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Abstract 

 

As a compact, robust, and reliable power distribution method, hydraulic systems have 

been used for flight surface control for decades. Electro-hydrostatic Actuator (EHA) is 

increasingly replacing the conventional valve-controlled system for better performance, 

lighter weight and higher energy efficiency. The EHA is increasingly being used for flight 

control. As such its reliability is thereby critical important for flight safety. This research 

focuses on fault detection and diagnosis (FDD) for the EHA to enable predictive 

unscheduled maintenance when fault detected at its inception. 

An EHA prototype previously built at McMaster University is studied in this research and 

modified to physically simulate two faults conditions pertaining to leakage and friction. 

Nine different working conditions including normal running and eight fault conditions are 

simulated. Physical model has been derived mathematically capable of numerically 

simulating the fault conditions. Furthermore, for comparison, parametric model was 

obtained through system identification for each fault condition. This comparison revealed 

that parametric models are not suitable for fault detection and diagnosis due to the 

computation complexity. 

The FDD approach in this research uses model-based state estimation using filters. The 

filter based combined with the Interacting Multiple Model fault detection and diagnosis 

algorithm is introduced. Based on this algorithm, three FDD strategies are developed 

using a combination of the Extended Kalman Filter and IMM (IMM-EKF), the Smooth 

Variable Structure Filter with Varying Boundary and IMM (IMM-SVSF (VBL)), and the 

Smooth Variable Structure Filter with Fixed Boundary and IMM (IMM-SVSF (FBL)). 

All the three FDD strategies were implemented on the EHA prototype. Based on the 

results, the IMM-SVSF (VBL) provided the best performance. It detected and diagnosed 

faults correctly at high mode probabilities with excellent robustness to modeling 

uncertainties. It also was able to detect slow growing leakage fault, and predicted the 

changing trend of fault conditions.  
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Nomenclature 

     System model 

    Mode probability 

     Mixing probability 

         Maximum error of the system model 

     Input model 

         Maximum error of the input model 

     Measurement model 

     Unknown input in Unknown Input Observer (UIO) 

  Estimation error vector 

   Measurement error vector 

  Unknown input matrix in UIO 

  Unknown fault matrix in UIO 

  Nonlinear system model 

     Linearized system model 

  UIO design matrix 

  UIO design matrix 

  Nonlinear measurement model 

     Linearized measurement model 

         Maximum error of the measurement model 

  Identity matrix 

  UIO design matrix 

      moment 

    Kalman filter gain 

      Smooth variable structure filter gain 

   Kalman filter 

  Luenbeger observer design matrix 

   UIO design matrix 

   UIO design matrix 
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  State error covariance 

     Unknown fault in UIO 

    Initial state error covariance 

    Switching probability 

  System noise covariance 

  Residual 

  Measurement noise covariance 

  Measurement error covariance 

    Saturation function 

    Sign function 

     Smooth variable structure filter 

     UIO design matrix 

  Input 

    Unknown Input Observer 

  measurement noise 

  System noise 

  System state 

  System state vector 

   State observation of UIO 

    Initial state estimation vector 

 ̂ State estimation vector 

  Measurement 

  Measurement vector 

 ̂ Measurement estimation vector 

  Memory convergence rate 

  Likely hood 

  Smooth boundary layer width 

      Leakage volumetric flow rate        

  Effective piston area      

   Friction force     
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   Differential pressure      

   Volumetric displacement          

   Motor angular velocity         

  Pump cross-port leakage coefficient           

    Pump external leakage coefficient           

  Effective bulk modulus      

   Fluid volume associated with the inlet      

   Fluid volume associated with the outlet      

   Flow rate at position I        

    Internal leakage coefficient           

     External leakage coefficient           

   Pressure at position i (Pa) 

   Nominal volume of each EHA chamber      

   Lump sum leakage coefficient           

    Leakage offset        

   Friction coefficient          

   Friction coefficient        

   Friction coefficient     

  Sampling time     

  Moving mass      
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1  Introduction 

Faults can be defined as abnormal events which impact the system’s performance and 

dynamics when they occur. A fault may lead to control difficulties or even a catastrophic 

failure. Due to increasing demand for greater safety and reliability, a great deal of 

research is being conducted on fault detection and diagnosis. Fault detection and 

diagnosis (FDD) algorithms range in complexity from simple visual inspections to 

automatic model-based prognosis.  

In this research, the fault detection and diagnosis on a high performance hydraulic 

actuating system referred as the Electro-hydrostatic Actuator (EHA) is investigated. As a 

closed-loop hydrostatic system, an EHA consists of a servo-motor, a bi-directional gear 

pump, a symmetrical actuator, connecting tubes and safety circuits. Compared to 

conventional centralized open circuit systems, they achieve higher energy efficiencies and 

have provided in up to 15% in weight savings [1]. EHAs are therefore increasingly being 

used, especially in aerospace industry for flight surface control, as they are overall lighter 

and able to offer better efficiency.  

A hydraulic power device, such as EHA, uses high pressurized fluid and therefore can be 

dangerous when faults appear. Some of the common failures found in a hydraulic system 

are listed in Table 1-1 [2]. In the EHA, faults commonly cause the effect of leakage and 

friction. As the EHA is a device implemented for flight control, its reliability is critical 

for flight safety. Failure of the EHA can be catastrophic and resulting in loss of lives. This 

research focuses on fault detection and diagnosis for the EHA based on the changes of the 

leakage and friction coefficients. With an early detection and diagnosis of faults, the 

reliability of the EHA can be improved.  
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Table 1-1: Common failures found in hydraulic system. (Adapted from [2]) 

Feature of fluid power Condition for failure Failure Characteristics 

Fluid pressure 

Excessively high 

 

Hose / Tubing / Pipes burst 

Wear in components such as 

pumps 

Excessively low 

Cavitation and erosion 

Leaking seals 

Fluid level Low 
Overheating and cessation of 

operation 

Flow forces in valves High / Concentrated Jet erosion of spools and valves 

Flow and pressure pules Resonant Fatigue 

Filtration 
Clogged or blocked with 

contaminant 

Cavitation, erosion 

Filter bursts, hose burst, back 

pressure 

Fluid / Containment 

material 
Incompatible 

Swelling of seals and corrosion 

of surfaces 

Fluid borne 

contamination 

High particulate 

concentration in fluid 

Wear in sliding parts 

Blockage of ports 

Chemicals Corrosion 

Circuit design Load excessive Cracks and breakage 

 

The FDD strategies developed in this research were tested on an EHA prototype built at 

McMaster [3] and is shown in Figure 1-1.  
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Figure 1-1: Electro Hydrostatic Actuator prototype 

 

Matlab was used in this research for control, model validation, signal processing, data 

analysis, and implementation of fault detection and diagnosis on an EHA prototype. 

1.1 Research objective 

The research objectives were to develop a fault detection and diagnosis system for 

application on the EHA system. In order to achieve this goal, the research objectives were 

summarized as follows: 

 To physically simulate varying leakage and friction faults on the EHA prototype. 

 To develop a nonlinear model for the EHA, capable of accurately predicting the 

EHA’s operation, under normal as well as different fault conditions (involving 

leakage and friction faults). 

 To apply estimation techniques for parameter tracking. 

 To implement a fault detection and identification strategy on the EHA prototype. 
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1.2 Thesis outline 

The thesis is organized as follows: 

Chapter 2 investigates the fault detection and diagnosis algorithms found in the literature; 

including visual inspections, observer-based approaches, and estimation methods. The 

estimation techniques considered involve the popular Kalman filter (KF) and the smooth 

variable structure filter (SVSF). This Chapter also introduces the Interacting Multiple 

Model concept and its application in fault detection and diagnosis.  

Chapter 3 discusses the fault detection and diagnosis (FDD) strategies applied in this 

research, and presents their formulation. 

Chapter 4 discusses hydrostatic actuation system and McMaster’s EHA prototype. The 

instrumentation of the EHA prototype is described in detail. The mechanism for 

physically inducing fault conditions is explained. 

Chapter 5 provides the derivation of a physical model capable of numerically simulating 

the EHA’s operation under normal and various fault conditions. For comparison, 

parametric models were also obtained for each fault condition considered in this research 

through system identification. An EHA model library was obtained with validated models. 

Chapter 6 presents experimental results from applications of the fault detection and 

diagnosis strategies, as applied on the EHA prototype. Conclusions and the main findings 

are summarized in Chapter 7. 

  



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

5 

 

2 Literature Review – Fault detection 

A fault can be defined as an abnormal event which changes the system dynamics. A fault 

may lead to difficulties associated with control, performance degradation, or even 

catastrophic failure. Due to increasing demand for greater fault tolerance, higher 

performance and more reliable systems, great deal of research has been conducted on 

fault detection.  

2.1 Visual Inspection 

Visual inspection is perhaps the simplest fault detection approach [4]. For example, a 

detection solution offered by Advanced Engineering Ltd, is a fluorescent additive [Oil-

Glo] that is added to hydraulic oil [5]. Since the additive is UV light sensitive, the leakage 

can be seen with a 100W inspection lamp. As an easy implementation method, 

fluorescent additives can be used for detecting leakage accurately with low cost.  

 

Figure 2-1: Advanced Engineering Ltd. Oil-Glo method of leakage detection (Taken from 

[5]) 

Visual inspection is also used for determining the contamination in hydraulic systems, but 

with limited accuracy. As a more appropriate approach, electronic particle-counter 

provides greater accuracy. These project a light beam on fluid passing through a 

transparent tube. A photocell senses the light density and an electronic counter counts 

light interruptions to quantify contamination [6].  
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Visual inspection is simple and low cost. However, it can only detect visible faults such 

as external leakage and obvious contamination. Besides, visual inspection of external 

leakage, such as fluorescent additives, relies on human operator, and it becomes 

increasingly difficult with complex devices. Human operators can make erroneous 

decisions and take actions which could make matters even worse [7]. Therefore this raises 

a challenge for control engineers to develop automated fault detection algorithms and 

integrate these with the control systems. 

2.2 Quantitative Model-based Fault Detection and Diagnosis 

Faults in systems change their dynamics and model. Given an accurate baseline model, 

the system state trajectory can be predicted. A fault condition changes the state trajectory 

and causes discrepancy between predictions and observations. This enables the detection 

of the fault. Fault detection using predictive models is classified under quantitative 

model-based methods [7]. 

The basic concept of model-based fault detection is to predict system output and generate 

a residual based on the difference between the predicted and the measured output. Fault is 

detected if the residual exceeds a predefined threshold. In practical implementations, 

uncertainties in the model and the measurement influence the fault detection performance 

severely and can cause false alarms or leave faults undetected. Therefore a main 

requirement of model-based fault detection is generating a residual that is stable and able 

to deal with uncertainties. 

2.3 Observer Based Approach 

As one of the most common ways of generating a residual, the observer was firstly 

designed to reconstruct missing-state-variables for control purpose. David G. Luenberger 

introduced a commonly used basic observer which was later named after him as 

Luenberger observer [8] [9]. 

The Luenberger observer assumes a linear time invariant system described by the 

following equations: 



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

7 

 

                            

              
(2-1) 

where   denotes the system states,   is the input and   is the measurements;           

and      form the state space model. The Luenberger observer is formulated as: 

    ̂           ̂     [      ̂   ]           

 ̂         ̂    
(2-2) 

where  ̂      ̂ denote the observer’s estimation of the system state vector and the output. 

  is a gain matrix. The observer has the estimation error calculated as: 

                   ̂      (2-3) 

Substituting Eqn (2-1) and (2-2) to (2-3), and rearranging yields: 

           (          )     (2-4) 

The Luenberger observer is stable if the estimation error      tends to zero as   

approaches infinity. The observer is stable when      has all of its eigenvalues inside 

the unit circle. 

Based on the observer structure developed by Luenberger, a number of approaches have 

been designed to reconstruct the state vector in a system with uncertainties. These include 

the Interval Observers and the Sliding Mode Observers. The observer is able to predict 

the system state that in turn is used to generate a residual. One of the most common ways 

of generating a residual is by using the Unknown Input Observer (UIO). The UIO treats 

the model and the measurement uncertainties as unknown inputs. UIO was designed to 

decouple the effects of the faults from the unknown inputs, so that faults can be detected.  

Assume a system described by the following discrete state-space equations. 

                                      (2-5) 
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               (2-6) 

 where, the input      and the measurement      are measurable.      denotes the 

system states.      and      stand for the unknown input and fault respectively. An 

Unknown Input Observer (UIO) is formulated with a modified model format as 

                            (2-7) 

where    denotes the observer estimates of the system states which are formulated as:  

             (2-8) 

The design of UIO involves choices of            . The estimation error   and 

residual   are calculated as: 

                        (2-9) 

                     (2-10) 

Substituting Eqn (2-5) and (2-7) into (2-9) yields, 

               (       )                    

               

(2-11) 

In order to decouple the unknown input which involves both the model and the 

measurement uncertainties,   is chosen such that     . The error in the estimation 

should be independent of the input     . Matrix   is thereby chosen such that     . 

Substituting     ,       and Eqn (2-6) in (2-11) yields, 

                                        (2-12) 

By choosing matrix   so that                 , Eqn (2-12) yields, 

                     (2-13) 
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Substituting Eqn (2-6) in (2-10) yields: 

                         (2-14) 

Let       be chosen so that            . Eqn (2-14) can be rearranged as: 

                             (2-15) 

When the system is operating without fault,        and estimation becomes: 

              (2-16) 

Choosing matrix   with absolute eigenvalues smaller than one yields: 

    
   

       

   
   

       

(2-17) 

As a result, UIO is able to estimate the system states and track the process regardless of 

the unknown input (model and measurement uncertainties). With a system fault occurring, 

the estimation error is formulated as (2-13) and both the estimation error and the residual 

values carry the signature of fault     . Details about generating the residual using UIO 

are provided in [7] [10].  

The next step in fault detection is decision making based on the generated residuals. 

Ideally, the residual remains zero under normal operating conditions and perfect 

decoupling of system uncertainties (                  are carefully chosen) Fault can 

thereby be detected with nonzero residuals. In fact, perfect decoupling of unknown input 

is not always achievable in complex systems. The residual can be non-zero because of 

uncertainties without fault.  

A simple approach to identify faults is the fixed threshold. A fault is detected when 

residual exceeds the threshold. The choice of the fixed threshold depends on the system 

operating conditions and can vary with input. Figure 2-2 shows how a residual can vary 
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with input in time. Fault detection systems using a fixed threshold as in this case would 

cause a false alarm or could also miss the fault condition altogether [10].  

 

Figure 2-2: Adaptive threshold test of the residual or decision function (Taken from [10]) 

Patton et al introduced the concept of the adaptive threshold based on input in 1989 [11]. 

They proposed an evaluation function for calculating the threshold based on input. 

Emami-Naeini et al set the adaptive threshold as the root mean square of the residual in 

time [12]. Mάrton et al developed an observer-based fault detection system to detect 

faults due to overload on an Electro-Hydrostatic Actuator platform [13]. The maximum 

input disturbance was calculated based on actuator position. When the actuator was 

jammed due to an overloaded aerodynamic force, the UIO calculated an input disturbance 

higher than the threshold. Fault was thereby detected [13]. 

Khan et al developed a fault detection system that implemented nonlinear UIO to 

generate residuals, and Wald’s sequential test for decision making [14]. In the 

experiments on an electro-hydraulic positioning system, Khan et. al successfully detected 

pump faults and position sensor faults by using velocity measurements only [14].  

Sibar et al proposed a fault detection algorithm using the adaptive observer [15]. Instead 

of generating a residual based on the difference between the observation and the 

measurement only, the adaptive observer combined it with parameter estimation. Their 
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algorithm tracked parameters by developing a relationship between the parameter 

estimation error and the observation error. Fault detection was achieved when estimated 

parameters deviated from their pre-defined values. 

Wang et al presented in detail the implementation of an adaptive observer-based fault 

detection strategy on both linear and nonlinear platforms in [16]. Computer simulations 

demonstrated that both sensor and actuator faults can be successfully detected. Although 

their adaptive observer provided excellent performance, the implementation was 

complicated, especially when a bank of observers were used to detect and diagnose 

different types of faults [16]. 

2.4 Filtering Based Approach 

Another approach to generate the residual involves state and parameter estimation using 

filters such as the popular Kalman filter and the relatively new Smooth Variable Structure 

filter [7]. 

2.4.1 Kalman Filtering 

Since Rudolph Kalman presented his new approach to linear filtering and prediction 

problems in 1960 [17], the Kalman filter has been widely used in industry and nominated 

as one of the greater discoveries in statistical estimation history [18]. It gives mankind 

the ability to estimate states and parameters of a linear system in real-time. The successful 

application of the Kalman filter in NASA’s lunar and Apollo mission quickly made it 

become the most popular estimation technique [19] [20]. 



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

12 

 

 

Figure 2-3: Predictor-corrector structure of Kalman Filter 

The Kalman filter is applied to stochastic systems. The modeling and measurement 

uncertainties in the Kalman filter (KF) are characterized as zero mean Gaussian noise 

with time invariant covariance. As a recursive process, KF has a predictor-corrector 

structure as shown in Figure 2-3. It firstly obtains a prediction of the system states and 

outputs by using a model. It then compares the predicted and the measured output. Their 

difference is calculated and named as the innovation. A corrective gain named the 

Kalman gain is calculated using the innovation and applied to update the estimation of the  

a priori states. 

2.4.1.1 Linear Approach 

The implementation of the Kalman Filter in its discrete form for linear systems consists of 

five main steps. Consider the following linear system: 

 

                      

                 

(2-18) 
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where   denotes the state vector;   stands for the system input vector; and the subscripts 

  and     represent the     and       step of the recursive process. Matrixes     , 

    , and       form the state space model.   is the measurement vector.   and    are the 

system and measurement noise. They are assumed to be white and have probability 

distribution function as: 

 

             

             

(2-19) 

As the first step of state estimation, the “a priori” predictions of states and outputs are 

calculated based on the system model and the previous estimates. 

 

 ̂           ̂           

 ̂           ̂      

(2-20) 

The subscript       represents a prediction at time iteration     based on information 

from iteration .  ̂  denotes system state prediction or estimation. The ‘a priori’ error 

covariance matrix        is updated as: 

                    
    (2-21) 

The Kalman gain     is defined by Eqn (2-22), and is used to correct the ‘a priori’ 

estimate from Eqn (2-20) and update it to the “a posteriori” estimations form: 

     
             

 (    
           

   )
  

 (2-22) 

  ̂         ̂          
         ̂       (2-23) 
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The “a posteriori” estimation error covariance          is then calculated by using Eqn 

(2-24) and then used in Eqn (2-21) for the next iteration. 

          (      
      )       (2-24) 

Equations (2-20) to (2-24) are used recursively to estimate states at each iteration. 

2.4.1.2 Nonlinear Approach 

In practice, the target system is usually nonlinear. To apply the KF concept to non-linear 

systems, a number of algorithms have been developed. The Perturbation Kalman Filter 

and the Extended Kalman Filter (EKF) use linearization. The Unscented Kalman Filter 

(UKF) and the Cubature Kalman Filter (CKF) use data points to project the state 

probability distribution from one time iteration to the next [21]. In this research, the 

Extended Kalman Filter is chosen for nonlinear state estimation because of its simple 

implementation and relatively low computation cost.  

The Extended Kalman Filter (EKF) has a similar structure as the KF. Assume a nonlinear 

system with the following model: 

 

                 

                

(2-25) 

Similar to the KF, the EKF predicts the ‘a priori’ states and outputs using the model and 

the previous estimates as in Eqn (2-26). 

 

 ̂       ( ̂      ) 

 ̂       ( ̂     ) 

(2-26) 

The model is then linearized and the Jacobian matrices      and      are calculated as: 
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|
   ̂       

 

     
     

  
|
   ̂     

 

(2-27) 

The ‘a priori’ states error covariance        and Kalman gain   are updated by using the 

linearized model:  

                    
    (2-28) 

     
             

 (    
           

   )
  

 (2-29) 

The “a posteriori” state estimation and estimation error covariance are updated as: 

  ̂         ̂          
         ̂       (2-30) 

          (      
      )       (2-31) 

Note that, extra uncertainties are introduced by using linearization model and the EKF 

thereby loses its optimality [21]. 

2.4.1.3 Observability 

A system is defined as observable when its state vector can be uniquely estimated from 

the system measurements. The observability matrix is formulated as Eqn (2-32): 

                       [

    
        

 

    (    )
   

] (2-32) 



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

16 

 

where   is the number of states. If the rank of the observability matrix equals to the 

number of states, a system is considered to be observable. For nonlinear systems, the 

observability is considered locally using a linearized model with the Jacobian matrices. 

2.4.1.4 Fault Detection and Diagnosis using the Kalman Filter 

The innovation can be used as a residual for fault detection as it quantifies the deviation 

of model predictions from measurements. When the system runs normally, the innovation 

is mainly due to system and measurement noise and is assumed to be white. With faults 

happening, the assumption of zero mean Gaussian noise is violated. The innovation 

becomes no longer normally distributed with zero mean. Okita et al presented foot slip 

detection with the Kalman filter and the Unscented Kalman filter (UKF) [22]. The 

experimental results showed a sharp increase of innovation when slip was present. By 

having innovation compared to a threshold, the slip fault was detected successfully. 

Sephasi developed a fault monitoring strategy for hydraulic actuators by using the UKF 

[23]. Instead of setting a fixed threshold, Sephasi calculated the moving average of errors 

(MAE). The MAE values with and without faults were compared. A sharp increase of the 

MAE was observed with the presence of a fault. Based on this finding, four individual 

faults (external leakages at two chambers, dynamic friction load, and sudden load change) 

were detected and diagnosed by observing changes in the innovation [24]. 

Faults modify system dynamics and cause model parameters to change. Therefore, faults 

can also be detected by tracking change in model parameters. Chinnah applied a fault 

detection strategy on an electro-hydrostatic actuator by using the Extended Kalman filter 

(EKF) [25]. The key parameters estimated were the effective bulk modulus and viscous 

damping coefficient. Two faults (entrapped air and change in viscous friction) were 

correctly identified by observing changes in the parameters. 
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2.4.2 Smooth Variable Structure Filter 

The Kalman Filter achieves optimality by assuming that: [19].  

 the target system is linear; and  

 the system and measurement uncertainties result in white noise. 

The Kalman filter loses its optimality when these assumptions are violated. Furthermore, 

it becomes unstable in extreme case of modeling uncertainties.  

Based on the variable structure control and systems theory, Habibi proposed an 

estimation method referred to as the Smooth Variable Structure Filter (SVSF) in 2007 

[26]. The estimation algorithm involves an inherent switching action that forces the 

estimated states to converge towards the true state trajectory and remain within a 

neighborhood of it referred to as the existence subspace [26].The SVSF is robust to 

disturbances and can guarantee stability given bounded uncertainties.  

SVSF can be applied to both linear and nonlinear systems. The filter works with an 

assumption that the measurement model of the system is linear, pseudo diagonal, positive, 

and time invariant. In reality, this assumption is valid since most sensors are designed to 

be linear and accurately calibrated [26]. Besides, it is assumed that the absolute pressure 

sensors and the optical linear encoder have Gaussian noise with zero mean. 

Similarly to the Kalman Filter, the SVSF has a predictor-corrector structure as shown in 

Figure 2-4. 
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Figure 2-4: Predictor-corrector structure of SVSF 

The SVSF assumes a system model formulated as in (2-33).  

 

                 

                 

(2-33) 

The formula   could be either linear or nonlinear while the measurement matrix      is 

linear, positive, and pseudo diagonal. Similar to the KF, at each iteration the SVSF starts 

with the “a priori” estimation of states and outputs. 

 

 ̂                 

 ̂           ̂      

(2-34) 

After the “a priori” estimation is calculated, the “a posteriori” estimation is updated with 

a corrective gain     
     as Eqn (2-35). 
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 ̂         ̂          
     

 ̂             ̂        

(2-35) 

2.4.2.1 Fixed smooth boundary layer 

The Kalman Filter achieves optimality by minimizing the “a posteriori” error covariance 

[27] and assuming a known model with zero-mean Gaussian noise. A different 

mechanism is used in the SVSF. Its concept is demonstrated in the Figure 2-5. 

 

Figure 2-5: SVSF corrector concept [21] 

The estimated state is forced towards the true state trajectory by a corrective gain (      . 

The estimated state would chatter and slide along the true state trajectory while remaining 

within a neighbourhood referred to as the existence subspace. The existence subspace 

width is a function of uncertainties and is time varying. The stability and convergence of 

the estimation outside the existence subspace is achieved by Eqn (2-36). 
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             (2-36) 

where   is the state estimation error. Let by the measurement estimation error    be 

defined as: 

                ̂      (2-37) 

In order to satisfy the condition (2-36), the corrective gain is formulated as Eqn (2-38). 

     
         

  (|        |   |      |)                  (2-38) 

where   is the memory of convergence rate, with a value between 0 to 1. The detailed 

derivation of the SVSF gain can be found in [26]. The sign function               causes 

chattering. In order to remove the chattering, the sign function is replaced with a 

saturation function defined as Eqn (2-40). 

     
         

 (|        |   |      |)      (
        

 
)  (2-39) 

    (
 

 
)              

 

{

                      (
 

 
)        

            (
 

 
)  

 

 

 (2-40) 

where   denotes smooth boundary layer width.  

The performance of SVSF is significantly affected by   [21]. If    is chosen too large, 

the SVSF gain would approach zero according to (2-39). The “a posteriori” estimation 

therefore simply equals to the model prediction. On the other hand, if   is chosen too 

small, the “a posteriori” estimation becomes the same as the measurement [21]. As a 

conservative choice,   can be chosen as the upper bound of the system uncertainty and 

calculated by using Eqn (2-41) [26].  
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    ̃       (        
             )   ̃                 (2-41) 

The parameters  ̃                      ̃       are the maximum error of the system and 

the measurement models. 

2.4.2.2 Varying boundary layer  

With fixed   equal to the upper bound of uncertainty, the accuracy of the SVSF is limited 

as the uncertainty is over estimated. Inspired by the Kalman Filter, Gadsden proposed a 

time Varying Boundary Layer (VBL) to improve the SVSF estimation accuracy [21]. The 

VBL is calculated by minimizing the estimation error covariance as: 

 
 (     (        ))

  
    (2-42) 

Gadsden developed a process for the state using the estimation error covariance for the 

SVSF as follows:  

 

    
         

 (|        |

  |      |)       (
        

 
)    (        )

  
 

                    
             

(2-43) 

 

                   
     

         (          )      (          )
 
             

  

(2-44) 

where      stands for the linear system model. When the system is nonlinear,      can be 

obtained by linearization. From Eqn (2-43) and (2-44) to (2-42) : 
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     (    (|        |   |      |)
  
              

     
  )

  

 

(2-45) 

Gadsden’s later research discovered that the SVSF with VBL yields the KF solution in 

linear system and loses its robustness to modeling uncertainty. To overcome this 

drawback, a saturation limit (    ) is imposed to the VBL. The concept is shown in 

Figure 2-6. 

 

Figure 2-6: Concept of combined VBL (Taken from [21]) 

When the system model is accurate, the VBL varies within the saturation limit (    ) 

and gives an optimal solutions. Once the system is subjected to uncertainties and 

disturbances, (e.g. presence of a fault), the VBL width goes outside the saturation limit 

due to increased uncertainty. The SVSF limits           and forces the estimated 

trajectory to follow the true trajectory. The calculation of   with      is summarized as 

Eqn (2-46). 
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     (    (|        |   |      |)
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      {
                        
                      

 

(2-46) 

2.5 Multiple Model 

With a residual generated using an estimator like the KF or the SVSF, faults can be 

detected. However, a complete fault detection system demands isolation and 

identification of faults. When multiple faults happen at the same time, a Multiple Model 

(MM) approach can be considered as one of the most effective fault detection 

methodologies [28] [29]. The idea is to run a bank of filters in parallel, each having a 

model associated with a particular fault condition (or mode). A probability is assigned to 

each filter based on its residual to indicate the correspondence of the filter to the system 

condition. At the end of each iteration an overall ‘a posteriori’ estimate is calculated as a 

weighted sum of all filter estimates based on their probabilities.  

By using model switching during the estimation process, the MM approach can be 

implemented as static or dynamic. Static MM assumes no model switching during the 

estimation process. One of the models is assumed to be true and remaining true during the 

whole estimation process. Since it is not practical to neglect mode switching, the static 

MM is less accurate than the dynamic approach [29]. 

Dynamic MM involves model switching during estimation by considering predefined 

mode transition probability    .     is a time invariant parameter, the value of which relies 

on system design. One of the challenges to achieve dynamic MM is mode switching 

history. With 2 modes (A and B), there would be only two possible sequences at any time 

(either A or B). In the next time inverval, the number of possibilities increases to 4 

(square of previous) and expands exponentially as the process moves forward. The 

calculation cost becomes unaffordable to provide estimation for each sequence [30].  
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In practice, a suboptimal algorithm is used to account for history. Generalized pseudo-

Bayesian (GPB) uses a truncated history for model switching. Most of the time, a first or 

a second order GPB is chosen. With more information from the past, the second order 

GPB (or GPB2) has a higher accuracy than the first order GPB (or GPB1). But the 

computation cost of GPB2 grows significantly with an increase in the number of modes.  

2.5.1.1 Interacting Multiple Model 

Another approach for the dynamic MM is the Interacting Multiple Model (IMM). IMM 

mixes knowledge obtained at the previous time interval (such as the state estimations, the 

error covariance and the mode probabilities) to calculate the current mode and to expand 

that to improve estimation by mixing [21]. The mixing process combines the output of the 

models (state estimations) and takes place at the beginning of each estimation iteration.  

 

Figure 2-7: IMM strategy for two models (Taken from [21]) 

Figure 2-7 demonstrates the IMM concept for a system with two models. The IMM can 

be divided into four major steps. At the beginning, the interaction/mixing process 
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combines the information from previous estimation (using mode probabilities       , state 

estimates  ̂      and error covariance       ) to calculate the initial values ( ̂                

from the ‘a posteriori’ estimate of previous time interval for each filter.  

The mixing probabilities denoted as          are calculated at the beginning of each 

iteration step. Assume a system which consists of   models: 

 
         

 

  ̅
          

  ̅  ∑         

 

   

 

(2-47) 

With the mixing probabilities, the initial values for each filter are calculated based on the 

‘a posteriori’ estimate and error covariance from previous time interval as: 

 
 ̂       ∑ ̂             

 

   

 

        ∑        {       ( ̂       ̂      )( ̂       ̂      )
 
}

 

   

 

(2-48) 

As the second step, filters with different models estimate states in parallel. The states 

estimations and the error covariances ( ̂         and           ) are updated.  

The measurement innovations (          ) are assume to be normal distributed with zero 

mean and a variance as the error covariances (       . A likelihood function       is 

calculated by using a normal distribution function as: 

 

       
 

√|        |

   (
 
 
           

           

      
) (2-49) 
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This likelihood function is used in conjunction with the innovations to indicate the fitness 

of each model during the estimation process. The mode probabilities (        are updated 

based on the likelihood function to identify the fitness of a mode such that: 

 
       

 

 
      ∑       

 

   

 

  ∑      ∑       

 

   

 

   

 

(2-50) 

where   is a normalized term. As the end of the process, the ‘a posteriori’ state estimates 

and error covariance of the system are updated with the mode probabilities and estimate 

values of each filter as: 

 
 ̂        ∑ ̂               

 

   

 

         ∑      {          

 

   

 ( ̂           ̂       )( ̂           ̂       )
 
} 

(2-51) 

 

2.5.1.2 Fault Detection and Diagnosis using Interacting Multiple Model 

The MM approach was firstly applied for target tracking and has become a common tool 

in satellite surveillance, air defence and Air Traffic Control [31] [32].  Engineers quickly 

realized that this method could be used for fault detection [29]. Zhang et al applied the 

MM approach for both sensor and actuator fault detection on an F/A-18 flight control 

system [29]. According to the experimental results, their approach enhanced fault 

detection and identification performance. Although other methods implementing only a 

single model have the ability to achieve equivalent performance, they usually demand 
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specific adjustments and can not be broadly applied generally. In contrast, the MM 

approach is easy to implement and provides excellent fault detection and diagnosis 

performance. The IMM approach outperforms the other MM methods by having a higher 

estimation accuracy, requiring less computation and being more robust to transition 

probabilities [29]. Wang et. al successfully detected torque motor fault and effective bulk 

modulus faults with the Extended Kalman Filter using IMM. Gadsden et. al applied both 

the KF and the SVSF with IMM to detect and identify leakage and friction faults on 

McMaster’s Electro-hydrostatic Actuator (EHA) prototype [33] [21]. The experimental 

results indicated that the IMM-SVSF outperforms IMM-KF by having a better estimation 

accuracy and higher probability of detecting the correct fault.  
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3 EHA fault detection and diagnosis strategies 

Further to Gadsden’s results [21] [33], the IMM approach was chosen for fault detection 

and diagnosis. The reasons are listed as follow. 

1. The IMM approach can be applied for real-time fault detection. 

2. MM approaches provide equivalent performance and easier implementation compared 

to other single model strategies [29]. Amongst the MM approaches, IMM is considered as 

the most suitable method because of its computational efficiency. 

Two strategies, the IMM-EKF and the IMM-SVSF are considered. In the SVSF 

implementation, the choice of the fixed or varying smooth boundary layer results in 

another two strategies referred to as the IMM-SVSF (FBL) and the IMM-SVSF (VBL).  

The formulations of these three FDD strategies are listed as follow. 

Step 1: At mixing stage, the mixing probabilities (          are calculated as Eqn (3-1). 

 
         

 

  ̅
          

  ̅  ∑         

 

   

 

(3-1) 

Step 2: The mixing probabilities are then used to calculate the initial values ( ̂      , 

         which are fed to filters for states estimation as Eqn (3-2). 

 
 ̂       ∑ ̂             

 

   

 

        ∑        {       ( ̂       ̂      )( ̂       ̂      )
 
}

 

   

 

(3-2) 

Step 3: When the EKF is implemented, the states are estimated as Eqns (3-3) to (3-9): 
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The “a priori” predictions of states and outputs are calculated based on 

the system model and the initial values as Eqn (3-3). 
 

 

 ̂          ( ̂         ) 

 ̂          ( ̂       ) 
(3-3) 

 

The model is then linearized and the Jacobian matrices      and      

are calculated as Eqn (3-4). 

 

 

 

       
      

  
|
   ̂          

 

       
      

  
|
   ̂        

 

(3-4) 

 
The measurement innovation is updated as Eqn (3-5), and the ‘a priori’ 

error covariance and innovation covariance are calculated as Eqn (3-6). 
 

 

                 ̂        

                            
    

(3-5) 

(3-6) 

                            
    

 

The corrective gain   is defined by Eqn (3-7), and is used to correct the 

‘a priori’ estimate from Eqn (3-3) and update it to the “a posteriori” 

estimations form: 

 

                      
 (      

               
   )

  
 (3-7) 

  ̂           ̂                     ̂         (3-8) 

            (              )         (3-9) 
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Step 3: When the SVSF (FBL) is implemented, the states are estimated using Eqns(3-10) 

to (3-16). In the SVSF fixed boundary layer, the width of the boundary layer is 

estimated as the upper bound of the uncertainties. 

 
The “a priori” predictions of states and outputs are calculated based on 

the system model and the initial values as Eqn (3-10). 
 

 

 ̂          ( ̂         ) 

 ̂          ( ̂       ) 
(3-10) 

 
The measurement innovation is updated as Eqn (3-11), and the ‘a priori’ 

error covariance and innovation covariance are calculated as Eqn (3-12). 
 

 

                 ̂        

                            
    

(3-11) 

                            
    (3-12) 

 

The corrective gain   is defined by Eqn (3-13), and is used to correct the 

‘a priori’ estimate from Eqn (3-10) and update it to the “a posteriori” 

estimations form: 

 

              
  (|          |   |        |)       

          

      
  (3-13) 

  ̂           ̂                         (3-14) 

            (              )         (3-15) 

                          ̂          (3-16) 
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Step 3: When the SVSF varying boundary layer (VBL) is implemented, additional 

iterative steps are necessary for updating the boundary layer width   as Eqn 

(3-20). 

 

 ̂          ( ̂         ) 

 ̂          ( ̂       ) 
(3-17) 
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(3-18) 

                            
    (3-19) 
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If                     

               

Else                

(3-20) 
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Step 4: After the state estimations are updated with each filters, the likelihood function 

       is calculated based on the measurement innovation (             and the 

measurement error covariance (      ) . 

 

       
 

√|        |

   (
 
 
           

           

      
) (3-25) 

Step 5: The mode probability (        is updated based on the likelihood function as: 

 
       

 

 
      ∑       
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(3-26) 

Step 6: As the end of the cycle, final state estimation and covariance of the system are 

updated with mode probability and estimation values of each mode. 

 
 ̂        ∑ ̂               
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 ( ̂           ̂       )( ̂           ̂       )
 
} 

(3-27) 

In this thesis, results from the implementation of the IMM-SVSF (VBL), the IMM-SVSF 

(FBL), and the IMM-EKF are reported. IMMM-EKF is provided for comparison. 
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4 EHA prototype 

4.1 Introduction 

Hydraulic actuators have several advantages including: (i) the ability to maneuver large 

loads; (ii) high torque-to-mass ratio; (iii) control accuracy; and (iv) self-lubrication [25] 

[3]. As such, hydraulic systems have been widely used for flight surface control since the 

1930s [3]. 

 

Figure 4-1: Concept of open circuit valve control hydrostatic actuator 

Figure 4-1 shows the basic concept of an open circuit valve controlled hydraulic actuator. 

A pump and a pressure relief mechanism maintain the hydraulic supply pressure at a 

constant level to provide hydraulic power. Servo-valves control actuation by channeling 

the fluid flow into actuators and by regulating flow. Valve controlled hydraulic systems 

have several disadvantages that include: 1. high complexity; 2. heavy weight; 3. relatively 

low energy efficiency. 
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Figure 4-2: Concept of close circuit pump control hydrostatic actuator 

The hydraulic system can have an open or a closed circuit based on the way the fluid 

returns. An open circuit hydraulic system example is shown in Figure 4-1 and has the 

fluid returned to the reservoir. As another approach, the fluid in a closed circuit hydraulic 

system returns to pump inlet directly. The simplified diagram in Figure 4-2 demonstrates 

an example of a closed circuit hydrostatic actuator. As gears rotate, hydraulic fluid such 

as oil is transferred from one chamber to another. Pumping action results in a pressure 

difference between the two cylinder chambers, causing actuator motion. 

The aerospace industry has been implementing the EHA for flight surface control as a 

replacement of the conventional open circuit hydraulic system for better performance, 

higher energy efficiency and more redundancy. As the largest commercial jet, the Airbus 

A380 implements EHA in its flight surface control system and has saved considerable 

amount of weight as a result [34]. EHAs are increasingly being used in flight surface 

control as shown in Figure 4-3. Compared to conventional centralized open circuit 

systems, they achieve higher energy efficiencies and have provided in up to 15% in 

weight savings [1]. 
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Figure 4-3: Layout of Power-By-Wire system in F35 and EHA (Moog Inc) (Taken from [35]) 

 

4.2 Electro-Hydrostatic Actuator Prototype 

Figure 4-4 shows an Electro Hydrostatic Actuator prototype built at McMaster University 

for experimentation [3]. It includes auxiliary circuits for fault simulation. In the original 

design, the prototype was built as a dual system to provide redundancy as shown in 

Figure 4-5. It this research, the prototype is run as a single system with the second 

cylinder used for simulating friction as shown in Figure 4-6. The bi-directional fixed 

displacement pump ② driven by the servo motor ① pumps oil to cylinders ⑥. An 

inner circuit ❶ consisting of three check valves ③ and an accumulator ⑩ is designed 

to prevent cavitation and to collect case drain leakage from the gear pump. There is also a 

pressure relief valve ④circuit for safety.  
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Figure 4-4: Electro Hydrostatic Actuator prototype

 

Figure 4-5: EHA dual system design (Adapted from [3]) 
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Figure 4-6: Simplified diagram of prototype 

During operation, the pressure at the pump inlet drops as flow increases. Air dissolved in 

oil starts to nucleate and form bubbles under low pressure. The formation of bubbles 

leads to cavitation which can potentially damage the pump so that the Inner circuit ❶ is 

therefore used in the EHA of Figure 4-6 in order to prevent cavitation. When two gears 

mesh, a sealed chamber is created by the meshing teeth. Small amount of fluid is trapped 

during this process. Due to the incompressibility of oil, the trapped fluid would cause the 

pump to stall. A case drain is designed in the gear pump from so that the trapped fluid can 

be released. The inner circuit (❶ in Figure 4-6) is also used to collect the case drain 

leakage from the pump. It consists of an accumulator and three check valves. The 

accumulator maintains the inner circuit pressure above 40 Psi. Once the pressure at pump 

inlet drops below 40 Psi, the pressure difference opens the check valve so that the pump 

inlet pressure remains above 40 Psi and cavitation is prevented. 

The cylinder may stall due to damage or heavy external load. When the cylinder is stalled, 

pressure inside the system may exceed design limits and damage the EHA. A 

bidirectional differential pressure relief valve is installed and set to open when pressure 
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exceeds the max rated pressure. The max pressure for the prototype is 3000 psi, but set to 

500 psi during experimentations in this thesis. Therefore, once the pressure at pump outlet 

is 500 psi higher than the pump inlet, the pressure relief valve would open and release the 

pressurised fluid.  

Two sets of sensors (⑨ and ⑤) are installed. These measure the actuator position and 

the cylinder differential pressure. The position sensor is a Fagor type MX linear encoder 

(⑨) and is set up at the tip of cylinder rod. The encoder has a resolution of     and an 

accuracy of      [36]. The rod velocity and acceleration are derived by the 

differentiation of the measured position. Although the position measurement has a      

resolution, the noise is amplified during the differentiation process. Therefore, the 

calculated velocity and acceleration are filtered with a 12
th

 order Butterworth low pass 

filter. The filter cut-off frequency was set 10% larger than the maximum frequency 

content of the input signal. Note that a higher cut off frequency may be used if there is a 

concern about signal loss at maximum frequency. Since the low pass filter also brings a 

phase shift to the measurement, which significantly impacts model estimation, a double-

flipped technique was implemented to achieve zero-phase change. The measurement is 

flipped over and filtered again to restore the signal phase. As shown in Figure 4-6, two 

absolute pressure transducers (⑤) are attached to cylinder ports respectively. They have 

a large measurement range of       psi and a small error band of 1% of full scale [37]. 

The Siemens 1FK7080-5AF71-1AG2 servo motor is employed. It is controlled and 

powered by a Siemens drive amplifier Simodrive 611U. This drive receives 3-phase 480V 

and 30 amperes. A PI controller is built in the drive amplifier for motor control [3]. 

4.3 Fault Study and Simulation 

Two faults were considered in this study and simulated on the EHA prototype. These 

were internal leakage and friction.  
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4.3.1 Leakage Simulation 

Leakage is one of the most common faults occurring in a hydraulic system. In EHA, 

leakage can result in a reduction of the actuator velocity, and loss of pressure and 

efficiency. Leakage can be categorized as external or internal. The external leakage 

occurs at connections and is easier to detect [23]. It can be detected by visual inspection 

[4]. On the other hand, internal leakage occurs inside the pump or the cylinder. A minor 

damage of a piston seal can easily cause internal leakage between cylinder chambers. 

Since internal leakage is relatively more difficult to detect [23], it is chosen as one of the 

faults to study. 

In order to simulate internal leakage in the cylinder, a throttling valve (⑧) is installed to 

connect the driving cylinder chambers (numbered ❷ in Figure 4-6). The throttling valve 

used is HydraForce SP08-25, 2-Way, normally open, bi-directional type. Its flow is 

linearly proportional to the input current [38]. A HydraForce proportional valve controller 

DIN coil mount with 0-10 VDC input range is chosen to control the throttling valve [39]. 

Given 10 VDC input, the throttling valve becomes fully closed. It is fully open when the 

input is 0 VDC. By partially opening the throttling valve, certain amount of fluid 

bypasses the cylinder and simulates internal leakage [3]. 

According to experimental observations, the leakage has a direct impact on the actuator 

velocity. In order to examine the effect of leakage with throttling valve input, 17 

throttling inputs were chosen from 0 to 10V. A plot of the actuator velocity versus the 

throttling valve input can be seen in Figure 4-7. A constant pump speed of           

             was used for all trials. Three trials were performed to verify repeatability. 

It was found that the results were repeatable with a small margin of error. 

Actuator velocity remained relatively constant at              with throttling inputs 

between           as shown in Figure 4-7. The actuator velocity started to notably change 

at      , and then it dropped sharply. The velocity measurements are calculated and listed 
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in Table 4-1. With the throttling valve fully closed at 10 V, the EHA is considered to be 

working normally without additional internal leakage.  

 

 

Figure 4-7: Actuator Velocity vs. Leakage throttling input at 900 RPM pump speed 

The simulated leakage volumetric flow rate can be obtained from the following formula: 

         ̇     ̇ (4-1) 

where  ̇   stands for the piston velocity of EHA running under normal condition and   is 

the effective piston area.  

The leakage percentage can be calculated as: 

       
     
  ̇  

   
 ̇

 ̇  
 (4-2) 

Table 4-1: Actuator Velocity vs. Leakage throttling input at a pump speed of 900 RPM 

Leakage control  Actuator Leakage  
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throttling valve 

Input (V) 

Velocity (m/sec) percentage 

10 0.0317 0.00% Normal 

7 0.0317 0.00%  

4 0.0316 0.32%  

3 0.0316 0.32%  

2.5 0.0313 1.26%  

2.2 0.0261 17.67%  

2.15 0.0245 22.71%  

2.1 0.0228 28.08%  

2.05 0.0215 32.18%  

2 0.0201 36.59% Minor Leakage 

1.95 0.0185 41.64%  

1.9 0.0163 48.58%  

1.85 0.0145 54.26%  

1.8 0.0122 61.51%  

1.75 0.01 68.45% Major Leakage 

1.7 0.0078 75.39%  

1.65 0.0011 96.53%  

EHA is defined to be working with minor leakage when it has 36.59% of simulated 

leakage and major leakage when it is operating under 68.45% of simulated leakage. The 

corresponding leakage control throttling valve inputs are 2V and 1.75V respectively. 

4.3.2 Friction Simulation 

Friction is present at the piston seals. Friction is related to seal condition. Too little 

friction could be an indication of a failed seal On the other hand, excessive friction would 

not only lead to reduction of efficiency, but also accelerate wear and cause premature seal 

failure [40] [41].  
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Friction fault is difficult to directly simulate without seal replacement. In this research, 

the friction is simulated by using an auxiliary cylinder which is connected to the driving 

cylinder in series. As numbered ❸ in Figure 4-6, the auxiliary cylinder chambers are 

connected using a throttling valve (⑨) to form a closed circuit. The friction control 

throttling valve is the same HydraForce valve used for leakage simulation. An increased 

load is generated with decreased valve orifice to simulate increased friction [3]. The 

orifice flow is used to create an effect that is consistent with the effect of friction in the 

EHA system as reported by [25]. 

According to experimental observations, the simulated friction has a direct impact on the 

differential pressure of the driving actuator. Thirteen throttling valve inputs were chosen 

to examine the friction effect.  

 

Figure 4-8: Differential pressure vs. Friction throttling input at 900 RPM pump speed 

A plot of differential pressure versus friction throttling input can be seen in Figure 4-8. A 

constant pump speed of                        was again used for all trials. Three 

trials were performed to verify repeatability. It was found that the results were repeatable 
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with a small margin of error. As expected, the pressure increases quadratically with the 

throttling valve input. The mean differential pressures of all trials are calculated and listed 

in Table 4-2. With friction control throttling valve fully open at 0 V, the EHA is 

considered to be working normally without additional simulated friction.  

 The additional simulated friction force can be obtained from the following formula: 

              (4-3) 

where      stands for the differential pressure of EHA running under normal friction and 

  is the piston area.  

The friction percentage is calculated as follows: 

           
  

     
 

  

    
   (4-4) 

Table 4-2: Differential pressure vs. Friction throttling input at 900 RPM pump speed 

Friction control 

throttling valve Input 

(V) 

Differential Pressure 

(MPa) 

Friction 

percentage 

 

0 0.3601 0.00% Normal 

1 0.3798 5.47% 
 1.5 0.4061 12.77% 
 1.9 0.5417 50.43% 
 2.1 0.6635 84.25% 
 2.3 0.841 133.55% Minor Friction 

2.4 1.0487 191.22% 
 2.45 1.1804 227.80% 
 2.5 1.2525 247.82% Major friction 

2.55 1.4672 307.44% 
 2.6 1.6152 348.54% 
 2.65 1.8511 414.05% 
 2.7 2.0938 481.45% 
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EHA is defined to be working with minor friction when it has 133.55% simulated friction 

and major friction when it is operating at 247.82% simulated friction. The corresponding 

friction control throttling valve inputs are 2.3V and 2.5V respectively. 

4.3.3 Operating Conditions Classification 

Based on experimental tests, 5 conditions are considered in this research defined as 

normal, minor leakage, major leakage, minor friction and major friction. However, EHA 

may not only have one fault but both leakage and friction faults at the same time. 

Therefore, 4 other combined conditions must be taken into account. As such, there are 9 

conditions considered as listed in Table 4-3. 

Table 4-3: Working conditions 

Working conditions 
Leakage control 

throttling input (V) 

Friction control 

throttling input (V) 
Short form 

Normal 10 0 NC 

Minor Leakage 2 0 Min. L 

Major Leakage 1.75 0 Maj. L 

Minor Friction 10 2.3 Min. F 

Major Friction 10 2.5 Maj. F 

Minor Leakage and 

Minor Friction 
2 2.3 

Min. L & 

Min. F 

Minor Leakage and 

Major Friction 
2 2.5 

Min. L & 

Maj. F 

Major Leakage and 

Minor Friction 
1.75 2.3 

Maj. L & 

Min. F 

Major Leakage and 

Major Friction 
1.75 2.5 

Maj. L & 

Maj. F 
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4.4 Conclusion  

As a compact, robust, and reliable power distribution method, hydraulic systems have 

been used for flight surface control for decades. Electro-Hydrostatic Actuators (EHA) are 

increasingly replacing the conventional valve-controlled systems for better performance, 

lighter weight and higher energy efficiency. Two common faults, internal leakage and 

friction, were simulated on an EHA prototype with two throttling valves and an auxiliary 

circuit. The normal and 8 simulated fault conditions were used as a basis for testing a 

fault detection and diagnosis (FDD) system in this research as defined in Table 4-3. 

 

5 EHA modeling 

5.1 Introduction 

A well-developed model library capable of properly describing the EHA dynamics is 

required for successful fault detection and controller design. In this study, two types of 

models were obtained: (i) a physical model was mathematically derived; and (ii) a set of 

parametric models were generated through system identification. The advantage of 

implementing physical models is that parameters have a physical meaning, and the model 

provides a mechanism for understanding the dynamic effects present in the system. 

System identification provides empirical parametric models that are very accurate, but are 

not explicitly linked to physical parameters [42].  

5.2 The Physical EHA Model 

A physical model was developed for the EHA system in [38] and dynamically simplified 

in [25]. The EHA uses a gear pump with constant displacement that be modeled as 

follows [25]: 
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            (5-1) 

                  
  
 

   
  

            (5-2) 

where       are the pump volumetric flow rate of ports a and b;        are the 

corresponding port pressures and       are the fluid volume associated with the inlet and 

outlet;    is the motor angular velocity;   is the pump cross-port leakage coefficient; and 

    is the pump external leakage coefficient;   stands for the effective bulk modulus of 

the working fluid; and    is the accumulator pressure.    and    are assumed to be equal 

due to the symmetrical design of the system.  

The actuator flow is modeled by [25]: 

      ̇  
       

 

   
  

                     (5-3) 

      ̇  
       

 

   
  

                     (5-4) 

where       are the flow rate to and from the two actuator chambers,    and    are the 

chamber pressures.   is the effective piston area,   stands for the actuator displacement, 

and   is the mean position of actuator.              are the internal and external leakage 

coefficients. Since a solid tubing is used in the prototype, the pressure impact of pipe 

expansion and flexibility on the effective bulk modulus is assumed to be negligible. 

Furthermore, due to the short length of tubing, pump port pressures and flows are 

assumed to be equal to the actuator inlet and outlet flows and pressures such that: 
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             (5-5) 

Since the actuator is symmetrical and is oriented horizontally, in the absence of 

gravitational load, 
   

  
  

   

  
 [3].    is the nominal volume of each EHA chamber 

which equals to the pipe plus mean actuator chamber volume  given by the following:  

         

         

Substituting Eqn (5-1) to (5-4) into (5-5) yields 

        ̇  
  
 
(
   
  

 
   
  

)  (    
    
 

    
   

 
)          (5-6) 

Using a lump sum leakage coefficient         
    

 
   

   

 
, Eqn (5-6) can be further 

simplified as: 

        ̇  
  
 
(
   
  

 
   
  

)            (5-7) 

 

5.2.1 Leakage Model and Overall Leakage Coefficient 

According to the model, the ideal pump flow      is equal to flow rates associated with 

the actuator motion   ̇, compressibility flow 
  

  
(
   

  
 

   

  
), and leakage          . At 

steady state, the pressure is constant and  
   

  
 

   

  
  . Eqn (5-7) is thereby simplified 

to yield a linear model for leakage as follows: 

           ̇            (5-8) 
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where    denotes the leakage flow rate. 

According to the design of the EHA presented in [3], the values of the EHA parameters 

are listed in the following table. 

Table 5-1: EHA parameters and their values 

EHA Parameter Description Value 

   Gear pump volumetric displacement                  

  Piston surface area              

   Nominal volume of each EHA chamber              

In order to determine the overall leakage coefficient   , the EHA system was operated 

with constant pump speed    of 94.25 rad/sec (900 RPM) under various differential 

pressures. The differential pressure was modified by changing the friction control 

throttling valve (open area). Both the differential pressure (       and the actuator 

velocity   ̇  were measured, and the leakage condition results were defined in section 

4.3.1 and plotted in Figure 5-1.  
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Figure 5-1: The flow rate vs. differential pressure 

Figure 5-1 demonstrates leakage flow rate versus differential pressure at three different 

leakage conditions (normal, minor leakage, and major leakage). Each data set involves 

five trials to ensure sufficient data repeatability. The plot shows a linear relationship 

between the leakage flow rate and differential pressure that agrees with Eqn (5-8). A 

significant offset can be observed (with zero differential pressure) in minor and major 

leakage conditions.  

The flow rate of an orifice can be modeled as:  

      √
 

 
              (5-9) 

where   stands for fluid density.   is the orifice flow area and    is the discharge 

coefficient, the value of which depends on orifice geometry [43]. According to Eqn (5-9), 

the orifice flow rate   is proportional to the square root of the pressure difference 

between the two sides of the orifice (  ). As observed in Figure 5-1, the leakage flow 
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model can be linearized as in Eqn (5-8) with an offset     within the prototype’s 

operating region.  

           ̇                (5-10) 

A linear trend line is obtained for each data set by using least square fit. The slope and 

interception correspond to the overall leakage coefficient    and offset     for the 

appropriate leakage condition.  

Table 5-2: Leakage coefficients and flow rates 

Condition Leakage Coefficient (    Flow Rate (      

Normal                                         

Minor Leakage                                           

Major Leakage                                           

 

5.2.2 Friction Model and Friction Coefficient 

In this study, the EHA is not connected to any external load. However, this is 

recommended for future studies. The actuator output force is governed by the following: 

              ̈     (5-11) 

where   denotes actuating mass, where in this case it is          [3].    is the actuator 

friction which can be formulated as a second-order quadratic function related to the 

actuator velocity  ̇ [25]: 
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        ̇      ̇
          ̇  (5-12) 

At steady state, the acceleration of the actuator becomes zero. Substituting Eqn (5-12) and 

 ̈    in (5-11) yields the following : 

             ̇      ̇
          ̇   (5-13) 

To determine the friction coefficients (         ) experiments were performed with 

various pump speeds, ranging from               (150 RPM) to               (1050 

RPM). The steady state velocity and differential pressures were measured. Figure 5-2 

demonstrates differential pressure versus actuator velocity regarding three friction 

conditions (normal, minor friction, and major friction) defined in section 4.3.2. Each data 

set involves 4 trials for data repeatability. By fitting parabolic curves into these data 

points, three friction models can be extracted with coefficients listed in the Table 5-3. 

Table 5-3: Friction coefficients 

Condition          

Normal                         

Minor Friction                          

Major Friction                         
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Figure 5-2: Differential pressure vs. actuator velocity 

Substituting Eqn (5-12) in (5-11) and rearranging yields: 

       
 

 
 ̈  

  
 
 ̇  

   ̇
    
 

     ̇  (5-14) 

With an linearized leakage model as Eqn (5-10), the system model (5-7) is modified as 

follows: 

        ̇  
  
 
(
   
  

 
   
  

)                          (5-15) 

Eqn (5-14) is differentiated to obtain 
   

  
 

   

  
  in Eqn (5-15). However, since the sign 

function      ̇  is not continuous when  ̇   , 
   

  
 

   

  
 is defined conditionally as 

follows: 

     ̇     (5-16) 
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which has the same effect as: 

 
   
  

 
   
  

 
 

 
 ⃛  

  
 
 ̈  

    ̇ ̈

 
     ̇  (5-17) 

Substituting Eqn (5-14), (5-18) to (5-15) and rearranging yields a nonlinear mathematical 

model of EHA as: 

 

                  

 
   
  

 ⃛  
         

  
 ̈  

       
 

 ̇

 
      ̇ ̈         ̇

     

  
     ̇  

(5-18) 

5.2.3 EHA Model 

In order to implement the nonlinear model for state or parameter estimation, Eqn (5-17) is 

converted into a discrete-time state space format. The input is defined as        

             . The discrete state space model is defined as follows: 
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        [   
         

   
]       

          

   
    

  
                 (      

    )

   
   (    )

  
  

   
   

(5-19) 

where             are the actuator states position, velocity and acceleration respectively. 

5.2.4 Effective Bulk Modulus 

In ideal cases, hydraulic fluid is considered as incompressible. With the presence of air 

(e.g., trapped air bubble) fluid becomes compressible, causing loss of energy and 

compromising stability. The effective bulk modulus parameter   is a measure of the fluid 

compressibility. Its value is extremely difficult to determine experimentally since the 

volume of trapped air is unpredictable. In such cases, the popular Extend Kalman Filter 

(EKF) may be used with the mathematical model obtained in Section 5.2.3 to estimate the 

effective bulk modulus [25]. In an effort to implement the EKF, the model is transformed 

into the following state space equations.  

                   (5-20) 

                   (5-21) 
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(5-22) 

             (5-23) 

where the states are actuator position, velocity, acceleration and effective bulk modulus 

respectively. With measurement chosen as the actuator position, the measurement matrix 

becomes 

      [    ] (5-24) 

The linearized model is calculated as 

              
  (    )
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 (5-25) 

the parameters of which is calculated by 
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  (      
    )

   
   (    )  

                                           

  is the sampling time with value of       . Note that the system and measurement noise 

covariance matrices were defined respectively as: 

                                          (5-26) 

                 (5-27) 

To estimate the effective bulk modulus, the testing input was chosen as a sinusoidal wave 

with               amplitude and       frequency. A priori information such as initial 

value of the estimating states and parameters must be provided for EKF process. The 

initial position, velocity, and acceleration were assumed as zero. The bulk modulus 

estimation process was run with different initial effective bulk modulus (with values from 

     to         ) to see if different initial values affected the final estimation. The 

estimation results are plotted in Figure 5-3. 

In subplot 1, the position estimation (green line) followed the corresponding experimental 

measurement (blue line) within acceptable limits. In subplot 2, the effective bulk modulus 

estimations with different initial values converged to the same value after approximately 

7 ms and reached steady state value               after 1 sec. The subplot 3 

demonstrates the rank number of local observability is constantly 4 which equals to the 

number of states (position, velocity, acceleration and effective bulk modulus). The system 

was therefore considered as observable during the whole process. The bulk modulus 

values converged to the same value             which agrees with the bulk modulus 

value            obtained in [25]. 
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Figure 5-3: Effective bulk modulus estimation 

 

5.3 The Parametric EHA Model 

5.3.1 System Identification Introduction 

System identification is a fast and accurate technique used to obtain empirical parametric 

models for dynamic systems. The quality of models depends on measurement accuracy 

and prior knowledge. Compared to physical models derived mathematically, the 

identified parametric model is obtained: quickly, predictably, and typically more 

accurately [44]. Note that system identification does not require a full knowledge of the 

system, and can be universally used in various fields. However, the method is not without 

its drawbacks: (i) system identification requires access to the system, such that special 

signals -such as pseudo random binary signals (PRBS) and chirp signals- can be applied; 

(ii) the input and output must be measurable; (iii) parameters in parametric models do not 

directly translate to the physical parameters of the target system. In this research, system 
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identification strategies were applied on the Electro-Hydrostatic Actuator prototype in an 

effort to obtain models of the nine working conditions defined in Table 4-3. 

In general, system identification techniques consist of three main steps:  

1. A series of initial tests are applied on the target system for gathering preliminary 

information which helps the signal collection process design.  

2. The target system is operated with input signals designed in step 1. The system 

output is measured with signal processing performed to remove unwanted noise.  

3. Models are estimated based on the input-output data set, and prior knowledge of 

the system. Models are also validated with experimental data. 

These steps may need to be repeated until an accurate model is obtained. 

5.3.2  Initial Tests 

Initial tests are implemented to obtain preliminary information on the system. This 

information includes: system bandwidth, steady state gain, dead-zone, saturation, and 

linearity. The initial tests are required for designing the input signal for data collection.  

In this case, the target system was the EHA prototype which can be considered as a 

single-input, single-output (SISO) system. An important consideration in system 

identification is that the input signal should have a flat power spectrum within the 

frequency range of interest. The input was firstly chosen as the angular velocity of the 

servo motor. Figure 5-4 demonstrates the motor velocity output with a chirp signal input 

from 0.1Hz to 60Hz. It was found that the motor response dampened significantly after 

20Hz and failed to provide an even power spectrum for system identification. 
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Figure 5-4: Motor Velocity with chirp signal 

The motor voltage input with a range from -10 to 10 volt was chosen as the system input 

so that a flat power spectrum is achieved. An installed linear encoder provided actuator 

position measurement as output. According to [3], the EHA is a type 1, third order 

transfer function, defined by: 

     

    
 

     
 

                
  

 (5-28) 

where the input      is known and the output      is measureable.     and    stand for 

system natural frequency and damping ratio, respectively. Since in system identification a 

type zero system is preferred, the output was replaced by the actuator velocity which was 

derived by differentiating actuator position [3]. 
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5.3.2.1 Dead-zone test 

The first test was performed to determine the EHA’s dead-zone. A 0.5 Hz sinusoidal 

signal with an amplitude of 124.6 rad/sec (1200 RPM) was fed as the input. As an 

example, the response of the EHA operating with a major leakage fault condition is 

plotted in Figure 5-5. 

 

Figure 5-5:  Dead-band test of Major Leakage EHA 

Two zero velocity regions may be observed from the actuator response. The 

corresponding range of motor voltage input was considered as the dead-zone of the EHA. 

Ten measurements for each operating condition were made in an effort to verify 

repeatability. Their mean values are listed respectively in Table 5-4. 
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Table 5-4: Dead-band of all operating conditions 

Operating condition Dead-zone width     Standard deviation 

Normal               

Minor Leakage               

Major Leakage               

Minor Friction               

Major Friction               

Minor Leakage Minor 
Friction 

              

Minor Leakage Major 
Friction 

              

Major Leakage Minor 
Friction 

              

Major Leakage Major 
Friction 

              

 

5.3.2.2 Steady-state gain test 

The steady-state gain provides important system information such as: the linearity range, 

dead-zone, and saturation. In order to observe the steady-state gain, the EHA was run at 

various constant voltage input values. The input amplitudes were chosen from ±0.5 V to 

±9 V. 
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Figure 5-6: Steady state gain test results for normal, major leakage and major friction 

condition 

 

Table 5-5: Steady state gain and bias of EHA 

Operating condition 

 
Steady state gain (m/s/V) Offset (V) 

Normal              

Minor Leakage               

Major Leakage               

Minor Friction              

Major Friction               
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Minor Leakage Minor Friction               

Minor Leakage Major Friction               

Major Leakage Minor Friction               

Major Leakage Major Friction               

 

Figure 5-6 demonstrates the steady-state response of the EHA operated under normal, 

major leakage, and major friction conditions respectively. The slope is the steady-state 

gain of the system, and the offset value corresponds to the dead-zone. Both the steady-

state gain and the offset of each operating condition are listed in Table 5-5. As shown in 

the figure, the actuator velocity is linearly proportional to motor voltage input. Note that 

the offset is found to be relatively small under the normal condition, and becomes 

significantly large with the presence of major leakage. These findings lead to a hypothesis 

that the dead-zone is caused or amplified by the internal leakage of the cylinder. For  the 

system operated under the major friction fault, saturation may be observed when the input 

exceeds 4V. Saturation is caused by the pressure relief valve which is set to open when 

the differential pressure exceeds 500 Psi (3.447 MPa). As the actuator velocity increases, 

the differential pressure is built up to compensate the increasing friction. When the 

differential pressure reaches its limit, it results in velocity saturation. 

System identification is applicable when the target system is operating in a piece-wise 

linear region. According to the steady-state gain test (described earlier), the EHA has 

dead-zone nonlinearity that grows and becomes significant as the leakage level increases. 

There is also saturation nonlinearity with the presence of friction faults. A piece-wise 

linear regions is observed for each working condition based on the steady-state gain test. 

The EHA should be operated within the regions listed in Table 5-6 for system 

identification to be within a piecewise linear region and in order to avoid non-linearities. 
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Table 5-6: Piece-wise linear region 

Operating condition 

 
Piece-wise linear region (V) 

Normal     

Minor Leakage     

Major Leakage     

Minor Friction     

Major Friction     

Minor Leakage Minor Friction     

Minor Leakage Major Friction     

Major Leakage Minor Friction     

Major Leakage Major Friction     

 

5.3.2.3 Frequency range of interest test 

The third test involved determining the frequency range of interest. The EHA frequency 

response was investigated by using an Empirical Transfer Function Estimation (ETFE). 

ETFE was obtained by taking the Fast Fourier transform (FFT) of the system output 

(actuator velocity) and dividing it by the FFT of the system input (input voltage) [3] [44]. 

The frequency range of interest was chosen to be from 0.1 Hz to the 10 times or 100 

times of EHA bandwidth for the following two reasons.  
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1. Both leakage and friction conditions affect system performance at low frequency 

ranges.  

2. The model accuracy at the system bandwidth frequency is critical for the closed-

loop control performance [44].  

The system bandwidth is defined as the frequency when the gain drops by 3dB. The 

ETFE requires an input with an even power spectrum along the frequency range of 

interest. In this case, the test signal was selected as a chirp signal, which is a series of 

sinusoidal curve with gradually increasing frequency. It had a frequency range of 0.1 to 

60 Hz. The mean and amplitude of the signal (listed in Table 5-7 ) was selected to cover 

the piece wise linear region.  

Table 5-7: Bandwidth test signal mean and amplitude 

Operating condition 

 
Mean (V) Amplitude (V) 

Normal     

Minor Leakage     

Major Leakage         

Minor Friction     

Major Friction         

Minor Leakage Minor Friction         

Minor Leakage Major Friction     

Major Leakage Minor Friction         
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Major Leakage Major Friction     

 

The ETFE of the EHA under normal condition is shown in Figure 5-7. The ETFE shown 

here is filtered with a 128-size Hamming window to give a cleaner curve. 

 

 

Figure 5-7: ETFE of normal condition 

The amplitude curve has a 3dB drop at 19Hz, which is the bandwidth of the EHA 

operating under the normal condition. The process was repeated for all of the 8 fault 

conditions considered in Chapter 4. The observed bandwidths of all these operating 

conditions are listed in Table 5-8. 
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Table 5-8: Bandwidth of EHA 

Operating condition Bandwidth (Hz) 

Normal    

Minor Leakage    

Major Leakage    

Minor Friction    

Major Friction    

Minor Leakage Minor Friction    

Minor Leakage Major Friction    

Major Leakage Minor Friction    

Major Leakage Major Friction    

 

5.3.2.4 Input signal mean and amplitude test 

After determination of bandwidths, the fourth test involved selection of the input signal 

mean and amplitude. In system identification, large input amplitudes are preferred for 

obtaining a better signal-to-noise ratio. However, the selected signal amplitude needs to 

stay within a piece-wise linear region of the system. The mean of the test signal should be 

chosen at the center of the piece-wise linear region to achieve the largest amplitude. Chirp 

signal with small amplitude falling within the linear region were chosen to verify the 

linearity using frequency response. The EHA performance can be considered as linear if it 

gives the same frequency response with different input means. 

As an example, the piece-wise linear region was observed to be from 1 to 9V using the 

steady state gain test for EHA under normal condition. Seven test signals were chosen as 

chirp signals with means from 2 to 8V. All the signals had the same amplitude of 1V and 
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a frequency range three times the bandwidth. The corresponding ETFEs are plotted in 

Figure 5-8. It was found that all the seven ETFE’s had the same shapes, proving that the 

EHA under normal condition had piece-wise linear region from 1 to 9 V. The same test 

was applied to the other eight working conditions and the test results verified the piece-

wise linear region obtained in steady-state gain test. The operating point for each working 

condition was chosen as the center of the corresponding piece-wise linear region as listed 

in Table 5-9. 

 

Figure 5-8: Mean test of EHA under normal condition 
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Table 5-9: EHA operation point 

Operating condition Operation point (V) 

Normal   

Minor Leakage     

Major Leakage   

Minor Friction   

Major Friction     

Minor Leakage Minor Friction     

Minor Leakage Major Friction     

Major Leakage Minor Friction   

Major Leakage Major Friction     

 

To ensure that the EHA’s linearity was not affected by the change of amplitude, the EHA 

was tested by chirp signals with various amplitudes. The chirp signals had means at the 

selected operation points as listed in Table 5-9 and frequency range of 3 times of the 

system bandwidth as provided in Table 5-8. The amplitudes of the test signals varied 

within the piece-wise linear region. As an example, the inputs to the EHA under normal 

condition were chosen as chirp signals with mean of 5V and a frequency range of 0.1 to 

60Hz. The amplitudes were chosen from 1 to 3.5V. The corresponding ETFEs are plotted 

in Figure 5-9. 
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Figure 5-9: Amplitude test of EHA under normal condition 

As shown in Figure 5-9, the bandwidth of the EHA under normal condition is 

significantly changed as the input amplitude increased from 1 to 3.5V. This finding 

indicates that the EHA is nonlinear as the amplitudes change. It requires multiple models 

to describe its dynamics properly. The same test was applied to the other eight working 

conditions and similar results were observed.  

In order to demonstrate a complete system identification process and to test the accuracies 

of identified models, the maximum available amplitude within the piece-wise linear 

region observed in previous tests is chosen for each condition. They are listed in Table 

5-10. 
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Table 5-10: Input amplitude for EHA system identification 

Operating condition Input amplitude (V) 

Normal     

Minor Leakage  .5 

Major Leakage   

Minor Friction     

Major Friction   

Minor Leakage Minor Friction     

Minor Leakage Major Friction     

Major Leakage Minor Friction   

Major Leakage Major Friction     

 

5.3.2.5 System order test 

The fifth test involved estimating the order of the system. Based on an analysis of the 

physical models, the EHA system was considered to be second-order type zero, with the 

actuator velocity as the output and the motor input voltage as the input. Two different 

techniques were implemented and compared in order to confirm this assumption of 

system order: (i) impulse response test, and (ii) using AutoRegressive models with 

eXternal input (ARX) . 

The impulse response of the EHA was derived by differentiating the actuator’s velocity to 

a step-input. A Hankel matrix was obtained and its corresponding singular values were 

computed by using singular value decomposition (SVD). The magnitudes of the singular 

values indicate the order of the EHA. Details of the Hankel matrix and SVD calculation 

may be found in [45] [3]. 
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To determine the model order, another approach involved estimating a series of ARX 

models, with order ranging from 1 to 10. The ARX model has a relatively simple 

structure and is chosen for computational convenience. The error variance based on 

model prediction of the measurement from the system indicates which model order has 

the best fit. In the following figures, model order estimation of the EHA under normal 

conditions are presented. Figure 5-10 shows the impulse response results, and Figure 5-11 

shows the results from the ARX models. 

 

Figure 5-10: Model order estimation of normal condition (Impulse response) 



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

73 

 

 

Figure 5-11:  Model order estimation of normal condition (ARX model) 

Figure 5-10 shows a significant magnitude drop between the singular values 1 past 3. 

This finding indicates that the dominant dynamics are second or third order, with 

negligible higher-order dynamics.  

The result demonstrated in Figure 5-11 shows only one significant drop of variance 

between 2
nd

 and 3
rd

 order models. This finding indicates that the EHA has second-order 

dominant dynamics, which agrees with the mathematical analysis. 

The same tests were performed on the EHA, operating under all of the nine conditions 

considered in Chapter 4. The results were nearly identical. The tests concluded that the 

EHA retains the same model structure and order, despite the presence of faults.  

5.3.3 Data Collection and Processing 

With the knowledge obtained from initial tests, the amplitude and frequency range for the 

inputs for system identification were selected. The test signals were chosen as pseudo-

random binary signals (PRBS) with amplitude, mean and maximum frequency listed in 



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

74 

 

Table 5-11. A PRBS signal consists of sequential steps with a fixed amplitude. The 

amplitude toggles at a frequency that is ideally at least 10 times the system bandwidth. 

However, such a high frequency could not be applied to the EHA system due to the safety 

limitations of the Siemens motor. In this case, the upper bound of switching frequency 

was set as 3 times the EHA bandwidth. 

Table 5-11: System identification test input design 

Operating condition Input amplitude (V) Input mean (V) 
Maximum 

frequency (Hz) 

Normal          

Minor Leakage  .5        

Major Leakage        

Minor Friction          

Major Friction          

Minor Leakage Minor 
Friction 

           

Minor Leakage Major 
Friction 

           

Major Leakage Minor 
Friction 

       

Major Leakage Major 
Friction 

            

 

The ‘raw’ actuator velocity measurements included outliers, and a large amount of high-

frequency noise. In order to remove the outliers, a data standard deviation was calculated. 

Outliers can be detected when the difference between the neighbouring data points is 

larger than a threshold based on the standard deviation. Once an outlier is detected, the 

value of the abnormal data point is replaced by the mean of its neighbours. This method 

was applied to the measurements from the EHA. 
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High-frequency noise was removed by using a 12
th

-order Butterworth low pass filter. The 

filter cut-off frequency was set 10% larger than the input frequency. Since the filtering 

brings a phase shift, a double-flipped technique was implemented to achieve zero-phase 

change. The measurement was flipped over and filtered again to remove phase shift. As 

an example, the test input and the corresponding output velocity of the EHA under the 

normal condition are plotted in Figure 5-12. In order to eliminate the effect of offset 

caused by the dead-zone of system, the test data was adjusted by removing the mean 

values. The adjusted test data of the EHA under the normal condition are plotted in Figure 

5-13. 

 

Figure 5-12: PRBS input signal and corresponding velocity output under normal condition 
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Figure 5-13: Adjusted measurements of normal condition 

5.3.4 Model Estimation 

In system identification, models are obtained by fitting different types of transfer 

functions. Four types of models are commonly used. They are the (i) AutoRegressive 

model with eXternal input (ARX), (ii) the AutoRegressive Moving Average model with 

eXternal input (ARMAX), (iii) Box-Jenkins (BJ), and (iv) Output Error (OE). Their 

corresponding structures and transfer functions are provided in Figures 4-12 to 4-15. 
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Figure 5-14: ARX model structure 

 

                             
    

    
     

    

    
     

Figure 5-15: ARMAX model structure 

 

In ARX and ARMAX models, noise is assumed to go through a transfer function that has 

the same denominator (    ) as the system transfer function. The ARMAX provides 

extra flexibility by adding an extra nominator (    ) to the noise transfer function.  
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Figure 5-16: OE model structure 

 

                          
    

    
     

    

    
     

Figure 5-17: BJ model structure 

Both BJ and OE models have noise transfer function that is independent of the system 

transfer function. BJ offers full flexibility, since both the noise and the system transfer 

function have different denominators and numerators. Note that further information for 

these model structures may be found in [3] and [45]. In general, the BJ and OE structures 

provide better accuracies amongst these four strategies. In the case of the EHA, BJ and 
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OE showed the same level of accuracies according to experimental results. In order to 

minimize computation time, OE was selected. With a 3
rd

 order OE model structure, 

models of the EHA operating under the nine working conditions were estimated and are 

listed in Table 5-12. Note that the system input and output were the motor input voltage 

and the actuator velocity, respectively. 

Table 5-12: System identification models of EHA 

Operating condition Estimated Model 

Normal 
            

                        
 

Minor Leakage 
            

                        
 

Major Leakage 
            

                        
 

Minor Friction 
            

                        
 

Major Friction 
            

                        
 

Minor Leakage Minor Friction 
            

                        
 

Minor Leakage Major Friction 
            

                        
 

Major Leakage Minor Friction 
            

                        
 

Major Leakage Major Friction 
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5.4 Model Validation 

Two models were obtained for each condition defined in Chapter 3. The first was a 

physical model, which was mathematically derived. The second was a parametric model 

found through the aforementioned system identification process. In this section, the 

accuracies of these two sets of models are tested through validataion. 

5.4.1 Physical model validation 

In order to find the accuracy of physical models, a sequential step signal was chosen for 

model validation. The absolute amplitudes of the steps were randomly selected between 

77.88 to 124.6 rad/sec. The input direction switched every second as shown in Figure 

5-18. 

 

Figure 5-18: Physical model validation input 

To test model quality, the root mean square error (RMSE) was calculated based on the 

actuator velocity measurement compared to its predicted value obtained from physical 

models. The results are shown in Figure 5-19 to Figure 5-24. 
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Figure 5-19: Physical model simulation at normal condition 

 

Figure 5-20: Physical model simulation at normal condition (amplified) 
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Figure 5-19 demonstrates the physical model simulated under normal condition with 

corresponding velocity measurement. Figure 5-20 shows the amplified view between the 

3
rd

 and 4
th

 second. According to the figures, the physical model of the normal condition 

had good fit with the experimental measurement. 

When the EHA operated under friction-only faults, the physical models provided an 

accurate performance at steady state. The model simulation of the EHA under major 

friction is plotted in Figure 5-21 and Figure 5-22. 

 

Figure 5-21: Physical model simulation at major friction condition 
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Figure 5-22: Physical model simulation at major friction condition (amplified) 

When the EHA was operating under the leakage fault conditions, the physical model 

accurately predicted the steady-state region. However, a noticeable offset was observed 

between 7
th

 and 9
th

 second (highlighted red in Figure 5-23). The offset is believed to have 

been caused by the nonlinear leakage in EHA when it operated close to the dead-zone. 

Recall the linear leakage model obtained in section 5.2.1 that it is applicable within the 

pressure range demonstrated in Figure 5-1. With input close to the system dead-zone, the 

operating pressure may drop below the linear region, therefore the linear leakage model 

becomes incorrect and results in prediction offset. The performance of the physical model 

under the major leakage condition is demonstrated in Figure 5-23 and Figure 5-24. 
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Figure 5-23: Physical model simulation at major leakage condition 

 

Figure 5-24: Physical model simulation at major leakage condition (amplified) 
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To qualify modeling accuracy, the RMSE was calculated (based on the velocity 

comparison) for each model as listed in Table 5-13. 

Table 5-13: RMSE of mathematical models 

Operation condition RSME (m/sec) 

Normal 0.0015 

Minor Leakage 0.0011 

Major Leakage 0.0012 

Minor Friction 0.0023 

Major Friction 0.0024 

Minor L. Minor F. 0.0013 

Minor L. Major F. 0.0022 

Major L. Minor F. 7.7194e-004 

Major L. Major F. 9.1800e-004 

 

According to the calculated RMSE, the physical models offered accurate simulations of 

the EHA dynamics under all nine working conditions. 
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5.4.2 Identified parametric model validation 

In order to determine the accuracy of identified parametric models, PRBS signals were 

chosen for model validation. The signals amplitudes, means and maximum frequencies 

are listed in Table 5-14. 

Table 5-14: System identification validation signals 

Operating condition Input amplitude (V) Input mean (V) 
Maximum 

frequency (Hz) 

Normal          

Minor Leakage  .5        

Major Leakage        

Minor Friction          

Major Friction          

Minor Leakage Minor 
Friction 

           

Minor Leakage Major 
Friction 

           

Major Leakage Minor 
Friction 

       

Major Leakage Major 
Friction 

           

 

Note that the test data used for system identification was adjusted to remove the offset in 

Section 5.3.3. Similar to the physical model validation, the RMSE based on the actuator 

velocity comparison was calculated to indicate the accuracies of identified parametric 

models. The prediction from the identified parametric model under the normal condition 

compared to the measurement is shown in Figure 5-25. 
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Figure 5-25: Identified parametric model simulation at normal condition 

As shown in the figure, the identified model prediction agreed with the measurement well. 

The RMSE values of the validations are listed in Table 5-15. 

Table 5-15: RMSE of parametric models 

 Operation condition RSME (m/sec) 

Normal 0.0023 

Minor Leakage 0.0021 

Major Leakage 0.0025 

Minor Friction 0.0016 

Major Friction 0.0014 
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Minor L. Minor F. 0.0011 

Minor L. Major F. 0.0013 

Major L. Minor F. 0.0016 

Major L. Major F. 0.0012 

 

5.5 Conclusion 

Two types of models were obtained for the EHA for the nine working conditions defined 

in Chapter 3.  The first type was a physical model derived mathematically. Parameters in 

the physical model have physical meanings and therefore provide a mechanism for 

understanding the dynamic effects in the system. For comparison, parametric models 

were also obtained experimentally through system identification. 

Model validation results show that the parametric models and physical models have 

comparable prediction accuracies. According to the amplitude test results in Section 

5.3.2.4, the EHA was found to have multiple piece-wise linear regions as the amplitudes 

change and therefore a large number of models were required to completely describe the 

system dynamics. As such case, the system identification process is not a suitable method 

for fault detection and diagnosis due to the complexity of generating a large number of 

models for various operating as well as fault conditions, even though they can be accurate 

at a narrow operating region. 

The physical models were accurate and offered a mechanism for understanding dynamic 

effects. They were chosen for fault detection and diagnosis in this study.  
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6 Fault detection and diagnosis on EHA 

This chapter reports an implementation of three different fault detection and diagnosis 

strategies that were implemented on the EHA prototype. These were presented and 

introduced in Chapter 3. All the three strategies used the Interacting Multiple Model 

frame work. The first method, IMM-EKF used the popular Extended Kalman Filter. The 

second and the third methods used the Smooth Variable Structure Filter with different 

approaches for the smoothing boundary layer. The IMM-SVSF (VBL) implementation 

utilized the varying boundary layer while IMM-SVSF (FBL) used a fixed boundary layer. 

These three fault detection and diagnosis methods were applied to the fault conditions 

discussed in Chapter 4. 

For fault detection, it is difficult to distinguish the leakage and the friction fault with 

velocity measurements only. Pressure measurement can be used to more accurately 

indicate the friction level of the system. Based on the physical model derived in Section 

5.2.3, the EHA differential pressure can be equated to the actuator output force and 

friction equations as: 

              ̈     (6-1) 

        ̇      ̇
          ̇  (6-2) 

Substituting (6-2) to (6-1) and rearranging yields, 

       
 

 
 ̈  

  
 
 ̇  

   ̇
    
 

     ̇  (6-3) 

All the methods used a physical model of the EHA as derived in section 5.2.  

 

                  

                  

(6-4) 



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

90 

 

        [   
         

   
]       

          

   
    

  
                 (      

    )

   
   (    )

  
  

   
   

       
 

 
     

  
 
     

      
    
 

          

where                 denote the four system states (actuator position, velocity, 

acceleration and differential pressure).    is an adjusted input defined as: 

                            (6-5) 

The Jacobian matrix of the system model is defined as 
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The model parameters are listed in Table 6-1 to Table 6-3. 

Table 6-1: EHA parameters and their values 
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EHA Parameter Description Value 

   Gear pump volumetric displacement                

  Piston surface area              

   Nominal volume of each EHA chamber              

  Actuating mass         

 

Table 6-2: Leakage coefficients 

Condition Leakage Coefficient    Offset     

Normal                                    

Minor Leakage                                    

Major Leakage                                    

 

Table 6-3: Friction coefficients 

Condition          

Normal                       

Minor Friction                        

Major Friction                       
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According to the system model, there are four states corresponding to the actuator 

position, velocity, acceleration, and differential pressure. The actuator position and 

differential pressure were measured by a linear encoder and two absolute pressure sensors. 

Hence, the measurement matrix used by the EKF was defined as: 

      [
    
    

] (6-6) 

Due to the unique design of the SVSF, an output matrix that is full rank must be obtained 

through a transformation applied to measurements. 

       [

  
  

  
  

  
  

  
  

] (6-7) 

The actuator velocity and acceleration were obtained by differentiating the measured 

position. 

For both strategies, the initial state estimation and state error covariance are respectively 

set to: 

 ̂    [    ]  

     [

   
   

  
  

  
  

   
   

] 

The nine conditions considered were defined in Chapter 4. These are numbered here for 

clarity as listed in the Table 6-4. 

Table 6-4: Operation conditions numbering 

Numbering Condition 

1 Normal 
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2 Minor Leakage 

3 Major Leakage 

4 Minor Friction 

5 Major Friction 

6 Minor leakage and Minor Friction 

7 Minor leakage and Major Friction 

8 Major leakage and Minor Friction 

9 Major leakage and Major Friction 

 

The EHA was assumed to have 90% chances to operate normally at the beginning and 

have an equal probability to experience one of the eight fault conditions. The initial mode 

probability      was therefore defined as 

     [                                                   ] 

After the start, the probability of mode switching was change to 98%, thus giving a mode 

transition matrix      defined as 

    

[
 
 
 
 
 
 
 
 
                
                
                

                  
                  
                  

                  
                  
                  

                  
                  
                  

                
                
                

                  
                  
                  

                  
                  
                  

                  
                  
                  

                
                
                ]

 
 
 
 
 
 
 
 

 

The elements of    are the probabilities of the EHA switching from one mode to another. 

The diagonal cells (with values 0.98) indicated that the EHA has 98% chances of 

retaining the same mode with which it started. Furthermore, the non-diagonal elements 
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(with values 0.0025) stated that the EHA had a 0.25% chance of transiting to a different 

mode. 

Recall that the SVSF with a varying smoothing boundary layer (VBL) required the 

maximum smooth boundary layer width (      to be defined. By trial and error, the 

maximum smooth boundary layer width (      was tuned to yield the best possible fault 

detection performance for IMM-SVSF as: 

     [                      ] 

The residual is an important indicator of fault detection and diagnosis. In the application 

of the SVSF with IMM, the residual was the difference between the predicted and the 

measured states. In this case, it was possible to enhance fault detection by increasing the 

model information portion. Therefore, the SVSF with a fixed smooth boundary layer 

(FBL) was also implemented with IMM. The fixed smooth boundary layer   was chosen 

to be 1000 times of the      used in the SVSF (VBL). 

  [                          ] 

 

6.1 FDD Test with Step Inputs of Fixed Amplitude 

Figure 6-1 shows the sequential step input into the EHA for fault detection tests. It has an 

amplitude of ±106.81 rad/sec (1020 RPM), and changes direction every second.   
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Figure 6-1: Test input for fault detection 

The change in the operating conditions of the EHA during the test was as listed in Table 

6-5. 

Table 6-5: EHA operating mode with single amplitude input 

Time (s) EHA operating condition 

0 – 1 Normal 

1 – 2 Minor Leakage 

2 – 3 Major Leakage 

3 – 4 Minor Friction 

4 – 5 Major Friction 

5 – 6 Minor Leakage and Minor Friction 

6 – 7 Minor Leakage and Major Friction 
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7 – 8 Major Leakage and Minor Friction 

8 – 9 Major Leakage and Major Friction 

Figure 6-2 demonstrates the corresponding unfiltered (in blue) and filtered (in green) 

EHA output. Recall that a linear encoder and two absolute pressure sensors measured the 

actuator position and differential pressure respectively. For the SVSF implementation, 

actuator velocity and acceleration measurements were derived from the position by 

differentiation. The measurement noise was filtered by a zero-phase 12
th

 order 

Butterworth low pass filter described in section 5.3.3. Note that the unfiltered acceleration 

measurement contained a great deal of noise which was amplified by double 

differentiation and had peak amplitude of 200     . The noise in the acceleration 

measurement significantly affected the SVSF performance, and therefore, only the 

filtered acceleration measurement was used with the IMM-SVSF for fault detection and 

diagnosis. 

 

Figure 6-2: EHA output with single amplitude test input 
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Note that the system and measurement noise covariance matrices   and   were required 

for both the EKF and the SVSF implementations. A number of methods have been 

developed to statistically estimate values of these two matrices [46] [47] [48]. Gadsden 

presented a method to determine the measurement error covariance   with a segment of 

the measurement signal [21]. The measurement noise covariance   was calculated by the 

following equation: 

   
     ̅      ̅  

  
 (6-8) 

where    and  ̅  denote the     measurement sample and measurement mean of a data 

segment.    is the number of samples in the segment. 

The measurements segments were chosen from 1.1 sec to 1.9 sec as shown in Figure 6-3,  

 

Figure 6-3: measurement segments 
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The velocity, acceleration and differential pressure measurement noise covariance values 

were calculated for the noisy measurement and the filtered measurement respectively as 

follow. 

                        
  

  
  

                           
  

  
  

                  
  

  
  

                                

                                   

The resolution of the linear encoder was 1   . The position measurement covariance was 

calculated as the square of the linear encoder resolution [25]. 

               . 

For the IMM-EKF, the measurement noise covariance matrices were defined as: 

           [        
           

] 

              [        
           

] 

For the IMM-SVSF (VBL) and the IMM-SVSF (FBL), the measurement noise covariance 

matrices were defined as: 

                [                                          ] 

                [                                          ] 

The system noise covariance   was estimated by trial and error as: 
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      [                            ] 

 

6.1.1 Fixed Amplitude Test with Noisy Measurement 

All the three strategies were implemented on the EHA for fault detection and diagnosis 

(FDD) with unfiltered (noisy) and filtered measurements. The mode probabilities   were 

used as the indication of the operating mode. A fault was considered as being successfully 

detected if its corresponding mode probability was the highest. 

 

Figure 6-4: Normal mode probability for the EHA fault detection and diagnosis experiment 

Faults were physically simulated on the EHA prototype sequentially for one second 

according to Table 6-5. Normal operation applied to the first second and Figure 6-4 

shows the detection of the normal mode probability by the IMM-EKF, IMM-SVSF (FBL) 

and IMM-SVSF (FBL) respectively. All of the strategies were implemented with 

unfiltered measurement. The expected ‘True’ state is plotted in black. In this test, the 

normal working condition was imposed during the first second. The ‘True’ state 
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indicating normal mode probability therefore equaled 1 during the first second. After the 

first second, the ‘True’ state switched to 0, indicating that the normal operation condition 

no longer applied. According to the results demonstrated in Figure 6-4, all the three 

methods successfully detected the normal mode by having high normal mode 

probabilities during the first second. The normal mode probabilities of three methods 

dropped to show that the EHA was no longer operating normally after the first second. 

Note that all the mode probabilities results were smoothed by moving averaging of 200 

iterations for clarity. Spikes are present because of the selected type of input (sequential 

step). When the actuator velocity and differential pressure across       and     , the 

nine models become indistinguishable. 

The probabilities of the other eight modes are shown in Figure 6-5 to Figure 6-12. 

 

Figure 6-5: Minor leakage mode probability for the EHA fault detection and diagnosis 

experiment 
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Figure 6-6: Major leakage mode probability for the EHA fault detection and diagnosis 

experiment 

 

Figure 6-7: Minor friction mode probability for the EHA fault detection and diagnosis 

experiment 
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Figure 6-8: Major friction mode probability for the EHA fault detection and diagnosis 

experiment 

 

Figure 6-9: Minor leakage and minor friction mode probability for the EHA fault detection 

and diagnosis experiment 
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Figure 6-10: Minor leakage and major friction mode probability for the EHA fault detection 

and diagnosis experiment 

 

Figure 6-11: Major leakage and minor friction mode probability for the EHA fault detection 

and diagnosis experiment 
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Figure 6-12: Major leakage and major friction mode probability for the EHA fault detection 

and diagnosis experiment 

According to the results demonstrated, all the three method successfully detected the 

system fault conditions and correctly diagnosed them. In order to compare their 

performances, the mean probabilities of each mode were calculated and listed in a 

confusion matrix format in Table 6-6 to Table 6-8. In these confusion matrices, the first 

row indicates the working condition that the EHA was operating in. The first column lists 

the condition that is predicted. The underlined diagonal cells show the probabilities of 

correctly detecting the fault conditions.   

Compared to the IMM-EKF, the IMM-SVSF (VBL) had comparable probabilities for the 

mode Normal, Minor leakage and Major friction. With the other modes, IMM-SVSF 

(VBL) has approximately 20-30% higher probabilities of being correct. IMM-SVSF (FBL) 

successfully detected all working conditions correctly. Compared to the IMM-SVSF 
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(VBL), the FBL improved the fault detection performance with the Normal, Minor 

leakage, and Major friction modes. It detected faults correctly with probabilities of over 

70%. 
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Table 6-6: IMM-EKF performance with unfiltered measurement 

IMM-EKF 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 80.13% 6.36% 3.89% 1.34% 0.37% 3.65% 2.42% 3.26% 2.90% 

Minor 
Leakage 

6.99% 64.47% 6.93% 1.31% 0.36% 5.75% 2.61% 5.01% 3.93% 

Major 
Leakage 

9.27% 15.25% 51.73% 1.32% 0.36% 6.09% 2.63% 12.60% 7.34% 

Minor 
Friction 

1.06% 3.47% 4.05% 75.08% 1.97% 7.42% 5.17% 3.82% 3.15% 

Major 
Friction 

0.14% 0.82% 2.76% 0.75% 69.56% 3.69% 8.28% 3.86% 3.70% 

Min. L. 
Min. F. 

1.07% 4.04% 9.12% 10.51% 1.46% 50.21% 7.82% 8.87% 5.88% 

Min. L. 
Maj. F. 

0.14% 0.84% 3.83% 0.77% 14.52% 4.83% 50.79% 8.35% 8.21% 

Maj. L. 
Min. F. 

1.07% 3.89% 13.54% 8.12% 1.29% 13.62% 6.59% 40.99% 14.39% 

Maj. L. 
Maj. F. 

0.14% 0.85% 4.15% 0.78% 10.10% 4.74% 13.69% 13.25% 50.51% 
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Table 6-7: IMM-SVSF (VBL) performance with unfiltered measurement 

IMM-SVSF (VBL) 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 75.26% 15.89% 11.39% 0.00% 0.00% 0.12% 0.02% 1.10% 0.33% 

Minor 
Leakage 

11.59% 59.53% 14.54% 0.00% 0.00% 0.12% 0.02% 1.10% 0.33% 

Major 
Leakage 

13.15% 24.44% 72.71% 0.00% 0.00% 0.12% 0.02% 1.09% 0.33% 

Minor 
Friction 

0.00% 0.04% 0.40% 83.65% 6.20% 7.88% 0.17% 7.39% 1.16% 

Major 
Friction 

0.00% 0.00% 0.05% 0.00% 67.45% 0.07% 4.30% 0.49% 4.23% 

Min. L. 
Min. F. 

0.00% 0.04% 0.40% 9.21% 0.19% 80.76% 0.24% 10.68% 1.18% 

Min. L. 
Maj. F. 

0.00% 0.00% 0.05% 0.00% 15.45% 0.07% 86.98% 0.51% 6.97% 

Maj. L. 
Min. F. 

0.00% 0.04% 0.41% 7.13% 0.18% 10.78% 0.16% 77.13% 1.72% 

Maj. L. 
Maj. F. 

0.00% 0.00% 0.05% 0.00% 10.53% 0.07% 8.09% 0.52% 83.74% 
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Table 6-8: IMM-SVSF (FBL) performance with unfiltered measurement 

IMM-SVSF (FBL) 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 88.10% 4.75% 2.34% 0.23% 0.04% 1.53% 0.55% 1.95% 1.52% 

Minor 
Leakage 

4.96% 80.91% 4.35% 0.23% 0.04% 1.61% 0.55% 3.04% 1.98% 

Major 
Leakage 

6.44% 11.45% 81.77% 0.23% 0.04% 1.60% 0.54% 6.01% 2.67% 

Minor 
Friction 

0.16% 0.81% 1.96% 83.40% 2.22% 5.06% 2.05% 2.49% 2.03% 

Major 
Friction 

0.00% 0.12% 0.75% 0.10% 75.39% 0.97% 5.62% 1.92% 2.45% 

Min. L. 
Min. F. 

0.16% 0.85% 3.18% 8.94% 0.42% 77.93% 1.99% 5.98% 3.57% 

Min. L. 
Maj. F. 

0.00% 0.12% 0.82% 0.10% 12.36% 1.08% 78.16% 3.23% 5.36% 

Maj. L. 
Min. F. 

0.16% 0.86% 3.99% 6.64% 0.38% 9.10% 1.82% 71.20% 7.13% 

Maj. L. 
Maj. F. 

0.00% 0.12% 0.85% 0.10% 9.12% 1.13% 8.73% 4.18% 73.29% 
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Table 6-9: RMSE results for single amplitude input (unfiltered measurement) 

Fault detection 

Strategy 

Position 

    

Velocity 

      

Acceleration 

       

Differential 

pressure      

IMM-EKF 2.10E-06 1.18E-03 2.41E-01 8.42E+04 

IMM-SVSF 

(FBL) 
2.09E-06 1.64E-03 2.53E-01 5.71E+04 

IMM-SVSF 

(VBL) 
2.12E-06 8.15E-04 1.04E-01 5.63E+04 

 

Table 6-9 shows the RMSE results for all the three fault detection strategies 

(IMM-EKF, IMM-SVSF (FBL), and IMM-SVSF (VBL)). All the three fault 

detection strategies had equivalent RMSE of the first state (Position). IMM-SVSF 

(VBL) had the least RMSE of the other three states. This finding agrees with the 

results demonstrated in [33].  
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6.1.2 Fixed Amplitude Test with Filtered Measurement 

All the three strategies were implemented with filtered measurements for better 

fault detection performance. The filtering introduces distortion and signal loss. 

However, the benefits of filtering demonstrated by results justify their use. The 

mode probability results are reported in Figure 6-13 to Figure 6-21 and Table 6-10 

to Table 6-13 as follows. 

 

Figure 6-13: Normal mode probability for the EHA fault detection and diagnosis 

experiment 
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Figure 6-14: Minor leakage mode probability for the EHA fault detection and 

diagnosis experiment 

 

Figure 6-15: Major leakage mode probability for the EHA fault detection and 

diagnosis experiment 
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Figure 6-16: Minor friction mode probability for the EHA fault detection and 

diagnosis experiment 

 

Figure 6-17: Major friction mode probability for the EHA fault detection and 

diagnosis experiment 
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Figure 6-18: Minor leakage minor friction mode probability for the EHA fault 

detection and diagnosis experiment 

 

Figure 6-19: Minor leakage major friction mode probability for the EHA fault 

detection and diagnosis experiment 
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Figure 6-20: Major leakage minor friction mode probability for the EHA fault 

detection and diagnosis experiment 

 

Figure 6-21: Major leakage major friction mode probability for the EHA fault 

detection and diagnosis experiment 
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Table 6-10: IMM-EKF performance with filtered measurement 

IMM-EKF 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 82.36% 6.69% 4.20% 0.23% 0.04% 1.54% 0.55% 3.14% 2.11% 

Minor 
Leakage 

7.39% 74.31% 7.43% 0.23% 0.04% 1.58% 0.54% 4.38% 2.49% 

Major 
Leakage 

9.72% 16.06% 75.81% 0.23% 0.04% 1.57% 0.54% 6.75% 2.89% 

Minor 
Friction 

0.17% 0.82% 2.47% 80.33% 0.79% 7.64% 2.07% 4.27% 3.10% 

Major 
Friction 

0.01% 0.13% 0.79% 0.11% 77.46% 1.02% 7.41% 2.46% 3.84% 

Min. L. 
Min. F. 

0.17% 0.86% 3.51% 10.54% 0.29% 70.77% 1.96% 9.88% 4.95% 

Min. L. 
Maj. F. 

0.01% 0.13% 0.86% 0.11% 12.92% 1.13% 72.65% 3.68% 8.63% 

Maj. L. 
Min. F. 

0.17% 0.87% 4.04% 8.10% 0.25% 13.54% 1.83% 61.07% 7.21% 

Maj. L. 
Maj. F. 

0.01% 0.13% 0.89% 0.11% 8.17% 1.19% 12.45% 4.38% 64.78% 
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Table 6-11: IMM-SVSF (VBL) performance with filtered measurement 

IMM-SVSF (VBL) 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 84.84% 5.11% 3.09% 0.00% 0.00% 0.00% 0.00% 0.08% 0.01% 

Minor 
Leakage 

5.55% 84.84% 4.48% 0.00% 0.00% 0.00% 0.00% 0.08% 0.01% 

Major 
Leakage 

9.60% 10.05% 92.38% 0.00% 0.00% 0.00% 0.00% 0.08% 0.01% 

Minor 
Friction 

0.00% 0.00% 0.01% 92.45% 1.07% 3.21% 0.00% 2.88% 0.07% 

Major 
Friction 

0.00% 0.00% 0.00% 0.00% 83.72% 0.00% 1.67% 0.02% 0.74% 

Min. L. 
Min. F. 

0.00% 0.00% 0.01% 4.83% 0.17% 92.26% 0.00% 6.29% 0.10% 

Min. L. 
Maj. F. 

0.00% 0.00% 0.00% 0.00% 10.36% 0.00% 96.73% 0.02% 2.93% 

Maj. L. 
Min. F. 

0.00% 0.00% 0.01% 2.72% 0.09% 4.53% 0.00% 90.54% 0.18% 

Maj. L. 
Maj. F. 

0.00% 0.00% 0.00% 0.00% 4.59% 0.00% 1.60% 0.02% 95.97% 
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Table 6-12: IMM-SVSF (FBL) performance with filtered measurement 

IMM-SVSF (FBL) 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 95.02% 0.76% 0.53% 0.00% 0.00% 0.00% 0.00% 0.17% 0.02% 

Minor 
Leakage 

2.25% 95.15% 0.97% 0.00% 0.00% 0.00% 0.00% 0.16% 0.02% 

Major 
Leakage 

2.73% 4.09% 98.46% 0.00% 0.00% 0.00% 0.00% 0.15% 0.07% 

Minor 
Friction 

0.00% 0.00% 0.01% 97.25% 0.75% 0.67% 0.00% 1.03% 0.13% 

Major 
Friction 

0.00% 0.00% 0.00% 0.00% 84.08% 0.00% 1.93% 0.04% 0.56% 

Min. L. 
Min. F. 

0.00% 0.00% 0.01% 1.82% 0.02% 97.94% 0.00% 4.55% 0.17% 

Min. L. 
Maj. F. 

0.00% 0.00% 0.00% 0.00% 10.57% 0.00% 96.82% 0.03% 0.76% 

Maj. L. 
Min. F. 

0.00% 0.00% 0.01% 0.92% 0.01% 1.39% 0.00% 93.84% 0.60% 

Maj. L. 
Maj. F. 

0.00% 0.00% 0.00% 0.00% 4.57% 0.00% 1.25% 0.03% 97.67% 
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According to results, all of the three proposed strategies (IMM-EKF, IMM-SVSF 

(VBL), and IMM-SVSF (FBL)) successfully detected system changes and 

correctly diagnosed all nine conditions. The fault detection and diagnosis (FDD) 

performances were better with filtered measurements by having considerably 

better probabilities of correctly detecting the operating mode. Compared to the 

IMM-EKF, the two IMM-SVSF strategies had overall better correct mode 

probabilities. The performances of the two IMM-SVSF strategies were 

comparable. Table 6-13 summarizes the RMSE results for all of the three FDD 

strategies.  

Table 6-13: RMSE results for fixed amplitude input (filtered measurement) 

Fault detection 

Strategy 

Position 

    

Velocity 

      

Acceleration 

       

Differential 

pressure      

IMM-EKF 8.12E-07 1.33E-03 2.50E-01 5.75E+04 

IMM-SVSF 

(FBL) 
3.36E-07 1.89E-03 2.89E-01 6.82E+04 

IMM-SVSF 

(VBL) 
8.89E-09 1.46E-04 1.02E-01 5.89E+04 

 

Although the IMM-SVSF (VBL) had slightly larger RMSE of differential 

pressure than IMM-EKF, it still outperformed the other two strategies by having 

much smaller RMSE of position, velocity and acceleration states. 

In this section, a sequential step signal with fixed amplitude was used as input the 

to the EHA prototype. Three FDD strategies were implemented with both 

unfiltered and filtered measurements. Their FDD and estimation performances 

were evaluated and compared. The IMM-SVSF (FBL) provided the best FDD 

performance by having the highest overall probability of correctly detecting the 
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operating mode. However, with comparable FDD performance, the IMM-SVSF 

(VBL) provided the best estimation performance. 

6.2 FDD Test with Step Inputs of Varying Amplitudes 

In order to test the three FDD strategies at different operating points, a series of 

sequential steps with randomly varying amplitudes was used as shown in Figure 

6-22. 

 

Figure 6-22: Test input with varying amplitude 

Similar to the fixed amplitude input test, the actuator position and differential 

pressure were measured by an optical linear encoder and two absolute pressure 

sensors. The projected measures of velocity and acceleration were derived from 

the position measurement by differentiation for the SVSF implementation. As an 

example, the unfiltered (blue) and filtered (green) measurements of EHA 

operating under the normal condition are provided in Figure 6-23. 
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Figure 6-23: Measurement set of EHA operated under normal condition 

 

6.2.1 Varying Amplitude Test with Unfiltered Measurement 

All of the three proposed strategies (IMM-EKF, IMM-SVSF (VBL), and IMM-

SVSF (FBL)) were tested with unfiltered measurements. Their mode probability 

results for normal operation are plotted respectively in Figure 6-24. The mode 

probabilities   were used as the indication of the operating mode. A fault was 

considered as being successfully detected if its corresponding mode probability 

was the highest. The purpose of this test is to examine the proposed strategies’ 

FDD performances at different operation region. As such case, the EHA was 

retained under one operating mode but in a wider operating region during each 

test.  
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Figure 6-24: Normal mode probability for the EHA fault detection 

and diagnosis experiment 

Note: EHA 

was operated 

under normal 

condition 

 

Figure 6-24 shows detection under the normal mode probability for the IMM-EKF, 

the IMM-SVSF (FBL) and the IMM-SVSF (FBL) respectively. All of the 

strategies were implemented with unfiltered measurements. The ‘True’ mode state 

is plotted in black. Since the EHA was operated under normal condition during 

the test, the ‘True’ state of normal mode probability retained as 1. Outstanding 

results were observed and all three strategies correctly detected the normal mode 

with high probabilities (over 70%). Besides, the normal mode was detected with 

consistent probabilities at all operating regions. The mode probabilities of the 

incorrect modes were relatively small compared to the correct mode probability 

and therefore only the normal mode probabilities are shown.  

The test pertaining to the EHA operated under different working conditions are 

provided in Figure 6-25 to Figure 6-32. 
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Figure 6-25: Minor leakage mode probability for the EHA fault 

detection and diagnosis experiment 

EHA was 

operated under 

minor 

leakage 

condition 

 

 

Figure 6-26: Major leakage mode probability for the EHA fault 

detection and diagnosis experiment 

EHA was 

operated under 

major 

leakage 

condition 

 

 



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

123 

 

 

Figure 6-27: Minor friction mode probability for the EHA fault 

detection and diagnosis experiment 

EHA was 

operated under 

minor 

friction 

condition 

 

 

Figure 6-28: Major friction mode probability for the EHA fault 

detection and diagnosis experiment 

EHA was 

operated under 

major 

friction 

condition 
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Figure 6-29: Minor leakage minor friction mode probability for 

the EHA fault detection and diagnosis experiment 

EHA was 

operated under 

minor 

leakage 

minor 

friction 

condition 

 

 

Figure 6-30: Minor leakage major friction mode probability for 

the EHA fault detection and diagnosis experiment 

EHA was 

operated under 

minor 

leakage 

major 

friction 

condition 
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Figure 6-31: Major leakage minor friction mode probability for 

the EHA fault detection and diagnosis experiment 

EHA was 

operated under 

major 

leakage 

minor 

friction 

condition 

 

 

Figure 6-32: Major leakage major friction mode probability for 

the EHA fault detection and diagnosis experiment 

EHA was 

operated under 

major 

leakage 

major 

friction 

condition 
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According to the test results, all the three proposed strategies had consistent FDD 

performances with most of the working conditions except the major leakage 

condition. Based on the major leakage mode probabilities demonstrated in Figure 

6-26, it is interesting to find that the IMM-EKF and the IMM-SVSF (FBL) failed 

to identify the major leakage fault correctly occurring during the 6
th

 and 7
th

 

seconds (highlighted by red dashed line in Figure 6-26). Recall that in section 

5.4.1, the major leakage physical model showed an offset when the input 

amplitude was low and the EHA was operated close to its dead-band region. Since 

the EKF is not robust to modeling uncertainties, IMM-EKF failed to track the 

velocity correctly under major leakage condition close to this non-linearity. 

Although the SVSF is designed to be robust to modeling uncertainties, the SVSF 

(FBL) also failed because of the large fixed boundary layer. On the other hand, 

IMM-SVSF (VBL) showed great robustness to modeling uncertainties and 

correctly detected the major leakage fault consistently.  

In order to compare the overall fault detection performances, the mean value of 

each mode probability was calculated in each test. All of the nine sets of test 

results were combined and placed in a confusion matrix as shown in Table 6-14 to 

Table 6-16. According to these results, all the three strategies correctly identify all 

of the nine working conditions. IMM-EKF has difficulties in identifying the major 

leakage, and the four combined faults (1. the minor leakage combined with minor 

friction, 2. the minor leakage combined with major friction, 3. the major leakage 

combined with minor friction, and 4. the major leakage combined with major 

friction) by having its correct mode probabilities lower than 45%. The 

performances of IMM-SVSF (VBL) and IMM-SVSF (FBL) were better by having 

the correct mode probabilities over 60%. Note that, the mode probability values 

listed in the confusion matrices are mean values of the results in each test. 

Although the IMM-SVSF (FBL) failed to correctly detect major leakage working 

condition during the 6
th

 and 7
th

 seconds in Figure 6-26, its aggregated capability 
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of correctly detecting this condition over the entire 10 seconds was high as listed 

in Table 6-16. 
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Table 6-14: IMM-EKF performance with unfiltered measurement 

IMM-EKF 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 77.45% 7.41% 8.93% 1.80% 0.34% 1.72% 0.34% 1.67% 0.34% 

Minor 
Leakage 

6.83% 54.79% 15.08% 4.79% 1.73% 7.11% 1.91% 5.85% 1.91% 

Major 
Leakage 

3.85% 6.88% 38.50% 3.91% 3.19% 8.99% 5.64% 20.83% 8.21% 

Minor 
Friction 

3.69% 3.79% 2.72% 67.23% 1.29% 10.23% 1.33% 8.38% 1.34% 

Major 
Friction 

2.75% 1.79% 1.64% 3.31% 64.98% 2.61% 11.51% 2.67% 8.73% 

Min. L. 
Min. F. 

4.57% 9.11% 8.54% 7.30% 4.50% 39.62% 6.70% 13.55% 6.10% 

Min. L. 
Maj. F. 

3.27% 4.85% 4.17% 5.71% 8.34% 10.11% 42.20% 8.47% 12.89% 

Maj. L. 
Min. F. 

3.44% 5.43% 14.52% 3.62% 3.72% 8.03% 8.01% 36.91% 16.32% 

Maj. L. 
Maj. F. 

3.10% 4.45% 9.73% 3.16% 3.62% 6.06% 7.99% 18.55% 43.34% 
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Table 6-15: IMM-SVSF (VBL) performance with unfiltered measurement 

IMM-SVSF (VBL) 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 78.18% 11.67% 10.07% 0.03% 0.00% 0.03% 0.00% 0.03% 0.00% 

Minor 
Leakage 

13.88% 69.63% 15.80% 0.24% 0.02% 0.20% 0.02% 0.20% 0.02% 

Major 
Leakage 

12.19% 15.55% 65.85% 1.58% 0.24% 1.78% 0.24% 2.34% 0.24% 

Minor 
Friction 

1.39% 1.38% 1.49% 67.78% 0.08% 17.36% 0.07% 10.39% 0.06% 

Major 
Friction 

1.11% 1.56% 1.73% 2.24% 64.88% 1.64% 10.30% 0.89% 15.64% 

Min. L. 
Min. F. 

1.61% 2.24% 1.96% 8.53% 0.17% 71.65% 0.17% 13.50% 0.17% 

Min. L. 
Maj. F. 

1.16% 1.10% 1.09% 1.35% 5.87% 2.44% 77.49% 2.33% 7.17% 

Maj. L. 
Min. F. 

4.32% 4.71% 8.25% 7.35% 0.83% 10.31% 0.86% 62.48% 0.88% 

Maj. L. 
Maj. F. 

1.98% 1.94% 2.83% 2.61% 4.75% 3.15% 7.71% 9.99% 65.05% 
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Table 6-16: IMM-SVSF (FBL) performance with unfiltered measurement 

IMM-SVSF (FBL) 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 86.41% 5.80% 6.50% 0.39% 0.04% 0.41% 0.04% 0.36% 0.04% 

Minor 
Leakage 

4.78% 76.94% 11.11% 1.61% 0.35% 2.24% 0.37% 2.21% 0.37% 

Major 
Leakage 

2.46% 4.97% 60.76% 2.20% 1.26% 4.39% 1.86% 19.74% 2.36% 

Minor 
Friction 

3.09% 1.58% 1.09% 79.54% 0.23% 7.63% 0.23% 6.38% 0.24% 

Major 
Friction 

2.73% 1.36% 0.64% 2.79% 74.95% 1.24% 8.03% 1.85% 6.42% 

Min. L. 
Min. F. 

2.68% 4.90% 4.07% 5.06% 1.45% 68.23% 1.81% 9.93% 1.88% 

Min. L. 
Maj. F. 

1.47% 2.87% 1.49% 3.03% 7.23% 4.02% 68.03% 4.69% 7.16% 

Maj. L. 
Min. F. 

2.14% 3.85% 7.61% 2.46% 2.02% 5.62% 3.59% 67.02% 5.69% 

Maj. L. 
Maj. F. 

1.76% 2.94% 3.55% 2.27% 2.50% 4.03% 5.08% 17.16% 60.71% 
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6.2.2 Varying Amplitude Test with Filtered Measurement 

Filtered measurements were fed to the three strategies for better fault detection 

performance. The test results are shown in Figure 6-33 to Figure 6-41. Note that 

the mode probabilities of the incorrect modes were small compared to the correct 

mode probabilities, and therefore only the correct mode probabilities are shown. 

According to the results plotted in Figure 6-33, all of the three FDD strategies 

successfully detected normal mode with generally consistent and high (over 80%) 

normal mode probabilities.  

The test for the other eight working conditions were similarly carried out and the 

results are shown in Figure 6-34 to Figure 6-41. All of the three fault detection 

strategies had improved probabilities of correctly detecting the fault conditions 

with filtered measurements. Only the IMM-SVSF (VBL) successfully detected 

the major leakage fault at all operating regions.  

 

Figure 6-33: Normal mode probability for the EHA fault detection 

and diagnosis experiment 

Note: EHA 

was operated 

under normal 

condition 
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Figure 6-34: Minor leakage mode probability for the EHA fault 

detection and diagnosis experiment 

EHA was 

operated under 

minor 

leakage 

condition 

 

 

Figure 6-35: Major leakage mode probability for the EHA fault 

detection and diagnosis experiment 

EHA was 

operated under 

major 

leakage 

condition 
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Figure 6-36: Minor friction mode probability for the EHA fault 

detection and diagnosis experiment 

EHA was 

operated under 

minor 

friction 

condition 

 

 

Figure 6-37: Major friction mode probability for the EHA fault 

detection and diagnosis experiment 

EHA was 

operated under 

major 

friction 

condition 
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Figure 6-38: Minor leakage minor friction mode probability for 

the EHA fault detection and diagnosis experiment 

EHA was 

operated under 

minor 

leakage 

minor 

friction 

condition 

 

 

Figure 6-39: Minor leakage major friction mode probability for 

the EHA fault detection and diagnosis experiment 

EHA was 

operated under 

minor 

leakage 

major 

friction 

condition 
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Figure 6-40: Major leakage minor friction mode probability for 

the EHA fault detection and diagnosis experiment 

EHA was 

operated under 

major 

leakage 

minor 

friction 

condition 

 

 

Figure 6-41: Major leakage major friction mode probability for 

the EHA fault detection and diagnosis experiment 

EHA was 

operated under 

major 

leakage 

major 

friction 

condition 
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Table 6-17: IMM-EKF performance with filtered measurement 

IMM-EKF 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 80.79% 6.60% 4.20% 2.62% 1.70% 2.66% 1.17% 3.47% 2.57% 

Minor 
Leakage 

8.47% 69.40% 7.45% 1.84% 1.38% 5.37% 2.94% 5.38% 3.42% 

Major 
Leakage 

9.47% 17.02% 60.23% 1.10% 0.94% 3.79% 1.47% 12.67% 6.42% 

Minor 
Friction 

0.38% 1.68% 2.97% 74.75% 2.39% 7.33% 3.00% 3.86% 3.13% 

Major 
Friction 

0.05% 0.37% 1.48% 0.24% 72.65% 1.60% 8.03% 2.64% 3.67% 

Min. L. 
Min. F. 

0.38% 2.08% 5.38% 10.34% 1.73% 60.78% 4.34% 8.60% 5.32% 

Min. L. 
Maj. F. 

0.05% 0.38% 2.04% 0.24% 10.28% 1.96% 62.38% 4.38% 8.18% 

Maj. L. 
Min. F. 

0.37% 2.07% 13.86% 8.63% 1.32% 14.42% 4.42% 52.78% 12.59% 

Maj. L. 
Maj. F. 

0.05% 0.39% 2.39% 0.25% 7.61% 2.08% 12.24% 6.22% 54.69% 
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Table 6-18: IMM-SVSF (VBL) performance with filtered measurement 

IMM-SVSF (VBL) 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 83.27% 4.69% 2.87% 1.83% 1.05% 0.46% 0.28% 0.62% 0.43% 

Minor 
Leakage 

6.61% 81.97% 4.95% 0.87% 1.14% 2.39% 1.53% 1.18% 0.66% 

Major 
Leakage 

10.12% 13.34% 91.25% 1.12% 0.87% 1.70% 0.73% 7.71% 2.28% 

Minor 
Friction 

0.00% 0.00% 0.10% 84.87% 2.28% 3.15% 0.29% 1.82% 0.23% 

Major 
Friction 

0.00% 0.00% 0.00% 0.17% 75.11% 0.00% 4.80% 0.01% 0.93% 

Min. L. 
Min. F. 

0.00% 0.00% 0.16% 6.55% 1.98% 85.69% 1.86% 4.13% 0.61% 

Min. L. 
Maj. F. 

0.00% 0.00% 0.00% 0.24% 11.58% 0.00% 82.49% 0.01% 3.92% 

Maj. L. 
Min. F. 

0.00% 0.00% 0.67% 4.17% 1.05% 6.60% 2.47% 84.42% 7.87% 

Maj. L. 
Maj. F. 

0.00% 0.00% 0.00% 0.19% 4.95% 0.00% 5.55% 0.09% 83.07% 



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

138 

 

Table 6-19: IMM-SVSF (FBL) performance with filtered measurement 

IMM-SVSF (FBL) 
(Mode probability) 

Operating condition 

Normal 
Minor 
Leakage 

Major 
Leakage 

Minor 
Friction 

Major 
Friction 

Min. L. 
Min. F. 

Min. L. 
Maj. F. 

Maj. L. 
Min. F. 

Maj. L. 
Maj. F. 

M
o

d
el

 c
o

n
d

it
io

n
 

Normal 91.09% 2.07% 0.85% 1.97% 1.78% 0.24% 0.14% 0.55% 0.45% 

Minor 
Leakage 

3.65% 89.02% 1.92% 1.38% 0.97% 1.98% 1.39% 0.96% 0.93% 

Major 
Leakage 

3.70% 8.05% 85.66% 0.85% 1.15% 1.88% 0.82% 6.61% 4.00% 

Minor 
Friction 

0.20% 0.25% 0.35% 90.54% 2.29% 1.63% 0.43% 0.87% 0.56% 

Major 
Friction 

0.25% 0.05% 0.10% 0.13% 82.72% 0.01% 5.44% 0.08% 1.00% 

Min. L. 
Min. F. 

0.11% 0.09% 0.35% 2.29% 1.66% 89.62% 2.14% 2.93% 0.83% 

Min. L. 
Maj. F. 

0.62% 0.26% 0.02% 0.09% 5.22% 0.01% 82.77% 0.16% 2.16% 

Maj. L. 
Min. F. 

0.16% 0.12% 10.57% 2.72% 0.99% 4.61% 2.27% 87.19% 10.54% 

Maj. L. 
Maj. F. 

0.23% 0.09% 0.17% 0.02% 3.21% 0.01% 4.61% 0.65% 79.53% 
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The overall performances of the three strategies are shown by confusion matrices 

in Table 6-17 to Table 6-19. Compared to their implementations with unfiltered 

measurements, all the three strategies had better performances. The IMM-EKF 

had a poor FDD performance with the presence of major leakage and had 

generally a lower probability of correctly detecting the fault conditions (around or 

below 60%). Although both the IMM-SVSF strategies had comparable overall 

fault detection performances, the IMM-SVSF (VBL) was the only strategy that 

was consistently excellent for all nine working condition in all operation regions. 

Note that, although the IMM-SVSF (FBL) failed to detect major leakage during 

the 6
th

 and 7
th

 seconds in Figure 6-35 (corresponding to an operating region close 

to the actuator dead-zone), the aggregated probability of correctly detecting the 

major leakage condition was still high as provided in Table 6-19. 

The IMM-EKF and the IMM-SVSF (FBL) identified most of the working 

conditions consistently and correctly, except for the major leakage. When the 

major leakage fault was present with a low input amplitude, both of these two 

strategies failed (during 6
th

 and 7
th

 seconds in Figure 6-35). The incorrect 

detection is believed to be caused by the uncertainties in the model due to dead-

zone associated with the major leakage. On the other hand, the IMM-SVSF (VBL) 

successfully detected all conditions with consistently high correct mode 

probabilities at all operating regions. It showed excellent robustness to changes in 

operating conditions and modeling uncertainties.   



Master Thesis – Yu Song; McMaster University – Mechanical Engineering 

140 

 

6.3 Fault Detection and Diagnosis with Growing Leakage 

In sections 6.1 and 6.2, the three fault detection strategies were tested with inputs 

having both fixed and varying amplitudes. The prototype was operating under 

nine predefined conditions. However, it is not practical to assume that the EHA 

would always run under these conditions. In fact, faults can result in changing 

conditions and grow in time. With this concern, a growing leakage fault was 

investigated in this section. 

As described in Chapter 3, leakage was simulated by letting a certain amount of 

fluid to bypass the cylinder. The bypass flow rate was controlled by a throttling 

valve. The throttling valve opening was proportional to its control input. It was 

fully closed with a 10V input and fully open with a 0V input. In Chapter 3, the 

EHA was defined to be running under normal, minor leakage and major leakage 

conditions with throttling valve inputs of 10V, 2V, and 1.75V respectively. 

Another 10 throttling voltage inputs were chosen to simulate 10 extra levels of 

leakage dispersed evenly between 1.65V to 10V. With the motor angular velocity 

constant at               , each leakage condition was measured as: 

         ̇     ̇ (6-9) 

where  ̇   is the actuator velocity of the EHA running under normal condition.  

The leakage percentages were calculated as: 

       
     
  ̇  

   
 ̇

 ̇  
 (6-10) 

Table 6-20 lists the 13 leakage conditions with their corresponding velocities and 

percentage of leakage. The time interval for each leakage condition is listed in 

Table 6-20. 
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Table 6-20: Leakage conditions 

Leakage voltage 
input     

Velocity mean 
     ⁄   

Leakage 
percentage 

Time segment 
(sec) 

 

10 0.0372 0.00% 0-2 Normal 

2.2 0.0321 13.71% 2-4  

2.15 0.0303 18.55% 4-6  

2.1 0.0288 22.58% 6-8  

2.05 0.0266 28.49% 8-10  

2 0.0245 34.14% 10-12 Minor Leakage 

1.95 0.0229 38.44% 12-14  

1.9 0.0207 44.35% 14-16  

1.85 0.0189 49.19% 16-18  

1.8 0.0169 54.57% 18-20  

1.75 0.0152 59.14% 20-22 Major Leakage 

1.7 0.0135 63.71% 22-24  

1.65 0.0109 70.70% 24-26  

 

Sequential steps with amplitude of                  as shown in Figure 6-42 

were used as test input.  

 

Figure 6-42: Gradual leakage test input 
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As shown in Figure 6-42, there were 13 cycles in total, each corresponding to one 

leakage condition in Table 6-20. In each cycle, the EHA was operated with its 

input as                for a second followed by an input as                 

for another second. Filtered measurements shown in Figure 6-43 were used for all 

three strategies. 

 

Figure 6-43: Measurement of EHA working with growing leakage 

Figure 6-44 demonstrates mode probabilities resulting from the IMM-EKF. For 

better clarity, mean values of mode probabilities at each cycle were calculated. 

Since modes other than normal, minor leakage, and major leakage had 

probabilities close to zero, only probabilities of these three modes are shown.   
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Figure 6-44: IMM-EKF mode probability with growing leakage 

 

Figure 6-45: IMM-EKF mode probability mean with growing leakage 
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Figure 6-45 shows the mean value of the IMM-EKF aggregated mode 

probabilities at each leakage level. At the beginning, the system was operated 

normally, and the normal mode had the highest probability (blue). As the leakage 

was increased from 0% (Normal) to 34% (Min L), the normal mode probability 

decreased, and the probability of minor leakage mode (green) increased. The 

minor leakage mode had its peak probability at 34% leakage. When the leakage 

grew from 34% (Min L) to 70%, the minor leakage mode probability decreased 

and the major leakage mode probability moved up. The major leakage mode had 

its peak probability when the leakage grew to 59%. The probabilities changed 

from normal, to minor leakage, and then to major leakage correctly reflecting the 

growing leakage dynamic.  

The IMM-SVSF (VBL) was implemented with the same filtered measurements 

and its results are plotted in Figure 6-45 andFigure 6-46. 

 

Figure 6-46: IMM-SVSF (VBL) mode probability with growing leakage 
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Figure 6-47: IMM-SVSF (VBL) mode probability mean with growing leakage 

The IMM-SVSF (VBL) had a similar performance as IMM-EKF. The normal, 

minor leakage and major leakage modes had their peak probability values when 

the prototype was operated at corresponding conditions. Their probabilities 

changed gradually and correctly according to the change in the operating 

conditions. 

IMM-SVSF (FBL) was implemented with the same filtered measurements and its 

results are plotted in Figure 6-48 and Figure 6-49. 

Although the mode probability mean of IMM-SVSF (FBL) correctly reflected the 

growing leakage dynamic as in the previous two strategies in Figure 6-49, the 

FBL strategy mode probabilities contained significant amount of chattering when 

the EHA was not operated at pre-defined working conditions (Normal, Min L, and 

Maj L).  
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Figure 6-48: IMM-SVSF (FBL) mode probability with growing leakage 

 

Figure 6-49: IMM-SVSF (FBL) mode probability mean with growing leakage 
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In this section, the EHA was operated with a growing leakage fault. All the three 

FDD strategies were tested with unmolded leakage conditions. Based on their 

mode probabilities, both the IMM-EKF and the IMM-SVSF (VBL) provided 

mode probabilities distributions that reflected the growing leakage fault. With the 

mode probability changing history, they were able to predict the growing leakage 

trend. Although the mode probability mean of IMM-SVSF (FBL) also captured 

the growing leakage, its result contained significant chattering when the prototype 

was not operated under modeled conditions. 

 

6.4 Conclusion 

Three fault detection and diagnosis (FDD) strategies, the IMM-EKF, IMM-SVSF 

(VBL) and IMM-SVSF (FBL) were implemented under three sets of tests on the 

EHA, and their performances were compared.  

In test 1, sequential steps with fixed amplitude were used as input to the EHA 

prototype. The fault detection strategies were implemented with both unfiltered 

and filtered measurements. Their FDD and estimation performances were 

evaluated by using mode probabilities and estimation RMSE. All three strategies 

correctly detected all of the nine working conditions. The IMM-SVSF (FBL) 

provided the best FDD performance by having the highest correct mode 

probabilities. However, with a comparable detection performance, the IMM-

SVSF (VBL) provided the best estimation performance amongst the three. 

In test 2, sequential steps with varying amplitudes were used for testing the three 

strategies at different operation points. Both IMM-EKF and IMM-SVSF (FBL) 

identified most of the working conditions consistently and correctly with the 

exception of the major leakage fault. When the major leakage fault was present 

with low amplitude input both of these strategies failed to detect it. The miss-
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diagnosis is believed to have been caused by the modeling uncertainties of dead-

zone non-linearity due to the major leakage. On the other hand, the IMM-SVSF 

(VBL) successfully detected and diagnosed all nine conditions consistently and 

correctly with high mode probabilities for all operations. It showed excellent 

robustness to changing conditions and modeling uncertainties. 

In test 3, the EHA was operated with growing leakage. All the three fault 

detection strategies were tested with unmolded leakage conditions. Based on their 

mode probabilities, both the IMM-EKF and the IMM-SVSF (VBL) had mode 

probability distributions that reflected a growing leakage dynamic. Although the 

aggregated mode probability distribution of the IMM-SVSF (FBL) also captured 

the growing leakage, it contained significant chattering in the unmolded range of 

the EHA operation. 

Based on the test results, the IMM-SVSF (VBL) provided the best overall 

performance. It detected and diagnosed faults correctly with high mode 

probabilities with excellent robustness to modeling uncertainties. In addition, it 

was also able to detect slow growing leakage.  
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7 Conclusion and Future recommendation 

7.1 Summary of research 

The research objectives were the development of a fault detection and diagnosis 

(FDD) system and its application on an experimental Electro-hydrostatic actuation 

(EHA) system. After an investigation of fault detection strategies in Chapter 2, an 

estimation strategy based on the Interacting Multiple Model approach was chosen. 

The reason was that state estimation combined with IMM can be applied in real-

time for online fault detection as well as diagnosis. The approach was applied on 

the EHA, but it is believed to be applicable to other systems. 

The EHA prototype and its mechanism was studied and introduced in Chapter 4. 

Two common faults, internal leakage and friction, were simulated with throttling 

valves and auxiliary circuits. The internal leakage and friction effects were 

physically simulated and tested experimentally. Nine working conditions were 

defined and tested. 

In Chapter 5, two types of models were obtained based on prior knowledge of the 

EHA. The first type was a physical model derived mathematically. Parameters in 

physical models have physical meanings and provide a mechanism for 

understanding the dynamic effects in the system. For comparison purposes, 

parametric models were also obtained through system identification. Parametric 

models can be very accurate and easy to obtain; however, the parameters cannot 

be explicitly linked to physical effects. Each type considered nine different 

operating conditions. After performing model validation, it was found that both 

physical and parametric models were accurate. However, the EHA was found to 

have numerous piece-wise linear regions according to the input amplitudes and 

therefore required a very large number of models for completely describing the 

system dynamic under the fault and operating condition considered in this 

research. Parametric models are not suitable for FDD due to the large number of 
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models needed and the resulting computation complexity. Furthermore, the 

physical model was able to provide an extra mechanism for understanding system 

dynamics. The physical model was chosen for EHA FDD. 

Three fault detection and diagnosis strategies were proposed using model based 

filter, namely the IMM-EKF, the IMM-SVSF (VBL) and the IMM-SVSF (FBL). 

All of these three strategies were implemented on the EHA and their 

performances were compared using the three tests previously mentioned.  

In test 1, step inputs with fixed amplitude were used. The FDD strategies were 

implemented with both unfiltered and filtered measurements. Their FDD and 

estimation performances were evaluated using mode probabilities and estimation 

RMSE. All three strategies correctly detected the system change and diagnosed all 

the nine working conditions. The IMM-SVSF (FBL) provided the best FDD 

performance by having the highest correct mode probabilities. The IMM-SVSF 

(VBL) closely followed, but provided the best estimation performance amongst 

the three. 

In test 2, step inputs with varying amplitudes were used to test the three strategies 

at different operating regions. Both the IMM-EKF and the IMM-SVSF (FBL) 

correctly identified most of the fault conditions, except for the major leakage fault. 

The IMM-SVSF (VBL) was the only method successfully diagnosed all nine 

conditions with consistently high mode probabilities at all operation regions. It 

showed excellent robustness to changes in operation conditions and modeling 

uncertainties. 

In test 3, the EHA was operated with growing leakage. All the three FDD 

strategies were tested with unmodeled leakage. Based on their mode probabilities 

both the IMM-EKF and the IMM-SVSF (VBL) successfully detected the growing 

leakage. Although the IMM-SVSF (FBL) also captured the growing leakage, it 

contained significant chattering. 
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Based on the tests results, the IMM-SVSF (VBL) is proved to be the best strategy 

amongst the three tested. It detected system changes and diagnosed faults 

correctly with high mode probabilities and was robust to modeling uncertainties. 

It also successfully tracked and detected a gradually increasing leakage fault. 

7.2 Future recommendation 

This thesis presented the development of a fault detection and diagnosis (FDD) 

system for Electro-hydrostatic actuation (EHA) systems. With the FDD, a 

significant amount of research remains. 

The first recommendation involves a consideration of changing external load. In 

this research, the EHA was operated with constant external load. When the EHA 

is applied for flight surface control, a varying external load is seen due to 

changing drag and lift. A consideration of external load is important because it 

affects the differential pressure in the actuator. 

The second recommendation involves the fault detection and diagnosis with a 

changing effective bulk modulus. The effective bulk modulus is a measure of the 

fluid compressibility and its value changes with the volume of trapped air. Since 

the volume of trapped air is unpredictable, the change in the effective bulk 

modulus becomes extremely difficult to measure experimentally. In this research, 

the Extend Kalman Filter (EKF) was used with the physical model to estimate the 

effective bulk modulus in Section 5.2.3. The effective bulk modulus estimation 

can be extended to include fault conditions and combined with the developed 

FDD system. 

The third recommendation involves the application of the FDD for developing 

fault tolerant control strategies. In this research nine different working conditions 

were successfully detected and diagnosed. The results of this thesis provide a 

strong starting point for fault tolerant control of the EHA.  The control of the 
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EHA with leakage and friction faults can become an excellent extension of this 

research. 
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