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ABSTRACT:

The joint censoring scheme is of practical significance while conducting compara-
tive life-tests of products from different units within the same facility. In this thesis,
we derive the exact distributions of the maximum likelihood estimators (MLEs) of
the unknown parameters when joint censoring of some form is present among the
multiple samples, and then discuss the construction of exact confidence intervals for
the parameters.

We develop inferential methods based on four different joint censoring schemes.
The first one is when a jointly Type-II censored sample arising from %k independent
exponential populations is available. The second one is when a jointly progressively
Type-II censored sample is available, while the last two cases correspond to jointly
Type-I hybrid censored and jointly Type-II hybrid censored samples. For each one of
these cases, we derive the conditional MLEs of the k exponential mean parameters,
and derive their conditional moment generating functions and exact densities, using
which we then develop exact confidence intervals for the k population parameters.
Furthermore, approximate confidence intervals based on the asymptotic normality
of the MLEs, parametric bootstrap intervals, and credible confidence regions from a
Bayesian viewpoint are all discussed. An empirical evaluation of all these methods
of confidence intervals is also made in terms of coverage probabilities and average
widths. Finally, we present examples in order to illustrate all the methods of inference

developed here for different joint censoring scenarios.
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Chapter 1

Introduction

1.1 Order Statistics

In general, the failure times we observe from a life-testing experiment arise in a
naturally increasing order, and so we can use the theory of order statistics to analyze
these lifetime data. Extensive literature exists with regard to theory, methods and
applications of order statistics. Interested readers may refer to the books by Arnold
et al. (1992), Balakrishnan and Rao (1998a, b) and David and Nagaraja (2003) for
exhaustive reviews on all these developments.

Let X1, X5, -+, X, be a random sample of size n from a continuous population
with cumulative distribution function (cdf) F'(x) and probability density function
(pdf) f(x). The smallest of the X;’s is denoted by Xj.,, the second smallest is

denoted by Xs.,, and so on, and the largest is denoted by X,,.,. The order statistics
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so obtained are X, < Xs, < --- < X,,.,. To derive the density function of Xj.,,
fori =1,2,--- ,n, we consider the event {z < X;,, < x + d,}, which is the same as
X, <xfori—1of X,’s, 2 < X, <x+9, for exactly one of X,’s, and X, > x + ¢,
for the remaining n — ¢ many of X,’s, except for terms of order O(62). Evidently, we

have ( many such possible events. Thus, we have

n!
i—1)(n—i)!

n! 1] _ (g n—i( Py ~ P 2
— T @ Pl G (P 6) = Fla) + (8

where O(62) corresponding to all events with at least two X,’s in the interval (z,z +

dz). The pdf of X, is then obtained as

Finlz) = alziino Pz < ngxf T+ 0y)
n! 1 P oo < 1 < 00
G 1)!(n—i)!f($)[F(x)] [1— F(x)]"™, <z < 0.

Similarly, the joint pdf of X;,, and X}, can be obtained as

f'i,j:n(x’h wj)

- T @@ P - P = Pl

—00 < x; < x5 <O0.
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The joint pdf of Xy.,, -+, X,., can be obtained directly as

n
i Ty, xn) = n'Hf(xz), —00 <1 < - < @y < 00,
=1

The diverse applications of order statistics include robust estimation, detection of
outliers, inference based on censored sample, survival analysis, and reliability theory.
Of course, as mentioned earlier, order statistics play a very important role in the

analysis of data obtained from life-testing experiments.

1.2 Common Censoring Schemes

Censoring is often encountered in reliability and life-testing experiments, since the
experimenter may have to terminate the test before all items have failed due to time
limit or economic reason. The two most common forms are Type-I and Type-II
censoring schemes. In Type-I censoring scheme, the experimental time is fixed, but
the number of observed failures is a random variable. In Type-II censoring scheme, the

number of observed failures is fixed, but the experimental time is a random variable.

1.2.1 Type-I Censoring

Consider a life-testing experiment in which n units are placed on test. The ordered
lifetimes of these units are denoted by Xi.,,, Xo.,, - -+, Xyun, respectively. The lifetimes

of the sample units are assumed to be independent and identically distributed (i.i.d.)
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random variables with cdf F'(x) and pdf f(z).
Let T be a pre-fixed time. In Type-I censoring scheme, the experimenter will
choose to terminate the experiment at the time point 7. Let D be the random

variable such that Xp., < T < X(py1),. Then, in this case, we have the likelihood

function as

D

Lo, op) = ¢ ! I @ — Feryy=>,

n— D) 15

1< To<---<zxp<T.

1.2.2 Type-II Censoring

Let r be a pre-fixed positive integer. In Type-II censoring scheme, the experimenter
will choose to terminate the experiment when r failures have been observed. Thus,

the experimental time here is X,.,. In this case, we have

LBjor,e-+ ) = o T] £ (1= Pl

T < To < -+ < Typ.

1.2.3 Progressive Type-II Censoring

Progressive censoring has been discussed quite extensively recently in the literature.
Suppose (Ry, Ra, -+, R,) is the pre-fixed progressive censoring scheme. Then, under

the progressive Type-II censoring scheme, at the time of the first failure, R; of the
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n — 1 surviving units are withdrawn randomly from the life-test, at the time of the
second failure, Ry of the n — Ry — 2 surviving units are withdrawn randomly from
the life-test, and so on, until the r-th failure is observed, at which time, all remaining

surviving units are withdrawn from the life-test. In this case, we have

L@z, - z,) = H(n —j+1- Z R;) Hf(xi)(l — F(z))™,

T < Tog < -+ < Tp.

As we can see, if Ri = Ry =--- = R,_1 = 0, then R, = n — r which corresponds
to the conventional Type-II censoring scheme. Of course, if r = n with R; = Ry =

---= R, =0, then we will have the complete sample situation.

1.2.4 Type-I and Type-II Hybrid Censoring

In Type-I hybrid censoring scheme, the experimenter will choose to terminate the
experiment at the time point 7% = min{X,.,,, T}. Thus, the test is terminated when
a pre-fixed number, » < n, out of n items has been observed, or when a pre-fixed
time 7', has been reached. In this censoring, the experimental time is no more than
T, but the number of observed failures is a random variable.

In Type-II hybrid censoring scheme, the experimenter will choose to terminate
the experiment at the time point 7** = max{X,.,,T}. Thus, if the r-th failure is

observed before time T, the test will be terminated at time T7; if the r-th failure is
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observed after time T, the test will be terminated at time X,.,. In this censoring,
the number of observed failures is at least r, but the experimental time is a random

variable.

1.3 Joint Censoring and Background

The joint censoring scheme is of practical significance in conducting comparative life-
tests of products from different lines within the same facility. Suppose products are
being manufactured by £ different lines within the same facility, and that &k inde-
pendent samples of sizes ny,, 1 < h < k, are selected from these k lines and placed
simultaneously on a life-testing experiment. In order to reduce the cost of the exper-
iment as well as the experimental time, the experimenter may choose to terminate
the experiment after a certain number (say, r) of failures has been observed altogeth-
er. In this situation, one may be interested in either point or interval estimation of
the mean lifetimes of units produced by these k£ lines. In this thesis, we derive the
maximum likelihood estimates of the scale parameters of k£ exponential populations
under this set-up, and then develop exact conditional inferential methods based on
these maximum likelihood estimates.

The joint censoring scheme has been considered before in the literature. For ex-
ample, Epstein (1954) introduced the Type-I hybrid censoring scheme (Type-I HCS)
in which the life-testing experiment is terminated as soon as a pre-specified number r

out of n items has failed or a pre-fixed time T on test has been reached. The Type-I
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HCS has been used as a reliability acceptance test in MIL-STD-781 C (1977). While
Basu (1968) discussed a generalized Savage statistic, Johnson and Mehrotra (1972)
studied a locally most powerful rank test under joint censoring. The problem of test-
ing for the equality of two distributions, under the assumption of exponentiality, was
discussed by Bhattacharyya and Mehrotra (1981). All these developments under the
joint censoring scheme have focused on nonparametric and parametric tests of hy-
potheses; see Bhattacharyya (1995, Chapter 7 of Balakrishnan and Basu (1995)) for
details. For the exact inference based on the MLEs, Chen and Bhattacharyya (1988)
derived the exact distribution of the maximum likelihood estimator of the mean of
an exponential distribution and an exact lower confidence bound for the mean based
on a Type-I hybrid censored sample. Childs et al. (2003) obtained an alternative
simpler form for the result of Chen and Bhattacharyya and also developed similar
results for the case of Type-II hybrid censoring.

To study two or more competing products in regard to the duration of their service
life, comparative lifetime experiments are quite useful. In this regard, Balakrishnan
and Rasouli (2008) discussed exact inference for two exponential populations when
Type-II censoring is implemented on the two samples in a joint manner. Balakrishnan
and Rasouli (2010) subsequently extended their work to the case of two exponential
populations when joint progressive Type-II censoring is implemented on the two sam-
ples in a combined manner. Recently, Shafay et al. (2012) developed exact inference

for two exponential populations under joint Type-II hybrid censoring on the two
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samples. By assuming two Weibull populations, Parsi et al. (2012) discussed con-
ditional maximum likelihood estimation and associated confidence intervals for the

model parameters.

1.3.1 Joint Type-II Censoring

Let us suppose that (Xi,---,Xy) are N jointly distributed random variables, with
(X1, XN = (X0, X Xons - Koy -+ 5 Xty o, Xing }, with N = 3% ..
Suppose X11, X192, -+, X1, are the lifetimes of n; specimens from production line A,
and are independent and identically distributed (iid) variables from a population with
cdf Fi(z) and pdf fi(x). Similarly, Xo1, Xog, -+, Xo,, are the lifetimes of ny speci-
mens from production line Ay, and are assumed to be a sample from pdf fo(z) and
cdf Fy(x), and so on, with X1, Xyo, -+ , Xgn, denoting the lifetimes of ny specimens
from production line Ay, being iid variables from pdf fi(z) and cdf Fy(x). Denote the
order statistics of these k random samples by W; < Wy < - < Wy, where N is the
total sample size.

Let r denote a pre-fixed total number of failures to be observed. Then, un-
der the joint Type-II censoring scheme for the k-samples, the observable data con-
sist of (8, w), where w = (wy,ws, -+ ,w,), w; € {Xp1, Xn2, s Xpyn, p for 1 <

hi,ha,--- ,h, < k, h; indicating the production line where w; is from. Moreover,
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associated to (hy, ha, -+, h.), let us define § = (81(h), d2(h),---,0,(h)) as

5;(h) = (1.3.1)

0, otherwise.

Under such a joint Type-II censoring scheme, to derive the joint probability density
function (pdf) of Wy, Wy, - -+, W,., we consider the event Q = {w; < W; < w;+e,,,1 <
i <r}forw <ws < -+ <w,, and W; > w,+¢,, for the remaining N —r of the W;’s.
Let M,(h) be the number of units selected from the h-th sample {Xp1, -, Xpn, }
for 1 < h < k. Evidently, we have H',CL:1 W’i(h)), many such possible events.

Consequently, we have

r k

h=1
N k
< [1 H[l—Fh(wr—l—é‘wT ilh +ZO
i=r+1h=1 =1

The joint pdf of Wy, Ws, .- | W, is then obtained as

r k k

flwnws,-w) = e [T T )™ T] (a2,

i=1 h=1 h=1

— 0 < W <Wy < -0 < W, <00,

1 _ M
where Sy, (w,) = 1 — F(w,) and ¢, = T1f 1 (nn—Me(R))!
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1.3.2 Joint Progressive Type-II Censoring

The joint progressive Type-II censoring is implemented as follows. At the time of the
first failure Wy € X, for some 1 < h; < k, R; units are randomly withdrawn from
the remaining N —1 surviving units. Next, at the time of the second failure W5 € X},
for some 1 < hy < k, Ry units are randomly withdrawn from the remaining N — Ry —2
surviving units, and so on. Finally, at the time of the r-th failure W, € X}, for some
1 < h, <k, all remaining R, = N —r — Z:;ll R; surviving units are withdrawn
from the life-testing experiment. One may refer to the book by Balakrishnan and
Aggarwala (2000) and the discussion paper by Balakrishnan (2007) for elaborate
details on progressive Type-II censoring and associated inferential results. Here, the
joint progressive Type-II censoring scheme R = (Ry, Ry, -+ , R,) is pre-fixed and has
the decomposition R; = Z’szl si(h), 1 <4 < r, where s;(h) is the number of units
withdrawn at the time of the i-th failure belonging to the h-th sample, and these
are unknown and are latent random variables. The data observed in this form will
consist of (8, R, w), where § = (91,02, ,0,) and w = (wy, wa, -+ ,w;).

Under such a joint progressive Type-II censoring scheme, to derive the joint pdf of
Wi, Wy, -+, W, we consider the event Q = {w; < W; < w;+e,,,1 <i <r} forw, <
wy < -+ < w,, and for each i (1 <i <7r), R; of the N —i — Z;;ll R; surviving units
are withdrawn randomly from the life-test, in which s;(h) of n, — M;(h) — Z;;ll s;(h)
many units are from h-th sample for 1 < h < k. Where M;_1(h) is the number of

units among Wy, Wa, -+, W,_y, selected from the h-th sample {Xp1, -+, Xpy, } for
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1 < h < k. Let Sg be the set of all such possible s. Evidently, for each specified s,
we have D; many possible choice for the observed data and the probability of s € Sg

is Dy, where

D, = H > <nh — M;_1(h) — isj) (5i(h)] :
( o = Mi(R) = 5 s(h)
Hh:l
r—1 Sj h
D, -1l (h)
=l N—i-3 "\ R,
R;

Consequently, we have

T

flwiwa, - we) = e [T (nlwi))™ @ TTTT (Sn(wi))™ ™,

i=1 h=1 i=1 h=1

—00 < W <Wgy < - < wyp <00
where S, (w,) =1 — Fy(w,) and ¢, = Dy Ds.

1.3.3 Joint Type-I and Type-II Hybrid Censoring

Under the joint Type-I and Type-II hybrid censoring schemes for the k-samples, the
observable data consist of (§,w), where d is the vector of indicators and w is the
vector of ordered lifetimes, and these will be defined subsequently. Like conventional

Type-I censoring scheme, the main disadvantage of Type-I hybrid censoring scheme is
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that most of the inferential results are obtained under the condition that the number
of observed failures is at least one, and moreover, there may be very few failures at the
termination point of the experiment. In that case, the efficiency of the estimator(s)
may be low. For this reason, Childs et al. (2003) introduced the Type-II hybrid
censoring scheme as an alternative to the Type-I hybrid censoring scheme. It has the
advantage of guaranteeing that at least r failures will be observed at the end of the
experiment. Of course, the disadvantage of this scheme is that the duration of the
test is random.

Let D denote the number of failures up to time 7. Then, D is a discrete random

variable with support {0,1,2,---, N} with probability mass function

P(D=d) = ™ l1, n1—l1 2 lo no—l2 Tt L ng—lg
(D= )—Z b1y P2 43 P q

where the summation is over (I1,1ls,- - , 1)) for which Zle l; =dfor1<1l; <n; and
p; = F;(T),q;, =1 —F;(T) (1 < j < k). Therefore, under the joint Type-I hybrid
censoring scheme described above, the observable data (§, w) is of the following form:

(517527"' 75D;w17w27"' 7wD>7 WlthD:Oala 77n_17
(J’W):

(51752a"' 75T;w17w27"' 7w7’>7 WithD:T,T+1,"’ 7N‘

Under the joint Type-II hybrid censoring scheme described above, the observable data
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(6, w) is of the following form:

(01,02, ,0p; w1, Wa, -+ ,W,), with D =0,1,--- ,r —1;
(67W):

(517527"' 75D;w17w27'” 7wD)7 with D = T 17 7N7
where 0 is as defined in (1.3.1).
Now, the joint pdf of Wi, W5, -+ | W, under joint Type-I hybrid censoring is ob-

tained as

cp [T Ty (fu(w) ™ TTr_, (Su(@)™ M2 ™ | T < w,,

e T Ty (fa(w )™ ™ Ty (Su(w,))™ M T >,

w < wg < - < Wy,

f(wbw?v"' 7wr) =

and the joint pdf of Wy, Wy, --- W, under joint Type-II hybrid censoring is obtained

as
e Ty Ty (f(w)) ™ Ty (Su(w))™ =" T < w,,
f(wtha"' 7w7") ==
ep T2, TTh—y (fu(wi) @ T, (Su(T))™ M2 ™) T > 4,
wy < wy < - < Wy,
where Sy(w,) = 1 — Fy(w,), Si(T) = 1 — Fy(T), ¢ = — =™ qpq ¢ =

Hﬁ:l(nh_Mr(h))!

H::l np!
15—y (nn—Mp ()t
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1.4 Scope of the Thesis

The main aim of this thesis is to consider k£ exponential distributions for the sam-
ples from k production lines, and to derive the exact distribution of the maximum
likelihood estimators (MLEs) of the unknown parameters and to construct exact con-
fidence intervals under various forms of joint censoring on the k£ samples.

In Chapter 2, when a jointly Type-II censored sample arising from £ indepen-
dent exponential populations is available, we derive the conditional MLEs of the &
exponential mean parameters. The conditional moment generating functions and the
exact densities of these MLEs are also obtained. By using these exact densities of
the MLEs, we develop exact confidence intervals for the parameters. Moreover, ap-
proximate confidence intervals based on the asymptotic normality of the MLEs and
credible confidence regions from a Bayesian viewpoint are also discussed. An empir-
ical comparison of the exact, approximate, bootstrap and Bayesian intervals is also
made in terms of coverage probabilities. Finally, an example is presented in order to
illustrate all the methods of inference developed.

In Chapter 3, based on a joint progressively Type-II censored sample arising from
k independent exponential populations, we discuss the conditional MLEs of the k ex-
ponential mean parameters and derive their conditional moment generating functions
and exact densities. By using these exact densities of the MLEs, we develop exact
confidence intervals for the exponential mean parameters. Furthermore, approximate

confidence intervals based on the asymptotic normality of the MLEs and credible
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confidence regions from a Bayesian viewpoint are discussed. An empirical evaluation
of the exact, approximate, bootstrap and Bayesian intervals is also made in terms of
coverage probabilities and average widths. Finally, an example is presented in order
to illustrate all the methods of inference developed.

In Chapter 4, inferential methods based on joint Type-II hybrid censoring scheme
(HCS) are discussed. Based on a joint Type-II HCS arising from k independent
exponential populations, we obtain the conditional MLEs of the k exponential mean
parameters. We also derive their conditional moment generating functions and exact
densities. Using these exact density functions, we then derive the means, variances
and mean squared errors of these estimates, and also exact confidence intervals for
the parameters. Moreover, approximate confidence intervals based on the asymptotic
normality of the MLEs and credible confidence intervals from a Bayesian viewpoint
are discussed. Finally, some simulation results are presented in order to illustrate all
the methods of inference developed.

In Chapter 5, analogous results are developed for the joint Type-I HCS. We de-
velop the exact results and also present some numerical results and an example to
illustrate the established results.

Finally, in Chapter 6, we make some concluding remarks and also indicate some

directions for possible future research.



Chapter 2

Inference Under Joint Type-11

Censoring

2.1 Introduction

The joint censoring scheme is of practical significance in conducting comparative life-
tests of products from different units within the same facility. Suppose products
are being manufactured by k different lines within the same facility, and that k
independent samples of sizes nj,, 1 < h < k, are selected from these k lines and
placed simultaneously on a life-testing experiment. Then, in order to reduce the cost
of experiment and also to reduce the experimental time, the experimenter may choose
to terminate the life-testing experiment as soon as a certain number (say, r) of failures

occur. In this situation, one may be interested in either point or interval estimation

16
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of the mean lifetimes of units produced by these k lines. Here, exact results based on
the maximum likelihood estimates are developed to facilitate this.

This joint censoring scheme has been considered before in the literature. Basu
(1968) discussed a generalized Savage statistic. Johnson and Mehrotra (1972) stud-
ied locally most powerful rank test under joint censoring. The problem of testing
for the equality of two distributions, under the assumption of exponentiality, was
discussed by Bhattacharyya and Mehrotra (1981). All these developments under this
joint censoring scheme have focused on nonparametric and parametric tests of hy-
potheses; see Bhattacharyya (1995, Chapter 7 of Balakrishnan and Basu (1995)). For
the exact inference based on the MLEs, Chen and Bhattacharyya (1988) derived the
exact distribution of the maximum likelihood estimator of the mean of an exponen-
tial distribution and an exact lower confidence bound for the mean based on a hybrid
censored sample. Childs et al. (2003) obtained an alternative simple form which is
equivalent to the results of Chen and Bhattacharyya. To study two or more com-
peting products in regard to the duration of their service life, comparative lifetime
experiments are of great importance. In this regard, Balakrishnan and Rasouli (2008)
discussed exact inference for two exponential populations when Type-II censoring is
implemented on the two samples in a joint manner. Here, we generalize their work
by considering the k-sample problem. Suppose the test units from £ lines under s-
tudy are placed on a life-test simultaneously, that the successive failure times and the

corresponding types (lines from which the failed units come from) are recorded, and
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that the experiment is terminated as soon as a specified total number of failures (say,
r) occurred.

Suppose Xi1, Xi9, -+, X1, are the lifetimes of n; specimens from line A;, and
assumed to be independent and identically distributed (iid) variables from a pop-
ulation with cumulative distribution function (cdf) Fj(z) and probability density
function (pdf) fi(z). Similarly, Xo;, Xoo,- -, Xo,, are the lifetimes of ny specimens
from line As and assumed to be a sample from pdf fo(x) and cdf Fy(x), and so on,
with Xj1, Xgo, - -+, Xin, denoting the lifetimes of n;, specimens from line A being iid
variables from pdf fi(z) and cdf Fy(x).

Furthermore, let N = Zle n; denote the total sample size and r denote the total
number of failures observed. Let w; < we < --+- < wy denote the order statistics of
the N random variables {X;;;1 <i <k,1 <j <mn;}.

Therefore, under the joint Type-II censoring scheme for the k-samples, the observ-
able data consist of (§, w), where w = (wy, we, -+ ,w,), w; € {Xpn.1, Xn,2, s Xnym, }
for 1 < hy, ho,--- ,h, < k, with r being a pre-fixed integer. Finally, associated to
(hi,ha, -+, h.), let us define § = (81(h), 62(h), - ,0,(h)) as

1, if h = h;
5;(h) = (2.1.1)

0, otherwise.
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2.2 MLEs, Exact Distributions and Inference

Let M, (h) =37, 0;(h) denote the number of X, —failures in W for 1 < h < k and

=1

r=YF_ M,(h). Then, the likelihood of (§, W) is given by

r k k
= o JTTTCn )y ® TT(Sn(uw,)ym=, (2.2.1)
i=1 h=1 h=1
where Sp(w,) = 1 — Fy(w,) and ¢ = Al \When the k populations are

[Ty (nn— M (R))!

exponential with cdf Fj,(z) = 1 — exp(—%), x > 0, and pdf f,(x) = éexp(—%),

x >0, for 1 < h <k, the likelihood function in (2.2.1) becomes

L(@1,92,--. 0y, 6, W)

Tl oo ()} T oo (22))

i=1 h=1 h=1
2z wibi(h) — wi(n — My (h))

= ¢ H exp { h)log 6, — 0 — 0 (2.2.2)

_ ZA{T(h) Thi  we(np — M, (h))

= ¢ H exp { h)log 6, — 0 7 . (2.2.3)

From (2.2.2), we can readily obtain the MLE of 6, for 1 < h <k, as

{Zw 0;(h) + w,(n Mr(h))}, (2.2.4)
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or equivalently from (2.2.3) as

(h)
Z Thi 4+ wy(np, — My(h)) 3 . (2.2.5)

Remark 1 From the likelihood function, we readily see that the MLE of 0y, does not
exist when M, (h) = 0. So, the MLEs in (2.2.5) are conditioned on S = {Zzzl M,.(h) =
r and M,(h) > 1,¥1 < h < k}, or equivalently on the set S = {S.F_ M.(h) = r
and H’Z:1 M, (h) # 0}. We therefore need to discuss the exact distribution and other

properties of the MLEs only conditional on the set S.

Lemma 1 Let M, = (M, (1), M,(2),--+ , M,(k)) andt = (t1,ta, -+ 1) with Y t; =

r. Further, let

k—1
T = {t:max{l,r—an}§tk§min{r—k—|—1,nk},
h=1
k—2
max{1,r — an —tp} <tp—1 <min{r —k +2 —tg, np_1},
h=1

k k
max{1l,r —n; — Zth} <ty < min{r — Zth,ng}} )
h=3 h=3

Then, we have

P(S) = ) P(M, =t). (2.2.6)
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Proof Consider the set

S = {ZMT(h) =r, [ M.(h) # o} :

h=1 h=1

Since t, < ni and r = Zﬁzl tp > k — 1+ t, we have ¢, < min{r — k + 1,n4}.

On the other hand, t;, > 1 and r = 22:1 tn, < ZZ: ny + tr, and so we have

t > max{1l,r — z;i Ny}
When we fix t; in this way, we get max{1,r — ];L;? nj —tr} < tp—1 < min{r —

k+2—tg,ng_1}, and therefore

S = UtET{MT‘ = t}

which proves the lemma.

Remark 2 In fact, the set {M,(1) =r —3F_,t, 2 t, M.(2) =tg, -,
M. (k) =t} may be empty if any one of ti,ta, -+ ,tx is out of the range {t =
(ti,ta--- ,ty) o t; € {1,2,--- ,n;}}. In this case, the probability of such a set be-

comes

P UM, (1) = t), M,(2) = to, -, M,(k) = t,}) = 0.
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Theorem 1 (a) The joint probability mass function of § is

k T

- _ 1
P@o=8=c[[6." "] O (2.2.7)

h=1 i=1 Zh 1 O

(b) For t = (t1,ta,--+ ,tx) such that Z;?:l t; =r and t; > 1 for all j, let & be as

defined in (1.8.1), M,.(h) =>"._, 6;(h), and

Q*(t) = {8(h) = (61,02, -- ,0,) such that M,(h) =t, for 1 < h < k}.

Then,
k r 1
= > o]]o" HE TS TROE (2.2.8)
scQx(t) h=1 =1 h=1 0
(c) Finally, we have
=> P(M, =t). (2.2.9)
teT

Proof (a) From (2.2.2), we have the joint density of (§, W) as

s
Il
—_
>
I
—
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Let

Then, we have

k r—1
f(6, W) =g¢, <H HhMT(h)> exp {— Z a;w; — brwr} ) (2.2.10)
i=1

h=1

Upon integrating out wy, ws, -+ ,w, over {0 < w; < wy < -+ < w, < o0} in
(2.2.10), by mapping it onto {0 < u; < 00,1 < i < k} through the transforma-

tion

p
U = wq,
Uy = W2 — Wy,
4
Upr = Wy — Wr—1,
\

we obtain the joint probability mass function of d as

r—1

k
N 1 1
P(6=46 :cr”Q—M’”(h)—”
( ) h:1h b

— (2.2.11)
r iy br Zj:i aj
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Observe that for &, M,(h,d) = S27_, d;(h) and

r—1 k< r—1 k T
5,(h) + ), — M, (h) 5,(h)
b, + Z a; = Z 7 + Z Z ]9
7= h=1 h j=t h=1 h
N i np — Mi_l(h, 8)
= Qh ,

where M;_1(h,d8) = 32—} 6;(h) depends on &, and yet we denote it by M, ;(h)

for simplicity, and take My(h,d) = 0. Thus, (2.2.7) is obtained.

(b) It follows from (2.2.7).

(c) The required result follows immediately from Lemma 1 and Part (b).

Example 1 When k = 3, we have

As an example, let us take ny = ny = ngz =6, and r = 10. Then, we can see that

the sets {Ml()(].) = 8, M10(2) = 1,M10(3) = 1}, {M10(1> = 1,M10(2) = 8,M10(3)
1}, {Myo(1) = 1, Myp(2) = 1, M10(3) = 8}, {Mio(1) = 7, M10(2) = 1, My(3) = 2},

etc. are all empty, and so the probability of these sets are 0. In this case, P(S) has
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the following form.:

P(S) = Y P(Mp(1) =9 —ts, Mo(2) = ta, Myp(3) = 1)

to=3

+) " P(Mig(1) = 8 — ty, Mig(2) = ta, Mio(3) = 2)

t22

+ZP M10 —7—t2,M10(2) :t27M10(3) :3)

to=1

+ 3 P(Mig(1) = 4 — o, Mig(2) = ta, Mio(3) = 6).

Theorem 2 Conditional on []}_, M,(h) # 0, the moment generating function (mgf)
of 0, (for 1 =1,2,--- k) is given by

r

My = P ’
i = B < 70 2, QZ o110 =g

=1

where T s the set defined in Lemma 1, and

n; — Mi—l (l)

B = k np—M;_1(h)’ =r="
M, (1) 2y =g

Proof Conditioning on the values of M, for H:Zl M,(h) # 0 and then on &, we
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obtain

ok k
] Mo(h) #0| P (H M, (h) # 0)
h=1 h=1
= Y B[, = t| P(M, = ¢

teT

= Z Z / etélf(s, W)dw, - - - dw,

teT SGQ*( )0<w1<w2< <Lwy< 00

S ID VRS | (R

teT §eQ=(t)

. m{

0<wy Swe <+ <wp<oo

r—1
— Z a;w; — brwr} dwi - - - dw,
=zz@mm

teT EEQ*

/ { > ( i ¢ >
X exp a; — X w;
0< w1 <--<wp <00 =1

- (br t(n —MH(z))) wT}dwl_”dwT

(szz + w,(n; — Mr(l)))

M. (1)
SDID IR | (R
teT 5€Q (t)
r—1 1 1
X

ng—Mr_1(1 r—1 6,(1) _ tu=Mr_1 (D))"
i=1 b + Z =i 43" — < l Mr(l)l() — 2= J\Z(D)t br My(D)
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Now, observing that

Exact Distributions and Inference

ng—M;_1 (l)
M- (1) X5y

and G}, =

o,

k
ot | HM,,(h) £0

o0 We obtain

P (ﬁ M, (h) # o)

teT §eQ=(t) = i=1
r
=2 2 CTHG’MT M s 10— 0
teT 5eQ=(t h=1 i=1 Zh 1 9; =1
= Z Z H(l_ﬁlz> )
teT §eQ=(t) i=1

as required.

Remark 3 For each fized |, we may have some [3};’s to be the same.

27

In this case,

we resort the B;;’s and denote them by {B5}r_,, and assume that oy terms of Bj’s are

equal, with Z:lzl a; = 7. Thus, []i_

(1

—B5it)™! can be rewritten as H:;l(

1= fGt)
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In this case, we can rewrite the conditional mgf in Theorem 2.2 as

K
E ﬁqIan¢4
h=1
1 ~ r’
) P@ =8 ][0 -gn . (2213
quﬂme¢m§%£i)( ql( Byit) ( )

Theorem 3 Conditional on Hizl M,.(h) # 0, the pdf of 0, (forl = 1,2,--- k) is

given by

1 ~
i () = P60 =9)gy, 4(x), 2.2.14
i B2 B, T B2y

where P(8 = &) is as given in (2.2.7), Yis < Z:lzl Y7 with YT, being independent
random variables having gamma G(ay, 5;;) distributions with shape parameter a; and

scale parameter Bj;, and gy, ;(x) is the pdf of Yis.

Remark 4 From (2.2.14), it is clear that the distribution of the MLE 6, (for | =
1,2,--- k) is a weighted sum of distributions of random variables Y, s, where Y] s

itself is a sum of independent and non-identical gamma random variables.

Corollary 1 From (2.2.13), we immediately obtain the expressions for the first two

moments of 0, as follows:

E(6) !

— PE:ST B
P([Tj_, My(h) #0) & 2 ( ); iy,
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and

AN 1 _ X T/Oé.*2 r/a.*2
B0} = T 7&0); > P(=09) Z B +<Z m-)

T 5cQ+(t)

Then, Var(§;) and MSE(6;) can be readily obtained from these two expressions.

It is convenient to rewrite the conditional mgf of 0, (forl =1,2,--- k) in Theorem
2.2 as
1 -
My, (t) = p P& =0)]](1— gt

: P( h=1 MT(h) 7& O) teT SEQ*(t) i=1

1 ~ r ooy ' '

—~ P@o=6)> Y AP0 -7

k li 153 )

P(Hh:l Mr(h) 7& O) teT SeQ*(t) i=1 j=1

where Aj’s are coefficients obtained by writing the product H:lzl(l — Bjt)~% in the
partial fraction form Z:/zl > Al(f (1 - Bi:t)~7 which can be determined by the use
of Lemma 5 in Appendix. Since (1 — 3;t)™7 is the mgf of a gamma distribution with

shape parameter j and scale parameter [3};, we can obtain the tail probability of 6,

(for I =1,2,--- k) from the above expression as

) 1
P(0,>0) = P(TE 1M(h)#0)t;

r/ 1 b \j’
xﬁ%j P(8 = 6) ;;A e ﬂ?;(ﬂ}‘) (2.2.15)

We shall assume that P (él > b) is an increasing function of §; when all other 6,’s are



Chapter 2.2 - MLEs, Exact Distributions and Inference 30

fixed for j # [. This assumption guarantees the invertibility of the pivotal quantities,
and it has been verified to be true in this case through extensive computations; see
Figure 2.1, for example. It should be mentioned that this approach has been used
by a number of authors for constructing exact confidence intervals in a variety of
contexts; see, for example, Childs et al. (2003), Chandrasekar et al. (2004), and
Balakrishnan et al. (2007). We then have a 100(1 — )% lower confidence bound for
0, as 0,1, where 6;;, is such that PQZL<é1 > éhobs) = « with éhobs being the observed
value of 6;. Also, a 100(1 — «)% confidence interval for 0, is (6,1, 0;7), where 6,7, and

QlU are determined by PglL (él > él,obs) = % and PglU (él > él,obs) =1-

N[R

By performing the same steps as done in the case of conditional marginal mgf, we

can derive the conditional joint mgf of (61,65, - - - ,6;) as follows.

Theorem 4 Conditional on szl M, (h) # 0, the joint mgf of (01,05, - ,0;) is given

by
My, g,... ,@klnﬁzl a0t )
r k
B > Z =D sy, (22.16)
(Hh 1 7&0 teT 6€Q i=1 =1
where

n; — Mi—l (l)
M, (1) Sojey =2

B =
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Figure 2.1:



Chapter 2.3 - Approximate Confidence Intervals 32

Corollary 2 From (2.2.16), we obtain the covariance of 6, and 6,, to be

COU(éll i 912)

— Z Z P(§ =) (Zﬁizﬁfm"‘zﬁfuzﬁ;ﬁzﬂ)
- i=1 j=1

(Hh 1 tGT JGQ*

1
- Z Z P(=3) Zﬁm
{ P Mo (h) # o>} T i

x> Y P@6= 52@21 (2.2.17)

t’'eT § 5€Q* t/

2.3 Approximate Confidence Intervals

Let 1(61,04,---,0k) = (L; j(01,02,-- ,0k)),1,5 =1,2,--- , k, denote the Fisher infor-

mation matrix of the parameters 61,6, - - , 0y, where

821nL)

From the likelihood function in (2.2.3), we have I, ;(61,6s,--- ,6x) = 0 if i # j.

Consequently, we have

[(é17é27”‘ 7ék)

. (82111L 9?In L 9%In L )
—Diag ,

862 ‘91 =01 892 ’92 by 78—6klek gk (232)
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where

M(h) 230" o 2 {w (g — M, (1)}

9?InL
e T T g z
_
-

Then, by using the asymptotic normality of the MLEs, we have 6, — ), ~

N(0, ]h_’,ll), using which we can express the approximate 100(1 — a)% confidence in-

terval for 0, 1 < h <k, as

. My (h) 4, - R Z
b 7,y i T (0 M@»Z%Gi am>7
(M, (h))? M, (h)

where Z,/» denotes the upper a/2 percentage point of the standard normal distribu-

tion.

2.4 Bayesian Intervals

Let uy, = Zi]\fl(h) Thi + wp(ny — M,.(h)). Then, we can rewrite the likelihood function

as

k
L(01,02, - 00,8, W) = ¢ [] 6, exp (-%) . (2.4.1)
h
h=1

Now, by assuming independent inverse gamma prior distributions, viz., IG(ay, by,)
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for 1 < h <k, we obtain from (2.4.1) the posterior joint density function as

k
_ —an— b
L(617027" . 79k’data) = CTHGhMT(h) h leXp _Uh —I— h .
h=1 Qh

Upon comparing this with (2.4.1), we see that the joint posterior density function
of (01,05, - ,0;) is a product of k independent inverse gamma density functions. So,
given the data, the posterior density function of 0, is simply IG(M,.(h) + ap, up + bp,).

Thus, the Bayes estimator of #;, under the squared-error loss function is

up + by,
Mr(h) “+ ap — 17

éh,Bayes = h = 17 2, s ,k. (242)

When we use Jeffreys’ non-informative prior I(6),) o % corresponding to the
special case when a, = 1 and b, = 0, for 1 < h < k, the Bayes estimators in (2.4.2)
coincide with the MLEs in (2.2.5).

Let Uy = 2("’(;—:1)”) for 1 < h < k. Then, the pivot U;, follows X%(Mr(h)+ah) distri-
bution, provided 2(M,(h) + a) is a positive integer, for 1 < h < k. In this case, the

100(1 — «)% Bayes credible interval for 6, becomes

< 2(up + by) 2(up + by) ) gk
2 ) 9 ) — ety
Xo(My(h)+an)1—a/2 X2(My(h)+ap).a/2

where X2 . is the lower 5 percentage point of the chi-square distribution with v
72

degrees of freedom.
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2.5 Bootstrap Intervals

In this section, we consider confidence interval for 6, (h = 1,2,--- k) based on the
Bootstrap-p and Bootstrap-t methods; see, for example, Efron and Tibshirani (1994).

To find the Bootstrap-p and Bootstrap-t intervals, in the first step, we generate
original samples from k exponential populations with parameters 6} of size n,, 1 <
h < k. Next we sort the data, and determine to which population each failure belongs,
and then estimate 0, based on the conditional MLE in (2.2.5). In the second step,
we generate a bootstrap sample (d1,d2, -+ ,d,;wy, we,- -+ ,w,) by using the values
(él,ég, e ,ék), and then obtain the bootstrap estimates of 6,, 1 < h < k, say 65,
1 < h <k, from the bootstrap sample. In the third step, we repeat the second step
N-Boot times.

Boot-p: Suppose Kyp(z) = P(é;ﬁ <z),1<h <k, is the cumulative distribution
function of #;. Define fy5(0) = K;i(a), 1 < h < k, for a given a. Then, the

100(1 — a)% Boot-p confidence interval for 0, 1 < h < k, is given by

(e (3) da(1-5). 1ene

Boot-t: After generating the bootstrap samples in the second step and calculating

A;‘L, we need to use them to compute estimates of Var(é;;) from the observed Fisher
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information matrix in (2.3.2). Then, we determine the T} statistic given by

o — 0
T = 1<h<k. (2.5.1)

\/Var(6;)
Now, suppose Lnp(xz) = P(T} < z) is the cumulative distribution function of T},
1 < h < k. Then, the 100(1 — a)% Boot-t confidence interval for 6, 1 < h < k, is

given by

2.6 Simulation Results and Discussion

A simulation study was carried out to evaluate the performance of the condition-
al MLEs and also all the confidence intervals discussed in the preceding sections.
We considered different sample sizes for three populations (i.e., k = 3) as n; =
18, 30, 35, 60, 75,120, noy = 18,35,75 and ng = 18,35,75,120, and different choic-
es of r = 8,12, 15, 30, 40, 60, 75, 80, 100, 120, 140, 180. We also chose the parameters
(01,605,05) tobe (2,4,7) and (3,5,9). For these cases, we computed the conditional M-
LEs for the parameters (61, 05, 03). We also computed for r = 8,11 the 95% confidence
intervals for (01,6, 0;) using exact, approximate, Boot-p and Boot-t methods (with
N-Boot as 1000). For comparative purposes, we also computed the 95% credible inter-

vals using Jeffreys’ non-informative priors (a; = as = az3 = 1 and by = by = b3 = 0).
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We repeated this process 1000 times and computed the average values of the con-
ditional MLEs as well as the coverage probabilities for all confidence intervals. The
average values of the conditional MLEs are presented in Table 2.1. From these val-
ues, it is clear that the MLEs have a moderate bias when the essential sample size r
is small even when the sample sizes (n1,ng,n3) are not small. This bias also seems
to affect the approximate confidence intervals based on normality as they are not
centered properly in this case. However, the bias of the conditional MLEs become
negligible when r increases, as is evident from Table 2.1.

In Table 2.2, the coverage probabilities of 95% confidence intervals of (61, 0z, 63)
for all the methods are presented for some small and moderate values of nq, no, ng and
r. From these values, it is clear that the exact conditional method has its coverage
probability to be very nearly 95% always, while the approximate method is not at
all satisfactory (as low as 85% in some case). We also observe that between the two
bootstrap methods, the Boot-p method performs better than the Boot-t method; the
Bayesian method has very stable coverage probabilities (quite close to the nominal
level of 95%). Moreover, we see that the approximate and bootstrap methods have
lower coverage probabilities when ni,ns, n3 are small. The importance of the exact
method developed in the preceding sections becomes clear as it provides exact con-
ditional confidence intervals with accurate coverage probabilities (compared to the
nominal confidence levels) even for small sample sizes. However, the exact method

becomes computationally quite intensive when r becomes large.
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In Table 2.3 and 2.4, the coverage probabilities of 95% confidence intervals of
(01, 05,03) for the approximate, Boot-p and Boot-t methods are presented for some
large values of nq,ny, n3 and r. Here again, we observe that the approximate method
is not satisfactory unless r is rather large (at least 120). The two bootstrap methods
and the Bayesian method all perform quite similar in terms of coverage probabilities
whcih are nearly the same as the nominal confidence level.

From the results presented in these tables, we would recommend the use of the
exact conditional confidence intervals for 6, developed here whenever possible and
especially when the sample sizes are small; but when the sample sizes get larger with
a large r, the computational complexity increases in the exact conditional method,
and in this case the Boot-p method and the Bayesian method are computationally
simpler to use and they also possess good performance, for the interval estimation of

parameters.

2.7 Illustrative Example

Nelson (1982, Ch. 10, Table 4.1) has given times to breakdown in minutes of an
insulating fluid subjected to high voltage stress. The failure times were observed in
the form of groups with each group reporting data on 10 insulating fluids. For the
purpose of illustrating the methods of inference detailed in the preceding sections, let

us consider the following three groups of samples of failure time data presented in

Table 2.5.
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Table 2.1: Average values of the conditional MLEs for different choices of (ny, ng, n3)

and r

(nl,TLQ,?’Lg) r 91:2 02:4 03:7 01:3 92:5 93:9
(18,18,18) 8 2.49 5.03 6.69 3.75 6.49 9.05
(18,18,18) 11 | 2.08 4.50 7.64 3.06 0.83  10.42
(18,18,18) 15 | 2.15 4.66 8.67 3.26 5.71  11.28
(30,35,35) 15 | 220  4.88 8.87 | 3.36 5.85  11.28
(30,35,35) 30 | 2.09 432 820 | 3.09 532 1021
(30,35,35) 40 | 2.06  4.22 7.60 3.04 5.29 9.64
(30,75,75) 30 | 2.15 424 791 | 323 518 10.03
(30,75,75) 60 | 2.03  4.09 7.36 3.13 5.08 9.40
(30,75,75) 80 | 2.06  4.04 7.13 3.08  4.98 9.19
(60,35,35) 30 | 2.05 4.64 8.89 3.10 5.72  11.14
(60,35,35) 60 | 2.00 4.16 770 | 3.02 523  9.92
(60,35,35) 80 | 2.01 4.11 7.41 3.00 5.05 9.28
(60,75,75) 40 | 2.02 422 7.73 | 3.08 522 10.19
(60,75,75) 75 | 2.02 4.10 7.28 3.07 511 9.40
(60,75,75) 120 | 2.01 4.05 7.07 | 3.03 5.03 9.19
(120,35,35) 40 | 2.04 5.05 9.16 | 3.02 6.00 11.78
(120,35,35) 100 | 2.00  4.23 7.65 3.02 5.21 9.93
(120,35,35) 140 | 2.00  4.13 7.28 3.02 5.09 9.43
(35,35,120) 40 | 2.07 4.41 7.11 3.16 5.45 9.30
(35,35,120) 100 | 2.02 4.09 7.03 3.04 5.15 9.09
(35,35,120) 140 | 2.00  4.04 7.03 3.02 5.02 9.07
(120,75,75) 60 | 2.02 4.28 7.81 3.03 5.21 9.97
(120,75,75) 120 | 2.01 4.10 7.34 3.01 5.08 9.36
(120,75,75) 180 | 2.01 4.01 7.08 3.01 5.01 9.16
(75,75,120) 60 | 2.02 4.19 7.33 3.07  5.18 9.42
(75,75,120) 120 | 2.01 4.10 7.10 3.02 5.08 9.15
(75,75,120) 180 | 2.02 4.03 7.03 3.01 5.01 9.07
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Table 2.2: Coverage probabilities of different confidence intervals for some choices of
(n1,n2,n3) and small r

0=(2,47)
(n1,na,mn3) v | Exact(%) Approximate(%) Bayes( %) Boot—t(%) Boot—p(%)
(5.4,5) 8 (96,93,94)  (88,86,87)  (94,93.96) (94,92,92) (93,95,96)
(18,18,18) 8 | (95,94,96)  (93,87,85)  (95,96,98) (96,97,95) (95,91,96)
(5,4,5)  11](95,95,95)  (88,87,86) (94 04, 95) (95,96,95) (91,92, 92)
= (3,5,9)
(n1,n9,mn3) 1 | Exact(%) Approximate(%) Bayes(%) Boot—t(%) Boot—p(%)
(5.4,5) 8 |(96,96,95)  (89,87,87)  (95,96,97) (95,93,92) (94,96,96)
(18,18,18) 8 | (96,96,96)  (92,80,84)  (95,96,98) (94,92,96) (97,97,95)
(5,4,5)  11|(94,95,96)  (85,88,89)  (93,95,96) (95,95,94) (89,92,95)
First of all, let us test the hypothesis Hy : 0, = 65 = = 0 versus H; : {Not all

@’s are equal}. For using the likelihood ratio method (LRT), let us find

A(W) =

supg, L(0|W)
supg L(O|W)

Asymptotically, —2log \(W) is x? distributed with k — 1 degree of freedom, where

in this case, with

—2log \(W) =

%>
‘3|>—t

k

h=1

{sz—l—wr n—r)}
{jgjqulz + wy(n -—_Nﬂ(h))}.

2 Z M, (h)(log 6 — log )
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Table 2.3: Coverage probabilities of different confidence intervals for some choices of
(n1,n9,n3) and large r

6= (2,4,7)
(n1,n9,m3) 1 | Approxzimate(%) Bayes(%) Boot—t(%) Boot—p(%)
(18,18,18) 15 | (91,92,87)  (94,94,95) (95,100,98) (94,96,96)
(30,35,35) 15 |  (92,91,88)  (95,95,96) (98,100,98) (96,96,97)
(30,35,35) 30 |  (93,93,92)  (94,95,94) (94,97,99)  (94,95,94)
(30,35,35) 40 |  (94,91,92)  (95,95,94) (95,96,99)  (94,94,94)
(30,75,75) 30 |  (93,93,91)  (95,96,93) (99,95,100) (95,96,93)
(30,75,75) 60 |  (93,94,92)  (95,96,95) (96,100,95) (95,95,94)
(30,75,75) 80 |  (93,94,95)  (94,94,95) (94,100,95) (94,95,95)
(60,35,35) 30 | (93,90,90)  (95,93,94) (88,100,100) (95,93,95)
(60,35,35) 60 |  (94,92,94)  (94,95,94) (92,99,99)  (94,95,95)
(60,35,35) 80 |  (94,96,94)  (95,94,95) (92,100,98) (94,95,95)
(60,75,75) 40 |  (94,93,91)  (95,96,94) (94,96,98)  (95,95,094)
(60,75,75) 75 |  (94,94,94)  (94,95,96) (93,100,96) (94,95,95)
(60,75,75) 120 |  (94,94,95)  (95,94,95) (92,100,94) (94,94, 96)
(120,35,35) 40 |  (94,91,89)  (95,93,97) (89,100,99) (95,93,98)
(120,35,35) 100 |  (95,94,93)  (94,94,94) (91,100,99) (95,93, 94)
(120,35,35) 140 |  (96,95,94)  (96,96,94) (92,100,97) (96,96, 94)
(35,35,120) 40 |  (94,93,92)  (94,94,95) (95,100,93) (94,94,93)
(35,35,120) 100 |  (93,92,96)  (94,95,95) (95,100,93) (93,95,96)
(35,35,120) 140 |  (94,95,94)  (95,94,96) (92,100,91) (94,94,95)
(120,75,75) 60 |  (94,95,92)  (95,95,94) (91,98,100) (96,95, 94)
(120,75,75) 120  (95,94,93)  (96,95,94) (92,100,96) (95,95, 94)
(120,75,75) 180 |  (94,93,93)  (95,94,94) (92,100,92) (94,94, 94)
(75,75,120) 60 |  (93,94,94)  (95,93,95) (93,100,96) (94,93,95)
(75,75,120) 120 |  (95,93,94)  (95,95,95) (92,100,93) (96,95,95)
(75,75,120) 180 |  (94,94,94)  (95,94,95) (92,100,92) (95,93,95)
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Table 2.4: Coverage probabilities of different confidence intervals for some choices of
(n1,n9,n3) and large r

6= (3,5,9)
(n1,n9,m3) 1 | Approxzimate(%) Bayes(%) Boot—t(%) Boot—p(%)
(18,18,18) 15 | (90,91,87)  (95,94,96) (96,100,99) (94,96,97)
(30,35,35) 15 |  (92,92,90)  (95,94,96) (98,100,99) (95,94,97)
(30,35,35) 30 | (93,92,91)  (95,96,95) (97,96,99)  (94,95,95)
(30,35,35) 40 |  (94,93,92)  (96,95,95) (96,97,99)  (96,95,95)
(30,75,75) 30 |  (91,95,92)  (94,96,94) (100,96,99) (94,96,094)
(30,75,75) 60 |  (94,92,94)  (96,94,94) (98,100,96) (95,93,094)
(30,75,75) 80 |  (93,94,94)  (93,95,94) (98,100,95) (93,94,094)
(60,35,35) 30 | (94,92,92)  (96,95,92) (92,100,100) (95,94,93)
(60,35,35) 60 |  (94,92,92)  (95,95,96) (93,99,98) (94,94, 96)
(60,35,35) 80 |  (94,94,93)  (94,96,95) (93,100,96) (94,95,95)
(60,75,75) 40 |  (93,93,93)  (94,96,94) (97,98,100) (94,95,094)
(60,75,75) 75 |  (92,94,95)  (94,95,96) (95,100,97) (93,95,96)
(60,75,75) 120|  (95,93,95)  (95,94,94) (92,100,94) (95,94,95)
(120,35,35) 40 |  (94,94,90)  (95,94,96) (88,100,100) (95,94,97)
(120,35,35) 100|  (94,93,94)  (96,94,94) (91,100,100) (96,94,94)
(120,35,35) 140 |  (92,93,94)  (92,94,95) (92,100,97) (92,94,95)
(35,35,120) 40 |  (92,93,92)  (95,94,96) (98,100,91) (95,94,95)
(35,35,120) 100 |  (94,94,94)  (95,95,96) (94,100,92) (94,95, 95)
(35,35,120) 140 |  (94,93,94)  (95,94,95) (95,100,91) (94,93,94)
(120,75,75) 60 |  (93,92,91)  (95,95,94) (93,99,98)  (94,95,94)
(120,75,75) 120 |  (94,94,94)  (95,95,94) (93,100,96) (95,95, 95)
(120,75,75) 180 |  (95,94,95)  (95,94,96) (92,100,94) (95,94, 96)
(75,75,120) 60 |  (94,94,93)  (96,96,95) (95,100,94) (96,95, 94)
(75,75,120) 120 |  (95,94,95)  (95,95,96) (93,100,93) (95,95,96)
(75,75,120) 180 |  (96,94,96)  (96,96,95) (91,100,94) (97,95,96)

Table 2.5: Failure time data as three groups of insulating fluids

Group 1
Group 2
Group 3

0.31 0.66 154 1.70 1.82 1.89 217 2.24 4.03 9.99
0.00 0.18 0.55 0.66 0.71 1.30 1.63 2.17 2.75 10.60
0.49 0.64 0.82 093 1.08 1.99 2.06 2.15 2.57 4.75
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Table 2.6: Bootstrap p-values for likelihood ratio statistic for testing Hy : 6, = 0, = 05

r 13 15
—2log A(W) 3.46  3.29
Bootstrap p — value | 0.068 0.044

Table 2.7: Jointly Type-II censored data observed from Table 2.5 with r = 15

\%\% 0.00 0.18 0.31 0.49 0.55 0.64 0.66 0.66
0.71 0.82 093 1.08 1.30 1.54 1.63

h; for which 6(h;) =1| 2 2 1 3 2 3 1 2
2 3 3 3 2 1 2

However, the asymptotic approximation may not be suitable here for small r. We
therefore use the values of (él,ég,ég) to generate bootstrap samples (d1, 09, - , d;;
wi, wi, -+ ,wr), then obtain the bootstrap estimates of (é17é27é3), say, (é;‘,é;,ég),
repeat this step 1000 Boot times, and get the Bootstrap p-value to be the proportion
of times —2log A(W*) > —2log A\(W). Table 2.6 gives these Bootstrap p-values for
different choices of r. We can see from Table 2.6 that we would reject Hy by bootstrap
method for a nominal level of 10% when r = 13, 15.

Suppose the samples of sizes n = (10, 10, 10) in Table 2.5 are from three exponen-
tial populations with means (61, 6, 03), respectively. Suppose joint Type-II censoring
with r as 12, 13 and 15 had been enforced on these data. For example, Table 2.7
presents the jointly Type-II censored data that would have been obtained from the
data in Table 2.5 with r = 15.

We then computed the conditional MLEs of (0, 6, 05) and the estimates of their

standard deviations and mean square errors for the choices of » = 12,13, 15 by using
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Table 2.8: Conditional MLEs and the estimates of their standard deviations and mean
square errors based on jointly Type-II censored data from Table 2.7

Mean §l\) MSFE
r (91,92,93) (91,92,93) (91792,93)

12 | (4.805, 1.500, 1.872)
13 | (5.685,1.433,2.092)
15 | (4.640,1.417,2.422)

(3.7660, 0.8572, 1.29383)
(4.4547,0.7013, 1.3685)
(4.2025,0.6142, 1.4879)

(15.0964, 0.7629, 1.7577)
(21.1555,0.5062,1.9611)
(19.0674, 0.3837,2.2964)

Table 2.9: Estimates of the covariance matrix of the conditional MLEs based on
jointly Type-II censored data from Table 2.7

r

12

13

15

Covariance matrix (p(6;,0;)):;
14.1827 0.0668  0.0431
0.0668  0.7348 —0.0861
0.0431 —-0.0861 1.6738
19.8440 0.0909  0.0579
0.0909  0.4918 —0.0665
0.0579 —0.0665 1.8728
17.6612 —0.0801 —0.3429
—0.0801 0.3773 —0.0444
—0.3429 —0.0444 2.2139

the expressions presented earlier in Section 2.2, and these are presented in Table 2.8.

We have also computed the estimates of the covariance matrix of (él, é27 ég) from the

expression in Corollary 2, and these are presented in Table 2.9. From the results in

Tables 2.8 and 2.9, we find the estimates to be quite stable, and especially so for

5 since this population has smallest mean thus producing more failures in the joint

censored data.

Table 2.10 presents the 95% confidence intervals for (61, 05, 03) based on the exact,

approximate, Bayes credible, Boot-p and Boot-t methods corresponding to the cases

r = 12 and r = 15. From these results, we observe once again that the approximate
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Table 2.10: 95% confidence intervals for (6, 62, 03) corresponding to different methods
based on jointly Type-II censored data from Table 2.7

r=12
C1 for 6, C1 for 6, C1 for 65
Exact (1.55,64.84)  (0.70,4.20) (0.83,5.81)
Approximate (0,46.98) (0,7.31) (0,11.47)
Boot- (0,40.31)  (0,6.98)  (0,11.08)
Boot-p (0.57,27.12) (0.29,13.19) (0.33,17.41)
Bayes credible | (0.67,626.85) (0.34,16.44) (0.39,36.83)
r =15
C1 for 0, C1 for 0, C1 for 05
Exact (1.77,22.57)  (0.86,3.48) (1.12,7.04)
Approximate (0,48.83)  (0.07,5.83) (0,13.08)
Boot- (0,46.36)  (0,5.25)  (0,12.06)
Boot-p (0.66,33.20)  (0.29,7.95) (0.45,22.50)
Bayes credible | (0.78,771.24)  (0.34,9.23) (0.54,30.60)

and Boot-t confidence intervals are not satisfactory compared to the exact confidence
intervals. Moreover, we note that the Bayesian credible intervals are quite wide com-
pared to the exact confidence intervals. These demonstrate once again the importance
of the exact results derived here for obtaining exact conditional confidence intervals

in the case of small values of .



Chapter 3

Inference Under Joint Progressive

Type-11 Censoring

3.1 Introduction

In life-testing experiments, the joint censoring scheme is of great importance while
conducting comparative life-tests of products from different units within the same
facility. Suppose that products are being produced by k different lines within the
same facility, and that independent samples of sizes n,, 1 < h < k, are selected from
these k lines and placed simultaneously on a life-testing experiment. For the sake of
reducing cost and the experimental time, the experimenter may choose to terminate
the experiment as soon as a certain number (say, r) of failures occur. In this situation,

one may be interested in either point or interval estimation of the mean lifetimes of

46
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units produced by these k lines. Here, exact results based on maximum likelihood
estimates are developed to facilitate this.

In the literature, this joint censoring scheme has been considered before. For ex-
ample, a generalized Savage statistic has been discussed by Basu (1968). Johnson
and Mehrotra (1972) studied locally most powerful rank test under joint censoring.
The problem of testing the equality of two distributions, under the assumption of
exponentiality, has been discussed by Bhattacharyya and Mehrotra (1981). All these
developments under joint censoring scheme focused on nonparametric and parametric
tests of hypotheses; see Bhattacharyya (1995, Chapter 7 of Balakrishnan and Basu
(1995)). For inference based on the MLEs, Chen and Bhattacharyya (1988) derived
the exact distribution of the maximum likelihood estimator of the mean of an ex-
ponential distribution and an exact lower confidence bound for the mean based on
a hybrid censored sample. An alternative simple form, which is equivalent to the
results of Chen and Bhattacharyya, has been given by Childs et al (2003). To study
two or more competing products with regard to the duration of their service life,
comparative lifetime experiments are quite useful. Balakrishnan and Rasouli (2008)
discussed exact inference for two exponential populations when Type-II censoring is
implemented on the two samples in a combined manner. Balakrishnan and Rasouli
(2010) subsequently extended their work to the case of two exponential populations
when joint progressive Type-II censoring is implemented on the two samples. In the

present work, we generalize their work by considering the k-sample problem. Suppose
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the test units from £ lines under study are placed on a life-test simultaneously, that
the successive failure times and the corresponding types (lines from which the failed
units come from) are recorded, and that the experiment is terminated as soon as a
specified total number of failures (say, r) occurred.

Suppose Xi1, Xi9, -+, X1, are the lifetimes of n; specimens from line A;, and
they are assumed to be independent and identically distributed (iid) variables from a
population with cumulative distribution function (cdf) F(x) and probability density
function (pdf) fi(z). Similarly, Xo1, Xoo,- -, Xop, are the lifetimes of ny specimens
from line Ay and are assumed to be a sample from pdf fo(x) and cdf Fy(z), and so
on, with X1, X, -, Xy, denoting the lifetimes of nj specimens from line A; and
are assumed to be iid variables from pdf fi(x) and cdf Fj(x).

Furthermore, let N = Zle n; denote the total sample size and r denote the total
number of failures observed. Let w; < we < .-+ < wy denote the order statistics of
the N random variables {X;;;1 <i <k,1 <j <mn;}.

Therefore, under the joint progressive Type-II censoring scheme for the k-samples,

the observable data consist of (§, w), where w = (wy, we, - -+ ,w,), w; € {Xp1, Xp,2,- -

for 1 < hy, ho,--- ,h, < k, with r being a pre-fixed integer. Finally, associated to

(hi,ha, -+, h.), let us define & = (61(h),d2(h), -+ ,0.(h)) as

1, if h = h;
5;(h) = (3.1.1)

0, otherwise.

) Xhznl}
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This progressive Type-II censoring is implemented as follows. At the time of
the first failure Wy € X}, for some 1 < h; < k, Ry units are randomly withdrawn
from the remaining N — 1 surviving units. Next, at the time of the second failure
Wy € X, for some 1 < hy < k, Ry units are randomly withdrawn from the remaining
N — Ry — 2 surviving units and so on. Finally, at the time of the rth failure W, € X},
for some 1 < h, < k, all remaining R, = N —r — Z::_ll R; surviving units are
withdrawn from the life-testing experiment; see Balakrishnan and Aggarwala (2000)
and the discussion paper by Balakrishnan (2007) for elaborate details on progressive
Type-II censoring and associated inferential results. Here, the joint progressive Type-
IT censoring scheme R = (R, Rs,---,R,) is prefixed and has the decomposition
R, = SF_ si(h), 1 < i < r, where s;(h) is the number of units withdrawn at the
time of ¢th failure belonging to the Xj,-sample, and these are unknown and are random
variables. The data observed in this form will consist of (4, R, w).

Let M, (h) =>_;_, 8;(h) denote the number of X —failures in w, 1 < h < k, and
r= 22:1 M,.(h). As we can see from the form of the progressive Type-II censoring,

S si(h) = Ry, S20_, si(h) + M, (h) = ny, and, of course, Y7_| Ry = N — 7.
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3.2 MLEs, Exact Distributions and Inference

Let s = {s(h)}'_, = {(s1(Rh), s2(h),--- ,s.(h))}¥_,. The likelihood of (8,s, w) is then
h=1 h=1

given by

r ok r k

L0y, 02, 0k, 8,8, w) = & [[TT (FrCw)) ™ TTT] (Su(wi)™™ ., (3.2.1)

i=1 h=1 i=1 h=1

where Sy, (w,) =1 — F(w,) and ¢, = DDy, with

h=1
-l si(h)
Dy = X
1'11 . i1
N —1i— Zg:l Rj

The special case of joint Type-II censoring scheme is obtained when we set R; =
Ry =+--=R,1 =0and R. = N — r in which case we will have s;(h) = 0 when
1<i<r—1ands.(h) =n,— M. (h) forall 1 <h <k.

When the k populations are exponential with cdf Fj,(x) =1 — exp (—%), x>0,

and pdf f,(z) = é exp (—%), x> 0, for 1 < h < k, the likelihood function in (3.2.1)
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becomes

L(QI,QQ,'-- @k,é S W)

=TT oo (-5) ) T oo ()}

i=1 h=1 i=1 h=

= ¢ H exp { h)log 6, — izt (0i(h) + Si(h»wi} . (3.2.2)

On

From (3.2.2), we readily obtain the MLE of 0, for 1 < h <k, as

T i(di(h)Jrs,-(h))wi. (3.2.3)

Remark 5 From the likelihood function in (3.2.2), we readily see that the MLE of
0, does not exist when M,.(h) = 0. So, the MLEs in (3.2.3) are conditioned on
S = {22:1 M,.(h) = r and M,.(h) > 1 for V1 < h < k}, or equivalently on the set
S = {35 My(h) = 7 and [[;_, M,(h) # 0}. We, therefore, need to discuss the

exact distribution and other properties of the MLEs only conditional on the set S.

Lemma 2 Let M, = (M, (1), M,(2),--- , M, (k)) and t = (t1,ta,--- ,tx) with t, =

np— iy Si(h), 1 <h<k. Then,

P (ﬁ M, (h) > 1\s) —P(M, =t). (3.2.4)
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Proof For fixed s, observe that Y. s;(h) + Mr(h) = ny,.

Remark 6 For a scheme R, let us denote

k
Sr = {S = {s;(h) }r<n<ki<i<r Z«Si(h) =R;,1 <<,

Xr:sz(h) < ny — 1}.

Then, we have

h—1 r—2
0 < 5,-1(h) < min (Rr_l = sa(f)imn — 1 - Zsi(h)> J1<h<
=1 i=1
h—1 r—1
0 < s,.(h) < min (RT— s,n(j)mh—l—Zsi(h)) A<h<k-1,
=1 i=1
k r
such that si(h) = R; and si(h) < mnp — 1} .
h=1 i=1

Theorem 5 (a) The joint probability mass function of § is given by

k T

_ R — M (h) 1 .
P(5 = 6) = Cr H gh H & nh—Miq(h,S)— ;;11 s;(h) )
h=1 =1y 5

52
k—1;
(3.2.5)
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(b) Foreachs € Sr, denotet = (ty,ta,- - ,tx) = (ni—y .y si(1),na—> i 5i(2), -+ ,ng—
oy si(k)), with Zle ti=randt; > 1 forall j. Let § be as defined in (3.1.1),

M, (h)=>""_,0;(h), and
Q*(s) = {6(h) = (01,02, - ,0,) such that M,(h) =t, for 1 < h <k}

Then,

r

k
PM,=t)= > ][0 ]] —Mi_lluz,s)— e (3.2.6)

- ! k np
seQx(s) h=l1 i=1 ) oy O

(c)

P (ﬁ M, (h) # o) =) P(M, =t). (3.2.7)

sESR

Proof (a) From (3.2.2), we have the joint density of (d,s, w) as

Let
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Then, we have

f(d,8,w) =c¢, <H G;M”(h)> exp (— iaiwi> . (3.2.8)

h=1

Upon integrating out wy, ws, -+ ,w, over {0 < w; < wy < -+ < w, < o0} in
(3.2.8), after mapping it onto {0 < u; < 00,1 < i < k} though the transforma-

tion

(
u; = wq,
U = Wg — Wy,
Up = Wp — Wyp—1,

we obtain the joint probability mass function of d as follows:

k r
Po=8=c[[6." "] o (3.2.9)
h=1 i=1 Zj:i a;

Observe that for 8, 27, si(h) + M,(h,8) = ny, where M,(h,8) = S27_, d:(h),
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and so

j=i Jj=i h=1
& M(h,8) = My (h, 6) + 300 si(h)
h=1 On
= Mia(h,8) = 3 s(h)
= 7 ,
h=1

where M;_1(h,8) = 32—} ;(h) depends on &, and yet we denote it by M, (h)

Jj=1

for simplicity, and set My(h) = 0. Thus, (3.2.5) is obtained.
(b) It readily follows from (3.2.5).

(c) The required result follows immediately from Remark 6 and Part (b).

Theorem 6 Conditional on HZ:1 M,.(h) # 0, the moment generating function (mgf)

of 6, (forl=1,2,--- k) is given by

T

My () = ! SY Pe=8][0-mn"

k
P(Hhil Mr(h) 7& 0) SESR 36@*(5) =1

where R is a scheme and Sg s the sets defined in Remark 6, and

= My (1) = 32073 s5(1)

koMo (h) =305
M (1) 3=y - 1 o :

o l<iskis<isr (3.2.10)

B =
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Proof Conditioning on the values of M, for [[F_, M,(h) # 0 and then on &, we

obtain

-x > (3, w)w -,

SESR JGQ* 0<wy <wz <+ <w,p <00

SV (R

SESR 6€Q* (s)

t T (K. .
x/ em{zz‘:1w1(5l(l)+sz(l))} exp | —
0<w) w2 <+ <wp <00

r

aiwi> dw1 s dwr
1

1=

k
- Y % oIl

sESR 36@*(5) h=1

y HG:(1) + 5:(1))
- /0§w1§-“§wr<oo P {_ Z (ai a T(l)) U)i} dwy -+ - dw,

=1

k
s 1
= Z Z Cr H GhM (h) H , <aj B t(gj(z)+s]-(z)))

SESR §eQ*(s) h=1 i=1 Zj:i M, (1)
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Now, we observe that

B = Mia(h) = 3007 s5(h) = M (1) = 325 1133(l)t
- = On M, (1)

k M,y (h) — 3" s(h
= 6[1 Z = )gh Z]_ ’ ( )7

where [ is as given in Eq. (3.2.10). Thus, we obtain

k k
et | HMT(h) 40| P <H M, (h) # o)
_ 1 a e
= Z Z Cr H 6 M (h H TS ST T H(1 - 5lit) 1

SESR §cQ*(s) h=1 i=1 Eh 1 o o i=1
= 2 2 re=9fla-sn,
SESR §eQ*(s) i=1

as required.

Remark 7 For fized | and §, some Bj;’s may be the same. In this case, we resort
the B;; values and still denote them by {3;:}i_,, and assume that there are ' distinct
values with «; of the Bj;’s being equal, with Z:/:1 a; = r. Consequently, the term

[Ti—, (1 = Bjit)™ can be rewritten as H:lzl(l — Bit)~%, and so the conditional mgf in



Chapter 3.2 - MLEs, Exact Distributions and Inference 58

Theorem 6 can be expressed as follows:

E

| T] M. (h) # o]
_ @ ! S Y Pe=3d)

he1 My (h) # O) SESR 3Q* (s)

X H(1 — Brt)T. (3.2.11)

Theorem 7 Conditional on Hflzl M, (R) # 0, the pdf of 0, is given by

Foumit_, Mraz);éo(x)

= d)gya(e),  (3:212)
(th () #0) ZQZ)

where P(6 = d) is as given in (3.2.5), Y5 < Z:lzl Yy with Y% being independent
random variables having gamma G(coy, ;) distributions with shape parameters o; and

scale parameters B, and gy, ,(v) is the pdf of Yi;.

Remark 8 From (3.2.12), it is clear that the distribution of the MLE 0, is a weighted
sum of distributions of random variables of the type Y, 5, where Y, s itself is a sum of

independent and non-identical gamma random variables.

Corollary 3 From (3.2.12), we immediately obtain the expressions for the first two
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conditional moments of 0, as follows:

and

E 2T M, (n) 7Ao] =
}];[1 (Hh 1 ( ) 7A 0) SGZSR 56Qz(s)

/ o 2
> B+ (Z aiﬁfi)
=1 =1

Then, Var(6;) and MSE(§;) can be readily obtained from these two expressions.
It is convenient to rewrite the conditional mgf of 6, (forl =1,2,--- k) in Theorem

6 as

M, 115 _, v, wy20(t)

P (11, < ) #0) .z szl e

- (8 = 6) AD(1 = gy,
P (Il M <>¢o)s§5§) ZZ |

where A;;’s are coefficients obtained by writing the product []/_,(1 — Bjt)™! =
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H:/:l(l — Bit)”® in the partial fraction form Z:lzl P Al(f)(l — Bft)™7, which can
be determined by the use of Lemma 5 in Appendix. Since (1 — jit)™7 is the mgf of a

gamma distribution with scale parameter 3;; and shape parameter j, we can obtain

the conditional tail probability of 0, (for i =1,2,--- k) from the above expression as
k
P<91>b HM,(h)#O) = > Z
h=1 (Hh 1 ( ) # > SESR feQ*(

-/

|

J
oo i—1 A
> ZAg)e‘% ]Z (67/!) : (3.2.13)

i=1 j=1 7'=0 J

We shall now assume that the conditional tail probability of §; in (3.2.13) is an
increasing function of ¢; when all other 6,’s are fixed, for j # [. This assumption
guarantees the invertibility of the pivotal quantities, and it has been verified to be
true in this case through extensive computations under various of settings. It should
be mentioned that this approach has been used by a number of authors for the
construction of exact confidence intervals in a variety of contexts; see, for example,
Childs et al. (2003) and Balakrishnan et al. (2007). We then have a 100(1 — o)%
lower confidence bound for 6; as 6;;, where 0;;, is such that B, (él > él,obs) = «
with él,obs being the observed value of 6,. Also, a 100(1 — )% confidence interval
for 6 is (0;1,6v), where 6, and 6,y are determined by Py, (él > él,obs) = § and
Poy (0 > Opops) = 1 — 2.

By performing the same steps as done in the case of conditional marginal mgf, we

can also derive the conditional joint mgf of (él, Bs, - - - ,ék) as follows.
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Theorem 8 Conditional on HfL:l M, (R) # 0, the conditional joint mgf of (61, 0s, - , 0;)

s given by

Mé1,é2,'“ 0| Hﬁ_l Mr(h);éo(tlv T tk‘)

- (M <>7éo)sezs”ecgz) )

r -1
<] (1 — Z @;tl) : (3.2.14)
=1 =1

where B} is as defined earlier in Eq. (3.2.10).

Corollary 4 From (3.2.14), we find the covariance between 0;, and 0y, (for I, # )

as follows:

o 1
Cov <9z17 912) - p (lezl M, (h) # O) sgs;{

X Z = 9) (Zﬁ;,iﬁl’;,ﬁiﬁz,ijﬁgi)
=1 =1 1=

deQ(

- ! 6=5 6.
(e ) P

x> POb= JZQN (3.2.15)

SESR §eQ*(s)
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3.3 Approximate Confidence Intervals

Let 1(61,04,---,0k) = (L;j(01,02,-- ,0k)),1,5 =1,2,--- , k, denote the Fisher infor-

mation matrix of the parameters 6,605, --- , 0, where

(3.3.1)

0?In L
Ii7j(91702a”' 79k‘):_E( )

06,00,

From the likelihood function in (3.2.2), we have I, ;(61,6s,--- ,6,) = 0 if i # j.

Consequently, we have

](é17é27”. 7ék)

. 9%In L 0?In L 9?In L
= —Dlag( 86% \91:@1, (‘395 ’92:6’5"“’8—6),%'9'6:@'6)’ (3.3.2)
where
821nL’ - M,,(h)_22;:1(5i(h)+si(h))wi
o0y =t g2 03
__ M.(h)
0,

Then, by using the asymptotic normality of the MLEs, we have 6, — 0, ~

N(0, I, 1), so that we can express the approximate 100(1 — a)% confidence inter-
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val for 0;,, 1 < h <k, as

5 2z S 0ih) + s, (HE 2% )
) |

where Z,/» denotes the upper «/2 percentage point of the standard normal distribu-

tion.

3.4 Bayesian Intervals

Let up, = >0 (0:(h) + s;(h))w;. Then, we can rewrite the likelihood function as

k
o —M,(h) Up,
L(01,05,--- 01, 8,8, W) =c, h”l 6, exp (—%) . (3.4.1)

Now, by assuming independent inverse gamma prior distributions, viz., IG(ay, by,)

for 1 < h <k, we obtain from (3.4.1) the posterior joint density function as

k

My (h)—an— b
L(61,92’-.. 70k|w) :CTHQhMr(h) ap, lexp (_uh+ h> ‘
h=1 Qh

Upon comparing this with (3.4.1), we see that the joint posterior density function of
(01,0, --- ,0k) is a product of k independent inverse gamma density functions. So,

given the data, the posterior density function of 0, is simply IG (M, (h) + ap, up + by).
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Thus, the Bayes estimator of 6;, under the squared-error loss function is

Uh+bh
Mr(h) + ap — 1’

h=1,2,-- k. (3.4.2)

eh,Bayes =

When we use Jeffreys’ non-informative prior 1(0)) o é corresponding to the
special case when a;, = 1 and b, = 0, for 1 < h < k, the Bayes estimators in (3.4.2)
coincide with the MLEs in (3.2.3).

Let U), = 2(“’;—:6’1) for 1 < h < k. Then, the pivot Uy, follows Xg(Mr(h)Jrah) distri-
bution, provided 2(M,.(h) + ay,) is a positive integer, for 1 < h < k. In this case, the

100(1 — a)% Bayes credible interval for 6, becomes

2 ) ) — L&ttt hy
Xo(M,(h)+an)1-a/2 X2(M.(h)+an),a/2

where X2 . is the lower 5 percentage point of the chi-square distribution with v
72

degrees of freedom.

3.5 DBootstrap Intervals

In this section, we consider confidence interval for 6, (h = 1,2,--- k) based on the
Bootstrap-p and Bootstrap-t methods; see, for example, Efron and Tibshirani (1994).
To find the Bootstrap-p and Bootstrap-t intervals, in the first step, we generate

original samples from k exponential populations with parameters
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0y, of size ny, 1 < h < k. Next, we sort the data, and determine to which population
each failure belongs, and then estimate ), by the conditional MLE in (3.2.3). In
the second step, we generate a bootstrap sample (d1,da, -+ ,dn; Wi, W, -+, Wy)
by using the values (él, Oy, - - - ,ék), and then obtain the bootstrap estimates of 0y,
1 < h <k, say é,’;, 1 < h < k, from the bootstrap sample. In the third step, we
repeat the second step N-Boot times.

Boot-p: Suppose Kp,p(r) = P (é; < x), 1 < h <k, is the cumulative distribution
function of é,"; Define éhB(a) = K, 5(a), 1 < h < k, for a given a. Then, the

100(1 — a)% Boot-p confidence interval for 0, 1 < h < k, is given by

()i (1)) 1=

Boot-t: After generating the bootstrap samples in the second step and calculating
07, we need to use them to compute the estimate of Var(6;) from the observed Fisher

information matrix in (3.3.2). Then, we determine the T} statistic given by
Ty = A2 1<h<k (3.5.1)

Now, suppose Lnp(xz) = P(T} < z) is the cumulative distribution function of T},

1 < h < k. Then, the 100(1 — a)% Boot-t confidence interval for 6, 1 < h < k, is



Chapter 3.6 - Simulation Results and Discussion 66

given by
(éh —/Var(@) ;3 (1 %) 0, — \/Var(f,) L (%)) . 1<h<k

3.6 Simulation Results and Discussion

A simulation study was carried out to evaluate the performance of the conditional
MLESs and also the average width of all confidence intervals discussed in the preceding
sections for some choices of (ny,ng,n3) and r. We considered different sample sizes
for three populations (i.e, k = 3) as n = (ny,n2,n3), N1 = ny = ng = 5,6,7,8,9, 10,
and different choice for » = 8,10, 12, 18. We list the different choices in Table 3.1 and
3.2 for which the simulation results are presented here. We also chose the parameters
(01,05,03) to be (2,4,7) and (3,5,9). For these cases, we computed the conditional
MLEs for the parameters (6, 63, 05) and the average width of 95% confidence intervals
for (61,02, 03) using approximate, Boot-p and Boot-t methods (with N-Boot as 1000).
For comparative purposes, we also computed the average widths of 95% credible
intervals using Jeffreys’ non-informative priors (a1 = ay = ag3 = 1 and by = by =
b3 = 0). We repeated this process 1000 times and computed the average values of
the conditional MLEs as well as the coverage probabilities for all confidence intervals,
and these are presented in Table 3.3 and 3.4. From these values, it is clear that the
MLEs have a moderate bias when the essential sample size r is small relative to the

sample sizes (nj,ng,ng) and become negligible when r increases relative to N, as is



Chapter 3.7 - Illustrative Example 67

evident from Table 3.3 and 3.4.

In Table 3.3 and 3.4, the coverage probabilities of 95% confidence intervals of
(01, 0, 03) for all the methods are presented for the same choices of ny, ny, ng and r. We
observe that between the two bootstrap methods, the Boot-p method performs better
than the Boot-t method; the Bayesian method has very stable coverage probabilities
(quite close to the nominal level of 95%); however, all these methods have lower
coverage probabilities when the sample sizes are small. The exact method derived
in Section 2 provides exact conditional confidence intervals with accurate coverage

probabilities (compared to the nominal confidence levels) for small sample sizes.

3.7 Illustrative Example

Nelson (1982, Ch. 10, Table 4.1) has given times to breakdown in minutes of an
insulating fluid subjected to high voltage stress. The failure times were observed in
the form of groups with each group reporting data on 10 insulating fluids. For the
purpose of illustrating the methods of inference detailed in the preceding sections, let
us consider the following three groups of samples of failure time data presented in
Table 3.7.

Suppose the samples of sizes n = (10,10, 10) in Table 3.7 are from three expo-
nential populations with means (61, s, 63), respectively. Suppose a joint progressive
Type-II censoring with » = 12 had been enforced on these data. For example, Tables

3.8 and 3.9 present the joint progressively Type-II censored data that obtained from
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Table 3.1: Different choices of sample sizes and the joint progressive Type-II censoring
scheme employed in the simulation study. (Here, (17,0), for example, means that the
censoring scheme employed is (1,1,1,1,1,1,1,0))

(n1,na,mg) | r R Scheme no. for § = (2,4,7)
(5.5,5) | 8| (17,0) 111
(23,04, 1) [112]
6,6,6) | 8| (1,,3) [121]
(25, 03) [122]
(7,7,7) | 8 | (14,6) [131]
(26,0, 1) [132]
(8.8,8) | 8| (15,9) [141]
(2s) [142]
(5,5,5) | 10| (15,05) 151]
(25,07,1) [152]
(6,6,6) |10 | (1g,0) [161]
(24, 06) [162]
(7.7.7) 10| (1,2) [171]
(25,04, 1) [172]
(8,8,8) 10| (1¢,5) 181]
(27,03) [182]
6,6,6) |12| (14,06) [191]
(23, 09) [192]
(7.7,7) 12| (Lo,03) [1101]
(24,1,07) [1102]
8,8,8) 12| (1) [1111]
(26, 06) [1112]
9,9,9) |12 (111,4) [1121]
(27,1,04) [1122]
(7,7,7) [ 18| (13,015) [1131]
(2,1,046) [1132]
(8,8,8) |18 (16, 012) [1141]
(23, 015) [1142]
(9,9,9) | 18] (1y,0) [1151]
(24,1, 013) [1152]
(10,10,10) | 18 | (L1, 0¢) [1161]
(26, 012) [1162]
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Table 3.2: Different choices of sample sizes and the joint progressive Type-II censoring
scheme employed in the simulation study. (Here, (17,0), for example, means that the
censoring scheme employed is (1,1,1,1,1,1,1,0))

(n1,na,mg) | r R Scheme no. for § = (3,5,9)
(5.5,5) | 8| (17,0) 211]
(23,04,1) [212]
6,6,6) | 8| (1,,3) 221]
(25, 03) [222]
(7,7,7) | 8 | (14,6) [231]
(26,0,1) [232]
(8.8,8) | 8| (15,9) [241]
(2s) [242]
(5,5,5) | 10| (15,05) [251]
(22,07,1) [252]
(6,6,6) |10 | (1g,0) [261]
(24, 06) [262]
(7.7.7) 10| (1,2) [271]
(25,04, 1) [272]
(8,8,8) 10| (1¢,5) [281]
(27,03) [282]
(6,6,6) | 12| (16,06) [201]
(23, 09) [292]
(7.7,7) 12| (Lo,03) 2101]
(24,1,07) [2102]
8,8,8) 12| (1) 2111]
(26, 06) [2112]
(9,9,9) [12] (111,4) 2121]
(27,1,04) [2122]
(7,7,7) [ 18| (13,015) [2131]
(2,1,046) [2132]
(8,8,8) |18 (16, 012) [2141]
(23, 015) [2142]
(9,9,9) | 18] (1y,0) [2151]
(24,1,013) [2152]
(10,10,10) | 18 | (L1, 0¢) 2161]
(26, 012) [2162]
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Table 3.3: Average values of the MLEs 6 = (él, éQ, éd) and coverage probabilities of
different confidence intervals for some choices of (nq,n2,n3), r and joint progressive
Type-II censoring scheme.

Scheme 0=(2,4,7)

no. 0 = (él, é27 93) Approximate Bayes Boot—t Boot—p

111 (2.13,4.25,7.74) (88,85,84)  (96,94,91) (84,90,91) (91,92,91)
112 (2.14,4.76,9.02) (85,88,90)  (94,92,90) (82,88,90) (89,91,95)
121 (2.33,5.93,10.90) | (91,93,93)  (94,87,85) (86,87,87) (90,90,95)
122 (2.21,4.33,7.71) (88,84,85)  (94,94,93) (85,88,91) (91,91,92)
131 (2.52,6.46,11.82) | (94,95,94)  (92,84,80) (86,83,83) (91,88,92)
132 (2.21,4.87,9.60) (90,87,91)  (95,91,88) (86,88,90) (92,92,96)
141 (2.88,7.28,11.46) | (97,97,94)  (91,80,83) (87,77,83) (87,80,93)
142 (2.24,5.50,11.05) | (92,91,94)  (96,90,86) (89,87,85) (93,91,96)
151 (2.01,4.28,7.21) (86,86,82)  (96,93,94) (83,88,90) (88,91,88)
152 (2.08,4.29,7.95) (87,88,89)  (96,93,94) (84,89,93) (89,92,94)
161 (2.14,4.29,7.69) (90,87,86)  (96,94,92) (86,89,93) (92,92,93)
162 (2.03,4.02,7.44) (88,86,85)  (95,95,93) (84,88,92) (91,90,90)
171 (2.25,5.01,10.73) | (92,92,94)  (93,91,85) (85,88,83) (90,92,94)
172 (2.10,4.65,9.02) (88,88,93)  (95,93,90) (83,87,90) (90,91,96)
181 (2.34,5.93,12.30) | (94,95,94)  (94,87,77) (86,84,72) (91,87,86)
182 (2.15,4.45,7.77) (91,88,85)  (96,92,92) (87,90,93) (93,95,93)
191 (1.96,4.12,7.15) (87,86,86)  (96,94,94) (82,89,94) (90,91,91)
192 (2.01,4.05,7.10) (87,86,85)  (95,94,93) (83,89,91) (90,89,89)
1101 (2.04,4.24,7.59) (88,89,86)  (96,94,93) (83,90,93) (91,92,92)
1102 (2.07,4.06,6.96) (89,85,85)  (94,94,93) (85,89,92) (91,90,90)
1111 (2.09,4.95,9.19) (91,92,91)  (95,89,86) (86,89,86) (91,93,94)
1112 (2.06,4.15,7.27) (89,86,86)  (95,95,92) (84,89,93) (91,92,91)
1121 | (2.26,5.38,11.97) | (93,95,96)  (96,88,78) (85,84,68) (91,89,84)
1122 (2.15,4.29,7.73) (90,88,88)  (95,94,92) (86,90,94) (92,93,94)
1131 (2.00, 3.92,7.00) (87,88,88)  (94,94,95) (83,91,94) (90,90,91)
1132 (2.02,3.97,6.93) (89,88,87)  (95,94,95) (85,90,94) (92,91,90)
1141 (1.98,4.14,7.02) (89,90,87)  (96,94,94) (84,91,94) (92,91,90)
1142 (2.00,4.01,7.01) (87,89,88)  (95,94,95) (83,90,95) (90,91,92)
1151 (2.03,4.10,7.01) (90,90,88)  (95,94,94) (85,91,94) (92,93,91)
1152 (2.00,4.06,7.07) (87,88,88)  (95,95,94) (83,90,95) (91,92,91)
1161 (2.08,4.00,7.15) (91,88,89)  (93,94,93) (87,91,93) (93,92,93)
1162 (2.02,4.15,7.22) (90,89,89)  (96,94,93) (86,91,93) (93,92,93)
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Table 3.4: Average values of the MLEs 6 = (él, éQ, éd) and coverage probabilities of
different confidence intervals for some choices of (nq,n2,n3), r and joint progressive
Type-II censoring scheme.

Scheme 0 =(3,5,9)
no. 0 = (él, é27 93) Approximate Bayes Boot—t Boot—p
211 (3.32,5.50,9.96) (88,87,82)  (94,93,91) (84,88,90) (91,93,92)
212 (3.32,5.80,11.81) | (86,86,90)  (93,92,90) (82,87,90) (89,90,95)
221 (3.53,7.24,14.33) | (92,94,92)  (94,89,83) (86,89,84) (91,93,95)
222 (3.19,5.61,10.02) | (87,86,84)  (94,93,93) (84,89,91) (91,93,91)
231 (4.01,7.92,14.92) | (95,95,95)  (92,84,81) (88,83,82) (90,88,94)
232 (3.46,6.19,12.73) | (90,89,92)  (94,91,88) (86,88,89) (92,93,96)
241 (4.40,8.61,15.01) | (96,97,95)  (90,83,81) (86,80,82) (87,83,92)
242 (3.59,6.96,14.72) | (92,92,93) (94,89,85) (86,88,84) (91,91,94)
251 (3.28,5.14,9.07) (88,85,84)  (95,96,94) (84,88,91) (92,91,89)
252 (3.11,5.46,10.56) | (86,88,90)  (94,92,92) (81,88,92) (90,90,95)
261 (3.18,5.45,9.83) (89,88,87)  (96,93,92) (86,89,91) (92,94,92)
262 (3.11,5.20,9.21) (86,86,83)  (95,95,94) (83,88,90) (89,91,89)
271 (3.39,6.21,13.58) | (92,92,94)  (94,93,84) (85,89,84) (92,92,93)
272 (3.19,5.76,11.74) | (87,88,92)  (95,92,89) (84,87,88) (90,90,96)
281 (3.74,7.34,15.94) | (94,96,96)  (92,89,78) (86,83,71) (89,88,84)
282 (3.31,5.49,10.11) | (91,88,86)  (94,94,92) (87,91,93) (93,93,93)
291 (3.18,5.28,9.29) (90,87,84)  (95,94,92) (85,88,92) (92,92,88)
292 (3.00,5.11,9.38) (84,85,87)  (93,94,93) (82,87,91) (88,89,90)
2101 (3.15,5.40,9.92) (92,88,86)  (96,94,92) (87,88,92) (94,94,93)
2102 (3.10,5.10,9.02) (88,86,85)  (95,93,93) (86,87,92) (91,89,90)
2111 | (3.26,5.64,12.00) | (91,90,90)  (96,91,88) (86,86,87) (92,91,94)
2112 (3.09, 5.40,9.29) (89,89,85)  (95,94,93) (84,90,93) (92,93,91)
2121 | (3.45,6.68,15.41) | (94,94,95)  (94,89,75) (87,85,68) (92,90,81)
2122 (3.26,5.50,9.52) (90,88,87)  (94,94,93) (87,89,92) (92,93,93)
2131 (3.00,5.01,9.16) (89,86,87)  (95,95,94) (84,88,93) (91,91,89)
2132 (3.01,4.96,9.03) (86,87,88)  (94,95,96) (82,88,94) (89,89,91)
2141 (3.01,4.94,9.06) (88,88,87)  (95,95,93) (84,87,92) (91,91,90)
2142 (3.06, 5.08,9.01) (89,89,88)  (95,96,95) (86,90,92) (92,92,90)
2151 (3.11,5.10,9.20) (91,89,88)  (96,94,93) (86,89,94) (93,92,92)
2152 (3.03,4.86,9.01) (88,87,85)  (96,94,94) (84,87,94) (91,91,90)
2161 (3.11,5.21,9.19) (91,88,88)  (95,94,92) (88,88,93) (93,92,92)
2162 (3.05,5.22,9.03) (90,88,88)  (95,93,94) (86,88,94) (92,92,92)
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Table 3.5: The average widths for some choices of (n, ng, ng), r and joint progressive
Type-II censoring scheme.

Scheme 0=(2,4,7)

no. Approximate Bayes Boot—t Boot—p

111 (5.0,9.7,17.4)  (33.8,68.6,120.6) (5.7,12.6,24.2)  (8.5,60.5,256.7)
112 (4.7,10.6,20.0)  (12.0,26.8,51.0)  (5.8,14.6,28.8)  (8.0,86.1,346.4)
121 (5.2,13.2,24.2)  (13.1,33.3,61.1)  (7.1,23.7,45.5) (10.5,194.9,674.9)
122 (5.0,9.5,16.4)  (14.0,27.7,48.1)  (5.9,12.2,22.1)  (8.2,53.9,204.7)
131 (5.7,13.9,25.7)  (15.9,41.1,75.4)  (8.5,27.0,42.4) (11.8,215.7,598.0)
132 (5.0,10.6,20.8)  (14.1,31.2,61.2)  (6.4,17.1,37.0)  (8.1,99.6,486.5)
141 (6.8,16.6,26.2) (45.9,113.3,178.2) (10.5,29.5,38.0) (17.2,240.3,457.6)
142 (5.3,12.3,25.3) (35.7,84.5,180.4) (6.7,22.1,50.1) (8.7,176.3,795.2)
151 (4.2,8.3,14.4) (8.1,17.2,29.0) (4.4,9.8,16.7) (5.1,40.7,122.7)
152 (4.4,8.6,16.2)  (10.1,20.8,38.2)  (4.7,10.6,20.2)  (5.5,38.3,162.6)
161 (4.5,8.6,15.3) (8.6,17.3,31.1) (4.9,10.9,20.7)  (5.6,44.4,182.2)
162 (4.3,8.1,15.2) (9.7,19.0,36.1) (4.5,9.3,17.5) (5.3,36.0,134.9)
171 (5.3,6.2,8.7)  (37.1,86.1,174.9)  (5.6,17.4,44.8)  (9.6,103.8,708.1)
172 (4.4,9.2,18.3)  (10.0,22.1,43.2)  (5.0,13.2,27.5)  (5.9,86.2,269.8)
181 (5.2,8.2,16.5)  (14.3,35.5,74.5)  (6.3,24.5,54.0)  (9.2,183.9,948.8)
182 (4.5,8.8,15.2) (8.7,18.0,31.3) (5.0,11.7,21.1)  (6.5,54.8,196.5)
191 (4.0,5.9,8.5) (7.3,15.3,26.1) (3.9,8.5,15.0) (4.1,29.2,93.9)
192 (4.0,6.7,10.8) (6.9,13.9,24.1) (4.0,8.2,14.4) (4.5,26.0,88.5)
1101 (4.1,6.6,11.6) (7.0,14.5,25.8) (4.1,9.4,17.8) (4.3,35.5,140.8)
1102 (4.2,6.1,11.4) (9.1,17.7,30.4) (4.1,8.5,14.7) (4.7,29.6,91.6)
1111 (4.6,4.0,11.2)  (31.1,67.1,130.8) (4.3,14.4,31.7)  (5.0,85.4,364.3)
1112 (4.2,5.8,10.9) (8.8,18.1,32.0) (4.2,8.9,16.1) (4.8,33.4,112.4)
1121 (4.5,8.6,17.1) (7.7,18.4,40.8) (5.0,19.4,55.8)  (5.7,109.4,956.6)
1122 (4.3,6.0,11.4) (7.4,14.7,26.5) (4.4,9.8,18.4) (5.4,39.4,143.3)
1131 (3.2,4.7,8.0) (4.4,8.7,15.5) (3.2,6.2,11.2) (3.4,17.2,60.1)
1132 (3.2,5.2,9.2) (4.5,8.8,15.3) (3.2,6.3,11.1) (3.4,17.6,55.6)
1141 (3.3,4.5,5.6) (4.8,9.9,16.8) (3.1,6.7,11.5) (3.2,20.0,59.9)
1142 (3.2,4.3,7.8) (4.5,9.0,15.8) (3.2,6.4,11.4) (3.3,18.8,59.4)
1151 (3.2,4.4,9.0) (4.5,9.1,15.5) (3.2,6.8,11.8) (3.4,20.1,62.3)
1152 (3.2,4.7,8.1) (4.5,9.2,15.9) (3.2,6.6,11.6) (3.4,19.4,62.3)
1161 (3.4,3.7,7.1) (4.9,9.5,16.9) (3.3,6.8,12.7) (3.4,20.5,72.3)
1162 (3.3,5.0,7.3) (4.5,9.3,16.2) (3.2,6.9,12.1) (3.4,20.9,65.4)
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Table 3.6: The average widths for some choices of (ny, n2, ng), r and joint progressive

Type-II censoring scheme.

Scheme 6= (3,5,9)
no. Approximate Bayes Boot—t Boot—p
211 (7.5,11.8,21.1)  (20.9,34.6,62.9)  (9.2,16.2,30.9)  (15.8,77.4,327.2)
212 (7.3,12.9,26.2) (18.5,32.5,66.0)  (9.3,17.6,37.5)  (15.9,77.4,401.6)
221 (8.3,15.7,32.5) (53.9,109.0,228.3) (11.4,28.4,59.4) (17.7,184.1,801.0)
222 (7.2,12.1,21.9) (20.4,35.7,64.3)  (8.5,15.8,28.8)  (12.6,67.8,235.3)
231 (8.9,17.6,33.1)  (22.2,44.2,83.7) (14.5,32.8,53.9) (24.1,211.6,604.6)
232 (8.2,14.0,28.6) (56.2,99.9,200.2) (10.4,21.5,49.1) (16.6,106.5,570.4)
241 (9.9,18.5,32.7) (27.8,54.2,95.0) (16.6,35.4,49.4) (30.1,225.5,514.8)
242 (8.5,15.7,33.3) (57.0,110.0,231.8) (11.5,27.3,66.7) (20.7,177.8,955.7)
251 (6.8,10.3,18.2)  (13.2,20.7,36.5)  (7.3,11.7,21.0)  (10.0,32.5,120.5)
252 (6.6,11.1,21.6)  (14.7,25.9,49.7)  (7.2,13.4,26.8) (9.3,46.3,210.7)
261 (6.7,11.1,19.9)  (15.3,26.0,46.9)  (7.4,13.8,26.3) (9.2,52.0,196.1)
262 (6.5,10.5,18.3)  (12.5,21.1,36.9)  (7.0,12.0,21.6) (9.5,37.4,137.3)
271 (7.7,9.3,22.6) (50.5,95.8,198.6) (9.0,21.2,56.2)  (13.0,95.9,738.2)
272 (6.8,11.6,23.4)  (15.3,27.3,55.7)  (7.8,16.2,35.6)  (10.5,66.0,329.2)
281 (8.5,13.0,27.4) (54.6,115.8,244.3) (11.2,29.3,69.9) (17.8,204.7,1085.1)
282 (7.0,11.1,19.9)  (15.7,26.6,48.0)  (7.9,14.2,27.3)  (11.7,49.8,219.6)
291 (6.4,7.2,11.8)  (11.8,19.7,34.1)  (6.3,10.8,19.4) (8.0,30.9,111.4)
292 (6.0,8.5,15.5)  (10.3,17.5,32.0)  (6.0,10.3,19.1) (7.3,30.1,110.4)
2101 (6.3,8.3,14.5)  (10.7,18.4,33.9)  (6.4,11.9,23.2) (7.7,35.8,152.2)
2102 (6.3,6.8,12.4)  (11.5,18.9,33.5)  (6.3,10.6,19.0) (7.9,31.9,104.0)
2111 (6.5,8.7,17.9)  (11.1,19.1,41.1)  (7.2,15.5,41.1) (9.6,57.2,484.8)
2112 (6.2,8.5,15.3)  (10.5,18.4,31.7)  (6.3,11.6,20.6) (8.5,37.1,123.6)
2121 |(6.8,12.3,28.8) (11.1,21.5,49.5)  (8.3,23.6,71.4) (13.5,113.1,1210.0)
2122 (6.5,8.5,13.4)  (11.1,18.7,32.4)  (6.8,12.4,22.5) (9.0,44.6,146.5)
2131 (4.9,5.4,8.4) (7.1,11.9,21.8) (4.8,8.0,14.6) (5.3,18.5,67.4)
2132 (4.9,5.5,10.6) (6.8,11.1,20.4) (4.8,7.9,14.4) (5.3,18.1,64.5)
2141 (4.8,5.2,11.0) (6.8,11.1,20.4) (4.8,8.0,14.8) (5.2,18.9,71.2)
2142 (4.9,5.1,9.5) (6.9,11.4,20.3) (4.9,8.2,14.6) (5.5,18.8,62.9)
2151 (5.1,4.7,8.2) (7.2,11.8,21.3) (5.0,8.4,15.5) (5.5,19.8,73.3)
2152 (4.9,5.1,10.0) (6.8,11.0,20.3) (4.9,7.9,14.8) (5.5,19.0,68.0)
2161 (5.0,5.8,5.0) (7.0,11.7,20.7) (5.0, 8.8,16.3) (5.5,22.8,86.6)
2162 (4.9,5.9,10.2) (6.9,11.8,20.4) (4.9,8.6,15.1) (5.4,21.7,70.0)
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Table 3.7: Failure time data as three groups of insulating fluids

Group 1
Group 2
Group 3

0.31 0.66 1.54 1.70 1.82 1.89 2.17 2.24 4.03 9.99
0.00 0.18 0.55 0.66 0.71 1.30 1.63 2.17 2.75 10.60
0.49 0.64 0.82 093 1.08 1.99 2.06 2.15 2.57 4.75
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Table 3.8: Joint progressively Type-II censored data observed from Table 3.7 with
r = 12 and censoring scheme R;

W ) S

0000 1 01 0 O
0180 1 01 0 O
031({1 0 0(1 0 O
049(0 0 1]0 0 1
0550 1 0]0 0 1
064(0 0 1|0 1 O
0661 0 0[O0 1 O
066(0 1 0[0 0 1
1.08/0 0 1|0 1 O
15411 0 0|1 0 O
1630 1 0|0 0 1
21711 0 0]0 0 1

the data in Table 3.7 with » = 12 and censoring schemes R; = (112) and Ry = (26, 0g).

We then computed the conditional MLEs of (0, 65, 05) and the estimates of their

standard deviations and mean square errors for r = 12 from the expressions presented

earlier in Section 2, and these are presented in Table 3.10. We have also computed

the estimates of the covariance matrix of (6,65, 63) from the expression in Corollary

3, and these are presented in Table 3.11. From the results in Tables 3.10 and 3.11,

we find the estimates to be quite stable, and especially so for #5 since this population

has smallest mean thus producing more failures in the joint progressively censored

data.
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Table 3.9: Joint progressively Type-II censored data observed from Table 3.7 with
r = 12 and censoring scheme R,

w ) S

0O (1 0 0|0 O 2
0181 0 01 1 O
031({1 0 0|1 1 O
0551 0 0|1 0 1
0641 0 0|1 0 1
066|1 0 0]0 1 1
08211 0 0(0 0 O
1.8911 0 0|0 0 O
2150 1 0(0 0 O
21710 0 1]0 0 O
21710 0 1({0 0 O
40310 1 0[{0 0 O

Table 3.10: Conditional MLEs and the estimates of their standard deviations and
mean square errors based on joint progressively Type-II censored data from Tables
3.8 and 3.9 according to the censoring schemes R; = (112) and Ry = (26, 0g).

Mean @ MSE
R (01,04,05) (61,02,05) (61, 65,653)

Ry | (1.68,1.01, 1.41) | (1.1932,0.5852,0.9391) | (1.4692,0.3476, 0.9049)
Ro | (2.35,1.56,2.22) | (1.6288,0.9142, 1.5063) | (2.7313,0.8490, 2.3316)

Table 3.11: Estimates of the covariance matrix of the conditional MLEs based on
joint progressively Type-II censored data from Tables 3.8 and 3.9

Covariance matrix (p(6;,0;));; for schemes Ry and Ry
1.4237  —0.0258 —0.0494 2.6529 —0.0566 —0.1091
—0.02582 0.3424 —0.0206 |, —0.0566 0.8358 —0.0525
—0.0494 —0.0206 0.8820 —0.1091 —0.0525 2.2690
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Table 3.12: 95% confidence intervals for (6, 62, 03) corresponding to different methods
based on joint progressively Type-II censored data from Table 3.8 and 3.9 for censoring
schemes R; and R».

Scheme r=12

R CI for 6; C1 for 0, C1 for 64

Exact Ry (0.69,6.59) (0.46,3.24)  (0.60,5.13)

R, (0.98,8.90) (0.71,5.05) (0.94,8.20)

Approximate Ry (0.01,4.35) (0.92,2.24) (1.2,3.55)
R, (0.02,4.94) (0.61,3.13) (0.9,4.59)

Boot-t Ry (0.82,40.32) (0.34,6.12) (0.63,24.11)

Ry (0.66,16.82) (0.34,5.27) (0.60,14.17)

Boot-p Ry (0.74,7.65) (0.40,3.20) (0.61,5.91)

R, (0.69,6.08) (0.47,3.76)  (0.65,5.60)

Bayes credible Ry (0.99,8.42) (0.51,4.32) (0.80,6.89)
Ry (1.13,9.51) (0.71,6.05) (1.04,8.89)

Table 3.12 presents the 95% confidence intervals for (0, 6, 05) based on the exact,
approximate, Bayes credible, Boot-p and Boot-t methods corresponding to the case
r = 12 with joint progressive Type-II censoring scheme Ry = (1,1,1,1,1,1,1,1,1,1,1,1)
and Ry = (2,2,2,2,2,2,0,0,0,0,0,0). From these results, we observe once again that
the approximate and Boot-t confidence intervals are not satisfactory compared to the
conditional exact confidence intervals. We also observe that the Boot-p and Bayesian
methods yield results close to the exact confidence intervals, which once again reveals
the importance of the results derived in Section 3.2 in obtaining exact conditional

confidence intervals in the case of small values of 7.



Chapter 4

Inference Under Joint Type-11

Hybrid Censoring

4.1 Introduction

The joint censoring scheme is quite useful in conducting comparative life-tests of
products from different units within the same facility. Suppose products are being
manufactured by k different lines within the same facility, and that k independent
samples of sizes ny, 1 < h < k, are selected from these k lines and placed simultane-
ously on a life-testing experiment. Then, in order to reduce the cost of experiment
and also to reduce the experimental time, the life-testing experiment may be chosen
to be terminated after a certain number (say, r) of failures has been observed. In this

situation, one may be interested in either point or interval estimation of the mean

7
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lifetimes of units produced by these k lines. In addition, one may also place a con-
dition based on time under test. In such a situation, here, if the termination of the
life-testing experiment is done by a joint Type-I or Type-II hybrid censoring scheme,
exact results based on the maximum likelihood estimates are developed for making
point and interval inference on the parameters.

Epstein (1954) introduced the Type-I hybrid censoring scheme (Type-I HCS) in
which the life-testing experiment is terminated as soon as a pre-specified number
r out of n items has failed or a pre-fixed time T on test has been reached, which
ever appears first. The Type-I HCS has been used as a reliability acceptance test in
MIL-STD-781 C (1977). However, the Type-I HCS may result in very few failures
at the termination point of the experiment. For this reason, Childs et al. (2003)
introduced the Type-1II hybrid censoring scheme (Type-II HCS) as an alternative to
Type-I hybrid censoring scheme, in which the life-testing experiment terminates at
the time when the latter of the above two stopping rules is reached. This censoring
scheme has the advantage of guaranteeing that at least r failures are observed at the
end of the experiment. The disadvantage in this scheme, however, is that it may take
longer time to complete this life-test.

In the literature, joint Type-II censoring scheme and inferential methods based
on such a scheme have been discussed earlier. For example, Basu (1968) discussed
a generalized Savage statistic. Johnson and Mehrotra (1972) studied locally most

powerful rank test under joint censoring. The problem of testing for the equality of
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two distributions, under the assumption of exponentiality, was discussed by Bhat-
tacharyya and Mehrotra (1981). All these developments under this joint censoring
scheme have focused on nonparametric and parametric tests of hypotheses; see Bhat-
tacharyya (1995, Chapter 7 of Balakrishnan and Basu (1995)). For the exact inference
based on the MLEs, Chen and Bhattacharyya (1988) derived the exact distribution
of the maximum likelihood estimator of the mean of an exponential distribution and
an exact lower confidence bound for the mean based on a Type-I hybrid censored
sample. Childs et al. (2003) obtained an alternative simple form which is equivalent
to the results of Chen and Bhattacharyya.

To study two or more competing products in regard to the duration of their ser-
vice life, comparative lifetime experiments are of great importance. In this regard,
Balakrishnan and Rasouli (2008) discussed exact inference for two exponential popu-
lations when Type-II censoring is implemented on the two samples in a joint manner.
Here, we generalize their work by considering the k-sample problem. Suppose the
test units from k lines under study are placed on a life-test simultaneously, that the
successive failure times and the corresponding types (lines from which the failed u-
nits come from) are recorded, the experiment is terminated at time when the latter
of a specified total number of failures has been observed and a pre-fixed time 7" on
test has been reached. The main aim of this paper is to consider the parameters
of k exponential distributions, and to derive the exact distributions of the maximum

likelihood estimators of the unknown parameters based on a joint Type-II hybrid cen-
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sored sample arising from these k independent exponential populations. The exact
distributions of the maximum likelihood estimators and the exact confidence intervals
for the exponential parameters are discussed.

Suppose Xi1, X12,- -+, X1, are the lifetimes of n; specimens from line A, and
they are assumed to be independent and identically distributed (iid) variables from a
population with cumulative distribution function (cdf) Fj(z) and probability density
function (pdf) fi(z). Similarly, X, X9, -+, Xo,, are the lifetimes of ny specimens
from line Ay and are assumed to be a sample from pdf fo(x) and cdf Fy(x), and so
on, with Xy, Xxa, -+, X, denoting the lifetimes of n; specimens from line A, and
are assumed to be iid variables from pdf fi(z) and cdf Fi(z).

Furthermore, let N = Zle n; denote the total sample size, T denote the pre-fixed
test time, and r denote the pre-fixed number of failures to be observed. Let w; < wy <
.-+ < wy denote the order statistics of the N random variables {X;;;1 <1i < k,1 < j <n,}.

Therefore, under the joint hybrid Type-II censoring scheme for the k-samples, the
observable data consist of (§, w), where w = (wy, wa, - -+ ,w,), w; € { X1, Xny2y -+ s Xnyny |
for 1 < hy,hg, -+ ,h. < k. Finally, associated to (hq,hs, -, h,), let us define

0= (61(]1)’(52(]1)7 T 75r(h)) as

1, it h = h
5i(h) = (4.1.1)

0, otherwise.
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Let D denote the number of failures up to time 7. Then, D is a discrete random

variable with support {0,1,2,---, N} with probability mass function

P(D =d) = ™ lh n1—l1 2 lo no—l2 i I ngp—lg
(D=d)=>_ g pEg - gy

with Zle l; =d for 1 <I; <n;, where p; = F;(T), and ¢; =1 — F;(T) (1 <j <k).
Therefore, under the joint Type-II hybrid censoring scheme described above, the

observable data consist of (§, w) of the following form:

(517527"' 757‘;w1>w27"' >w7‘>7 WlthD:Oala ,7’—1,
(67W):

(517527"' 75D;w17w27"' 7wD>7 WithD:T,T+1,"’ 7N7

where ¢ is as defined in (4.1.1).

4.2 MULEs, Exact Distributions and Inference

Let M, (h) = "', 6;(h) denote the number of Xj,—failures in w for 1 < h < k, and

=1

r = 22:1 M, (h). Then, under the joint Type-II HCS, the likelihood of (8, W) is
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then given by

L(91,92, s Gk,é W)

r k k
¢ TT TT (fa(wi)™ T Su(wn))™ "™ T < w,,
= el =l (4.2.1)
np—Mp
eo [T TT (fu(wi))™™ T (Su(T)) W T >,
=1 h=1 h=1
where S, (w,) =1 — Fj,(w,), Sy(T) =1 — F,(T) and ¢, = N 1 T Y, [

[1F_1 (nn— M (h))!

Hﬁ:1 np!
[T _i (na—Mp(h)!

When the k populations are exponential with cdf Fj(z) =1 — exp(—g-), z > 0,
and pdf fi(z) = g-exp(—4-), © > 0, for 1 < h <k, the likelihood function in (4.2.1)
simplifies as follows:

For T' < w,, (D <r — 1), the likelihood of (§, W) is given by

L(917927 e 79]{?’ 67W)

= crexp{—ZMr(h)logé’h—Z (sz i(h) +w, nh—Mr(h))>};

(4.2.2)
For T' > w, (D > r), the likelihood of (§, W) is given by

L<01a 927 e ueka 67W)

= cDeXp{—ZMD(h)logGh—Z (szz +T nh—MD(h))>}

(4.2.3)
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Thus, under the Type-II HCS, for 1 < h < k, the MLE of 6, is given by

0y, =

M_Tl(h) {ZT: w;0;(h) 4 wy(np — Mr(h))} when D=0,1,---,r— 1,
| (4.2.4)

D
m {Zzlwléz(h) + T'(ny, — MD(h))} when D =r,r4+1,---  N.
Remark 9 From the likelithood function, we readily see that the MLE of 0 does
not exist if T < W, and [[f_, Mp(h) = 0; if T > W, and [[;_, Mp(h) = 0, then
also the MLE of 6, does not exist. So, the MLEs in (4.2.4) are conditioned on
S = {Hizl Mp(h) > 1 or T[i_, My(h) > 1}. We, therefore, need to discuss the

distribution and other properties of the MLEs only conditional on the set S.

Lemma 3 Forr <d < N, let My = (My(1), My4(2),--- , My(k)) and t = (t1,t2,--- ,tx)

with 2521 t; = d. Further, let us denote the set

k—1
T, = {t:max{l,d—an}gtkgmin{d—k+1,nk},
h=1
k—2
max{l, d— an — tk} <tp1 < min{d — k42— ty, nk_l},
h=1

T

k k
max{1l,d —n; — Zth} <ty < min{d — Zth,ﬂg}} .
h=3 h=3
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Then, we have

P(S|ID=d)= ) P(M;=t) (4.2.5)

teTy

Proof For 0 < d < r, consider the set

{SID =d} = {Z My(h) = d, [ [ Ma(h) # 0} :

Since t, < n; and d = Zizl th > k — 1+ tg, we have t; < min{d — k + 1,n4}.
On the other hand, ¢, > 1 and d = Zh (< Zh Ly + tg, and so we have

t, > max{l,d — Zh T}
When we fix #; in this way, we get max{1,d — Y.r_>n; — t;} <ty < min{d —

k+2 — tg,ng_1}, and therefore
{S|D = d} = Uter,{M, =t}

which proves the lemma.

Similarly, we have the following result for the case when r < d < N.

Lemma4 For 0 < d < r—1, let M, = (M,.(1),M.(2),---,M.(k)) and t =
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(t1,t9,- -+ ,tx) with Z?:l t; =r. Further, let us denote the set

k-1
T, = {t:max{l,r—an}Stkgmin{r—k—l—l,nk},
h=1
k-2
max{1l,r — an —tp} <tp_y <min{r —k + 2 — tx,ng_1},
h=1

)

k k
max{l, 7 —n; — Zth} <ty < min{r — Zth,ng}} )
h=3 h=3

Then, we have

P(SID=d) = > P(M,=t). (4.2.6)

teT,

Theorem 9 The joint probability mass function of & under the Type-II HCS is as

follows:

(a) For0<d<r-—1,

k

d
% Cr —M,(h)
_§D=—d) = — & , 42,
P(6 = 8|D =d) 5D =) h||19h l;:O(Pld; (4.2.7)
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where

=0 h=1 =d+1 h=1
A
k
X exp {—T(Z th ]Z“(h))} ,0<l' <d; (4.2.8)
h=1 h
(b) Ford>r,
. k d
P(5 - 5|D - d) - —d Q_Md(h) ’l/)l/d’ (429)
P(D = d) g h lz:;)
where

-1

j=0 h=1 eh
JAU
k
— My_y(h
xexp{—TZnh gd !l )}, 0<l'<d;  (4.2.10)
h
h=1

(c) Fort = (t1,te, - ,tg), such that Z?Zl t; =d and t; > 1 for all j, let & be as

defined in (4.1.1), My(h) = Z?Zl di(h), and

Qi (t) = {S(h) — (51,02, -+ ,8,) such that My(h) =ty for 1 < h < k}
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Then,

PM;=t)= > P(§=20); (4.2.11)
deQi(t)

(d) Let Ty be the set as defined in Lemma 3, Then,

ZteT,« P(MT = t) if d <,
P(S|D = d) = (4.2.12)

Zter PMy=t) ifd>r.

As we can see, for somet, the probability P(My = t) = 0, whent = (t1,t9,- -+ , 1)

does not belong to Ty.

Proof (a) When T' < w,, let d be the integer such that wy < T < wgy1, from (4.2.2),

we have the joint density of (§, W) as

k r—1
f(o,w) =¢, H 9;Mr(h) exp (— Z a;w; — brwr> , (4.2.13)
h=1 i=1

{O<w1<w2<---<wd<T<wd+1<---<wr<oo},whereai:2flzldio(}h) and

b, = 22:1 %’{M’”(h). Upon integrating out wy, we, -+ ,w, over {0 < w; < -+ <

wyg <T <wgyy < -+ <w, < oo} in (4.2.13), by using Lemma 7, we obtain the joint
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probability mass function of § as

P(6 =6|D =d)P(D =d)

k d
—M(h
= CTHQh ()/ exp —E a;w; | dwy -+ dwy
h=1 0<w; Swo <+ Swg<T i=1

r—1
></ exp [ — Z a;w; — bow, | dwgyy - - - dw,
T<wd+1<wd+2<~~~<w7-<oo i=d+-1
d r—1
= CTHQ_MT ch/ exp <—T Z ai> 5&” exp (—T(bT+ Z ai)>
i=d—l'+1 i=d+1
r—1
- CTHQ; ch, g exp( T(b. + Z ai)>,
h=1 i=d—1'+1
where
d
(d) 1
CO - H d 5
o1 2 i
—1)" L
cl(,d) = 1/1( ) H = forlgl’gd,
H Zldl/+1alj 12 .
&) = 1]
br i=d+1 bT + Z

which are shown in Lemma 7 in the Appendix.

Observe that for 8, M,(h,d) = S°7_, d;(h) and

r—1 k grh + —Mrh r—1 k (ih
D I S P D I L
i=j —
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" 5i(h) s My_j(h,8) — My_y(h,é
3 ()ZZ ( )eh ( )7

where Mi(h,S) = Z;Zl Sl(h) depends on &, and yet we denote it by M;(h), for

simplicity, and set My(h) = 0. Thus, we have

For 1 <’ <d,

' d-U
i = el
T 1 d—v
H Zz d—1r+1 i =y Zi:j @i

d-1

— (-1)" H 1
-1 (Mg_j(h)—My_y(h)) (My_yr(h) (h))’
H DI d]ehdl il Pl dleh“

B 1
- H ko (My_y(h)—Ma_;(h))’

My_(h
Jj=0 Zhil (S

JAU
r—1
55[) = bi b +erla-
T j=d+1 T i=j
=] !
- j=d+1 Zh T Jf; )

Then,

np—Mg_r(h)

k d
3 Cr ~My(h d)~(r) TS F_,
P& =010 =) = g T 3 e T
h=1

I'=0

from which (4.2.7) is obtained.
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(b) When T' > w,, from (4.2.3), d is the integer such that wy < T < wg41. We

have the joint density of (§, W) as

k
fo,w) = cdHG;M‘i(h) exp{—Zaiwi}

k
exp {— ; T _Q}fwd(h)) } (4.2.14)

with a; = Zh L Oh , for 1 <4 <d.
Upon integrating out wy, wq,--- ,wy over {0 < wy < wy < -+ < wy < T} in

(4.2.14) by using Lemma 7, we obtain the joint probability mass function of § as

follows:
P(§ =8|D=d)P(D =d)
k k
My (h) T(np, — Mqa(h)) }
= c |0, exp Z
U { h=1 On
Wo d
/ / exp(— Z a;w;)dw, - - - dwg
=1
k
_ T(ny — M
— ¢ H 0, Mqa(h) exp {_ (7 a( } Z Cl(,d) 2ima—rr 41 @l
h=1
k
_ — M,
= CdHQ Mdh)zcl/ exp{_Tznhg—hdl)}
h=1
(d) d 1 .
where ¢;” = [] (M, (=M (M) 1 0<j<d
120 2h=1 o,
J

Thus, (4.2.9) is obtained.

The results in (¢) and (d) follow immediately from Lemma 3, Lemma 4 and Part
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(b).

Theorem 10 Conditional on S, the moment generating function (mgf) of 0, (for

1 <1< k)is given by

r—1 1 M
MAZ (t) = Cr 9 A Pr
ils ; P(I1F_, M.(h) #0|D = d) tGZT 56% H Z vd

T

1 tT(nl — Md_l/(l))
I I = p{ M) }

j= ijél’ Zfﬁll’]j =d+1

! —My(h)
+Z P([Tj—, Ma(h) #0|D = d) 2. 2 CdH@ Z%

tETdéeQ*(t) h=1
<l
7=0; ];él’ tﬁl A

. {tT(nl — My_y(1)) } ’ (4.2.15)

My(1)

where Qg and Ypgq are as given in (4.2.8) and (4.2.10), respectively. For 1 <[ <k,

0<l'<dand0<j<d,

(d) Mgy (1) — M1 (1)
) 4.2.16)
LUy ko (Mg_y(h)—M;_1(h))’ (
()2 h= =5,
M l
B, = M e 1( ) (4.2.17)
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Proof Conditioning on the set S and then on 8, we obtain

Mél|s<t) = K

t91|HM ) #0, orHMD 0]
= HE(”![D dHM 7é0> P(D = d)

d=0 h=1
N

+Y E ( 9D = d, HMD 7éo) P(D=d). (4.2.18)
d=r h=1

When d =0,1,2,--- ,r — 1, by using Lemma 7, we have

k
D =d, [] M.(h)

(HM ) #0|D = d) P(D =d)
= Z Z / e £(8, w)dw - - - dw,

teTr 5€Q* (t)0<w1 <w2<---<wd<T§wd+1 Lwio < <wp <o

_ Z Z CTHQMr(h/ e—Zleaéwidwl...dwd

€Ty segr(e)  hel 0w Swn < Sug <T

/
X / e Zz d+1 G"Lwl bTwwad+1 e dwr
T<wg41 <wd+2< Lwp <o

— Z Z CTH0 M;-(h) (Zbd) -y, Vi 1> B() T +37- ;H al)

teTr §eQx(t) h=1

Y CTHQ—MM sz/ AT o)

teTr §eQx(t) h=1
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where b, = b, — g7t (6 (1) + = M, (1)), af = a; — 335,

S

:J 'L

(d) (—1)l/ o1 /
b = — -1 T for 1 <1 <d,
H Zz =d—1l'+1 a; j=1 Z ]

() _
bd - 3 H b, Zr 7, ~r—1 , /

]d—i—l T

Now, observing that

— () +m— M) <= t5(])
B “;az 0 ‘;Mra)
_ np — Mj—i(h)  t(ng — M1 (1))
B h; : O a er(z) ’
d B d d tgj(l)
L Ma(h) = My a(h) H(Ma(l) = My (1)
B ; eh Mr(l> ’
we obtain
(d) _ : -
: _]lehlw El—t%
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Mg (l)—M;_1(1)

My(h)—M,_q1(h) *
M(l) Zﬁ:l %

where (3 l(,'é)j =

For 1 <!’ <r, we also have

’ d-U
b — (=1 I 1
! -1 d—l'
H Zz d—+1 % j=1 Zi:j a;

(="

Hl’ 1 (Zh . (Md j ) Mdfl’(h)> t(Md—j(l)_Md—l’(l)>

M, (1)

On

d-l

1
X
H (My_ys (h)—M; _1(h)) B t(My_y (1) —M;

leh1 On
d

_ 1 11

H st (an-bams(9) oy 1= 15

—M;_1(1)

0 J#EV
J?él/
-1
- 1
bgn) = 77 r— 1
b, 1;[ L+ Z a;
B 1
= , k np—M;_1(h)  t(ni—M,;_1(])
Hj:d+1 <Zh:1 - 7 - erEl)l )
_ ! j——
= nn—M,_1(h) — B’
H] d+1 Zh e g : j=d+1 L=t
d M, . (1)—Mg_,;(l *
where Bl(,l’)j = ) de l((M)dil,(dh)i(]\)d_j(h)) and Blj =
T h=1

n,

npy —M;_
My (1) oy g =

94

. Thus, when
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d=0,1,---,r—1,
e!|D = dHM (HM ) #0|D = d) P(D = d)
1 G
Cr HfMT (?)
tZT Z /1_[1 ; ‘ (Mo ()= Ma—y (b ))111_’5611'
€T §eQx(t) H Zh 1 o o
p
1 d 1
X
r k np—M;_1(h H _ *
Hj:d-H 2 h—1 h#() j=d+1 1 =15}
k
ny — Mdfl/(h) t(nl — Mdfl’(l))
xexpq —T —
(s V0
k r
1
—M,(h)
SD D S| UL 90t | ey | s
teTr §eQr(t) h=1 ;ﬁl’ ll/j j=d+1 ly
tT (ng — Mgy (1
Xexp{ (”lM (l; l<>>}, (4.2.19)

where @4 is as given in (4.2.8).

Similarly, when d =r, 7+ 1,--- | N,

D = d, HM )#0| P

(ﬁ M, (h) # 0|D = d> P(D = d)

h=1

_ / e (3, W)dw: - - - duw,
0<w; <ws <+ <wd<T

tETd 5cQy(t)

Tnh—Mdh tT nl—Mdl
— Z Z cdH6 exp{ Z ( i <))—|— (Md(l) 0)

k
teTy § deQs(t) h=1 h=1

x/ exp g aw; o dwy -+ - dwg,
0<w <wo < Lwg<T

=1

}
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r_ t8; (1)
where a; = a; AOR

k
D =d, H M, (h)

(HM ) # 0|D _d> P(D = d)
= Z Z CdH9 (Z bl(fl)e_TZ?—d—l’+1“§>
I'=0

teTu seqn
X exp {_ i: T (o, —Qth(h)) 1T <njl\4_d(?)4d(l)) }
- teZTMGQZ cdHG Ma(h Zbl'
X exp {—T; o ];id‘”(h) L T A}%j—w(l)) }
=2 Z CdH9 ot Zwl/dH 1 _w”,
T sean o
X exp {tT (. A;dfg;w(l)) } . (42.20

Upon substituting from (4.2.19) and (4.2.20) into (4.2.18), we obtain the expression

in (4.2.15) as required.

Remark 10 For fixed [,l' and 5, some ﬁl(‘li,)z 's and B};’s may be the same. In this case,
for d < r, we resort the ﬁl(fll,)i and B}; values and denote them by {ﬁl(j,)i}f/zl, and assume
that there are r’ distinct values with ozl(yllgi of the Bl(},)l ’s being equal, with Z:lzl 041(,1121' =7.
Consequently, the term H?:o;#l' (1 — tﬁ;%) - X [Tiai (1- tﬂl*j)_l can be rewrit-
ten as H;;l (1 — tﬁl(j,)j) i ; For d > r, similarly, HJ 0l < tﬁl i > - can be

rewritten as H;;l (1 - tﬁl(j,)j) with Zz Loy = d, and thus, the conditional mgf
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in Theorem 10 can be expressed as follows:

r—1

1 —M,(h
Vst = 2 B v 20D = ) 2 o C’"HQ Z“‘”'d

teT, JEQ*
r’ oM
1 i tT(nl — Md,l/(l))
A1) en {

! —Mgy(h)
+Z PUT Vo) 20D =) 2 2= 1o Zm

tergeQ (t) h=1

! @)
(2) Y tT(nl — Md,l/(l))
| | 1—t57. 4.2.21
= (1-0i) e { Mq(0) 22y

Remark 11
1. (1 —ct)~® is the mgf of the gamma G(«, ¢) distribution with scale parameter c
and shape paprameter «;

2. e is the mgf of the degenerate distribution localized at the point c.

Theorem 11 Conditional on the set S, the pdf of 6, (for 1 <1< k) is given by

r—1

Z 1 d
fAl (SE) - Cr 9 ) Prdgd
" “—~ P(ITh_, M,(h) # 0|D = d) ) Z H ;_0: vagy

teT'r JGQ*

1
+Z H“Mdm%ow:d)z

teTy

x 3 cdH9 Ma( >Zwydgy<2 (4.2.22)

/
seQy(t)  h=1 o

where Yl,(;) L Z:/:l Yl/(;)l + Yy, with Yl/(clz)z being independent random variables having

gamma G(Ozl{ll?i, ﬁl(j’)i) distributions with scale parameters 51(})1' and shape parameters
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a§71l2i, Yy being independent random variables having degenerate distribution localized

at the point %W, and g, () is the pdf of Yl,(;), llj) < ZZ 1Y2,dl + Yy

d

with Y},d being independent random variables having gamma G(al(zl,)l, 51 Vi ) distribu-

tions with scale parameters Bl(j,)i and shape parameters 0‘1(,25?@‘7 Y4 being independent

T(n—M,_p (1)

random variables having degenerate distribution localized at the point 0

and g, () is the pdf of Y;?.
d

Corollary 5 From (4.2.15), we immediately obtain the expressions for the first two

moments of 6, as follows:

r—1
) ! — M, (h)
E(6,]S) = 110, ,
) ;P(Hiler(h)¢0|D—d t; 56%: )C H Zm
Zﬁw Py %d) 20)
J#l’ j=dtl
1 o &
+ " "
Z P([Tj_, Ma(h) #0|D =d th:Me%:()CdH ; rd

— Myr(1))
Zﬂ’ )

j
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and

r—1

- B 1 . — My (h) ,
e gP(HLlwaow:d 5.3 ol Z*‘“

teTT deQx(t) h=1

2
" Zﬁll’ n Z B+ — Mg_p(1))
P M,(1)
J#l/
+Z( 9 )
j=d+1
j;él'
1 d
+ O vr
Z Hh L Mq(h) #0|D = d) teZTd&eQZ CdH ;) Id

2

— Md—l’ [

J#l’ J#l’

Then, Var(d;) and MSE(6;) can be readily obtained from these two expressions.

It is convenient to rewrite the conditional mgf of él (forl =1,2,--- k) in Theorem
10 as
r—1
1 )
Mayst) = K alld, Yrd
' ; P(thl Mr(h) #+ O|D = d teZT 5.5%; H Z

oW
’

X i i A i (1 — 180 o ) - exp {tT(nz ]T/[%c)zl'(l)) }

Jj=1j'=

N

1
Cd 9Md(h I'd
"2 P ) 7 0D =) 2, II Zw

tETd d€Qi(t) h=1

()
"

T 7 tT(ny — My_y(1))
x Z Z Al Ny (1 - tﬁl{?j) eXp { lMd(lL)i l } ,  (42.23)

J=1 j'=
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—a
where Al(}l?j /s are coefficients obtained by writing the product H§:1 <1 - tﬁ;}é) Y
s 4 M\~ @)
in the partial fraction form 7% | 7.7 Ajp (1 — tﬁu,j) and A;7,.'s are coeffi-
-

cients obtained by writing the product H;zl (1 — tﬁl(f,) j> "7 in the partial fraction
O A(2) @\~ : 0 4@

form 23:1 Zj,’:f Ay (1 — tﬁz,zq) , and the coefficients A; /..., )7, can be read-
ily determined by the use of Lemma 5 in Appendix. Since (1 — ct) /e?! is the mgf

of the random variable X + A, where X has the gamma distribution with scale pa-

rameter ¢ and shape parameter j, we readily obtain the tail probability of 0, (for

l=1,2,--- k) from the above expression as
P(6, > b|S)
r—1 1 k ( d
— M, (h)
- Z k Z Cr H O Z Prd
d=0 P(Hh:l MT<h) 7A 0|D - d) teT, 56@:(1:) h=1 I'=0
r’ ll’
! Al l’]j 1 T(nl — Md,l/(l))
XZZ (1).<b_ Mr(l) >
J= 1] LUj
d
1
+Z > 2 CdH9 M
Hh 1 Md( ) 7& O|D = d ter et =0

//Oé

c ”/] Azz' ny — Mgy
D P ) IR

J=1j'= LUy

where (z) = max{z,0} and ['(a,z) = [ t*'e~'dt is the upper incomplete gamma
function.
We shall assume that P(f;, > b|S) is an increasing function of #;, when all other

6;’s are fixed for j # [. This assumption guarantees the invertibility of the piv-
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otal quantities, and it has been verified to be true in this case through extensive
computations under various setting. It should be mentioned that this approach has
been used by a number of authors for constructing exact confidence intervals in a
variety of contexts; see, for example, Childs et al. (2003) and Balakrishnan et al.
(2007). We then have a 100(1 — a)% lower confidence bound for 6, as 6,1, where 0,1,
is such that B, L(él > él,obs|5 ) = a with él,obs being the observed value of §;,. Also, a
100(1 — )% confidence interval for 6, is (0,1, 0,), where 6;;, and ) are determined
by Py, (01 > Orops|S) = & and Py, (0 > Opops|S) = 1 — 2.

By performing the same steps as done in the case of conditional marginal mgf, we

can derive the conditional joint mgf of (91, Oy, - - - ,ék) as follows.

Theorem 12 Conditional on the set S, the joint mgf of (él, Oy, - - ,ék) s given by

Mél,ég,m ,ék‘S(t17 e ,tk)
r—1

1 M, (h
B dgmni:er(h)%ow:d 2 Z "’”He Z‘””d

teT, (SeQ

- 1 S 6T (g — My_y (1))
X H P e { M, (1) }

1- Zl 1tlﬁz U j=d+1 1 21:1 tlﬁl*j

Hél’
1 —M(h)
+ o "
Z PT_, Ma(h) £ 0|D = d) t;;g; cdH Z va
N S T (g — My_y (1)) 4995
XHl_Zl 1tl/8ll’ ep{ Md(l) }’ ( )
AU

where g and Yyq are defined by (4.2.8) and (4.2.10), respectively; also for1 <1 <k,
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0<l'<d, and 0 < j <d, Bl vy and Bj; are as defined in (4.2.16) and (4.2.17).

Corollary 6 From (5.1.15), we obtain E(6,,6,,) to be

E(éllélz)
r—1
1 M;(h)
B S 3PS (Rt
d=0 P([]},=1 M:(h) # 0|D = d) tET 5eQx(
d r
d o Tlu—My—v(h))
| 228 X Bt
o i—d r(l1>
Jj= Jj=d+1
\ \J#U
d r
d o, T(ne — My (l2))
<\ DB+ D Byt M.(1
0 — T( 2)
Jj= Jj=d+1
J#U
d T
d d * 0%
+ D BBy + D Biibi;
3=0 Jj=d+1
J#U
N

D3 : 2P cdne S

d=r {P(Hﬁ:1 My(h) # 0|D = d)} b€ T ey (

d
(d) T(”ll - Md—l’(ll)) nlz - Md—l'(l2))
X Zﬁlhl’j + Md(ll) 2512 1y Md(lg)

=0
Al j

d
d d
+ 3 %50, 4 (4.2.26)
J

From the above corollary, the covariance and correlation coefficient between MLEs

éll and élz can also be readily obtained.
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4.3 Approximate Confidence Intervals

Let 1(61,04,---,0k) = (L;j(01,02,-- ,0k)),1,5 =1,2,--- , k, denote the Fisher infor-

mation matrix of the parameters 6,605, --- , 0, where

(4.3.1)

0*InL
Ii,j(91792a'” 79k):_E< )

06,00,

From the likelihood function in (4.2.4), we have I; (61,64, ,6,) = 0 if i # j.

Consequently, we have

](é17é27”. 7ék)

. (82111L 0?In L 9?In L )
= —Diag )

86% ‘01:é17 89% ’92:6727 SN 8—62|0k:ék (432)

where, for d =0,1,2,--- ;r —1,

0’InL  M(h) Q{Ewi&(h)mr(nh—m(h))}
a—eibh:éh - é,% - é}fﬂl
M, (h)
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and ford=r,r+1,---,N,

vy {; w6, (h) + T(ny, - Md(h))}

0%In L
—2|9h:éh = N2 - N3
a0, 02 03
_ My(h)
0

Then, by using the asymptotic normality of the MLEs, we have 6, — ), ~
N(0,1,,). With d = max{d,r}, we can express the approximate 100(1 — a)% confi-

dence interval for 6, 1 < h <k, as

Ma

. ’widi(h)-i-’lUr(nh_MJ(h))

ey = O(1 4 o2,
eh a/2 Mg(h)% eh( M,i(h)% )7

when d =0,1,2,--- ,r—1

M

w;8; (h)+T (np—Mg(h))

e = Op(1+ o2y
0, /2 Mg(h)% On( Mg(h)% ),

whend=r,r+1,---, N,

where Z,/» denotes the upper a/2 percentage point of the standard normal distribu-

tion.
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4.4 Bayesian Intervals

Let

Zwlél(h)—f_wT(nh_MT(h))’ Whend:(),l,2,--- ,7"—1,
i=1

d

S widi(h) + T(np, — My(h)), whend=rr+1,--- N.

i=1

Up =

Then, we can rewrite the likelihood function as

k
L(61,62, - 0,8, w) = ¢, [[ 6, """ exp(— 1) (4.4.1)
h=1 On

Now, by assuming independent inverse gamma prior distributions, viz., IG(ay, by,)

for 1 < h <k, we obtain from (5.3.1) the posterior joint density function as

_uh+bh>

k
L(0:,0s,- - ,0|data) = c; QgMT(h)farl exp (
11 g

Upon comparing this with (5.3.1), we see that the joint posterior density function
of (01,05, - ,6) is a product of k independent inverse gamma density functions. So,
given the data, the posterior density function of 6, is simply IG(Mz(h) + an, up, + by,).

Thus, the Bayes estimator of 8, under the squared-error loss function is
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Uh+bh
Mj(h) + ap — 1’

h=1,2,- k. (4.4.2)

eh,Bayes =

When we use Jeffreys’ non-informative prior 1(0)) o é corresponding to the
special case when a;, = 1 and b, = 0, for 1 < h < k, the Bayes estimators in (5.3.2)
coincide with the MLEs in (4.2.3).

Let U), = 2(“’;—:6’1) for 1 < h < k. Then, the pivot Uy, follows Xg(Mr(h)Jrah) distri-
bution, provided 2(M;(h) + @) is a positive integer, for 1 < h < k. In this case, the

100(1 — a)% Bayes credible interval for 6, becomes

2 b 2 b
( b 2 b ) h=12-- k,
Xo(My(h)+an),1—a/2 X2(M(h)+ap),a/2

where X2 . is the lower 5 percentage point of the chi-square distribution with v
72

degrees of freedom.

4.5 Bootstrap Intervals

In this section, we consider confidence interval for 6, (h = 1,2,--- k) based on the
Bootstrap-p and Bootstrap-t methods; see, for example, Efron and Tibshirani (1994).
To find the Bootstrap-p and Bootstrap-t intervals, in the first step, we generate

original samples from k exponential populations with parameters 6} of size n,, 1 <
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h < k. Next we sort the data, and determine to which population each failure belongs,
and then estimate 6, using the conditional MLE in (4.2.3). In the second step,
we generate a bootstrap sample (d1,d2, -+ ,d,;wy, we,- -+ ,w,) by using the values
(él,ég, e ,ék), and then obtain the bootstrap estimates of 0,, 1 < h < k, say 0},
1 < h <k, from the bootstrap sample. In the third step, we repeat the second step
N-Boot times.

Boot-p: Suppose Kyp(z) = P(0; < z),1<h <k, is the cumulative distribution
function of é,"; Define éhB(a) = K, 5(a), 1 < h < k, for a given a. Then, the

100(1 — a)% Boot-p confidence interval for 0, 1 < h < k, is given by

()i (1)) 1=

Boot-t: After generating the bootstrap samples in the second step and calculating
¥ we need to use them to compute the estimate of Var(0;) from the observed Fisher

information matrix in (5.2.2). Then, we determine the T} statistic given by
Ty =t 1<h<k (4.5.1)

Now, suppose Lnp(xz) = P(T} < z) is the cumulative distribution function of T},

1 < h < k. Then, the 100(1 — a)% Boot-t confidence interval for 6, 1 < h < k, is
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given by

(éh — /Var(d)Li ) (1 _ %) 0, — \/Var(6,)L; L (%)) : 1<h<Fk

4.6 Simulation Results and Discussion

A simulation study was carried out to evaluate the performance of the conditional
MLESs discussed in the preceding sections. We considered sample sizes for the three
populations as n = (6,6,6), and different choice for r and 7. We also chose the
parameters (6, 0s,03) to be (2,4,7) and (3,5,9). For these cases, we computed the
conditional MLEs for the parameters (61, 6s,63) and the empirical values of their
means, standard deviations, mean square errors and covariance matrices for different
choices of r and T'. The results of these obtained from 10,000 Monto Carlo simulations
are presented in Tables 4.1-4.4. From the results presented in these tables, we observe
that while the estimate of 6; is very stable even for small r and 7', the estimate of
0y and 03 become stable only for larger values of » and T'. This is to be expected
since when 6; is smaller than 6, and 63, when r and T are small, most of the failures
observed would have resulted from the exponential population with parameter 6; and
very few failures would have come from the exponential populations with parameters

0y and A3. This does get rectified when r and T" are increased, as one would expect.
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Table 4.1: The average values of the conditional MLEs and the estimates of their
standard deviations and mean square errors when § = (2,4,7) and n = (6,6,6) for
different choices of r and T

Mean SD RMSE

r T (91,02,93) (6’1,92,93) (91,02,93)

6 | 2.5 |(2.53,5.09,7.53) | (1.5698,3.4305,4.2068) | (1.6554, 3.5980, 4.2407)
6 | 3.0 |(2.43,5.01,7.64) | (1.4171,3.4997,4.6224) | (1.4811, 3.6439, 4.6660)
6 | 3.5 |(2.34,4.90,7.71) | (1.2956, 3.3444,4.9020) | (1.3406, 3.4624, 4.9529)
6 | 4.0 |(2.32,4.81,7.78) | (1.1448,3.2937,5.1209) | (1.1880, 3.3926, 5.1806)
6 | 4.5 |(2.27,4.73,7.82) | (1.0764, 3.0720,5.1843) | (1.1088,3.1571, 5.2487)
9 | 3.5 |(2.20,4.98,8.47) | (1.1600, 3.5002, 5.5129) | (1.1766, 3.6342, 5.7046)
9 | 4.5 |(2.16,4.82,8.65) | (1.0674,3.2816,5.9640) | (1.0795, 3.3819, 6.1880)
9 | 5.5 |(2.12,4.67,8.42) | (0.9777,2.9850,5.9351) | (0.9852, 3.0595, 6.1029)
9 | 6.5 |(2.10,4.51,8.18) | (0.9500, 2.5552, 5.5583) | (0.9553, 2.6055, 5.6823)
9 | 7.5 | (2.08,4.41,7.97) | (0.9092,2.4285,5.2019) | (0.9128,2.4628, 5.2910)
12| 4.5 | (2.08,4.43,8.41) | (0.9536,2.5099, 5.7856) | (0.9569, 2.5468, 5.9545)
12| 5.5 |(2.06,4.48,8.49) | (0.9318,2.4932,5.9014) | (0.9340, 2.5399, 6.0866)
12| 6.5 | (2.05,4.44,8.53) | (0.9187,2.4467,5.9894) | (0.9203,2.4854,6.1815)
12| 7.5 | (2.03,4.39,8.37) | (0.8863,2.3359,5.9232) | (0.8869, 2.3681,6.0799)
12| 8.5 |(2.02,4.27,8.20) | (0.8759,2.1185,5.4961) | (0.8762,2.1350, 5.6260)
15| 7.0 | (2.01,4.22,7.60) | (0.8443,1.9259,3.7038) | (0.8443,1.9380, 3.7525)
151 9.0 | (2.02,4.14,7.64) | (0.8533,1.8750,3.7717) | (0.8535, 1.8805, 3.8263)
15| 11.0 | (2.01,4.14,7.62) | (0.8352,1.8857,3.8115) | (0.8352,1.8909, 3.8619)
15| 13.0 | (2.00,4.11,7.53) | (0.8270,1.8359,3.7921) | (0.8270, 1.8390, 3.8293)
15| 15.0 | (2.02,4.06,7.52) | (0.8270,1.7836,3.7710) | (0.8272,1.7848, 3.8067)
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Table 4.2: The average values of the conditional MLEs and the estimates of their
standard deviations and mean square errors when 6 = (3,5,9) and n = (6,6,6) for
different choices of r and T

Mean SD RMSE

r T (91,02,93) (91,02,03) (91,92,93)

6 | 3.5 | (3.82,6.48,9.86) | (2.5574,4.5146,5.7666) | (2.6850,4.7496, 5.8307)
6 | 4.5 | (3.59,6.26,9.99) | (2.1984,4.3946,6.3885) | (2.2770,4.5713,6.4654)
6 | 5.5 |(3.49,5.97,10.20) | (1.9237,3.9316,6.7351) | (1.9861,4.0500, 6.8407)
6 | 6.5 |(3.40,5.79,10.07) | (1.6890, 3.5709, 6.8513) | (1.7362, 3.6581,6.9341)
6 | 7.5 | (3.33,5.65,9.93) | (1.5446,3.3313,6.7011) | (1.5785,3.3947,6.7657)
9 | 7.0 |(3.23,5.74,10.64) | (1.5819, 3.4843,7.3324) | (1.5989, 3.5623, 7.5145)
9 | 85 |(3.18,5.60,10.56) | (1.4721,3.1107,7.2800) | (1.4826,3.1672, 7.4445)
9 110.0 | (3.13,5.46,10.18) | (1.3925,2.9112, 6.5140) | (1.3990,2.9472,6.6197)
9 [11.5] (3.11,5.36,9.89) | (1.3616,2.6037,5.9283) | (1.3657,2.6286, 5.9953)
9 |13.0| (3.07,5.30,9.78) | (1.3082,2.5403,5.7143) | (1.3100, 2.5580,5.7671)
12 1 10.5 | (3.07,5.39,10.63) | (1.3505,2.7520, 7.2666) | (1.3525,2.7801,7.4472)
12 | 12.0 | (3.05,5.30,10.37) | (1.3111,2.6630,6.7338) | (1.3122,2.6796, 6.8710)
12 | 13.5 | (3.02,5.19,10.07) | (1.2897,2.4252, 6.1649) | (1.2898, 2.4325,6.2575)
12 1 15.0 | (3.01,5.21,9.94) | (1.2587,2.4328,5.8890) | (1.2588,2.4418,5.9638)
12| 16.5 | (3.00,5.15,9.80) | (1.2508,2.3231,5.2514) | (1.2508, 2.3281, 5.3114)
15| 15.5| (3.02,5.15,9.92) | (1.2544,2.3242,4.9150) | (1.2546,2.3290, 5.0004)
15[ 18.0 | (3.00,5.12,9.65) | (1.2514,2.2585,4.6868) | (1.2514,2.2619, 4.7318)
15120.5| (3.02,5.06,9.56) | (1.2336,2.1882,4.6098) | (1.2337,2.1891,4.6442)
15123.0| (3.00,5.00,9.44) | (1.2327,2.1518,4.4514) | (1.2327,2.1518,4.4736)
15| 25.5 | (3.01,5.01,9.37) | (1.2450,2.1120,4.3390) | (1.2450, 2.1120, 4.3544)
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Table 4.3: The average values of the estimates of the covariance matrix of the condi-

tional MLEs when 0 = (2,4,7) and n = (6,6, 6) for different choices of r and 7T'.

0= (2,4,7) 0= (3,5,9)
r| T | Covariance matrix (p(6;,60;)):;; | T | Covariance matrix (p(6;,0;))i;
2464 —0.018 0.283 6.540 —0.202 0.590
6125 —0.018 11.768 1.152 3.0 —0.202 20.382 2.230
0.283  1.152 17.698 0.590  2.230 33.254
2.008 0.056 0.288 4.833 0.267 0.998
61|3.0 0.056 12.248 1.522 4.0 0.267 19.312 2.196
0.288 1.522 21.367 0.998 2.196 40.813
1.678 0.121  0.500 3.701  0.179 0.593
61]3.5 0.121 11.185 1.088 5.0 0.179 15.458 1.961
0.500 1.088 24.030 0.593 1.961 45.362
1.311  0.229 0.352 2.853 0.260 0.562
61|4.0 0.229 10.848 1.199 6.0 0.260 12.751 2.014
0.352 1.199 26.224 0.562 2.014 46.940
1.159 0.135 0.229 2.386 0.217 0.274
61]4.5 0.135 9.437 0.823 7.0 0.217 11.098 1.143
0.229 0.823 26.877 0.274 1.143 44.905
1.345 —0.227 —0.094 2502 —0.087 0.220
9135 —0.227 12.251 —-0.396 6.5 —0.087 12.140 0.915
—0.094 —-0.396 30.392 0.220 0915 5H3.765
1.139 —0.105 0.147 2.167 0.013 0.236
9145 —0.105 10.769 0.436 8.0 0.013 9.677 1.046
0.147  0.436 35.570 0.236 1.046 52.999
0.956 —0.012 0.224 1.939 —0.002 0.189
915.5 —0.012 8911 0.715 9.5 —0.002 8475 0.415
0.224  0.715 35.225 0.189 0415 42432
0.903 —-0.029 0.117 1.854 —0.073 0.098
916.5 —0.029 6.529  0.578 11.0 —0.073 6.779  0.531
0.117  0.578 30.895 0.098  0.531 35.144
0.827 —0.067 0.125 1.711  —0.009 0.338
9175 —0.067 5.897  0.498 12.5 —0.009 6.453  0.596
0.125  0.498 27.060 0.338  0.596 32.653
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Table 4.4: The average values of the estimates of the covariance matrix of the condi-

tional MLEs when 0 = (3,5,9) and n = (6,6, 6) for different choices of r and 7T'.

0= (2,4,7) 0 =(3,5,9)
r | T | Covariance matrix (p(6;,6;));; | T | Covariance matrix (p(6;,6,))
0.909 —0.088 —0.303 1.824 0.006 0.103
12| 4.5 —0.088 6.300 —1.443 10.0 0.006 7.574 0.142
—0.303 —1.443 33.474 0.103 0.142 52.803
0.868 —0.054 —0.063 1.719 0.011 0.058
121 5.5 —0.054 6.216 —1.302 11.5 0.011 7.092 0.084
—-0.063 —1.302 34.827 0.058 0.084 45.344
0.844 —0.046 —0.097 1.663 0.055 0.048
121 6.5 —0.046 5.98 —0.773 13.0 0.055 5.881 0.023
—0.097 —0.773 35.873 0.048 0.023 38.006
0.786 —0.004 0.065 1.584 —0.043 0.064
12| 7.5 —0.004 5.456 —0.425 14.5 —-0.043 5919 0.188
0.065 —0.425 35.085 0.064 0.188 34.681
0.767 —0.029 0.008 1.564 0.019 0.075
12| 8.5 —0.029 4.488 —0.067 16.0 0.019 5.397 0.290
0.008 —0.067 30.208 0.075 0.290 27.577
0.713 —0.017 —0.066 1.573  —0.009 -0.109
15| 7.0 —0.017  3.709 —0.368 15.0 —-0.009 5.402 —0.389
—0.066 —0.368 13.718 —0.109 —0.389 24.157
0.728 —0.029 —-0.025 1.566 —0.056 —0.020
15| 9.0 —-0.029 3.516 —0.376 17.5 —-0.056 5.101 —0.033
—0.025 —0.376 14.226 —0.020 —-0.033 21.966
0.698 —0.011 -0.023 1.522  —-0.068 —0.014
15| 11.0 —0.011 3.556 —0.148 20.0 —0.068 4.788 —0.045
—0.023 —-0.148 14.528 —0.014 —-0.045 21.250
0.684 0.020 —0.042 1.519  0.007  0.095
15 13.0 0.020 3.370 0.002 22.5 0.007 4.630 —0.082
—0.042 0.002 14.380 0.095 —-0.082 19.815
0.684 0.015  0.026 1.550  —0.030 —0.006
15 15.0 0.015 3.181 —0.048 25.0 —0.030 4.460 —0.048
0.026 —0.048 14.221 —0.006 —0.048 18.827




Chapter 5

Inference Under Joint Type-I

Hybrid Censoring

5.1 MLEs, Exact Distributions and Inference

In this section, we drive analogous results for Type-I HCS, wherein the experiment
is terminated at the random time 7% = min{W,, T'}. As in section 4.2, let D be the
number of observed failures up to time 7.

Suppose Xi1, X129, -, X1, are the lifetimes of n; specimens from line A;, and
assumed to be independent and identically distributed (iid) variables from a pop-
ulation with cumulative distribution function (cdf) Fj(z) and probability density
function (pdf) fi(z). Similarly, X1, Xoo, -+, Xo,, are the lifetimes of ny specimens

from line Ay and assumed to be a sample from pdf fo(z) and cdf Fy(z), and so on,

113
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with X1, Xgo, - -+, Xkn, denoting the lifetimes of ny, specimens from line A being iid
variables from pdf fi(z) and cdf Fy(x).

Furthermore, let N = Zle n; denote the total sample size and r denote the total
number of failures observed. Let w; < wy < --- < wpy denote the order statistics of
the N random variables {X;;;1 <i <k, 1 <j <mn;}.

Therefore, under the joint hybrid Type-II censoring scheme for the k-samples, the
observable data consist of (§, W), where W = (w1, ws, - -+ ,w,.), w; € {Xpn;1, Xnio, -+ s Xnyn,
for 1 < hy,hg, -+, h, < k, with r being a pre-fixed integer. Finally, associated to
(hi,ha, -+, h.), let us define § = (§1(h), d2(h),- - ,0,(h)) as

Therefore, under the joint Type-I hybrid censoring scheme described above, the

observable data consist of (8, W) of the following form:

(51,52,"' ,5D;W17W2,"' ,WD)7 T<WT WlthDZO,l, ,T—]_,
(6, W) =

((51,52,"' ,(Sr;Wl,WQ,"' ,WT), T>W, WithD:T,T—l—l,"' ,N,

Then, under the Type-1 HCS, the likelihood of (8, W) is given by

L(017827 T 79k767W)

Dk k
eo [T T (fa(wi)™™ TT (Sp(T))™ M0 T < W,
_ i=1 h=1 h=1
= . . (5.1.1)
. 5;(h) g na=Me(h)
¢ T IT (fa(wi))™™ TT (Sh(wr)) , T>W,
i=1 h=1 h=1
where Sp(w,) =1 — Fp(w,), Sp(T) =1 — Fp(T) and ¢, = Mg cp =

T1F_ (nn— My (h))!
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Hﬁ:1 n!
[15_i (na—Mp(h)!

When the k populations are exponential with cdf Fj(z) =1 —exp(—g-), z > 0,
and pdf fi(z) = é exp(—5-), @ > 0, for 1 <7 < k, the likelihood function in (5.1.1)
simplifies as follows:

For T < W,, (D <r —1), the likelihood of (8, W) is given by

L(917027 e 79k75aw)

= cpexp {— > Mp(h)log by — Z% (Z w;d;(h) — T(ny — MD(h))> } :

_ (5.1.2)

For T'> W,, (D > r), the likelihood of (8, W) is given by

L(Qlue% e 79k757w)

~ oexp {_ SO M (0 logb — Y % <Z wids(h) — w, (i, — M,(h))) } |

h—
(5.1.3)
Thus, under the Type-1 HCS, for 1 < h < k, the MLE of 8}, is given by
D
7 {szél(h) + T'(np, — MD(h))} when D =0,1,--- ,r —1,
. p(h) | &
Qh = =1 (514)

! {iwi5i<h)+wr<nh_Mr(h))} when D =r,r+1,---, N.
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Theorem 13 The joint probability mass function of & under the Type-I HCS is as

follows:

(@) ForT <W, (d<r—1),

P(6 =6|D =d) D dHe—Md Zwl,d, (5.1.5)

where, for 0 <1 < d, ¥pq determined by (4.2.10).

(b) ForT >W, (d>r),

P(5=6|D=d Q_M”"(h S 5.1.6
where
- np — 7” l’ ) / .
Oy = cl, exp TZ , 0l < (5.1.7)
(") - 1
CO = H k‘ n _Mj—l h )
j=1 D ohet 05 ®
—1 - 1

o) = 1<l <

np—M,_y(h) (M, _y1(h)=M,_;(h))’
Zh 1 — 9h —a .7 0 Zh 1 = O -
J#

(c) Fort = (t1,te, -+ ,tg), such that Z§=1 ti =d and t; > 1 for all j, let & be as

defined in (4.1.1), My(h) =>_._, 6;(h), and

Qi(t) = {S(h) — (51,02, ,8,); such that My(h) =ty for 1 <h < k:}
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Then,

PMM,=t)= > P(§=09); (5.1.8)
5€Q(t)

(d) Let Ty be the set as defined in Lemma 3, Then,

ZterP(Md:t) ifd<r—1,
P(S|D =d) = (5.1.9)

ZteTr PM,=t) ifd>r.

As we can see, for some t, the probability P(My = t) =0, whent = (t1,ta, -+ ,tx)

does not belong to Ty.

Theorem 14 Conditional on the S, the mgf of 0, (1 <1<k)is given by

r—1 1 M)
MAZ (t) = C 0 ¢/
0ilS ;P(H’Z:l M, (Rh) # 0|D = d) tEZTd(;EQZ » dH Z Id
tT (nl — Md,l/(l))
XH { M (1) }
J#l’

N

1 . M () N
0 U'r
R e P IR | LR B

teTr seQx(t) h=1

1 . 1 tT (ng — M,_p (1
: o eXp{ (m v(1)) } ; (5.1.10)
L=t a5 1 — By, M, (1)

J#

where Ypq and @y, are as defined in (4.2.10) and (5.1.8), for 1 <1<k and 0 <l <d,

0<j<d, ﬁl(fll,)j determined by (4.2.16), Bj; determined by (4.2.17).
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Remark 12 For fized 1,1 and &, some Bl(fll,)i 's and B;;’s may be the same. In this case,
for d < r, we resort the ﬁl i values and denote them by {ﬁl Vi }Z, 1, and assume that

T
there are v’ distinct values with 0‘1(1121' of the Bﬁ,)i s being equal, with > al(ll?. =d. Conse-
i=1
o

d -1 r’
quently, the term [] (1 — tﬁ;%) can be rewritten as || (1 — tﬁl(j,) ) " ; Ford>
j=1

j=0
Al
r -1 _ "
r, similarly, [] (1 - tﬁl(;,)j> (L—t8_ps1) " can be rewritten as | J ¥ (1 — tﬁ;%)
=0
7

with Z 1 ozl l, =r+1, and thus, the conditional mgf in Theorem 10 can be expressed

as follows:
r—1
1 My(
Mys(t) = ca [T04" > a
b,|S dZ:O p(szl M,(h) #0|D = teZTd 5eQZ H Z

" oM
X H (1 — tﬁl(,}f) ) A exp {tT(nl ;45\(/?;[/([))}

1 M ( N
Cr 0, o
+Z th a2(h) #£0|D = d) Z Z H Z

tETT 5€Q (t) h=1 I'=0

Pl @)
@\ " tr'(ny — M,—y(1))
X JHI (1 — tﬁu,]) exp { A (5.1.11)

Theorem 15 Conditional on the set S, the pdf of 6, (for 1 <1< k) is given by

r—1

1 _My(h
st = 2 T a0 0D =) o, CdHe Zd’”hw”

tETd 56@

+Z T Vil > ¥ elln

( )7& OlD d tGTréeQ (t) h=1

X Z Purgy, (5.1.12)
I'=0

(2)

T
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where Y;,d ZZ 1 Yl,dl)z + Yy, with Yl,(d) being independent random variables having

gamma G(al(’llgi, ﬁl(j,)i) distributions with scale parameters 5&,)1- and shape parameters

041(,1121'7 Yy being independent random variables having degenerate distribution localized

at the point T(nl+&§”(l)), and gy (x) is the pdf of Yl,(;); Y,(z) < ZZ 1Y2,dz + Y
" Vd

with Yg,d being independent random wvariables having gamma G(al@z?p Bl ;) distribu-

tions with scale parameters Bl(?,)i and shape parameters ozﬁ)i, Y being independent

T(n—My_yp (1)

random variables having degenerate distribution localized at the point ) ,

and gy (z) is the pdf of Yﬁ).
'd

Corollary 7 From (4.2.15), we immediately obtain the expressions for the first two

moments of 0, as follows:

r—1

2 o 1 c Mg(h) ,
BO) = D o 2o =) 2 2 NG Zm

tETd 6€Q*(t h=1

d
X ( Z 51(% + T( &%d)—l’(l))>

j—O;#l’

1 e
+Z P(15_, Ma(h) # 0|D = d) Z Z C’"He Z‘Pl’

teT, 5€Q

. r * T — M, (1
% ( Z Bl(,l/)j + B+ (mu Mr<ld) 4 )))

=0l
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and

N 1 . — Mq(h)
o = gp(ﬂizlwwow:d 2 2 dm Z”d

tETd 5€Q (t) h=l

d ) M .
d v ( d

J=053#U Jj=0;5#£l
1 _
+Z 2 Z CTH9MT Zwr
2
~ 0 o T(n — Mg—y(1))
X Z 61(,lf)j + ﬁl,r—l’+1 +
= M,.(1)
J=053#U
T 2
-3 ()" G|
J=055AU
Then, Var(d;) and MSE(6;) can be readily obtained from these two expressions.
It is convenient to rewrite the conditional mgf of 6, (forl =1,2,--- k) in Theorem
10 as

r—1

. — 1 c Mgy(h) ,
Yol = 2 B a0 20D = ) 2, Ng ZW

teTy 66Q*(t) h=1

oM
Yty

S, (1) L M)
j=1 j'=0 g
Z 1 » ~
: T 0, Z .
Hh 1 ( ) 7é 0|D d tEZT 5.5; ) H = .

(2)
M

=3’ T — My_p(l
XD > A (1 - tﬁz(jf)j) exp {t G Md(; 4 ))} , (5.1.13)

j=1 j'=0
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—a
where Al(}l?j /s are coefficients obtained by writing the product H§:1 <1 - tﬁ;}é) Y
s 4 M\~ @)
in the partial fraction form 7% | 7.7 Ajp (1 — tﬁu,j) and A;7,.'s are coeffi-
-

cients obtained by writing the product H;zl (1 — tﬁl(f,) j> "7 in the partial fraction
O A(2) @\~ : 0 4@

form 23:1 Zj,’:f Ay (1 — tﬁz,zq) , and the coefficients A; /..., )7, can be read-
ily determined by the use of Lemma 5 in Appendix. Since (1 — ct) /e?! is the mgf

of the random variable X + A, where X has the gamma distribution with scale pa-

rameter ¢ and shape parameter j, we readily obtain the tail probability of 0, (for

l=1,2,--- k) from the above expression as
P(6, > b|S)
r—1
1 My(h)
= D o S Z CdH9 Zwm
(1)
ML
y Al l’JJ 1 T(n — My (1))
22 AT A N TR
j=1 3/=0 LUj
1 — M (h)
D TR IES | (DI
Hh 1 ( )3& | teT 56@

Jj=1 j'= LUy

where (z) = max{z,0} and ['(a,z) = [ t*'e~'dt is the upper incomplete gamma
function.
We shall assume that P(f;, > b|S) is an increasing function of #;, when all other

6;’s are fixed for j # [. This assumption guarantees the invertibility of the piv-
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otal quantities, and it has been verified to be true in this case through extensive
computations under various setting. It should be mentioned that this approach has
been used by a number of authors for constructing exact confidence intervals in a
variety of contexts; see, for example, Childs et al. (2003) and Balakrishnan et al.
(2007). We then have a 100(1 — a)% lower confidence bound for 6, as 6,1, where 0,1,
is such that B, L(él > él,obs|5 ) = a with él,obs being the observed value of §;,. Also, a
100(1 — )% confidence interval for 6, is (0,1, 0,), where 6;;, and ) are determined
by Py, (01 > Orops|S) = & and Py, (0 > Opops|S) = 1 — 2.

By performing the same steps as done in the case of conditional marginal mgf, we

can derive the conditional joint mgf of (91, Oy, - - - ,ék) as follows.

Theorem 16 Conditional on the set S, the joint mgf of (él, ég, e ,ék) 15 given by

Mél,ég,m ,ékls(t17 Tt ,tk)
r—1

1
- o TT0; My(h) y
gmnz:lw)%om:d S Y all z¢

tETd 5€Q (t) h=1

- { Sy 0T (i~ Ma(D) }

1 - Zz 1 tlﬁz R Ma(l)
1 — M, (R) ~
+z R IR | [l 3
Hh 1 ( ) ?é | tGT §€Q* t) h=1 I'=0
1 ! 1 Zl:l tl (nl - Md—l’(l))
S vl | o= eXp{ M, (1) |
Yo 15 o 1= tBy r
] !

(5.1.15)
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where Ypq and Py, are as defined in (4.2.10) and (5.1.8), for 1 <1<k and (0 <l <d,

0<j<d, ﬁl(fll,)j determined by (4.2.16), Bj; determined by (4.2.17).

Corollary 8 From (5.1.15), we obtain E(0,,6,,) to be

r—1

A 1
E 911912 = Cd 9 e Ud
Outh) = D o ) 20D =) 2 2 Il Zw

teTy 5€Q* (t) h=1

T, — Mgy (L))
{( Z 511 g Md(ll) >

J=055#l
d
T(nl Md l’ l2
( ZQ l/ 2Md<l2 ) Z ﬂll " Bh " }
J=0;3# Jj= OJ#’
1 —M,(
+ a|lo, a G
> v £ %2 10"y

.

X Z 511 v T Ok T

\ J?él'

T(ny, — Mgy (1))
Mr(ll)

T(ny, — May(ls))

.,
X Zﬁl(;)wj + Bl T

- M, (1)
J#V
+ 3 BB+ B i B (5.1.16)
7=0
JAV

From the above corollary, the covariance and correlation coefficient between MLEs

éll and élQ can also be readily obtained.
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5.2 Approximate Confidence Intervals

Let 1(61,04,---,0k) = (L;j(01,02,-- ,0k)),1,5 =1,2,--- , k, denote the Fisher infor-

mation matrix of the parameters 6,605, --- , 0, where

(5.2.1)

0*InL
Ii,j(91792a'” 79k):_E< )

06,00,

From the likelihood function in (4.2.4), we have I; (61,64, ,6,) = 0 if i # j.

Consequently, we have

](é17é27”. 7ék)

. (82111L 0?In L 9?In L )
= —Diag )

where, for d =0,1,2,--- ;r —1,

d
0?In L  My(h) Q{i:zzlwi(si(h)-l-T(nh—Md(h))}
o v T T 7
My(h)
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and ford=r,r+1,---,N,

o? lnL| M) 2 {;wi&(h) + wy(np — Mr(h))}
o0, M G z
__M.(h)
0;

Then, by using the asymptotic normality of the MLEs, we have ), — ), ~ N(0, Ih_}lL)
With d = min{d, r}, we can express the approximate 100(1 — &)% confidence interval

for 0y, 1 < h <k, as

1M~

w;0; (h)+T (np,—Mz(h))

éhiZa/g’ M)

My(h)? My(h)?

Il
I
>
>
—
—_

Y

when d =0,1,2,--- ,r—1

M

é :|:Z } 1w16i(h)+wr(nh—MJ(h)) 9/\ 1:|: Za/g
Tk = =y

Y

whend=r,r+1,---, N,

where Z,/; denotes the upper a/2 percentage point of the standard normal distribu-

tion.
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5.3 Bayesian Intervals

Let

d

> w;o;(h) + T(np, — Mg(h)), whend=0,1,2,--- ,r—1,
i=1

> wioi(h) + we(ny, — M.(h)), whend=rr+1,--- N.

i=1

Up =

Then, we can rewrite the likelihood function as

k
L(61,62, - 0,8, w) = ¢, [[ 6, """ exp(— 1) (5.3.1)
h=1 On

Now, by assuming independent inverse gamma prior distributions, viz., IG(ay, by,)

for 1 < h <k, we obtain from (5.3.1) the posterior joint density function as

_uh+bh>

k
L(0:,0s,- - ,0|data) = c; QgMT(h)farl exp (
11 g

Upon comparing this with (5.3.1), we see that the joint posterior density function
of (01,05, - ,6) is a product of k independent inverse gamma density functions. So,
given the data, the posterior density function of 6, is simply IG(Mz(h) + an, up, + by,).

Thus, the Bayes estimator of 8, under the squared-error loss function is



Chapter 5.4 - Bootstrap Intervals 127

Uh+bh
Mj(h) + ap — 1’

h=1,2,- k. (5.3.2)

eh,Bayes =

When we use Jeffreys’ non-informative prior 1(0)) o é corresponding to the
special case when a;, = 1 and b, = 0, for 1 < h < k, the Bayes estimators in (5.3.2)
coincide with the MLEs in (4.2.3).

Let U), = 2(“’;—:6’1) for 1 < h < k. Then, the pivot Uy, follows Xg(Mr(h)Jrah) distri-
bution, provided 2(M;(h) + @) is a positive integer, for 1 < h < k. In this case, the

100(1 — a)% Bayes credible interval for 6, becomes

2 b 2 b
( b 2 b ) h=12-- k,
Xo(My(h)+an),1—a/2 X2(M(h)+ap),a/2

where X2 . is the lower 5 percentage point of the chi-square distribution with v
72

degrees of freedom.

5.4 Bootstrap Intervals

In this section, we consider confidence interval for 6, (h = 1,2,--- k) based on the
Bootstrap-p and Bootstrap-t methods; see, for example, Efron and Tibshirani (1994).
To find the Bootstrap-p and Bootstrap-t intervals, in the first step, we generate

original samples from k exponential populations with parameters 6} of size n,, 1 <
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h < k. Next we sort the data, and determine to which population each failure belongs,
and then estimate 6, using the conditional MLE in (4.2.3). In the second step,
we generate a bootstrap sample (d1,d2, -+ ,d,;wy, we,- -+ ,w,) by using the values
(él,ég, e ,ék), and then obtain the bootstrap estimates of 0,, 1 < h < k, say 0},
1 < h <k, from the bootstrap sample. In the third step, we repeat the second step
N-Boot times.

Boot-p: Suppose Kyp(z) = P(0; < z),1<h <k, is the cumulative distribution
function of é,"; Define éhB(a) = K, 5(a), 1 < h < k, for a given a. Then, the

100(1 — a)% Boot-p confidence interval for 0, 1 < h < k, is given by

()i (1)) 1=

Boot-t: After generating the bootstrap samples in the second step and calculating
¥ we need to use them to compute the estimate of Var(0;) from the observed Fisher

information matrix in (5.2.2). Then, we determine the T} statistic given by
, 1< h<k. (5.4.1)

Now, suppose Lnp(xz) = P(T} < z) is the cumulative distribution function of T},

1 < h < k. Then, the 100(1 — a)% Boot-t confidence interval for 6, 1 < h < k, is
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given by

(éh — /Var(d)Li ) (1 _ %) 0, — \/Var(6,)L; L (%)) : 1<h<Fk

5.5 Simulation Results and Discussion

A simulation study was carried out to evaluate the performance of the conditional
MLESs discussed in the preceding sections. We considered sample sizes for the three
populations as n = (6,6,6), and different choice for r and 7. We also chose the
parameters (6, 0s,03) to be (2,4,7) and (3,5,9). For these cases, we computed the
conditional MLEs for the parameters (61, 6s,63) and the empirical values of their
means, standard deviations, mean square errors and covariance matrices for different
choices of r and T'. The results of these obtained from 10,000 Monto Carlo simulations
are presented in Tables 5.1-5.4. From the results presented in these tables, we observe
that while the estimate of 6; is very stable even for small r and 7', the estimate of
0y and 03 become stable only for larger values of » and T'. This is to be expected
since when 6; is smaller than 6, and 63, when r and T are small, most of the failures
observed would have resulted from the exponential population with parameter 6; and
very few failures would have come from the exponential populations with parameters

0y and A3. This does get rectified when r and T" are increased, as one would expect.
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Table 5.1: The average values of the conditional MLEs and the estimates of their
standard deviations and mean square errors when § = (2,4,7) and n = (6,6,6) for
different choices of r and T

Mean SD RMSE

r T (91,02,93) (6’1,92,93) (91,02,93)

6 | 2.5 |(2.64,4.85,6.02) | (1.8448,3.1517,3.2607) | (1.9524, 3.2639, 3.4057)
6 | 3.0 |(2.64,4.86,6.03) | (1.8575,3.1810, 3.3663) | (1.9656, 3.2945, 3.5039)
6 | 3.5 |(2.60,4.90,6.08) | (1.8095,3.2342, 3.3920) | (1.9057, 3.3581, 3.5153)
6 | 4.0 | (2.62,4.92,6.08) | (1.7921,3.2811, 3.4768) | (1.8968, 3.4078, 3.5968)
6 | 4.5 |(2.65,4.90,6.13) | (1.8234,3.2431, 3.4588) | (1.9343, 3.3650, 3.5673)
9 | 3.5 |(2.23,5.10,8.00) | (1.3573,3.8210,5.0298) | (1.3775,3.9772,5.1282)
9 | 4.5 |(2.25,4.97,8.18) | (1.2793, 3.6423,5.3800) | (1.3025, 3.7687,5.5075)
9 | 5.5 |(2.24,5.07,8.15) | (1.2429,3.7526, 5.5242) | (1.2650, 3.9022, 5.6432)
9 | 6.5 |(2.25,5.04,8.12) | (1.3006, 3.7318,5.4163) | (1.3240, 3.8743, 5.5306)
9 | 7.5 |(2.22,5.00,8.13) | (1.2211, 3.6687,5.4763) | (1.2414, 3.8035, 5.5910)
12| 4.5 | (2.11,4.66,8.74) | (1.0505,3.3205,6.3170) | (1.0567, 3.3860, 6.5516)
12| 5.5 |(2.10,4.57,8.65) | (0.9916,2.9646,6.4824) | (0.9965, 3.0197, 6.6886)
12| 6.5 | (2.10,4.50,8.67) | (1.0110,2.7102,6.5214) | (1.0159, 2.7552,6.7313)
12| 7.5 | (2.09,4.52,8.63) | (0.9705,2.8129,6.5465) | (0.9744,2.8606,6.7456)
12| 8.5 |(2.09,4.42,8.64) | (0.9915,2.6112,6.5933) | (0.9957,2.6442,6.7942)
15| 7.0 | (2.03,4.40,8.52) | (0.8845,2.4737,6.3454) | (0.8852,2.5052,6.5238)
151 9.0 | (2.04,4.21,8.00) | (0.8814,2.0746,5.4620) | (0.8822,2.0856, 5.5524)
15| 11.0 | (2.03,4.19,7.68) | (0.8727,2.0325,4.6932) | (0.8733,2.0417, 4.7426)
15| 13.0 | (2.03,4.20,7.58) | (0.8661,1.9593,4.4530) | (0.8665,1.9692,4.4904)
15| 15.0 | (2.05,4.17,7.59) | (0.8864,1.9444,4.2571) | (0.8878,1.9522, 4.2982)
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Table 5.2: The average values of the conditional MLEs and the estimates of their
standard deviations and mean square errors when 6 = (3,5,9) and n = (6,6,6) for
different choices of r and T

Mean SD RMSE

r T (91,02,93) (91,02,03) (91,92,93)

6 | 3.5 | (3.96,6.27,8.10) | (2.8759,4.1993,4.5740) | (3.0328, 4.3866, 4.6615)
6 | 4.5 | (3.94,6.30,8.09) | (2.8265,4.2987,4.7074) | (2.9794,4.4921,4.7944)
6 | 5.5 | (3.98,6.34,8.18) | (2.8381,4.3232,4.7552) | (3.0018,4.5270, 4.8253)
6 | 6.5 | (3.94,6.38,8.15) | (2.7565,4.3702,4.7941) | (2.9134,4.5838, 4.8683)
6 | 7.5 | (3.92,6.35,8.12) | (2.7691,4.3649,4.7673) | (2.9175,4.5697,4.8475)
9 | 7.0 | (3.42,6.10,10.47) | (2.0110,4.3496, 7.0004) | (2.0540,4.4856, 7.1521)
9 | 85 ](3.39,6.15,10.55) | (1.9791,4.3885,7.1121) | (2.0168, 4.5358, 7.2800)
9 [10.0 (3.41,6.14,10.53) | (2.0024,4.4430, 7.0558) | (2.0436,4.5872,7.2192)
9 [11.5](3.39,6.18,10.54) | (1.9653,4.5188, 7.1686) | (2.0027,4.6706, 7.3318)
9 113.0 | (3.39,6.14,10.67) | (2.0154,4.4742,7.2024) | (2.0522, 4.6173, 7.3944)
12 110.5 | (3.17,5.56,11.07) | (1.5196,3.2933,8.4661) | (1.5289, 3.3411,8.7165)
12 [ 12.0 | (3.18,5.53,11.05) | (1.5083,3.1974,8.1906) | (1.5193,3.2412, 8.4436)
12 13.5 | (3.16,5.48,11.14) | (1.5565,3.0776,8.4199) | (1.5646, 3.1142, 8.6866)
12 | 15.0 | (3.15,5.55,11.13) | (1.5225, 3.2389, 8.5639) | (1.5302, 3.2847, 8.8255)
12 | 16.5 | (3.13,5.53,11.03) | (1.4681,3.1161,8.3438) | (1.4741,3.1602, 8.5862)
15| 15.5| (3.07,5.23,9.98) | (1.3277,2.4516,5.9225) | (1.3294, 2.4625,6.0033)
15[ 18.0 | (3.05,5.23,9.73) | (1.3260,2.4083,5.2926) | (1.3270,2.4189, 5.3433)
15120.5| (3.08,5.20,9.70) | (1.3282,2.3761,5.1418) | (1.3304, 2.3843,5.1889)
15123.0| (3.06,5.16,9.67) | (1.3306,2.4062,4.9658) | (1.3320,2.4115,5.0109)
15| 25.5| (3.06,5.19,9.63) | (1.3362,2.3993,4.9349) | (1.3376,2.4068,4.9747)
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Table 5.3: The average values of the estimates of the covariance matrix of the condi-

tional MLEs when 0 = (2,4,7) and n = (6,6, 6) for different choices of r and 7T'.

0= (2,4,7) 0= (3,5,9)
r| T | Covariance matrix (p(6;,60;)):;; | T | Covariance matrix (p(6;,0;))i;
3.403 0.173 1.155 8.271 0.020 2.310
6125 0.173 9.933 3.651 3.0 0.020 17.634 6.583
1.155 3.651 10.632 2.310 6.583 20.921
3.450 —0.044 1.040 7989 —0.106 2.504
61|3.0 —0.044 10.118 4.017 4.0 —0.106 18.479 6.577
1.040  4.017 11.332 2504  6.577 22.159
3.274  —0.024 1.067 8.055 —0.569 2.464
61]3.5 —0.024 10.460 4.092 5.0 —0.569 18.690 6.927
1.067  4.092 11.506 2464  6.927 22.612
3.212 0.095 1.103 7.598 —0.205 2.282
61|4.0 0.095 10.765 4.320 6.0 —0.205 19.098 6.948
1.103 4.320 12.088 2.282 6.948 22984
3.325  —0.046 1.059 7.668 —0.145 1.997
61]4.5 —0.046 10.518 4.249 7.0 —0.145 19.053 7.154
1.059  4.249 11.963 1.997  7.154 22727
1.842 —0.169 0.286 4.044 —0.700 0.056
9135 —0.169 14.600 1.371 6.5 —0.700 18.919 0.622
0.286  1.371 25.299 0.056  0.622  49.006
1.637 —0.275 0.218 3.917  —0.549 0.398
9145 —0.275 13.266 1.085 8.0 —0.549 19.259 0.537
0.218 1.085 28.944 0.398  0.537 50.582
1.545 —0.292 0.245 4.009 —0.572 0.030
915.5 —0.292 14.082 0.612 9.5 —0.572 19.740 0.108
0.245  0.612 30.517 0.030  0.108 49.785
1.692 —0.397 0.187 3.862 —0.690 0.384
916.5 —0.397 13.926 0.224 11.0 —0.690 20.420 0.494
0.187  0.224 29.337 0.384 0.494 51.389
1491 —-0.362 0.271 4.062 —0.584 0.309
9175 —0.362 13.459 0.502 12.5 —0.584 20.018 0.540
0.271  0.502 29.990 0.309  0.540 51.875
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Table 5.4: The average values of the estimates of the covariance matrix of the condi-

tional MLEs when 0 = (3,5,9) and n = (6,6, 6) for different choices of r and 7T'.

0= (2,4,7) 0 =(3,5,9)
r | T | Covariance matrix (p(6;,6;));; | T | Covariance matrix (p(6;,6,))
1.104 —0.035 -0.014 2309 -0.176 —0.382
12| 4.5 —0.035 11.026 0.513 10.0 —0.176 10.846 —1.070
—0.014 0.513  39.905 —0.382 —1.070 71.675
0.983 —0.028 0.009 2275 —-0.167 —0.433
12| 5.5 —0.028 8.789 —0.504 11.5 —0.167 10.223 —1.759
0.009 —0.504 42.022 —-0.433 —1.759 67.087
1.022  —0.087 —0.245 2423 —-0.162 —0.547
121 6.5 —0.087 7.345 —0.576 13.0 —0.162 9.472 —1.635
—0.245 —0.576 42.529 —0.547 —1.635 70.896
0.942 —-0.067 —0.098 2318  —0.207 —0.502
12| 7.5 —-0.067 7.912 —1.508 14.5 —0.207 10.490 —2.052
—0.098 —1.508 42.857 —0.502 —2.052 73.340
0.983 —0.074 —0.242 2.155 —0.122 —-0.329
12| 8.5 —-0.074 6.818 —1.227 16.0 —0.122  9.710 —1.781
—0.242 —1.227 43.471 —-0.329 —1.781 69.619
0.782 0.004 —0.008 1.763 —0.061 —0.215
15| 7.0 0.004 6.119 0.179 15.0 -0.061 6.010 —0.369
—0.008 0.179 40.265 —0.215 —-0.369 35.076
0.777  —0.040 0.006 1.758 —0.107 —0.122
15| 9.0 —0.040 4.304 0.070 17.5 —0.107  5.800 —0.199
0.006  0.070 29.834 —-0.122 —-0.199 28.011
0.762 —0.031 —0.047 1.764 —0.120 —-0.138
15| 11.0 —0.031 4.131 0.064 20.0 —0.120 5.646 —0.289
—0.047 0.064 22.027 —0.138 —0.289 26.438
0.750 —0.017 —0.042 1.771 —-0.039 —0.022
15 13.0 —0.017 3.839  0.040 22.5 —-0.039 5.790 —0.421
—0.042 0.040 19.829 —0.022 —0.421 24.659
0.786 —0.020 —0.007 1.786  —0.069 —0.109
15 15.0 —0.020 3.781 —0.212 25.0 —0.069 5.757 —0.370
—0.007 —0.212 18.123 —0.109 —0.370 24.354




Chapter 6

Concluding Remarks

6.1 Summary of Work

In this thesis, by considering k exponential populations, we have developed exact
inferential methods based on four different joint censoring schemes— (i) jointly Type-
IT censored sample, (ii) jointly progressively Type-II censored sample, (iii) jointly
Type-I hybrid censored sample, and (iv) jointly Type-II hybrid censored sample. For
each of these cases, we have derived the conditional MLEs of the k exponential mean
parameters, and have derived their conditional moment generating functions and
exact densities, using which we have then developed exact confidence intervals for the
k exponential parameters. Furthermore, approximate confidence intervals based on
the asymptotic normality of the MLEs, parametric bootstrap intervals, and credible

confidence regions from a Bayesian viewpoint have all been discussed.

134
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For different censoring schemes, a simulation study has been carried out to e-
valuate the performance of the conditional MLEs of the parameters (6, 69,03) for
different choices of r and (ny,ns,ng). From these results, it is clear that the MLEs
have a moderate bias when the essential sample size r is small even when the sample
sizes (n1,n2,n3) are not small. However, the bias of the conditional MLEs become
negligible when 7 increases.

An empirical evaluation is also made of all the confidence intervals. We also com-
puted exact 95% confidence intervals for some small values of r. From these results,
it is clear that the exact conditional method has its coverage probability to be quite
close to the nominal level of 95% always, while the approximate method is not at all
satisfactory. We also observe that between the two bootstrap methods, the Boot-p
method performs better than the Boot-t method; the Bayesian credible interval has
very stable coverage probabilities (quite close to the nominal level of 95%). Moreover,
we observe that the approximate and bootstrap methods have lower coverage proba-
bilities when ny,no, n3 are small. Also, we have presented examples to illustrate all
the methods of inference developed here for different joint censoring scenarios. The
importance of the exact method developed in this thesis becomes clear as it provides
exact conditional confidence intervals with accurate coverage probabilities (compared
to the nominal confidence levels) even for small sample sizes and small values of r.

However, the exact method becomes computationally quite intensive when r is

large. Hence, we would recommend the use of the exact conditional confidence in-
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tervals for 6, developed here whenever possible and especially when the sample sizes
are small; but when the sample sizes get larger with a large r, the computational
complexity increases in the exact conditional method, and in this case the Boot-p
method and the Bayesian method are computationally simpler to use and they also
possess good performance, in the interval estimation of parameters. We, therefore

would recommend one of these two methods for the interval estimation.

6.2 Possible Further Research

From the research work carried out in this thesis, we identify the following problems

that will be of great interest for further research:

e In the development of exact confidence intervals, we assumed that P(éh > b) is
an increasing function of 6, when all other 6;’s are fixed for j # h (1 < h < k).

It would be useful to establish this result formally;

e Type-I and Type-II censoring schemes are the most common and popular cen-
soring schemes. As we have seen, Type-I censoring scheme has the advantage of
fixed experimental time, but may end up with very few observed failures at the
end of the experiment. Type-II censoring scheme has the advantage of having
at least a certain number of observed failures, but may take a long time to
terminate the experiment. For this reason, some Generalized HCS and Unified

HCS have been proposed in the literature; see, for example, Balakrishnan and
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Kundu (2013). It will be of interest to develop exact inferential results anal-
ogous to those developed in the thesis for these Generalized HCS and Unified

HCS when they are jointly implemented in the k& samples;

e Recently, Childs et al. (2012) considered two-parameter exponential distribu-
tion and developed exact inferential results under HCS. Following this line, it
will be of interest to consider the case of two-parameter exponential distribution
and then develop exact inferential results analogous to those developed in the

thesis for various forms of jointly censored data.



Appendix A

Proof of Some Lemmas

Lemma 5 For fized I, 1 < 1 < k, suppose {B;:}i_, are distinct. Let us define the
functions hy(t) = Hi#,(l — By~ fori, i’ =1,2,--- 1. Then, the coefficients Al(ij)

in expression (2.2.15) are determined as follows:

7,/ T,/

[0 -0 =33 490 - gy,

i=1 i=1 j=1
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where
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and so on.

Proof The coefficients Al(f )

tity:
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For fixed [ and ', we have

Ag = Tla
£
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Taking t = ﬁ%, we have
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When a; > 2, the last two terms have factor 1 — 3¢ and so vanish when taking limit
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Note that hi(t) = [, (1

IOg hi’ (t)

and consequently,

g -

141

— Bit)~%, and so

= - Z a;log(1 — fBjt),
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In a similar way, when a; > 3, we have
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Now to find Al < ), we take derivatives on both sides of (A.0.6) to get

*
ﬂlz

" ai(B)° il
MO = 2 e O 2T O

ai(B)? a0 g
{; W " (; 1 ﬁl;;t) } hie(t). (A.0.7)
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Finally, when a; > 4, we have
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which yields

A(a 1—3)

13’

- hmm{m = Bty = A = ATV = Bt

£
—A I = Bt

_ hm hllt —A(o/%l A(a/ 1 1—ﬁl (Oé/ 2) 1—Bt/t 2
(1_@2){@ = A= Bt) = A= )’

_ _#h/// (L)
31BE)° " \ B

Upon taking derivatives on both sides of (A.0.7), we get

/// o Q; Blz al/Bl*z aZ(BI*Z)Q
X - {22 — B;t)? Z — Bt ; (1— Brt)? } hir ()

£
2
ai(ﬁz*i)2 o B '
" ; (1 —Bjt)? " (; 1— 5;;t> i (1)
3
@il @il ai(85)?
= 3
+2Z _é{l } ha (t).
4! l

Thus, we obtain

3
ay— 1 ;3 a; By, o, (B)?
A —— il § .
li 3! (Z B — 5;;) 8 B — By, 2 (Bl — Bi3)?

i/ i kil

S )
23 - m} B

i/




Appendix 144

In general, for 1 < j < a;, we have

(1) 1
A= _ (=1 46 <_> ‘
! SN \B

In the above, g}, = m—Mi—s (Qf <y for 1 <1 <kand1<i<1', as given earlier
M, () S, Mgt
n (2.2.12).

Lemma 6 Let

F(w) = ™ ) gmamw L fm) o S e

py E Cm T z m— j+1a2w

such that fo(Wn) =[5 fo1(Wm—1) e " =1dw,,_1. Then, the coefficients cg.m) can

be found as follows:
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in which we adopt the usual conventions that H di =1 and Z’ td; = 0.
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Proof We have
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Lemma 7 Under the assumptions of Lemma 6 and fo(w) = 1, we have

and
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Proof First, it is easy to see that c(()m) = fm(400) = lirf fm(w). Nest, we have
wW—r+00

w1
fulw) = / e~
0

w2 w2 w1
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0 o Jo
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Thus, we find
Cém) — / ef(alw0+(12w1+"‘+(1mw7n71)dw0 .. dwm,1
0<wo <+ <Wyp—1 <00
Upon integrating out wg, wy, -+ , W1 over {0 < wy < wy; < -+ < wpq < 00}

in the above integral, after mapping it onto {0 < u; < 00,1 < i < m — 1} through

the transformation

Uy = Wo,

Uz = W1 — Wp,

Um = Wm—1 — Wp—2,
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we obtain c(()m). Also, by using Lemma 6,
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