
separability nor homotheticity with the exception of
(2.11) and the class of functions generated by it, which,
without any further restrictions, are homogeneous of
degree one.

So far the quadratic utility functions have

been interpreted here as utility functions in their own

11 See Christensen, Jorgenson and Lau (1975).
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right. Their use then implies that we are willing to
make strong exact a priori restrictions about preferences
among monetary assets. A more flexible approach is to
view such functions as flexible functional formslz. By
using a flexible functional form as opposed to an exact
form, on the one hand, we increase the possibility of
approximating the true functional form, but on the other,
we face a difficult procedure of estimating systems of
demand equations which are nonlinear in a large number
of parameters. Hence, theoretical purity is gained only
at the expense of econometric inconvenience..

So far we have been using aggregation theory
to argue that aggregator functions defined over monetary
assets cannot be adequately approximated by simple-sum
functions. -Aggregation theory suggests the use of
nonlinear aggregator functions in aggregating over
monetary assets. However, this economic approach to
index numbers is not frequently used. As Barnett puts

it

12 A functional form is said to be flexible if it can

provide a second-order approximation to an arbitrary
twice differentialbe aggregator function.
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Estimates of the unknown parameters depend
upon the specified model, the data, and

the estimator. Hence, aggregator functions,
although important in theory and in hypo-
thesis testing are not generally useful in
constructing index numbers which are
publishable as data by governmental
agencies!?3.

For precisely these reasons Frisch (1936),
in one of the most important papers on index number
theory, distinguished between the statistical and
the economic approach to index numbers and we turn

now to the statistical approach. -

IT.4 THE STATISTICAL APPROACH TO MONETARY

QUANTITY INDICES

Statistical indices are simply descriptive
statistics that treat prices and quantities as

independent variables and measure the variations in

3 Barnett (198la, p. 220).
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these variables without any reference to economic
theory. They are widely used since they can be
computed from price and quantity data alone, elimina-
ting the need to estimate an underlying structure.

Well known examples of statistical price indices are:

1.0
0 0 1 1 X 0,.1,0
(2:13] PL(P r X , P, X)) = ETT= Zwi(Pi/pi)
"Laspeyres"
0 0 1 b pl.xl - i 0,.1
(2.14) P (e, x, P, x) = ! = 1/1w; (p;/P])
"Paasche"

1/2
0 20 .1
(2.15) PId(pO, xo, pl, xl) = [pl.xo.pl.xl/po.x P X

1/2
0,1, 0 1,.0,.1

"Fisher's
Ideal"
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where the weights
Vi = efal /] ofag
i
are user cost shares and the superscripts on values
refer to time periods.

The Laspeyres price index weights prices
by guantities in the base year, the Paasche price
index weights prices by quantities in the final year
and the Fisher's Ideal price index is the geometric
average of the Laspeyres and Paasphe price indices.

The Laspeyres, Paasche and Fisher's Ideal
quantity indices are defined in a similar manner by
simply interchanging quantities and prices in the
above formulas.

Statistical indices are mainly characterized

by their properties. These properties were examined

in great detail by I. Fisher (1922) and serve as
tests for assessing the quality of a particular index.

They have been named after Fisher as "Fisher's System

1y
of Tests" .
Fisher's tests for statistical price indices
15
are :
14

For a detailed analysis as well as a compre-

hensive bibliography on Fisher's test (or axiomatic)
approach, see Eichhorn and Voeller (1976) or
Eichhorn (1976).

12 These tests can equally be applied to the

corresponding gquantity indices.
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The Proportionality Test

If all base period prices have changed in
the same proportion, say by A-fold, then the value
of the price index should equal the common factor
of proportionality A.

(2.16) pp?, %0, 2%, x) = 2,

The Circular Test

If in the first time period all prices

and quantities change from (po, xo) to (pl,xl) and

in the second time period they change from (pl,xl)
to (p2,x2), then the value of the price index for

the entire period should be given by

0 1. L & .2

({2:.17) P(po, X, pl, xl) Plp~, X" ,p %)

2
= P(po. xo, P xz)

The following tests are consequences of

the Circular Test:

(2.18) pip, 2%, 57, %9 = 1 (Identity Test)
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0
(2.19) P(Poy xol Pl: xl)'P(pllxllpolx ) = 1

(Time Reversal Test)

The Determinateness Test

If any individual price or quantity in the
price index, P(po, xo, pl, xl), becomes zero, then
the price index must tend to a unique positive real
number (must not go to zero, become infinite, or

indeterminate) depending on the set of the remaining

prices and quantities.

The Commensurability Test

If there is a change in the units of

measurement, the price index must not change.

The Factor Reversal Test

The product of the price and quantity
indices must be equal to the expenditure ratio for

the two periods under consideration.

2.200 2%, ¥%, %, xN 0%, % xt, phH

1 1,0 @
= p .Xx/p .X

where the quantity index, Q, satisfies the same
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tests as those satisfied by the price index.

It has been shown that Fisher's system of
tests is inconsistent in the sense that there does not
exist any index satisfying all the tests. There exist
even inconsistent subsets of these tests. The Laspeyres
and Paasche indices satisfy the Proportionality,
Determinateness and Commensurability tests but not the
Circular and Factor Reversal tests. Similarly, Fisher's
Ideal index satisfies all Fisher's tests except the
Circular testls.

From the axiomatic point 6f view it is
not clear which is the most appropriate index number

formula. For this reason Eichhorn and Voeller (1976)

have considerably weakened Fisher's system of tests by

replacing the Circular test and the Factor Reversal

test by weakened tests. These tests are

The Base Test

Instead of the Circular Test (2.17), one would

require

L& For exactly this reason Fisher (1922) termed this

index "Ideal".
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0 1 1

(2.21) P(xo.p W -
0 0
R(errx: P);

P(x, p, xl'pl)

that is, the comparison between base period quantities
and prices and current period guantities and prices vis-a-
vis a third point of time, must be independent of this

third point.

The Product Test

Instead of the Factor Reversal Test (2.20)

one only requires

(2,22} P(po, xo, P:X) . Q(Por x?, p,x) = ’%'xo
P <X

Note that Eichhorn and Voeller (1976) have
shown that every subset of the system of weakened
tests is consistent while the whole system is inconsis-
tent. For instance, Fisher's Ideal index satisfies
all Fisher's tests except the Circular Test and the
Base Test (a weakened form of the Circular Test).

In connection with the statistical approach

to index numbers, the Divisia index deserves special
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L g
mention . This index was first introduced by Divisia

(1925) and is based on the chain approach to index
; 18
numbers. To derive the Divisa indices ,we assume

that a value
(2.23) P.X = sz Py Xy

is differentiated with respect to time and divided by

the value. That is

(x.dp. + p.dx.) dp. dx. :
(2.24) 1 179 " Pao = zwi(sgi E 1?£ = %g * Ef
0 . - x
1Py - Xy i i i
where
w, = pi.xi/zipi.xi
th

is the expenditure share of the i component.
The index problem consists of a decomposition

of (2.24). The only reasonable decomposition results

i This index recently has been used extensively in the

literature on measurement of productivity change.

13 See Jorgenson énd Griliches (1967). .
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from the requirement that "quantity changes without
price changes should not change the price index and

19
vice versa" . The Divisia price and quantity indices

would then be defined in differential form as

P ax.
(2.25) g‘-g=2w. = andg-x—=zw. e !
P { 1 P x4 %

The price and quantity Divisia indices
(2.25) reflect the price and quantity changes at all

times between two situations. Their values can be given

by
0 ‘1 it
Pn =P exp|/ ) w, —= | and
H % 1l PpP.
£y @ 1
O -
(2.26) ;
0 tl dx
Qp = Q exp |[ ] Wy ==
Ltol i

where PO and QO are constants of integration which
scale the indices. An undesirable property of the

Divisia indices, which is often emphasized in the literature

Le This has been applied by Divisia (1925), see Vogt

(1976) .
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is that these indices, depending on the path that runs
from the base point to the observed point, do not
compare two price-quantity situations but instead
reflect the price and quantity changes at all times
under two alternative situations.

Since economic data take the form of
observations at discrete points in time, equation
(2.26) can be approximated by the following forms in
discrete differences (see Hulten (1973)).

1

o3
Pg n(—%
ip}

L)
I

1.0
)1/2(Wi+wi) and

(2.27)

1
X,

o
i xq
i

0

1 0
- )1/2(wi + wi)

1
Q; = ©

Taking logarithms of each side of (2.27) the Divisia

indices can therefore be written as

1 0 _ ¢ * 1 0
log Py - log By = Zwi(log p; - log p.)

(2.28) and

* 13
log Qé - log Qg ZWi(log x; - log xg)
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where

* _ 1 0
w, = l/2(wi + wi)

are the weights depending upon all prices and all

quantities.

From (2.28) we observe that the growth rates
of the Divisia indices, measured as first differences
in the logged values, are weighted averages of the
growth rates of the components, the weights being the
shares of each component's user cost in total user cost.
A change in the user cost (in our case, the cost of a
component monetary asset due to a change, say, in the
interest rate) will induce changes in the asset's weight
in the same direction. However, a combination of price
(quantity) changes that leaves the total expenditure
unchanged will be represented by no change in the Divisia

index. Hence, Divisia indices perfectly internalize pure

substitution effects and change only if the change in
price has an expenditure effect. This is known as the
Invariance Property of Divisia indices and it is exactly
this property that speaks for the Divisia indices.

In addition, Divisia indices satisfy the Proportionality

Test, the Time Reversal Test and they approximately satisfy
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20
the Factor Reversal Test , but they satisfy neither

the Circular Test nor the Base Test.

Two related log-change statistical indices

recently discovered are: (i) The Vartia (1974)

21
log-change quantity index , given by

1 0 _ ~ O 0
(2.29) log Q_ - log Q_ z wi(log Xy log x.)

where the weights are

- _ 1.1 0.0 1.1 ¢.0.0
w; = L(PyXj, PyxVL(PyX;s IpixX;)

20

21

The Factor Reversal Test requires that the sum of
the log-changes in the price and quantity indices
be egqual to the log-change in total expenditure
(Theil (1973)). Note that:

* 1,0 * 1,.0, _ * 1.0
Ewi loge;/P;) + gwi log(x;/x;) = Ewi(log PP
1,0, _ * 1.1,0 .0, _ » 1,0
+ log xi/xi) = Zwi log(Py.x;/P; .x;) = Zwi log (wy/w.)
*
(ml/mo) = Xwilog(wi/w2)+ log(ml/mo)

*
hence,zwi log(wi/wg) is the discrepancy (relative to

the Factor Reversal test holding)which as
Theil (1973) shows, is quite small.

The price index is defined in an analogous manner.
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and

(a=b)/(log a - log b), a#b

(2.30) L(a,b)=
a , a=a

is the logarithmic average defined for positive a and

b. The Vartia index satisfies the Factor Reversal

Test always, and the Proportionality Test only when
1_.0 22

wi = Wy ¥i .

(ii) The Vartia (1974)-Sato (1976) log change quantity

index, given by

1 g _ 5= 18 0
(2.31) log Q log Q__ Zwi(log x; - log xi)

where

B 1 _0 1.0
w, = L(wj,w,)/ ZL(wj,wj)

and L is defined as in (2.30)

The Vartia (1974)-Sato (1976) index satisfies
the Proportionality Test always and exactly satisfies

23
the Factor Reversal Test .

22 See Vartia (1976)

23 gee piewert (1976)
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ITe5 DIEWERT'S (1976) SUPERLATIVE CLASS OF INDICES

In the recent literature on index numbers,
Diewert (1976) provides a link between the economic
and statistical approach to index numbers, by attaching
economic properties to statistical indices. These
properties are defined in terms of the indices' ability
to approximate a particular functional form for the
aggregator function. What Diewert does is to show that,
instead of estimating a functional form for an aggre-
gatar function, we can use a statistical index which
provides both a parameter-free as well as a specification-
free approximation to this functional form. To ensure
that this statistical index approximates the functional
form for the aggregator function, it is required that the

following relation is satisfied

(2.32) a(xh) /ux®) = 0%, x°, P, ¥x) % r=1...T

whenever x* > 0 is the solution to the following

aggregator maximization problem:
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max{u(x) : pr.x < pr.xr, x > 0} r = DsessT
X
For a base period normalization u(xo) = 1, equation

(2.32) implies that the quantity index at time t equals
the aggregator function evaluated at that point. 1If
equation (2.32) is satisfied the quantity index, Q,
is said to be exact for the aggregator function uzs.
It is obvious that the definition of exact statistical
indices depends upon microeconomic maximizing behaviour
and is completely independent of the form or properties
the aggregator function might have.- However, if we do
not know the true functional form for the aggregator
function (that is, if we do not have a priori
information about preferences) it would be wise to
choose a statistical index which is exact for a flexible
functional form. Diewert termed statistical indices
that are exact for flexible aggregator functions
"superlative".

Following Diewert (1976) we will demonstrate
how an exact index for the homogenous translog functional
form can be derived. Consider the homogenous (of degree

one) translog functional form:

43 Exact in the sense that its use 1is equivalent to

the use of the functional form for the aggregator
function.
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¢n u(x) = + ] ajn x; +1/2 Y Zsijzn x;en x

a
0 1 ij

where

la; =1 and EBij = 0 (by homogeneity)
3

26
Next, we make use of the quadratic approximation lemma

of Theil (1967, p. 222-23), and Kloek (1966) .
(2.33) a(zl) - u(z%) = l/Z[Vu(zl) + Vu(zo)](zl—zo)

where Vu(z) is the gradient vector of u evaluated at z.

Now, since for the translog

r r
zi = n xi and u(zr) = n u(xr)

(2.34) Vu(zr) = au(xr)/ax = 3[zn u(xr)J/ax
= su(x¥)/ox « xT/u(x®) = x¥ va(xF)/uxh)

o2 : i . .
where x is the vector x diagonalized into a matrix.

Then if we substitute (2.34) into (2.33), we obtain

26 : ; 5 ;
It is this lemma which provides the underpinning

for the superlative index numbers.

]
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&n u(xl)-zn u(x0)= l/Z[Bu(xl)/ax .xl/u(xl)

+ au(xo)/ax.xo/u(xo)]an xl - n xo)

(2.35)
= 1/2[21 Vu(xl)/u(xl) + %0 Vu(xopu(xo)]
(&n xl - n xo)
where
en xt = [2n xX sn xf..2n xr] for r =0,1
1 2 n

Using Wold's theorem (for a linearly homogeneous

function)
pT/pt.-xt = vu(x®)/u(x®)

and substituting the last two relations into (2.35)

we obtain

2n[u(xl)/u(xo) = 1/2[pl.il/pl.xl

Cd

=

0 .0 0

+ p X /po.x

(en xl - &n xo)

_ 1, .0 1_ 0
= E 172(w; + w;) (¢n X7 - &n x;)
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or

(2.36) alxhy /ux?) = n(x /x )1/2(w % w)

8

The right hand side of (2.36) is the discrete
time Divisia index which, as we have just shown is
exact for the homogenous translog. Since the homogenous
translog is a flexible functional form the Divisia

A
index is a superlative index .

27 In a strictly analogous manner, Diewert shows that

the Fisher's Ideal Index number is exact, if, and
only if, the function is the square root of a homo-
genous quadratic function (see also, Lau (1978)).

!
u(x) = [x Ax/2 ]1/2
He also shows that the (homogenous) quadratic mean
of order r flexible functional form is the only

differentiable function which is exact for the
tollowing quadratic mean of order r quantity index

Qr(PO' xo’ pl’ xl) _ [Zw - / o r/z]l/L

[ ey /2 |3/

where
0O _ 0.0,0 0 1 _
w, = p;-x;/P .x  and W = pk k/P

Note that the quadratic mean of order r index
satisfies all Fisher's tests except the Circular
test and the Factor RevVersal test. It was also shown
that the Vartia (1974) index is exact for the Cobb-
Douglas aggregator function and that the Vartia
(1974)-Sato (1976) index is exact for a homogenous

of degree one C.E.S. functional form (see Sato (1976)

and Lau (1978)).
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II.6 SUMMARY OF THE PRINCIPAL ISSUES

If we have to use an index to measure the
quantity of services of money, we obviously have to
make a choice among alternative indices and we face
a hard task. The difficulty is not that plausible
indices are hard to find, but rather that there are too
many plausible choices.

The economic approach, although it permits a
wide variety of indices, provides no answer to the
question: What is the proper (economic) index to be
used in empirical demand analysis? The use of any
index would reflect our a priori information about the
structure of preferences among monetary assets. To
fail to adopt the appropriate index is to commit a
specification error. This problem might be partially
overcome by introducing an economic index which is
consistent with a large class of utility functions.

The statistical approach provides axioms or
tests which serve as criteria in developing indices
and in examining their characteristics. These tests
reduce the number of conceivable indices and help us
to identify the best possible index. This approach
provides a strong rationale for using the Fisher

Ideal index, since it best satisfies Fisher's system of
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tests. The Divisia index, on the other hand, is
very appealing because of the Invariance property.
This property characterizes no other index (see
Hulten (1973)).

Diewert (1976) provides a new basis for
selecting an index. He shows that both the Divisia
index and the Fisher Ideal index are superlative
(provide second-order approximations) and he argues
that there is no quantitative difference between super-
lative indices, since they approximate each other to the
second order for small changes in prices and quantitieszs.
It is however, apparent that superlative indices ' are

restricted to the class of functions tHat are linearly

homogenous, flexible and quadratic in the logarithms.

44 Diewert (1978), however, shows that there are

qualitative differences between these indices. 1In
particular, only the Laspeyres and Vartia (1974)
indices are consistent in aggregation, while super-
lative indices have an approximate consistency in
aggregation property. Consistency in aggregation
refers to a situation where the set of assets is
partitioned into subsets and subindices for these
subsets are calculated. Then the total index is
calculated using the subindices and the same index
formula. If this two-stage aggregation procedure
gives the same results as a single stage aggregation
procedure then we say that the index formula is
consistent in aggregation.
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In this thesis, in order to provide a
quantitative assessment of the relative merits of
simple-sum versus superlative monetary aggregation,
we follow Barnett's (1980a) and Barnett, Offenbacher
and Spindt's (1984) proposal and we use the Divisia
quantity index. Hence, simple-sum and Divisia indices
are constructed with the same components and component
groupings and are then used as data in an empirical
demand29 system. We then examine these subaggregates
with a view to asking whether or not satisfactory
conditions for aggregation (over these subaggregates)

hold. 1In this regard, we focus on flexible functional

forms, and in particular, the quasi-homothetic translog.

s Barnett, Offenbacher and Spindt (1984) systematically

compared the empirical performance of simple-sum
and Divisia monetary aggregates relative to various
policy criteria. They concluded that neither simple-
sum nor Divisia aggregates were uniformly best
relative to the considered criteria. However, they
have shown that Divisia aggregates outperform the
sum aggregates at high levels of aggregation. This
is so, because the Sum aggregates at high levels of
aggregation, heavily weight high yielding component
assets while the Divisia aggregates attach lower
weights to such high yielding assets.
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CHAPTER III

THE DEMAND FOR MONETARY ASSETS

IN A TWO-LEVEL MODEL OF DEMAND

LEL =L INTRODUCTION

In this chapter, in order to investigate
consumer monetary expenditure decisions in a utility
maximizing framework, we develop a demand system that
is capable of generating new results and is also, we
argue, theoretically more satisfactory than the
monetary asset demand functions now in use.

The approach adopted is the Strotz-Gorman
two-stage optimization framework. This approach can be

rationalized by certain assumptions regarding consumers'

preferences. These assumptions and their analytical
consequences are made explicit to emphasize the
restrictive nature of familiar approaches which do not
build upon a choice theoretic model.

As will be discussed below, a pleasing feature
of our approach is that we replace the homotheticity

assumption with the far more reasonable assumption



54

of quasi-homotheticity, i.e., homotheticity with

respect to a point other than the origin. Quasi
homothetitic preferences imply linearEngel curves
(income-consumption paths for fixed prices) which do

not pass through the origin, while ordinary homotheticity
forces linear Engel curves through the origin.

Another main feature of our approach is the use
of a flexible second-order approximation, to an arbitrary
indirect utility function, as a framework for empirically
investigating the aggregation of mometary assets. To
our knowledge no empirical study has systematically
tested the parametric restrictions implied by the hypo-
thesis of functional weak separability between monetary
assets. Our approach is to use the Translog (Christensen,
Jorgenson and Lau (1975)) functional form. This form is
relatively attractive in that it does not restrict the
value of the elasticities of substitution and it does
not impose separability. In contrast, traditional forms
such as the Cobb-Douglas and the C.E.S. utility functions
are strongly separable and in addition, constrain the
partial elasticities of substitution to be equal to each
other (and in the case of the Cobb-Douglas to be egqual

to one). Moreover, a flexible functional form interpretation
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of the translog permits less restrictive tests of
separability than the Berndt-Christensen exact translog
framework.

The plan of the chapter is as follows: 1In
the section that follows we present a general theoretical
model, discuss the conditions which allow two-level
optimization and finally indicate the tradeoff in
choosing between a homothetic form and a quasi-homothetic
form for monetary assets. In Section III.3, we specify
a flexible functional form for the monetary services
indirect utility function and deterﬁine the budget share
system to be used in empirical work. Section III.4
spells out the stochastic specification and the method
of estimation. Section III.5 presents the expenditure,
price and elasticity of substitution formulas.
Finally, Section III.6 outlines the various tests of
the theory of demand and formulates the approximate

weak separability hypotheses to be tested.
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I1I.2 THE THEORETICAL FRAMEWORK

Cosnider an economy with identical individuals,
having three types of goods: consumption goods, leisure
and the services of monetary assets. It is assumed that
the services of consumption goods, as well as the
services of monetary assets and leisure enter as argu-
ments in the representative individual's utility

function
(3.1) u = u(c,%, m)

where
c = a vector of consumption goods
£ = leisure time, and
m = a vector of the services of monetary

assets (assumed to be proportional to

the stocks)

The utility function (3.1) is assumed to be maximized

subject to the constraints:
(3.2) the Budget Constraint: pc.c +w.2 + p.m =Y

(3.3) the Time Constraint: 2 < T, and the
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(3.4) Non-Negativity Constraints: ¢ > 0; % > 0;
m >0,
where
By = vector of prices of consumption goods, ¢
w = wage rate
p = vector of user costs of monetary assets
Yy = full income (i.e., any exogenous

income plus w.T)

T = total number of hours available

The model (3.1l) to (3.4) is too general to

be applied empirically. Furthermore, our interest

is to study the demand for the services of monetary

assets, if possible, without reference to other

1
decisions of the representative individual . For these

i ; 2
two reasons we assume two-stage optimization . The

1

w

This follows the tradition of Feige (1964), Chetty
(1969), Donovan (1977), Offenbacher (1979), Barnett
(198la) and Ewiss and Fisher (1984).

The notion of two-stage optimization was investigated
in the context of consumer theory by Strotz (1957, 1959)
and Gorman (1959); it refers to a sequential expendi-
ture allocation, where in the first-stage the consumer
allocates his expenditure among broad categories, and
then in the second stage, he maximizes utility within
each category.
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first stage is "Budgeting"” or "Price Aggregation,"
under which the consumer allocates full income3 among
consumption goods, leisure and foregone interest on
monetary services“. The second stage is "Decentraliza-
tion," under which the consumer allocates the foregone
interest expense across all the monetary assets (and
similarly consumption expenditures across consumption
goods) .

Before we proceed, a brief summary of some

background material in both Budgeting and Decentralization

5
is required . Suppose that n elementary quantities

Full income is the amoung of income that would be
available if all leisure were given up for work.

It is the demand pattern of aggregate quantltles which
is of prime interest in this stage.

For an extensive review of the subject, see Pollack
(1970) and Blackorby, Primont and Russell (1975a)
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are partitioned into R nonoverlapping subsets (Il,...,IR).
A superscribed vector indicates a subvector with respect
to this partition. For example, xr(or pr) is the

subvector of x (or p) corresponding to the rth partition.

Let xi and pi denote the quantity and the price of the

. Eh ; o g _—
i good in subset r. Assume individuals maximize a

weakly separable utility function
- i ‘R
(3.5) u(x) = gluy (x7), ..., up(x)]

subject to the budget constraint.

(3.8) ) pt.xt =¥

r=1

The solution to this problem can be written
as
(3.7) xr=xr(pr, Y.) r = lyecasR
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where

(3:.8) Y = 8_(p,Y) £ = lyeserR

i.e., the demand for each group depends only on prices
and expenditure for that group, while the group
expenditures, Yr’ depend on all prices and on total
expenditure (see Gorman (1959)).

It is obvious from (3.7) that weak separability
does not imply that the demand for goods within a
separable sub-group is independent of prices of goods
outside of this group or of total income. As Phlips

put it

We do not say that the quantities in one
branch are independent of the prices of
commodities in other branches or of total
expenditure. What we say is that total
income and the prices of goods outside the
branch enter the demand function for goods
in the branch only through their effect on
Yr’ the budget allotment to that branch.

And that, when the budget allotment to the
branch is known, we can ‘ignore prices of
goods outside the branch®.

® philips (1974, p. 73).
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Definition 1.

The consumer exhibits "Strong Budgeting"
(or "Strong Price Aggregation") if there exists positive

linear homogenous functions
1 R
(3.9) (P (PT)seee/Pp(pP )}
r _ o r -
where Pr(p ) = Pr(pi°"pk) r=1l,..s¢R

such that the income allocation functions, er' can be

written as

(3.100)  ¥Y_ = 6_(p,¥) = o_(P, (p}) P (pY),¥) =1 R
o r rpl = r lp 7 ooy Rp)’ I=l,eeey

That is, the optimal category expenditures are functions

of category price indices and income. The functions er

are called "perfect price aggregates,” and the Pf' are

called "perfect price indices."

Definition 2.

The consumer exhibits "strong decentralization,*”

if the demand functions can be written as in (3.7), that




62

is, the intracategory allocation depends only on group
expenditure and group prices7.

Weak (direct) separability, as illustrated
in (3.5), implies Strong decentralizationa. Strong
budgeting simplifies the first stage allocation from
(3.8) to (3.10)9. Gorman (1959) established necessary
and sufficient conditions for Strong budgeting. He has
shown that, given a weakly separable (direct) utility
function with more than two categories, Strong budgeting
is possible if and only if the utility function is homo-
thetically separable, or stronglf separable with

category functions restricted by the generalized Gorman

polar form (see below), or a mixture of the two structures,

such as
g S a+l R
(3.11) u(x) = ) us(x Y A+ F[Pd+l(x )...uR(x ) ]
S=1

7 For a discussion of "weak budgeting" and "weak decen-
tralization" -- which are relevant in the contexts of
indirect utility trees -- see Blackorby, Primont and
Russell (1975a).

8 In fact, weak (direct) separability is both necessary
and sufficient for Strong decentralization, see Deaton
and Muelbauer (1980).

9

Strong budgeting is, simply, a structural characteristic
of the income allocation functions, and is relatively
attractive in the way that it simplifies estimation cf
(3:8) s
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where each ur(xr) is homothetic in xT for r > d and

each us(xs), S=1,...,d4, can be written indirectly as
(3.12) v (0%, v.) = G (¥ /h. (p%)) + H (p°)
' S 4 S S8 7S S

where GS is a strictly increasing function of its single

argument, hS(pS) is a linear homogeneous function of pS,

and HS(pS) is homogenous of degree zero in ps (see

Anderson (1979) or Blackorby, Primont and Russell
(1975a)). The indirect utility function (3.12) is
known as "generalized Gorman polar form"lo.

We return now to discussing our model defined

by (3.1)-(3.4). Our principal interest is to focus on

the details of demand for the services of monetary

assets, ignoring other types of goods. Two-stage
optimization permits decentralization of this sort,
if the representative individual's utility function
(3.1) is weakly separable (implying a utility tree),
in the services of monetary assets. That is, it must

be possible to write the utility function as:

10 .
In the two-group case (i.e., R=2) and in the case
where all but one of the aggregator functions are
homothetic (i.e., 4 = l) the structure (3.1 ) is
only a sufficient condition for the existence of

perfect price aggregates (see Blackorby, Primont and
Russell (1978)).
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(3.13) u = u(c,?,f(m))

This separability condition, which implies the
assumption that asset demands are independent of
relative prices outside the monetary group, is treated
as a maintained (untested) hypothesis in this thesis.
Such treatment, although not entirely satisfactory,
appears necessary for the type of empirical demand
analysis with which we are concerned. As Parks (1983,
p. 221) puts it:
Some form of separability, as an a priory
and untested hypothesis, underlies the
great majority of empirical demand -analysis.
It is invoked implicitly when we consider
the allocation of total expenditure in a
static context; when we consider the choice
of goods, ignoring the labour supply issues,
and when we focus on the details of demand

for particular groups of goods ignoring
others.

The model that we want to estimate is
derived from the second stage of the optimization,
where the consumer allocates the foregone interest
expenses among elementary monetary quantities. The

maximization problem at this stage is:
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(3.14) M;x f(ml,...,mn)

subject to

n
{3.15) Budget constraint: ) p.m, = Y

(3.16) Non-Negativity constraints: s » vl

3
v
o
-
P
]

where Ym(we will drop the m subscript hereafter for
convenience) has been determined in the first stage
of the two-stage process.

Given that our interest lies in monetary
aggregation, and in particular, in forming an aggregate
that could be thought of as being determined at the
first stage of a two-stage budgeting process, it is
necessary to make the Strong budgeting assumptions
outlined above. This requires that we place the
monetary assets into either a homothetic or a generalized
Gorman polar form subfunction. Suppose we assume a
homothetic structure over monetary assets. Homotheticity
implies that the monetary assets' cost or expenditure

function takes the form

(3.17) C(p,u) = u.f(p)
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where f(p) is linearly homogenous and concave in p.
Such preferences are quite restrictive as- can be seen
by application of Shephard's Lemma to give (Marshallian)
demand functions of the form

(3.18) mg= — = LB . o, i=1,...,n.

f (p) 9P

These demand equations (3.18) impose unitary expenditure

elasticities, i.e.,
(3.19) dLn mi/a ¢in ¥ =1 ' I .

As a consequence, the assumption of a homothetic
structure over monetary assets does not seem very
attractive for empirical purposes.

The alternative is to assign a generalized
Gorman polar form branch to monetary assets. This
structure is a good deal more flexible than the
homothetic structure, because it puts no restrictions
on within-group price effects, and in addition, permits

11
non-linear Engel curves . On the other hand, however,

L This can be seen by applying Roy's identity

to (3.12) .
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due to additivity across generalized Gorman polar
form branches, the inter-category substitution
possibilities imply rather restricted behaviourlz.

We choose a specification for the monetary
services utility function on the basis of a compromise
between the conflicting criteria of a homo-
thetic structure which is empirically restrictive
but simplifies the estimation considerably, and of

implying a generalized Gorman polar form which is

empirically more interesting but can make the estimated

demand system deeply nonlinear. We assigned to monetary

services, a Gorman polar form -- the best known subclass

of the generalized Gorman polar form, for which GS (in

L& Goldman and Uzawa (1964) have shown that direct weak
separability implies a special structure on the
between-group blocks of the Slutsky matrix, namely

for good i of branch r and good j of branch s, r # s,

the Slutsky term takes the form:

rs

1 = ¢rs(ax§/aY).(ax§/aY)

where ¢rs summarizes the interrelation between

categories r and s. However, additive direct utility

implies ¢rs = ¢, ¥ r,s. That is, additive direct

utility implies the absence of any special relation-
ship between particular pairs of groups. This is
somewhat restrictive though its consequences can be
reduced by specifying only a few branches as in our
case,
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equation 3.12) is the identity function . Preferences

represented by a Gorman polar form are said to be

quasi-homothetic, i.e., homothetic to a point other

1y

than the origin .

Given this assumption, all that remains, in

order to obtain an expenditure system for empirical

work, is to choose a specific functional form for the

indirect utility function. We have chosen a flexible

15
functional form . Flexible functional forms do not

impose any restrictive constraints a priori, thus

pvoviding a suitable framework for estimating comple-

mentarity and substitutability.

13

14

L5

See Blackorby, Boyce, Nissen and Russell (1973).

Quasi-homotheticity is exploited extensively by

Gorman (1961, 1976) and Deaton and Muellbauer (1980).
Well known examples of quasi-homothetic utility
functions are the Stone-Geary utility function (Stone
(1954)), which is the quasi-homothetic version of the
Cobb-Douglas, the S-Branch utility function (Brown

and Heien (1972)) which is the quasi-homothetic version
of the C.E.S., and Barnettis (1977) quasi-homothetic
version of the generalized gquadratic mean of order r
function which gives rise to the g-hypo model.

The indirect utility function approach is preferred
because it simplifies the estimation considerably,
since prices are exogenous in explaining consumer
behaviour. In Appendix III.B (at the end of this
chapter), we point out the duality relation that exists
between direct and indirect utility £functions and we
prove three theorems on the structure of indirect
utility functions.
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ILI.3 SPECIFICATION OF THE TRANSLOG FLEXIBLE

FUNCTIONAL FORM

In recent years a number of empirical
studies have made use of the flexible functional forms
method to approximate aggregator functions. The
advantage of this method is that the corresponding expen-
diture system will adequately approximate systems
resulting from a broad class of aggregator functions.
We adopt the translog flexible functional form which
represents a second-order Taylor series approximation
to an arbitrary twice differentiable aggregator function16

Our starting point is to express the indirect utility

function in logarithmic form

16 Most of the flexible functional forms used to date

have used a Taylor's expansion as the approximating
mechanism and are capable of approximating an arbi-
trary aggregator function only locally (at a point).
Their global properties are not well known (see

Simmon and Weiserbs (1979) and Caves and Christensen
(1980)). Due to this fact, Gallant (1981l), introduced
the Fourier flexible form--using the Fourier expansion
as the approximating mechanism--which has global
properties and is regarded to be an unbiased form.
Also, Barnett (1983a) has used the Laurent series
expansion--a generalization of the Taylor series
expansion, possessing a better behaved remainder term
--to generate the Laurent demand model which has known
global properties. These new demand systems provide,
obviously, new capabilities and their adoption in
empirical research is clearly warranted. wWe leave the

exploration of these new structures to future work.
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(3.20) sn Vv = f£(in ql,...,zn qm)
where
(3.21) q; = pi/(¥=Ipv) i = lye.omy vy > Oy and

y Lo Zkak > 0.

It is this definition of a; that gives us the quasi-
homothetic form. A second-order Taylor series expansion

*
around @ yields:

* * m %
(3.22) en V = £(q ) + _21 3f/534n qilq;(zn a; = 4, qi)
l=

m m
+1/2 ] } 9%f/dsn q; 32 4.

i=l j=1 j| «ton gy

q

* *
- &n qi)42n qj - n qj)

* 5 . =
where V 1is the second-order approximation of V.

Assuming that the derivatives are locally constant,

the translog function

(3.23) !n V= a; + Z a; tnq; +1/2 Z Z Bij !n g &n q;
1 i3]
with symmetry imposed (%j = %i) is a second-order

approximation to the indirect utility function (3.20)

. * - % *
at the point q [(= ql,...,qm) = 1]
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*
where ay = f(q )
(3.24) a; = 3£/3 n q;|
g
B = azf/a &n 3 n |
ij qi gl x

41

Applying Roy's identity (and using the definition of
g given in (3.21)), we can generate the corresponding

budget shares as

oM, oY A:F)B; & .
(3.25) Si - Pj-m = Pi-Yi + (1 - Zpiyk 1 ) 1] n qj

L
M -y .
ZBJM nd

where a, = ) a, and B, = ) B
i i

In equation (3.25) we can think of the a's, g's and y's
as parameters to be estimated. However, equation (3.25)
represents a non-homothetic (and also a non-quasi-
homothetitic) version of the translog. Pollack and Wales
(1980) refer to this model as the 'generalized translog
model' (GTL). The quasi-homothetic translog model can
be derived by imposing on the GTL the following

restriction on the sums of the second-order parameters:
(3.26) ! B;. =0 for allj

The budget share equations corresponding to the quasi-

homothetic translog model then are
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(3.27) 5, = =+ i‘= i1, - ).(a, + J8.

! iy 'n pj),

where the normalization ay = Xai = 1 has been imposed.

The form in (3.27) is nonlinear in parameters and

variables though it has linear Engel curves which need
not pass through the origin. If y = (yl...yn) = 0 the
quasi-homothetic model reduces to the homothetic model

which is linear in the parameters:
{3.28) S. = a, +

The budget share equations in (3.27) form
the basis of our empirical estimations. Once the model
is estimated, a number of issues of interest can be
investigated. First, the theoretical restrictions that
are not maintained hypotheses, i.e., monotonicity,
nonnegativity and quasi-convexity can be checked.
Second, the price and expenditure elasticities as well
as the elasticities of substitution can be calculated
and compared with those in the literature. Finally, we

can examine whether any subgroups of. the monetary assets

can be further aggregated (i.e., are separable from

the others).
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III.4 STOCHASTIC SPECIFICATION AND THE METHOD

OF ESTIMATION

In order to estimate the share equation
system given by equation (3.27) a stochastic version
must be specified and the error term given an inter-
pretation. Since equation (3.27) is in share form
and only exogenous variables appear on the right hand
side, it is reasonable to assume that the observed
shares deviate from the true shares by an additive
disturbance term u, . The system of budget share
equations can then be rewritten vectorially at time t

as

(3.29) 8, = ft(xt’ 8) + u

t t

Here Xt are the exogenous variables, 6 represents the

vector of unknown parameters and the vector Uy is

interpreted as being the result of errors in the
individual's optimization process in determining monetary
asset holdings. It is assumed that ug is distributed
normally, independently of the exogenous variables.
Furthermore, it is assumed, at least initially, that U,
is a "classical” disturbance term with the following '

properties:
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(3.30)

all s, t

where Z is symmetric and.positive definite covariance
matrix.

Assumption (3.30) permits. correlation
among the disturbances at time t but rules out the
possibility of autocorrelated disturbances. This

assumption and the fact that the S_ (and therefore the

t
ut) satisfy an adding up condition (because this is a
singular system) imply that the disturbance covariance
matrix is also singular. If autocorrelation in the
disturbances is absent, Barten (1962) has shown that
full information maximum likelihood estimates of the
parameters can be obtained by arbitrarily deleting one
equation in such a system. The resulting estimates are
invariant with respect to the equation deleted. The
parameter estimates from the deleted equation can be

recovered from the restrictions.

We initially estimated the regression model
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(3.29). Early results, however, led us to believe
18
that the disturbances were serially correlated .

We therefore assumed first-order autocorrelation so

that
{3:31) u, = Rut__l + Vi
where R = (Rij) is an n x n matrix of unknown parameters

and vt is a "classical" disturbance term.

Writing equation (3.29) for period t-1 and

multiplying by R we obtain

(3.32) RS, , = RE__ (X _;.,0) + Ru_,

Subtracting (3.32) from (3.29) and rearranging (using

(3.31)) we obtain the following final model:

(3.33) s, = f£.(X,0) - RE_(X,_,,0) +RS_, +v,

We estimated the difference equation system

L& The computed equation-by-equation Durbin-Watson
statistics were very low.
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(3.33) using the procedure described above. However,
we incorporated a result developed by Berndt and Savin
(1977). They have shown that the adding up property

of a singular system with autocorrelation, imposes
additional restrictions on the parameters of the auto-
regressive process. In particular, if one assumes no
autocorrelation across equations (i.e., R is diagonal)
the autocorrelation coefficients for each equation must

be identical (i.e., R1l = R.22 = ... = R). Consequently,

19
this is what we have assumed .

-2 When these restrictions are not imposed, any

estimation and any hypothesis testing are condi-
tional on the equation deleted. Moreover, a
non-diagonal version would involve a much larger
estimation problem. So we have taken the case of
identical coefficients.
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IIE:5 EXPENDITURE, PRICE AND SUBSTITUTION

ELASTICITIES

The system of equations in (3.27) provides
a-complete characterization of consumer preferences
over monetary services and can be used to estimate
the price and income elasticities as well as the Allen
partial elasticities of substitution. As will be shown
below, these elasticities are particularly useful in
judging the validity of the parameter estimates. These

elasticities are derived from (3.27) by writing the

left-hand side as

or logarithmically as

. = .- .+
&n X, tn S, wn py Ln Y

The income elasticities can then be calculated as

3Ln Xi 3in Si
B30 " Tsmy Tl twmy
P, )Py Y
_ o ke kK
= ] = 2=t ¢ o—tomlE, Zeij in py), i
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Similarly, the own-price elasticities are given as

- = - —-———i

= -1+ (1 - )
¥ Si
P: .Y,
L 1 :
+(l—ai §8ij in Pj) S—;Y— ’ -bLl

and the cross-price elasticities as

3 n X, 9 &n S,
- - 1

(3.36) - P
13 3 4n pj 9 &n pj

Ip. Y B, . P.Y.
k'k 1l _ :
(1 - = _g.’i. —Llsi.Y (a; + %Bij Ln pj), Vi

If nij > 0 the assets are (gross) substitutes, if

nij < 0 they are (gross) complements, and if nij =0

they are independent.
To derive the elasticities of substitution
we make use of Slutsky's (1915) equation rewritten in

20
elasticity terms .

20 gee Allen and Hicks (1934, p. 201-202).
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{3.37) n;y = Sj(oij - n,)

where IE) is the Allen partial elasticity of substi-
tution that measures the response of derived demand to

a price change holding utility and all other prices
fixed. The product Sj °ij gives the income compensated
cross-price elasticity (the percent change in X,
resulting from a one percent change in pj if income is
allowed to vary so that utility is held constant).

From (3.37) we can solve for the elasticity of substitu-

tion as

(3.38)

Q
]

nij/sj + n,

1- Py /8;.Y + (1 - 2pkyk/Y)sij/si.sj

1
+ (IPevy - P;75/84) - 5,3 (a;

Estimates of all these elasticities are reported in

chapter 1IV.
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1IL.6 HYPOTHESES TESTING

Assuming utility maximization, the estimated
demand system (3.27) must satisfy integrability.
Following Christensen, Jorgenson and Lau (1975), we
restrict the parameters in (3.27) (as part of the
maintained hypothesis) to satisfy adding up and
symmetry of the substitution matrix. Adding up requires
that the budget shares sum to unity in our model, thus

the adding up condition requires
Y a. = 1
i

and

18, 0,  ¥i,]

J.lJ

while symmetry requires that

5 8. .
Ty ji

These restrictions on equation (3.27) are not
tested in what follows. However, we do test the
theoretical restrictions that are not part of the

maintained hypothesis, i.e., non-negativity, monotonicity
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and the curvature conditions on the indirect utility
function -- as well as some functional form restric-
tions. We briefly outline the nature of these
restrictions in what follows.

The non-negativity condition (which requires
that the values of the fitted demand functions be
nonnegative; x, > 0, ¥ i) can be easily checked by
direct computation of the fitted budget shares, Si‘
The monotonicity condition (which requires that
dV/ % p; < 0, *Fi) can also be checked by direct
computation of the gradient vector of the estimated
indirect utility function. The curvature conditions
require quasi-convexity of the indirect utility function
(and hence, quasi-concavity of the direct utility
function). This implies that the Allen partial
elasticities of substitution must provide a negative

21, 22
semi-definite matrix (the principal minors of

21 See Diewert (1977)

ez Berndt, Diewert and Darrough (1977) have shown that

a necessary (but not sufficient condition) for
negative semi-definiteness of (oij) is that the

own-price elasticities of substitution be non-positive.
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(cij) must alternate in sign with the first-order minor
negative).

Before we come to the functional form restric-
tions another area of concern consists of investigation
of first-order autocorrelation. Since the translog
specification with autocorrelation is taken as the

maintained hypothesis, we also test

HO : R=0
vs
Hl Not H0

i.e., there is no autocorrelation.
Lastly, we consider the aggregation conditions
(separability). To our knowledge, these conditions in

the case of monetary assets have not yet been systematically

tested. Only Offenbacher (1979), using an exact
interpretation of the Linear Expenditure System23 has
carried out separability tests in the case of U.S. data
and these failed to support the existence of monetary

aggregates.

= This system is derived by assuming that the indirect

utility function is a homogenous (of degree minus
one) transcendental logarithmic function.
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The tests we carry out for separability
(i.e., aggregation) are based on the translog function
as a second-order approximation to an arbitrary
indirect utility functionzq. This approach has been
proposed by Jorgenson and Lau (1975) and Denny and
Fuss (1977). The latter distinguishes between the
translog as an approximation to a functional form from
the more restrictive notion of the translog as an
exact functional form, and show that the latter approach
provides a more restrictive test of weak separability,

25
and that this test is nested in the approximate test

el In the production context, Berndt and Christensen

(1973a, 1973c, 1974) have attempted to test for
weak separability and the possible existence of

consistent aggregates of labour and capital, using an

exact interpretation of the translog function.
However, as was shown by Denny and Fuss (1977) and
Blackorby, Primont and Russell (1977), the exact
interpretation of the translog cannot provide a
flexible second-order approximation to separable
preferences {(or to a production function) and that
the Berndt-Christensen test is a joint test of weak
separability and a linear logarithmic aggregator
function.

3 The Berndt-Christensen exact test is a test for

global separability (separability at all points of

the utility surface) while the Denny-Fuss approximate

test is a test for local separability (separability
only at the point of expansion n p = 0).
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To derive our approximate tests for weak
separability we consider the separability restrictions
associated with restrictions on the functional form.
With four variables, three separability patterns exist:
the separability of two variables from the other two
variables; the symmetric separability of two variables
from the other two variables; and the separability of
three variables from the fourth. These possibilities

26

and the corresponding parametric restrictions are

shown in Table III.1l.

Since we have four variables, with the first

weak separability pattern (£(G(2n q; in qj), n Iy 1 Ln qi)),

there are six ways of chossing a group of two

variables to be separable from the two other

variables. Corresponding to each possibility

there are two parametric restrictions analogous to
those in Table III.1l. Under the second type of

weak separability (£(G(:n q;, &n qj), H(&n Qs 4N qz))),
there are three ways of placing two variables in each

group. Corresponding to each possibility there are four

26 The derivation of these restrictions is based on the

apparatus developed by Denny and Fuss (1977). The
parameters are those in the share equations (3.27).
These restrictions hold under the maintained hypo-

thesis of guasi-homotheticity ( ) Bij = 0) .
i



TABLE III.1

PARAMETRIC RESTRICTIONS FOR APPROXIMATE WEAK SEPARABILITY

Separability Pattern Parametric Restrictions
F(G(n g, &n qj), tn qu, &0 q,) ai/aj = Bik/Bjk = Bil/le
F(G(¢n q;, 2n qj), H(%n qQyr in q,)) ai/aj = Bik/ejk = Biz/sz

a/a, = Bip/Big = Byk/Byy

F(G(&n qi,ln qj, Ln qk), Ln ql) a./a. = 8. /B.. ., a./ak = B

i’73 it "iz is

Je

S8
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parametric restrictions. However, only three of these
restrictions are independent, for if we add any three we can
obtain the fourth. Finally, under the third type of
weak separability (£(G(&n q;r in qj, &n qk), Ln qz))’
we can distinguish among four possible ways with three
variables in one group. Corresponding to each possi-
bility there are three restrictions, though only two are
independent.

Next we want to express the conditions for weak

separability in terms of the free parameters of the model.

Our model has thirteen free parameters (i.e., parameters
that are estimated directly). Under each separability
type we must be able to eliminate a number of free
parameters equal to the number of independent parametric
restrictions corresponding to that separability type.
However, depending on the equation deleted, we cannot

2.7

always independently eliminate a free parameter . To

avoid this problem we have treated each set of parametric

27
Consider the approximate separability restrictions for
F(G(n dq ¢n q2), n d3, n q4) weak separability,

in terms of the parameters of the translog function

21853 = 25873 and  a;1B8,, = a,B,,-
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restrictions as a simultaneous system of equations

and then used the non-trivial solutions of this system
to impose the separability restrictionsza. The para-
meter restrictions which were used to impose the
separability types listed in Table III.1 are presented
in Appendix III.A to this chanter.

In the following chapter, we describe the data
used and consequently estimate the share equations
specified in equation (3.27). Based on the parameters
obtained from the regression, the price and expenditure
elasticities as well as the elasticities of substitution

are calculated. Finally, weak separability tests are

carried out.

Suppose we have chosen to delete the S, equation. We

then want to express these conditions In terms of our

thirteen free parameters -- ays Azs A,y 822, 823, 824,

B33r 834, Baa and the four y's. By substituting into

the above conditions the quasi-homotheticity restriction,

Bij = 0, and the normalization, Zai = 1, and

L i

rearranging we obtain

Boy = —8,(Bg5 + B5,)/(l-az-a,) and g,, = ~a,(B,, + Bag)/
(l-a3-a4)

it is not possible,.to make all these substitutions,
however, when we delete either the 83 or the S4 equation.

“% The results were checked by estimating the model

more than once, deleting different equations and
using different non-trivial solutions each time.
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APPENDIX III.A

In Table III.A in this appendix we indicate
how the restrictions in Table III.l were imposed in
the estimation. To see how the table works, consider
row 1 of Table III.A. The 13 elements of this row
(continued on the second and third pages’of the table)
indicate what restrictions must be placed on ay if
a, appears as a parameter in the system to be estimated.

Where the table entry simply reads ays no restriction

is required.



TABLE III.A

MEANS OF IMPOSING SEPARABILITY RESTRICTIONS

APPENDIX III.A

SEPARABILITY TYPES

Unrestricted :
Parameter [(M’C)’S:T] [(M,S),C,T] [(M,T)’C’S] [(C9S))M:T] [(C:T)aM:S]
ay 2. By + Byc) ag By * Byg) 2y Ay am
Buc ¥ Bec Bys T Bgs
ac ac ac ac ag(Boe + Beg) a.
Bos T Bgs
g ag 8g ag e He
B By B Bam B Bamy
By Buc BesBrpg + Bys)  @u(Bec t Bes) Bus Bee t Bes? 2Py t Pyg)
Bys t Pss Bg + 8yl Bos t Bss 3y tagl
Bus Bos By + Byc) Bus ay(Beg + Bgg) Bys Bys
Buc T Bec 3 * ag-l
Bee Bec Bae Bee Bec Bec
Bes Bes Bes Bes Bes ac(Byg + Bgg)
aM + as—l
Bss Bss Bss Bss Bss Bss

68



Unrestricted

Parameter

aM

_ MEANS OF IMPOSING SEPARABILITY RESTRICTIONS

TABLE III.A (continued)

M

) SEPARABILITY TYPES
L¢s,m),M,C] L(M,0),(8,1) ] LM,8),(C,T) ] La,1),(c,8)]
aM aM a.M aM
aC aC aC ac
aS aS as aS
Bang Fiot By Brg
Byc Byc -ac(Byy + Byg) “ayac(Bog + Bgg)
l-aM - as as(l—aC-aS)
aS(BMM + B c) -as(ﬁMM + BMC) B 'aM(Bcs + BSS)
aM + aC—l 1 - aM - ac 1 - aC - aS
B ac By * Puc) . . a(Bog + Bg) .
cC ay MC cc ag cs
ag By * Bec) ~8c3g By + Byc) ~acag (B + Byg) Bg
2 S
ay & a, - 1 aM(l-anaC) aM(l—aMfaS)
B B 8. (8. F B..)
SS SS s ‘FMM MS " Bgg

06



MEANS OF IMPOSING SEPARABILITY RESTRICTIONS

TABLE III.A (continued)

Unrestricted SEPARABILITY TYPES
Parameter LiM,c,s8),T] (c,s,T),Mm] L,c,1),8] L,8,1),C]
ay 3y ay -(1 - a))Byg -(1 - ap)Bye
Bss Bec
ag ag -(1 - aM)BMc -1 - as)scs .
BMM BSS (6
a a - - a)byg a (1 - ag)Beg
S S B S B
MM cC
B B B B By
By Buc Bmc By Buc
Pus Bus Bys Bus Bus
ag By + Byc * Bys)
Bec e - (Bye + Beg) Bec Bec Bec
Bes Bes Bes Bes Bes
a. (B + By + Bo)
B s M T PMc MS' B 8 8
SS 2 (aMS + Bcs) SS SS SS
NOTE: No restrictions were imposed on the y's.

16
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APPENDIX III.B

SOME REMARKS ON DUALITY AND THE STRUCTURE OF

UTILITY FUNCTIONS

The structure of preferences can be represented
by either a direct or an indirect utility function.
However, a structural property, such as separability,
of the direct utility function does not necessarily
carry over to the indirect utility function. In general
direct separability implies a different preference
ordering than indirect separability. In what follows,
we briefly review some background material of neoclassical
consumer theory and consequently derive a group of
results clarifying the behavioural implications of
direct and indirect separability for the practice of

applied demand analysis.

UTILITY MAXIMIZATION

1
Let the vector x = (xl,...,xn) represent n
elementary quantities and p = (pl...pn)' represent

the corresponding price vector. Defined on quantities
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is a utility function u(x) which is twice differentiable

and quasi-concave. The classical consumer problem is

' 1
(1) Max u(x) subject top .x < ¥

X
where Y is total expenditure.
The necessary and sufficient conditions for

utility maximization are

(2) ui(x) = Api and p .x =Y
with solutions

£3) x = x(pP Y) and A= a(p,Y),

where x = x(P,Y) is homogenous of degree zera in p
and Y, and represents the system of (Marshallian)

demand functions.

An alternative method of deriving the
system of Marshallian demand functions is from the
indirect utility function (defined on prices and total

expenditure) which is the dual of the direct utility

Assuming non-satiety the inequality in the budget

constraint reduces to equality, or else the constraint
is redundant.
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function when the latter is maximized subject to a
budget constraint. The indirect utility function

defined as

A [ ]
(4) V(p,Y) = maxfu(x): p .x = Y},
X
and is continuous, quasiconvex in.p, increasing in Y.
and homogenous of degree zero in p and Y. The last

property enables us to write

(5) V(q) = max {u(x) : g . x < 1}
x

where q = p/Y and V(g) = V(p,Y) is continuous, quasi-
convex and increasing.

Applying Lau's (1970) Roy's identity we get

lee.cn

__ Vv :

where A is the Lagrange multiplier.
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FUNCTIONAL SEPARABILITY

The notion of separability was first intro-
duced by Sono (1947, English translation 1961), and
Leontief (1947). It is of considerable importance,
because it provides a means of justifying the use of
aggregates (of goods or assets) and also resolves the
statistical problem caused by the lack of degrees of
freedom, since it rationalizes the estimation of a ::.
smaller set of demand equations. In the context of
preference structures there are five different separability
concepts: direct, indirect, implicit (or quasi), direct
pseudo, and indirect pseudo separability. These different
concepts give rise to both different grouping patterns
and different behavioural implications?. Here we examine
only direct and indirect separability. In doing so,
some basic notation needs to be defined.

Suppose that the n elementary quantities are
partitioned into R non-overlapping subsets (Iy...,Ig).
A superscribed vector indicates a subvector with
respect to this partition. For example, x* and pr are
the subvectors of x and p corresponding to the rth

partition.

For a good exposition of alternative forms of
separability and their behavioural implications,
see Pudney (1981).
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Definition 1. Preferences are directly weakly

separable if, and only if, the direct utility function

can be written as
(7 u(x) = Fluy (D), ug (xN)

where F is strictly increasing in each argument and

each ur is continuous.

The requirement of direct weak separability
is that the marginal rate of substitution between any
two goods in a separable component group be invariant
with respect to any commodity outside the group.

Algebraically

(8) a(au/axi/au/axj)/axk =0 i,jeI,, k £ Ir
A sufficient condition for direct weak separability
is, of course, perfect substitutability. Under
perfect substitutability the ratio of marginal
utilities is constant and hence invariant to any

commodity change.
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Definition 2. Preferences are directly strongly

_ separable if, and only if, the direct utility function

can be written as

(9) u(x)

F(ul(xl) +...+uR(xR))

R r
=F() u_(x7))
r=1

where F is strictly increasing in each argument and
each u. is continuous. The requirement of direct

strong separability can be expressed algebraically as

(10) 3 (du/ax;/du/3x,) /3%, = 0 for all i e I,
jEISI
k}fIrUIS

Definition 3. Preferences are indirectly weakly

separable if, and only if, the indirect utility

function can be written as

R
(11) V(@) = vV (@D, ..., Vg(g))
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where Vr’ r=1,...,R, is continuous, gquasiconvex and

a nonincreasing indirect aggregator function (price
index) ,while V is guasiconcave continuous and increasing.
The algebraic requirement of indirect weak separability

3
is that :

(12) 3(aVv qi/aV/qj)/qu =0, ¥i,j e I, k £ I
or using Roy's identity.

(13) 3(xi/xj)/8qk = 0, ¥i,1 ¢ I, k £ I
and since V(g) = V(p,Y), due to homogeneity of degree

zero in p and Y, equation (13) can be written as
(14) a(xi/xj)/apk =0 ¥i,j e I, k#£I,

which implies that the optimal consumption ratios within

h

I_ are independent of the xt price (outside I ).

3 See Blackorby, Primont and Russell (1975b),
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Deginition 4. Preferences are indirectly strongly

separable iff the indirect utility function can be
written as
R

(15) V() = VIV, (@)+...+Vg(@N) = v( ] V_(gD))
r=1

The requirement of indirect strong separability can be

expressed algebraically as

k £ I_UTI

(16) a(xi/xj)/apk =0 i, = Ir, j e IS’ 2 S

Leaving aside the choice between direct and
indirect separability, if the category functions are
homothetic, gquasi-homothetic or homogenous, the utility
function is said to be homothetically,quasi-homothetically
or homogenously weakly (or strongly) separable, respec-
tively. Also, if there are only two groups (i.e., R = 2)
weak and strong separability coincide (see Blackorby,

Primont and Russell (1975a)).

The structure of preferences can be represented
by either a direct or an indirect utility function. The
indirect utility function is more appealing, because it
simplifies the estimation procedure considerably, since

it has prices exogenous in explaining consumer behaviour,
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However, as noted earlier, a structural property of

the direct utility function does not imply the same
property on the indirect utility function. 1In order

to implement a model of demand based on the indirect
function that satisfies properties of the direct
utility function, a correspondence between direct and
indirect properties is needed. In order to proceed in
this manner, we state some relationships between direct

and indirect utility functions in the propositions that

follow.
Proposition 1. (Samuelson (1965), Lau (1970), Katzner
(1970)): Positive direct homogeneity implies negative

indirect homogeneity and vice versa.

Proposition 2. (Samuelson (1965), Lau (1970)): Positive

direct homotheticity implies negative indirect homo-

theticity and vice versa.

Proposition 3. (Blackorby, Primont and Russell (1975h)):

V(g) is weakly (strongly) separable in a partition if,
and only if, V(p,Y) is weakly (strongly) separable in

the same partition.

Proposition 4. (Lau (1970), Lemma III): A weakly separable
utility function is homothetic only if each category

function is homothetic.
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Proposition 5. (Lau (1970), Theorem VI): A homothetic

direct utility function is weakly separable if, and
only if, the indirect utility function is weakly separable
in the same partition. Homotheticity, however, is not

a necessary condition.

In the remaining part of this section we state
and prove two theorems. The first relates to indirect
separability and the equality conditions implied on. the
cross price elasticities while the second relates to in-
direct homothetic separability and the equality on the Allen

partial elasticities of substitution.

Theorem 1. The indirect utility function is weakly

separable in the partition Ir’ LE

(17) i = ejk i,j e Ir’ K £ Ir

where e, is the cross price elasticity.

k

Proof. The Leontief-Sono separability condition implies

a(xi/xj)/apk =0 ied & L. kE I,
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or, equivalently,

axi 0X.
X. —™—m = X, —l H
3 Py i 3p,

this in turn implies (17).

Corollary 1. Indirect strong separability is equivalent
to

ik = ejk 1e Ir’ j e Is' k £ IrUIs
Proot. The corollary is implied by the theoremk .

Theorem 2. If the indirect utility function is weakly
separable with homothetic aggregator functions, then

the Allen partial elasticities of substitution Ok’ cjk
{i;7 = Ir’ k £ Ir) are equal.

4 Houthaker (1960) has shown that indirect additivity
(complete strong separability) implies that all
commodities have equal percentage responses to the
change in any single commodity price eix = ejk(i #

k; i,3,k = 1,...,0).
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Proof. By theorem 1, indirect weak separability
implies the equality condition (17). Using the

Slutsky (1915) equation reqgritten in elasticity terms,

(18) eik = sk(oik - ei) and ejk = sk(ojk - ej)

and using e, = ej = 1, the equality condition (17)

reduces to

(19) cik = ij i,j E Ir' i k i I

Corollary 2. Indirect strong separability is

equivalent to

(20) 0., = 0. i e Ir, j e Is' k £ IrUIs

ik jk
Proof. The corollary is implied by the theorem.
Theorem 3. If the indirect utility function is

homothetic, then (19) holds, if the indirect utility

function is weakly separable.
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Proof. If the indirect utility function is weakly
separable and homothetic, it is homothetically

5rb
separable . Hence the equality condition (19)

follows from theorem 2.

Corollary 3. 1If the indirect utility function is

homothetic, then (20) holds if, and only if, the

indirect utility function is strongly separable.

Proof, The proof is implied by the theorem.

See Lau (1970).

Homotheticity of the indirect utility function and
weak separability implies unitary sectoral expen-
diture elasticities, in which case overall expenditure
elasticities are equal within each group.
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CHAPTER IV

DATA AND EMPIRICAL RESULTS

In this chapter we first describe the data
and the construction of quantity and price indices for
the four monetary categories. Then in Section IV.2
we report parameter estimates and estimates of the
price and expenditure elasticities as well as the
partial elasticites of substitution. We also report
on tests of the validity of the restrictions implied
by the hypotheses of homotheticity and first-order
autocorrelation. Finally, in Section IV.3 we test for
weak separability among different combinations of the

monetary categories.

IV.l DATA

Our data consists of quarterly Canadian data,
for the period 1968I-19821IV, on four monetary categories.

The four categories (henceforth referred to as monetary

subaggregates) are: (i) money (M), (ii) checkable
deposits (C), {iii) savings deposits (S),and (iv) time
deposits (T). The classification scheme used to

generate these monetary subaggregates is presented in

1
Table IV.1 .

1 A more detailed description of the data is provided

in the appendix to this chapter.
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TABLE IV.1

MONETARY ASSETS AND THE GROUPING PATTERN

Group Group Variable
Number Name Number Variable
1 Money 1 Currency outside banks
M)
2 Demand deposits at banks
2 Chequable 3 Chequable, personal savings deposits at
deposits banks
(©)
4 Daily interest chequing accounts at banks
5 Chequable, non-personal deposits at banks
6 Chequable demand deposits at TML companies
7 Chequable demand deposits at credit umions
3 Savings 8 Non-chequable, personal savings excluding
deposits daily interest deposits at banks
(S)
9 Non-chequable, personal daily interest
savings deposits
10 Non-chequable, non-personal deposits at
banks
11 Non-chequable demand deposits at TML
companies
12 Non-chequable demand deposits at credit
unions
4 Time 13 Deposits at Quebec savings banks other
deposits than those of the Federal Government
(T) 14 Personal fixed term deposits at banks
1S Less than one year term deposits at TMLs
16 Greater than one year term deposits at
TMLs
17 Credit union shares
18 Credit union term deposits
19 Canada Savings bonds

NOTE: The monetary assets are taken from an M2 measure proposed
by Cockerline and Murray (1981).
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Three main issues regarding the components
listed in Table IV.1l are: (1) the inclusion of near-bank
liabilities, (ii) the method of aggregation of the
components, and (iii) data adjustments. In what

follows we take each of these issues separately.

NEAR-BANK LIABILITIES

In the empirical approach to defining money,

the definition of money may change -as the economic

structure changes. In the last decade important
changes took place that have eroded the distinction
between banks and near-banks. This suggests that
conventional money measures, independently of the

method of aggregation, may have lost their signi-

ficance and that we should extend monetary definitions
to include near-bank liabilities and money market
instruments which function like bank liabilities (and
which have grown rapidly in recent years). In this
study, in an effort to reflect the declining differen-
tiation between banks and near-banks, we include certain
near-bank liabilities. We include four main new types;

the liabilities of Trust and Mortgage Loan (TML)
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2
companies , the liabilities of Credit unions and

Caisses Populairesa, the liabilities of Quebec

Savings Banks and Canada Savings Bonds. The last three
types of liabilities typically have not been considered
in studies on the substitutability of monetary assets
owing to the unavailability of information on the
interest rates offered. Here, following Cockerline and
Murray (1981l) we assume that Credit Unions and Caisses
Populaires, and Quebec Savings Banks offer the same

interest as TML companies.

. Trust companies on the one hand and Mortgage Loan

Companies on the other are quite different financial
institutions by their origin but their liabilities
have similar characteristics and have been treated in
the literature as one homogenous stock. These lia-
bilities fall into three categories, checkable demand
deposits, non-checkable demand deposits, and term
deposits of various maturities. Short and Villanueva
(1975) discovered that TML demand deposits are the
best substitutes for money (narrowly defined as
currency and demand deposits) and suggested that the
definition of money should be expanded to include these
liabilities.

Credit Unions and Caisses Populaires, usually referred
to as Local Credit Unions, have advanced from their

early years of providing basic savings and loan services

and today vigorously compete with large banks issuing
liabilities that are more similar to bank deposits and
hence, to money. These liabilities fall into three
categories: demand deposits, term deposits and Credit
Union shares. The first group is further divided into
checkable and non-checkable components.



109

AGGREGATION

In aggregating over the monetary components
we are necessarily defining a quantity index which
replaces the distinct quantities of the separate
assets and which is treated as if it were a single
asset. The construction of this index involves two
operations. First, we must select the individual
assets to be included in the index and second, we must
add them together in some way.

With regard to the first problem we assume
that the monetary assets-monetary' subaggregates
mapping, provided in Table IV.1l is given. This a priori
categorization of the assets is subjective and is
based on the assumption that either the separability
assumption is empirically valid or Hicks' price
aggregation condition (relative prices remain in
fixed proportions) hold“. We are forced to appeal to
such a maintained hypothesis because the estimation
of a highly disaggregated demand system, encompassing
the full range of assets, although theoretically

conceivable is not possible in practice for at least

% An alternative sufficient condition for aggregation

over monetary assets is the Leontief condition
(assets are assumed to be consumed in fixed propor-
tions) .
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the following two reasons: (i) the estimation
would be plagued by extreme multicollinearity, and
(ii) the number of parameters to be estimated would be
extremely large. In any event, it is the demand
pattern of the monetary subaggregates which is of
prime interest in this work, and one of the above-named
aggregation assumptions allows us to treat these sub-
aggregates as if they were single assets.

With regard to the method of aggregation,
we construct the monetary subaggreqates through the
rigorous application of quantity aggregation theory,
which is dual to the well known price aggregation theory.
For purposes of providing a sharp quantitative assessment
of the relative merits of simple sum versus superlative
monetary aggregation we use both a simple sum and a
Divisia monetary quantity aggregation procedures.
Simple sum and Divisia monetary subaggregates are then

used as data in estimating the demand system outlined

We prefer the Divisia index from the Diewert super-
lative class of index numbers, because this index
has been widely used in the literature, and has been
recently advocated by Barnett as the most attractive
quantity index for measuring money., In any event, as
Barnett (1980a) has shown, selection between index
numbers from the superlative class is of little
empirical importance, since these indices move very
closely together.



111

inChapter 3. Corresponding to each of the two monetary
quantity aggregation methods we construct price

indices for the monetary subaggregates. Following
Barnett (1983a) when those monetary subaggregates are
computed as Divisia indices we make use of Fisher's
(1922) weak factor reversal test, to compute the
corresponding price indices. The test states that the
product of the values of the price and quantity indices
should equal the ratio of total expenditures in the two
periods. On the other hand when the monetary subaggre-
gates are computed as simple sum indices, we use as the

6
corresponding price indices, the Laspeyres indices

Barnett, instead, uses the Leontief indices (the
smallest element of the vector of component user
costs) arguing that "simple sum quantity aggregation
implies perfect substitutability of components and
hence consumption, only of the least expensive good."
(Barnett, 1983a, p. 18). There are considerable
problems, however, with using such an index with the
translog. This is so, because one user cost is always
zero (since the benchmark rate is determined in each
period as the maximum among all own rates). The
translog function is then incapable of handling the
model. Because we do not use the rigorously correct
price index we treat the simple-sum here not as a
rigorously correct alternative to the Divisia, but
simply as a commonly used alternative approach to the
aggregation.
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DATA ADJUSTMENTS

In an attempt to preserve consistency, we
make a number of adjustments to our disaggregated
data.

The first adjustment concerns the derivation
of quarterly average figures. The problem arises
because we have three types of data: monthly (average
of Wednesdays), month-end, and quarter-end data.
Where average monthly data were collected we
constructed the quarterly series by taking the arithmetic
average of these monthly figures. In the case, however,
of month-end data, we first computed an average for
each month by taking the arithmetic average of month-
end figures for the month in question and the immediately
preceding month, and then we used these monthly averages
to obtain the quarterly series. Similarly, when gquarter-
end figures were collected, we constructed guarterly
averages by taking the arithmetic average of quarter
end figures for the quarter in question and the immediately
preceding quarter.

The second adjustment concerns the holding
periods. The problem arises because the rates on all
the different types of instruments are clearly influenéed

by the investor's expectations about the future of
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interest rates. To compare a bond (an investment
running over, say, l0 years) and a 90-day Treasury
bill (an investment running for 90 days) we need

to know the interest rate that will prevail when the
Treasury bill will mature. In other words, it is the
holding period yield that is relevant and not the
yield to maturity. It was necessary therefore to
adjust the o&n rates to a base maturity. Following
Cockerline and Murray (1981), all the own rates with
a maturity greater than one year were 'yield-curve

adjusted' to a 91-day Treasury bill rate as follows:

a _ _u _ _
r, = r, (rG rTB)
where
r? = the yield-curve adjusted rate
r? = the unadjusted rate
r, = the ordinate on the yield curve of

Canada Savings Bonds with the same
maturity as i
Lop= the 91-day treasury bill rate

A third adjustment is concerned with the
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conversion to real per capita balances. Given that
the theoretical model is based on an individual
decision making problem, each asset stock in Table IV.1l
was divided by the population of Canada aged 15 years
and over to get per capita quantity series. Also, we
have divided each asset stock by the GNE implicit
price deflator (which is a weighted average of the
prices of all items that enter the measure of GNE) to
convert nominal guantities to real terms.

Finally, we consider some specific points
regarding the construction of user costs. The user
cost formula was presented in chapter II and is repeated

here for convenience:

*
P (BRt )

s =
B +
1% [ BRt

"Lt

In order to apply this formula we require
data on the general price level, P*, the own rates r,
and the benchmark rate, BR. For BRt issues exist in
the operational definition of the rate. Term structure
theory and interest arbitrage dictates use of the
maximum available short-term rate. However, recent

empirical work by Shiller (1979) does not support this.
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conclusion and dictates maximization over available
rates at all maturities. Ideally, we look for a
highly marketable asset accumulated for the purpose
of transferring wealth between multiperiod planning
horizons rather than to provide monetary services. A
long term bond, obviously, fulfills thiscriterion
but it is extremely difficult to choose a single rate
for the benchmark because no single rate exceeds all
rates on monetary assets for all time periods. We
determined the benchmark rate in each period as the
maximum of all rates7.

Finally, prior to estimation, the price indices
were all scaled to be equal'l.O in 1968I for both
sets of data. Furthermore, we multiplied the quantity
indices by the original base period value of the
corresponding price indices, in order to ensure that
the product of the values of the price and quantity
indices remained unchanged by our rescaling.

This completes the discussion of the data

used and we now turn to empirical results.

7 ; ; ¢ o
Note that relative prices are more sensitive to own

rates, ri, than to the benchmark rate, since the
latter appears in all user costs.
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IV.2 EMPIRICAL RESULTS AND INTERPRETATION

In what follows we will be pursuing a dual
objective. On the one hand we wish to compare the use
of simple-sum and Divisia monetary quantity indices
as data in empirical demand systems, and on the other
we wish to examine the empirical results to shed some
light on the controversy of whether monetary services
are substitutes or complements.

In Table IV.2 we present parameter estimates,
based on FIML regressions, for the quasi-homothetic
translog model, after correction for autocorrelation,
together with the value of the log likelihood at the
optimums. In the first two columns we present the
symmetry restricted quasi-homothetic translog estimates
(thirteen free parameters) and in the last two columns
the symmetry restricted homothetic translog estimates
(nine free parameters)g. These results are discussed
in two stages. First, we consider whether the results

are consistent with an individual's optimization model

The results were checked for convergence to the global
maximum by estimating the model more than once, delet-
ing a different equation each time.

We report in the first two columns, for example,
eighteen rather than just the thirteen free para-
meters. The implied parameter estimates can be
calculated from the restrictions.



117

TABLE 1IV.2
PARAMETER ESTIMATES, TRANSLOG FORMS, 1968I-1982IV

For (M) money, (C) chequable deposits, (S) savings deposits, (T) time

deposits; Symmetry imposed; standard errors in parentheses
QUASI-HOMOTHETIC VERSION HOMOTHETIC VERSION
With Divisia With Simple With Divisia With Simple
Monetary Sum Monetary Monteary Sum Monetary
Parameter Aggregation Aggregation Agegregation Aggregation
Yy 0.0147649 0.581488
(0.00658790) (0.0144968)
e 0.00203715 0.298145
(0.00217) (0.0106800)
Yg 0.0200430 1.38076
(0.00265138) (0.0964925)
Y 0.0207871 2.70624
(0.00105781) (0.132339)
ay 0.5636964 0.125685 0.348465 0.134519
(0.0685885) (0.0362698) (0.061888) (0.0241281)
aq 0.202945 0.261560 0.0481525 0.17722
(0.033978) (0.02996139) (0.0618472) (0.0392025)
ag 0.166673 0.240100 0.329293 0.305871
(0.051775) (0.0465964) (0.0566581) (0.0382261)
ar 0.0666816 0.372648 0.274089 0.541888
(0.0403225) (0.0857157) (0.0786633) (0.05474)
BMM 0.21144869 ~-0.0721869 0.2059652 0.1788088
(0.0541157) (0.0753582) (0.0168968) (0.0268018)
BMC -0.1386572 0.0901228 -0.0509937 -0.0471927
(0.0559386) (0.0741421) (0.0158369) (0.025835)
BMS -0.0710575 0.0125269 -0.07439 -0.0520255
(0.0254347) (0.0197559) (0.00707489) (0.00371833)
BMT -0.00173399 ~-0.0304734 -0.0805815 -0.0795906
(0.0227196) (0.0174757) (0.00529477) (0.0023715)
BCC 0.168999 -0.0396474 0.108159 0.149215
(0.0513509) (0.0738095) (0.0156103) (0.0262047)

...continued
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(continued)

QUASI-HOMOTHETIC VERSION

HOMOTHETIC VERSION

Parameter Divisia Simple Sum Divisia Simple Sum
BCS -0.0113937 -0.0304019 -0.02096 34 -0.036 7202
(0.0125775) (0.0174775) (0.00481868) (0.00290829)
SFT -0.0189481 -0.0200824 -0.0362019 -0.0653021
- (0.00931101) (0.0140146) (0.00410459) (0.00302675)
BSS 0.0567697 0.289243 0.113169 0.146778
(0.0371058) (0.0399346) (0.00570878) (0.00469406)
BST 0.0256815 -0.271547 -0.017856 -0.0580323
(0.0154247) (0.0210434) (0.00401729) (0.00311278)
BTT -0.00499941 0.321900 0.134599 0.203925
(0.0264465 (0.0330839) (0.00430602) (0.00363374)
n L 663.125 670.534 617.627 615.117
D - WM 1.7716 1.8765 2.1579 2,1072
D - WC 2.236 1.7332 2.1057 2.2925
D - WS 1.4558 1.8230 1.8664 2.1072
D - WT 1.3683 1.9323 2.1869 2.5898
NOTES: 4&n L refers to the log of the likelihood function. D-WM,

D-

for the equations M, C, S and T, respectively.

WC,

D-WS, and D-

T

W, refer to Durbin-Watson statistics
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by looking at the integrability conditions.
Second, we present income elasticities, price
elasticities and partial elasticities of substi-
tution.

When Divisia monetary quantity indices are
used, positivity, monotonicity, and the appropriate
curvature conditions on the indirect utility function
(i.e., the matrix of elastiticities of substitution
should be negative semidefinite) are satisfied by the
symmetry restricted quasi-homothetic model at each
observation and for no observations by the homothetic
model. On the other hand with simple-sum monetary
quantity indices these conditions are satisfied by the
quasi-homothetic model for the observations 1973III-
1982IV only, and for no observations by the homothetic
form. These results favour Divisia monetary gquantity
aggregation over simple-sum aggregation.

Next, we report on testing the validity of
the restrictions, implied by the hypotheses of first-
order autocorrelation and homotheticity. We employed
the likelihood ratio method which requires estimation
of both restricted and unrestricted versions. The

likelihood ratio test statistic is two times the
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difference of the logs of the likelihood functions

of unrestricted and restricted estimates, and is
distributed as chi-square with degrees of freedom
equal to the number of restrictions. We set the level
of significance at .0l. This implies that the
probability of rejecting a true hypothesis in our
tests is .0l1. Results of these tests are presented in
Table IV.3.

The null hypothesis of no autocorrelation
could not be acceptedlq The likelihood ratio test
statistics are 405.42 (Divisia Aggregation) and 240.70
(simple-sum aggregation) while the .01 chi-square
critical value is 6.63. Next the hypothesis of homo-
theticity was tested conditional on first-order auto-
correlation. The likelihood ratio test statistics in
this case are 90.99 (Divisia aggregation) and 110.83
(simple-sum aggregation) while the .01 chi-square
critical value is 13.28. We conclude that conditional
on first-order autocorrelation we reject the homo-
theticity restrictions.

We now turn to examine the implications for
consumer behaviour of the estimated budget share

equations, and to measure monetary asset substitution

lOSee chapter III for a discussion of this test.
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TABLE IV, 3

LIKELIHOOD RATIO TEST RESULTS FOR THE QUASI-HOMOTHETIC TRANSLOG

|  Test Critical
Log Statistic] Value

Test Likelihood | 2(V-R) D. (1%)
Ho : No autocorrelation
(Hl : Not HO)

Divisia Aggregation 460.415 405.42 6.63

Simple-Sum Aggregation 550.184 240.70 6.63
HO : Homotheticity
(Hl : Not HO)

Divisia Aggregation 617.627 90.99 13.28

Simple-Sum Aggregation 615.117 110.83 13.28

TABLE IV.4

ESTIMATED EXPENDITURE ELASTICITIES:

SYMMETRY IMPOSED

QUASI-HOMOTHETIC TRANSLOG WITH

Elas- ESTIMATE
ELCLEY 196 81 19751 19821
Divisia Simple-Sum Divisia Simple-Sum Divisia Simple-Sum
My 1.07 1.00 1.06 0.99 1.06 0.99
Mg 1.01 0.97 1.01 1.01 1.01 1.01
ngy  0-96 0.98 0.98 1.01 0.98 1.02
0.95 0.81 0.94 0.89 0.92 0.92
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possibilities. The expenditure elasticities (niY)'

the price elasticities (nij), and the partial
elasticities of substitution (oij) as formulated in Sec-
tion III.5 are calculated from the coefficients shown in
Table IV.2 and evaluated at different sample periods
(near the beginning, middle and end of the period).

These elasticities are displayed in Tables IV.4, IV.5

and IV.6.

The estimated expenditure elasticities in
Table IV.4 reveal a clear-cut pattern. All asset
services are "normal goods" (i.e., all expenditure
elasticities are positive. Under Divisia monetary
qguantity indices, clearly money (Ml) and checkable
deposits are "luxury goods" (niy > 1) with money being
more so; the other two assets -- savings deposits and
time deposits -- are expenditure inelastic. For the
simple-sum monetary quantity indices, the results are
almost the same with some small differences in the

magnitudes of the expenditure elasticities.

Several important conclusions emerge from
Table 1vV.5.All own-price elasticities are negative
though cross-price elasticities vary between positive
and negative. Under Divisia monetary quantity indices,.

all assets are own-price inelastic (Inii( < 1); with
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TABLE IV.5

ESTIMATED OWN-AND CROSS—-PRICE ELASTICITIES: QUASI HOMOTHETIC TRANSLOG
WITH SYMMETRY IMPOSED

ESTIMATE
19681 19751 19821

Elasticity Divisia Simple-Sum Divisia Simple-Sum Divisia Simple-Sum

. ~0.765  =0.547  -0.755  -0.851  -0.744  =-0.932
a0 ~0.361  -1.360  -0.487  -0.840  =0.554  -0.956
ngg -0.875  -1.530  -0.870  -1.194  -0.855  -1.028
no ~0.952  -0.949  -0.942  -1.014  -0.940  -0.975
e ~0.141  -0.543  -0.147  -0.149  =-0.155  -0.049
e ~0.115  -0.081  -0.106  -0.031  -0.103  =0.018
- -0.049 0.170  -0.053  0.033  -0.053  0.0005
1y ~0.525 0.809  -0.423  -0.349  -0.369  =0.065
ncg -0.047  -0.262  -0.039  0.108  -0.035 0.004
np ~0.075  -0.161  -0.065  0.066  =0.061  =0.002
s -0.098  -0.041  -0.128  -0.033  -0.157  -0.028
ng. -0.015  0.059  -0.020  0.013  =0.025  -0.010
ngo 0.022  0.532  0.03  0.2046  0.049  0.039
By ~0.005  -0.017  -0.004  -0.004  =0.004  —0.003
. -0.027  -0.004  -0.027  -0.003  -0.028  -0.003
a 0.032  0.161  0.033  0.126  0.03  0.053

TS
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TABLE IV.6

ESTIMATED PARTIAL ELASTICITIES OF SUBSTITUTION: QUASI-HOMOTHETIC
TRANSLOG WITH SYMMETRY IMPOSED

ESTIMATE
19681 19751 19821
Elasticity Divisia Simple-Sum Divisia Simple-Sum Divisia Simple-Sum

OvM =101 -3.91 -0,93 -3.89 -0.89 -3.76
9ac -2.75 19.15 -2.80 10.48 =2.52 -5.40
9gg -2+13 -4.06 -2.91 -3.00 =3.,33 -2.34
Oop -2.79 -0.62 -2.52 -1.33 -2.50 -1.84
vc -0.39 8.26 -0.93 -1.04 0.05 0.67
%ys 0.66 0.73 0.58 0.89 0.51 0.93
oMt 0.87 1.25 0.86 1.07 0.86 1.00
s 0.84 0.10 0.83 1.38 0.83 1.03
Oor 0.71 0.72 0.77 1.16 0.79 1.01
o} 1.05 1.78 1.11 1.45 1.16 1.13

ST
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the demand for checkable deposits being much more own-
price inelastic than the demand for money, savings
deposits and time deposits. Also, the own price
elasticity of checkable deposits appears to have
increased over time which could be interpreted as a
result of the increasing substitutability of these
deposits for money. All monetary assets are found

to be (gross) complements (nij < 0) with the

exception of n and n here, although the sizes of

ST TS’
these elasticities are less than 0.1 it appears that

they rise slightly over time.

The use of simple-sum monetary quantity
indices, on the other hand, does not rewveal such
a clear-cut substitutability pattern. Some of the
elasticities fluctuate over time, switching from
substitutability to complementarity -- as, for
e N and n.,.. This instability of

cm’ "cs’ Mer’ el
the substitution relation again suggests support for

example, n

the use of Divisia monetary aggregation over simple-sum

aggregation.

The estimated partial elasticities of substi-
tution in Table 1V.6 show quite different patterns of
substitution from the uncompensated price elasticities..

All own elasticities of substitution are negative,
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except for checkable deposits (occ) which is positive
in the case of simple-sum data thus violating the
curvature conditions. On the whole the assets appear

to be net substitutes -- with savings and time deposits

being more so -- with the exception of the elasticity
of substitution between money and checkable deposits,
which fluctuates over time switching from complemen-
tarity in the early years to substitutability in the
later years. The estimated substitutability relationship,
however, among the monetary assets is weak, and is
inconsistent with the view that the substitutability
between money (M1l) and the nested "like assets" group
(checkable deposits) should be stronger than the
substitutability between money and any other "less like
assets" group (either savings or time deposits).

11
Our estimated relationship is

This result raises a serious question about

the aggregation of monetary assets which, itself, is

11

This result is consistent with the within-Ml low
substitutability findings by Offenbacher (1979)
and Ewiss and Fisher (1984), in U.S. data.



127

linked with the problem of the definition of money.
The problem is that the degree of substitutability
among monetary assets used to be interpreted as
providing -- explicitly or implicitly -- a rationale

for the choice of assets to be included in the monetary

aggregate. The argument was that, if different
monetary assets are close substitutes, then

there might be a summary measure of money which could
be obtained simply by adding together in some way the
different monetary assets in a functional group. Our
results concerning the low degree of substitutability
among the services of monetary assets -- a finding that
corroborates previous results using other consumer demand
models -- suggest that the conventional wisdom regarding
the definition of money, requires re-examination. The
two major approaches to defining money =-- the "a priori”
approach which defines money in a theoretical sense by
pointing to its functions, and the policy oriented
"empirical" approach which defines money as that
collection of monetary assets that has the most predict-
able effect on nominal income -- implicitly make the
assumption that aggregation over monetary assets is
feasible, whereas the approach taken here raises some

doubts in that regard.
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IV.3 SEPARABILITY HYPOTHESIS TESTS

In this section we have two objectives. The
first objective is to discover the structure of prefer-
ences over monetary assets by empirically testing for
the appropriateness of the weak separability assumptions.
The second objective is to elaborate the results of the
empirical tests and their implications for monetary
theory and the conduct and effectiveness of monetary
policy. Table IV.7 gives the results for formal tests of
the separability restrictions imposed on the gquasi-homo-
thetic translog model. This is done twice for each
separability type: firstly using Divisia data and
secondly using simple-sum data. The first column of Table
IV.7 describes the maintained hypothesis.

With regard to the first approximate weak
separability pattern (f[G(znqi,zn qj), N gy, n qz],see
discussion in Chapter III), there are six null hypotheses
(the first six entries of Table IV.7). We find that the
[(M,C), S,T] and [(S,T), M, C] types of weak separability
are consistent with our Divisia data while only the
[(Mm,C), S,T] type of weak separability is consistent with
the simple-sum data. The test statistics decisively
reject all the other possible separability types (rows

2, 3, 4 and 5), with the margins of rejection generally
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TABLE IV.7

SEPARABILITY HYPOTHESES TESTS UNDER THE QUASI-HOMOTHETIC TRANSLOG

Divisia Simple-Sum
Aggregation Aggregation
Log of Test Log of Test

Likelihcod Statistic Likelihood Statistic Cv
Hypothesis D.F. Function 2(U - R) Function 2(U - R) (1%)

Unrestricted 663.125 670.534

1. [(M,0),s,T] 2 660.218 5.81* 668.923 3.22% 9.21

2. [M,8),c,1] 2 657.829  10.57 662.377 16.31 9.21

3. [M,Dm,Cc,s] 2 654.831  16.58 664.080 12.90 9221

4. [(c,8),mM,T] 2 654.291 17.66 631.528  78.01 9.21

5. [(c,m),M,8] 2 655.823  14.60 659.248  22.57 9.21

6. [(s,T),M,Cc] 2 660.015 6.22% 635.934  69.20 9.21

7. [M,C),(s,T] 3 659.968  6.31* 667.810  5.44* 11.34

8. [M,8),(c,T)13 657.101 12.04 660.342  20.38 11.34

9. [M,T),(C,8)]3 652.702  20.84 628.824  83.42 11.34

10. [m,c,s),T] 2 653.832 18.58 631.865  77.33 9.21
11. [(c,s,T),M] 2 661.432 3.38* 668.117  4.83*  9.21
12. [(M,C,T),s] 2 655.345  15.56 '657.382  26.30 9.21
13. [,s,T),c] 2 661.010 4.23% 668.726 3.61*  9.21

* indicates that we cannot reject the null hypothesis



130

being smaller under Divisia monetary subaggregation.

With regard to the second approximate weak
separability pattern (F[G(&n q;, n qj), H(2n gy, &n qz)]),
the only separability condition which our data (either
Divisia or simple-sum) cannot reject is the [(M,C), (S,T)]
weak separability restriction. This implies that we
cannot reject the conditions for the further aggregation

of M and C and of S and T, i.e.,
u = F[£,(M,C), £,(5,T)]

where fl(M,C) is an index of M and C and f2(S,T) is an
12

index of S and T . Thus, we can establish the two

intermediate quantity aggregator functions

= fl(M;C) and u, = f2(S,T)

By 2

12 These indices measure the total service flow

produced by different categories of monetary
assets. For example, fl(M,C) represents an

index of monetary assets closely associated
with the transactions or liquidity function,
while £,(S,T) represents an index of monetary
assets dssociated with the store of wealth
function.
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and deal independently with the M-C and S-T substi-

tutions inherent within these functions.

Finally, with regard to the last approximate
weak separability pattern (f[G(&n qjs 40 Q4,40 R
n ql]), there are four null hypotheses (the last four
entries of Table IV.7). The test statistics for these
four hypotheses indicate that the [(C,S,T),M] and
[(M,s,T),C] types of weak separability are consistent
with our data (either Divisia or Simple-sum). On the
basis of these results we argue that the independent
estimation of the following three-argument quantity

aggregator functions
£,(C,s,T) and £,(M,8,T)

is possible. Alternatively, the values of these
functions could be candidates for a definition of
a monetary aggregate suggested by this approach.

We now turn to examine the implications for
monetary theory of the results of the separability

tests. The question is whether our results provide a
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rationale for the choice of assets to be included in

a monetary aggregate. As indicated in the previous
section, the conventional wisdom, regarding this
problem, suggests that the means of payment tyPe assets
money (M1l) and checkable deposits, are the most

likely candidates for inclusion followed by the next
best substitute.

Looking at the test results in Table IV.7, it
would appear that a narrow definition of money can be
employed in empirical studies sincé the [(M,C), S,T ]
weak separability type cannot be rejected throughout.

This is certainly a separability type which would have
been selected a priori without having to exploit the sample
to find other more suitable grouping patterns. The results,

however, reject the hypothesis that money could be

defined more broadly to include savings deposits (see

row 10). A surprising result is that other admissible
groupings exist (see rows 1l and 12). These groupings,

of course, are not in line with the conventicnal wisdom
which has it that broad-based monetary aggregates should
be nested about monetary components that can normally be
used to make payments (money and checkable deposits in our
case). As a consequence these groupings may be entirely

spurious but it would be appropriate to treat this finding
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skeptically. For example, non-rejection of the
separability type [(C,S,T),M ] (row 11 of Table IV.7)
strongly suggests that the inclusion of money (M1l)
in a broad-based monetary aggregate can be guestioned.
Even here nothing unambiguous can be said. Cagan
raised a similar objection:

The traditional inclusion of currency

in monetary aggregages can be questioned.

Currency is used primarily to service

retail trade and is issued in the short
run largely on the demand of the public!3.

Furthermore, the weak separability types
[(c,s,T),M] and [(M,S,T),C ] are consistent with the

low substitutability between M and C (i.e., is the

mc
smallest o) established in the previous section.
However, a problem of further analysis exists in that
there are no theoretical guidelines to aid the
interpretation of these results. Someone, for example,
might argue that a monetary aggregate of C,S and T is
inadequate because it misses the essence of money, and
contradicts conventional. views from monetary theory.

My own view is that one would need more test results,

using different host models, and a clear view of what

13 . cagan (1982, p. 673).
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one is trying to accomplish’via monetary aggregation,
before claiming the use of any monetary aggregate.

To briefly sum up, the results of the
separability hypothesis tests suggest that a narrow
definition of money (currency, demand, and checkable
deposits) could be employed, but cast substantial doubt
on the assumption that broader-based monetary aggregates
should be nested about the means of payment assets. Of
course, adoption of a narrow definition of money should
not preclude the introduction into a monetary model of
other monetary assets. Our findings strongly suggest,
however, that these assets should not be introduced by
means of defining money more broadly. The use of a
broad monetary aggregate would imply that these assets
and money, as narrowly defined, are perfect substitutes,
or that other suitable aggregation conditions hold. These
considerations suggest that a useful approach to the
