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Abstract
Protostellar discs are generally thought to drive molecular outflows and
jets observed in star forming regions, but there has been some debate as to
how they form. The details of the driving and collimation of outflows help
determine how much mass is cleared out and how much energy is fed back into
the surroundings. Recently it has been argued that the magnetic brake is so
strong that early protostellar disks cannot form.
We have performed 3D ideal magnetohydrodynamic (MHD) simulations of collapsing Bonnor–Ebert spheres, employing sink particles within an
AMR grid and using a cooling function to model radiative cooling of the gas.
This allows us to follow the formation and early evolution of the accretion disc
2−8×104 years further into the Class 0 phase of its evolution. We form a rotationally dominated disc with a radius of 100 AU embedded inside a transient,
unstable, flattened, rotating structure extending out to 2000 AU. The inner
disc becomes unstable to a warping instability due to the magnetic structure
of the outflow, warping 30◦ with respect to the rotation–axis by the end of the
simulation. The disc is unstable to a Parker instability and sheds magnetic
loops, degrading the orientation of the mean threading field. This reduces and
locally reverses the magnetic braking torque of the large scale field back upon
the disc. The reduction of magnetic braking allows a nearly Keplerian disc to
form and may be the key way in which low mass stellar systems produce rotationally dominated discs. We discuss the relevance of our disc misalignment
concerning the formation of mis–aligned hot Jupiters.
Protostellar outflows are implicated in clearing mass from collapsing
cores, and limiting the final mass of newly formed stars. The details of the
driving and collimation of outflows help determine how much mass is cleared
out and how much energy is fed back into the surroundings. The simulations generate outflows which are precessing, kinked, contain internal shocks
and extend to a scale of 0.1 pc end–to–end. Our disc–wind theory describes
magneto–centrifugal driving throughout the outflow bubble. The bulk propiii

erties of the outflow agree well with observations. The outflow has two components, a larger low speed wind (vr < 1.5 km s−1 ) dominated by a toroidal
magnetic field Bφ , and an inner centrifugally driven jet dominated by Bp with
speeds up to 20 km s−1 . The ratio of mass flux from the disk surface compared to accretion in the disk is measured to be Ṁout /Ṁin ∼ 0.1 from the

inner component, whereas in the outer component Ṁout /Ṁin ∼ 1.0. The jet is
misaligned and precesses as the disc warps by 30◦ with respect to the z–axis.
We measure star formation efficiencies of εcore = 0.63 (and growing), higher

than theoretical predictions of εcore = 0.29−0.39 and observations εcore = 0.33.
These new results reported in this thesis, show that disks can form in
strongly magnetized media, in agreement with the observations - and that outflows are not as efficient in clearing away collapsing gas as has been assumed in
various theoretical models. Both of these results have important implications
for disk formation, and the origin of the IMF, as described in this work.
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Introduction
Stars are the primary source of visible light in the Universe, at the heart of
what we see when we look up in the night sky. The cycle starting from the birth
of massive stars, their death and subsequent recycling leads to the formation
of metal–rich low–mass stars. The formation of stars has consequences for the
origin of life in the Universe.
At the center of the formation and evolution of a protostar is the interplay of gravity and magnetic fields. Magnetic fields in collapsing clouds of
gas remove angular momentum and control the fate of the disk and its star in
the early stages of formation.
The process of making disks and stars feeds back onto the formation of
other stars. Protostellar disks drive spectacular 0.1 − 1 pc outflows and jets
with velocities up to 400 km s−1 and molecular outflows with masses measured
in solar masses. These outflows deposit energy and momentum into the giant
molecular clouds that stars form in.
A collapsing molecular cloud forming a group of stars is halted when
massive stars turn on and radiatively blow away all remaining low density gas.

1
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The newly formed cluster expands dynamically. A Sun–like star drifts away
from its siblings as the most massive star in its cluster goes supernova. The
gas and dust in its protostellar disk are on their way to forming planets.
In this thesis, we are interested in the early stages of the star formation.
In particular, we are interested in when a protostellar disk forms and what its
properties are. We are interested in the size, strength, and magnetic structure
of the protostellar outflow it generates and how the disk–outflow system limits
the mass that a star can accrete. We discuss the consequences our results have
on the formation of planets in Chapter 4 and on the ambient star forming cloud
in Chapter 6.

1.1

Six major problems related to formation
of stars in our Universe

There are a number of long–standing problems in the stellar life–cycle that remain unanswered. Six major problems are highlighted here which are requisite
for understanding how a star is made.
What is the origin of initial mass function (IMF) of stars? The relative number of stars per unit mass (the IMF) is surprisingly independent of
age, size, luminosity and metalicity of giant molecular clouds (Kroupa, 2001).
The functional form is somewhat similar to a variable power–law (Kroupa,
2001) or log–normal function (Chabrier, 2005) with a power–law tail at the
high mass end (Salpeter, 1955). What is the origin of this functional form of
the IMF? Is it supersonic turbulence, gravity, or magnetic fields? A complex
interplay between numerous physical processes? Furthermore, how indepen2
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dent is the IMF and how does it vary with metallicity, number of stars, size
or age?
What is the origin of the core mass function (CMF)? The CMF appears to have a log–normal structure similar to the IMF (Arzoumanian et al.,
2011). Recent observations suggest that subsonic dense cores – such as the
Barnard 5 core recently observed by Pineda et al. (2010) – are embedded in
long massive filaments of gas (Men’shchikov et al., 2010; André et al., 2010;
Pineda et al., 2011; Arzoumanian et al., 2011). Only in the most massive (unstable) filaments have cores and protostars been found (Arzoumanian et al.,
2011). Supersonic turbulence produces a log–normal distribution of gas densities in molecular clouds (Padoan et al., 1997; Federrath et al., 2010b). The
high density power–law tail is most likely created by gravitational collapse of
the dense gas in a cloud (Ballesteros-Paredes et al., 2011). Does this translate
into the formation of cores with a similar mass spectrum?
How does the CMF relate to the IMF? There are both observations
and theory which suggest that the core mass function both looks like the
IMF (André et al., 2010) and that there exists a one–to–one mapping from
the CMF to the IMF via protostellar outflows (Matzner & McKee, 2000).
However, it is far from certain that the CMF has the same form as the IMF
across a wide range of physical conditions. It is also not clear at what rate
protostellar outflows clear away material from cores, or how this depends on
initial conditions. This is one of the major goals of this thesis.
How do we solve the angular momentum problem of star formation?
Star forming cores have angular momenta on the order of Lcore ≈ 1054 g cm s−1
3
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(Goodman et al., 1993) while stars like our Sun have L∗ ≈ 1049 g cm s−1 .
Angular momentum is likely removed by magnetic braking (e.g. Mouschovias
& Paleologou, 1980), viscous transport in a disk, star–disk interactions via a
disk–wind (Matt & Pudritz, 2005), gravitationally driven spiral waves, or more
simply binary formation (Larson, 2010). However, finding the correct balance
of these process has proven theoretically difficult. What governs the transport
of angular momentum such that we make protostellar disks and stars with low
levels of angular momentum?
How do we solve the magnetic flux problem of star formation? The
amount of mass per unit magnetic flux in cores is high such that the magnetic
energy is near equipartition with gravity (Crutcher, 1999). However, in the
Sun, the amount of mass per unit flux is around 108 times larger. Magnetic
fields begin to decouple in small regions near the disk (Desch & Mouschovias,
2001) where Ohmic diffusion dominates. This does not reduce the flux sufficiently to solve the problem (Tassis & Mouschovias, 2007b) and some additional flux loss is required, perhaps through magnetic diffusion driven by
reconnection or turbulence.
Why is the star formation rate per free–fall time in Molecular Clouds
so small? Observations suggest that the galactic star formation rate is
3M⊙ yr−1 , more than 100 times smaller than we’d expect if the cloud simply evolved in a free–fall time (e.g. McKee, 1999). Turbulence decays in a
crossing time, which is for molecular clouds, tcrossing ≈ tff ≈ 106 yr. It may
be that clouds are transient and very inefficient. Another possibility is that
they are long lived with a constant injection of energy and momentum from

4
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protostellar outflows, prolonging the star formation process (e.g. Wang et al.,
2010; Krumholz et al., 2012). Magnetic fields delay the global collapse of the
cloud and help contain turbulent energy from outflows (Wang et al., 2010).
By interacting with a larger scale turbulent environment, the GMC is able to
further prolong the star–formation process (Krumholz et al., 2012). But, most
important, as soon as massive stars form, they will begin to clear out all of the
gas in the molecular cloud with a large flux of high-energy radiation (Murray,
2011). What isn’t clear is which of these processes are key to solving the SFR
of a molecular cloud and which are secondary.
Answering these questions will be key to understanding the formation
of most stars in the Universe. At the centre of all of these questions are
magnetic fields, protostellar disks and outflows. The frontier beyond this,
where many other questions remain, is with the formation of the first stars,
where it appears magnetic fields, disks and outflows play a stronger role than
we previously thought.

1.2

Major problems treated in this thesis

We neglect the role of turbulence on large scales in the molecular cloud and
also the importance of forming stars in clusters. The reason for our choice
is that the well known fact that only very low levels of turbulent motion are
present in low mass cores. We perform numerical experiments on isolated star
forming clouds in order to understand how angular momentum and magnetic
flux are transported and measure how much mass accretes onto a central star.
The questions which this thesis specifically addresses help us understand the
story of star formation.
5
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What is the role of magnetic fields in star formation? In Chapter 3
we show that magnetic fields play a strong role in limiting the fragmentation of
cores in the early phase of their existence. We find that this is softened by non–
ideal magnetic processes, such as ambipolar diffusion (AD). More importantly,
magnetic fields act to extract angular momentum from the core. They also
launch protostellar outflows.
How do disks form? Magnetic braking is so efficient at extracting angular
momentum that it can be catastrophic, as discussed in Chapter 2. However,
we discuss a mechanism in Chapter 4 in which turbulence in a protostellar
disk and outflow generate large regions of field reversals, scrambling the mean
magnetic field, limiting the effects of magnetic braking.
Why do outflows precess? Magnetic fields threading protostellar disks are
unstable to a warping instability as described by Lai (2003). The instability
tends to excite misaligned rings of material towards a parallel alignment with
the mean magnetic field. The arrangement of the field also torques the disk
such that it precesses in a retrograde fashion. We demonstrate that this is
possible during the early formation of protostellar disks in Chapter 4 and that
a warped, precessing disk leads to a precessing outflow as described in Chapter
5.
What are the properties of early outflows? Simulations which generate
the very beginnings of outflows suggest that there are two components, a fast
(v > 1 km s−1 ) and low density component as well as a slow (v < 1 km s−1 ),
higher density component. We follow such outflows into much more evolved
states and analyze their physical properties in Chapter 5. We use a new
6
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technique for characterizing the magnetic driving of outflows in simulations
(Seifried et al., 2012b) to identify that outflows have two components with
different physical properties. The low speed component has a high mass-flux
and is sprung from the disk by toroidal pressure. This fits the definition
of a ‘magnetic tower’ (Lynden-Bell, 2003). The inner component is driven
magneto–centrifugally (Blandford & Payne, 1982; Pelletier & Pudritz, 1992).
How much mass gets accreted from a core into stars? In Chapter 5
we show that an envelope settles into a disk and pseudo-disk before launching
an outflow, limiting the mass that may be expelled by outflows. Despite the
fact the outflow has fairly large launching footpoint (2000 AU) and that mass
flux rates off the vast majority of the disk match the average accretion rate
through the disk (Ṁwind = Ṁaccretion ), mass accretion onto the star is highly
efficient.
We begin by outlining the observational and theoretical problems of
star formation in Chapter 2.

We tie in many of the problems discussed

above and review the current state of research. In Chapter 3 we describe our
initial numerical simulations of isolated star formation with magnetic fields.
We contrast hydrodynamic, magnetohydrodynamic and non-ideal magnetohydrodynamic simulations during the onset of outflows, fully resolving the
collapse.
We extend the collapse using sink particles (Federrath et al., 2010a)
and find that disks form early despite efficient magnetic braking and warp due
to the magentic field, as described in Chapter 4. The precessing outflow is
described in depth in Chapter 5. Specifically, we describe the star formation
efficiency and explain why it is so efficient.
7
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In Chapter 6 we describe the direction of future research. This consists
primarily of how non-ideal effects can be applied to the star formation process, and how to incorporate turbulent initial conditions. We use unpublished
research to demonstrate some promising numerical experiments and speculate
on possible results.

8
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2

Literature review
The process of forming a star is both simple and extraordinarily intricate.
On the one hand, it is a gravitational phenomenon. Dense regions of gas
collapse under the influence of gravity down to a point in which they cannot
collapse any further. In this sense gravity will tend to create compact dense
objects from diffuse matter if perturbations in that initial density field are
strong enough. Throughout the story of making a star, physical processes such
as magnetic fields, supersonic turbulent velocity fields, the redistribution of
angular momentum, a slew of various cooling processes related to the quantum
mechanical nature of the gas, radiative feedback, magnetic feedback in its
various forms as well as dynamical interactions between stars also come into
play.
The interplay of these physical processes with gravity govern the evolution of non-stellar structures such as protostellar disks and molecular clouds.
The magnetic field is the only other mechanism, besides gravity, which continually connects the vast array of scales and densities at all stages of the star formation process. Molecular clouds have typical densities of about 10−22 g cm−3 ,

9
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1015 times smaller than the density of the photosphere of our Sun (10−7 g cm−3 ).
The sizes of molecular clouds can range from 10-100 pc (1019 − 1020 cm),
while the radius of the Sun is nearly a million kilometers (1011 cm). Stars
interact magnetically with their accreting protostellar disks by warping them
(Lai et al., 2011) or by torquing them via a disk wind (Banerjee & Pudritz,
2006). The disk interacts with the protostellar envelope via magnetic braking
(Mouschovias & Paleologou, 1986; Basu & Mouschovias, 1994) and by launching protostellar outflows (Blandford & Payne, 1982; Pudritz & Norman, 1986;
Pelletier & Pudritz, 1992; Boily & Lynden-Bell, 1996; Lynden-Bell, 2003; Sherwin & Lynden-Bell, 2007; Seifried et al., 2012b). The dense envelope of a core
further interacts magnetically with its greater molecular cloud regulating fragmentation and the dynamics of turbulence in the gas (Tilley & Pudritz, 2007;
Price & Bate, 2008). The formation of molecular clouds themselves is in part
influenced by the magnetic interaction of gas in the Galaxy – magnetized
galactic spiral waves rapidly build up Jeans unstable spurs, accelerating star
formation in galaxies (Kim et al., 2002; Shetty & Ostriker, 2006).
Magnetic energies in the universe are significant. The magnetic field in
the first stars is amplified by dynamo processes to present day values. Schober
et al. (2012) calculated the amplification of a 10−20 G seed field in the first stellar cores using dynamo theory amplified by gravitational collapse. They found
on timescales shorter than the freefall time that magnetic energies rapidly saturated to build a 10−6 G field. Such field strengths are sufficient to launch
magnetically driven protostellar outflows, and it is through these outflows that
the intergalactic medium may become magnetized.
An approximate measure of the ratio of gravitational to magnetic energy is the mass–to–flux ratio. This ratio measures the strength of the mag10
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netic field relative to gravity. If we observe a spherical cloud of gas along the
z-direction with surface density profile Σz (r) and a magnetic structure Bz (r),
we can calculate the mass–to–flux as
RR

µ ≡ R0R
0

2πrΣz (r) dr
2πrBz (r) dr

=

Σ̄z
∝
B̄z

s

Egrav
,
Emag

(2.1)

where the gravitational energy of a sphere of mass M and radius R is Egrav ∝
M 2 /R and the magnetic energy is Emag ∝ 1/8πBz2R3 , thereby varying with
the density structure of the sphere. If this ratio is less than a critical value,
a perfectly coupled cloud of gas cannot undergo gravitational collapse. The
critical value for gravitational collapse of a cloud with uniform mass–to-flux is
about 0.17G−1/2 (Tomisaka et al., 1988), nearly the same as that for a highly
flattened cloud µ0 = (2π)−1 G−1/2 (Nakano & Nakamura, 1978). Note that for
a uniform sphere where Emag = Egrav , the mass–to–flux ratio is
s
3/5GM 2 /R
Egrav
=1 =
Emag
1/8πB 2 R3
r
24
M
πG
= 1
5
Φ
M
= 0.26G−1/2 ,
→
Φ

(2.2)
(2.3)
(2.4)

where Φ is magnetic flux. Clouds that have µ/µ0 < 1 are called sub–critical
(µ/µ0 < 1) as magnetic tension balances gravity. Clouds that have µ/µ0 > 1
are supercritical, and will collapse. Magnetic energy is greater than gravitational energy in sub–critical clouds while gravity is stronger in super–critical
clouds.
Zeeman measurements of 27 nearby molecular clouds found mass–to–
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flux ratios of µ/µ0 = 0.8 − 7.2 or Emag /Egrav ≈ 2.04 − 0.2 (Crutcher, 1999;
Troland & Crutcher, 2008). This indicates that while few clouds may in fact
be sub–critical in mass, by far most are super–critical by a factor of a few.
The strengths of the magnetic field are quite significant. Mass–to–flux ratios as
high as 10 have been shown to have important consequences on disk properties
(e.g. Mellon & Li, 2008).
Gravity still dominates the star formation process. Compiling the dust
extinction maps of 23 nearby molecular clouds (d < 200 pc), Kainulainen
et al. (2009) derived probability density functions of column density N (N–
PDFs), where N is the number column density of the gas. They found that
for molecular clouds not undergoing active star formation, the N–PDFs could
be fit nicely by a log–normal distribution. However, for clouds undergoing
active star formation, power–law tails were found at high densities. Example
N–PDFs of two quiescent clouds and two clouds undergoing star formation are
shown in Figure 2.1.
Using numerical simulations of colliding streams to model the formation
of molecular clouds, Ballesteros-Paredes et al. (2011) showed that in simulations without self-gravity the clouds attained a log-normal structure to their
N–PDFs. However, when self–gravity is included, the N–PDFs develop strong
power–law tails in the high column density end.
Supersonic turbulence that characterizes the internal dynamics of clouds
is likely responsible for setting this log–normal structure. Log–normal N–PDFs
are known to be a consequence of general turbulent motions in the gas (e.g.
Federrath et al., 2010b). Other possible sources of turbulence includes gravitational instability in a galactic disk (e.g. Shetty & Ostriker, 2006; Tasker &
Tan, 2009), supernova explosions (Joung et al., 2009), expanding HII regions
12
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Figure 2.1 Column density PDFs of molecular clouds contrasting active and
quiescent star forming clouds. The figure is presented in the recent letter by
Kainulainen et al. (2009). The top two panels are non–active star forming
clouds Lupus 5 and Coalsack and fit nicely to a log–normal distribution. The
bottom two panels correspond to active star forming regions Taurus and Lupus
1. Their distributions are fit with a log–normal but have strong power–law
tails in the higher densities. This is indication that the cloud is undergoing
global gravitational collapse.

(Peters et al., 2011b), massive stellar winds and protostellar jets (Wang et al.,
2010; Cunningham et al., 2011; Krumholz et al., 2012).
This suggests that although turbulence and other properties of the star–
13
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forming environment may set the structure of the lower density gas, when the
gas begins its global contraction into stars it is gravity which is dominating the
dynamics of the higher density gas. As we discuss additional physical processes
in the star–formation story, gravity ultimately governs the formation of stars.
In this chapter, we review the relation between gravity and the magnetic field in the context of forming low–mass stars like our Sun. In §2.1 we
describe the current picture of star formation and describe the role of magnetic fields. The magnetic field plays a central role in holding together and
forming a protostellar disk, and we conclude with a discussion on this in §2.2.
Protostellar outflows are formed as a consequence of gravitational collapse,
conservation of angular momentum and magnetic fields. We discuss the properties of outflows and how this may help answer one of the central questions
in star formation in §2.4.

2.1

Low–mass star formation

Most stars in the Galaxy form in clusters (Kroupa, 2002), implying that the
story of how a single low–mass star like our Sun are constructed is tied to
how we make a group of stars of varying masses and luminosities. Clusters
of stars form in turbulent molecular clouds (Larson, 1981) with supersonic
velocity dispersions that increase with cloud size Rpc (in parsecs). Solomon
et al. (1987) accurately measured a velocity dispersion–radius relation for 273
molecular clouds in the galactic disk and found a tight relation with cloud size,
0.5±0.05
σv = (1.0 ± 0.1)Rpc
km s−1 .

The supersonic turbulent motion quickly generates filamentary structures of dense gas. Recent sub–mm observations of the Aquila Rift and the
14
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Polaris Flare regions of the Gould Belt find that filamentary structures with
embedded dense cores are very common (Men’shchikov et al., 2010, also see
Figure 2.2). Filaments are two-dimensional concentrations of dense gas and
form as a natural consequence of supersonic turbulence (Padoan et al., 2001;
Mac Low & Klessen, 2004). Padoan et al. (2001) argued the origin of protostellar cores is from supersonic turbulence, which generates dense, subsonic
filaments. Shocks in supersonic turbulent gas are where kinetic energy is lost,
so these regions are expected to be sub–sonic and highly compressed by the
accreting gas.
Filaments are unstable to fragmentation if their mass–per–unit (M/L)
exceeds a critical value (M/L)crit . When this happens, the filament will fragment and create dense cores like ‘beads on a wire’. A simple model of a dense
filament is an isothermal, non–magnetic cylinder of gas in hydrostatic equilibrium with its surroundings (Ostriker, 1964). Such a filament has a cylindrical
density profile
ρ(r) = ρc /(1 + (r/Rflat )2 )p/2 ,

(2.5)

where p = 4 and Rflat = λJ for the special case for isothermal, non-magnetized
filaments (Ostriker, 1964). The parameter ρc is the central density and Rflat
is the flat part of the density distribution, equal to the Jeans length λJ =
p
πc2s /Gρ for this special case. Another form of dense cylinder equilibrium

solutions include the effects of helical magnetic fields, finding p = 1.8 − 2
(Fiege & Pudritz, 2000).

Real filaments are probably not in hydrostatic equilibrium, although
we can use these types of models to see if they are unstable to fragmentation.
Fitting the form of Equation (2.5) to real filaments in Aquila and Polaris,

15
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Figure 2.2 Mass per unit length of filaments in Aquila (left) and Polaris (right)
in units of the critical mass per unit length of an Ostriker filament (M/L)crit ≈
15M⊙ pc−1 (Ostriker, 1964). Figure taken from André et al. (2010), where a
curvelet analysis was used to enhance filament structure. In the left, protostars
and cores are over–plotted from separate measurements (see André et al., 2010,
for details). These correspond to regions of supercritical M/L. On the right,
the Polaris region is sub–critical and has very little star formation.

Arzoumanian et al. (2011) find values of p = 1.5 − 2.5. These values are
more similar to magnetically wrapped filaments (Fiege & Pudritz, 2000) than
Ostriker filaments (Ostriker, 1964). The mass per unit length M/L for these
filaments is found to be above critical in star forming regions (André et al.,
2010). A comparison of star formation in two different filamentary clouds is
shown in Figure 2.2, contrasting a star–forming region (Aquila) to a non star–
forming region (Polaris). In Aquila, supercritical regions (M/L > (M/L)crit )
correspond to young protostars and dense cores, while in Polaris, filament
masses are sub–critical (M/L < (M/L)crit ).
There is much evidence that before stars are made, there exists an intermediate stage where subsonic dense cores are formed. Filaments are created
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in shocks generated by supersonic turbulence, and are regions where kinetic
energy is dissipated (Padoan et al., 2001). Pineda et al. (2010) observed a
supersonic to subsonic transition in the Barnard 5 region in Perseus that appears to be the transition from a low density turbulent environment to a dense,
subsonic core. Using a wider field of view, the same authors showed that this
core was embedded in a larger scale filament (Pineda et al., 2011). The filament was smaller than the filaments described by Arzoumanian et al. (2011),
and fit better to a p = 4 model rather than a p = 2 model. This gives us an
example of how cores are possibly constructed, and what their physical properties are. Using numerical simulations of a sphere with turbulent motions
and self–gravity which formed filaments and cores, Smith et al. (2011) classified the structure of 350 cores they could identify. Nearly 75% of the cores
were filamentary in nature. Filaments don’t fragment directly into stars, but
rather fragment into dense cores which build by filamentary accretion flow,
and finally undergo global collapse.
Less commonly observed are isolated cores in hydrostatic equilibrium
with their surroundings. Alves et al. (2001) measured the extinction of background stars for the dark cloud Barnard 68 to find a radial distribution of
column density. This column density can be fit to a spherical core model in
hydrostatic equilibrium with its surroundings (a critical Bonnor–Ebert sphere,
Bonnor, 1956; Ebert, 1955), but supercritical with respect to collapse. Its mass
is 2.1 M⊙ and its temperature is 16 K. Further Bonnor-Ebert (BE) spheres
with masses ranging from 0.5-6.4 M⊙ have subsequently been observed (Teixeira et al., 2005). These cores are quiescent, having line–widths that are for
the most part thermal, with minimal contributions from turbulent motions.
The cloud Barnard 68 was found to have a ratio of turbulent to thermal energy
17
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of Eturbulent /Ethermal = 0.03 (Hotzel et al., 2002).
Cores like BE–spheres are different than the cores that form in turbulent
collapse in that they are near hydrostatic equilibrium. Ballesteros-Paredes
et al. (2003) analyzed the cores that formed at stagnation points in a simulated
box of turbulent gas. They found 67% of cores could be fit by a Bonnor–
Ebert sphere profiles such that half were fits to sub-critical models. The cores
themselves were all in fact in the critical state for collapse and shared only
the density profile with a Bonnor–Ebert sphere (their fitted temperatures were
also different than their simulated temperatures). Real BE–Spheres such as
Barnard 68 have had time to adjust to their surroundings, and are not as
dynamic as the cores we observe in filaments.

2.1.1

Isolated star formation

In studying the physical processes of how one assembles a star, it is much
simpler to approach the problem from the perspective of spherical symmetry.
In this sense, the existence of Bonnor–Ebert spheres in nature gives us an
interesting laboratory to examine star formation in isolated clouds. Stars in
clusters are the products of the fragmentation of filaments, with progenitor
cores that are unlikely in hydrostatic equilibrium (Ballesteros-Paredes et al.,
2003; Men’shchikov et al., 2010; André et al., 2010; Arzoumanian et al., 2011).
An isolated laboratory however gives us direct insight into which physical
processes are important by providing us with simple initial conditions that we
can simulate with differing physics. Turbulence in cores can also be modelled
separately to judge its relative significance in the recipe of making a star.
There is a long history of theoretical and numerical research into the
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evolution of isolated spherical cores going back to the first one-dimensional
calculations, including the effects of radiation transport (Larson, 1969; Penston, 1969). Larson (1969) discovered that a uniform sphere of gas quickly
collapses into a compact first core when the gas becomes optically thick. The
resultant density profile that resulted was ρ ∝ r −2 . This type of analysis was
later performed on a Bonnor–Ebert sphere model and produced qualitatively
similar results (Foster & Chevalier, 1993).
A form of the collapse that is quasi-static and singular (perhaps corresponding to later stages of accretion) was solved for self-similar models by
Shu (1977) who found that when the first core collapses, it attains a ρ ∝ r −3/2
profile, whereas the outer envelope retains the r −2 profile. The accretion rate
for such a solution was dM/dt = 0.96 c3s /G, much smaller than accretion
rates found in numerical simulations of the collapse of Bonnor-Ebert spheres
(Banerjee et al., 2006).
The recipe for making a star requires the addition of rotation, magnetic
fields, turbulence and radiation. This makes the whole process a bit more
problematic as the physical effects are highly coupled.

2.2

Angular momentum and magnetic flux

Observations of cores reveal rotational energies are usually much smaller than
gravitational energies such that βrot ≡ Erot /Egrav ≈ 2 × 10−3 − 1.4 with typical
values of βrot = 0.02 (Goodman et al., 1993). These correspond to approximate
angular momenta of around 1054 g cm s−1 . When compared to the angular
momentum of our Sun L⊙ ≈ 1049 g cm s−1 , there is a mismatch, which is designated as the ”Angular Momentum Problem” of star formation. There must be
19
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a way to remove this excess angular momentum from the cloud or protostellar
disk before material collapses onto the star. Various modes of redistributing
angular momentum exist, such as vertical extraction by disc winds, viscous
stresses in discs, spiral waves which distribute angular momentum outwards
in the disc or fragmentation (Larson, 2010).
An important mode of transporting this angular momentum before
collapse occurs is by magnetic braking (e.g. Mouschovias & Paleologou, 1980;
Basu & Mouschovias, 1994). This can occur for any object rotating faster
than its ambient medium with both threaded by the same magnetic field lines.
Alfven waves, which are transverse MHD waves that propagate along field
lines, are launched into the ambient medium and angular momentum is extracted from the embedded object. The magnetic braking torque on a typical
disk is (e.g. Lai, 2003)
τbraking =

1
RBz Bφ+ ẑ,
2π

(2.6)

where Bφ+ is the magnetic field just above the disk midplane, R is the distance from the star. The timescale for this process to happen depends on the
contrast in densities between the disk and envelope densities (Mouschovias &
Paleologou, 1980)
tbraking ≈

8 ρdisk R
,
15 ρenv vA,env

(2.7)

√
where vA,env = Benv / 4πρenv is the Alfven speed of the envelope. Note that
this analysis was originally intended for the magnetic braking of a core embedded in a molecular cloud.
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Disk warping

Jets are observed to precess (Gueth et al., 1998; Arce & Goodman, 2001a).
In the context of disk wind theory, this implies that their source disks should
precess. A magnetic instability in disks can occur which is very similar to
magnetic braking whereby the field threading the disk warps its midplane.
Lai (2003) considered a thin disk threaded by a somewhat general magnetic
field. By adding perturbations to rings of material in the disk, he showed that
interactions of radial currents in the ring with background field produces net
torque which increases the imposed mis–alignment. This instability leads to
a disk warp and retrograde precession. The onset of disk warping has been
recently achieved in Class 0 disks (Duffin et al., 2012b,a, see also Chapters 4
and 5). This helps explain why protostellar outflows precess and why a disk’s
angular momentum is mis–aligned with respect to the angular momentum of
its star (for example, our Solar System is mis–aligned with the Sun by 7.15◦
(Beck & Giles, 2005).

2.2.2

Non-ideal magnetohydrodynamics

The star formation rate in the Galaxy is smaller than what we expect. Typical freefall times for molecular clouds are tff ≈ 4 × 106 yr for densities
n = 102 cm−3 . There is about 109 M⊙ of molecular gas inside the solar circle. If molecular clouds create stars in a freefall time, we’d naively expect
Ṁ∗ = 250M⊙ yr−1 , which is 2 orders of magnitude greater than the observed
rate Ṁ∗ = 3M⊙ yr−1 (Zuckerman & Evans, 1974; McKee, 1999). This led
early studies to suggest that the supersonic turbulence observed in molecular
clouds supported them against collapsing too quickly (Zuckerman & Evans,
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1974). What may in fact be happening is a complex interaction between protostellar outflows, magnetic fields, radiation and even the interaction of larger
scale turbulent motions (Wang et al., 2010; Bate, 2012; Krumholz et al., 2012).
Over the last decade, simulations have shown that molecular clouds need not
be equilibrium objects - and may only have to form a burst of stars before
the gas is dispersed again through ”feedback” effects. Only the densest selfgravitating part would form stars. Large scale simulations of molecular clouds
and what may regulate star formation rates are further discussed in §2.3 (see
also Mac Low & Klessen, 2004; McKee & Ostriker, 2007; Larson, 2010).
To understand the galactic star formation rate, along with the angular
momentum and magnetic flux problems, molecular clouds were once thought
to be sub–critical in their mass–to–flux ratios (Mestel & Spitzer, 1956). Only
through the slow accretion of gas through field lines and the straightening
of magnetic field lines by ambipolar diffusion could cores obtain super–critical
mass–to–flux ratios. For sub–critical cores, the evolution of their mass–to–flux
to super–critical via ambipolar diffusion takes roughly ≈ 10 Myr (Fiedler &
Mouschovias, 1993; Duffin & Pudritz, 2008). During this time, clouds would
collapse along field lines to form giant thin disks. Note that if all molecular
clouds inside the solar circle evolved on an ambipolar diffusion timescale, star
formation rates would be 109 M⊙ /5 × 108 yr = 2M⊙ yr−1 , where we use 5 × 108
yr as a more accurate approximation of the AD timescale for n = 103 cm−3
(McKee, 1999). We’d also expect to observe many uncollapsed cores in the
Galaxy.
Ambipolar diffusion is a phenomenon that occurs in magnetized gas
in molecular clouds because the ionisation rate is typically very low (nions ≈
10−7 nH ). Although the process is not entirely diffusive (Brandenburg & Zweibel,
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1994; Duffin & Pudritz, 2008), it is often modelled as such. The neutral
molecules and atoms interact with the ions in the gas (electrons as well, but
they are much less massive than the ions). The neutrals feel the magnetic
force through these collisions with the ions. The field will diffuse over time
with diffusivity
ηAD =

1.4B 2
,
4πγAD ρi ρn

(2.8)

where ηAD is the diffusivity of the magnetic field in the induction equation,
ρi is the density of the ions, ρn is the density of the neutrals and γAD is the
drag coefficient. Typically γAD ≈ 3.28 × 1013 g−1 cm3 s−1 for molecular clouds
where ions are HCO+ or Na+ and neutrals are H2 (McDaniel & Mason, 1973).
One usually models the ion density as a function of the neutral gas ρi ∝ ρ0.5
n
3/2

such that ηAD ∝ B 2 /ρn . See Chapter 3 or Duffin & Pudritz (2008) for a
complete discussion.
This picture of quasi–static collapse was overturned by two observational advances: that molecular clouds are supersonically turbulent (Larson,
1981) and that molecular clouds are on average super–critical in their mass–
to–flux ratios (Crutcher, 1999; Troland & Crutcher, 2008, but note, not all
clouds are!).
The turbulence in molecular clouds is Alfvenic in general (vA ≈ vrms ),
so magnetic fields will play a role. The effect of the magnetic field is to lower
star formation rates per free fall time by slowing down the gas and narrow
the log–normal distribution in the N–PDFs (Nakamura & Li, 2008; Padoan &
Nordlund, 2011). Ambipolar diffusion may be accelerated due the turbulence
in molecular clouds by a factor 2-4.5 (Li et al., 2012). The importance of
ambipolar diffusion on cloud scales still exists, but its role is diminished as
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molecular clouds typically evolve in a crossing time, except in the cases where
mass–to–flux ratios are sub–critical (Kudoh et al., 2007; Nakamura & Li, 2008).
Where ambipolar diffusion and other non–ideal effects (such as Ohmic
diffusion) are expected to be important are on the scales of protostellar disks.
Non–ideal MHD disks have been shown in numerical simulations to fragment
more easily (Duffin & Pudritz, 2009), form rotational structures more easily
(Duffin & Pudritz, 2009; Mellon & Li, 2009; Dapp & Basu, 2010; Inutsuka
et al., 2010) and launch different morphologies of outflows (Duffin & Pudritz,
2009) as compared to disks with purely ideal MHD.
Numerically, it is hard to model ambipolar diffusion because timesteps
vary as the inverse of the cell-size squared ∆tAD ∝ ∆x2 . As the simulation
resolves smaller scales in a problem, the timestep decreases significantly. Much
of the difficulty in modelling this can be solved either by implementing a purely
implicit method (Tilley & Balsara, 2008), or through the use of super–time–
stepping on an explicit diffusive method (Alexiades et al., 1996; O’Sullivan
& Downes, 2007; Choi et al., 2008). In the super–time–stepping method the
stability of the code is only ensured over a super–step of N smaller timesteps,
which can give a factor 10 or more increase in the effective timestep (see
discussion in §6.2).
The angular momentum problem is more than adequately solved by
magnetic braking without the need of the old picture of quasi–static collapse.
We discuss recent developments in disk formation theory that argue the problem is how to stop magnetic braking so that a disk can form.
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Magnetic braking of disks

One of the surprises of recent MHD simulations is that magnetic braking can
be so strong that disk formation is impeded. Recent simulations have shown
that in 2D collapse of isothermal toroids (Li & Shu, 1996), magnetic braking
does too good a job of extracting angular momentum and disks cannot form
(Allen et al., 2003; Galli et al., 2006). Further numerical investigations found
that only in either the hydrodynamic limit (µ/µ0 > 10 Mellon & Li, 2008,
2009; Hennebelle & Fromang, 2008; Hennebelle & Ciardi, 2009) or in the limit
of unrealistic magnetic diffusion (Li et al., 2011) could rotationally supported
disks form. Neither of these limits are expected in general (unless turbulent
magnetic diffusion of the field is much stronger than we expect).
The angular momentum problem has now been labelled the magnetic
braking catastrophe. These results appear to contradict the observational facts
- protostellar disks are commonly observed in the youngest class of protostellar
systems we know of. Sub-mm observations of early Class 0 and Class 1 sources
have been found to have disk–like contributions on scales greater than 100 AU
(Jørgensen et al., 2009; Enoch et al., 2011). How can we reconcile theory
which predicts that magnetic braking prevents disks from forming in these
early stages of star formation with observations which show they are common?
One solution to this problem may be that turbulence acts to scramble the mean magnetic field thereby decreasing the effective magnetic braking
torque and allowing disks to form (Seifried et al., 2012a; Duffin et al., 2012b).
The exact way in which this works is described in Chapter 4. Another possibility is that the envelope is cleared out by protostellar outflows, so that
the timescale of magnetic braking increases sufficiently as described by Equa-

25

Ph.D. Thesis — D. Duffin

McMaster - Physics & Astronomy

tion (2.7). However, Class 0 objects have disks, and still have a significant
component of their envelope (Jørgensen et al., 2009; Enoch et al., 2011).
A further way to form a disk is by decoupling the magnetic field completely on the scale of observed disks (50-100 AU) due to magnetic diffusion.
Dapp & Basu (2009) show that disks can form on scales of 10R⊙ very early on.
Using a more general approach in 3D, Inutsuka et al. (2010) find large 60 AU
magnetically decoupled regions and associated disks. This may in part be the
solution to the problem, however, detailed calculations show that for column
densities in these early phases, dead zones are less than 10 AU or smaller because of ionization by X-rays and cosmic rays (Matsumura & Pudritz, 2003).
Detailed 2D simulations also demonstrate that for high mass–to–flux values
an ‘unrealistic’ amount of magnetic diffusion would be necessary to promote
disk–formation (Li et al., 2011).
While much angular momentum is lost during the formation of the disk
due to magnetic braking, simulations show that the star or sink particle still
has too much angular momentum. In the formation of a Sun–like star from the
collapse of an isolated BE–sphere, Duffin et al. (2012a) created sink particles
with radius 3.2 AU, mass 0.3 M⊙ and angular momentum L = 1051 g cm2 s−1 .
Although this is more than 103 times smaller than the angular momentum
originally in the core, it is still 100 times larger than the angular momentum
currently in the Sun. On scales closer to the star, the coupled driving of
a protostellar wind, driven by accretion power released by magnetospheric
infall from the disk, regulates the stellar angular momentum (Matt & Pudritz,
2005). Such wind torques can spin down stars under 10% of their break-up
speed provided mass loss from the disk surface follows the relation Ṁwind ≈
0.1Ṁaccretion (see section 2.4).
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Magnetic fields and disk stability

Magnetic fields in the disk, in the core and in the molecular cloud act to reduce fragmentation (Price & Bate, 2007; Hennebelle & Teyssier, 2008; Duffin
& Pudritz, 2009; Commerçon et al., 2010). Magnetic tension (with force density fT = 1/4π(B · ∇)B) arises when large gradients of magnetic force are
generated. This is the case in the turbulent fragmentation of molecular clouds
and in the fragmentation of cores and disks due to gravitational instabilities.
The support can be so strong as to reduce the amount of fragmentation seen
in simulations. This problem, in the theory literature, has now been called the
Fragmentation Crisis (Hennebelle & Teyssier, 2008; Commerçon et al., 2010).
It seems that in low–mass star formation with low levels of perturbations binaries only form when rotational energies are very high (e.g. Price & Bate,
2007) even when considering ambipolar diffusion (Duffin & Pudritz, 2009). It
remains to be seen if a low level of turbulent velocity field could cause the
necessarily level of fragmentation to explain the observed binary rate in stars
(Duquennoy & Mayor, 1991; Kroupa, 2001).
One method of determining if a disk undergoes gravitational fragmentation, in the absence of a magnetic field, is by the Toomre parameter
κcs
,
Q= √
πGΣ

(2.9)

where Σ is the surface density, κ is the epicyclic frequency and cs is the soundspeed. This parameter encapsulates the balance between self–gravity (Σ) in
the disk in opposition to its internal pressure cs and shear from differential
rotation κ. For values of Q < 1, protostellar discs are unstable to forming spiral density waves or to fragmenting gravitationally. Additionally, the cooling
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time in the face of turbulent heating in the disk must be less than a rotation
period,
tcool <

ξ
,
Ω(R)

(2.10)

where tcool is the cooling time and Ω is the local rotation rate and ξ is a fudge
factor (Gammie, 2001).
For magnetised disks, the important addition to the physics is the
strength of the magnetic energy relative to the thermal energy, encapsulated
by the plasma beta β = c2s /vA2 . One can write a modified version of the Toomre
parameter as (Kim & Ostriker, 2001; Peters et al., 2011a)

QM =

κ(c2s + vA2 )1/2 p
= 1 + β −1 Q.
πΣG

(2.11)

Typical values of β are 10−3 − 10 in early protostellar disks, but are always
highest in the disk plane (as Bφ → 0 in the disk midplane). Indeed there will
be regions of considerable magnetic support in accretion disks for the lowest
values of β.

2.3

Forming the seeds of star formation

The initial mass function (IMF) of stars is the statistical mass distribution of
newly formed stars. The observed IMF is very similar within observational
constraints over a wide variety of star forming environments, including old,
present day, metal–rich, metal poor, small and large clusters of stars (Kroupa,
2002). This is a somewhat surprising result as we’d expect differences in fragmentation properties based on how efficiently the gas can cool, how turbulent
the initial conditions are and how strong the magnetic field is. Stars seem to
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be made in a very similar way despite a range of differing physical conditions.
Understanding this fundamental observational result has become one of the
most important problems in star formation (McKee & Ostriker, 2007; Larson,
2010).
Very early on it was observed that the number distribution for high
mass stars decreased as a power–law function of mass (Salpeter, 1955). We
write the relative concentration of stars ξL (log m) as a function of mass log m
in the following manner
ξL (log m) ∝ m−α ,

(2.12)

where ξL (log m)d log m is the number of stars in the mass interval log m to
log m + d log m. Early measurements of stars from masses 0.4 - 10 M⊙ found
α = 1.35 (Salpeter, 1955). This is the so–called ‘Salpeter IMF’, and it has
been modified only very slightly since then to include a small uncertainty
α = 1.3 ± 0.3 (Kroupa, 2001).
The value of α varies for lower masses and the distribution appears to
turn over around 0.5M⊙ . The overal distribution has been modelled successfully several different ways. A model by Kroupa (2001) fits the IMF with a
varying power–law fit such that



−0.7 ± 0.7





 0.3 ± 0.5
α=


1.3 ± 0.3





 1.3 ± 0.7

0.01 ≤ m/M⊙ < 0.08,
0.08 ≤ m/M⊙ < 0.5,

(2.13)

0.5 ≤ m/M⊙ < 1.0,
1.0 ≤ m/M⊙

Using a log–normal function with a power–law tail to fit the mass func-
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Figure 2.3 Initial mass function fits to observed mass distributions. On the
left, several young low–mass systems fit with a scaled version of the IMF as
presented in Equation (2.14). The dotted vertical line represents the Hydrogen burning limit, the dashed line the model. On the right, the model in
Equation (2.14) is fit and compared to other IMF models, such as the one
presented by Kroupa (2001) in Equation (2.13) and by Salpeter (1955). Both
figures taken from Chabrier (2005)

tion, Chabrier (2005) found a form of the observed IMF as

ξL(log m) =


2

 0.093 exp − (log m−log 0.2)
,
2
2×(0.55)



−1.35±0.3

0.041m

,

m ≤ 1M⊙ ,

(2.14)

m > 1M⊙ ,

This function has a typical turn–over at m ≈ 0.5M⊙ . This function is plotted
against several young clusters in Figure 2.3 and compared to other model fits.
The log–normal function provides an excellent fit to the data.
One way of attempting to explain the universal appearance of the IMF
is first through the formation of dense cores. Indeed observations suggest that
there exists a one–to–one relation between the core mass function (CMF) and
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the IMF. Recent observations using Herschel have shown that the observed
mass function of dense cores has the same form as the IMF although at higher
masses by a factor 2.5-5 corresponding to a star formation efficiency εcore ≡
Mstar /Mcore = 0.2 − 0.4 (André et al., 2010). The difference is assumed to
come from the clearing of mass away from the core by protostellar outflows
(e.g. Matzner & McKee, 2000).
The exact physical nature of early outflows has been incomplete until
the advent of numerical simulations into late stages of protostar formation
(Seifried et al., 2012b; Duffin et al., 2012a). Numerical simulations find that
protostellar winds are not as efficient at clearing mass as required to explain
the observed differences between the CMF and the IMF. A number of different
studies find star formation efficiencies of εcore = Mstar /Mcore ≈ 0.5 − 0.75
(Machida & Matsumoto, 2012; Duffin et al., 2012a; Price et al., 2012) and in
this thesis we find a value of 0.63.
Perhaps the similarity of the CMF to the IMF does not suggest a star
formation efficiency for individual cores. Different cores should evolve into
stars at different dynamical timescales corresponding to their free fall times.
Even if the CMF resembled the IMF at one stage, it would evolve quickly into
something else as stars are formed (Clark et al., 2007).
The proposed functional form of the CMF and IMF is useful from a
theoretical stand–point because log–normal distributions in general can be explained by multiplicative processes (such as shocks). A supersonic turbulent
gas, such as the typical molecular cloud, rapidly builds up a log–normal distribution in its column densities (Padoan et al., 1997; Kevlahan & Pudritz, 2009;
Federrath et al., 2010b). The high mass end of the IMF may be explained
by either gravity (Kainulainen et al., 2009; Ballesteros-Paredes et al., 2011) or
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perhaps explosions of massive stars (Kevlahan & Pudritz, 2009).
Numerical simulations are now in a state where resolutions and computational resources allow them to generate enough statistics to test the IMF
(Wang et al., 2010; Bate, 2012; Krumholz et al., 2012). Radiative heating of
the gas is of particular importance, however. So too are magnetic fields and
protostellar outflows. Newly forming stars inject kinetic energy and momentum back into their environment and this can help slow the star formation
rate provided the outflows are strong enough (Krumholz et al., 2012). Wang
et al. (2010) find that the coupled injection of outflow–like momentum from
sink particles and magnetic fields helps contain the outflowing energy in the
molecular cloud and slow the global star formation rate even further. This may
be why the Galaxy has an observed star formation rate of 3M⊙ yr−1 , much
lower than what would be expected for gravity alone (Zuckerman & Evans,
1974; McKee, 1999).
Protostellar outflows within larger simulations are crudely modelled as
a boundary condition of sink particles in these simulations. As we will see in
§2.4 the physical properties of early outflows are not entirely understood. Their
exact structure, energy and momentum are important for properly modelling
feedback into newly forming star clusters. The amount of mass cleared from
a protostellar core may help us understand why the CMF looks like the IMF
of stars.

2.3.1

Cooling and radiative feedback

As a protostellar core collapses and forms a protostar, radiation is emitted back
into the gas both by the release of gravitational energy liberated by accretion
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onto the star and by the star itself.
In the optically thin regine, the gas cools very efficiently to 10 K because of molecular lines and interactions between the gas and dust. As the
gas becomes more dense, H2 dissociates which costs energy and cools the gas
further. Interactions between the gas and dust also play a role in cooling the
gas as dust is an efficient emitter of thermal energy (e.g. numerical implementation by Banerjee et al., 2006). In the optically thick regime, radiation from
these sources does not directly escape the cloud (except in the IR or at longer
wavelengths), but rather is re-absorbed by the gas. Radiative energy slowly
diffuses out of optically thick regions. Ultraviolet radiation from massive stars
furthermore acts to ionize the gas, creating strong temperature gradients that
push out much of the gas in molecular clouds.
There are different ways to model the effects of radiation transfer for
low–mass stars. First, one can make assumptions about the optical depth
and estimate cooling rates (Banerjee et al., 2006). This method does not
allow gas to heat up from a central source, so it can be limiting in some
sense, however it costs very little numerically. Offner et al. (2009) argue that
radiation from low–mass protostars in a cluster environment is significant and
can significantly heat protostellar cores and disks. Another way of modelling
the diffusion of radiation is through flux–limited diffusion methods (Krumholz
et al., 2007; Rogers & Wadsley, 2011). These methods track the diffusion of
the radiation field through the gas, and can include sources such as protostars.
High mass protostars dominate the distribution of luminosity and also emit
UV flux which ionizes and pushes away material to form giant HII bubbles
(Peters et al., 2011b).
Heating reduces fragmentation of cores by increasing the Jeans length
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√

T . For disks, increasing the temperature increases the Toomre Q
√
parameter as Q ∝ T , not accounting for magnetic support of the disk.
Heating of the gas has a profound effect on not only the fragmentation of disks (Offner et al., 2009; Commerçon et al., 2010) but also on how
the turbulent cloud itself fragments and forms cores (Krumholz et al., 2007;
Commerçon et al., 2011; Krumholz et al., 2012; Bate, 2012). The effects of
radiation on fragmentation is comparable to the effects of the magnetic field in
reducing the number of cores formed (Price & Bate, 2009; Commerçon et al.,
2011). In high–mass molecular clouds in which clusters of O and B stars can
form, high energy UV radiation may strip entire clusters of their gas mass,
limiting the star formation efficiency more dramatically than supersonic turbulence (Murray, 2011).

2.4

Protostellar outflows

Protostellar outflows are commonly observed emanating from young, embedded Class 0/I sources (e.g. Arce et al., 2007; Cyganowski et al., 2011). These
outflows are 0.1-1 pc long, rotating (Zapata et al., 2010), turbulent, containing internal shocks and kinks (Gueth et al., 1998), at times episodic (Arce &
Goodman, 2001b) and in some cases precessing (Gueth et al., 1998; Arce &
Goodman, 2001a). They carry mass from the envelope and momentum, which
gets deposited in the surround gas.
Also observed around protostars are higher speed, Herbig–Haro objects
(Bally et al., 2007). These outflows have high speeds on order of 100 km s−1 .
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A common relation for these jets is (Ray et al., 2007)
Ṁoutflow
≈ 0.05 − 0.1,
Ṁdisk

(2.15)

Both molecular outflows and jets show similar properties (rotation, collimation) suggesting that they are driven from a rotating disk of gas and collimated
by a magnetic field. The molecular outflow from Class 0 protostar L 1157 and
the evolved HH 47 jet launched from a circumbinary disk are compared in
Figure 2.4. The top panel shows a precessing jet embedded in a low speed
molecular flow. The bottom panel shows a high speed jet with seemingly no
low speed gas associated with it. Both are highly collimated and have associated disks.

2.4.1

Magnetic towers

The magnetic tower model describes the evolution of a magnetic bubble driven
by the continual winding of field lines in a rotating accretion disk (Boily &
Lynden-Bell, 1996; Lynden-Bell, 2003; Sherwin & Lynden-Bell, 2007). It uses
a hydrostatic approach and minimizes the total magnetic and thermal energy
in the bubble, using a variational approach to solve for the bubble height
and radius (Lynden-Bell, 2003; Sherwin & Lynden-Bell, 2007). The solution
depends on the winding of the threading field by the disk and the ambient
pressure of the envelope (ram pressure from accretion of gas is considered separately). Different pressure profiles generate different bubble configurations.
For pressure that depends too steeply on height (log p/ log z) < −4), the outflow bubble is quite wide (Boily & Lynden-Bell, 1996). For constant pressure,
the outflow structure is more conical and centrally collimated.
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Figure 2.4 A precessing molecular outflow in L 1157 and HH 47. Above are
the contours of SiO (white contours) and CO (grayscale) of the molecular
outflow from the Class 0 source L 1157 (cross), taken from (Gueth et al., 1998).
The SiO contours come from internal shocks in the outflow likely caused by
precessing of an internal high speed component (inferred directions drawn by
lines with a precession angle of 6 −7◦ ). Each lobe is 0.23 pc. A jet is contained
in the molecular outflow with speeds 50-100 km s−1 .
Below is an HST image of HH 57, mapping both Hα and [S II] transitions
(credit NASA, ESA and P. Hartigan, see also Hartigan et al., 2011). HH 47
is 0.57 pc in length having velocities up to 300 km s−1 . At its source is a low
mass binary system and circumbinary disk.
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Field line structures are highly wound, with Bφ > Bz in the outer
torus of the bubble (see middle panel, Figure 2.5). Simulations of collapsing
protostars find that outflows often (but not always) have outflow cavities with
these highly wrapped configurations (Lynden-Bell, 2003; Banerjee & Pudritz,
2007; Hennebelle & Fromang, 2008; Machida et al., 2009; Duffin & Pudritz,
2009; Seifried et al., 2012b).
Modelling the magnetic tower in protostellar systems analytically proves
difficult largely because the disk gradually grows over time. This means that
there is a changing ambient pressure profile in the envelope as well as an additional ram pressure due to accretion. Additionally, the magnetic tower model
offers only a force–free (J × B = 0) configuration for the field lines, and does
not predict possible mass fluxes from the disk surface. This is an important
observational test for any protostellar wind model.
Predicting cavity sizes due to the magnetic pressure in the flow is very
useful for estimating the possible amount of gas cleared away from a collapsing
envelope. If one was presented with a disk size and rotational profile, along
with an envelope pressure scale, it would be possible to predict the outflow
cavity size. Furthermore it would then be possible to estimate the amount of
mass cleared away from the envelope.

2.4.2

Disk winds

Disk winds are dominated not by toroidal magnetic field pressure, but rather
rely on ”flinging” material through centrifugal forces. The primary aim of disk
wind theory is to calculate magnetic field configurations that can accelerate gas
by centrifugal driving along field lines that thread a Keplerian disk (Blandford
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Figure 2.5 Predicted magnetic field structure of the ”Magnetic Tower” model.
For this model, the pressure scales with height from the disk as p ∝ z −3 . From
left to right: plots of |Bz|, |Bφ |, |Bφ |/|B| and B 2 for toy model Ω(P ) (disk
rotation). Figure taken from Sherwin & Lynden-Bell (2007)

& Payne, 1982; Pudritz & Norman, 1986; Pelletier & Pudritz, 1992; Ferreira
& Pelletier, 1995; Ferreira, 1997). It is then a straightforward task to find
configurations in numerical simulations of protostellar outflows that are accelerated by the magnetic field against gravity and thermal pressure (Seifried
et al., 2012b; Duffin et al., 2012a).
The self–similar model of Blandford & Payne (1982) showed that matter
and angular momentum could be extracted by magneto–centrifugal driving
of matter from a disk provided poloidal field lines spread out from the disk
(field lines tilted more than 30◦ from the z–axis). The structure of the field
lines are expected to be dominated by Bφ in the outer region, leading to high
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degrees of collimation. Applied to protostellar disks, Pudritz & Norman (1986)
showed in a semi-analytic way that magneto-centrifugally driven winds could
explain both cold molecular flows and hot ionized jets from young protostellar
objects. More importantly, the torques they exerted on the disk would extract
a significant amount of angular momentum, and explain the rotation observed
in protostellar outflows (Zapata et al., 2010). They predicted that the accretion
rate in the disk would be related to the outflowing mass flux
M˙ w ∝



rA
rd

2

Ṁa ,

(2.16)

where rA is the Alfven radius, and rd is the radius of the disk. Pelletier &
Pudritz (1992) generalised the model of Blandford & Payne (1982) in 2D and
without the need for self–similarity. They derive that M˙ w = 0.1Ṁa .
This magneto-centrifugal model for disk–driven outflows has had success when applied to protostellar disks, predicting the rotational properties,
mass loading, speeds and collimation (Pudritz et al., 2007). However, with the
advent of simulations extending into the Class I regime (Machida et al., 2011;
Duffin et al., 2012a), the model can be more directly studied. Several features
are apparent in numerical simulations that challenge the standard model. Keplerian disks are not required to launch prototstellar outflows. Early outflows
are launched from dynamically evolving disks that may be sub-Keplerian or
even highly transient (Machida et al., 2011; Seifried et al., 2012b; Duffin et al.,
2012a). Furthermore, gas may not be driven solely by magneto-centrifugal
forces, but also by magnetic pressure.
A generalised numerical criterion for magnetic driving of the outflow
has been developed that classifies the gas as locally being accelerated by the
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magnetic field (Seifried et al., 2012b). Using assumptions from the jet theory,
it can be used to compare against previous models such as Pelletier & Pudritz
(1992). Duffin et al. (2012a) find a two–component flow in the Class 0 stage
such that the outer regions of the protostellar outflow are highly wrapped
and the inner region poloidal. The field is not co-rotational with the gas in
the outer region, but co–rotational in the inner region. This suggests that
in the outer regions the gas is being pushed out by the magnetic pressure
rather than being flung out by the magnetic field. An outflow like this would
correspond to a combination of the magnetic tower picture described above
(Boily & Lynden-Bell, 1996; Lynden-Bell, 2003; Sherwin & Lynden-Bell, 2007)
as well as magneto–centrifugal driven wind (Blandford & Payne, 1982; Pudritz
& Norman, 1986; Pelletier & Pudritz, 1992).
Further development in disk wind theory is required to analytically
model these coupled outflows. We need to know about mass flux rates in the
outflow as well as their size and volume in order to understand how much
mass is cleared from the envelope. Finding a simple relation between the
CMF and the IMF would be a big step towards to understanding the IMF
itself. The formation of log–normal density distributions in molecular clouds
is understood as a result of supersonic turbulence (Padoan et al., 2001; Mac
Low & Klessen, 2004; Kevlahan & Pudritz, 2009; Federrath et al., 2010b). The
high–mass power–law tail is thought to be the result of global gravitational
collapse of the cloud itself (Kainulainen et al., 2009; Ballesteros-Paredes et al.,
2011). If these characteristics are then transfered to the cores themselves, we
can begin to understand the universal nature of the CMF. It is not yet clear
if protostellar outflows are the answer.
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Outlook

The theory of star–formation is well on its way to understanding observational
problems that have been around for over 60 years. How is angular momentum
removed during protostellar collapse? How do we get low amounts of angular
momentum in a protostar, but still form a protostellar disk? How is magnetic
flux regulated in the collapse? Why do protostellar cores with high mass–to–
flux produce stars with low mass–to–flux? Furthermore, why are stars made
in a similar way in star clusters that are either old, young, metal–poor, metal–
rich, big or small? Do protostellar outflows kick out gas from a collapsing core
in a way that relates the CMF to the IMF in a one–to–one way?
In the following we perform numerical experiments on the isolated collapse of protostellar cores in order to answer this question. In Chapter 3, we
study the early collapse of a protostellar core down to the numerical limit
(pre–Class 0), comparing pure hydrodynamics with both ideal and non-ideal
magneto-hydrodynamics (ambipolar diffusion). This study produces the beginnings of outflows and protostellar disks that suggest what may happen in
the later stages (Class 0/I).
In Chapter 4, we extend the magnetohydrodynamic collapse by several 104 years by implementing sink particles. The collapse quickly forms a
large, transient pseudo-disk and inner rotationally dominant sub–Keplerian
disk. The disk forms as turbulent motions in the inner region – driven by
magnetic buoyancy of magnetic field within the forming, flattened structure –
scramble the mean threading field and reverse the magnetic braking torques
on average. The magnetic structure of the inner disk drives it to warp 30◦
with respect to the z–axis.
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We focus on the physical properties of the outflow of the collapse in
Chapter 5. We find a precessing outflow which has components similar to outflows described by standard wind theory (Blandford & Payne, 1982; Pelletier
& Pudritz, 1992), as well as a component driven by magnetic pressure, similar
to the ’magnetic tower’ (Lynden-Bell, 2003; Sherwin & Lynden-Bell, 2007). In
particular, we find mass flux rates such that Ṁwind = Ṁaccretion in the outer
region dominated by pressure. This contrasts to the inner jet region which we
find has Ṁwind = 0.1Ṁaccretion , similar to observations of protostellar jets (Ray
et al., 2007; Pudritz et al., 2007).
Most importantly, in Chapter 5 we derive a high mass accretion efficiency (εcore > 0.6) which appears to be typical for isolated cores with other
simulations finding efficiencies of 0.5-0.75 (Machida & Matsumoto, 2012; Price
et al., 2012) in contrast to recent observations of cores in filaments (André
et al., 2010) which find Mstar = 0.33Mcore and previous theoretical results
which we show estimate Mstar = 0.29 − 0.39Mcore . The problem we argue is
that protostellar cores are dynamic over their free–fall time, accreting gas from
their surroundings. Gas settles into a protostellar disk or pseudo-disk before
launching of an outflow can begin, so much of the envelope has settled to the
midplane by the time the core is being cleared of gas.
In Chapter 6 we discuss future prospects in numerical experiments of
star formation. Namely, what is the role of turbulence in limiting the final mass
onto the star? How do cores forming in turbulent environs differ from those
in near isolation? Can we form a simple theoretical framework to understand
the link between the CMF and the IMF? It is clear that the magnetic field is
crucial at every level of star formation.
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3

The early history of protostellar
disks, outflows, and binary stars
3.1

Introduction

Over the past decade numerical simulations have enabled the exploration of
the central physical questions regarding the nature of star formation – from
the collapse of an initial dense gaseous molecular cloud core to the formation
of a star and its associated protostellar disk and outflow, and the emergence
of a star’s planetary system. The formation of disks and jets during star
formation is central to many of these issues, but very little is known about
the earliest phases of their evolution. How is the initial excessive angular
momentum associated with the star’s natal core removed – through magnetic
braking (Basu & Mouschovias, 1994) and then outflows (Banerjee & Pudritz,
2006; Pudritz et al., 2007), or by spiral density waves in disks (e.g. Larson,
2010)? Do multiple stars form through gravitational fragmentation of cores or
massive disks (Hosking & Whitworth, 2004; Price & Bate, 2007; Hennebelle
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& Teyssier, 2008)? What is the significance of outflows and jets that are
launched before most of the mass has collapsed into the disk (Lynden-Bell,
2003; Banerjee & Pudritz, 2006) in a wide variety of young stellar systems –
from brown dwarfs (Whelan et al., 2005; Machida et al., 2009) to massive stars
(Arce et al., 2007; Banerjee & Pudritz, 2007)?
Extraction of angular momentum by magnetic fields that thread the
collapsing gas may be too efficient, according to recent 2D (Mellon & Li,
2008) and 3D axisymmetric (Hennebelle & Fromang, 2008) simulations, preventing the formation of rotationally dominated disks, even when the effects of
imperfect coupling of the field with the gas are included (Mellon & Li, 2009).
These results seemingly contradict the observations which clearly show that
disks are present around most if not all young stars, even in environments
in which the magnetic field is expected to be strong (Hartmann & Calvet,
1995). Hennebelle & Fromang (2008) performed 3D ideal MHD simulations of
collapsing cores using a barotropic equation of state, concluding that no rotationally dominant structure formed from 10 to 100 AU for highly magnetized
cores. Mellon & Li (2008) performed 2D ideal MHD simulations on collapsing
singular isothermal toroids using a barotropic equation of state and an inner
boundary at 6.7 AU (effectively a sink particle), finding that even moderately
magnetized disks could not form. Such 2D models impose a high degree of
mathematical symmetry and therefore miss the formation of bars and spiral
waves in disks.
We improve on previous results through this 3D adaptive mesh refinement (AMR) investigation which includes a full treatment of the cooling
(Banerjee et al., 2006) and the finite coupling of the magnetic field to the pre–
stellar gas (ambipolar diffusion, Duffin & Pudritz, 2008). We find that ordered
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disk–like structures can emerge on scales . 10 AU at early times (. 105 yrs)
in magnetized systems. We have omitted a sink particle in this study as they
are expected to affect the solution to within a few sink radii. Without sinks
simulations are indeed limited to early disks, although they offer a full solution
to the region within 10 AU where the heated core forms.

3.2

Methods

We model an isolated star forming core with a rotating Bonnor–Ebert (BE)
Sphere (Bonnor, 1956; Ebert, 1955) commonly observed in nature (Alves et al.,
2001; Lada et al., 2003; Teixeira et al., 2005). We construct an initial sphere
that is large enough to be unstable to collapse and add a 10% over–density on
top with a 10%, m = 2 perturbation to break axisymmetry. Such perturbations
model the buffeting that observed star–forming cores undergo from supersonic
turbulent gas motions that prevail in the surrounding low density molecular
gas (our perturbation accounts for a 0.04% change in gravitational binding
energy, so this is a rather quiescent core). The refinement criteria resolves the
p
Jeans’ length (λJ = πc2s /Gρ) by at least 8 cells, limited by the ambipolar

diffusion timestep.

Our BE spheres have a mass of 1M⊙ and initial central densities of
ρc = 6.07 × 10−18 g cm−3 . The magnetic field is added to the core in the z
direction – in agreement with recent observations (Kirk et al., 2009) – such
that the ratio of the thermal to the magnetic energy in the gas, known as the
the plasma beta (β = 2c2s /vA2 ) is constant, where cs = 0.27 km s−1 is the core’s
√
sound speed and the Alfven speed is vA = B/ 4πρ ≃ 0.74cs /Γ (the latter
relation for critical BE spheres). The mass-to-flux ratio Γ is a measure of
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Model Set
p
Ωtff = Ω 3π/32Gρ0
Angular rotation (Ω, s−1 )
Rotational beta (βrot )

low rotation moderate rotation high rotation
0.1
0.3
1.2
1.17 × 10−13
3.52 × 10−13 1.41 × 10−12
0.0052
0.046
0.74

Table 3.1 Model parameters. Each model set has a mass of Mcore = 1.1M⊙ ,
core temperature of Tcore = 20 K (cscore = 0.267 km s−1 ), external temperature
of Text = 200 K (csext = 0.845 km s−1 ), Γ = 3.5 and β = 46.01 and is run in 3
cases: hydrodynamic, ideal MHD and ambipolar diffusion.
the ratio of the gravitational to the magnetic energy in gravitating objects. If
Γ < 1, the magnetic field is strong enough to prevent gravitational collapse and
the core is called sub-critical, otherwise it is called supercritical. We set the
mass-to-flux Γ = 2πG1/2 Σ/B = 3.5, where Σ is the column density, stemming
from observations of magnetic fields in early cores which indicate Γ ≈ 1 − 4
(Crutcher, 1999) and confirmed through simulations of cloud-scale turbulence
(Tilley & Pudritz, 2007). The rotation values of our models were taken from
previous simulations of early star–forming clusters (Tilley & Pudritz, 2007).
We take the extremes and average values of rotation and interpret these as low,
moderate and high rotating cores (Table 3.1). The moderate rotation model
set has a ratio of rotational to gravitational binding energy of βrot = 0.046, in
line with observations (Lada et al., 2003).
For each model set, we run a non–magnetic (hydrodynamic), a perfectly
coupled (ideal magnetohydrodynamic) and more realistic, partially coupled
(ambipolar diffusion) case for a total of 9 simulations (summarized in Table
3.1).
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Do disks form?

By the time the maximum surface densities in the moderate rotation model
set reach a value of Σc = 4.2 × 103 g cm−2 , 0.1 M⊙ is contained within 156 AU
(about 10% of the core’s mass is contained within 0.003% of its initial volume).
The mass of the protostar (taken to be all material inside 1 AU or 10−3 M⊙ )
is only 6 % of the total mass in the disk (taken to be everything inside 10 AU
or 10−2 M⊙ ). At this point, the non–magnetic, perfectly coupled and partially
coupled clouds are 0.160, 0.194, and 0.175 million years old respectively due
to different levels of rotational and magnetic support (corresponding to 5.9,
7.2 and 6.5 free-fall times, where tff = 0.027 Myr is estimated using ρc of the
initial BE sphere). An extended dense region has taken shape, the gas has
been heated, and in the cases where magnetism is present, disk winds have
started.
We present in Figure 3.1, snapshots of the structure of the region at
the center of the collapse, taken at this time for our three different cases.
The first panel (Fig 1a) representing the purely hydrodynamic case, is strikingly different in structure than the other 3 panels representing the magnetic
cases. Despite having identical initial conditions, the non–magnetized, moderate rotation case has formed two bars, driving off–axis rotational modes which
themselves create an off–axis bar. The wobbling in the collapse occurs through
accretion along shocks and density perturbations in the gas. This stands in
stark contrast to the obvious disk–like structures and outflows present in both
ambipolar diffusion (Fig 1b) and ideal MHD cases (Figs. 1c & d)1 . Strong
oscillations of the disk radius were noted in the simulations of Price & Bate
1

We provide movies of Figures 3.1a, b and c online illustrating the density and magnetic
field line structure on all scales in the simulation.
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Figure 3.1 Inner disk of the moderate rotation model set at central surface
densities of Σ0 = 4.2×103 g cm−2 for a) hydrodynamic, b) ambipolar diffusion,
c) perfectly coupled cases and d) the evolved state of the perfectly coupled case
at Σc = 8.72 × 107 g cm−2 . Black and gray surfaces are ρ = 10−12 g cm−3 (n =
2.58 × 1011 cm−3 ) and ρ = 10−13 g cm−3 (n = 2.58 × 1010 cm−3 ) respectively.
Temperature contours at T = 85 K are shown in blue. Outflow velocities
contours, shown in red, are 0.3 km s−1 in c–d and 0.01 − 0.4 km s−1 in b.
Magnetic field lines are shown as yellow tubes.
(2007) which were also dominated by massive disks in their early phase. They
also found that this behavior was suppressed by magnetic fields.
Most importantly, the magnetic disks, by preventing strong bars from
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forming, are rotationally dominated whereas the uncoupled disk is not! This is
illustrated in Figure 3.2a, where we see that the ambipolar diffusion case has
a larger rotationally dominated disk (vφ > vinfall ) than the perfectly coupled
case. We note also, by plotting vφ /vr of the most evolved perfectly coupled
state of the collapse, that the rotational support is growing with time while
hydrodynamic rotational support becomes increasingly unstable. In Figure
3.2a we also plot surface averaged plots of the ratio of the rotational velocity
to the Keplerian velocity – the rotational velocity of a gas in a stable orbit
around an enclosed mass. We find peak ratios of about 0.1–0.5 in all cases of
the moderate rotation model (in fact some pre–binned values exceed 1 in the
ambipolar case).
In the limit of low rotation, hydrodynamic spiral waves and bars in the
purely hydrodynamic case are confined to a region of about 1 AU in radius.
This has little effect on the braking of the cloud (Figure 3.2d) and rotationally
dominated disks are allowed to form outside of 1 AU (Figure 3.2b). The
hydrodynamic case is much more spherical in nature while the magnetized
cases remain fairly flat, despite efficient magnetic braking. In the limit of
low rotation, Fig. 3.2b shows that the rotation in the hydrodynamic case is
nearly Keplerian and the magnetic case is much more sub–Keplerian, whereas
in the case of moderate rotation shown in Fig 2a the opposite is true. Thus
in the extreme low rotation limit where spiral modes and bars are strongly
suppressed, early hydrodynamic disks do form.
Due to the bar, the distribution of specific angular momentum j(R)
(where R is the cylindrical radius; Figure 3.2d) of the hydrodynamic case is
comparable to the cases where magnetic braking is present. In the low rotation
model set, the bar is small and j(R) does not compare as well to the magnetized
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Figure 3.2 Azimuthally averaged plots (density weighted, see Banerjee &
Pudritz, 2006) versus disk radius for ideal MHD, non–ideal MHD and hydro
cases. In all figures the model sets are shown at a common central surface
density of Σc = 4.2 × 103 g cm−2 (moderate or mod. rotation) and Σc =
3.4 × 103 g cm−2 (low rotation), when viewed face on. Figures a) and b)
show the toroidal velocity in units of infall velocity and Keplerian velocity
for the moderate and low rotation model sets respectively (‘evolved’ refers
to hydro and ideal MHD end–states). The dotted horizontal lines represent
a velocity ratio of 1. The dotted vertical lines represent a transition radius
of 7 and 6 AU respectively. Figure c) shows the outflow efficiency of the
magnetized cases as compared to the more evolved ideal MHD case. Figure d)
shows specific angular momentum plotted against enclosed mass. The surface
density distributions are shown in e), while the magnetic field distributions
are shown in f).
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cases. The hydrodynamic and perfectly coupled cases of the moderate rotation
model set have similar maximal accretion rates of Ṁaccr ≈ 4 × 10−4 M⊙ yr−1 ,
while the ambipolar case reaches maximal accretion rates of only Ṁaccr ≈
1 × 10−4 M⊙ yr−1 due to weaker magnetic braking and a stable disk. In the
low rotation model set, mass accretion rates are Ṁaccr ≈ 2 × 10−4 M⊙ yr−1
for the magnetized cases and Ṁaccr ≈ 3 × 10−4 M⊙ yr−1 for the hydrodynamic
case.
In the high rotation model set however, no cases form rotationally dominated disks as all three cases have formed some sort of bar on large scales (Figure 3.3). Clearly, it is through the suppression of instabilities in the collapse
that magnetic fields promote early disk formation. Disk formation in systems
without magnetic fields typically must wait until the mass of the central star
dominates that of the surroundings sufficiently to suppress these instabilities.

3.4

Early outflows and magnetic fields

Figures 3.1b, c, and d are snapshots of the structure of outflows that are
launched at these early times. A major result, shown by comparing 3.1b, c,
is that outflows occur even when ambipolar diffusion is active. Outflows in a
non–ideal MHD collapse have been demonstrated in 2D ambipolar diffusion
without drift heating (Mellon & Li, 2009) and in 3D using an ohmic diffusion
approximation (Machida et al., 2007b). This is the first such demonstration
in a 3D ambipolar diffusion code. Our analytical understanding of the early
outflow mechanism is the magnetic tower (Lynden-Bell, 2003). In this picture,
the toroidal field in the disk is generated through the rotating flow and confined
there by the accretion ram pressure. As the field winds up, it reaches a critical
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Figure 3.3 Large scale fragmentation of the high rotation model set for a)
hydrodynamic , b) ambipolar diffusion and c) ideal MHD cases at similar scales
and orientations. Density contours are given in the legend and magnetic field
lines are drawn as yellow tubes.
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strength in which the toroidal pressure is strong enough to overcome the ram
pressure, moving wrapped field lines away from the disk and taking perfectly
coupled gas with them – starting with the initial release in Figure 3.1c and the
more developed magnetic bubble shown in Figure 3.1d). This acts to torque
down the disk, removing angular momentum from the disk and increasing
accretion rates2 .
In the ambipolar diffusion picture, these field lines can seep through the
ram pressure as they are not so tightly coupled to the accreting gas. Effectively
this leads to a smoothed out transition in the magnetic tower, with the side
effect of substantial frictional drift heating.
We have also discovered the existence of a centralized, high–speed component to the ambipolar diffusion case’s outflow (v > 0.4 km s−1 in an region
roughly 1 AU in size). This component resembles a jet that is commonly observed in a more evolved perfectly coupled collapse (though less efficient)3 . We
note that the base of this component to the outflow lies on a cushion of heat
generated by the friction between ions and neutrals as toroidal field lines seep
through the accreting gas. This spike in drift heating is typical in ambipolar diffusion mediated C-shocks, regions where ion–neutral friction is strong
(Wardle, 1991). This local heating effect produces strong gradients in temperature with T > 110 K in regions roughly 5 AU in size, both above and below
the midplane. Within these regions are features roughly 1 AU in size with
T > 1000 K (not unheard of in C–shocks). By comparison, the perfectly coupled outflow has a sharp temperature shock at about 50 K leading its outflow.
In contrast, the low rotation model set shows very little drift heating and a
2

A movie of the development of Figure 3.1d from Figure 3.1c is provided online.
The velocity structure of the perfectly coupled outflow is seen in our online movie of
the evolution of Figure 3.1d
3
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similar weak outflow (Figure 3.2c). While the vertical field threading the disk
Bz is identical for all low and moderate rotation, magnetized cases (Figure
3.2f), the toroidal field Bφ in the low rotation, magnetized cases is nearly 2
orders of magnitude smaller than in the moderate rotation, magnetized cases.
In Figure 3.2c we plot the ratio of mass loss rates Ṁwind to mass accretion rates Ṁaccr for the moderate and low rotation model sets. For comparison
we also plot this ratio for the evolved outflow of the perfectly coupled case at
later times (labeled ‘evolved ideal’). The evolved outflow is very efficient in the
moderate rotation, ideal MHD case – the central outflow component exceeds
speeds of 5 km s−1 and observed outflow rates of Ṁwind /Ṁaccr ∼ 0.1 (Hartmann & Calvet, 1995). Unfortunately, we cannot fully develop the ambipolar
outflow due to timestep constraints. However, from this early footprint, we
are led to believe that the outflow mechanism is working, and working nearly
as well as the perfectly coupled case. In the low rotation, ideal MHD case, the
outflow rates are significantly diminished by nearly 2 orders of magnitude in
comparison to mass accretion rates, less than what is typically observed. This
may have consequences on feedback effects in star forming clusters and the
assembly of massive stars (Wang et al., 2010); protostellar energy injection is
dependent on the rotational energy of the star forming core.

3.5

Fragmentation and binaries

In supercritical cores, 3D ideal MHD calculations have shown that strong perturbations (on the order of 50%) are needed in order for cores with Γ ∼ 2
to fragment and form binaries, even with high rotation (Price & Bate, 2007;
Hennebelle & Teyssier, 2008). We find that none of the low and moderate
54

Ph.D. Thesis — D. Duffin

McMaster - Physics & Astronomy

rotation cases, magnetised or not, fragment. We therefore ran a high rotation
model set with 4 times the angular rotation than our earlier model set (roughly
20 times the rotational energy, an extreme rotation (Tilley & Pudritz, 2007)),
similar to the simulations of Price & Bate (2007) with a 10% perturbation
amplitude. In Figure 3.3 we plot 3D density contours for all three cases of the
high rotation model at the largest common central column density (Σc = 68
g cm−2 ). The hydrodynamic case quickly fragments into a binary with a wide
separation of roughly 1000 AU. The perfectly magnetized case forms a bar and
does not fragment, stabilized through its magnetic pressure as well as through
the effects of magnetic braking. Meanwhile, the ambipolar diffusion case produces an intermediate result. Early on a ring is formed which fragments into
a bar–like massive object with a small companion at about 1000 AU.
For sufficiently high rotation ambipolar diffusion allows binaries to form
without the need of strong (e.g. & 10% in amplitude) perturbations. For typical rotation rates however, fragmentation can take place only if large perturbation amplitudes (≈ 50%) are used in the initial conditions. Such a perturbation
would amount to a 1% change in our BE sphere’s gravitational binding energy.
This relatively low level of ‘turbulent’ energy has been measured in B68 (Lada
et al., 2003). This would suggest that a low level of turbulent energy (e.g. a
few percent of the gravitational energy) is required in order to reproduce the
overwhelming tendency for quiescent cores to form binaries in face of strong
magnetic support.
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Conclusions

In the early stages of a purely hydrodynamic collapse of a moderately rotating
core, material joins the protostar by accreting through a chaotic series of bars
and spiral waves. Our results show that in magnetized collapses however, the
magnetic field suppresses these wave modes, and a small, regular disk appears
at the earliest times. The weakening of magnetic control by ambipolar diffusion
is insufficient to guarantee the formation of binary stars in typical cores with
moderate rotation. Our results suggest that modest turbulent amplitudes (>
10%) appear to be required. Regarding planet formation, the central density
structure of early disks (Figure 3.2e) falls off as Σ ∝ r −(1.7−2.5) much more
quickly with disk radius than do protoplanetary disk models at later times,
wherein Σ ∝ r −1.5 or r −1 . As the collapse winds up the field early outflows
appear – even for partially coupled disks – and feed angular momentum and
mechanical energy back into the star forming neighborhood. The density and
magnetic structure of ideal and partially coupled disks is quite similar – the
main difference is in the strength of the wound up magnetic field (at least an
order of magnitude weaker in the ambipolar diffusions case).
Finally, we note that evidence for early localized intense drift heating
near the disk at the accretion shock which heats materials up to 1,000K and
beyond in a localized region, may be preserved in the observed composition
of comets and meteorites. The rapid heating, and subsequent cooling of those
crystalline Mg–rich silicate materials that passed through the accretion shock
and through the region of high ambipolar heating is reminiscent of heating
events that must have occurred for some of these materials seen in cometary
grains (Wooden et al., 2007). These events have been attributed to shock
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heating by spiral waves out to 10 AU in disks (Desch et al., 2005). As seen
in Figure 1b, only a portion of the accreted disk material will pass through
this localized heated region. Subsequent radial turbulent mixing of this flash
heated material with the bulk of material that passed through a more gentle heating environment could in principle contribute to the wide mixture of
thermal histories preserved in cometary grain materials.
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4

The long–term evolution of
magnetized pre–stellar cores I:
formation of warped discs.
4.1

Introduction

Our understanding of the formation and properties of protostellar discs around
early, embedded protostellar objects is still quite limited although considerable
effort has gone into simulating key physical attributes of early discs, such as
their mass, degree of rotational support, size, and structure (Banerjee et al.,
2004; Machida et al., 2006a; Banerjee et al., 2006; Banerjee & Pudritz, 2006;
Mellon & Li, 2008; Hennebelle & Fromang, 2008; Duffin & Pudritz, 2009;
Mellon & Li, 2009; Hennebelle & Ciardi, 2009; Bate, 2010; Seifried et al.,
2011; Machida et al., 2011; Li et al., 2011; Zhao et al., 2011). The advent
of the ALMA observatory will hugely accelerate our observational progress in
this field, making the need for high resolution numerical simulations of disc
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formation all the more urgent.
Low mass stars form in molecular cloud cores and much of the early
portion of their lives is hidden behind envelopes of dense gas (Mac Low &
Klessen, 2004; McKee & Ostriker, 2007). Sub-mm observations of six of the
nine known Class 0 sources in Serpens were all found to have compact disc
components on scales greater than 100 AU (Enoch et al., 2011). Furthermore,
Jørgensen et al. (2009) observe both sub-Keplerian and Keplerian discs in a
sample of 10 Class 0 and 9 Class I sources, concluding that protostellar discs
must form in the pre–stellar regime.
Furthermore, theoretical work has long suggested that magnetized rotating discs would readily drive outflows through the release of gravitational
energy during disc accretion (e.g. Blandford & Payne, 1982; Pudritz & Norman, 1986; Pelletier & Pudritz, 1992). Observations show that discs are coupled with 0.1-1 pc outflows (e.g. Arce et al., 2007; Cyganowski et al., 2011).
One of the surprising results of studies of gravitational collapse of magnetized parent ”cores” is that under perfect magnetic coupling, it is nearly
impossible to form a rotationally supported disc (Allen et al., 2003; Galli
et al., 2006; Mellon & Li, 2008; Zhao et al., 2011). What forms rather is a
pseudo–disc of gas, resulting from a net magnetic field along the short axis
of the disc, but with mean motion inside the disc that is dominated by infall
rather than rotation. However, considering the observations, there must be
a way to form discs in magnetised systems early on in such a way so as to
diminish magnetic braking resulting from ordered magnetic fields.
With a few exceptions, MHD simulations to this point have been unable
to simulate the later evolution of Class 0/I protostellar systems starting from
a natal core because of timestep constraints. As gas becomes denser, the Jeans
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length decreases. We must resolve the Jeans length λJ = (πc2s /Gρ)1/2 by at
least 4 grid cells in order to ensure that our gas does not fragment artificially
(Truelove et al., 1997). The timestep correspondingly decreases. Hydrodynamic simulations in SPH (Bate et al., 1995; Jappsen et al., 2005) and AMR
(Krumholz et al., 2004; Federrath et al., 2010a) solved the problem of small
timesteps by employing sink particles which accrete gas mass and momentum
above a certain density threshold, provided it is energetically favourable for
the gas to collapse. Magnetohydrodynamic (MHD) simulations of turbulent
star formation employed the use of sink particles to study the effect of magnetic fields on massive star formation (Wang et al., 2010; Peters et al., 2011a;
Seifried et al., 2012b, 2011), on the formation of stellar clusters (Price & Bate,
2008) and also on low mass star–forming regions using SPH (Price & Bate,
2008; Bürzle et al., 2011; Price et al., 2012). In the cases of isolated core formation, the magnetic field is an important ingredient in stabilizing the disc
against fragmentation (Price & Bate, 2008; Commerçon et al., 2011; Peters
et al., 2011a; Commerçon et al., 2011; Seifried et al., 2011).
Using 2D MHD simulations on a static grid, and employing a central
boundary condition at 6.7 AU, Mellon & Li (2008) ran a number of simulations
of collapsing singular isothermal toroids (Li & Shu, 1996) with varying initial
mass–to–flux ratios from 4 to 400. The normalized mass–to–flux is defined
as µ/µ0 , where µ is the mass–to–flux ratio and µ0 is the critical mass–to–flux
of µ0 = (2πG1/2 )−1 . The authors find for µ/µ0 > 100 (in the hydrodynamic
limit) discs can form, although the magnetic field plays an important role in
the dynamics. However for 10 < µ/µ0 < 100, discs did not form. Indeed,
this result still stands een when ambipolar diffusion is included (Mellon & Li,
2009). It is only in the limit of unrealistic amounts of diffusion (considering
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the Hall effect as well as Ohmic diffusion) that it is possible to recover discs
in the strongly magnetised limit using these models (Li et al., 2011).
Three dimensional studies of collapsing cores without turbulence have
found similar results; discs do not form for µ/µ0 < 5 − 10 (Hennebelle &
Fromang, 2008; Seifried et al., 2011). If the field is misaligned with the cores’
rotation axis, discs can form for higher magnetic field strengths such that
µ/µ0 < 3 (Hennebelle & Ciardi, 2009). Although we note that these 3D
simulations lack sink particles and have only evolved the collapse to very early
pre–Class 0 phases, the disc is far from finished accreting, and not many
rotation periods have passed by the end of the simulation. For instance, in
similar simulations, using different initial conditions (a Bonnor–Ebert sphere)
we found that we could produce a rotationally supported disc inside of 10 AU
while using ideal MHD. We produced a slightly larger disc when modelling
ambipolar diffusion and using the same initial condition (Duffin & Pudritz,
2009).
Using 1 AU sink particles and a prescription of Ohmic diffusion, Machida
et al. (2011) show that disc formation is possible when using a 3D MHD simulation. The authors find that discs of 100 AU are possible in strongly magnetised
models, primarily due to the formation of large inner regions where the magnetic field decouples from the gas due to ohmic diffusion (dead zones). Early
discs form inside of this magnetic dead zone where magnetic braking cannot
operate. We note that these dead zones are nearly 60 AU in radius (Inutsuka
et al., 2010). Detailed calculations of Matsumura & Pudritz (2003) show that
for typical high column densities in these early phases, dead zones are 10 AU
or smaller. Non-ideal MHD simulations in 2D of the early collapse, spatially
resolved down to stellar radii (without sink particles), also find that discs can
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form in magnetically dead zones (Dapp & Basu, 2010). However, these discs
are small (10 solar radii) and at very early stages.
Recently, Seifried et al. (2012a) demonstrated that Keplerian accretion
discs can form if turbulence is introduced into simulations of magnetised collapse in a clustered environment. This occurs even for strong, initial mean
magnetic fields. The turbulence scrambles the magnetic field and prevents a
strong magnetic braking torque from building up. However, a general physical
mechanism for this process is unclear.
In the present paper, we report simulations that uncover a very general
mechanism by which the powerful effects of magnetic torques on early discs
can be circumvented for highly magnetised cores (µ/µ0 = 3.4). A Parker
instability (Parker, 1966) arises in the inner region of the disc and magnetic
loops and bubbles are shed. This is similar to the shedding of loops observed in
local simulations of idealised Keplerian disks (Johansen & Levin, 2008). Most
discussion of the Parker instability focuses on axisymmetric modes. However,
a non-axisymmetric mode also occurs which can break symmetry above and
below the xy-plane when coupled to a gravitational field that varies in height
(Horiuchi et al., 1988). This has also been suggested as a way to warp galactic
disks (Gomez de Castro & Pudritz, 1992).
The launching of loops and bubbles scrambles the mean magnetic field
associated with the disc and outflow, leading to numerous regions of magnetic
field reversal and hence localized changes in sign of the magnetic torque on
the disc. The net effect is that angular momentum rather than being entirely
transported by the outflow, is partially transported outward through the disc,
allowing it to grow.
The resulting degradation of the mean field threading the disc by this
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magnetic buoyancy has the same effect as turbulence - it reduces the effectiveness of the mean field’s ability to brake the forming disc. The beauty of this
mechanism is that it is self-sufficient - it is the flux trapped in the collapsing
disc-like structure that generates the ”turbulent” behaviour, generated by the
Parker instability in the surrounding gas, which degrades the braking torque.
Our simulations are initialized with a perfectly aligned magnetic field
with respect to the rotation axis. Interestingly, the disc becomes unstable to
a warping instability and begins to precess. This warping instability has been
predicted for protostellar discs threaded by magnetic fields such as those modelled in disc wind theories (e.g., see review by Pudritz et al., 2007). It results
from magnetic torques on perturbed sections of the disc (Lai, 2003). Indeed,
we show that the warping behaviour we observe is associated with the corresponding magnetic torques that we measure in the disc and the time–scales
predicted by Lai (2003).The protostellar outflow itself warps our disc. Similar
behaviour has been seen in simulations of accreting black holes (McKinney
et al., 2012).
Another important result in our work is that the sense of disc precession
is prograde with the mean rotation of the cloud – not retrograde as predicted
by the MHD model of Lai (2003). This, we show, is possible in a disc where the
vertical magnetic field has a number of reversals (and hence magnetic torque
reversals) brought on by the intense buoyant rise of magnetic bubbles from the
disc surface. We observe two clear signatures of large effective field reversals in
the vertical direction, disc formation from prograde magnetic braking torques
and prograde precession.
This chapter first discusses the physical properties of the disc in §4.3,
its size, rotation, stability, accretion rates and magnetic structure. We com63
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pare our disc precession and warping with estimates given by Lai (2003) in
§4.4. We then go on to show that magnetic torques are responsible for the
warping mechanism in §4.5. Furthermore, we demonstrate the existence of significant field reversals that effectively create a turbulent outflow with reversals
in magnetic braking and precession torques. Finally, we discuss the relevance
of significant disc warping with respect to the formation of mis–aligned Hot
Jupiters.

4.2

Initial conditions and numerical methods

Different core mass–to–flux µ/µ0 and rotation (defined by the ratio of rotational to gravitational energy, βrot ) will produce cores with varying degrees
of flattening and also change the structure of the outflow. For example, in a
parameter study of high–mass cores, the variation of the magnetic field had
strong consequences for disc and outflow properties (Seifried et al., 2012b,
2011). We add to the sphere uniform rotation (note that the specific angular
momentum scales as j = |r × v| ∝ r 2 ) whose ratio of rotational and gravitational energy is high (βrot =0.3) and βplasma = 2c2s /vA2 = 19 − 21 in the
midplane, where cs = 0.27 km s−1 is the core’s sound speed. In this model,
one can simplify the mass–to–flux ratio µ/µ0 by µ/µ0 ≃ 0.74cs /vA . We use
µ/µ0 = 3.5, a slightly super–critical core. In comparison to similar studies
of collapsing high–mass cores (Seifried et al., 2011), our parameters of βrot
and µ represent a quickly rotating, highly magnetised core with respect to the
parameter range they chose to explore.
We model our low–mass stellar core as described in previous papers
(Banerjee et al., 2004; Duffin & Pudritz, 2009), by embedding an over–critical
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Bonnor–Ebert sphere (Bonnor, 1956; Ebert, 1955) in a low density environment. We add to this density distribution a 10% overdensity and a 10%, m = 2
perturbation, such that ρ(r) = ρBE (1.1 + 0.1 cos (2θ)). This ensures collapse
and breaks symmetry (Boss & Bodenheimer, 1979). The background is an
isothermal, low density environment in pressure equilibrium with the sphere
(the density is set by choosing a background that is 10 times warmer than the
sphere). The box is roughly 0.81 pc in length, more than 10 times the size
of the BE sphere. An important point here is that the total mass of the box
is about 318M⊙ , while the mass of the actual Bonnor–Ebert sphere is about
1.1M⊙ (with a diameter of 104 AU).
Modelling a core with an initial mass–to–flux ratio that is nearly critical is important for several reasons. Firstly, Zeeman measurements of nearby
molecular clouds have uncovered values of µ/µ0 ≈ 1 − 10 (Crutcher, 1999;
Troland & Crutcher, 2008; Crutcher et al., 2010). Secondly, there are recent
numerical results suggesting that these types of magnetic field strengths will
completely suppress formation of rotationally dominated discs (Mellon & Li,
2008; Hennebelle & Fromang, 2008; Duffin & Pudritz, 2009). Thirdly, simulations using the initial conditions presented here, but without sink particles,
were shown to generate early molecular outflows (Duffin & Pudritz, 2009).
Sink particles will allow us to examine the evolution of the disc to much later
stages of the collapse (Federrath et al., 2010a).
We simulate the collapse with a customized version of FLASH 2.5
(Fryxell et al., 2000), a 3D adaptive mesh refinement code (AMR; Berger
& Collela, 1989). We use the newly developed approximate Riemann solver
for the 3D magnetohydrodynamics (Bouchut et al., 2007, 2010) which we have
found to be more stable in our simulations, notably for higher magnetic field
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strengths. We restrict ourselves to ideal MHD effects, and leave the non–ideal
MHD effect of ambipolar diffusion – implemented in a previous paper (Duffin
& Pudritz, 2008) – for future studies. We constrain ∇ · B = 0 with a parabolic
diffusion method (Marder, 1987) before sink particle creation and with an elliptic projection method (Brackbill & Barnes, 1980) after sink particle creation
for optimal stability. Sink particles are implemented as described by Federrath
et al. (2010a), with particle merging turned on.
We use a sink radius of 3.2 AU for our main runs. We have also performed simulations with sink radii at 12.7 AU for longer times to test the
effect of resolution on the result. We run the simulations with ideal MHD (for
µ/µ0 = 3.5) and pure hydrodynamics (for µ = ∞). A list of models run are
presented in Table 4.1. The accretion radius of a sink corresponds to 2.5 cells
at the highest refinement level, and the critical gas density (beyond which gas
can be accreted into particles) corresponds to the Jeans’ density at the core
temperature (20 K) of these cells. This gives ρacc = 3.69 × 10−12 g cm−3 and
ρacc = 5.91 × 10−11 g cm−3 for 12.7 and 3.2 AU sinks respectively. The mesh is
refined adaptively via a Jeans length argument, such that each Jeans length is
refined by at least 8 cells and de–refined for more than 32 cells. An additional
requirement is that the sink particle always has to be on the highest refinement
level (∆xmin = 1.3 AU).
For a complete list of models run, see Table 4.1. In our principal runs,
we use the cooling function developed in previous publications (Banerjee et al.,
2006), which incorporates numerous factors such as radiative cooling by molecular line emission, gas–dust interaction and radiative diffusion in the optically
thick regime. Although H2 formation and dissociation effects are included,
these are likely unimportant due to the use of a sink particle.
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Table 4.1 The different simulations run in this study. The principle results are
obtained from the model ’MHD+cooling’. For each model the initial magnetic
field is either µ/µ0 = 3.5 or µ = ∞, temperature of 20K and βrot =0.3.
model name
µ/µ0 Sink Particle Size Cooling
MHD+cooling
3.5
3.2 AU Cooling Table
Hydro+Cooling
∞
3.2 AU Cooling Table
Hydro+Polytrope ∞
3.2 AU Barotropic
MHD-cool-12.7AU 3.5
12.7 AU Cooling Table
MHD-poly-12.7AU 3.5
12.7 AU Barotropic
We compare these results with identical collapse simulations but using
a popular prescription of polytropic indices tied to the gas density. We use
the identical polytropic prescription to a recent publication of core formation
with magnetic fields (Machida et al., 2007b). The gas is isothermal initially
at 20 K and the pressure is a function of density such that

P =
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ρa nna
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n < na ,
na < n < nb ,

(4.1)

nb < n < nc ,
n > nc ,

where ρ = µmol mH n, µmol = 2.33 is the mean molecular weight, na = 1010
cm−3 , nb = 1016 cm−3 , nc = 1021 cm−3 . In our simulations, densities do not
reach past the third polytropic prescription.
We find that runs with the polytropic prescription have larger timesteps
by a roughly a factor 5 than the runs with the cooling function we use for our
primary results. Qualitatively the results are very similar. In the hydrodynamic simulations fragmentation occurs in the case where the cooling function
is used, but not when the polytropic prescription is used. We present results with the cooling function as they better approximate the true physical
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conditions of the problem.
During the main stages of the outflow, low density highly magnetised
bubbles are produced. These bubbles have very high Alfven velocities vA =
√
B/ 4πρ and correspondingly small timesteps. To correct for this problem
without greatly affecting the solution, we employ a variable density floor such
that ρmin = 10−18 g cm−3 for r < 1000 AU, and ρmin = 10−20 g cm−3 elsewhere.
The density floor is the lowest possibly density in the simulation. This is only
adds negligible mass to the simulation, while maintaining sufficiently large
timesteps. Indeed, the difference in mass between start and end of the principle
simulation is −8 × 10−7 M⊙ , where the loss is most likely due to round off error
transferring mass from the grid onto the sink particle.

4.3

Disc Properties

The evolution of our principle simulation (run ‘MHD+cooling’) is illustrated
in Figure 4.1 which presents column density slices along the z and y axes
over time. The initial BE sphere collapses into a flattened structure that
grows to a radius of about 2000 AU before dissipating and fragmenting. The
entire flattened structure launches a low speed outflow from its surface and
the envelope is cleared away. Accretion occurs through the flattened structure.
The inner 100 AU of this structure is dominated by rotational motion and is
nearly Keplerian despite a strong magnetic field. The outflow is clumpy and
the appearance of low density bubbles or eruptions is apparent. This inner
region launches a high speed jet and warps over time with respect to the z
axis.
We measure properties of the collapsed core by azimuthally averaging
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Figure 4.1 The left panels show a time lapse of the column density along the z–
axis for the principle magnetic collapse ’MHD+cooling’. The right panels are
similar but for column density along the y–axis. The three times correspond
to times in Fig. 4.2-4.3. These are from top to bottom, t = t0 + 3.4 × 103 , t0 +
10.3 × 103 , t0 + 17.2 × 103 yr respectively, where t0 = 2.6 × 105 yr is the time
where the sink particle was formed.
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quantities (over the height of the core) in radial bins, only considering material
which is inflowing (and only gas which is outflowing for properties concerning
outflowing gas). We wish to compare the early disc structure reported in our
work without sink particles (Duffin & Pudritz, 2009) to that of more evolved
disc structures. For this reason we plot several evenly spaced radial profiles
over time in Figure 4.3, starting from just after the sink particle has formed.
We define this time t0 = 2.6 × 105 yr and show the evolution for the model at
an additional 17.2 × 103 yr (until we run out of computing time). We compile
our radial fits to these plots in Table 4.2.

4.3.1

Rotational Properties

In our simulation the disc is sub–Keplerian within a factor of a few out to 100
AU (Figure 4.2b). The inner 100 AU is an early disc because it is dominated
by rotational motion. The radial velocity component of the outflow is fairly
flat vr ∝ r −0.17 . Although the disk is sub-Keplerian, we expect that magnetic
support aids rotational support against gravity. It is important to note that
a structure whose velocity is largely dominated by radial infall motions is an
example of something that has been considered ‘not a disc’ in the past (for
example, in the work of Mellon & Li, 2008). In this sense, we find something surprisingly different than this previous result. Previous 3D simulations
studying protostellar collapse using sink particles have also found 100 AU discs
Machida et al. (2011).
Catastrophic infall motions were found by Hennebelle & Fromang (2008)
and Hennebelle & Teyssier (2008), however these simulations lack sink particles and are therefore limited to very early times. Our results suggest that
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Table 4.2 Various power–law fits from near the end of our simulation (see
Figures 4.2 and 4.3). Fitting performed by least squares on the last data point
in time between 6 and 1500 AU.
Variable
Fit
−1.67
Bφ
∝r
Br
∝ r −1.92
Bz
∝ r −1.30
|j|
∝ r 0.44
Σz
∝ r −0.47
T
∝ r −0.71
Ṁin
∝ r 0.09
Ṁout
∝ r 0.37
vφ (disc)
∝ r −0.56
vr (disc)
∝ r −0.43
vr (outflow) ∝ r −0.17
twarp
∝ r 1.94
tprecession
∝ r 2.23
at early times, the disc undergoes a rapid transition after sink particle formation from a disc–envelope configuration to a disc–outflow configuration. The
properties of our disc change greatly after this early time.

4.3.2

Disc–envelope to disc–outflow transition

In general, we find that power law profiles in Figure 4.3 remain constant over
time, but extend to greater radial distances as the disc and the flattened
envelope grow. There are a few exceptions to this. Firstly, the column density
of the early disc is quite large (e.g. Σz > 100 g cm−2 ) and rapidly decreases
by a factor 10 in 3.4 × 103 yr. This is material with less angular momentum
settling from above the midplane to the disc and being accreted by the sink
particle. The mass accretion rates also change from very high (10−4 M⊙ yr−1 )
to lower (10−5 M⊙ yr−1 ) over the same time period. Once the disc has formed,
the outflow is launched to sufficient size that any further accretion must occur
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Figure 4.2 Disc profiles of rotational velocity over time for the principle simulation ’MHD+cooling’. Plotted are the surface averaged values of a) vφ /vr and
b) vφ /vKepler , where vKepler = GMenclosed /r is the Keplerian velocity. Outflowing gas is excluded. The density weighted surface average of toroidal velocity
is plotted versus radius for c) inflowing and d) outflowing gas. Similarly, the
averaged values of radial velocity are plotted for e) inflow and f) outflowing
gas.
through the disc.
It is very important to note that the surface density of the disc outside
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of 1 AU is below 96 g cm−2 , the value considered to be the optical depth of
cosmic rays through the gas (Umebayashi & Nakano, 1981; Matsumura et al.,
2009). This implies that our disc will not have a dead zone outside 1 AU (e.g.
see detailed calculations of Matsumura & Pudritz, 2003). Recent papers have
suggested the key to disk formation will be the creation of large magnetically
decoupled regions in the disk (Dapp & Basu, 2010; Machida et al., 2011)
The fact that mass accretion through the disc (shown in Figure 4.3) is
essentially independent of radius matches well with theoretical ideas of more
evolved discs. However, there is still a slight dependence (Ṁin ∝ r 0.09 ). The
surface density we measure goes roughly as Σz ∝ r −1/2 . We note that this
is a surprisingly flat radial dependence in view of estimates of the Minimum
Mass Solar Nebula (MMSN). Considering the current positions of the planets
and estimating a column density by evenly spreading planetary material out
in their respective orbits one can derive Σ ∝ r −3/2 (e.g. Hayashi, 1981). More
recent fits considering migration of the giant planets find even steeper profiles
of Σ ∝ r −2.168 (Crida, 2009). However, these fits were intended for data within
30 AU while our data extends out to 2000 AU.

4.3.3

Specific angular momentum

Our initial conditions had solid body rotation j ∝ r 2 , which evolves during
collapse to j ∝ r 0.44 (Fig. 4.3c). This is similar to the profile of Keplerian
motion about a point mass j ∝ r 0.5 . Measuring N2 H+ emission from 9 nearby
low–mass class 0/I cores, Chen et al. (2007) found a tight relation between
specific angular momentum and core size j ∝ r 1.7±0.1 , where r is the size of the
core. The change in specific angular momentum profile we observe is a sign of
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gravitational collapse and the formation of a disk.

4.3.4

Mass–to–flux ratio

Another interesting trend seen in our data from Table 4.2 is that the apparent
mass–to–flux ratio in the disc grows with radius, µ ∝ Σ/Bz ∝ r 0.83 . Note that
we are not actually following flux tubes, but simply ‘observing’ our simulation
along the z–axis. Initially, the outer regions of the BE sphere had Σ ∝ r −1 ,
Bz ∝ r −1 , so µ was uniform. If this remains as such over time, then Bφ and
Br components must dominate the field configuration more and more as we
approach the centre of our simulation. Our field is highly pinched and twisted,
but more so as we approach the centre. Indeed, power law fits in Table 4.2
are consistent with this. The toroidal component grows faster than Bz , while
Br grows the fastest, consistent with the field also becoming mostly poloidal
in the centre.
We find a steady profile of Σ(r)/|B(r)| ∝ r 0.6 over time (there is a
quick transition in the initial 3.2 × 103 yr as Σ(r) decreases, as seen in Fig. 4.3,
suggesting that no major changes in flux relative to mass occur.

4.3.5

Fragmentation

The magnetised collapse forms a large 2000 AU disc structure with spiral waves
which fragment by the end of our simulation. One can see that a fragment is
present in the 2D column density image in Figure 4.1 (bottom left) 300-400 AU
from the sink particle. After nearly 2×104 yr, the gas at 200 AU has completed
roughly 1 rotation, while the disc at 10 AU has completed 60 rotations. Thus,
the larger flattened structure past 300 AU is a highly transient feature and
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Figure 4.3 Surface averaged, density weighted disc profiles evolving over
time for a–e) infalling gas or f) outflowing gas for the principle simulation
’MHD+cooling’. We plot the quantities a) Bφ , b) Bz , c) |j|, d) Σz , e) Ṁin ,
and f) Ṁout versus cylindrical radius r for various times. Fitting performed by
least squares on the last data point in time between 6 and 1500 AU.
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Figure 4.4 Column density of the disc at later times in the evolution of the
hydrodynamic runs. The projected angular momentum vector of the sink
particle is shown to guide the eye. The column densities along the z–axis for
the hydrodynamic collapse are for models when using the cooling table (left)
and when using a polytropic prescription (right).
fragments before one period has passed. This does not appear to limit the
growth of the outflow from the structure’s surface as the outflow extends out
to 2000 AU (Fig. 4.2d).

4.3.6

Hydrodynamical collapse

In Figure 4.4 we show the column density in the xy-plane for two hydrodynamic
simulations for comparison (with cooling and with a polytropic prescription
both with 3.2 AU sink particles). In the cooling collapse (left), we form three
sink particles. One particle begins migrating outwards, two others form in a
pair orbiting the centre. The collapse with the polytropic prescription (right)
forms a compact disc (radius of a bout 350 AU) with spiral waves, where much
of the mass has already been accreted onto the sink particle (nearly 4 times as
much mass as the simulation using the cooling function, likely as the polytropic
run did not undergo fragmentation). There is a significant difference between
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simulations as a consequence of changing the cooling function. The effect of
different cooling prescriptions on fragmentation have been observed in previous
studies (Commerçon et al., 2010).
Furthermore the difference between hydrodynamical and MHD runs is
striking. The discs in the MHD runs have lower column densities in comparison
to the hydrodynamic cases and are also much larger (Figure 4.1). This is due
to the suppression of large spiral waves seen in the hydrodynamic collapse
which torque down the disc at a faster rate than magnetic braking (Banerjee
& Pudritz, 2006; Duffin & Pudritz, 2009). Fragmentation in the MHD case is
postponed by the magnetic field (e.g. section 3.5 of Seifried et al., 2011). This
magnetic tension also decreases the accretion rates through the disc and helps
prop up the large flattened structure observed in our MHD simulation.

4.3.7

Comparison to observations

Large flattened structures with sub–Keplerian rotational motion have been observed around a number of Class 0 stars (Tobin et al., 2010, 2012), including
L 1157 with a structure extending to 2 × 104 AU (Chiang et al., 2010). Tobin
et al. (2012) suggest rotational motion would predict disks that are too large.
What we may in fact be observing is a rotating, collapsing filamentary structure in the envelope, which mimics the same velocity field of a Keplerian disk.
An example of such a structure would be a large flattened, rotating envelope
undergoing fragmentation, as in Fig. 4.1.
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Figure 4.5 The warping angle θwarp and precession angles φwarp from the angular momentum vector of the protostellar disc.

4.4

Disc warp and precession

We observe the disc in our simulations to warp and precess. This is similar to
the precession that is observed is some molecular outflows (Arce & Goodman,
2001a). We measure the angular momentum components of disc material
relative to the centre of mass of the disc, L = (Lx , Ly , Lz ). A disc, for the
purposes of this calculation, is defined as gas which is sufficiently dense (ρ >
10−15 g cm−3 ) and infalling (vr < 0) and within 2000 AU of the centre. We can
identify two important angles. First the warping angle cos θwarp = Lz /L is the
tilt of L with respect to the z–axis. Second, we identify the precession angle
φprec as the angle between the x–axis and L projected onto the xy–plane.
The angles are plotted in Figure 4.5. For the first 2.6 × 105 yr before
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the sink particle was created the plane of rotation remains flat (L points along
z–axis). However, afterwards the disc changes orientations. Over 15 kyr, the
disc tilts by roughly 30◦ with respect to the z–axis, and has precessed a total
of nearly 720◦ in the counter–clockwise direction. The warping precedes at
a fairly constant rate, although small oscillations are observed. The precession occurs in the counter–clockwise direction, which is prograde (in the same
direction as the rotation). For the first 1 kyr, the disc precesses through 1
period, although θwarp < 1◦ . For the next 16 kyr, the disc precesses another
360◦ , with θwarp > 1◦ . After 8 kyr, the precession slows down and even reverses
on occasion reaching 90◦ once again. From start to finish, two full precession
periods have passed.
We note that the angular momentum vector of the sink particle (as
plotted in Figure 4.1 as a white line), remains consistent with its early accretion
history (along the z–axis). Therefore, there is quite a significant tilt formed
very early on between protostar and protostellar disc.
There are several proposed mechanisms for warping instabilities discussed in the literature. For galactic warps, the explanation is likely through
an interaction with satellites, which enhance their tidal effects on the HI disc by
distorting the surrounding dark matter halo (Levine et al., 2006). Other types
of disc warps can be induced by radiatively driven winds (Schandl & Meyer,
1994), radiation pressure (Pringle, 1996), wind–driven Kelvin–Helmholtz instability (Quillen, 2001) as well as the stellar magnetic field (Lai et al., 2011).
Of particular relevance to magnetized discs with outflows, however, Lai
(2003) showed that a warping instability occurs in rotating accretion discs
threaded by a magnetic field. The author showed that a ring of material in
the disc, when perturbed by a small angle, is unstable to a runaway warp
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Figure 4.6 The warping (top) and precession time-scales (bottom) evaluated
for radial fits from Figures 4.2 and 4.3 at different times.
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and retrograde precession. The warping torque arises naturally when tilting
the disc by a small angle and measuring the Lorentz force on the perturbed
current loop. The tendency is for the disc to tilt perpendicular to the ambient
magnetic field Bz . In both warp and precession, it is the viscous interaction of
the ring of material with adjacent rings of material that allow the warping to
stop and a steady state to develop. The warping and precession time–scales
derived by Lai (2003) are
4πΣvφ
Bφ Bz
4πΣvφ
=
,
Br Bz

twarp =

(4.2)

tprec

(4.3)

where magnetic quantities are implied to be at the disc surface. Using Figures 4.2 and 4.3 along with a similar fit for Br ∝ r 1.92 we can estimate how
these time–scales vary over radius assuming these values approximate well the
conditions on the disc surface. We find that twarp ≈ 100(r/1 AU)1.94 yr and
tprec ≈ 50(r/1 AU)2.23 yr. More specifically, we plot the time–scales in Figure
4.6 using the simulation data directly, and compile an evolutionary picture of
the disc.
One can see from Figure 4.6 that the time–scales are generally less than
104 yr at 10 AU. Outside 10 AU, early warping time–scales are much higher
than at later times. It is not until the early disc builds up that it is able to warp
and precess. As described in Section 4.3, this settling is the quick evolution
from a thick to a thin disc mediated by accretion onto the central particle.
Also apparent from Figure 4.6 is that beyond 100 AU at late times, the time–
scale for warping is comparable to the lifetime of discs. This is because, while
vφ and Σ remain fairly flat, Bz , Br and Bφ decrease very quickly with radius
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(see Table 4.2). It is this magnetic profile – frozen in from early times – that
gives rise to a warped inner disc, but no warping at large radii.
We find that our disc undergoes warping at 10-100 AU. Using Figures
4.6 for values from 10-100 AU, we find a time–scale of approximately (5−20)×
104 yr. This time–scale is a factor of a few larger than our simulation time
2 × 104 yr (taken after the sink formed). Noting that the warping time–scale
is approximate so that these two time–scales are comparable.
It is likely that the mechanism proposed by Lai (2003) is at play in
our simulation as it explains why inner regions of the disc would warp but not
outer regions. However, we do not measure retrograde (clockwise) precession,
outside of relatively short periods of times. In Figure 4.5, periods of strong
prograde (counter–clockwise) precession dominate. Significant Bz reversals in
the disc lead to a net reversal in precession torque described by Lai (2003).
We measure gas and magnetic torques in Section 4.5 and show that this is
indeed the case.

4.4.1

Perturbations to the disc

Is the disc warping a numerical artifact? To investigate this possibility, we
have performed the simulation with different sink sizes (3.2 and 12.7 AU),
with cooling or a polytropic equation of state, with 5 different Riemann solvers
available in FLASH (Roe, HLLE, HLLD, Bouchut 3–wave, Bouchut 5–wave),
by cleaning ∇ · B with either projection and diffusive methods, and by mixing
most combinations. The disc is resolved such that 1 cell is at most 1/32 of a
local Jeans length. The disc warps in all MHD simulations, even with larger
sinks.
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Figure 4.7 The gas and magnetic torques in the x, y, and z direction, over
several time periods from 10 to 1000 AU. The ratio of the two torques is
shown in the third panel. The sum of the two torques is shown in the fourth
panel.
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To start up the disc warping, some source of initial perturbations to the
disc orientation is required. Our initial conditions have no turbulent motions
to break symmetry on either side of the xy–plane (although we do have a
10% m=2 perturbation). The Bonnor–Ebert sphere creates Kelvin–Helmholtz
turbulence as it rotates through the ambient, non–rotating medium, but this
is far from the inner disc on the scale of the core. Turbulence is also generated
as the jet pierces through the lower speed outflow material, although it is not
evident that this is sufficient to perturb the disc surface.
The disc and larger pseudo-disc are gravitationally unstable. As seen
in Figure 4.1, the inner 100 AU of the disc forms strong spiral waves while
the outer regions fragment and form a possible clump. This turbulent density
distribution is the most likely candidate for shaking our disc slightly off the
xy plane in order for the warping instability to take over.
It is interesting that the simulations by Machida et al. (2011) and
Machida & Matsumoto (2012) did not produce warped discs. We note that
these authors implement Ohmic diffusion in the region where their sink particle resides to diffuse out excess magnetic flux. This can create an effective
dead zone on the order of 60 AU in their simulations (Inutsuka et al., 2010),
the region where warping would be expected to take place. However, from
detailed calculations of dead zone sizes, it is surprising that dead zones could
grow so large (Matsumura & Pudritz, 2003). For instance, in our simulations,
the dead zone would be less than 1 AU as Σ < 100 g cm−2 at this distance.
A Parker instability on the disk surface results in the shedding of magnetic loops, as described by Johansen & Levin (2008). These bubbles create
ripples along the disc surface which likely aid the instability in initializing.
Our bubbles are relatively small and confined to the outflow region above the
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Figure 4.8 Comparison of Alfven velcoity at identical outflow heights (and
similar times, around t = t0 + 3000 yr) using different resolutions. Vectors are
gas velocity. In the left panel, the simulation using 3.2 AU sink particles. In the
right panel, the lower resolution simulation using 12 AU sink particles. Both
simulations have identical cooling functions. The outflow has less structure in
the low res simulations and the disc warp is not as developed.
disc.
Figure 4.8 shows the non-uniform flow of the outflow off the disc surface (e.g. the shedding of magnetic loops). It compares the dynamics of the
simulation for different resolutions but similar times. In both simulations, the
bubbles have similar characteristics. At higher resolutions, the bubbles have
more sub–structure. Additionally, the onset of the warp is more prominent in
the high resolution run than in the low resolution run. This resolution study
therefore shows that the loops and bubbles are real and don’t go away when
higher resolution is used.
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Magnetic Torques and Disc Formation

We compute values of torque in order to deduce why a disc forms, why it
warps and why it precesses in a prograde direction. The torque per cell is
computed and binned in cylindrical radius, averaged over the z-axis (inside
the original core) and weighted by density (only inflowing gas is considered).
The hydrodynamic and magnetic torques are

τmag =
τgas

Z

r × ([∇ × B] × B) dV
Z
= − r × ∇ · (ρvv) dV,

(4.4)
(4.5)

where (vv)ij = vi vj is tensor product of velocities, and [∇ · ρvv]j = (ρvi vj ),i .
The original cloud has an angular momentum in the z-direction, so torques in
this direction control the rotational evolution of the disc. The torques in the
x and y direction relate to warping and precession.
In Figure 4.7 we plot the torques due to the magnetic field and the
accreting gas over several time periods. For comparison, we also show their
sum and ratio in the third and fourth panels respectively. Hydrodynamic
torques (top panel) have small values across the disc when compared with
magnetic torques. Our disc never develops a very strong spiral wave which
gravitational torques down the disk. The third frame shows that τmag,z > τgas,z
typically everywhere in the flattened structure. The second frame shows that
the magnetic torques, by contrast, are significant in the inner regions of the
disc. Magnetic braking strongly torques down the gas outside of 65 AU (torque
is negative), however inside of 65 AU the field torques up the disc on average
(torque is positive).
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The consequence of a positive magnetic braking torque is the formation
of a large rotationally dominated disc early on (see Figure 4.2a-b). For a
strong background Bz , we would expect a correspondingly strong and negative
magnetic torque in the z direction. We show below reversals in Bz are present
in the disc in Figure 4.9, and these are responsible for the reversal in magnetic
braking.
Summarizing from Lai (2003), the warping and precession torques per
unit area, averaged about a ring of material in the disc, is
1
ζrBz2 cos θwarp (l̂ − [l̂ · ẑ]ẑ),
4π
1
ˆ
> = − Kφ Bz ẑ × l,
2c

< τwarp > = −

(4.6)

< τprec

(4.7)

where θwarp inclination angle, l̂ is normalized direction of the ring’s angular
momentum, Kφ is the toroidal surface current, c is the speed of light, Bφ± =
∓ζBz and Bφ± is the toroidal field above or below the disc plane. For disc
winds, ζ is positive if the disc rotates faster than the outflow. Both torques
are orthogonal in the xy-plane. The mean precession torque is in the direction
orthogonal to the warp, causing a precession of the disc around the z-axis

Ωprec = −

Kφ Bz
ẑ,
2cΣrΩd

(4.8)

where Ωd is the rotation rate of the disc.
We have computed torques from the magnetic field on the disc in the x
and y directions, shown in the bottom panels of Figure 4.7. These demonstrate
that there is a strong signal of a warp and precession due to the magnetic field,
as predicted by Lai (2003). Note the strengths of these torques outweigh the
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values of torque in the z-direction. By late times, the disc is inclined up to
30◦ to the z-axis and has precessed 720◦ .
The precession we observe is prograde (see Figure 4.5). From Equation
(4.8) we would expect a retrograde precession. However, if reversals of Bz are
present in the disc (relative to the mean rotation), the sign of the precession
flips.
In order to both reverse magnetic braking and precession direction we
require large regions where Bz < 0 in the disc. In the theory of Lai (2003), the
ambient Bz cannot change directions with respect to the current. In Figure
4.9 we find large regions in the disc where Bz < 0. In our simulation, while
Bz reverses, Bφ and vφ do not change directions.
The fact that the Bz component of the field has reversals is a consequence of the eruption of magnetic loops and bubbles on the disc surface, as
illustrated in Figure 4.10. This is caused by a Parker instability as demonstrated in local simulations of idealised Keplerian discs threaded by a mean
toroidal magnetic field (Johansen & Levin, 2008). These eruptions inflate
pieces of the disc’s toroidal as well as radial field components, generating Bz
with reversals in the disc. The inner edge of the bubble will torque down the
disc while the outer region will torque up the disc. As a consequence, angular
momentum is transfered outwards and the disc can grow.
We explicitly show the gradual scrambling of the initially well ordered
mean field (Bz component) to a more disordered state in Figure 4.9. The
inhomogeneous character of the outflow is evident in the lower panels where vA
is shown. Regions of high vA have low density and high magnetic field strength,
helping us identify bubbles. The radial and/or toroidal disc field erupts out of
the disc due to magnetic buoyancy, creating regions of disorganized Bz field
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Figure 4.9 Time series from left to right of Bz reversals (top panels) and Alfven
velocity (lower panels) for the principle simulation ”MHD+cooling”. Note that
reversals of Bz correspond to reversals of magnetic braking torque. The images
are taken for times t0 = 2.6 × 105 yr, t0 + 3.4 × 103 yr, t0 + 11.2 × 103 yr and
t0 + 17.2 × 103 yr. In top panels Bz > 0 is blue and Bz < 0 is red and the
contour separates regions of positive and negative vr .
with reversals.

4.6
4.6.1

Discussion
Bubble dynamics: angular momentum flow in the
disc and outflow

Ordered magnetic fields threading a collapsed structure exert a strong braking torque on discs that is so efficient it can lead to the prevention of disc
formation, except in the hydrodynamic limit (e.g. Mellon & Li, 2008). The
angular momentum is then carried out by the ordered flow into the outflow or
envelope material. Turbulence, however, degrades the mean threading field of
an accretion disc and diminishing the efficiency of magnetic braking (Seifried
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τmag,z < 0 τ
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L
Figure 4.10 Schematic image of a magnetic eruption on the disc surface inducing a reversal of the vertical component of the magnetic field Bz . A time
evolution of the eruption is labelled by advancing times t1 , t2 and t3 . The inner
region of the bubble spins down the disc τmag,z < 0 while the outer region of
the bubble spins up the disc τmag,z > 0. There is a net transfer of angular momentum L outwards. Such reversals, if strong enough, can cause the magnetic
braking and precession of the disc to reverse.
et al., 2012a).
More explicitly, protostellar disks can be unstable to a Parker instability. Buoyant magnetic bubbles are launched and act to directly scramble the
mean field of the disc. The net loss of angular momentum is reduced by the
collection of bubble eruptions across the disc surface.
Magnetic bubbles connect different regions of the disc. The inner part
of the bubble is associated with negative torque so it spins down the disc.
However, the outer part of the bubble with its reversed field spins up the ma90
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terial. Angular momentum in the disc is therefore shifted outwards, somewhat
analogously to what happens in viscous stresses. Thus, a portion of the angular momentum in the disc originally destined to be removed from the disc by
the mean flow, is now transported radially through the disc to larger radii by
the collection of buoyant loops. It is this process that aids in the formation
and growth of a Keplerian disc early on.

4.6.2

Implications for planet formation

Warping of protostellar discs by their magnetic field help explain why molecular outflows and protostellar jets precess (Gueth et al., 1998; Arce & Goodman,
2001a). They could also help explain why the Solar System’s principle orbital
plane is tilted with respect to the Sun’s rotation axis by 7.15◦ (Beck & Giles,
2005). Planets that form in warped discs would orbit at an inclined trajectory
with respect to their star’s axis of rotation.
Hot Jupiters are planets of masses comparable to Jupiter with orbits
comparable to the stellar radii of their host stars (and for this reason, they
have high temperatures). Hot Jupiters have been detected at highly inclined
orbits to their parent stars. Using the HARPS spectrograph on 6 transiting
hot Jupiters, Triaud et al. (2010) measure values of β, the sky projected value
of obliquity φwarp . The authors found that 3 planets had β greater than 90◦ ,
while the other three planets had obliquities consistent with 0◦ (however, we
note that the error bars sometimes allow for significant spreads; these systems
+10
+5
had β of −4+43
−34 , −12−8 and −4−5 ). At the time of this publication, 26 known

hot Jupiters have measured sky-projected obliquities. The authors argue that
it is possible up to 85% of these planets to have misaligned (φ > 30◦ ) orbits.
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Our result offers a way of allowing the formation of misaligned hot Jupiters
through disc migration, but at moderate mis–alignments (e.g. 30◦ ).
One successful method of producing a range of misaligned hot Jupiters
is through a Kozai perturber orbiting around a slightly misaligned disc (Fabrycky & Tremaine, 2007). Kozai cycles occur in three body interactions where
there is an inner binary (say a central star and a planet) inside the orbit of
a third object much further out (e.g. a star orbiting a distance much greater
than the separation of the inner binary). If the third object’s orbit is slightly
perturbed (e.g. inclined, but still circular), then it drives oscillations in the
relative inclinations and eccentricities in the inner binary, called Kozai cycles
(Kozai, 1962). Tidal friction between the star and Hot Jupiter will circularize
the planet’s orbit. We call the far binary star in this case the Kozai perturber.
Our simulation produces a misaligned inner disc (30◦) with a possible Kozai
perturber at 300-400 AU.
A wide binary companion would likely limit the final mass accretion
onto the central star through so–called fragmentation induced starvation (Peters et al., 2011b; Girichidis et al., 2012). It would also act as an excellent
perturber of any planetesimals as discussed above, through which an excellent
method of forming mis–aligned hot Jupiters exists (Fabrycky & Tremaine,
2007).
Figure 4.5 does not hint at a halt in the warping process. If we could
simulate further, would the disc continue to warp? Would it produce a strong
misalignment? The theoretical model of Lai (2003) predicts that without considering the viscosity in the disc, the warping instability would act to warp the
disc along the direction of the background field (mis-aligned 180◦ ). However
the dynamical evolution as well as the details of the disc viscosity are difficult
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to model theoretically. Could we produce smaller or larger misalignments?
We leave this for future studies.

4.7

Conclusions

We have presented the results of the simulated collapse of a magnetised, rotating BE sphere reaching the early Class 0 phases through the use of sink
particles. The principle model forms a 0.2 M⊙ particle by the end of the simulation in addition to a rotationally dominated disc (not considering the support
by the magnetic field) to about 100 AU, with a larger rotational structure extending out to 2000 AU. The motion inside 100 AU is dominated by rotation.
The larger scale (> 100 AU) flattened structure only lasts a fraction of a local
rotation period before fragmenting. A fragment is formed 300-400 AU from
the star. This disc is an important example of disc formation under ideal MHD
conditions – previous studies found that cores with high magnetisations and
highly ordered fields could not form (Mellon & Li, 2008; Hennebelle & Fromang, 2008; Zhao et al., 2011). The disc and the flattened rotating core launch
a large outflow into the external medium clearing out a significant amount of
mass from the envelope.
Our principal finding is that magnetised accretion discs in low mass
systems generate turbulence due to the shedding of magnetic field loops from
the disc surface via a Parker instability (Johansen & Levin, 2008). This degrades the mean magnetic field threading the disc, reducing and even reversing
the magnetic braking torque. The result is that a sub-Keplerian accretion disc
is assembled. This self-consistent process connects well with previous work
(Seifried et al., 2012a) which demonstrated that turbulence can degrade mag93
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netic torques in regions of massive star formation, leading to the formation
of Keplerian accretion discs. In low mass cores, which have small line widths
and are not dominated by large scale turbulence, it is important that the disc
itself can generate the needed local stochastic shedding of buoyant magnetic
loops, effectively creating a localized turbulent environment.
A feature predicted by Lai (2003), is the spontaneous warping of the
protostellar disc relative to the initial rotation axis. The disc warps out to
30◦ relative to the z–axis without slowing and precesses in a prograde fashion.
The time–scales for this match well with predictions by Lai (2003) with twarp =
105 yr at 100 AU. Our simulation runs for 2 × 104 yr after forming a sink
particle. Strong magnetic torques in the x and y directions are measured and
are responsible for the warp of the disc. The precession is prograde, in the
direction opposite to that predicted if the field is arranged in a classical fashion
(e.g. as described by Blandford & Payne, 1982). However, our disc material
contains regions where Bz < 0. The precession of the disk reversed for the
same reasons magnetic braking is reversed inside 65 AU.
We speculate that if our disc continues to misalign with the central
star, we could form misaligned Hot Jupiters through planetary migration.
Although, this mechanism is more likely to explain minor mis–alignment such
as the 7.15◦ inclination of the solar system with respect to the Sun’s rotation.
In summary, we have found that the solution to the magnetic braking
catastrophe in low mass stars is that the turbulent conditions generated by
magnetic buoyancy and loops produced by the collapsed structure result in
field reversals in Bz . These downgrade the magnetic braking torque produced
by the mean threading field on the disc. Keplerian discs can therefore form
early on in regions of fairly strong magnetic field and rotation. This conclu94
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sion requires further investigation for a grid of models with different initial
magnetisations and rotational energies.
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5

The long–term evolution of
magnetized pre–stellar cores II:
precessing outflows and the
efficiency of star formation.
5.1

Introduction

Understanding the origin of the initial mass function of stars is one of the most
fundamental unsolved problems in star formation (Mac Low & Klessen, 2004;
McKee & Ostriker, 2007). Reducing the problem to understanding the origin
of the initial mass function of cores simplifies the problem if there exists a way
to physically link the initial core mass to the final stellar mass.
It has been argued that the mass of low mass stars is limited by how
much mass is cleared out by early gravito-magnetically driven outflows. There
are many observations of protostellar outflows around young, embedded, class
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0/I objects (e.g. Arce et al., 2007; Cyganowski et al., 2011). These outflows
are 0.1-1 pc long, probably rotate (Zapata et al., 2010), are turbulent, and
contain internal shocks and kinks (Gueth et al., 1998). These jets are often
times episodic (Arce & Goodman, 2001b) and in some cases precess about the
system rotation axis (Gueth et al., 1998; Arce & Goodman, 2001a).
It is expected that these early outflows are strong enough to clear out a
significant fraction of mass from the protostellar envelope (Matzner & McKee,
2000) and limit the final mass of gas that makes its way onto the newly formed
star. The core mass function is predicted to resemble the IMF as a consequence
of supersonic turbulence (Myers, 2009; Padoan et al., 2001). Recent Herschel
observations of the Aquila star–forming region reveal a Core Mass Function
(CMF) which strongly resembles the Initial Mass Function of Protostars within
a factor shifted to higher masses by 2.5-5 (André et al., 2010). The authors
suggest that this would be understandable if individual cores had a low star
formation efficiency of εcore = Mstar /Mcore = 0.2 − 0.4.
Measuring star formation efficiencies by this method has been questioned. This is because measuring the masses depends on a number of factors,
such as the orientation of the cloud, effects of resolution and uncertain core
fitting parameters (Smith et al., 2008). In a theoretical critique, Clark et al.
(2007) note that for a group of cores with similar Jeans masses, the smaller
mass cores evolve on shorter evolutionary timescales. At a given point in time,
it is not guaranteed that the observed CMF has the same shape as the IMF.
The fact that cores will also evolve by competitive accretion and fragmentation
(Smith et al., 2009) suggests that outflows alone will not be the sole reason
the CMF and IMF appear to have similar shapes.
Models of star formation efficiencies in the literature give a wide range
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of predictions relating the initial core mass to final star mass (defined as ε =
Mstar /Mcore . As an example, Matzner & McKee (2000) predict ε = 0.25 −0.75,
with the rest of the core mass being ejected by protostellar outflows, depending
on the properties of the initial core such as the degree of flattening. Recent
simulations by Machida & Matsumoto (2012) find that εcore = 0.5 − 0.9 of the
initial cloud mass makes it onto the star (if we include the mass remaining
in the protostellar disk), for a range of initial core masses (0.015-1.5 M⊙ ).
Price et al. (2012) find that their sink particle accretes 0.6M⊙ after 1.2 free–
fall times, giving εcore = 0.6. Numerical results suggest that star formation
is more efficient than expected from the models and observations, and this
requires elucidation.
The size, momentum, onset, collimation and timing of the outflow are
important factors to consider in a model used to predict star formation efficiencies of cores.
Several theoretical models exist in the literature that describe the physical launching of magnetised outflows from rotating discs of gas. Using ideal
magneto–hydrodynamic equations for a disc, and considering invariants along
field lines Blandford & Payne (1982) derive a static disc–wind model describing
the launching of gas co–rotating with the field. The gas is launched centrifugally from the disc provided the field satisfies certain conditions. One such criterion is that the field lines be inclined above the disc surface by no more than
60◦ . In contrast, the ‘magnetic tower’ model considers the growth of a transient
magnetic bubble. This model describes, in a hydrostatic sense, the evolution
and collimation of a magnetic tower driven by a rotating disc (Lynden-Bell,
2003; Sherwin & Lynden-Bell, 2007). The first model is often used to describe
high speed jets launched from T–Tauri stars, while the ‘magnetic tower’ has
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been used to describe an outflow pushed out by the toroidal magnetic field
in numerical simulations of collapsing protostellar cores (Banerjee & Pudritz,
2007; Hennebelle & Fromang, 2008; Machida et al., 2009; Hennebelle & Ciardi,
2009).
By generalizing the approach of Blandford & Payne (1982) to outflows
launched from a more general disc (e.g. not infinitely thin or Keplerian) and
for outflow motions that are not only co–rotational, a more comprehensive
disc–wind theory can be derived which describes the magnetised launching
of gas under regimes which include both classical disc wind theory and magnetic configurations similar to the ‘magnetic tower’ (Pelletier & Pudritz, 1992;
Seifried et al., 2012b).
In this study, we simulate an initial, low mass magnetized BonnorEbert Sphere which is embedded in a much larger and more massive uniform
medium. We show that our envelope first settles into a pseudo-disc before an
outflow is launched which allows more mass to make it onto the star. Both the
physical nature of the outflow along with the evolution are important factors
to consider when predicting star formation efficiencies.
This chapter discusses first the physical properties of the outflow, such
as its energy, momentum and velocity. We describe in detail the physical
mechanism driving the outflow and compare these to observations. We then
estimate the star formation efficiency of our protostellar core model. We discuss why our results differ from theoretical predictions.
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Initial conditions and numerical methods

The model is identical to our previous studies of low–mass star formation
(Banerjee et al., 2004; Duffin & Pudritz, 2009). In the first paper of the present
series we focused on the formation of protostellar discs and the subsequent
disc warping (Duffin et al., 2012b). Here we focus on the outflow, its physical
properties and the resulting star formation efficiency.
In our model, we embed a 1.2 M⊙ Bonnor–Ebert (BE) sphere (Bonnor,
1956; Ebert, 1955) in a low density environment, such that the density of this
environment is 100 times less dense than the edge of the sphere. The box is
roughly 0.81 pc in length, more than 10 times the size of the BE sphere. In
total, there is a reservoir of 318M⊙ in the box. This background has consequences for star formation efficiency, which are discussed later.
The BE sphere is at critical mass to which we also apply an additional 10% overdensity and a m = 2 perturbation such that ρ(r) = ρBE (1.1 +
0.1 cos (2θ)). We choose a magnetic field strength such that it has an initial
mass to flux ratio relative to critical of µ/µ0 = 3.5, ratio of rotational energy
to gravitational energy βrot = 0.3 and temperature T = 20 K. These correspond to observations of magnetisations and rotational energies of real cores
(Goodman et al., 1993; Crutcher, 1999).
We use a customized version of the FLASH 2.5 code with the newly developed Bouchut approximate Riemann solver for 3D magnetohydrodynamics
(Bouchut et al., 2007, 2010). We use both 3.2 and 12.7 AU sink particles of
Federrath et al. (2010a), corresponding to 2.5 times the smallest cell lengths.
We use a cooling function which incorporates numerous factors such as radiative cooling by molecular line emission, gas–dust interaction and radiative
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diffusion in the optically thick regime (Banerjee et al., 2006). For comparison
with other papers, we also use a polytropic equation of state as described by
Machida et al. (2007b). The different combinations of physical models are
summarized in Table 4.1. The principle results presented here are from the
model ‘MHD+cooling’. We refer to our earlier paper, (Duffin et al., 2012b),
for further details.
The disc surface sheds bubbles of magnetic flux from its surface due to
a Parker instability (Duffin et al., 2012b), resulting in regions of relatively low
density. The instability, coupled to a gravitational field which changes with
height z above the disk midplane, can break symmetry above and below the
xy–plane (Horiuchi et al., 1988). This results in very high Alfven velocities
and corresponding small timesteps. We fix this by employing a density floor
of 10−18 g cm−3 in the region 1000 AU from the centre of the box.

5.3

Outflow properties

In this section we address the principle questions concerning the protostellar
outflow. What is driving the outflow and how? How much energy and momentum is being launched into the ambient medium? How much material is being
launched off the disc surface? We demonstrate that the outflow has both a
centrifugally driven and a Bφ dominated component. It is the central component which drives the warping of the disc and its precession, as presented in
Duffin et al. (2012b).
Figure 5.1 shows a visualization in 3D of the structure of the disc,
outflow and magnetic field lines. We plot density contours in purple and
black to show the radial extent of the gas (about 2000 AU by the end of the
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simulation). Black field lines thread the outskirts of the disc before rising in
a highly wrapped fashion. Note how strongly the field is dragged inwards in
the accretion disc. One begins to observe the precession of the jet in this
image on scales of thousands of AU. The inner part of the disc (r < 100AU)
is misaligned with the xy–plane by 30◦ , as is the inner region of the outflow
misaligned with the z–axis (drawn in yellow for velocities |vz | > 1.5 km s−1 ).
The effects of precession expand the bubble at higher distances from the disc
midplane.

5.3.1

Physical properties

In previous studies of pre–class 0 collapse, outflows have been called magnetic towers (Banerjee & Pudritz, 2007; Hennebelle & Fromang, 2008; Machida
et al., 2009), collimated, centrifugally launched jets (Blandford & Payne, 1982;
Machida et al., 2006b) or in certain cases a mix of both jet and tower (Banerjee & Pudritz, 2006; Machida et al., 2007a). But it remains unclear what the
physical difference between these two mechanisms is. As argued by Seifried
et al. (2012b), both centrifugal driving as well as toroidal field dominated outflows are contained within a generalized version of disc–wind theory. However,
physical conditions in an outflow vary greatly. A slow–moving, dense molecular outflow is different than a high speed molecular jet. In the following we
will present our outflow results by first discussing their physical properties. We
will then attempt to discern if our outflow is a jet, a tower, or something in
between. Finally, we compare our results to observations of molecular outflows
(e.g. Class 0/I type observations).
The numerical data show that we can decompose the outflow into two
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Figure 5.1 Three dimensional image of disc and outflow. Note that the purple
contour has a radial extent of approximately 2000 AU. Purple contour corresponds to 3.3 × 10−17 g cm−3 (n = 8.5 × 106 cm−3 ) and black contours to
1.3 × 10−15 g cm−3 (n = 3.4 × 108 cm−3 ). Yellow contours correspond to outflowing velocities vz > 1.5 km s−1 , and extends to a height of 104 AU. Black
lines are magnetic field lines.
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Figure 5.2 The physical properties of the disc and outflow system on a scale
of thousands of AU (from left to right t = t0 + (0, 3.4, 10.3, 17.2) × 103 yr,
where t0 = 2.6 × 105 yr). The top row shows the logarithm of density and
velocity vectors similar to Figure 5.5. The second row shows the logarithm
of the ratio Bφ /Bp . The third row show spherical radial velocity along with
contours of logarithmic temperature. The fourth panel shows the logarithm
of specific angular momentum in the z–direction, jz = (r × v)z , along with
contours of the same quantity.
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Figure 5.3 The physical properties of the disc and outflow system on a scale
of hundreds of AU. See Figure 5.2 for details.
regions, a central component (inner region) and a shell encompassing it (outer
region). Shown in Figure 5.2 and 5.3 is the time evolution of the outflow
from left to right for different physical quantities on scales of 4000 AU and
400 AU respectively. We note that the outer region has higher densities and
lower speeds (ρ ∼ 10−16.5 g cm−3 and vr < 1.5 km s−1 ) than the inner region
(ρ < 10−18 g cm−3 and vr > 4 km s−1 ). Furthermore, the magnetic field
structure in the outer region is composed mostly of a toroidal component
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(Bφ /Bp > 10) which suggests the main driving mechanism involves the toroidal
field. The inner region’s field is mostly poloidally dominated (Bp = Bz + Br ),
suggesting that the outflow is being flung out centrifugally along field lines.
An interesting point is that the outflow drives quite a bit of heating in
the outflow and the inner disc. A bow shock of about 100 K is clearly visible
in the contours of the third rows of Figures 5.2 and 5.3. Inside the outflow,
internal shocks develop. The highest speeds of the jet are accompanied by
heating up to a few 1000 K. What can, early on, be identified as a “first core”
because of the temperature structure, is quickly confused as the outflow heats
the surrounding gas. These features are sensitive to the cooling function we
use and are not seen in runs with a polytropic equation. In the latter case,
the gas temperature is tied to the gas density and hence it remains mostly
isothermal, except in the inner regions of the disc.
Figures 5.2 and 5.3 also reveal that the specific angular momentum
(j = r × v) is larger in the outer region (jz ∼ 1021 cm2 s−1 ) than the inner
region (jz < 1019 cm2 s−1 ). Note that our initial conditions of solid body
rotation imply j ∝ r 2 , and this is imprinted somewhat in the first panel of
the series of jz . The outer region is larger in volume and at higher average
densities than the inner region. The total angular momentum (L = mj) is
contained mostly in the outer region. The angular momentum of the disc itself
on the other hand looks to be fairly smooth (jz ≈ 1020.5 cm2 s−1 ).
It is clear that different regions of the disc lose differing amounts of
angular momentum. The relation of outflowing and inflowing mass rates is
a measure of how efficient the outflow process is in driving mass accretion.
Similarly, it is also a measure of how efficient the wind is at extracting mass
or angular momentum from the disc. Disc wind theories predict a ratio of
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Figure 5.4 The outward mass flux Ṁout compared to the inward mass flux Ṁin
at various times at surfaces near the launching point of the outflow.
outflowing mass flux from the disc surface to inflowing mass flux in the disc
(Pudritz et al., 2007) of the order of 0.1. As an example, forbidden line studies
of the late stages of jet evolution find values in the range (Ray et al., 2007)
Ṁoutflow
≈ 0.05 − 0.1,
Ṁdisc
in agreement with theory.
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We measure this ratio at various radii and at various times in the
formation process to see if there is a fundamental difference between the two
outflow regions. We define a disk surface in our simulation in the following
way. First we define hollow cylinders at various radii. We extend the height by
powers of 2 times the smallest cell size to ensure a cell can exist at the surface
(unless we are too high and too close to the centre of the simulation). We
also choose the height such that it is just above the zero velocity surface (the
average speed in the hollow cylinder is greater than zero). In this sense, the
P
outflowing flux is Ṁoutflow = cells ρvz Acell , where Acell is the surface cell area,
and is easy to measure for top and bottom surfaces of each hollow cylinder.

The inward flux is measured by taking the volume averaged value of ρvr and
multiplying by the average area π(rin + rout )H, where rin,

out

is the inner and

outer radius of the hollow cylinder, respectively and H is the height.
We plot the radially binned values of outward and inward mass flux
from the disc in Figure 5.4. We find that near the centre of the simulation Ṁoutflow /Ṁinflow ∼ 0.1, where the inner region is more prominent. However, for the outer region dominated by the tower flow, we find a higher value
Ṁout /Ṁin ∼ 1.0.
There are two ways to see these differing mass flux ratios. Firstly,
the outer region loses a lot more mass than the inner region per unit mass
accreted inwards. Therefore, in the outer region, the disc wind mass flux is
quite prominent. This makes sense, as the density in the outer region (ρ ∼
10−16.5 g cm−3 ) is much higher than the density in the inner region (ρ <
10−18 g cm−3 ). Secondly, the outer region is less efficient at extracting angular
momentum than the inner region by a factor 10. If the outflow extracts angular
momentum and drives accretion, the accretion rates would be higher per unit
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mass in the inner region than the outer region.
We note that at the last time plotted, the transition of Ṁout /Ṁin from
1 to 0.1 occurs at about 7 AU, which is close to the sink radius of 3.2 AU.
At this distance, the transition is no longer clear. However, at early times, a
transition is seen at about 20 AU.

5.3.2

Velocity structure

Figure 5.5 shows a more detailed evolution of the density and velocity field
of the accreting and outflowing gas. The development of both regions of the
outflow, along with the onset of the disc warping and clearing of the envelope
are evident. Note that the fastest outflow speeds are very likely dependent on
sink particle size; faster speeds are expected to be launched deeper within the
potential well of the star and this is limited by the size of the sink particle. For
about 2000 years after the sink particle forms, the outflow is fairly symmetric
with respect to the xy–plane but gradually becomes mis–aligned and tilted,
along with the disc which drives it (Duffin et al., 2012b). Some of the central
outflow is missed in the later stages of Figure 5.5 because it is tilted away
from the density slice. On larger scales, the disc continues to grow in radial
size and the outflow extends out in a nearly self–similar way, maintaining a
similar shape or aspect ratio (as in Figures 5.2 and 5.3). The internal structure is highly turbulent, non–symmetric with many kinks, internal shocks and
containing a significant amount of mass.
In Figure 5.6, we plot the sonic (M = vr /cs = 1), Alfvenic (MA =
vr /vA = 1) and approximations of fast and slow magneto-sonic surfaces (Mcfast, slow ≈
p
vr / |vA2 ± c2s | = 1 in the wind). The majority of the material in the outflow
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is moving not just supersonically, but super–Alfvenically. This suggests that
most of the material in the outflow bubble will escape the core. For guidance,
the bubble is drawn for vr = 0, the transition from outflow to inflow velocity.
Note that vr is the spherical radial velocity.

5.3.3

Driving Mechanism

The protostellar outflow is ultimately driven by the gravity of the protostellar
system, but requires the magnetic field in order to tap this reservoir and to
convert it into ordered outflow (Pudritz et al., 2007). Although small (z <
50 AU) outflows have been produced in numerical simulations using simply
radiation pressure and hydrodynamics (Bate, 2010), it is not clear whether
these outflows can be driven to the scales of observed outflows (pc scales),
or have the rotational properties observed in outflows around T–Tauri stars
(Coffey et al., 2007).
Previous protostellar winds have been modelled in detail through hydrostatic, self–similar disc–wind theories (Blandford & Payne, 1982; Pelletier
& Pudritz, 1992) and for self–similar models (Krasnopolsky & Königl, 2002)
which describe a centrifugally driven wind (e.g. ’flinging’ of gas by the magnetic field). This wind theory in turn has been used to describe the high–speed
jets present in early (Class 0/I/II) protostellar systems (Pudritz & Norman,
1986). Separately, Lynden-Bell (2003) developed a hydrostatic model to describe the driving of a highly collimated outflow ‘bubble’ and the work done
by the continual winding and twisting of the magnetic field in the disc. In this
model, a magnetic tower is created which if continually driven, drives material
at the ‘pressure head’ outwards in face of a generalized external pressure.
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It is a common misconception that the magnetic tower describes an
outflow which is purely driven by a wrapping of the magnetic field and that
disc wind theories are dominated by a flinging of material. Indeed, Bφ /Bp
can be high as 10 in disc wind models. And while the twisting of the field by
the disc is key to magnetic tower model, non–toroidal components of the field
become important when considering the expansion of the ‘magnetic bubble’
(Sherwin & Lynden-Bell, 2007). Rather, these are two extremes of to disc
wind theory where the field is primarily pushing material up like a spring, or
flinging it out centrifugally. We demonstrate that both configurations exist in
the outflow bubble in our simulation.
We have recently worked out a more generalized criterion of disc wind
theory – assuming that the gas is not necessarily co–rotating with the field
and that the disc and field can have more generic features than previously
considered. This model shows that disc–wind theories can have acceleration
mechanisms that are driven by centrifugal forces as well as toroidal fields.
Both magnetic tower and disc–wind theories are therefore understood as a
consequence of the same disc–wind model (Seifried et al., 2012b).
The model results as a solution to the ideal magneto–hydrostatic equations considering several invariants along the poloidal magnetic field lines (Pelletier & Pudritz, 1992). This generalization reveals that two regimes in the
outflow exist, 1) a component that is co–rotational with the gas where the
centrifugal (‘flinging’) force dominates and 2) a component where the field is
not co–rotational with the gas and the toroidal component of the field plays
a stronger role. In our principal simulation we show that both regimes are
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present. We use the generalized criterion developed in (Seifried et al., 2012b):

∂pol



Bφ2
vφ Bφ Bp
1 2
v +Φ−
+
2 φ
vp 4πρ
4πρ



< 0,

(5.2)

where ∂pol , is the derivative along the poloidal field line Bp = Bz +Br , Φ is the
gravitational potential, and vp is the poloidal velocity (vp = |vz + vr |). Here
we estimate the gravitational potential by using the mass of the sink particle,
so we are underestimating this factor. However we should still be able to track
regions which are strongly driven by the field as described by the disc wind
theory.
We apply this criterion to data at early times (t = t0 + 1300 yr), as
the outflow is more symmetric. We average data azimuthally to smooth out
the 3D nature of the outflow. Our results are shown in Figure 5.7 on the left.
Much of the outflow is being accelerated by the magnetic field. This helps us
understand why our outflow is knotty in structure and contains many internal
shocks and turbulent motions.
A more specific criterion for centrifugal acceleration was also derived
in Seifried et al. (2012b), but for the case where the gas is predominantly co–
rotating with the magnetic field and the effect of Bφ can be omitted. In this
case, the criterion is:
r 1
z GM



3/2
vφ2 2
r + z2
− GM
2
r

  
Bz
> 1,
/
Br

(5.3)

where (r, z) are points in the simulation in cylindrical coordinates and M is
the enclosed mass (which we again approximate here by the mass of the sink
particle). This theory can be applied to discs which are neither infinitesimally
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Figure 5.5 Time evolution of the outflow. Cross–sectional density slices of
the disc at various times in the evolution of the outflow (advancing from left
to right, top to bottom t = t0 + (0, 0.6, 1.9, 3.4, 10.3, 17.2) × 103 yr, where
t0 = 2.6 × 105 yr), showing velocity vectors. The low velocity bubble grows
symmetrically until the onset of a high–speed inner component. The disc tilts
relative to the slice and only a portion of the jet structure is visible.
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Figure 5.6 Contours of outward velocity vr such that vr = 0 (black), M =
vr /cs = 1, MA = vr /vA = 1 (white), Mcfast ≈ vr /(vA + cs ) = 1 (dark blue),
and Mcslow ≈ vr /(vA − cs ) = 1 (light blue). Colours are density given at a
mid–state of the simulation such that t = t0 + 10.3 × 103 yr at different zoom
factors. This is as a time t = t0 + 10.3 × 103 yr.
thin nor purely Keplerian. We apply this criterion to our results in Figure
5.7 on the right. Now only the central regions of the outflow agree with the
criterion.
Putting the two panels of Figure 5.7 together, we complete the physical
picture of the protostellar outflow in our simulation. The inner region is
dominated by centrifugal driving. It is precessing at an angle 30◦ to z-axis,
has high speeds (vr > 1.5 km s−1 ), high temperatures (T up to 3000 K) and
low densities (ρ < 10−18 g cm−3 ). It is dominated by the poloidal magnetic
field (Bφ /Bp < 0.1) and contains less specific angular momentum (jz < 1019
cm2 s−1 ) than the outer region. Furthermore, in comparison to the outer
region, it has a smaller mass flux and is more efficient at driving mass accretion
through the disc per unit mass driven outwards (Ṁout /Ṁin ∼ 0.1). We suggest
this region corresponds to molecular jets observed around younger to older
protostars (Class 0/I/II).
The outer region is dominated by toroidal driving. It has low speeds
114

Ph.D. Thesis — D. Duffin

McMaster - Physics & Astronomy

general
criterion

corotational
5

z [102 AU]

z [102 AU]

5

0

-5

0

-5

-5

0
x [102 AU]

5

-5
5 km/s

0
x [102 AU]

5
5 km/s

Figure 5.7 The disc–wind driving criterion is satisfied in dark regions for early
times (t = t0 + 1300 yr). Numerical data is averaged azimuthally. The left
panel shows the general criterion as in Equation 5.2. The right panel shows the
criterion assuming the gas co–rotates with the field as in Equation 5.3, which
highlights centrifugally driven gas. The difference in the two images marks
the region where the toroidal field is the dominant driver of the outflow.
(vr < 1.5 km s−1 ), low temperatures (T = 20 K, except in bow shocks), and
high densities (ρ ∼ 10−16.5 g cm−3 ). It is dominated by the toroidal magnetic
field (Bφ /Bp > 10) and contains more specific angular momentum (jz ∼ 1021
cm2 s−1 ) than the inner region. Furthermore, in comparison to the inner
region, it has a significant mass flux off the disc surface and is less efficient
at driving mass accretion through the disc (Ṁout /Ṁin ∼ 1). We suggest this
region corresponds to molecular outflows observed near Class 0 objects.

5.3.4

Energetics and Momentum

We take all material in the outflow bubble and plot over time its mass, energy,
momentum and volume, as shown in Figure 5.8. The bubble grows in the z–
direction, but also in the x and y–directions. The volume of the bubble grows
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as Voutflow ∝ t2−3 while other quantities grow much more linearly. Therefore,
although energy and momentum inside the bubble grow, they become more
dispersed, so that momentum and kinetic energy density decreases.
One also notices that around 12 kyr, the slope of the kinetic energy
versus time becomes shallower. Thermal losses from molecular cooling start
to become significant as the outflow leaves the confines of the BE sphere. The
head of the outflow bubble is very hot (around 100 K) as the gas is compressed,
however molecular cooling is very efficient at this density, so there is a continual
loss of energy in the bubble. Similarly, the high speed jet has temperatures in
excess of 1000 K, and cools rapidly.

5.3.5

Comparing to observations

When comparing to observations, the values of kinetic energy (≈ 2.5 × 1043
erg) and momentum (≈ 0.7M⊙ km s−1 ) we obtain seem to be in the right
range, despite the fact that we are not resolving the fastest motions launched
within 3.2 AU of our sink particle. Arce & Sargent (2005) made 3mm continuum interferometer observations of the RNO43 outflow within 2 × 104 AU of
its source, the class 0 protostar IRAS 05295+1247. Correcting for an inclination of 15◦ , they measure the kinetic energy (1.5 × 1043 erg) and momentum
(0.8M⊙ km s−1 ) in gas traced by C18 O emission inside 2 × 104 AU, where
the envelope is approximated as 2.3 M⊙ . In a more diverse sample, the same
authors analyze molecular outflows within 104 AU of their source for several
low–mass class 0, I and II envelopes (Arce & Sargent, 2006). In particular,
two different class 0 sources, IRAS 3282+ and HH 114mms are measured to
have momentum of 0.091/sin θ and 0.044/sin θ M⊙ km s−1 and kinetic energies
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Figure 5.8 The change over time of the kinetic energy, momentum, volume
and mass of outflowing gas in the principle simulation.
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of 0.484 × 1043 sin2 θ and 0.195 × 1043 / sin2 θ erg respectively, where θ is the
inclination angle of the outflow. These observations compare very favourably
to our simulations because our outflowing region is approximately 104 AU in
size, while our source is a Class 0. Our envelope mass is also similar to the
masses in these observations. It is encouraging that our results have produced
general properties that agree with observed values.

5.4

Sink Particle Evolution

The sink particle is not a star, but simply gas mass and momentum that has
been removed from the simulation and put into a particle which interacts only
gravitationally with the gas. We cannot solve the collapse problem down to
a stellar radii, so indeed further fragmentation and even outflows can occur
on scales inside the sink particle that we do not account for. Outflowing gas
that would otherwise be driven from inside the sink particle will be faster as it
must overcome a deeper gravitational potential. The particle mass is an upper
limit to the mass of any star that may form in a collapse. We compare the
sink particle mass and angular momentum with that of its envelope, disc and
outflow as a way of understanding the star formation process in simple terms.
We define a flattened cylinder with a radius and height equal to the
radius of the original over–dense BE–sphere, rBE ≈ 1.5 × 104 AU. This ‘core’
is larger than the BE sphere, and therefore more massive (starting at 1.6M⊙ ).
We do this because the BE–sphere flattens over time. This is a simple way of
tracking the evolution of mass and angular momentum inside the core.
We define the pseudo–disc by identifying the furthest cell with infall
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Figure 5.9 Top panel: the time evolution of pseudo-disc, sink particle, envelope, outflowing gas and core masses. Middle panel: similar, but for angular
momentum L = m|v × r|. Bottom panel: the evolution of the pseudo-disc
radius rpseudo−disc . The outflowing gas is all gas in the simulation that is outflowing (even outside the core). The pseudo-disc mass is all mass inside a
flattened cylinder of radius and height rpseudo−disc that is infalling. The envelope mass is all gas within a cylinder with radius and height rBE that is not
in the other components. The core mass is the total mass inside a flattened
cylinder of radius and height rBE , encompassing the original core.
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motion such that vφ /vr > 51 , and use this to define a cylindrical disc radius and
height, rpseudo−disc . We define all gas with outflowing motions in the simulation
as ‘outflow’ mass (e.g. including entrained envelope material, far from the
core). Much of the material in the outflow is entrained gas outside of the
original BE sphere. Star mass is considered to be anything accreted by the
sink particle. Anything in the ‘core’ that is not outflowing, in the pseudo disc
(or disc) or in the sink particle, is considered as ‘envelope’ gas.
We plot these values in Figure 5.9. We find that the pseudo–disc continually grows in size, extending to 2000 AU. Over time, the envelope is either
accreted onto the pseudo–disc or pushed out by the outflow. Near the end of
the simulation, the envelope has a mass of 0.5M⊙ , less massive than the outflowing gas (0.8M⊙ ) and nearly as massive as the pseudo–disc (0.4M⊙ ). While
the disc mass wanes, the outflow mass continues to grow. We note also that
the growth of the sink particle mass is much slower than that of the disc or
outflow. At the end of our simulation, we have an early Class 0 object because
our envelope mass is similar to our pseudo–disc, while our pesudo–disc is more
massive than our sink particle. The Bonnor-Ebert sphere is embedded in a
low-density environment 100 times less dense and continues to accrete from
this surrounding medium.
The angular momentum is presented in the middle panel of Figure
5.9. By the end of our simulation, more angular momentum is contained
in the outflow (1.1 × 105 L⊙ ) than either the disc (4 × 104 L⊙ ) or envelope
(6 × 104 L⊙ ). However, the angular momentum in the sink particle is at a
much smaller value than the other components. The angular momentum of
1

a factor 5 rather than 1 helps us exclude inflowing material on the edge of the outflow
bubble that is highly rotating
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the Sun is L⊙ ≈ 1.1 × 1049 g cm2 s−1 , and the angular momentum of the
sink is Lsink = 1051 g cm2 s−1 = 91L⊙ . The star unlikely will attain this
much angular momentum as we are missing processes of angular momentum
extraction inside of 3.2 AU such as magnetic braking of a protostellar disc or
the outflow operating on these small scales.

5.4.1

Larger sink particle sizes

Initially we ran simulations with larger sink particles (12.7 AU rather than
3.2 AU) to ascertain the effect of resolution on gross features such as disc
warping, jet precession and disc/outflow size. We plot the mass evolution of
the sink particle(s), pseudo–disc, envelope and outflow masses for a range of
simulations in Figure 5.10.
The 12.7 AU sink particle runs shown in Figure 5.10 evolve for several
10s of kyr further in time than the 3.2 AU particle runs. It is clear that a larger
sink gains a larger initial mass and grows at a faster rate than the smaller sink
particle. Both runs show that the envelope mass flattens out to 0.2 M⊙ , while
the sink continues to accrete. The run with the polytropic prescription is run
for 80 kyr and shows that the pseudo-disc mass grows and then shrinks to
a mass of about 0.3 M⊙ . The particle continues to grow, reaching 0.75 M⊙
(they only reach 0.5 M⊙ in the run with cooling, evolved for 40 kyr), showing
no sign of stopping. Intriguingly, the outflow reaches a maximum mass and
turns over around 60 kyr. This is due to the outflow dissipating outside the
envelope.
In ‘Hydro+Cooling’ simulation, the initial disc fragments into 3 particles. Formed through fragmentation of the disc, these particles do not accrete
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much after they form. The disc continues to grow without producing new
particles. In the polytropic prescription, the hydro run very quickly builds
up a 0.4 M⊙ sink particle in 20 kyr at the centre of a disc. This is twice as
much mass as the particle in the MHD run in the same time. We note again
that the cooling prescription used in the simulation changes the result of the
simulation, chiefly for reasons of disc stability.
We compare the MHD and hydro runs with cooling in Figure 5.10.
There is a difference in the evolution of the disc mass. At 8 kyr, the hydro
with cooling simulation reaches a disc mass of 0.5 M⊙ . In the MHD with
cooling run the disc is 0.4 M⊙ at 8 kyr. The outflow does not seem to be
limiting the gas mass accreting onto the disc. This is because gas first settles
into a disc before launching the outflow.

5.5

Discussion: Star formation efficiencies

Ultimately, we are interested in understanding how the star is assembled from
the core. Our initial core has near–critical magnetic field strength and rotational energy. In general, one would expect cores to have a variety of initial
conditions leading to various outflow sizes and strengths, with correspondingly
different amounts of instability and fragmentation in their discs. Outflows and
fragmentation both limit mass accretion onto the principal star. In our simulations, the magnetic field suppresses fragmentation relative to the purely
hydrodynamic case. Here we ask the question, how do outflows limit the
assembly of the star?
Understanding star formation efficiencies may help explain the apparent one–to–one relation between the CMF and the IMF (Motte et al., 1998;
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Figure 5.10 The same as Figure 5.9, but for more models with or without a
magnetic field, with different sink particle sizes (3.2 or 12.7 AU) and cooling
functions (polytropic prescription or cooling function). Note the definitions of
envelope, disc and outflow material in the text. In the run labelled ”Hydro,
cool, 3.2 AU”, we have plotted the sum of all sink particle masses (there are
three).
Johnstone et al., 2001; André et al., 2010). The observed CMF and IMF appear to have similar distributions, with the CMF shifted to higher mass by a
factor of 2.5–5, giving star formation efficiencies of εcore = 0.2 − 0.4.
Recent results of high mass cores (100 M⊙ ) with varying initial magnetic field strengths and rotational energies result in different disc structures
(stable or unstable) as well as outflow shapes and strengths (Seifried et al.,
2011, 2012b). Despite this, mass accretion rates lie within a factor of a few
(0.35 − 0.95) of the non–rotating, non–magnetised case. In these studies, it
is difficult to comment on overall ‘star formation efficiencies’ considering that
total sink particle masses only reach a maximum of few solar masses, or a
few percent of the initial core mass. Nevertheless, because the accretion rates
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are all similar to each other, the conclusion is that outflows do a poor job at
limiting mass of the forming star or stars.
Similarly, we do not observe the so–called ‘end–state’ of accretion in
our principal simulation. However, by the end of our simulation the mass of
the envelope is similar to the mass of our pseudo–disc (see Figure 5.9). We
have simulated the formation of a Class 0 object. In our lower resolution runs,
the sink particle has accreted 63 percent the mass of the original core material
(0.75 M⊙ compared to the 1.2 M⊙ BE sphere), with no signs of stopping.
In this sense, our simulations offer a unique window into the star formation
efficiency of an individual core.
The model of Matzner & McKee (2000) predicts star formation efficiencies of εcore = Mstar /Mcore = 0.25 − 0.75 for various degrees of core flattening.
For our core, we know the degree of flattening so we can narrow down this
predicted range to εcore = 0.29 − 0.39 by incorporating our numerical results
into their model (see Appendix 5.7).
The model predicts the outflow will push out material from the core
based on a projected momentum distribution. Mass from the disc wind itself
is considered to be negligible when compared with entrained material (thus,
predicted efficiencies are upper limits). It requires information about outflow
mass and momentum in order to predict an opening angle for a radial outflow.
It also requires information about the initial core mass.
Summarizing our results on efficiences, we find that the model has
several important shortcomings, documented below
• The core is a static object in mass, however real cores are not. Our BE
sphere because it is embedded in a low density environment, accretes
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mass over the timescales of the simulation. Real cores exist in a dynamic
gaseous environment which will accrete mass from their surroundings
over time (Smith et al., 2009; Myers, 2009). For example, the mass
within our core changes from 1.7 M⊙ to 1.4 M⊙ over the course of 8 ×
104 yr (model ‘MHD, poly, 12.7 AU’, Fig. 5.10) despite having an outflow
ejecting gas outside the core with total outflowing mass equal to 1.2M⊙ .
• We find that it is the exact time at which the outflow is launched that is
a key control variable - and this can make all the difference in predicting
how efficient the process will be. We find that the envelope condenses
first into a pseudo–disc before the highly collimated outflow is launched
from the disk surface. This increases the star formation efficiency significantly by limiting the amount of envelope material that can be cleared
away.
• The structure of the simulated outflow is highly collimated and launched
from the pseudo–disc surface. In the model of Matzner & McKee (2000),
the outflow is radial, being launched from a central point, based on the Xwind model (Shu et al., 1988). An updated model could be constructed
that incorporate the structure of the earliest outflows from numerical
simulations to better estimate the amount of material pushed out of the
core.
The approach of this theory is still useful – the relation between initial
core mass and star mass can be used to understand the relation between CMF
and the IMF of stars in clusters. However our understanding of the early
evolution of cores has changed with the advent of simulations, which can now
self–consistently simulate the launching of massive outflows, the clearing of
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the protostellar envelope and the formation of a protostellar disc. We now
have a better understanding of the dynamic nature of the core, along with the
structure, collimation and mass–loading of the outflow, in addition to the size,
stability and rotational properties of the protostellar disc.
A parameter study of evolving cores with differing physical conditions
would allow us to better understand the variation of outflow sizes and collimations.

5.6

Conclusions

We have presented results of the simulated collapse of a magnetised, rotating
BE sphere attaining the early Class 0 phase. This was achieved by using small
(3.2 AU) sink particles. The fiducial model forms a 0.2 M⊙ star by the end of
the simulation. A nearly Keplerian disc forms (not considering the support by
the magnetic field) to about 100 AU, with a larger rotation structure extending
out to 2000 AU. The disc and the flattened rotating core launch a large outflow
into the external medium clearing out a significant amount of mass from the
envelope.
The outflow has two components. One is a low velocity, high density
component launched primarily by the toroidal magnetic field as described in
the theory of magneto–centrifugal winds. This component has a high outflowing mass flux, such that Ṁout /Ṁin ∼ 1. This component drives a 100 K bow
shock into the ambient environment and would be observed as a molecular
outflow. Embedded in this outflow is a faster, less dense component, launched
through centrifugal driving from the poloidal magnetic field in the inner region
of the disk. This outflow is tilted and precesses due to magnetic warping of the
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disk to 30◦ relative to the z–axis (Duffin et al., 2012b). It has a smaller mass
loading such that Ṁout /Ṁin ∼ 0.1, comparable to observations of protostellar
jets (Ray et al., 2007). This component of the outflow would be observed as
a protostellar jet ejected from a young Class 0/I protostar, embedded in the
lower speed molecular outflow.
Lastly, we find a high star formation efficiency of εcore = 0.63 (in model
‘MHD poly, 12.7 AU’), in agreement with recent numerical simulations which
find εcore = 0.5 − 0.9 (Machida & Matsumoto, 2012; Price et al., 2012). This
is in contrast to theoretical predictions by Matzner & McKee (2000) which
predict εcore = 0.29 − 0.39 when applied to our simulation. We explain that
the outflow models used by Matzner & McKee (2000) underestimate the importance of i) the dynamic nature of the core and ii) the physical nature and
structure of the early outflow. In our calculations, we have discovered that
the time of onset of the flow during disc formation is a key new element in
understanding the efficiency of jets in clearing material.
Simulated star formation efficiencies are also higher than what is expected from observations of the CMF, which predict εcore = 0.2 − 0.4 (André
et al., 2010). We suggest that limitations due process of identifying cores and
measuring their masses makes estimates of the overall position of the CMF
relative to the IMF highly uncertain (Smith et al., 2008).
A parameter study of such models may be able to tell us more about
the relation of the initial core mass to the final mass in stars and whether a
one–to–one relation indeed exists.
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5.7

APPENDIX: Star formation efficiency calculations

For the purposes of the discussion, we briefly summarize the theory of Matzner
& McKee (2000) and how we use our simulation data to predict star formation
efficiencies from their model.
The authors define a core efficiency as the amount of mass in a core
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that makes it into stars

εcore =

Mstar
Mstar
≈
,
Mstar + Mejected
Mcore

(5.4)

where the mass in stars Mstar and the mass in ejected material Mejected is
all that is left after the star formation process (e.g. the disc and envelope
have dissipated and planetary masses are negligible). The authors define an
efficiency parameter X such that

X = 0.132

c  
g

1




vesc  ln(2/θ0 )
40 km s−1
,
1 km s−1
ln (200)
fw vw

(5.5)

where cg ≥ 1 is a parameter describing self–gravity of the outflow, fw =
Moutflow /Mstar is the mass in the outflow and θ0 = 0.57◦ is the angle of the
fine component of the jet which caries the majority of the momentum. The
authors suggest to measure fw vw as the ratio of the wind momentum pw to the
final star mass Mstar . However, we find that this doesn’t properly represent
values of vw . We measure vw as the average speed of the furthest point of
the outflow from the star. For an isotropic core model (uniform density), the
prediction is that
εiso =

2X
p
.
1 + 1 + 4(1 + fw )2 X 2

(5.6)

Furthermore, the theory also predicts efficiencies for flattened, singular isothermal toroids of Li & Shu (1996). The value of X and ε become

XSIT
εSIT



40 km s−1
ln (2/θ0 )
,
= 0.32(1 + H0 )
ln (200)
fw vw
2(1 + H0 )3/2 X
p
=
,
1 + 1 + 4(1 + H0 )3 (1 + fw )2 X 2
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We substitute vesc = 0.3 km s−1 (for a core of 104 AU and mass around
1M⊙ ), cg = 1, vw = 1.6 km s−1 fw = 1.53. These values are taken from
the end state of the ‘MHD, poly 12.7 AU’ model, shown on the right panel
of Figure 5.10). For this model, Mstar = 0.76M⊙ , pw = 0.47M⊙ km s−1 ,
Moutflow = 1.16M⊙ . We find aspect ratios of our core χ = 2 − 2.32 (length
over width), taken near the onset of outflows using density contours ρ = 1.73×
10−18 −8.5 ×10−19 g cm−3 . From Table 1 in Li & Shu (1996), these correspond
roughly to H0 = 0.375 − 0.5. Plugging the numbers in, we find
εiso = 0.29

(5.9)

εSIT = 0.39.

(5.10)

The outflow is modelled as a double cone centred on the star. The
opening angle of the cone is predicted to be cos θ = ε(1 + fw ), where θ is the
angle from the z-axis the edge of the outflow. The model predicts opening
angles

θiso = 42.3◦

(5.11)

θSIT = 9.47◦.

(5.12)

If we take our simulation at the time the sink particle is created and carve
out a double cone with the above opening angles, we find that the masses
contained are

Mcavity,iso = 0.34M⊙

(5.13)

Mcavity,SIT = 0.05M⊙

(5.14)
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respectively, whereas the measured mass in our outflow is 1.16M⊙ . The model
therefore predicts that a significant portion of the mass of the outflow is contributed from the disc wind itself, which contradicts one of its primary assumptions.
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6

Discussion and Summary
6.1

Future Directions

The models we described have a narrow range of parameters, focusing on a
principle model with high magnetic flux and rotation. Seifried et al. (2011)
performed a parameter study over rotational and magnetic energies for high–
mass (100M⊙ ), Jeans unstable cores. They found a variety of disk and pseudodisk structures and no disk warping. However, these latter simulations did not
run for a long time and ended when sink particles accreted about a few percent
the total cloud mass. The theoretical models show that it takes some time for
warps to be produced (§4.4). There is an opportunity to study disk formation,
warping, the launching of outflows and the entrainment of the envelope over
a parameter space of initial conditions such as this, but in the context of low–
mass star formation. Of particular interest are the questions: When do disks
warp? When does the launching of magnetised bubbles via a Parker instability
promote disk formation? What are the various structures and collimations of
the outflows that can form? What range of star formation efficiencies occur
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and how do they depend on the initial conditions?
In the following we speculate on possible future directions for simulations. We support our discussion with some progress we’ve already made in
these directions.

6.1.1

Non-ideal MHD

6.1.1.1

Ambipolar diffusion

We demonstrated in Chapter 3 that ambipolar diffusion (AD) is important in
the earliest stages of the collapse as it reduces the effects of magnetic tension.
The outflow is launched with much drift heating, enough that we speculate on
the shock heating of chondrules. We note that in longer term simulations, the
effect of drift heating can run–away to unrealistic temperatures. Drift heating
due to ambipolar diffusion is
∂E
= 4πβAD ||J × B|| = 4πβAD fm ,
∂t

(6.1)

where fm is the magnetic force density and βAD → 0 as ionization increases.
As ionization increases, AD is no longer valid and there is little or no drift
heating. The entire outflow bubble will be under strong magnetic forcing, so
drift heating should be strong. In the outflow formed in Chapter 3, temperatures of T > 1000K were formed in small regions, hot enough to ionize the
gas. If we were to simulate the later evolution with AD, we would need to
adjust ionization in regions of high temperatures.
It is unclear how AD will affect the disk formation and outflow. Will
disks grow faster with the inclusion of AD in 3D, contrary to simulations of
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Mellon & Li (2009)? How would the long–term stability of the disk be affected?
Will the Parker Instability operate under non–ideal conditions? Will the disk–
warping mechanism operate? What would be the structure of the outflow and
the change in the collimation?
We have earlier implemented an explicit scheme for AD in FLASH2.5
(Duffin & Pudritz, 2008) and recently ported the code to FLASH4. We have
already run experiments with sink particles and AD, however the timestep
−1
quickly becomes too small as ∆tAD ∝ ηAD
∆x2 . Resolution should not have

halted our run, rather the outflow created hot regions of low density, high B
and correspondingly high vA and high ηAD . There are a couple possible ways
to solve this. One would be to turn off AD in high (T > 103 K) regions where
the gas as discussed above.
The second is to implement a semi–implicit method called Super–Time–
Stepping (STS, Alexiades et al., 1996), a fix for any explicit diffusive scheme.
This has been recently been implemented in the ATHENA code (Choi et al.,
2008) and had been previously used in one other customized non-ideal MHD
code (O’Sullivan & Downes, 2006, 2007).
This STS procedure starts by desiring stability over some given superstep, which allows one to derive

tSTS



√
√
N (1 + ν)2N − (1 − ν)2N
√
√
,
= tAD √
2 ν (1 + ν)2N + (1 − ν)2N

(6.2)

where many details can be found in Alexiades et al. (1996). The factor N is the
number of sub–steps, which we will describe shortly. The factor ν ∈ (0, 1) acts
as a fudge factor for a given simulation. The sub–steps are uniquely defined
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such that

−1


2j − 1 π
+ν +1
.
tj = tAD (ν − 1) cos
N 2

(6.3)

The effective factor increase in timestep can be measured as
N
tSTS
1 X
tj .
=
NtAD
NtAD j=1

(6.4)

This is shown in Figure 6.1 and tells us to maximize N and minimize ν, limited
by round off error. We plan to implement this in FLASH2.5 in order answer
the questions discussed above
6.1.1.2

Ohmic diffusion

Ohmic diffusion (OD) becomes as important as AD for densities n > 1012.5 cm−3
(Tassis & Mouschovias, 2007a,b,c). We note that for our 3.2 AU sink particles
in Chapters 4-5, gas is accreted into sinks if n > 9.53 × 1011 cm−3 . Simulations by Dapp & Basu (2010) suggest that disks form in regions dominated by
Ohmic diffusion. Inutsuka et al. (2010) simulated protostellar collapse with
sink particles and OD finding decoupled regions of 60 AU. This is much larger
than theoretical expectations based on ionization rates which suggest dead
zones of at most 10 AU (Matsumura & Pudritz, 2003). Similar small sizes
are found by detailed multi-fluid calculations (Tassis & Mouschovias, 2007b).
This large decoupled region led to the formation of protostellar disks. Excessive amounts of magnetic diffusion are one way to solve the magnetic braking
catastrophe (Zhao et al., 2011).
Ohmic diffusion would still prove interesting to implement, especially
in isolated collapse where more computational resources could resolve inside
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Figure 6.1 Log factor improvement in explicit AD timestep with addition of
STS. Comparing an entire superstep to N normal AD timesteps without STS.
A superstep consists of N sub–steps of varying sizes.

3.2 AU. However, the future of low–mass star formation lies in simulations
with more realistic initial conditions. Stars form in clusters and computational
resources would likely be better spent on this.

6.1.2

Star formation in turbulent molecular clouds

Stars form in clusters (Kroupa, 2001) which themselves form in supersonic,
turbulent molecular clouds of many Jeans masses, and total mass 102 −106 M⊙ .
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The turnover in the IMF is around 0.5M⊙ , so we’d expect clusters to form with
102 − 106 stars at most, unless total star formation efficiencies are quite low,
as the star formation rate in the Galaxy suggests (see Chapters 1-2).
Recent simulations suggest that protostellar outflows inject turbulent
energy back into molecular clouds, prolonging star formation to match observed star formation rates in the Galaxy (Wang et al., 2010; Krumholz et al.,
2012, using the ENZO and ORION codes respectively). However, these simulations use simple approximations to protostellar outflows, ejecting mass, momentum and energy from sink particles (the ORION code does not yet consider
the magnetic field in these simulations, despite the fact that magnetic energy is
on par with turbulent and kinetic energy in molecular clouds). The simulations
themselves are not resolved enough to generate outflows self–consistently as we
have in Chapter 5. If we use our data, we can demonstrate the overestimation
made in these simple models, presented in Table 6.1. Both models consider
low mass fluxes from the disc surface (e.g. that Ṁw /Ṁacc = 0.1, 0.27 respectively). We show in Chapter 5 that most of the early outflow is dominated by
the tower flow and has a large mass loading such that Ṁw /Ṁa ≈ 1.
To properly model the effects of outflows, we propose a simulation of a
turbulent box with MHD, resolving down sinks to the 3.2-12 AU scale as we
have done in the case of isolated collapse. Will the results of previous simulations, albeit using different outflow models, stand-up? A simulation along
these lines has been performed with RAMSES with the use of a barotropic
equation of state to stop the gas from accreting to high densities (Hennebelle
et al., 2011). The smallest grid cells (2-8 AU) are comparable to our sink
particle sizes above (our finest resolution was 1 AU). However, the baratropic
approach limits resolution of the inner region of the collapse as gas piles up.
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Table 6.1 Comparison of the self-consistent launching of protostellar outflows
from the MHD simulations of Duffin et al. (2012a) to simplified protostellar
outflow models used in large cluster formation simulations Wang et al. (2010);
Krumholz et al. (2012). See also (Cunningham et al., 2011) for details of the
implementation of sink particles in ORION. Both assume for low mass loading
and high velocities. While these may be correct for very fine jets produced
close to the star, the outflow on large scales is characterised by the lower speed
component with high mass.
M∗ [M⊙ ] Duffin et al. (2012a) Wang et al. (2010) Krumholz et al. (2012)
[Pout , Mout ]
[Pout , Mout ]
[Pout , Mout ]
0.1
[0.1, 0.1]
[0.5,0.01]
[—,0.03]
0.2
[0.2, 0.3]
[1.2,0.02]
[—,0.06]
0.3
[0.8, 0.9]
[2.1,0.03]
[—,0.09]
Sinks may offer higher resolution near the high–speed component of the flow.

6.2

Summary

In this thesis we have discussed significant theoretical discoveries through numerical experiments which reveal how disks are formed, how they evolve and
the nature of protostellar outflows that are launched from their surfaces. Most
importantly, these discoveries have helped us better understand how a star is
made.
In Chapter 3 we described evidence for the beginning of a protostellar
disk in the very early phases of protostar formation. Drift heating may be
an important contribution to the outflow in the later phases that we discuss
below. In this Chapter, we also found that the fragmentation crisis could
be partially resolved through the effects of ambipolar diffusion, although our
simulations were limited to high rotation models.
With the implementation of sink particles (Federrath et al., 2010a), we
were able to extend the collapse in the ideal MHD and HD cases. In Chapter
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4, we showed the disk formation process continued and created a disk roughly
100 AU in radius in face of high initial mass–to–flux. A major result of this
thesis is in finding a solution to the magnetic braking catastrophe. Without
turbulence, magnetic braking prevents the formation of disks (Mellon & Li,
2008) until the protostellar envelope has cleared. Indeed we form a pseudo–
disk in our simulations with a radius of 2000 AU that has rotational motion and
launches a disk wind. The formation of a disk is promoted by the eruption of
magnetic loops and bubbles into the disk corona as a consequence of the Parker
instability (Johansen & Levin, 2008). The shedding of field loops scrambles
the mean threading field and decreases the efficiencies of magnetic braking.
The inner disk warps to 30◦ with respect to the z–axis due to the
magnetic field. This may explain the 7◦ .15 mis–alignment of the Solar System
with respect to the Sun (Beck & Giles, 2005), or minor precession of jets and
outflows like the 7◦ tilt of L 1157 (Gueth et al., 1998). It may also help explain
major mis–alignments like that of Hot Jupiters (Triaud et al., 2010).
Another principal result of this thesis is that protostellar outflows are
not efficient enough to explain the observed offset of the CMF relative to the
IMF, as described in Chapter 5. Star formation efficiencies from our simulation
and others are high 50 − 75% (Duffin et al., 2012a; Machida & Matsumoto,
2012; Price et al., 2012) rather than 30% from theory (Matzner & McKee,
2000) and 20-40% from observations (André et al., 2010). We suggest the
theory underestimates efficiencies due to the dynamic nature of the core and
an outdated physical structure and evolutionary model of the outflow. The
observations may underestimate core masses on average simply because of
the fine tuning of core finding algorithms and observation constraints such as
orientation and resolution of the molecular cloud (Smith et al., 2008).
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Our outflow has components launched both by magneto–centrifugal
forces and toroidal magnetic field pressure, requiring a new treatment of the
MHD disc–wind equations to properly describe the acceleration of the gas.
There is currently no theoretical model of such an outflow, however different
components can be described by both ‘magnetic tower’ (Lynden-Bell, 2003)
and magneto-centrifugal winds (Pelletier & Pudritz, 1992). However a theoretical framework exists on how such an outflow operates in numerical simulations
(Seifried et al., 2012b).
We are excited by the prospects for further studies of the evolution of
protostellar outflows in dynamic, turbulent environments and their possible
impact on the star formation rate in molecular clouds. The picture of modern
star formation is beginning to become clear, while new frontiers lie on the
horizon. For example, understanding the interplay between the formation of
molecular clouds and the generation of self–consistent initial conditions to
the star formation problem can be addressed, for example through colliding
flows mediated by magnetic fields and ambipolar diffusion (Vázquez-Semadeni
et al., 2011). The next decade will see the focus shift to the first stars and the
importance of magnetic fields, protostellar disks and outflows on a whole new
scale fundamental to the nature of the Universe.
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