MATHEMATICAL MODELLING AND COMPUTER

SIMULATION OF HUMAN LOCOMOTION

By

- THOMAS GEORGE PAL, B.Math., M.Eng.

W

A Thesais

Subm;ﬁted to the School of Graduate Studies .

1n Partial Fulfilment of the Requirements
for the Degree

Doctor of Philosophy

McMaster Unlversity

September 1978

o



P

-MATHEMATICAL MODELLING AND COMPUTER

SIMULATION OF HUMAN LOCOMOTION



%
£

\)/—\

DOCTOR OF PHILOSOPHY (1978) McMASTER UNIVERSITY
(Mechanical Engineering) . Hamilton, Ontario
TITLE: Mathematical Modelling and Computer Simulation

of Human Locomotion
»

AUTHOR: Thomas George Pal, B. Math.

i)

(University of Waterloo)
M. Eng.

(McMaster University)

-

SUPERVISOR: Professor J.N. Siddall,

L4

NUMBER OF PAGES: 1x, 216 .

o



ABSTRACT
This study is a theoretical investigation of the
process of human locomotion. It is restricted to the lower

limbs and includes the major muscles of the legs.

A mathematical model is presented incorporating some of
the findings of earlier investigators of locomotion dynamics
and of muscular control. The underlying hypothesis is that

locomotion 1is an optinel control process governed by a
¥ S .
- - 13 a - - - ‘n
miplmum energy condition. Pontryagin's Maximum Principle is
]
y " N

used to implement this optimality criterion. The model is

then programmed for evaluation on a high speed dihital
¢ ’ .

computer.
‘ ~
The results of the computer simulation are presented

along with experimental verification of the findings. The

¥

programs of Functional Electro-Stimwlation as aids for' the
physically handicapped.,

| Included are further suggesi{ons‘ rega:dihg. the
application of the model to other biomedical p}oblems as
«well as recommendatioés for extensions of \the work to

- »
broacden the scope of*utility.
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o0 QHABTER I. Ve
INTRODUCTION

1.1 1Introductory Comments

Human biped locomotion is a subject with which we are
all familiar and of which we are probabl? least conscious.
If .we wish to go somewhere we Simply get up and walk,
without even thinking about it. There are, however, those

}ndlvxduars who are not so fortunate; as a result of some -

(

trauma, their ability to control the muscles of their legs

3

has been lost. - .
It is the purpose of this reseach to advance knowledge
in a direction that is aimed at helping these people. Since
a great deal of information exists in the iLterathe on the
results éf experimentéﬁ programs of research on human gait,
it may be considered édvantageous to embark upon an invest.-
gation that is theoretical 1in nature, and subsequently

compare the theoretically derived results with the expﬁ{f‘

mental ones.

-

-

1.2 Overview of Previous Work

.

R The study of human locomotion dates back to the early
1930's. However, by far the largest portion of the work

done since then has been experimental in nature. Clearly

1‘*
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“

this is a necessary step in the understanding, of a%y

phenomenon but recent advances itn the rehabilitation of

/¢
7

paralyzed 1]imbs through functional electro-stimulatfion (1,

2}* indicate that in-depth study at a fundamental thedreti-

calklevel is greatly warranted. Exper imental study'annot
N . -

tn Lts@if answer the fundamental question, "What laws govern
F g

human locomotion?” or, "Why do we walk the way we do?". It

is for this reason that a theory that attempts to incorpo-

rate the known facts about the human gait would be a major
advance in this field.

| To begin to understand the f&ndamentals of human géit
we must address ourselves to problems of a more fundamental
nature than the analysis of the musculo-skeletal link system

-

which constitutes the lower 1limbs.

r

>

According to Hatze [3], Nubar and Contint. [4] were

among the first authors to suggest an optimality principle

" for muscle-driven systems. Hoyever, their hypothesis of

"muscular .effért" as the quantity 40° be minimized in an
individual's motion of posture is hot likely to be accurate
since this "musculagieffort" (defined as tie/product of a
constant, the square. of"the joint moment and the t ime

interval over which the minimization is to be carried out)

is untelated to any biological) performance criterion.

N, i
NG

*  Numbers in bfacket; [ } denote references. -

]



. A )
Beckett and Chang (5], postulated a "minimum energy"”
. . \ . !

© hypothesis and stgdxed thé\kingmaths of the swing phase
" motion but, interestingly, Sbtained joint moment profiles
without envoking any optimization procedure whatsoever.

In 1971 Chow and Jacobson [6] published results of a
theoretical analysis on gatt StUéLES‘ using optimal
programming. This paper deseﬁves spectal mention as the
results are significant Lndeed They were the fLrst to
apply optimal control to a model of a muscle—driven bio-
structure. Using the performance ln@ex of mechanical eqergy

thié may be somewhat questionably appropriate) they preéic-
\\\‘tedf/%he time course of the hiR and knee angles (in the
sagittal plane) during level walking. Unfortunately, they
‘do not show the correéponding exper imental curves for
compar ison, but in genera} they are seen to be of approxi-
“mately the correct shaggi

Perhaps the most ser Lous CELtiCLSh of the work relates
to the choice of control paraéeters, being the joint
torques. Since these cannot be conﬁrolled directly in the
human °‘body but rather the stimulaELon of mu§cles (L.e.
stimulation frequency and motor unit recruitment), using the

- latter as the control variable(s) in the optimization would
permit the possible realization of programs of artificial-
electro-stimulation. ~

It 1s well known, for example, that the muscles on the



affeéted side of a hemiplegic are very much alive and able
to- function. The problem 1in thl§. case 1is %E matter of
communication. There is no signal to "turn on" the fustle,
or at least is so weak Ehat the muscles are for tﬁe most
part inact ive. It is also common1§ acknowledged that the
inact Wwe muscles can be made to fﬁnctibn by electrically
stimulating them ,eithe; with surface electrodes or_
indwelling wire electrodes. This s referred 'to as
Functional électro—Stimulatién (FES) . In order that this
" method may be used clinically as an a:d Eog‘the hemi- or
paraplegic it is necessary to ascertain which muscles to
stimulate, when and to what extent. Being able to determine
how the intact normal muscle behaves during walking 1is a
necessary.gtep for the realization of FES, that is, how the
brain switches the muscles "on" and "off". '

At this point then it is appropriate to discuss the
works of Hatze. Using optimal control theory and a muscula;
control model Hatze~’ [3] was able to optimize a’pérticulai
motion (kicking at a target). ‘ Although the choice of
‘motions may or may not be of direct interest, it was one
which could be easlily tested éxperiméntally. The model
Hatze used for , the link—mééhanical’ system and éhe very
involved myocybernetic control model of skeletal muscle [71]
are‘ of major siénificance. These were shown to,ﬁﬁe
reasonably acéuratévmoéels as phe computer simulation/.

£

:“

o

. A
S Al

>



optimization were closely reproduceable in the laboratory.

1.3 Method of Approach -

In view of the above comments, it appears that a.
reasonable foundation has been lald for the Eomplete
optimization of level walking. The five degree of freedom
link-mechanical system of Chow and Jacobson [6] will be used
as the starting point of the model. To be combined with
this is Hatze's {7) control model of human skeletal muscles.
It L; this model that will be used to relafe the ;6ntrol
parameters (l.e., stimulation frequency and.motor unit
recruitment) to the tension force in each muscle. _Then
having related the location of the muscles with respect to

cthe link-mechanical éystem, the control parameters may then
be related to the dynamical system. The method of solution
of the equations is then carried out via digital simulation
and simultaneous numerical optimization.

. There are, however, two aspects that require a fresh
start. Firstly, since no satisfactory 6ptimality’criter10n
has been implemented to date,”a portion -of the work will}ge
devoted to the development of such a criterion with contr.i-
butions from not only the mechanical (éﬁergy, but also
chemical energy and heat output of the musculature. Clearly
this is of'ﬁajo; importance "if a successful sﬁlution to the

problem is to be found. -\

2 Al r
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Secondly, and possibly most important, the application

of optimization procedures must be done in such a?way that

inordinate amounts of computer time are not required.

Y

Hatze, for example, used -twenty-one hours of computer time

on an IBM 360 computer to solve his time-optimality problem.

The ultimate "aim of this research}xs to facilitate programs
J"

-
.
We', .

of*%fectro-stlmulation. If use 1@ to be made of feedback
/

systgms to aéCOmmodatechanges i?/boundary conditions (e.g.,
uphill walking), 1t ichlear thé{\"real time" solutions are
needed. Although at this stage it :;\E“ﬁT?“much to aim for,
reduction of computation time by at least one order of

magnitude is required,~especléﬁly Lf one considers that the
v

~

problem to be attacked here 1is of higher compexity than that

of Hatze.

Rumer ical éimulation and optimization are imélemented
using the GASP .IV simuléﬁion language and a packagg of
"pptimization routines (OPTISEP) which were developed at
McMaster University, ﬁamilton, Canada. The entire program
was run on a CDC 6400 digital computer. (Note that the IBM

360 computer is approximateiy 20 times as fast as the CDC

6400.)



AN

, ' CHAPTER II

DEVELOPMENT " OF THE MATHEMATICAL MODEL
o

We will begin by wusing the analysis of Chow and
Jacobsbn (6] to derive the equations of motion.. This
derivation is very similar to that of Hatze [3] except that
in the latter's case the hip may be considergd.as the origin
of an 1inertial co-ordinate "system since it 1is fixed 1in
space. ?or the present case it is not so.

To derive the equations of motion, one may define the
Lagranglan L as the difference between the total‘ system
kinetic energy, T, and poténtial energy, V; i .
i.e. L = T -V, . (2.1)

Theﬁ if the systém co:ordinates are q; ., the equations

of motion are given by

a%(%{-;f) -%‘—_—=mi (=1,...,n) (2.2)
1 1

-

where Mi are the generalized forces in the q directions of
an n degree of freedom systed., However; potential energy is
dependent only upon position (and not.velocity), giving

°T =z 0 ” | (2.3)

and hence (2.2):edu¢gs to «



d 3T T . AV _ . :
EE(aé.) - aqi +'3qi =M, (i=1,...,n), (2.4)

In the present case the‘co—ordinates q; . are the angular
variables (viz. %y, X9, ¢, Y, w in the analysis of Chow and
Jacobsonj and the M; are the net effective moments about the
appropriate joints.

Using notation similar to that in [6] Fig. 2.1 shows

the geometrical significance of the following variables:

Xy are the an%:lar diSplacéments of the five %inks.
(Note: as'éhown all are positi&e except x; which
is negative)

m - are the masses of the respectige links

L., - are the lengths of the respective links measured
from joint centres of rotation

Q. - are‘the locations of the centres of mass of the
respective links measured from the centre of
rotation of the joint on that link nearest the hip

u —ﬁarexthe muscle génerated mbhenés for the i-th link

.X,Y - - are the- -ankle reéction forces in the x and vy
directions respectively

v,h' - are the vertical and horizontal displacemepts of

L. the hip joint %rop somé“afbitxggx’origin

M, - are the moments about the ankle

™
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T

the center of gravity of the i-~th link, one obtains

N h + oS Y o—hs .
Xy = a,”sin x, X3 = a3 Sin x4
;l =V - ay 00S X §3 =V - a3 COS X4
", . )
Xy = h + zl sin X, ~ a, sin (x2 - xlb
(v
Yo =V —-zl cos x; ~ a, CoS (x2 - xl)

* , (2.5)

N L3
Xy =h + 25 sinx3 = a, sin (x4 --x3)o

- 4"

Yy =V - 23 cos X3 = a, cos (x4 - X

K
N
oy
+
Q
g.
x

The velocities of the centres of gravity (cg) can be
obtained by differentiating. the above with respect to tiﬁe
and the kinetic energy of eaéh link may be found as the sum
of the kinetic eﬂergy due to translation of the cg and that

due to rotation about the cg; that is,

Ti = (Tég + T'rot)i : ' o (2.6)

and the total system\kinetic energy is given~by



T= 3§ T, . (2.7)

Using equations (2.5) the total system Kkinetic ener3gy

may be shown to be . _ -
1 .2 .2 -
,T =5 A (h + v ) + 21 xl + Ag x3 + A XS]
1 -x ) -
+3 [ (x xl) + B, (x X ) ]
Cl l {h cos, S v sin xl) + C4 x3 th cos Xy Vv sin x3)
+ C2 (x2 - xl) [-h cos (x2 - xl) + Vv sin (x2,~ xl)] 2.9)
© + Cg (X, = X5) [-h cos (x, - x5) +V sin (x, - x3)]
C3 Xy (*2 - xl) oS X, - C6 Xq (34 - x3) COS X,
+C7 x5 (h cos x5 - v sin x5)
where ’
5 J
Ao=.z m:L
h
By =Ly vmy ap bmy 4y
Py =Ty tmy |
=1, + +m, 22
Ay = Iy+my oz +m 2y
- 2 -
By =1y +myay - .
2
Ag = Ig + mg ag
I. = moment of 1inertia of the i-th 1link .about 1its

)

M

~



.0f the foot in contact with the ground: that is,

12

L

centre of gravity

and o ) v
| Cl = m1 ay + m2 21 C4 = m3 ay + m4 13

Cy =my oy Cg = my oy

G356 4 Cs = Cs 13

C7 =my a; and A = g%

The total system potential energy is

ql<

= on - Cl cos Xl - C.4 cos x3 - C2 oS (x2 - xl)

. (2.9)
-x3)4-c cOSs X

- C. cos (x

5 4 7 57

It is then equations (#8) and (2.9) that are

substituted into (2.4) to vyield the equations of motion.

‘Before doing so it is appropriate to define more explicitly

the functions h(t) and v(t) and also to discuss the origins
of the functions My of eguation (2.&).
Firstly, the position of the hip may be defined in

terms of the angle variables and the position of the anklé

[ )
»

A . . _
h(t) = Xgu 1~ 26351n Xs + %6 4 1 Sin (xdq-l xs)
. . ‘ (2210
A v _
VE) = Yo, g T Rg oS xg Ay 08 (Xgq T %)

e~
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where

1, for 1link 2 in contact with 3round

5 = .
3, for link 4 in contact with ground

e

and 4;1'-%21 denote the horizontal and vertical location of

the ankle on link §+l1. It can be seen that when both legs
are in contact with the ground, two sets of equations (2.10)
ﬁcld and must clearly yield the same hip position.

It is equations (2.10) that are used to decouple the
equations of motion by imposing certain conditions on the
functions h{t) and v(t). ?his will be demonstrated in'the
due course of the éebelopmeng.

Returning now to the funcg}ons My of equations (2.4),
it is necessary to introduce the musculo-mechanical model of
the lower limb. Hatze [3] had considerable success in his
t&me-cptimallty problem using the model of the 1lower limb
muscles depicted in Figure 2.5. Justification for the
inclusion of these muscles and only these muscles may be
found in references (3], {8] and {9]. Group (2) consists of
the vastus lateralus, vastus medialis and vastus intermedius
and together with group (3) (rectus femoéris), they comprise
the commonly referred to é}adriceps femoris. The Hamstangiz
g;oup is composed of the following .muscles: | semi-

membr anosus, semitendinosus and biceps femoris (long head).



7
&

Figure 2.2 Schematic representation of the significant muscle groups
acting on the leg: 1) M. iliopsoas, 2) M. vastus, 3) M. rectus
femoris, 4) Hamstring group, 5) M. gastroc&emius.

\

14
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gastrocnemius are the popliteus and‘shprt head of the biceps
femoris. 2

Having established the significant muscle gﬁoups which
act on the leg, the expressxon for the muscular torques

generated by these groups may be written:

_ IS -
Wy =F 4 +F;d; -F, g, i
= T _ 27
Uy SFydy *F3dy - Fydy - Fg dg
L 3
Uy = Fg dg + Fg dg = Fy d . (2.11)

| _ e
U =F;d; +Fgd; ~Fy dg = Fp dp

Ug = F) d) + Fgdg +F3 d3 +Fgdg - F, dy - Fg d

/

where F;(i =1, 2, ..., 10) are the tension forces gener ated

by the _ i-th muscle group and dj (3 = 1, 2, ..., 10), shown

in Fig. 2. 2. are the. normal distances of the respective

instantaneous joint centers to the lings of actlon of the.'

corresponding muscle force vectors. (Note Since there is
sxmllar musculature on the two legs the followlng notatlon

‘has been adopted: Fy - Fg and ¢ =+ dg refer to the leg

'}pdnsxstlng-of links l-and 2; §;+ Flo and ds+ dlo refer to

corresponding functions of the leg comprised of links 3 and
4;-1.e., strefers to M. iliopsoas etc.) .

¥t must bg noged that the functions\uj'énd Mj are nat
the same. The uj account only for the actrve‘portioq of the

ioi -+ - - 1es but it is ‘ear - ran jpr S~
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absence of muscular activity, there is a resistance to joint
flexion (or extension). These resistances may ;:\tgféred to
. as passive joint torques and will be denoted by the
functions L§ - These are in general non-linear functions of
the angular variables and must be experimentally determined

for each individual subject.

Fraﬁ%Flg. 1 then it can be seen that

Ml =u + ui + Mi + Y2 (21 sin Xj = 22 sin (x2 - xl))
’}+ Xz‘(l1 cos X + 22 cos (x2 - xl))
_ P - . - _ _
M2 = u2 + “2 Mi + Y2 12 sin (x2 xl) x2 £2 oS (x2' xl)
(2.12)
P 4

3 sin Xy = 24 sin (x4 - x3))

L]

+ X, (285 005 %3 + 2, cosgix4 - X3))
_ 4 s .
M4 =u, +u Mﬁ + Y4 24 sin (x’4 - x3) ~ X4 2y cos;_(x4 —-x3)

My = ug + g I

L, The reaction forces and ankle moments' will be dealt
‘ . .

iwith in greater detail later.

It Fs néw appropriate to discuss éhe control aspects of,
‘ghe active muscular torqhes; that 1is, how the- functions
Py (f(:l}, ...,/%0) (cf, eqg'ns (2.11)), which are in general

/
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dependegnt upon.ﬁhe angular variables X5 and their deriva-
tives ii' are controlled. Only a very cursory discussion of
the control model of skeletal muscle is presented at this
time with fufther treakment at the appropriate poin€ of th;
development of the present model.

The géneral -nature of\ skeletal muscles l(striatéd
muscles?ﬁ is such that each of the muscle fibres may be
considereH as independen% force generators which are
.controllea by electrical pulses from indwelling nerve
endings. The resultant force between the ends of one of
these fibres is a function of the length A ‘of the fibre, its
yelocity of shortening (or iengtbening) i and stimulation

frequency v. The functions A and ) are in turn functions

. v ’ .
of the angular variables X5 and Xy that is

A= (xi)

. . . (2.13)
A= (xi' xi)' .

If we define v as the frequency at which the muscle

opt

fibre develops maximum isometric force, and the wvariable
¢' as
\Y

3 o | o (2.14)
\)opt . .

. ¢'=

the force fJ produced by the j-th such fibre i§ given by

£ = £ (x) s At X0, (2.15)
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Assuming that all the fibres in a muscle are
approximately parallel and of the same length, it follows

that the total force F produced by a muscle containing

—

) fibres is given by RN
[} 3 . , \ '
F -—j-z-l f (X(Xi), A(Xir xi) I¢:’i) (2.16)

[

where ¢3 refers to the frequency of stimulation of the j-th

fibre. With the number ©. of the total number ¢ fibres

g.stimulated, equation (2.16) - becomes

p . . .
FA I B0, MX:y X.),68)
™ !1 i7" i (2.17)

L

+ (E‘Q) fOU‘(xl)' A(Xil Xl))

where the function f, indicates the force across an
unstimulated €fibre (wbich is in general not zero). We may

now introduce the second control vardiable g8 defined as

(2.18)

which expresses the propoétfon of fibres active at any given

moment. In reality, only groups of fibres assembled to
. . 1

) motor units can be stimulated selectively by the nervous

system: However, the number of mptor,units is usually very
. . ) ) . T '
large (of the order of ‘several hundreds) so that 6 may be

X

regarded as a continuous var' ' .

Tx
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It is also <convenient to define an "average"

——

stimulation frequency as

~ 0

¢ = ¢

% 3 (2.19)
J=1

so that for the k-th muscle in theymusculo—mechanical model

3

the implicit relation

Fk = Fk (xi, X1 c&k, ek) (k=1,...,10 i=1,...,n) \ (2.20)

holds. It is these (as yet uﬁdetermined) functions Which
must be substituted into equations (2.11), which in turn
couple with the equatiéns of motion (2.4) via relations
(2.12). -

For the time‘beinga suffice it to write these equations
implicitly. First the notation will be modified to reduce
the system of equations to first ‘order (non-linear)
differential equations (of course, aﬁ- the expense oﬁ

éincreasing the number of simultaneous eguations).

[\

e Implicitly, the equations of motion may be written as
Gj (xi, X;, X3 h(t), v(t)) = Mj (i,5=1,2,...,n) | (2.21),
vy

- where the Gj's are as yet undetermined functions and n is .-

the number of generalized co-ordinates (in the present case

n = 5). Letting

Xoi = %5 (1=l,...,n? ~ ' . (2.22)

LS
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and solving equations (2.21) for %i (assuming that ‘this is
in fact possible) one is 1left with a system of 2n

simultaneous differential equations of the form

%, =g (x5 o0 6 (3°1,...,10 kel,...,10). (2.23)
(Note that the functions h and v have been omitted forithe
+ sake of brévity and that the functions o and ek hage been
included since the functions Mﬁ of (2.21) are dependent upon
these control variables as per, equations (2.11), (2.12) and
(2.20)) - ‘ |

The concepts of the calculus of variations ‘together
 with Pontryagin's maximum principle will be wutilized to
denonstrate how a "forward marchihg“ optimizagion process
can he used to minimize the energy eipénded during the
walking cycle:

€

Let us denote the instantaneous power -consumption of

! .

the' present bio-system by ‘thd Function E(xy v 640 8)

(i,k'=1, ..., 10) so that the functional

ty=t

ﬁ(cbk '8y ) = f e:(xi, Oy ek) dat . ‘ (_2.24)

¢ . o .
répresentg the total energy consumed during the time
interval [éo " tl'%qo + rf,r bging the period of one double
step.  The functional J(¢,, 8 ) is to be ‘minimized with

respect to the functions ¢, and 8 éubject to the dynamic
1% : k Kk °O

v

»
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A
equations (2.23) and the relevent boundary conditions and
constraint relations.
Simplifying the notation somewhat by letting the vector

functions x and Y be defined as

X = (xl, x2,...,x109
akd (2.25)
Y = (¢ll"°¢lol ell'-'lelo) ’

_the ﬁynamical sguations (2.23) may be written as the
following system of differential equations representing the
combination of the 1link-mechanical systam and the

musculo-mechanical system:
L x. = gt x,7) (i=1,...,10) .
a1 7T g X,y 1-"' reesy . o (2.26)
Define the aggfegate
. 3 o * . L2 ‘ o )
I = {y(t), tol tll X} (2.27)

consisting of a control function Y(t), an interval [to, tl]

Y s s ) o _ .
and an initial value x = X{t as a "control process”.

o)'

Thus to every control process there correspbnds a trajec-
tory, i.e., a solution of (2.23).

Next, let go(x, Y ) be a function which is defined,
) 2c®
together with its partial derivatives 5%7 (i =1, ..., 10)
l -
‘for all x € X [ xis the 10-dimensional phase-space of the

‘systemf and Y e @ [Q is -the 20-dimensional control region]l"
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’

Then to every contreol process 1, there corresponds the number

51

J(r) =f g (x, y) dt (2.28)
. »

o]

Here go(x,Y) is simply the same as the function £(Xj,éx.r 6))

of equation (5.24). ‘\ ) "//ﬁﬁ\\
To find necessary coﬁditions for a given control

progeés and the corresponding trajectory to be optimal, we

use the system of equations (2.26) with the extra condition
d 0 \ .
F& %9 & e | (2.29)
where do(x, Y) is the integrand of the functional (2.28)
which is to Be'xnlnimized. At the same time the initial

~conditions
x, (£) =x5 (i=1,...,10)
i ‘o i reree
may be supplemented by the extra condition xo(t = 0 and "~ ~

O)

for convenience 1ntroduce the ll-dlmenSLOnal vector function o

+
¢

x{t)

(xO (t), x(t))

(Xo‘ (t), xl (t),.. -/xlo (£)) ) N
/ t

It is clear that if T is an admissible control process

and if X é Y(ﬁ) is' the solution of the system



£x. =g & v (=0, 1,...,10) | (2.30)

corresponding to T and the initial conditions

e}

x(to) = X : e (2.31)
then
tl . '
B 169 =f R ) at = x_(t). B (2.32)
. Y

This optimal control problem may now be. stated as
follows: Find the édmissible control process-f‘ for which
the solution X(t) of the: system (2.30), satisfying thew
initial conditions (2.31) h;s the smailest possible value of’
Xo(t) e . : ' _ )

In addition“to the variables Xgr X3s ++es X710+ the new
variables V¥, ¥;, ...,¥%y are introduced, which satisfy the
following system of differential equations (known as the

conjugate of the system (2.30)):

. 1 \ . A
1 = - 39 (er) T ! )
——dt aio axi ‘lld (l—ro,l,...,lc)k. ; (2o 33)

»

’d

¥(t) = (wo(t),”wl(é),..., bolE)) o \
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-

and consider the following functﬁon of the variables

Xl * o 0oy xlol l1’0' wl oc-‘l wlol Yl’ . ey Yzo: N
g 10 o
¥, x,y) = T ¥ g (x,v) (2.34)
a=ov

In terms of T, the equations (2.30) and (2.33) may be

written in the form

g
é,
dit‘xi 'gg_l
(i=0, 1,...,10) . (2.35)
) -
dt afi

It must be noted at this point that this is as yet not
a Slosed systeA for.there are 22 equations in 42 unknowns.
It becomes closed only, aftg; the functions Y become
specified. In order to do Zhis the following results
(Pontryagin'sg "maximum principle) will be gtated Qithout
proof. However, the interested reader |is ;eferréd to
Pontryagin (11, 12] for proof.

The maximum principle states that if

I = {y(t), tr by x(tb)}
is an admissible control process and x(t) Vis tpe

corresponding integral curve of the system-(?,?O)Vpassing.
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through the point X° for t = t, and satisfies the conditions

?(tl) = X for t = t;, then if the control process T is
optimal, ' there ékists a continuous vector Ffunction
Y(E) = (¥ (B) ., ¥y (£) s «-.s ¥y5(t)) such thats

1) the function Y (t) satisfies the system (2.33) for

X = x(t) and vy = v (t);

- 2) for all t in‘[to, H_], the function (2.34) achieves its

maximum'for Y =y (t) i.e., Eﬁ%ﬁ?éuations (2.35) may be

written in closed form as

¢

4., _°8H_
dt i awi
(i=0, 1,...,10) ' (2.36)
_.d;‘p =-2§-—.
dt "i axi

where the function H is defined as:

H(‘i’l X) = sup nﬂ(\yr X, Y); ¢ (2037)
YER : .

3) the relations

by (£) <0, H¥(E), x(t))) =0 (2.38)

=
hold at-time t = t; . (Actually, if -¥(t), x(t) and y(t)
satisfy thg systems (2.30) and (2.33)‘ ;nd the
conditions (2.37), the functions wo (;{ ;ndnli(?(t{,
x(t)) turn out to be céngtants, and.henge in.(é:38) t

can be replaced By any t in [to' tl].)

1 -
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Ay

A few comments will now be presented to indicate how
thé maximum principle can be used to render a solution to
the present problem. .

Equations (2.8), (2.9) and (2.12) may be substituted
into equation (2.4) and after the change of variables (2.22)
stbe resulting equations of motion (together with the
controlling functions) may be written 1in the form of

equation (2.26); i.e.

B

4 i ,
F5 =9 (%, v) (i=1,...,10), \ .(2.26)
We sﬁpplement these with the additional equation
d o
ag%=g‘m,ﬂ55m,ﬂ. (2.29)

Because of  the nature of the problem it is easily verifiable
that the functions g1 (i = 0, 1, ..., 10) have continuous

partial derivatives

agu (x,v)
3%,

so that the new vériables ¢0,~¢l, .oy ¢u3 may be introduced

[

to satisfy
10 o . .
i - 39 (x,v) ,._
dt wl e aio ‘pa ax. (1-0, %‘.,...,10) - ‘. (2.33)

If now the function 1 is defined as
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10

N,y = &y g (x5 (2.34)
a=0

equations (2.26), (2.29) and (2.33) may be written 1n the

[

form of the following systéﬁ.

5 _an
dt a?i .
(=0, 1,...,10) (2.35)
e SIEY
a 3%, \

This is then a system of first order ordinary differential
equations (since the right hand sides are known functioqs of
the variables x, y,4). The maximum principle states that in
order for the system to be an optimal trajectory, the
control functions Y must be chosen in such a way that the
function (2.34) achieves its maximum value at any time t in
[tc, tI]' In fact we have the result that the function

- ’

H(Y,x) = sup H(Y,x,y) . . (2.37)
yefi .
must vanish for all time in‘[to, tll.
Equations (2.36) contain 22 equations in 42 unknown
functions X5 wi,-and_yf Relation (2.37) provides another
20 eqdatipns although this is not immediately obvious

(explanation‘may be‘sought from the footnote on page 21 of
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[(12]). Hence we héve a closed system of rgaations for
determininigall of the variables. .

Furthermore, since equation (2.37) is, finite (not
differential), and the number of differential equations is
22, the solutions of the system of equations (2.36) and
(2.37) in deneral depend on 22 parameters (the initial
conditions). However, one of these parameters is redundant,
inasmuch as the functions ma (t) are defined only up to a
common multiple (since the function T in (2.34) is

homogeneous with respect to V). In addition one of the

parameters is determined by the condition that

sup H(‘P(to)r X(to)!Y)
YEQ

vanishes.

Thus we have 20 parameters, on which the solutions of
(2.36) and (2.37) depend. It follows that these 20
parameters must be chosen in such a way that the trajectory
x(t) passes through the point x° at the given time t = ty s
and through a point on the "line" (x5 (E1), x(ty)) in the
phase-space which is parallel to the xé axis, at some time
tl > tor(That is, xi(to) = x? and xi(tl) = xi = xz since we
. know that the Qquble step is periodic).

It must be noted Zhat the maximum principle provides

only for necessary conditions. However, if only one optimal

trajectory can be found, and if from physical arguments
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(from which the optimal problem arose in the first place) it
is "clear" that an optimal trajectory must exist, then one
.can trust that the just-found trajectory is-indeed optimal.

However, the mathematical quegtion about the existence of an

optimal trajectory is very difficult indeed.

) J

Wy



CHAPTER III

- ., DEVELOPMENT OF DYNAMICAL MQDEL

EXPLICIT FCRM )

. ,

3.1 1Introduction

" Having indicated the Zenerél procedure to0 be used 1in
the synthesis of gai&,(it is now appropriate to begin to
derivgg the explicit relations whicﬁ Qgretofote were used
implic¢itly. To do this we begin bylpartitioning the éait
‘pagtern into adstinct phases in a manner similar to that of
Chow and Jacobson [Gf;

Characﬁeristic of human gait -are the two basic
EOnfigurétions into which the double ;tep ma§ be decomposed-
First, there is the cdnfigdfation in which both legs are in
contact with the ground. Just as one leg ends its swing
motion and comés into contact with the ground_to‘restrai;
" the falling tendency, the other leg begins its deploy action
through rotation of the koot about the ball of' the foot;
this phase of -activity is referred to as restraint/deploy.
This mo@e is followed by the support/;wing configuration in
which one leg assumes complete ‘support of the body while t?e
other leg, which previously waéwin deploy, proceeds through
_its s@ing motion. , The double stepn then 1is =simply an
altérnating sequence of'tpese two configur;tions with the

two legs interchanging roles.
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1

¢ .

3.2 Madhematical Development
t

The primary purpose in resolving the biped gait into

. ‘the two modes restraint/deploy and supporﬁ/swing is to
,giiminate the possibility of .singular (impossible)
behaviour, such as both legs in swing motion or both ih
deploy. TIn running, however, the "dual swing" possibility
does exist but this is not of concern here). 1In the case of
non—bathological gait, the two mode description also
introduces symmetry into the proplem in that the activity of
one leg is identical (or very nearly so)- - to that of the
other except that there is a 180 degree phase lag bé;ween
tﬁe two legs. . Since there is basically no difference
between the“restraint.and support functions of a leg, these
two phases will collectively be referred to as;“stance".
ﬁaving desérfbed the phasic\acfivity of the legs, we
are now in a position to write the equations of motion (i.e.

eq'ns (2.21)) explicity.

i) . For the leg consisting of links 1 and 2 in contact with

the grouhd:

+ h.ﬁil) AKX - AZCkz—xl) .
. " A e 0 - .

cos xl+v sin Xl)»+"clxl(hkl cos Xy + vil sin x;)

+ Cliiléil sin x; - ﬁil ;?s %q)

- czﬁf sin{x,-x;) - h cos (x,-%; ) ] "

+ C2(§5~%&)[Gﬁl sin(xz—xl) - 5*1 03?(x2-x1)]
L4 C2(§2*£l)2[§ilcos(x2—xl) + ﬁ%lsin(xz—%l)]

—

&
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"+ C X% (h cos x., + v. sin x.)
.4x3 Xq 3 X, 3
+ C4x3(v.lcos Xq h"‘l sin x3) >
+ Cg (x -X ) [v ls:l_n(x4 x3) - h* lcos(x 3)]
‘ +C (x 3) [h % sz.n(xq-xB) + v’.‘l cos (x4 3)]
+ C7x5(h)°{ cos Xg — v;( sin xS)
- . 1 1.
- C7x5(h}215m ,x5 + v}-{lsm xs)
s scsing - sin (xox.)]g =
s "4 1° % 2% M
) AO(V’V;{Z'F h-h}-{z) + Az(x - X )+ C.Lxl(h 2cos xl-Pv 2s:.n X )
(v. cos xl-hozsm X ) C2[V sm(xz—le —}: cos(x
)[v}-{zﬂsm(x2 l) h}'{zoos(xz—xl)]
i - 2 * o L] . - - - e
+ cz(x2 Rl) [v}-{zc:os(x2 xl) +h}-{25m(32 ,xl)] Cq (cos x )x

l 1

+ C2 (xz—JFl

17 T4 %, 3%, X,
- .,h;‘zsm‘ x3) +€5 (% 4—x3) [v x2°°s (x 4-x3) +h§;253~.-n(x 4-x3) ]
v

+. [Ao 5;{-2 + czsm(xz—xl) lg = M,

Q>

- _ dh SO dzh TR = }.1
.= 'a? I3 h - . }.( - é-;{-

. e dt iy 1

‘and similar expressions hold for

‘}y ‘.;' e ’ etc. . l ) ’ *
X .

32

(3.1)

2"’f1) ]

(3.2) "

. «2
+C3(smx2) xT +C X (h cosx-Pv sn.nx)+C4x3(v cos x3

(ii) Eor the leg consisting of links 3 and 4 in contact with

the grbund;.

;-

Ao(?"":-.: + h'h::i ) + A35é3 - A4(5&4—5&3)‘ + C4-.(h cos. x3+\'i sin x3')

3 3
‘ o .« - - ’ . " o2 . . * R
+ C4x3(h}-{3005 X4 + v}-{BSm x3) + C,4x3 Ev}-{351§ Xy = .;(3

cos X

3~)
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CS[v\sin(x4 - ,x3) - h cos(x4 - x3)]

+ Cg (x -"X 3 [v-3sm(x - xy) - h}-{3 cos'(:«\c4 - x3)]

+ Cs(x4 - x3) [v;c3c:v:>s(x4 - x3) + 1';§~(3sin(x4 - x3)]

- s _ o - (% o (3.1a)
. Cglcos x,) (X, - 2 ) +Ce (sin Xy x,(x, 2x3)

+ Clxl(hf( cos X, + Vfc sin x ) + Clxl(v oS X - h:l sin xl)

3 3 1 X3, 3
+ C2(x2 - xl) [v}-(;:;:m(x2 - xl) - h}-{3cos(x2 - xl)]
. « 2re . . - 2 . .
+C, (x - x,l) [h-3sn_n(x -X )+v}-c3cos(x -—xl) ]+c7x5(h}-c3cos Xg vx3s;1.n XS)A .
:«C_,x (h 3sm Xg + v},c3cos X ) + [A —-—;— + C4sm Xy = Cssm(x x3)]g
% ’ : , .

Ao(v.v}-c4 + ‘h.h;{4) + A4(x X ) +, C4 3(h cos x3 + v}-{4s1.n b3 )o

+C x3(v. cos X, - h;{ sin x4) - CS[\i sm(x4 - x3)* - h cos(x4 - x3)]

$37xy 73 xy | o :
+ CS(X4 —J\x3) [x:')-{ésln(x4 —~x3) h oos(x x'3)]
A
™ - 2 - ° (3.23.) *
+ Celx, = x,) [v- cos (x, (-xﬂ)+ -s;n)(x -x)] .
*4 hx 4 /
-C(cosx)x3+C(smx)x +Cll(h cosxl+v}.{smx)

R S 4

+ Clxl(v}::4 coS X, = h>'c4 sin xl)

+ C2(x2 -‘xl)'[v;{dsin(x2 - xl) - h};4oos (x2 - %

. 7 - 2 . » "‘ ’

+ q2(x2, - %q) {v}-c‘1 cos(x, - x;) + h:'c4 sin(x, = x))] . —
av . .

+' .[AQ - € sinlx, - x3)]g = M, |

.
»

4

iii) For.the leg ‘consisting of links.l 'and 2 in swing

motion: . h : . ‘ \\/ -
i \ P . : .



Alxl-Azfxz—xl)+Cl(h cos x.+/ sin xl)—Cz[v sin(xz—xl)-h cos(x2 l)] 3.3

17Coxx) g = My

1
- Cq {cos x )(x -2 )+C (sin x )xz(x -2% )+[C sin x
and

Az(iz- il) fAS&[V‘sin(xz— xl) -h co§(x2- xl)]

. ) g2 S (3.4)
/c3(cos x2)x1 + C3(51n xz)xl + ng sm(x2 X,) M

-

(iv) For the 1leg consisting of links 3 and 4 in swing

motion:

A3x3 - A4(x4 - x3) + C4(h oS X, + ¥ sin x3)u

CS[V sin(xq,- x3) - h cos(x4 - xs)]

7 . (3.3a)
- Cs(cos x4)(x4 - 2x3) + Cs(srn:x4) x4(x4 T*2x3) ’
\ o *[Cysinxy - Cy sm(’f4’x3)]g =My
and © :
‘ A.4(x4 - x3) + C4Iv s:.n(x4 —Axa) -h cgs(x4 - x3)] )
. . 2 (3.4a)
- - Cgloos x,) Xy + Cplsin x) x5 :
T ng sln(x4 - x3) = M4 .

{v) . For the motion of the trunk:

- ¢

A% x 4-C (h cos x - ¥ sin x.)
5 5 34

. . ' | o %" (3.5)

= C,g sin X = M5 - \
| s . o ’ bt
/)f//ﬂi + It 1s .clear that not all of the above equations apply .
] . simultaneously. The . relevant equations may be chosen in

" accordance with the foilowingf

.y
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] DOUBLE STEP —]
LEFT LEG

LINKS 1. 2] RESTRAINT —— SUPPORT ———e DEPLOY ——ar SWING ~= RESTRAINT
LINKS 3 N DEPLOY ——= SWING — RESTRAINT — SUPPORT —~ DEPLOY
(3.1 3.1 R 3.3‘\
3.2 3.2 3.2 3.4
Equation _< 3.1a - 3.3a 3.1a 3¢1a$ - etc.
Nos. ' . 3.2a 3.4a 3.2a 3.2a
: 3.5 3.5 3.5 3.5 )

13

~ The abave equations completely describe the behévioue
of the d}namical systemmin the sadittal plane and no
appreximations ‘have been introdubed. ff motion in ehe other
planes (i.e. frontal and horizontal) is “to be considered,
the eqhations would be .supplemented Sy adéitiohal ones but
no modification-of;tpé present ones would be required. For
thefpresent, however, only the saglttal behaviour will be
considered, malnly due to the extreme complex1ty of higher
order models. '

It can easily be.eeen from eéuations (3.1) to t3.53
that tﬁe system of.differential equations’is always coubled.
This arises from the coupllng of motion between the two
extremities - v1a the -hip. aAs 1ndlcated earller{ if the
optimal programming problem ‘is to be trdctable. it is
neeessary to yrite the equations of mq;ion ;n the form ef
équation (2h23).: This wouid imply” that the five equations

’(3kl)hto k3.5) whose form is now

a
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v - )
X1
' X, )
R URE

¥

| >

or simply
(aJC(x] = (B, | ' ' (3.6)

wquid have to be written in the form

[x] = QA]'l [B] L 3.m
where the matricges [A] ana [B] are of dimens@ons 5x5 and 1x5
and }aveaelements which are expré§sions. The inVersion of
mat;;x (A] is far too compléx,fg @an@le. 7

Adéevice Which;has been found useful for simplifying'
ﬁhe.aynamical equations. without the lbss of<a“sﬁgnificant“
degree of aqcurééy was used by Beckett [5] and Chow. [6]
among cheéz. This congists of prescribing' the hip:
trajectory and at the same time considerimg'it to be the
origin o% a moving co-ordinate system; , In level walking
over the pdrﬁai range_-of speed, pace freguescy " and steg'
length, the:hié'position (h,v) has ;ﬁg prlbwing ch&kac—
teristic motion: ~£he horizontal'gomponeﬁé,\h(tf is uniform
ﬁotion whilg the:;ertical componEhf v(t) describes & doublg
pgriod sinugoid' about some meén vglue. Thus egquations }

"

{2.10) may be re-written to incorporate the above as:
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N
_ A _ . . _ - .
h(t) = X511 " L smkx§ + L,y sin (x6+l xa) = h(t) | .
A s
VIRl =Ygyt g cos Xy By 008 (Xgn Xg) = Ve (3.8)

4
where § is defined as before, and the functions h(t) and
" 4
v(t) are prescribed functions of time. Useful expressions

for the hip position are

4"
.= . 3.9
h(t) ho {t + to) . ' ( )
and
v - . 4w - - . ’
P = —_ - 3.10
v(t) 8, sin - (t + 8y 1) ( ‘ )
 where ho = velocity of level walking
£o = initial time

%_,@2 = constants based on initial conditions of

motion *

and ' T = period of double step

. .
~ s

"This simplification alone does ‘not . reduce the

high;order complexity of the equations due to the presence

of functions ﬁi -and Gi which are in general non~zero. As
. i - i .
discussed earlier, elimination of these may be achieved by

considering the hip as the origin of a'moving co-ordinate
system. With this simplification the dynamical equations

reduce to:

-

(i) For the ieé\copsisting of links 1 and 2 in contact with

the ground or in swing:



»
(A1 + 2C4 cos x2) X, - (A2 + C5 cos x,) kz
+C3 5{2 sin X, (x2- 25{1)’" (3.11)
. . A
+ (Cl sin x; - C2 cos xl) (v+qg) = My
and
_ o . 2 .
(A2 + C3 co§ xz) X + A2 x2 + C? X] sin X,
+C3oos>c2 (v+g = Mz (3.12)

(1i) For -.the leg consists of 1links 3 and 4 in contact with

-

the ground or in swing:

(A3 + 2?6 coSs ?c4) x3 - (1!;4 + C§ cos x4) x4

P )

. + C6 X, sin X4 (x4 -2 x3) ‘ . (3.13’)
+ ,(C4 sin x5 - CS’ cos. x,3.) v+gqg = My
and ‘
_ (A4+C6,cosx4) x3+A4 x4‘+ CG x3 squ
e ‘ ) . . (3.14)
ny = -
+,$26~co‘s X4 (v +.9) _ M4

A
L4

iii) For the motion of the trunk:

38

A k- sinx, P =M Do . (3.15),

The similarity between equations (3.11) and (3.13) and .

between (3.12) 'and  (3.14) can easily be ' seen, the only

®

difference being the interchange of the angular vax;iables\

and the corresponding constants and moment functions. The

deéoupling\of the equations can also be easily verified as



can the independence of the equation of trunk motion from
the limb angular variables (aﬁd vice versa). It turns out
that the mééion of the trunk need not be included in the
model insofar as the energy consumption \is ‘concerned but
must be considered‘in kerms of stability -of walking. This
will be éxamined in greater detail later. ‘

For the time being, then, only equations (3.11) to

(3.14) will be examined. Because of the similarity, a

39

. common notation will be adopted. (Henceforth links 1 ang 2

will be referred to as the.left leg and links 3 and 4 as the

right leg). Using theé two indices 8 and ¢ , defined as

1, for f@Tt leg . J
§ = . (3.16)
3, for right leg )
as before, and . .
1, for left leg '
e, = : : ' . (3.17)

4, for right leg

equationé‘(B.ll) and (3.13) may be written collectively &s

(A o+ 2Ce+ ) x. - (A C cos x6+l) X

s 2 995 Xs) %5 s+1 T Cet s+l
+’C€+2 Kgpq SN Xy (X0 = 2 %) . - (3.18)
+ (Ce 51n'x8"~ C€+1 cos xa) (3 tqg) = MG

and equations (3.12) and (3.14) as

. - . 2 .
“(Bsyy ¥ Copp 008 Xgun) X + Byyy Xgyp + Ceip Xg S0 Xoy

+C cos X (34-g) = M

£+2 6+1

s+l '(3'1?’
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where now the ' moment functions (eq'ns 2.12) may be written

as
_ P S+l y _ : _
N% = u + ug + Mu + Y6+l(25 sin x; £6+151n(x5+1 xs)) (%.20)
+ ){5+l (16 cos x6 + £6+l cos (x6+l - XG)) |
and
_ P §+1 . o :
Mol = Vsar * Vs t My ¥ Yaug fean 810 By T %) (3.21)

= Xor1 s ces (X541 ~%g)
It is now clear that from the point of view of optimal

programming} the éolution to the present gait problem is
resolved into two séparate problems, one %or each of the
lower limbs. Furthermore, for the normal, non-pathological
gait, the two lower extremities will be, for practical
puréoses, identical, 1in which Ease the solution of s&he
dynamica; equations wiil be idéﬁtical for the two limbs and
’hesce only one set of equations negd be solved. _The duality
g%- the eqﬁationsﬁ will, however, be carried through the
" development so -that the case of dissimilar legs (e.g, the
unilateral amputee, or the hemi§legib patient) may be auto-
‘matically accounteq for. |

» Equations (é.iB) ﬁo i}.Zl) dre now iq such a form tha€
. , . .

the  dynamical equations may be written in canonical form

(cf. equat{on (2:23H. 5Making substitution (2..22) and

x

letting
Z, = X ‘
2, = 'X !
2 S+1 '



= :  x 3.22
Zq Kspg = Xg ‘ ( )
28 T %oue T %onl
the resulting equations are:
zl = 23 : ~
2, = 24
é = A-l [R B + B]
3 18 + BBy 4 (3.23)
. = &Y [R B, + B.,]
L% R By * Ry By
where

"

i

1

- =C

er2 24 SIN 2p(2y

~

N N . ;\:
- 223) -‘(Ce sin z, - Q€+l cos zl)(v%g) + M

2 _. N
—Co4p 73 Sin 2, = C ., cos z, (V4g) + M 4

A6+1

A5+1 * Cz—:+2,cos 2

A6 + 2 C€+

2

cos 2

2 2

- B2
Bl B3 B2

Equations (3.23)

» ) * v

now are the complete dynamical

equations which describe the motion of the lower limbs. All

that - remains to complete the, dynamic‘ picture is the

derivation of the pertinent constraints {including boundary

conditions).

3.3 Constraint Equations

-

" The constraint relations will be treated separétely for

the three porfions of the gait cycle - deploy, swing, and

b

3
1

stance.’ The deploy phase will be treated first.

[
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Sgnce the hip trajectory has been prescribed, the
angular variables are no longer independent. They are,

however, constrained so that the foot remains in contact

with the ground. Dur ing- deploy, the ankle of the foot

-~

describes a circular arc about the ball of the foot. Figure
3.1 shows the foot and the new variables introduced to

describe its motion.

It is important to.note that the "foot length dis is

somewhat less than thg actual length of the foot since foot
rotation does not occur about the toes but rather about the
ball of the foot. The overall foot length is importa;t,
however, during the sQing phase when the to€s must clear the
ground.
Let the beginning and end of the deploy phase be
& .

denoted by t' and t" respectively. Then at t = t',

summation of vertical displacements yields

~ ) X [
v, = V(t') + 5 cos z, (') + &, cos Izz(tl) -z, (£")]
, (3.24)
+ dlésin a(t').
[e 4
similarly, for t' < t < t”
n, * v
v, = v(t) + %5 €S 2 (t:) + £6+l cos [zz(t) Zl(t)]
15 . (3.25)

4-qa sin (t).

Combining equations (3.24) and (3.25) to eliminate Vo‘

results in <«



-
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Figure'3.l.' Ankle Variables.
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. simply saying that - .

“"
£

(3.26)

18 . A
da sin a(t) = Vl’— v(t) 26 cos Zy
v A
"26+1C9g(22 - Ys+1
where .
__L'\’ ' "y '
v, = v(t") + &s00s zl(t ) + 26+1 cos [22(t ) zl(t )]

+.d;(S sin a(t') .

During the deploy phase vy is

determined from the previous (stance) phase of activity

(i.e. the functions z z

1’

result of the stance phase computatiOn)-’

3

constant and

o
A similar procedure, if carried out
direction produces
168 o _ .
dd cos a(t) = hl hoﬂt) ESSLn zl
N . R A
+ 26+1 sin (z2 - zl)x T Xg1 " Xsel
wherein 3 , ' '
= ' fey " oo . o . '
hl = hot + QG sin zl(t ) 26+1 sin [22(t ) zl(t )]
AN dié cos a(t").

2 and o have been calculated as a

(3.27)

is

44

in the horizontal

The fFGnction a(t) can be eliminated usingn equations

(3.26{)9Ad (3.27) to produce the first constraint eguation

{i.e. for t' <t < t"):

‘
2 2 16, 2
co R e T Gy

*
& B

N .
- 2(vl - v)(R,6 cos zy + £5+l cos (z2 - 2.)

- 2(h; -~ h t) (4 sin z) = 2641.51n (z, - zl)? ﬂ .
Upon careful examination it 1is clear that this 1is

[

1

124 g - W%+ ) -np)?

+ 2 £.2

§78+1

0

S

COs” 22

(3.28)

N



T A 2 A
(541" ¥sa2)  + Weyy)

i
o

Replacing the 1left hand side of equation (3.28) by the
function Ss(z;t)f the first constraint condition becomes

¢

S3(z;t) = 0 , t'<tgr" (3.29)

At the end ¢f the deploy phase, the angle ¢ between the

el

shank and ~the foot approaches itg limiting maximum vwvalue,
Then, during the swing phése of activity, the foot remains
"locked" at o= qm¥{ while. the toes are kept off the ground.

This condition results in the following concstraint relation.

%(t) + 26 cos z, + & cés 622 -z)

17 s+ 1 _ ° (3.30)
26 . Rt <
+ da sin Z(t) vO = 0
where A
{
1 m -
O AL S

being the acute angle between the foot and the horizontal.

Again, defining S4 (z;t) to be the 1left hand side of

S

inequality- (3.30) we have

.5, (zit) <o £ <t _<_At1 B (3.31)

14

. .. 26 {
with the note that the constant dd6 is the actual length of

the foot inclﬁéing the toes.
>4 U 5

~ A further condition, which applies .not only during
swing but also ddring éhe deploy and stance phases, 1s that
- ‘ n 5

. the knee angle zz(t) must remaln positive. 'That is \\

-

N



éz(t) > 0 for £ Se St (3.32)

In the stance portion, i.e. tg <t £ t', the foot

remaine flat on the ground, except for the brief moment

immediately following heel strike. This can effectively be

A A
s+1 ' Y g4l

constrained to follow "'a prescribed trajectory, say

accounted for if the ankle co-ordinates (x ) are

{(q(t), p(t)) which must be determined experimentally.. The
* functions g(t) aqd p(t) can be treated as constant except
doring the'restraint portion, and even then the variation
with time is not large. . ‘

In ligﬁt.of this,utwo additional constraint eqhations
may be derived, and, in keepiog with earlier notation, these

arez: ¢

-

*

"\; . ’ ' — - . B
Sl(z;t) = v(t) + 26 cos 2z, + »£6+l cos(zz:zl) - v, + p(t) —00

(3.33)

sin(z“;z q(t)- =0

) -
2§l

Sz(z;t) h0§t°+t) + L, sin z, - &

é 1 S+1

=

3.4 Ankle’Moments and Ground Reactions

What remains at thlS stage to complete the dynamical
picture-is the development of the ankle moments and reactlon
forces. Slnce the ankle itself -is not in contact with the
ground the forces and moments actlng on ehe ankle must of

nece551ty be transferred via the foot._ The following is a:

derlvatlon of these ankle loads. Figure 3.2 shows a free

~'s
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Figure 3.2. Fréedbody diagraﬁlof %hg foot. DMotation: OP'

c?ntre of pressure (x§+l. y§+l); o, c.g. of)/_

F
F F L , A . A .
the foot (x5, Yguq)i Oy ankle (X . v Yoo )5

; X541’ Ys4qp internal reaction forces at ankle;
o N F . . .
¥ 3 -

) L . \fh' fv ground rgacthn forces; M6+l mass of

[ foot.



48

body.diagram of the foot‘;nd_ankle (due to 16])

Referring to Figure 3.2, tgé3motion of the foot may be
described by consideration of the tr;;slatian of the centre
of gravity and rotatidp about it‘(OF). Summing forces in

the vertical direction produces the eqguation

.F _ _ _
M§‘+1 You1 = & ’%‘ﬂ 9= You . (3.34)
and in the horizontal direction ° ¢

. =

- (3.3%)
s+1 Ko+l £ -

h 8§+1

¢

QRéérrahging equations (3.34) and (3.35), the ankle reacpion

forces may be written as

Yo = Lo M§+1 g- M§+1 ¥s41) . (3.36)
= E (3.37)
Xs¢1 = Fn” Mt<;+1 Xse1)

5*

L'

’

Taking moments about the point OF the ankle moment may
be wrltten (after some Tearrangement) as:

S+1

My = £ ("5+1 x6+1) - (Y6+1 Y6+1)
- “§+1‘3("5+1“" )t “§+19(Ya+1"5’§+1’ (3.38)
S e '
- of 1Ya+1) Vo ¥or) * Ton® | '
where Ig 1 is the moment ‘of inertia of the foot about its

. ‘centre of gravity.

Equations (3.36), (3.37) and (3.38) ‘may be simplified

k]



with the observation that, while the foot is in contact with

the ground

f >> Mg+1 y6+1 " v “

f>>MF %

8+1 6+1
and I§+1 & 0

since : ‘=2 2
S+1 10 “kagm™,

Furthermore, the quantity (M6 +19) may be taken into

n

[ H]

account 1in the dynamlcaI sense by inclusion of the foot in

determlnlng. the mass, centre of gravity an¢ moment of

" inertia of the shank of each leg. Also since
(MF lg)(xg+l xA+ is relatively small as compared to say
X ing simplified inate of the foot

(AG+1 X s+l ), @& resulting 51mp}1fled estlméte of e

dynamics results in

Yo = £ (3.39a)
N (3.39b)
X541 -* Th
and , ,
s+l . By Y ' 3. '
Ha f ‘x<s+1 Xor) * fy Wy = Yeu) ;[ 3-39¢)

The functionS‘fv(ﬁ), gm(t)' x5+l(t) and y8+1(t) must be
determined experimentally. (Note. for level’ walklng Y5+1‘0

fhroughout stance "and deploy phases, durﬂng SW1ng phase,

.= - S+l
'x6+l 0, Y6+1 0 and M

Thls comp‘etes the descr1pt10n of the dynamlcal system.

,Tbé‘equatlons havegbeen derived, the constralnt relataon§

e,

= 0).

determined and ankle forces and moments evaluated. - The
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1

Jhitﬁ the observation that, while the foot is in contact with

s ! ’ -

— the ground,
‘\\\\///f >> §+1 y6+1 ' 13

%1>¢ MFn xF

§+1 T6+1

and IF 8 ; o s

‘ msmceIF 2

§+1 107 kg'm ) F :
Furthermore, the quantlty (M5 +lg) maybe taken into
account in the’ dynamlcal sense by 1nclus1on of the foot in
determlnlng the mass, centre of grav1gy and momenr of
inertial of ~'the shank of each leg.  Also since
lg)(x§+l x%;l is rélaéively small os- coﬁpared to éay
x§+1 641')’ a resuitingﬁsimplified‘est%mate of the foot

dyqamlcs results in
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a8
L} \\_r;;"é\
= 3.
Yo0 £, (3.39a)
o (3.39b)
. Xs41 = th -
and
§+1 . P _ A Py s ,
My £, (ayy = Xgu)) + By o Yssr) - (34392

, . L P ‘ p h
The EUnct10n§ fv(t), g}(t)J x6+l(t) aod y6+l(t) mo$t be

. : . : ' . P .
determined experimentally. - (Note: for level walking Y41 =0
throughout stance and deploy phases; during swing phase,

- _ +1 7 .
¥6+ =0, Y6+1‘0 and McS - -
This completes the description of the dynamical system.

The equations have been derived, the‘oonétrqint relations

determined and ankle forces and moMents evaluated. _ The

‘
e

-

%

e vty e ¥

A ot Rk o % A



trudk motion has not beén‘ipcluded at fhis stage since the
.probiethf stability can be treated separately (in parallel
with the above). Chow and Jocobson [25] have modelled the
s;abiiity aspects of the torso essentially as an inverted
pendulum and the resulting differential eéuations result
‘from a perturbation analysis. Solution of these equations
is in itself a difficult task and has not been included in
the present model. Because of the impésition of a specified
trajectory for the hip joint in decoupling the equatiops/éf
motion,:the étability problem need not concern us here. For

the walking individual stability is of iﬁpo}tanée.but

. :
-mathematically, its inclusion is not necessary.



CHAPTER IV

DEVELOPMENT OF MUSCULO—MECHANICAL MODEL

EXPLICIT FORM

4.1 Mathematical Development ) N

With the dynamital picture complete, the next step in
the development of the 'full 6ptimél control model is the

derivation of the explicit form of equation (2.20)

.
L4 ~

F. =F (xi’.xi' s ka(kFi,::.flo i=1,...5) . (2.20)

k

which'represenﬁs the force generated in the k-th muscle as a
function of the ahgulak'and'COntrol variables.‘, The fine
details of the control model of muscle (due to'Hatze)'can bé
found in references“{3], (7) and [13f. “The poiqts of dis-
cussion here will dwell upon only those éspects of the model
relevant to the particuiar probieh at hand and necessary té.
arrive at the final mathematical forﬁ.. | |
It has been‘generally accepted {14, 15, 16, 17] that
j muscle fibres (and hence the total skeletal muscle) may be
functionally v1ewed as belng comprlsed of three basic struc—‘
. tural elements (7]:. the active and controllable COntractlle\“
"element (CE), the pa551ve and negllgxbly damped [14] series
elastic element\ }SE), and the passive, damped parallel
elastic element (PE). Figure 4.1 is a schematic fepxe;éntg-

051



Figure 4.1 Diagrammatic representation of skeletai ﬁqscle

components. Notation is.as follows: '

CE
SE

PE

contractile element of length n;

series elastic element of length n°;

parallel eldstic element of length A(= n + ns);

total forcgﬂééross muscle.

52
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tion of the arrangement of the thtee basic elements in the
lumped model of skeletal muscle.

It must be emphasi;gd that. the exact anatomical loca-
tion of the series and parallel elastic elements is not
known and only their functional characteristics are bé;pg
modelled. Also, the représentation in Figure 4.1 is nofﬂ
unique in thét a configuration with the PE iﬁ parallel with
the CE would be equally aé accgptable.,

Referring to Figure 4.1, then, the length X of the
muscle depends (in generai) upon the anéular variables
x; and the velocity of shortening {or lengthening) i upon
the angles x; and angular velocities ii; i.e.

A= A( .;) : ‘ .
i . : (2.13)

P
il
et
3

-
]
[

The’relaéionships between the muscle length;x and the
angular positions ki.e. first equation of (2.13})) must be
experimentally détermiﬁeq. The sé:;ndﬂof’(2.135;may then be
easily found by differentiation oﬁ’xk4=kkuﬁ).

Ii is then clear that the following force relationships

hold for the k-th muscle

Rt

R = B Oy 00 RGek)) £ B Oy k), n) RICEE

——

and
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b

L R - »

. I |
Fo Oy %), m) = B (U, 0, a, g (4.2)

where the functions ak(t) and qk(t) denote (1n rather broad

terms for the moment, with further d1scu551on to follow) the

x -

"mode of act1v1ty and "active state" of the muscle

respectively.

In light of equation (4.1) then, equations (2.11),

expressing the active joint. torques.as functions of° the

¢
muscle forces may be written as follows: -

=FEa + EF D) Q- (Fy + F5) & - FoE 4

“3=E'§B"‘16+ (Fg" + Fg) dg = (Fy + Fg) & (4.3)

“uy = F 4+ 0 4 FpD) & - (R D) dg - Fip 4y
=Yty

PE
It 1is 1mportant to note that the terms FPE EyE r Fg 4

PE S
.F7 and Flg do not appear” in .equations (4. 3) An explanation

~

of this follows. The muscle groups 1, 2, and .5 (and

similarly groups 6, 7 and 10) of Flgure 2.2 each span only

O‘

one joint. ‘It is, therefore, not possible to dlstlnguzsh
between pa551ve muscle_ torques and passive torques due to
other structures (e.g. ligaments and cartilage) for the ST

e B
jOlntS spanned by these muscles. Hence, terms such as Fg d2
» R e -

must be included in the functions u? which appear in

3 .

equatlons (2.12) ..



d

iNgﬁe: The gastrocnemius muscle of course spans also
the * ankle joint, and thus will be considered in the
determination of muscle léngths, but the joints of interest
aSZ primarily the hip and knee,\and no error 1is introduced
by the incluéion of FEE, Fig in ug and.uf + Important also
is the fact that the M. gastrocnemius is responsible for the
generation of the ankle moment durfng plantar flexion.

+

Hence the force 1level in this mu§cle% must be suitablf
adjugted in the deployvpottion‘Of the gait cycle‘gn the form
of a constraint. See section 4.2.]

All passive - torques and the properties of the PE for
the rectus fgmoris and hamstring groups must, however, be
found experimentally fbr the individual subject. The
techniques for these measurements will be discussed in a
later chapter.

Attention will now be , focused on the .function
EiE (Ag(xi), Ny ) of equation (4.1). As indicated in Figure
4.1, FiE should be a function Ofni- ' Clearly, however,ni

. \ .
may be eliminated so that ‘the variable Ny is used; i,e.

S = A k=l""..'lo. . R 24°4)

"k T 'k T koo
The function Figﬁm}kﬁ r " ) has been shown [13] to tage the
explicit form

k)

_ 2 . G120 _ 4.5
FiE /:b"/k{e"p(bsk“k'[ (%) 041829k bmk] by -1l (‘ )
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o
= .oy , = ific
where k i, . 10 tﬁk to bllk are muscle-speci
constants for the k-th muscle, and
Y (4.6)

104k T "k T .
with ﬁk being the optimum length of the contractile element
of the k-th muséle (i.e. the length at which the isometric-
force generation is maximum).

Having discussed the characteristics of the series
elastic element, what remaigs to be considered is the force
producing contractile element. The force gcnerated in the
CE of the k-th muscle has been written implicitly as
é?:(nk, ﬁk,‘ak, qg) (cf. equatign (4.2)). In order that the

derivation of the explicit form of this function EﬁE

be
somewhat less confusing, the subscript k will be dropped for
the discusszoﬁ of the general model.

From refer%nce [7] it can be shown that the force

produced by the dontractile element may be written as

. 2 E_3
CE b3 1/2
F~ = a k(n) bi L - ——7:7———51
’ (n—n+b3)' ,
- : ! (4.7)
tanh(Cn—CD) - tanh{Ch_(n,q)-CD]
X Tarh(<D) - tamh[Ch_(n,@) D]
where
- ) .
k(n) = §l2 + by, (exp{fbl4{bls+b16(n-n)] b
T _ ‘ .- .
,;‘{‘, X sin [bl.,(n—n) + b}.8] , (4. 8)

'

“X - -

L7
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no (@ = n (m1) expl-bg (n-mtbg) 2 - 1.43(q-1) %) (4.9)
: e

with the quantities by, by, by, bg, be, byy «.. bygs,.n, T, D
and:1 (7, 1) denbtlng muscle-specific constants. The Eguere-
‘root term in equatlon (4.7) uls _that form. due to the fact
that some Skeletal muscles are of the bipennate type. For a
complete discussion of this type of muscle, the reader is
referred to Apuendix A of [13]). The functions a(t) and g(t)
are:each defined by differential equations which depend upon
the previously discussed cdntrol.parameterszﬁ and ¢ . alt
will be recalled that the function“Q‘repfesents the relative

number of active muscle. fibres (cf. equation (2.18)) and

must satisfy the constraint - M
&

"0<o <1, , NS _ _ (4.10)

m—— "

The function ¢ represents “the "averade" relative muscle

’

stimulation freguency. Con51der1ng equatlons (2.14) and
~(2:19), it is clear that ¢ must satlsfy a condition: 51m11ar

4 .

" to (4.10); i.e.,

0l e : “ (4.11)

-
Pafentheticallf, the active ~stéte functionq QCt) is a
quantlty telated to the }elative‘ number of Calcium ions
(Ca+5 bound to the troponin molecules of the muscle cel;s,‘
and " is a’ dlrec: mgasure of th‘% number of"/roes—brlgges

attached to the actin fllament (Y& . The "function af(t)



o

(moée-of-activity) relates the activity of the total muscle
| 4 * .

to the activity of the individual fibres. Hatze [3] has

shown that the equations to describe the functions g(t) and

a(t) may be ‘'written a’s

58

D o~
q = m{e(s,n) - q) . (4.12)
and
.~ a=m{6[e(s,n) - 0.005] +0.005 - a} (4.13)
] o I 4

where - S ' .
#(3,n) = 0.5025 + 0.4975 tanh [19.3 {exp(-blgtn—ﬁLbzolz)}
‘ (4.14)

x{¢ bZl[exp( b22 (n m ] - 23 }] ’ .

and the .guantities m, big + «--s by are again muscle

specific constants. N

P 4

Having described the important relations in the model,
one is now in a position to ¥write the equations that
comprise the muscle—mecﬁanical equations of mogion.

Ré:inéerting the shbscfipts k,intb“the éqﬁat{pns,

defining a new set of vaiiablés by

»

%04k~ % . L S

and x k=1,...,10 ” ’ © 1 (4.15)

X300k = % : o - . k
) " - ' ‘

.-and noting that the constants Dk of equatlon (4 7) are all.

approkimately' zero for this specific problém [3]1,.the

follow1ng equatlon is obtalned (cons1der1ng equatlon (4.2))
S
by solv1ng equation (4.7) for: xlOHc{" W( A(cf. eq n (4.6))1:
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< -1 FE Gy xy 000
“l04 T Tt [b 1K (5 g (17D / € 9211/2 "]
‘ X104 | Zk/ X1 ok PR3k X30+k
&
- ' 02 a 2
x tanh (b 4k»‘egcp[-bsk(xlo+k-b6k) - 1.43 (%0, -1 °D)
‘ (4.16)

for Kk =1, ..., 10, é? !xi; xlOHc) ‘ ém:(k (x, ),nk) being .

4k
(cf. (4.9)) and of course the function k(xi&H() being given

given by (4.5), the constant b, being equal to '(”o(;i,l))k

by {(cf. (4.8))

= - ; : n
KOond = Proy + Dy [P by [byg * by (g )R
: (4.17)
. X sin [bmc’xlo-ﬂc by gi] - ’
Equations (4.12) and (4.13)“become
X204 = M (%% T %opu] . P RS
and N . .
X304 = My {ek[°k - 0.005] + 0.005:= x30'+k} / (4.}9?
wherein : e T .

-

- 2
19k ¥104x ~ Do) )}

9 = 0.5025 +0.4975 tanh [19.3 {exp(-b
: (4. 20) -

x {¢k Zlk[exP(_bZZk 104 1 - 23k}] *

Summarizihg, the muscle fonceS'can be determined from the
solution of a system of 30 (1n general) first order

dlfferentlal equatlons of the form

14
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g

: _ l0+k . .
ok T ET Oy g Xa04k X304k (4.2I)
2 | ‘ \
© o 204k o ‘
Xo04k = £ (X3 04 X204k P! . ? 1,k-l,...,1'0' . (4.,22)
- 304k .
ok - T Kpoa X304k % % ) (4.23)
together with the dynamical equations of the form : »
y = ) .. '
3 £ (x. 1 %104k’ k'¢k? 1,;,k=1,...,10 o (4.24)

which have been gealt with in an early chapter. 'Implicit in
the assumption of a solution ex15t1ng for equations (4.21)

to (4.24) is that the 1n1t1a1 condltlons

»

= O - ’
X2 (to) —~ Xg' (L—l'\..y,40)

be givea. ' B

At first glance, it appears thét—there'are @ horren- .
dously large number of°equations to degl with. This can be
pPlaced into perspective in the following: way: In ohe
general model there are flve angular variables, and together

W1th thelr derivatives, produce ten equations 1n.(4.}4).

It was shown 4earlier that this .can be reduced to  four
equations by treating the "pwo legs separately. = 1In

éeparatlng the two legs, the pumber: of muscles is reduced

from ten to f1ve .'For each _of. the flvel muscles there
corresponds three equatlons of the form (4. 21) to~ (4.23),

maklngLIS differential equations to be solved simultaneously .
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with the four dynamical equations.
As in the case of the dynamics, where the variables
X, were transformed to the variables zj (cf. (3.22)), so. can

a similar transformat}én reduce the apparent complexity of
. i A o
_equations (4.21) tb (4.23). In a manner similar to that for

—

the introduction of the variabies'd and € (equations (3.186)

~.

and (3.17), the new variable p is defined by

0, for left 1 n ' :
R A =l . (4.25)
5, for right leq.

\ N .
Then, the following transformation is performed. Define the

»

variables
_ \
2443 = *10+p+5
- = , ' (4. 26 R
2945 = F20wp] > o PR )
. 21445 T 304045 ;
/

"and the subscripts of the constants of the' foregoing

© equations is such that k = p ES j. Re-ordering and rewriting
equations {4.21) to (4 24), one is left with _a system of

equations which take the form:

J _g (zkr 4+l'e l¢)

_ 4+1 ‘
Z4+i" (zk' 4+J.'2'9+' '214+i) o :
L oy | ST Y 4.2y
z9+i =9 (z4+1'29+1'¢ i) = ; . ,
" - 14+; ny : T o
2144i = ST PRLILY o . ‘.
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where i, K = 1, ...,i 4‘and i =11 ..., 5 Clearly the
functlonig.l(., cesy o) are eimply shorthand notations for
the right-hand eldes of equations (3.23), (4.16), (4.18) and
k4.19).

Again, a summary of the results‘obtained’go far may be
fghnd in Appendix A. The reader is alqo reminded that the
muscle specific constants, the functiefs F§?4 and E%?g , and
the starting vai?ns\g{éﬁﬁﬁ’T; =1, ..., 19) have get to be
determined and must be done experimentally. The treatment
of experimentaliy determined quantities will be left for '~

another chapter. -

¥

4.2 Constraints on M. Gastrocnemius

In section 3.4 - of Chapter III, consideration was given

. to .the moments about the ankle, but this was done- without

regard to the orlgln of these moments. Some discussion will
now_ be presented on thls matter. 5 )

Durlng the restraint portion of the walklng cycle, and
speczflca}ly during the short time 1mmed1ately after heel
strike, the foot is restraioed in its motion by the tibialis
anferior muscle. Since this muscle has not been 1ncludeq in.
the present model, no’ account for its ect;on need be
con51dered b ~ . o

However,_dur1ng the support and deploy portlons of the
cycle, the ankle moment M5+? 'q1ven by eguatlons (3.39) is

p051t1ve (1n the sense shown,ln Figure-3.2). This moment

:

N
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“calf muscle,\l e.,

must reeult from forces within the shank of the leg. As

indicated by Figure 2.2, although it was not diseussed at

the time, the ankle moment is generated by the gastrocnemius

~~

muscle, and of course the "'passive’ joint torques at the

ankle. The moment generated by the gastrocnemius on the

{/inkle joint can be evaluated in the following”way'

Let d5 and ‘%p denote the normal dlstance from the line
of action of muscle groups (5) and (10) t0't§e respective
. i 4

centers of rotation of the ankle joint. These, of course,

must beé experimentally determined along with -the other

déb(jo= l, ..., 10) as functions of the angular variablee

.and, in this case, the ankle angle o (the latter being shown

"in Figure'B.t);

\ M f 6 ’ .
Clearly. then, the ankle moment Ma+1 may be written as

/

y /l ‘ ( . '
¢+l _ (P a . SE’ P 6+1 , :
M Yo, e Y Goas 'F§+5' (45 (21029) 2g) M (4.28)

24

§+1 < 0 is some negatlveTtorque (whlch

mentally found) and M
may o©or may -not be present) generated by " the tlblalls
) .

anterior. Rearranglng tenns equat;on (4. 28) may' be re-

—WEltten to reflect a constralnt on the forcé level 1n the

t A

E
“p+5
o

/
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‘where u 5+1ls the passive ankle JOlnt torque (to be experl—

( +5.z) > u, 5+1)/d - . (4.29)

[K

W
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. ' ‘ ' +1 .
noting that the actual value of Mia is of no particular
' . LY
interest at present. By constraining the level of F}i?

FEES ' the rest of the force levels in the leg musculature

‘will automatically be taken care of by the dynamics of the

&

system.

4.3 “Further Simplificatiqn of Musculo-mechanical Equations
A further simplification‘of thg model can be 'made to

reduce the number of différentiai equations. |
Letting

2144y ™ 6p+j 294_j +0.005 (4.30)

. ”»
equation (4.19) becomes redundant. That this is justifiable

has been demonstrated by Hatze [13,26]. This simplifiéation

reduces the number of differential equations needed «for

_solution and hence reflects as a saving in .computation

e

costs. _ L

e
’



- CHAPTER %éa*

ENERGETICS OF MUSCLES
¥ ]

»

5.1 Introduction ,

It mas mentioned in Chapter I that before a
satlsfactory 51mu1at10n of walklng can be achieved, it is
' important that a justifiable optlmallty criterion be found.
Slnce it has been generally accepted that an energy optlmat
situation is sought, the mlnlmlzatlon depends upon flndlng
an expression which allows evaluatlon of the. instantaneous
energy consumption rateaor power ponsumotion.

It can easily be seem that, in-geneghL,‘tﬁnueﬁg;;y rate
is simply the sum of theapower expenditu;es of eech of the

muscles. For this reason, then, the derivations - will

——

."\/’ proceed in a " general fashidn to demonstrate the’ pomer

- comsumption of a muscle and thls w1ll then be.. used ‘to

-

evaluate the energetlcs of the present-problem.ég,»W*'

e

The study of moéole.enetéet{cs is probably one”of‘the

most “widely covered toplcs in the area of muscle bloiogy

Recently Mommaerts [19] and Woledge [ZOJA»haVe qu};shed’

exten31Ve rev1eﬁs of the ene:gy con51deratlons of musculari

»

o DT P

contractlons. Based on these reviews and‘theﬁwocks.IOuag

P . P -~ - -

v . g - . - b e
- posd - e

. . . - .
R - T e . L=
- . . - . . - -
. - o ) X g e T
- Y L. - - -
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therein, Hatze and Buys [21] have been able to determine the

explicit nature of the energy‘consumption of skeletal

muscle. . -

5.2 Derivation of Muscqf;;\;zzggx Expenditure ,

Let the energy consumption rate of the k-th muscle be

denoted by gk(zﬁj ¢k,;%( ) so that, in keeping with previous

notation, ,

. . . o H ’ ' 1
Ex, ¢, 8) =5 EGey, dr 0. | ©(5.1)

for a system of m muscles. Mommaerts demonstrated that the
power output of the contractile element of the muscle could
be represented as [19]

m _ - 'e - . R \-\..

\

! whére A is the activation heat rate, H is the maintenance

(tension-time) heat rate, s is the shortening  (or

. ‘\ ‘ . )
lengthening) heat rate and w 1s,the rate of work done by (or

onr the muscle. If the entlre muscle is to be con51dered,

= - > - e

T

account must . be taken for _the’ dlss;patlon qat@ ofr‘ghe

— T - -

:;ﬁ ;s denot@i:@y*r, then—ﬁor the k th muscle one 1mmed1ately o

_—

sées that :

e e m T e e T —— -
— , - - -

N o
e A A € . T ey o o
s\: a - T ’:::‘:"f‘“‘f'z"*i“‘“ o T - R

damprng component of the” parallel eiasiic element. CIf this

Ak Hk sk+w +rk‘ ' - -* (5«3)
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k .
and since & is a function of the co-ordinates X3 and the-

control variables ¢y and 8+ the dependence of the terms on

the right-hand side of (5.3) upon xi,, ¢k and %{ must be

shown. . .

It will be noted that the biochemical details discussed
4in [19] Qill not be presented here, and only the pertinent
results will be shown.  The motivation for ‘each will be
given very briefly.

fThé actiéation‘heat rate A\ will be diécussed first.

k ,
‘The heat of activation is related to the excitation process

and therefore should- be a function of the’ frequency of
stimulation and the mass of muscle activated. In general

Ehen

B = By v 8 G . (5.0

o

where‘Aé (v ) 1is the activation heat per stimulus. per unit

muscle mass, “k‘is the stimulus frequency, %{is the~control

paraﬁeter defined in (2.18) and G . is the mass of the k=-th

K
muscle. From Figure 6 of [22], the  function Air(bk).can

be found ko satisfy -
wr o . - - ’ o ) - . g. 5
Aﬂ&[— Agluap(%ﬂ%;+%gﬂ. ( )

n_\

The values of fhe constants appearing in (5.5) are (for the

rét soleﬁé muscle at 27QC):g A= 0.5923 joule/kg; ka=13.2

and c; = 0.0LZS.' 'Gibbs\aﬂd Gibson [22] also%give a Cag

value (which is the rgtié by which the maéﬁitude- of a



’ 3 . #
. A0 . ,
process change for each I0 C rise or fall in temperature) of

3 for A'. Hence at 37°C E' = 1.777 joule/kg. Assuming
Ebgroximately the same activation heat rate for all
mammalian muscles at 37°C [The author recognizes that this
is a bit risky] and substituting for Vi from (2.14)’ one

obtains for slow.human muscle

-

>

(Ak; = 106.8 {1 ~ exp (-0.24 - 0.32/%,)} ¢, 6, G ‘ (5.6a)

El

and for fast human muscle

"A) = 17 — exp (-0.24 — e (5. 6b)
(Asz 177.7 (1 - exp (~0.24 o.19/¢k)} b 0 G |
by not{ng'that for slow muséle\bét = 60- Hz and for;?éstn~

muscle Vopt = 100 Bz (p.85 of [1319.

Next, the méintenance heat rate ék will be considered.
sThis energy consumption reéults from the cyclic interaction
bet;eeé the actin and myosin and should thus be proportional
to the active state, the length of the CE and the mass of
, =

muscle active. ' It has been found that H-iswtime—iﬁdependent

[23]. Hence

= R - 8 .
B T BEM =MD g % G .- (5.7)
where ;£ 'is a constant, f(wi"ﬂg is a (as yet unknown)

'lengthfdependent function, 9y is the active state, andek
-and G  are defihed as ‘before. Equation (5.7) may be

rewrittén using the state variables introduced in Chapter IV

e,
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as

B = I £0q4 40 X9 4k %% G (5.86)

According to Hatze (13], at maximum stimulation rate and at

*

optimum length hk = 0.82 Ak' (approximately) where

-

. A= A Vopt (5.9)

and is. equal to 177.7 W/kg for fast muscles and 106.8 W/kg

for Slow es. Hence

- < 145.7, for fa-st mascles )
k

M =Y s7.6, for slow miscles: M 4 (5.10)

~ The function f(x ) has been constructed .{13] from an

10+k

" -

analysis of the experimental data of Gibbs and Gibson [22]

and after. substitution, equation (5.8). becomes

. - - 2 . ) ‘
e = Bl =586 Gog o /Md™) %0 4k O G (5.11)

< - <
for -0.3 - .?(10 " k/nk - 0.3 ‘
An analysis performed by Hatze and Buys [21] based on .

the results of A.V. Hill [2.‘3] demo‘nétrates tha£ the heat
rate of shortening (or lengfhening) (the biochemical. cause
! * L :
of this type  of heat production is unclear and is itself a-

controversial topj:c {cf. 124])) may be expressed as .

s o | 50.72 * " \ ‘
%7 % % (oo k) M0 4 Mowx (5.12)

e

where k(xl('”_ k) is the length tension relationship given by

t\
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equation (4.17), ck is a muscle specific constant rand the

remaining factors are as defined earlier (*10 +‘kis givén by
(4.16)). It may be of interest to note that in lengthening

X104 k> O XXpp .y

ék < 0 and hence the muscle absorbs heat. This has in fact
k4

been demonstrated by Hill [23].

, 0.72
8
) > 0 so that for 6 (X, )7 70,

-

The wgﬁk rate can be simply stated as

()

4
%;:
Ty
AFd
KN ".

. * w )

We S T X0 ek Pk i Xy 4k (5.13)
SE . . ; et
where Fk “{i' ﬁnﬁJ is given by (5.5) and the heét dissi

pation rate in the parallel elastic element as-
- . hd . PE ‘ < ~
rk = I Ak (xi ’ xl) ' Fk (xi) . . L : ( 5. 1 4 )

This last equation requires some comments since it was noted
earlier that ﬁfm (xi ) cannot be eyal&ated for all the
. muscles. It is anticiéated, hbwever, that neglecting the
terms fj for j ; 1, 2, 5, 6, 7, 10 will not severely hinder

the optimization, especially when one considers that Chow

* iy

and Jacobson achieved reaspnable results by considering only
‘the cémponeng w of the energy consumption. -

6ne further point ~i$ of importance. . Sihcéq we are
'"'dealing with an optimization using “g(x,¢,97 as\an objecti?e"
function, and the absalute value of: |
' thle(x, ¢, 9 dt - -

t . .. .
Q ) ’ .
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is of no major consequence, the constant facters in the
Ek T . ' ~n S " - .
terms of are 1mportant only in that .they give the
| relative contributions of}@he different components of energy

s ¢ e

‘consumption. - *

m

The total 9ne}g¥ consumﬁtion of the muséﬁlature f&r the
present éroblem can now . be easily wriften by the
substltutlon of equations (5 6), (5.11), (5.12); (5.13) and
(5 14) 1nto (5.3) and subsequently‘ihtd (5.1) to produce the

¢ integrand of the objective functishal (2.24); i.e.

) : - sz . X 2
e b 8 = an{[(l - & 02 Tan N, 410,82 - 4,812
o . B . . nk
‘ PP I ,0.72

- xzo+k] 8,8k = [Ck A U LIV
% . . . S’E

* F (%5 x10+k] ey

+ ]Xk(xi: ;{l) le (}S.) S (5.15)

’ 9 > A
N (177.7, 0.19), for fast muscle
where @y, ay) = o (5.16)

- +} (106.8, 0.32), for slow muscle

Iy

.

'Making the variable. transformatibns (3.22) and (4.26) as

before, (5. 15) becomes

3
v

p*:l " g “_.f‘— 161 = et (= = :
z | ( 21' ¢p+j p+j)“4 4 all E*j{}l exp (-0.24 a2,,p+j/¢p+j?}¢Q+J

k]

.

.{ R _ 2 . .
~+(0.82 - 4.81(z,, / "p+j) )zﬁj]ewfp*'j ,

N ZP
B
LR
B - *

LY
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(z 4+] .

'[cod-j %+ %945

+ (2

D+j 44-3 ] 4+j

+ A, (2, FPE(

p+j 1! P+J 1

(5.17)

This then completesk the* derivation of the explicit
forms of all of thé equations necessary for the simulation
up to the point’ of application of Pontryagin's maximum
principle. The "latter will be the subject of the. next

chapter.

LR S U
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( CHAPTER VI

COMPUTER SIMULATION

P ’

6.1 Introduction
J

As discusged earlier, the differentialeequations

derived thus far, and summarized in Appendxx A, were
melemented on a CDC 6400 digital computer usrng the ‘high
level continuous SLmulatLon language GASP IV. _The latter
. uses a fourth order Runge—Kutta numer ical Ldregretion
routrne to solve the drfferenttal equatlons. Tth of course
requxres starttng values for the varxables. Determination
cf rhese starting values wiil peldiscussed later in this
chapter; Implementaticnhpf Pontryagin's maximum.princiéle

- is tedious’ but straight-forward'and is discussed first.
s '
-

6.2 . Pontryagin's Maximum Principle

-

' .6.2.1 Introduction = s

The equations, whose functronal form was shown in’

L

Chapter II, can now be written explrcrtly srnce the set of
N

dxfferentxal equattons has been’ der ived. Because of the

-

1ength and complexlty of ’the equeftxons it is deemedr

!

unnecessary to rewrite the equattons of the pmevrous
&

chapters, It Ls,yhowever, necessary to defrne the ccn]ugate

«

es in cf " ar es z, (i = l, 14)

Nttt Wt e g 3 4 s
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6.2.2 Specification of Equations

Define_the function I (cf. equation (2.34)) as

. 14 - . :
! \' u=0 a a € . ,
where YT (g by e b1y)

2= (21, ooy 274)

y © (¢l7a"‘l ¢g57 917' veo ey 65)

‘and the. functions. %&(z,y) are given by the ﬁifst three

eéuations of X4.27).” The function'éd(z,y) is siﬁplye(cf.

eduation-(2.29)) : . v ‘
‘ ' 2= £z, y) L (6.2)

2

Then'the,conjugate variables can be defined by the

-

following equations:

da “ 14 aza'(z,y) : 3y
H'E"i""&_f_o _-5?:-_ '9(! . : (\sf')

.for L = O, 1,,..2, l4. . It is 1nterest1ng to note . that

‘althOUgh the form of equation (6. 3) Ls relatxvely simple, ,

~each of the 1ndxvxdual equatxons LS exceptxonally long.’ For
example, to write - out . the équatxon for (dvl/dt) would
wqm?equxre approxxmately ten sxngle spaced type-wrltten pages
to . complete. These equatxons have therefore jnot beeh

included ih this thesxs. Clearly, they had, however, to be

¢b@ed foﬁ thewcompptapion. This was’ not as, defLCUlt‘aS may

. .
- [l
Pk e A b . A i e T

LI SR

W A Bk e,

LT
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appear. in view of the above.  Through extensive use of

functional bigcks,”the amﬁunt of coding could greatly be

reduced. The equat;gns contain large numbers of repeated

groups and use could. be made  of phiez fact to reduce

repetitive calculations.
U

(cf. equations (2.36))

d _ 38

' gt %i v

e (L =0, 1, ...,114) {6.4)
LB - d. 2H e .

' O com——— \
JE Yy © z;

where the function H 'is defined as:

H(!.z) = sup 1 (v,z.v)
YEQ s

’ N .
/ -
"

a2 being the hyperplene defined by 0 < 478 < 1.

Eaving‘defined the function ‘1 and -the diffferential'

.equatxons deanLng the’ varxables ¥ir one is in a pOSLtlon to .

_dxscuss the’ phLIOSOphy of the numertcal implrmentatLon of

equatxons (6 4) and (6.5). 'Tth wxll be treated next.,

-

©6.2.3 NumerLcal Implementatxon | o

SRR
varlables have been determlned (tth will

Assumxng for the mOment that the xnxi;el values of the 

Sectxon '6.3. 3) the procedure for deteranLng the varxables)

%

i “z”;rbﬁ; 4“-\LS oatlxned in the flow .chart of FLgure 6 1.

_The equations may now be frit{en in closed form as

e dealt thh in
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@fl‘gt f:eé “to ’f mdi_ the .
I
whfkch mel Les a rranuP).zatlon eftervthe Lntegrat ion, with the
SR e _ Jgepcs -

j':’ _appl Lce:tgﬁggwef:f%;é?z)agam s maximum pr inciple the problem

*””f’: N 'éo;ﬂ*\d;be solved m such a way that an opt LmLzatLon could be >

- “,4;- rftt\ed~ out“et “edch- mcrementallpomt in the._ . - i

':’ , ~r"‘zf..;‘; %I,‘/l;e ,Am—teg,retxpn of the ‘_'c?tfferent fal’ equations was

:;{Mgﬁz}:arrxe[o‘htgﬂus}ﬁg 3 ‘fetuz:th erde‘r Runge-Kutta ‘numerical

R Lntegratldiljéxecedu’re wtu/eh’ ggxmed pa;t of. the GASP IV

o ”i';ivcs‘ifiﬁ/lat' u}n languagej;:‘"“"”{f ) S ‘ : L .

T, 6.2, 4 Op;tlmizatlon ) R PR e .

_ ) ' _ \ The opti;:;xtatxon was Rxmplementeé” usmg the OPTISEP
N ‘:“1-\; Opttmlzat‘f,ﬂﬁl subroutme package developed at McMagh_er- 3

: ) - &

h Unwersxty. ’I’hn.s package allows anlus:onlof the equalxty Ze .
'. y and me&ﬁa‘l Lty constra:.nts dlctated ?y the present ;roﬁlemg:?:‘ - '
o -A dLrect search technLe:;e*wa‘s 'used to fmd the optuna. . | T

Th i is was a relat Lvely fast procedure smce the v-alues of the )
,1ndependent var Lables (m this cese the control parameters ‘ ':

. ’ 4’1 émd 0. ) do not‘ chan‘ge quickly between t«tme ' mcrements. \ .
L Davidon—-Fletcher-Pogll method o | o o - ' \' . \:\‘

v - ) B ST . ! D .

N , KN . *." ) f ~ J » . ) ~ . o N

A w : B



Hence it was' necessary only to search in the immediate

neighbourhood of the values found to be optimum at the last

L
-

increment in time.

-
.~

6.2.5. Comment on.Numer ical Procedure -

Upon careful examination,. it can be seen that the
chosen pfdbegure is not précisely correct due to

discretizatioﬁgé This becomes evident .when one considers

N * *
e

that the numertcal integration and optxmxzaton are not
actually bexng carried out sxmultaneously. The prqbiem
arises from the fact that at each point 'id- time - the
dynamical vafiabléé depend-upoﬁ the control parameters aﬁd
Itﬁewise;the objective functionKof the optimizatfon dependé
dgon;the dydam}callvd;iabies. . The prbcedute'used is
sdmewhatldifgerent‘in that the dynamical vaiiables.fof’th;
next in¢remedt in time are calculated on the'bdsis of,Ehg
’;current values of ¢ 91‘ Then the values .of ¢ and é£ are
updated via the optlmxzatxon. Provxded ‘the the,Lnterval is
‘kept small the error Lntroduced Ls.g;nxmal Clearly, in the
limit, as the txme Lnterval becomes-. xnanLtesxmal,‘ the
“'pfocedure becomes exact. 4 . -

Wlth regard to the advancement of. time it,-ié

N ““’\ . . ’
~. . the use of artlfxcxal statgﬁevents",., That .is, GASP IV~
B R R S L ‘ L "
e -~ ) ’ > \‘2‘\;‘*“1’\ T~ >n. ' ‘.\.“._:;' >
L Rah o TR T e = - .

R : .\wo:thwhxle to 'note that “the GASP v 1anguage allow for.

varxable txme an:ementatxon. Tth 18 amcomplxshed through‘
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allows for decisitons to be made when stete var iables,'or
coubinations thereof, cross_oertain liﬁit}ng‘values. The
timeyincrement is continually'Qqust‘!tﬁo that the croeszug
does nqt ‘occur in the middle of a timeL increment. This
facility was of value in.the preseAt problem due to the
presence.of the arctauh ‘function in equation (4.16). . Tﬁe
argument of ;thfl must remain in the‘open interval (-1,+1).
If the time anrement 5; too large, the nonlinearity of the
equatlons can force the argument inteasibleq and hence the

equations become unstable. Therefore, it is necessary to

. check the argument before the the increment‘is accepted.

In thxs way the ttme step is allowed to remain as Iarge as

possible (up to a leLt of 0.01 " sec ) whllenensurrng the

»

existence of 2 (3 =1, «ccn 5).

‘ 4+3
« @ .
- Appendxx B. shows a‘lrsthg&of the Fortran IV, program

L

used to melement the numerxcal procedures outlined here.
Append;ces C "and D contain lLsthgs of those portrons of

GASP IV and OPTISEP called by the vafrous routines of,ther

b3

@

6.3 Experxmeptally Determlned Panameters and Inxtxal

2

L4

Condrtlons

3

6 3. 1 Introductmon '\l_. ) - Co | m‘

] » \

At this 901nt it must be emphasxzed that the model is’

!
thhly aepenaent upon exper;mentally determined data as_



B

‘evidenced in the preceeding Chapter

considerable number of@ements mus

Since ‘the primary concern here is not

. In order £or the
model to describe the gait of a specific' individual,
be made to obtain

physa.cal data about such quantltles as 1li masses, lengths,

L)

c.g.'s and the muscle? constants dxscusse in Chapter IV.
to model one
individual .specifically, but raii:her to- as\cert‘:ain tne
feasibility of 'such a simulation, it .\:ras decj.d\ed ,th-at':‘\the
Fequi.red eiper’ime‘ntal data woulé be gathered. fr,om. existing
literature and the model would. be run to ‘os imulate the.
locomotion '0of a "hypothetical man". all such data was
che::'kea to'%al idate thei.r’oomp‘atil?il’i.ty, .primarily using a
scaangﬂBy body wel.ght. Tne sources fo}.j the data are given

dur'ing the course of the°d1.scussxon.

6.3.2 Experimentally Determined Parameters:

v

The cons’tants and M™inctions necessary for the ‘model

L4

which requ:.re expernmental evaluatlon WLll be presented i..n

the order . dxscussed prevxously. All units are in the M_KS '

system with angles Ln radians.* Ou'r ”hyppthetieal gnar{" is

. based on the subject " used by Hatze {3,13}. in his’ tifne*

>

I'd
optimality problem. The reason for this is that tye muscle

-

_'specx.f:.c constants, bl, bz, weet Doy, m, n and C'ihave \be,en'

tabulated for the muscles of concern. ' The procedure for

45

B dertving these values Lsﬂvery‘m\{ollved, .indeed, and beyond

-
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the scéope of this work. The interested reader isy however,

referred to Appendix A’ of [13] for a discussion of the

"’ methods involved.

(1)

L

Body-Specific Constants [3,6,13]

"@,

*

. : :
The notation follows precisely the same format

as that used in Chapter II.

Body Weight {W) 87.0 kg = 853.2 N

m

my

L]

LZQ

1
@2

I,

12’

8.375 kg
5.587 kg
0.510 m
0.475'p

10.2208 m
'0.2061 m

i

0.113 kg.m?
0.153 kg.m?

*

" (6.6)

These values. may now be used to deﬁermine the values of

the constants found in thé-dynamibal equations,(}.23)

A, =

A =

O
w
)

I

. ; 2
I, + Mmyaj

T -‘m‘la_l .+' m2Ll
mQ'Qf .

* Carty
= 0.207 m

5
1 ¥ Mpey ¥ oMy =

- =

1.428.270.245"m

1.902 kg.m>

0.327 kg.m

- 4.698 &g-l:ﬂ'

1:152 kg.m
) 2

.

0.587_kg.m

2

{6.7)

(N
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b3

Hip and "Ankle Trajectories » -
- 0 It was necessary to scale these values from
the ;orréspon@lng ones of7[6] since the subject was .
shorter than the present subject, i.e. the sum of the ~
lengths'of the lower limb segments differed.: X
The horizontal 1location of the hip 5£ some
time t 1s given by: (recall that a ‘érescripeé
trajectory has beén applied to the hip so tHat the

position may be described by a constant forward

P

velocity and a.vertical veloclt§ described by a double
per iod sinusoid; see page 36)

. h(t) = h t + h(t)) ) (6.8)

~ , (: o
where ho = 0.857 m/sec

>

and h(tc) = #4.396 m being the hip position at the
beginning’pf the restraint phase (i.e. heel étrike).

The vertical position of the hip at time t ‘has

2
]

been chosen as

L ' sy 4 * )
- Ax ..
v(t) = Vs 8, Sin - (t + g%:)‘ (6.%)
where g, = 0.0370 m ' ..
‘ B, = 0.525 “ T

T ='2.0‘seé (per iod of‘double step)

‘ ' .
and Vo = 0.995 m, being the ‘mean hip he ii‘ above

the ground.' The denefal form of Chow  and Jécobébq‘s

data has been cohf;rmeﬁ'by several authors. A, good -

account. is given ‘in [27]..



The equations given by Chow and Jacobson for

& <

the trajectory of the ankle joint have been found to

be .in, error, These equations lack - the basic

.-

fequitement_of continuity. Hence curves of similar
construction have beén fitted to graphical data

presented in Bresler and Frankel ({28]. During the

R

'stance p

R

haée (énkle-trajectory need’, not be of concern
‘during the swing phase as this is determined by the
dynamics) the .horizontal ankle location is given by

(in meters) , «

<

A

. ;6¢5t
Xs+1 € X

= q(t) = q +0.095(1 - | 0.0 <.t < 1.0

| (6.105
where 9 ;’i.7l(n-;) for the n-th step-and represents
the ankle pogition”hb‘heel strike. For the vertical '

B

position we have. = . o

/ : L
.- fo0.064+2.852(£-0.3)* , 0.0 < t < 0.3

—

= Yepp = P(E) ='<0.064 v , 0.3 < t < 0.55

ko.zo7sln(q.315+5.i69(t50.55)4i,

0.55 ¢:t <.1.0
s | ’ . (6.11)
Equations 16.16) ané (GaIi).are shown graphicaily in
‘Eig&reNGLthqgétﬁe: Qith'iﬁe hip trgjectory (6.8).anq’

r N .
(6.9). . '
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the lengths and velocities of shortening of the

‘

muscles, and thé forces generated across the parallel

elastic elements, and the moment arm functions, as

functions

Lof

the angular vgriables and their

PE PE

der ivatives, except F3 and F4 which are functions of

muscle lengths (recéll that 21 = 24 and éz =z,

ui = 0.800 e °

- (7.9 e

- 2.10 ~(0.300 e

»

=

ug,a —1.25x10?7 e

-3.41z ~15.0z ‘ 2.552
1, 0.084 e 101536 7 {
-2722 1.8z
Lyo09 e Yy s
~ - (6.12)
8.5z ~-2.9z -l16.1z
2, 6.30 e 24 20.1e 2
1.02z -3.432
2 + 1.85 e ~2) 2,
0.287 - 0.0497 z,
0.300 + 0.033 z, _
10.517 + 0.045 cos(1.128z,+0.748)+0.033z,

0,483

0.088

e

—’0.062 cos(1.047z1

+0.07 cos(1.076z,+0.280)

+0.464)

+ 0.019 cos(l.lGOz2

+0.838) (6.13)



88 .

= ~0.04972

A 3

Ap = 0.033z4 ,

by = --0.05123 sin,(l.12821+0.748)+0.03324

g = 0.065z, sin(1.0472,+0.838) (6.14)

= -o.oézz4 sin(1.16022+0.464)

k4
K

5
. ' 90.4(x,-0.58) .
F§E = 5.393 (e 3 ~}) + 257.1 g
e |

23.95 (1 ,=0.48) :

PEE = 64.7 (e 1. ~1) (6.15)
’ 239.8(x 4-0.53) )
+ 0.0068 (e =1)+378.0x 4

d, = 0.024 + 0.‘01882l

~4.33(0.17-2)°2 . 0.036

d, = 0.03 e
a3 = 0.052 cgs (z; - 0.63) - 0.002° ’
i

d; = 0.037 cos(1.309z, - 0.916) + 0.026

2 . 2 --1.18722 ’ A
dy = 0.058(z, + 0.685)° e (6.16)

L]

0.0534 . *
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Muscle-Specific Constants (Dynamics)

The muscle—specifiq constants of eguations
(4.5), (4.16), (4.17) and (4.18) which were taken from
[3) are tabulated in Table 6.1. All values are in the
MKS system of units and hence compatible with o;her
exper imental data. As indicated earlier, an account
of the procedure for determining these values is given
in [13].
Muscle-Specific Constants (Energetics)

In Chapter V it was shown that the constants
have the respectlvépvalues 177.7 and

~— F -
al,j, and a2

r

0.19 for fast muscles and 106.8 and 0.32 for slow

mus¢les. -In the present model, muscle groups 2, 4 and
5 (vastus,, hamstring‘and gastrocnemius) are -compr ised
(pr@marily)’gf fast twitch fibres and groups l.and 3
(iliopsoas and rectus femoris) of‘sléw twitch fibres.
It remains to indicate the wvalues for the constants

—

c:, n.s, and G. for each of the muscles.

3" 73 3 ‘ ‘
It can*easi1;§§§ shown that the constant Cy of

equation (5.12) is equivalent to the constant a in
equation (15) of [21]. .In the same paper it was shown

that

-— g

~@/F 2T = (3 + Pe T e,

0

using their notation, where F is the maximum tetanic

b



9

\) &
Table 6.1 Muscle Specific Constants (Dynamics;) e
j= 1 2 3 4 5
bl,j 12250 13683 2780.7 . 3900 1880
b2,j 0 0.07 0:02394 0 0
b3,j 0 0.14 0.07 0 0
b4,j 3.6327 2.37 3.843 2.31 2.352
‘ bS,j 670.3 3711.1 .875.5 47.04 2970.9
bg,5 | O | -0.00204 | 0.0035 0 0
b7,j 3381.4 13172.7“ 717.7 10?6.4 168.12
bB,j 170.1 53.23 . 27.72 31.9. 250
by, | O 0.14 - 1| 0.07 0 0
blO,j 0 0.0049 0.00057314 0 -0 .
bll,j 0.275 0.19 0.429 0.487 0.087
byz,5 | O 0.5 0.5 0.32 0
b13,j 1 ) 0.?14 - 0.544 0.71 rl
~bl4,] 846.9 0.3267 7 33.143 3.682 h5000.0
blS,j 0 0.7484 0 * 0 0
blﬁ,j 1 123.32 1 1 ‘ 1
b17'3 0 93.824 47:.14 123325 0
biB,j */2 0.67 1.122 1.28 T/2 J
b19,3 437.5 2422.1 571.4 30.7 '1939.1
b20,j 0.024 0.01224 0.0175 : 0.0906 0.0114
b2l,j 0'1632~ 0.1938 0.1585 0.1884 0.;884
b22,3 7.25 13.9 8.29 1.566 12.45
b23)j 0.1088 0.1256 0.1088 0.1256 30.1256
m; 32 125 32 125 125
Ej 2 -2 Bl 1 2 )
€ 5.93 15.8 1.8477 - |3,3 14.7
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-

force produced by the CE at length Ty the\cohstant hio
is equivalent to ithe present ﬁo(ﬁfl) = b4, G is as
used in Chapter V and dendtes muscle mass. T&e
quantitf (g + B) is a muscle-specific quantity, and
has been found to take th€ values 150 W/kg and 24.4°

N

W/kg for slow and fast human muscle - fibres

.. respectively. Since F has been represented here by

the constant b7'j, one may easily deduce that

(§ + h).

2 _ v . .
el = —5-————1 by 5 Gs (6.18)

4,75

N

1

The calcﬁlated values of cj are shown in Table 6.2.
The constant .ﬁj is the optimum length of the
contractile element (CE) (c.f. equation (4.6)). Using

equation (204) of 113} combined with equation (4.9) of

Chapter 1V, 4 may be written as En
. 1/2 L N
= = . . d <1 s
iy = (4 29/b5'3) B {6.19)

Values for g along with values of Gj (muscle masses).

“~

are given also in Table 6.2.
This then is a complete del;neatién of all the
necessary experimentally determined constants and

functions and their respective values.

k-]

L

v,
L4

Initial Conditions

It was. decided to begin the simulation at 15% .6f
" g



a2

xe

]
Table 6.2 Muscle Specific Constants (Energetics)*

92

j= 1 2 3 4 5
a, 5 106.8 177.7 106.8 177.7 177.7
- ’ i .
3y, 0.32 0.19 0.32 0.19 0.19
Cy ‘| 574.0 980.3 126.8 410.7 292.4
ﬁ'j‘ ‘ 0.08 0.034 0.07 0.302 0.038
G; 0.25 0.90" 1.10 1.50 1.40
* All values aré in the MKS system of units.

P o e Aot g+

b R ol

A 1 e

nen Y
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. v
double step period measured from heel strike. At this point

a great deal of u;eful information exists in the literature
"not only about the dynamics of the leg but also about the
‘forée levels in the muscles.
The étarting values for the dynamical variables were
taken from {6] and [27] .combined with geometrical
considerations. Thé values are as follows: (r;call that
doubie»step period was ch?sén as 2.0 sec).
z,(0.3) = 0.5711 radians
z,(0.3) = 0.6886 radians !
z3(0.3) = 2,(0.3) = -0.69 radians/sec ks.zo)
24(0.3) = 52(6.3) =-0.29 radians/sec

. 23(0.3) = -5,.89 radi.ans/sec2
24(0.3) = =]10.19 tadians/séc2

Hav ing vaiues(for 23 and 24 at the starting point enables

one to determine the values of Zgre--12g provided some

furiher information about the muscular forces is available.

This- adstLonal Lnformatlon will be shown in the course of

L

‘the development.

_From the last two equations of (3.23) it is possible

to solve for the functions R; and R, (see page 41) sin&e By

Bz, 83 and 4 are constants once z1 and z, are determxned.

‘Having determined R, and R,, the next two equatlons permxt

solution for the joint torques My and Mz (6 = ¢ =1). These’

values may then be used in equations (3.20) and (3.21) to

50



&
&

*

determine uy anééuz. Seireg and Arvikar [29] were abﬁe te
determine the muscular loads in the 1leg during 1eve1\
walking. They publish absolute values (i.e. forces in kg.).
In order, howeQer, to enable use of the information fér any
we/ight of individual, thé data was transformed into a form
which provides the ratios of the muscular loads. The

results are as follows (the subscripts refer to the muscle

groups indicated in Figure 2.2)

F3 = 0.50 Fyu

F;j =0 _ (6.21)
Fg =0 Y 4
where
- SE
F1 = F
SE
. Fa = Fy .
_ .SE PE
_ SE PE
Fg = Fy" + Fy
. SE
Fg = Fg

and are the force levels in the respe¢ti€e muscles. The
three equations of (6.21) together with the first twa

equations of (4.3) produce a closed system of five equations

SE

: 1, ..., 5)

i

in five' unknowns allowing solution for F

. PE PE . . ,
provided values for uyr Uy, F3 ' 34 -and di are available.

This has in fact been shown to- be the case. It is then. an
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»

easy matter to solve equation  (4.5) for z, using the

+3
values for 1, shown in equations (6.11). v,

It remains then to determime starting values for the

var iables Zq and " 6. (j = 1,;..., 5) and the conjugate

+j' ¥ j
variables. Considering the minimum energy hypothesis
presented earlier, it is reasopable to assume that once the

starting values for the variablesrother than zg+j, 5 and ej’

have been determined, the latter variables must be chosen in
such'a way as to minimize thé instantaneous value of power

expenditure.

.

As an approximation, the assumption is made that the

time derivative of. the var iables zg is small {(i.e.

+]

Zg4320)- Solving equation (4.18) provides a relationship

between 2z and 4.3

9+j /j

o [

. -
b \
for j = 1l,...,5 where ’j is given by 1(4.20) and 1is a
function of ’j‘ It can also be shown [30i that under these

conditions the following holds:

pSE , '

A4 8(Zg44 = 0.005) + 0.005 (6.24)
} ] ) . .

where F is the maximum isometric tetanic force produced by

L ]

the contractile element.

ﬁith theée'approximations the function z(z.¢,§) may be
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written as

5 5 ‘
jil Ej(29+j(¢j), 45 ej(oj)) = jil Ej(tj) (6.25)

bearing in mind that the remaining variables have been
evaluated earlier. Also since the i-th-Component of ¢ is
dependent only upon'¢i, minimizing ¢ amounts to five
independent minimizations in one variable (¢;). A direct
search method was implemented on a Hewlett<Packard model
9830A programmable calculator to produce the required
starting values of Zg4§" ’5 and 6

To find starting values for the conjugate variables v
(L =0, 1, ..., 14) use is made of the cyclic nature of the

present problem. At t = t,, the conjugate variables are

related to the objectivé functional by

-

t

vi(ty) = 53 g(z,4,0:t)dEL (6.26)

L
tO

Also, since the physical situation is entirel& cyclic,

vi(to) = *i(tll' it is then a simple matter to show that at
£ to o

vilty) = €(Zedr0ity) /2, (6.27)

This then completes all the necessary derivation and

eyaluation of variables needed to implement the simulation.

Initial values for all .of the var iables are presented in

Table 6.3.
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Table 6.3 1Initial Values of Simulation Varlablgs* '

——

L z3 ‘ R 3

0 0.0 1 0.3417 | 0.2806
1 0.5711 2 0.4456 0.2882
2 0.6886 3 0.1213 0.0629
3 -0.6984 4 0.3667 0.1415
4 0.2971 5 0.0060 - 0.0001
5 ~0.0165

6 -0.0016 : ,
7 0.0497
. 8 -0.0161 ®

9 ~0.0061
10 0.9996
11 0.8136
12 0.9944 | v
13 0.2469
14 0.9999

*Values for v (t ). are calculated from z,(t.) by the
program. ‘

Appendix E shows the echo check of the input data

for GASP IV and the main program.
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CHAPTER VII

COMPUTATION RESULTS

7.1 Introduction

The derivations of the previous chapters were shqwn to
include: all éhases of the walking tycle - stance, deploy éd&
swing; however, the computation was carried out only to the
end of the deploy phase. The ‘Teason for thié is‘primarily
as a result of the high computation costs of a program as
long as the presentz The simulation of the stance and
deploy phasés required approxima&ély 3.5 hou}s of execdtion
~time on the CDC 6400 mach}ne. It is anticipated that the
swing phase alonenwoéld require considerably more time due
to the necessity of-meeting terminal conditions.

. In spite of the lack’of results for the swing phase,
the computations bf theistance and deploy phases are qutgi
useful on their own. The level of muscular activity 1s far

g

greater during the foot contact portion of the walking cycle

(cf. [27,28,29]).

It was shown in Chapter VI that the starting time of

the simulation was chosen as 0.3 sec. (1.e. 15% of the
| period after heel strike). :!b obtain results in the portion .

0.0 - 0.3 sec., the equations were integrated backwards.

—~— 9

i4d be 1f
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0
< e
conditions at time*to = 0.0 sec. were available.- ,

’

7.2 . .Results

The computation results are presented here in

graphical form for ease of interpretation. The output from

¥

the program was listed on the line printer (examples. of
typical output are shown  in Appendix F) as well as on
punched cards. The plotting was done off line from the data

on the bunched cards. The cards were read on aniHP 9830A
- |
calculator based system and stored in matrix form on disk.
R .

The plots could then be produced in a suitable form|
| |
. |

7-.2.1 Trajectories of Limb Segments

Figurel7.l shows the caf@ulateq trajectories of the
shank and thigh segments as one would expect to® view them
using- interruptgd;ligﬁt photography. (Note: the . foot
segment is shown drawn from the Jnkle to éﬁe toe and not the
sole of the foot) . . For comparison Figure 7.2 shows the

experimen;al.rgsults of Ebérhart‘et.nal. [27]. The portion

‘of the latter correébpnding to the calculated ‘trajectories,

is that Séction between the arrows on Figure 7.2,

. The experimental and analytical results show véﬁy good
ég(geéeqé 1n‘general fofm. The two coﬁld not be expected to
agree exactly due to tl';é unl-ikr;},ihqod of the individuals

having the 'éame lengths of 1limb séghents or of the

99
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Figure 7.2 Experimental Results for Cémparison with Trajectofies
shown in Figure 7.1. (Portion between arrows corresponds
. ‘to foot, contact phase.) From [27]



]

"experimeﬁts" being conducted under the same conditions
(i.e. cadence, step length, etc.).

Corresponding 'to the 1leg positions shown in Figure
7.1, the horizontal and vertical posit{ons of the hip, knee
and ankle are shown as functions of time in Figures 7.3 and
7.4, The reference point férﬁ&he horizontal position is the
“location-of the ankle at heel st{ike, and for the verticél
position the ground was chosen as the reference. Figure 7.5
shows the same functions determined experimeﬁtally Jif}. In
the lgtter, the foot contact portion (up to the'dashed line)
was approximagely 65% of the cycle whereas in the éomp&ter
énalysis 60% cycle was the toe-off time, thus accountiﬁg for
some of ghe dlfferences'between the experimental and
computational results.

Figures 7.6, 7.7 and 7.8 show the angular variables zZ)

and Zgy and " their first and second time derivatives

respectively.

7.2.2 Joint Torques and. Muscle Forces

The active joint €orques uy and u, are shdwn in Figure
7.9. It is interesting to note that the major peaks in‘the
curves coincide very closely to th(;eaks in the f, (t) and
fv(;) curves of Figure 6.3 as one would expect. . These

moments are génerated by the force 1levels in the muscles,

shown 1in Figures 2.10 to 7.14. These graphs 1indicate

Enn * N T to
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force) as functions of time. Since the forces cannot be
directly measured in vivo, discussion of the validity of the
calculated forces 1is left to a later section after the

calculated muscle cpntrols'have been presented. o

7.2.3 Muscular Controls

One of the primary purposes of the present work was to
demonstrate the feasibility of analytically determining the
time course of the muscular controls giving rise to

lacomotion. ‘It was shown earlier that two controls, namely

115

stimulatione frequency, ¢, and motor unit recruitment, g,

were nécessarg to descr;be the control of each -of the

"muscles. = Figures 7.15 to 7.19 show the trajectories of

<

these normalized controls.

It will be noted that in all cases the value of § at

3

any time 1is higher than the corresponding value of g.
Moreovef, the trajectory of 4 peaks before that of 3. Both
of these phenomena can be explained as follows. At very low
" étimu;ation rates, the time interval between -successive
nerve impulses to each of the motor units 1is very long,
‘relativelfhspeaking. IfusimuIEaneously, the‘prqportibn 9 of
éhe muscle being étimulatea is_small, the net effect on the
tendons of the muscles 'would be one of aréther "Jerky"

forces. Hence the frequency is increased substantially with

the appropriate reduction in motor unit recruitment, nbting

¢

" that the force in a motor unit does not vary lineariy with
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frequency.
Considering also equations (5.17), it can easily be

shown -that

agd gl “a
2 3%

= (7.1)

\//

so that the energy consumption dictates that preference be
given to. the highest levels of ¢ possible.’

These arguments and the results of the aﬂélysis are in
complete agreement . with the sugggstions by Hatze {30] that

(at least under isometric conditiohE) at force levels below

approximately 28% of maximum, most of the "controlling" is

L1

accomplished via the. variable ©; i.e. motor unit

recruitment.

7.3 - Comparison of Muscie Controls with the Observable
'It would be desirable to be able to determine a

relationship between the controls ¢ (t) and @ (t) and some

121

measureable signal emanating froff the muscle aﬁd having a

direct connection to the controls. This 1is in fact:.

o

y

possible. ‘Such a signal is the electromyogram (EMG). This,

can be shown in the following way.

Assume that the muscle of concern consists of fast and
slow_ twitch fibres in the proportions ags énd ag
respectively, and let the total cross-sectional area of the
muécle be A; The excitation, €(t),'i_ﬁ that muscle may then

\ v
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be defined by (cf. [13])

€(t) = Gf(t)af¢f(t)vf'6pt + Bs(t)as*s(t’“s,opt . (7.2)

Biro and Partridée (31] have shown that for an appropriate

EMG voltage sample, the variance 0?2 of the sample 1s a

linear function of €(t), i.e.

+ a_b (t)¢;(t)v

2,0, . B
ITE) = K (@ (D) (B) Ve o + a0y )+ ky

(7.3)

s,opt

" wherein k, and k, are constants.. Tﬁé EMG signal, obtained
by means of surface electrodes' positioned at the motor
points of the muscle, may be full-wave rectified épd
electronically integrated over some time intervél At, The

standard deviation ¢ can then be calculated to be

o = UT/0.4034t + 0.0333 (7.4)

~

where U (in volts) ds the-rintegrated EMG signal and T (in
seconds) is the time constant of the integrator. Equation
(7.4) 1is due to Harding and Sen [32]. Cbmbining equations

(7.4) a?d (7. 3), recalling that v £, opt = 100 Hz and!

= 60 Hz, one obtains . Rl

’ 7
F
(u()7/0. 403 2t + 0. 0333) 2 -

s Opt

= kq (100 a8 (£)84(t) + 60 25

o (1o (t)) + ky  (7.5) .
with the constants k; and ky depending apon the apparatus

-

used. Most muscles can be regarded as bi "« ¢ - . F
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sy

predominantly fast or slow twitch fibres (cf. [30]) (i.e.

one type only). This being the case, ag, or a is equal to

S'
unity and equation {(7.5) simplifies accordingly.

Assume that the output of the i-th channel of the EMG

is ©°

; volts when ¢, = 8. = 0 (i.e. muscle unstimulated).

i
Equation 7.5 may then be written as

= - o 2,1/2 _
u,(t) = k3{(k1°i(?)°i(t) + (U;/ky + 0.0333)7) 0.0333}
(7.6)
where kl “optkl and k3 = 0.4034t/T and are constants.

Thén provided the quantity (U(i’/k3 + 6.0333)2 is small
compared to kiégﬁg)¢i(t), and this is usually the case, it
can be~seen that the envelope of the EMG signal is directly
proportional to the guantity (ei(t)¢i(t))1/2.

| Figurés 7.20 to 7.24 show the -square roots of the

products of 8. and ¢, as functions of time. It is difficult

i
and’dangerous to obtain EMG records for the iliopsoas muscle
‘due to .its deep 1lying location, and hence data is
navailable for this muscle. Figure 7.25 shows the results
jg§ibtained by Eberhért et.al. for the calf group (muscle group
5), the éuadricéés group'(muscles 2 and 3) and thé hamstring

. group (muscle group 4). Comparison of(Fiéures 7.21 to 7.24
with 7.25 shows excellené agreementdbefween the aﬁalytiqally
determined contréls and the éxperiﬁentally méasured" EMG

records. ' ‘

It :.i‘s wort f wt T that 1 e 15| T -
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scatter- in ‘the shape of tﬁe EMG envelopes from subject to
subject. Figure 7.26 shows this variability. Hence
difigrencég\befween tﬁe éxperimeﬁtal and computed gesuits
are dpt‘ unexpected. The general trend and phasic natures

are seen to agree closely. ,

13



CHAPTER VIII

CONCLUDING DISCUSSION .

8.1 Introduction

The preceeding chapters have dealt with the
development of a mathematical model 6f human locomotion, its
nun'tlerical implemezntation and .the results . of the ,computer
simulation. : The results were compared to published
exéérimentgf dat& and the-agieement was® found to be well
2 within the limits one might expect purgly on the basis of
subject to—subject dlfferences.

. Thls chapter serves to summarize thé findings and
significénce of the work, suggesting areas 1in which it may

be appiiéd as well as recommending ways it méy be extended.

8.2 sSummary

Initially, 'it was ‘set out: tb .devélop a detailed
mathematlcal model with the capac1ty tq accurately describe
and predxct the physiological phenomenon of walklng. . fhe
model development, although extremely cpmplicated';ﬁd
k23 | .cumbersome, was relatiVe1§ straiéht—forWard. It was done in

such a way as to allow for . déscr1pt1on of . essentlally any

condition of walklng, both ~neormal and pathologlcal.

However, 1in order to validate the model, it had llo be

13



implemented for numerical solution (the reader will have

133

easily recégnized the impossibility of exact analytical ,

solution), and the specific condition of walking had also to
be decided; - a general solution woulé also have been an
impossibility. It was suggested earlier that this condition
ge normal level halking since this woulé be the simplest to
analyze. » -

QIé will have been noticed 'that the period of the cycle

was chbsen)as two seconds. The author recognizeé that this

corresponds to an unnatirally slow gait. .The results from a

faster gait -would have yielded results which would have been
substantially different in magnitude but very similar in

form. ““Neverthéless, the  feasibility has been demonstrated

along with the drastic reduction of\computing time compareé

e B

to previous attempts at similar simulations.
There are otherqdrawbacks of this method of analyéis,

which although are not to be taken llghtly, do not dlmlnlsh

the value of “this resea:cb.» Recommendatlons for means by‘

¥

whichﬁimproiéments can be made in the model~fblloy in the

next,sectlon. *

Attent1on w1ll now ‘be focussed on .some of the

7appllcatxons of the method to ¢linical problems. The first,

one which was’ described jéarlier, is use of the present

mathematical ‘model and its numerical implementation in

L4

¢linical FES prégréms.\ Provided the physical constants_ can



’

be measured or otherwise 'obtained (further comments
regarding this folioy in the next section) sufficient
information canﬁbe obtained éo correctly modulate the
control signals to the appropriate muscles.

Thig can be viewed in the following way. The current
practice of electrically stim*}ating muscles by means of
"surface (or indwelling) electrodes consists of only one pair
5f électrode§ per mgscle (ggqqp). The controls 2 and 8,

. i { ) .
could be considered as the frequency and amplitude,

-

respectively, of the diffeféntial voltage applied to the

"electrodes.. fp this- way all parts of the muscle would

expétience the same frequency' of stimulation but the

' proportlon of the muscle stimulated would depend upon the

amplltude of the 31gnal due to the attenuation of the

voltage spikes as they pass through the muscle. Certainly
multlple\electrode sets would be advantageous, since;'ﬁhen,
the voltage spikes "could be delayed w1th respect to gach
other - producing less "jerky" ‘motion at low‘ mean /Lorce
‘levels. " ‘ 0

The ultimate aim would be ébhiéved if the, model AOuld
be ‘implemented on a small portable dedlcated machlne with
the program runnlng in "real trme” and the boundary
conditions continuously éhangeaple. " Provided g sqiﬁable
"gigital-to—analog prpqess.has been devéloped, the subject

could carry the computer with him dnd the signals éllowinb

134



him to do so would be generated by the computer itself.
This "science fiction" idea is not unobtainable in‘light of

-the success of the present research.

135

A second application of the model in its present form

might be - in the testiqg of .artificial joints. As an
egample, prosthetic knee joints are currently undetgo%?g
continuous dévelopment and improvement. It wquld'be
advantageous if the joints cogld Qe tesfed’in the laborato;y

for longevity before clinical trials are begun. The problem

in doing this is that it has been very difficult to.

determine ‘the actual forces .across the knee joint under

normal walking conditions.  Previous test equipment has

relied upon determination of these forces .based upon the
ground reaction forces measured on force plates (cf. Figuré

6.3). It bas been seen, however, that during portions of

e d
"

the?stance phase mheﬂagonist—?ntagonist musc}e pairs are
both active, particularly at thé,peaks of the groqndiférces
(cf. Figures 7.11, 7.12, 7.13). This being the’ case the net
force across the joint ig signifiéantly.differentﬂfrgm that
- component resulting purely from the grqund reaction. Now
th;é the correct muscle forces ére known! the test equipment

‘can simulate all of the forces on the knee, and the fatigue

of theé prosthetic joints more acc¢urately predicted.

Lower limb prosthesis design could be enhaﬁcgd by a.

slighti& modified version ofs the present model. For the



modelling of locomotion, the limb segment masses,nlengths,
etc. were considered as constants, These could be
cOnsiéered as the variables of an "outer" optimization
wherein the appropriate muscles have been removeé, as in the
case of the amputee. In this way the prosthesis could be
designed in such a Qay as tb minimize the energy consumed
per ‘sﬁep.‘ Of course 'in this case Pontryagin's maximum
principle could not be applied sinée the new ya}iables are
not "controls". The ecodoﬂy of such a design program would

=

have{to be investigated before its,implementation.'

'These have Ben just some of the applicétions of the

present model and are by no means exhaustive. Following
implementation of the recommendations of the next section,

the scope of utility of the model may be significantly

enhanced.:

8.3 Suggestions for Further Work

l

It was noted in Chapter IV that the pretibial muscle

éroup was not included in the mo%el, andﬂthe éﬁoofrlocking"
’assumptioq,wés made. -Froﬁ.the energy consumption point of
‘ »
_view, this is not expected to have a major effect on the
model. Howeiré‘r, for éompletgnqsé as far .as clinical

application is éoncerned,-the"tibialis anterior muscle

Should .be incorporated. This then involves determination of

the muscle specific constants for a sixth muscle and

»~ P T



extension of the model to inclufle two additional controls.

With regard to the muscle. specific constanté and

functions (i.e. 1 ‘., 4@ eté.) it is suggested that an

i’ i’ i

experimental‘program be undertaken to establish mean values
and variances of these quantities. It is moétA;wkward to bé
for;ed to éollect such\déta‘for each indi;idua1;~espediélly
when~ one considers that in .many cases it migﬁt not be -
possible. Collection of the data on an individual who has
already suffered some trauma affecting the leg musculature
can be very diffic&1£ indeed, if'aﬁ all)possible. It would
be advantageous to be able to draw upon a bank of data
pr;viously gaéhered:
V Recently Hatze [33] has modified the control model, of
skelétal quscle with deménsérated success., Although the
current mo@el appears to yield satisfactory resultsg, the nmew
mogel, though ﬁore general, 1is éomewhatmsimpier in form.
The reduced compleiiQy might signifiéantly“reduce the
computation times i&vblveé': ;n‘ - the simulation.
Implementation of the new model would involve considerable
moigzjiltion t; the program but éhé chanéés in the
theoretical ‘derivations would be minimal.

P At this point, modifications to the solution élqoriéhm

. could be inég%porated to improveigoﬁvergenge in the swing

v phasé {taking into account términal conditions).

One further suggestion for modification involves the



/X

specification of walking spéed, éadeﬁée«and step length. It
i known that these three parameters are not independent. In
fact, the cadence and step .length are linear%y proportional.

and each is proportional to’tﬁe square root of the walking
speed. - Moreover,  the 'mean height of the hip abov; the
ground and the amplitude of oscillation of the hip about
this mean are also related to walking speed. . Provided
guitable €xpressions could be f;und, it would 'be
aavantaééous to be able-to‘specify onl& the- walking speed,

and with hha,physical\contants knbwn, i.e. segment';engths,

foo£ 1enéth etc.,ﬂ the remaining Qarametérs could be

”~

calculated. , . )
) p ‘ v

With the foregoing suggestions incorporated into the
model, the applications seem almost limitless, and a
significant improvement in the progress oﬁ“réhab;litatioh

.

programs becomes imminent.
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/APPENDIX. A

SUMMARY OF EQUATIONS OF MOTION AND ENERGY

Dynamical Equations:

\

331
24
2" [R,B, + R;B.]

171 ¥ RaP2
A YR8, + RB.]

1°2 * Ra2P3 J

v

-pe+2 z, sin zzh(z4:-a2z3)

a(Ce sin zi - F%+1 cos ;1)’(v + g) +,M1~

“3542 zg sin z, - CF_.+2 cos z, (v +g) + le *’:‘:%.
A6+l BZ = A6+i * Ce#Z cos 2z,
2
A= BT B3 - B2
.
: body-specific constants

144

(3.23)

n(;

G



v(t) = B 51n 5t + 82 r) . o
M. =u. + P . MG

+ X6+1 (26 cos z, + £6+1 cos(zz-zl))

P 8+1
. Mz = Uger * Use1 "M Yag R SIR(Zp02y)
" X541 Faep €08(25-2;) )
Yse1 = £y Xse1 = %y
1 3 O A A
M, = ff (x6+1 6+‘1)'+ £ Oser = Yeu1)
P P ]
I')' ua(zi)r u6+1(zi)
¥ fﬁﬁt), fvéf) . . to be experiménfglly determined

-
»

P o P ..
X531 (8] Yy (8

. d '

“Constraint ReLatigps

a) Stance Portion (t <t<t))

L &~

§ %)

13

~

i

S2 (z; t)

p(t), (t) to be experlmentally determined

-

-8 (z5t) = 0 ;)

§,(z;t) z 0

RE o)
ct

“‘ 1 ’ zz(t);o ‘ P

<
-

6 1 (2 sin 24 7}£5+1 51n(zz-zl))

V(L) + L5 08 z) + £ 0 cos(2,-2,) =V * p(t)

h (f +t) % L5 sin zi “ fe1 $1n(z2 1) - q(t) -

145

(3.10)

(3.20)

(3.21)

(3.39)

(3.33)



a

'b) ‘Deploy Portion (t' < t < t!)

18,2 2 ‘

s 05, - @HZ e v - ve? -

Sgﬁz;t) = 26 + L

2
_— (h1 - hot) + 226 £6+1 cos z,

- 2(v1‘- v(t)) [26 oS z; + oo cos(zz—zl)]

- Z(hl - hot) [2.6 sin z, - 2641 51n(z2-ql)]

(3.28)
. , >
vy = v(t') + 25 cos zI(Ef) * g §9§[z2(t')-z1(tf)]ﬂ ST
[
16 . , : ’ ’
+ da sin a(t’): ‘ (3.26)
v ‘V f. L3 - 7
hy = hyt' + %s sin zl(t') - 26;1’51n[22(t')~21CtL)] .
+ &% cos at) S G2
L ' , )
a(t') = ada”t RED
) ' o
a(t) =~ cos™! [h, - b (t) - 2. sin z.
d16 i [¢] 6" 1
G: . p
* Asey Sintzy-2;)] (3.27)
. , , Al
Ss(z;t) =0 ‘ E ) )
(trct<tmy - (3.29)
- 25(t) > 0 ‘ | -
c) Swing Portion (t" < t < tlj ;
S4(F;t) = v(t) +f£6 cos z, '+ 26+1 cos(zz-zlq
26 . ' .
+d° sin g(t) - v {3.30)
" a ag O : .

- ‘. » . v



iii)

1

"V)

/, 4+j

29+j

%14+3

' s4(z;t)[§_o . , (3.30)
(t" <t i tl) ’
2,(t) > 0 (3.32)
]
+ & . .
Dynamical to Muscular Coupling Equations
_ .SE SE. _PE SE , PE ’
Us N Fp+1 dp+1 +H(Fp+3+Fp+3)dp+3 - (F 4-4 p+4)dp+4 . 4.%)
- _SE SE 45+, oSE: '
Yse1 T "Fp+2 dp+2 (Fp*3 p+3)dp+2 (Fp+4 p+4) p+4 p+5‘,p+5
dj'(zi)
. _pg to be experimentally determined
Fy (Ak Ak)
< )
-Musculo-Mechanical Equations
SE 4 -
1. C Fp+j0‘p+j zd+j) _
- Couj i I K(z,, ) [1-b2 ./ (2 2172, !
I, 1, p+J (Z4+J [ 2,p+j 4+J 3,p+j 14+j -
N 2..] .
X tanh(b4 ~'_Je)cp[ 5 p+J( 4+3 bg p+J) -1. 43(z 1) ])} (4.16)
=ms NJ. - zg+j} ‘(4-13)
=8 .z +0.005 ' (4:30)

Cgt) =0y ¥ 25(E) - ‘zl(t) - 12"- | ‘u .

SEY) = (e O = (€ Ha ) - 2, + §

p+i “9+]

for j =1, ..., S

where: e o



SE  _ 2

. 1/2
ov5 = 27,003 [P Pg g5 Thous™ (240509, 05 ) 1711

F P11 2P*]
- (4.5)

P10, 0+3

I

, i ot
k(z4+j)’= blz,p+j + b13,p+j (exp{ b14,p+j[b15’p+3 16,p+3(z4+3) 3]

x sinfb,.

17,045 24+j * b1§,p+j] ' (4:17)

Y ‘ 2
0, = 0.5025+0.4975tanh[19.3{exp (-byg 5 [24,5Pgg p43] )}

x {¢O+j ) b21,9+j [exp(‘b22p+j z4+j)] - b23’;+j}] y (4.20) P

and.b n ., C...are muscle-specific con-

I
1,0+] 23,0+3" Tp+i’ To+j’ Tp+]
stants whlch along with A (zl,zz) must be determingd

‘ experimefﬁfily.
SE §+1 -~ P ,a
Fo+s (A p+5’ z9) 2 M - ?u,6+11/dpf5 (4.28)
v) .System Energé;ics
5N ) t ' .
. - 5 _p+j -
.’. E(z, ¢, 6) ét .’. [;21 & (zia ¢p4j, eo*ji]’dt
t - t , - .
o - o , '
where ot
pi L3 ' . d
3 al,p+3 [{1-exp(-0. 24- az p+3/¢ J)} ¢p+j
— ‘
+ (0.8% - 4.81 (z4+J p+J) %, 9+J] °p+3 o3
(5.17) -
| 0.72 ' SE B
) f‘fw’ oug Cong) T g sy ‘4+:” 443
- 1, ) Fros(zy)

z.
+J 350 %4



(177.7, 0.19), for fast muscle
S (5.16)
(106.8, 0.32), for slow muscle g

.» G__. to be experimentally determined

-

Ap+j(zi’ zi) = )‘p“+j (zl, 255 2z, z4) found by d1ffere=nt1at1ng the
experimentally determined functions Aaﬁ(zl’zz)' *.

Note: 1In all of sections (i) to (v) the values of §, ¢ and
p are chosen so that

L]

(1, 1, 0), for left leg
(8, &, p) = “ o ‘ .
(3, 4, 5), for right leg .

agd the simpulation is carg}ed out for each ieg independenflyy'
if there are signifiéaé; dif%erence; between them., Otherwise;
Sna‘simulation is sufficignt with the knowledge that the
‘'walking pattern diffefs_by’a 180° phase shift between legs.
‘y;t is of course imperative that starting values of

the functions zlﬁﬂ, .N.,ZIAUQ be known at time t = to.

o
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PROCRAM MAIN( INPUT, OUTPUT, DATAL, PUNCH, TAPES= INPUT, TAPE6=OUTPUT, TAPMAL

1E7=DATA1, TAPES=PUNCE) ﬁ}

c . ) « , .
CrxxxTHIS PROGRAM INITIALIZES THE COMMON MAX
CxxxxxBLOCKS USED BY GASP IV AND PASSES MAX
CxxxkxON THE LOGICAL UNIT NO*S OF READER MAI
Cxxka*AND PRINTER. CONTROL THEN PASSES TO MAI
CRRERXGASP IV. - MAX
c ) _ MAI
DIMENSION NSET(35009) -, ) MAI
COMMON QSET(3009) MAI
COMMON ~CCOM1/ ATRIB(28),JEVNT,MFA, m: 109) , MLF( 169) , MSTOP, KCRDR, NMAI
1NAPO, NNAPT, NNATR, XNF IL, NNQ( 100} , NNTRY, NPRNT, PPARM( 50, 4} , TNOW, TTBECMA
2, TTCLR, TTFIN, TTRIB( 23) , TTSET MAX
COMMON ~GCOM2~ DD( 189) , DDL( 100) , DTFUL, DTNOW, ISEES, LFLAG(50) , NFLAG, MAI
INNEQD, NNEGS , NNEQT, SS( 198) , SSL( 168) , TTNEX MAI
COMMON ~/CCOMS/ AAERR, DTMAX, DTMIX, DTSAV, 1 ITES, LLERR, LLSAV, LLSEV, RREMAI
1RR, TTLAS, TTSAV MAL
COMMON /CCOM4~- DTPLTC 19) , HHLOW(2S) ,HEWID(23) , I ICRD, I ITAP( 10} , JJCELMAI"
1(308) , LLABC(2S,2) , LLABH( 28, 2) , LLABP( 11,2) , LLABT(25,2) , LLPHI( 10) , LLMAI
2PLOC 10) , T, LLSUP( 15) , LLSYM( 10) , MMPTS , NNCEL( 25) , XXCLT, NNHIS, mum

3T, NNPTS( STA, NNVAR( 10) , PPHI( 10) , PPLOC 10)

COMMON /ccom/ 11EVT, 11SED(6) , JJBEG, JICLR, MMNIT, MMON, NNAME(3) , m«mﬂu
11, NNDAY, KNPT, NNSET, NNPRJ , NNPRM, NNRNS, NNRUK , NSSTR, NNYR, SSEED( 6) MAI
COMMON ~GCOM6/ EENQ( 109) , 11NN( 100) , KKRNK( 160) , MMAXQ( 100) , ORTIM( 100MA T
1) ,8S0BV{ 25, 5) ,SSTPV(25, 65 , VVNQ( 100) MAX
¢ EQUIVALENCE (NSET(1),QSET( 1)) - MAI
- » MAI
NCRDR=7 : MAI
NPRNT=6 n . ) MAI
CALL CASP . ‘ MAL
STOP : : MAY

. END . : HAI

ir

10
ae

5
60
- 270

90
100
110
120
130

130

160
170
180
199

210

23¢
240
2590
260
270

290
sie

320
33e



t

-
a

c \

. CxioxxxTHIS SUBROUTINE IS CALLED BY CASP IV . INT
CiokxxxTO SET UP TIME EVENTS' SO THAT TIME , INT -
Gk [NCREMENTS COINCIDE WITH SPECIFIED ) INT
Gk TTMES, VIZ. TPRIM, T2PRIM. ~ INT
Cxkkk INITIALIZATION SUBROUTINE IS ALSO CALLED . ;Nn:{'
c

COMMON ~/GCOMI~ ATRIB(2S),JEVNT,MFA, MFE( 109) ,MLE( 168) , MSTOP, NCEDR, NINT
1NAPO, NNAPT, MATR.NNFIL.NNN 109) MTRY.KPMT PPAEH(50.4) TIOW.TIBEGINT

2, TTCLR, TIFIN, TTRIB(28) , TTSET INT
COMMON /TIME/. TINIT,TPRIM, T2PRIM, TEND S INT
C " y
CALL INPUT INT
CALL SET INT
¢ . . . , INT
Chxx«*SET UP TIME EVENTS . INT
c ‘ . INT
ATRIB( 1) = TPRIN : INT
ATRIB(2) =1, ’ INT
CALL FILEM (1) : _ INT
. ATRIB( 1) =T2PRIN . . INT
ATRIB(2) =2, . ‘ INT
CALL FILEM (1) INT
ATRIB( 1) =TEND . , , InT
ATRIB(2)=3. = , A INT
CALL FILEM (1) . o INT
RETURN “ INT

END ) - . INT

i)



'Y <

¢

~ SUBROUTINE LNPUT 4 }g
c 3
cm'mxs SUBROUTINE 1S USED TO INITIALIZE “~_. INP
CikickkALL VARIABLES AND CONSTANTS. CALLED INP
CexxxxBY INTLC ../ }g
c
COMMON ~GCOM1/ ATRIB(23), JEVNT, MFA, MPEC no) . MLE( 100 , MSTOP , NCRDR, NINP
1XAPO, unm.m:ummm.na( 100) NNTRY, NPRNT, PPARM( 59, 4) , TNOW, TTBEGINP
2, TTCLR, TTF IN, TTR.B(25) , TISET INP
COMMON ~GCOM2/ DIX 169) , DDLC 100) DTYOL, DTNOW, ISEES, LFLAG(56) , XFLAG, m*
1NNEQD, NNEOS, SNEQT, S8( 169) , SSL( 169) , TINEX .
COMMON /BODCON/ B(26, 5)..\1 A2,C1, cz €3, GRAV . uu-
COMMON /PHYS/ ALLI.ALLZ INP
COMMON /ENERCY/ ABAR(Z,%),C(5), m'Aun GG(B) INP
COMMON /TIME/ 'rmx'r‘mm.mm.mn INP
COMMON /WALK’/ BETAl,BETA2, TAV, XHOR, VMEAN, XNOT INP
COMMON /FOOT/ DALPH1, DALPE2 INP
COMMON ~/OPT/ RMAX(1@) ,RMINC 10),X, NCONS,NEQUS, IPRINT, IDATA INP
COMMON /MUSCLE- PPHI(S), PTHETA(S) , PHILAS(S) , 'mm.asus) INP
COMMON /GAST/ FSE,NFSE R INp
COMMON ~VARIAB/ ALAMB( 19),D(23),DLDZ(4, 10) Ixp
. COMMIN /EXPT/ FPE3,¥PEA, DEPE3(9) , DFPE4(9) ,UP1,UP2,DUP1(4) ,DUP2(4) , INP
ispce; ,DSD(6,9) INP
COMMON /FORCE’ TSCALE,VSCALE, BSGALE xscm.n Tri, T2, TT3, TV, TH, TX, ¥V INP
COMMOK /MODE/ MODE, IMODE e
COMMOXN /SAVE/ SAVTIII, OPTTIM INP
LOGCICAL IMODE,LFLAG INP
DIMENSION X(6), FSE(S), TT1(45), TT2(47), mua). 'rvus). TH(47T) , INP
1 TX(18) - inp
c DATA RMAX,RMIN/10%1.0, 10%0.0/ ing
. NP
CxxicreREAD INPUT DATA ' hn;
c
READ (7,60) ((B(I,J),J=1,8),121,26) INP
READ (7,70) Al1,A2,C1, 'c2,c3, ALL1,ALL2,CRAV, ¥ INP
READ (7,80) (ABAR(1, n, AnAmz n CCIY ETACI) ,GGCIY, I=1, s) IXP
READ (7,99) 'rmxT.’rram.mnm,m INP
READ (7,199) BETAI,BETA2, TAV, XHOR, VMEAN, XNOT INP
READ (7,110) DALPH1 , DALPH2 INP
READ (7, 120) u.ncons NFQUS, IPRINT, IDATA, INNDEX, MAXM IXP
READ (7, 139) F,FG,R,REDUCE IXP
READ (7,140) (XC(I1),1=1,6) INP
READ (7, 150) “TSCALE, VSCALE , BSCALE,, XSCALE INP
READ (7,160) (TT1(I),TV(I),I=1,458) o INP
READ (7,160} (TT2(I1),TH(I),I=1,47) Inp
READ (7,160) CTT3CI) , TX(I), I=1,18) INP
DO 19 I=1,5 INP
~ READ (7,170) PTHETA(D) ,PPHIC(I) - INP
10 CONTINUE INP
c . IXP
CxxxxxPRINT OUT tzmrr DATA \ ig
¢ WRITE (6,180 (I,(B(I,J),J=1,5),I=1,26) IXP
WRITE (6, 190) Al,A2, c1,c2,C3, ALL1,ALL2,GRAV, W INP
WRITE (6,200) (I, ABAR(1, IJ,ABAR(2,1),C(D), ETACI) ,GG( D) , I=1,5) INP
WRITE (6,210) 'rmrr.mxu.mnm.mn INP
WRITE (6,220) BETA1,BETAZ2,TAV, VMEAN, XHOR, XNOT INP
. WRITE (6,239) nmm DALPE2 INP
WRITE (6,249) X e
WRITE (6,23@) -TSCALE, VSCALE, (TT1( ) ,TV(1), I=1,48) INP
WRITE (6,26#9) TSCALE,HSCALE, (TT2(1), TTHCY) . I=1,47) INP
. ¥RITE (6,270) TSCALE,XSCALE,(TT3(I) TRCD) . 121, 18) INP
-. WRITE (6,300) Inp
- MODE=2@® . INP
DO 20. I=1,16 . INp
.| LFLAG(D)=.FALSE." : . NP
20 CONTINUE q . .o : e
§SC1)=X(1) ‘ ; INP
§8(2)aX(2) - . : Inp
. 88(3)=X(P) : . INP
SS(4) =X(4) ) , . . INP
- DD(3) =X(5) INP
: DDC4) = X(6) Ixp
c - INP

10
30

1
60
70

90
1090
110
120
130
149
130
160
170
180
190

210

249
259
269
' 276

2990
309

+ 319

3830
340
380
360

. 870

390

410
420
‘430

450
460
470
480
490
5eo
510
520
530
540
550
560
570
z8e
59e
600
610
626
630
640
680
660
670
680
690
700
710
720
730
740



CxxxxxEVALUATE EXPERIMENTAL VALUES
C

CALL DLVAL
CALL DLAMB

¢ - CALL EXPT

gxi*zaxnvxnr DYNAMICAL EQUATIONS.
KX X(2) -H( 1) N

TCI=COS(X( 1)) .
TSI(=SIN(X( 1)) '

TC2=COS( X(2)) ) ‘ .
T82=SIN(X(2)) :
TCX=CO08( XD

TSX*SIN( XD

BBI=A2 '

BB2= A2+C3¥%TC2

BB3xAl+2. %C3¥x1C2

YG= VDDOT( TTBEC) +CRAV
RixX(3)%BB3-X(6) *BB2

R2=-X(5) *BB2+X( 6)%BB1

AM13R1+CIAN( 4 ¥TSIN( X(4) ~2,%X(3))
AMi=AMI+(C1%TS1~-C2%xTC1) ¥VC

AM2% R2+C3%( X( 3) %x2) xTS2+CIXTC2RVG
YD1=FVERT( TTBEC)

XD1=FRORZ( TTBEG)
AM21=YD1*ALL2*TSX
AM22= XD 1 %ALL2%*TCX

AM1 I»YDIALLI®TS1~AM21
AM12= XD 1 RALL 1xTC1+AM22
AMALPH= YD 1%¥( XP{ TTBEG) -PP( TTBEG) ) +XD1x( QQ( TTBEG) -YP( TTBZ®) )
Ti=AM1~UP 1-AMALPH-AM11~-AM12

U2= AM2-UP2+AMALPH~AMZ2 1 +AM22
FBAR=3, 62279781

C*****CALCULATE FORCE LEVELS s

FSE(3) =@. 095XFBARXB( 7, 5)
F4= ( U2-FSE(5) *8D(6) 3 /(SD(5) ~9 . 0@*SD(2) )
F3=(U1+F4*(SD(4) ~3.9693SD( 1)) /(5D(3)~0. 441+6D( 1))
FSE(2) =9, 00*F4-F3

FSE( 1) =9, 44 I*FSE(2)

- FSE(3)=F3-FPE3
FSE( 4) aF4-FPE4
‘DO 30 Ix1,5
Jeas] ,

K=20+1 ; -

Ti=ALOG(FSE( I) /B(7, 1) +1) : ~

T1=T1/B(8, 1)-ALAMBC ) +B( 11, I .

$8(J) =SQRTC T1%x2+B( 18, 1) )~B(9, I)

IF (B(9,1).EQ.0.8) §8(D=-T1 °

TEMP=EXP(-B( 19, 1) %(88(J)=B(20, 1) ) **2)

TEMP1=PPHIC 1) ~B( 21, 1) %( EXP(~B(22, 1) ¥58(J)))-B(23, I)-

SS(K0 =0, 5023+9 , 4A97S¥TANH( 19, SXTEMP*TEMP1)

WRITE ¢6,288) I,PTHETACD) ,PPHI(I),SS(D N
30  CONTINUE : ’

WRITE (6,319)

PO 40 I=1,5

L=1+4

FHILASC I) =PPHIC I)

. THELAS(C I) *PTHETA( 1) :
FI1=FSE( 1) /(FBARXB(7, 1))
WRITE.(6,290) FSE(I1),¥1,88(L),1

40  CONTINUE
. . IMODE= TRUE.

C .
gtm*cALCULATE REMAININGyVARIABLES

CALL’.STATEY ¢ IMODE)

DO 50 J=1,

LzJ+1® .

AR=2DD(J¥ . . o

IF (AR.EQ.9.0) AR=1. Eré% -
* §S(L) =DD( 19) /(9 . 0%AR) : .

.

PR,

750 -
760
770
780
790

aie
a3e

86¢
860
870

896
900
%10
920
938

950
960
970
%80
9296

1010
1020
1630
1049
1050
1060
1070
1080
1099
1190
1110
1120
1130
1140
1150
1160
1170
1180
1190
1200
1210
1220
1230
1240
1250
1260
1270

1290
1300
1310
1320
1330
1349
1350
1360
1376
1386
1396
1400
1410.
1420
1436
14490
1480
1460
1470
1480



-

<. B " INP

590  CONTINUE oo C = INF 1490
S8(20)=~1.0 .o " INP 1500

c - , : : - INP 1510
CxaaxsRECORD INITIAL VALUES : . INP 1520
c R - I 1530
SAVTIMeTTBEC .= - INP. 1540

. OPTTIMeTTBEC e . e INF 1530
DINOW=9. 0 : T INP 1860

CALL URDER . A e . INP 157¢

. CALL SSAVE o e © INP 1586
IMODE= . FALSE. - L . INP 1390

LFLAC( 17) = . TROE. _ INP 1600
RETURN 3 1& 1610

c \ . : . IXP 1620
c ‘ L . INP 1630
60  FORMAT ((5F12.5)) — - INP 1640
70 FORMAT (4E11.4/4E11.4/E11.4) ° .- , INP 1650
80 FORMAT ((SE11.4)) ) ' INP 1660
99.  PORMAT (4F3.3) ' INP 1670
160  FORMAT (6E12.5)" ‘ ! , " INP 1680
110  FORMAT (2F5.3) . INP 1690
120  FORMAT (7I3) INP 1700
130  FORMAT (4FS5.3) oo INP 1710
140  FORMAT (6F7.4) ) INP 1720
. 150  FORMAT (4E11.4) { INP 1736
160  FORMAT ((2B11.4)) - : INP 1749
170  FORMAT (3r11.8) - INP 1750
180  FORMAT ‘¢ 1K1, 6X, 1H1,9K, 6HBC I, 1) ,6X,6HB( I, 2) ,6X, 6HBC I, 3> , 6X, 6HB( I, 4) INP 1760
1,6X, 6B 1,8) /7, 1X, 26(BX, 12,8X,5F12.5/7, 1) INF 1770

190  FORMAT ¢ 1H1,2X,3HAl=,F9.4,5X, 3HA2=,¥9, 4, 5X, SEC1=,F9. 4 5X,3HC2=,F9, INP 1790
o« 14 ux.sncat.n.as.//lx.smx-,m 4, 3X,SHALL2= .F“-‘l.//,IX.liMAV* FOINP 1796
2.4,6X,2HVs ,F9.4//) INP 1000

206  FORMAT ( 1HO,5X, LHI,5X,9HABAR( 1, I) ,2K, 9HABAR(2, I) , 6X,4HCC I) , 7X, SHETINP 1810
1ACD) ,BX, 8BCGC 1) /7, IX, 5(5X, 11,6X,FB.4,3X,F6.4,6X,F8. 4, 5K, 76, 4,4X, F6INP 1820
2.4//7,130) INP 1830

216  FORMAT ( 1H®,GHTINIT=,¥?.3,2X, GHTPRINe ,F7. 3,2X, 7HT2FRIM®, F7.3,2X,SHINP 1840
_ ITEND=,¥7.3/7) . INP 1850
226 - FORMAT ( 1HO,6HBETAL=,¥8.5,2X, GHBETA2* ,K8.5 ax.-sn'rm-.mas 2X.6HVMEINP 1860
1AN=, F8.5//,2X, SHXBOR= ,F8. 5 , 3X, SEXNOT=, F8.5..) INP 1870

230 / FORMAT ( 1H®,7HDALPE1=,F5.3,7X, 7THDALPR2= , 5 .3//) INP 1880
FORMAT ¢ 1H®, 6BSS( 1), ¥8. 4, 2X, 6HS8(2) = ,F8. 4,2X,6HS9(3) =, FB. 4, 2X, 6HSINP 1390
18(4) = . ¥8. 4, 21, BHDI(3) = _F8. 4 ,2X, 6HDD( 4) = , 8. 4) INP 1900

25¢  FORMAT (1Hi,7HTSCALE=,¥7.8,2X,7HVSCALE=,F7.5,//,7X, HTT1, 9, 2HTV//INP 1910
- " 1,1X,48(2F11.4/, 1) INP 1920
-~ 260 FORMAT ( iHI,7HTSCALX=,F?.5,2X, 7THESCALE= ,F7.5,// n.sm'rz 9X,2ETH// INP 1930
Y, 1,1%,47(2F11.4/,10) INP 1940
270 FORMAT ( 1HI, m-r.n.s.zx,vm;scm- ¥?.5,//,7%,3HTT3,9X, 26TX// INP 1950
I, 1X, 18(2F11.4/130) INE 1960

280  FORMAT { 1B®,5(4X, I},F13.8,F15.8,F13.87)) \ ' INP 1970
29¢ FORMAT ( 180, 3F13.6, 19) INP 1980
308 FORMAT ( 1E1,4X, 1HI,4X, 9HPTHETAC I} ,7X, 7HPPHIC I , 6X, 7HSS( 1+9) /) INP 1999
310  FORMAT (1E-,6X,6HFSE(D), ax.unrsmnxmm.a&vmszg—n 8K, 1Hl/) NP 2000
10

L]



A\

SUBROUTINE SSAVE .

CMIS SUBROUTINE IS USED TO RECORD
Gk INTERMEDIATE RESULTS FOR PLOTTING.
cmmxnn RECORDED ARE:

LEVELS FSECI) I=1,...,8
GWIHP POSITION- X(1),¥C(1D) -
CxxxkaxkKNEE POSITION XX,

Mm POSITION X(3),¥Y(3) ! Yoo

"7 COMMON /GCOM1/ ATRIB(2S),JEVAT,MFA,MFE( 100),MLEC100) m ncmn,m

1NAPO, NNAPT, KRATR.WIL.MG( 109) nmv.xrrm PPARM( 50, 4) , 'mow.mncssn..

2, TTCLR, TTF IN, TTRIB{ 2%) , TISET

COMMON /CCOM2/ DD( 109) ,DDL( 169) , DTFUL, DTNOW, ISEES, IJ'LAG(UO) RFLAG, 88A.

1NNEQD, NNEQS,, NNEQT , S8( 109) + SBLC 100)
COMMON /MUSCLE/ PPHI(G) PTHETA(S) , PB-!LAS(B) THELAS(S)
COMMON /PHYS/ ALL!,ALL2
COMMON /TIME/ TIBIT,MIH.T!PR!H.«MD
', COMMON /PSAVE/ XV1,XH1,SICMAX
COMMON /WALX/ BZTAI umz TAV, XBOR, VMEAN, XNOT
COMMON /¥FOO0T/ DALP] DALPM N
COMMON /MODE/ MODE, IMDB ’
COMMON /GAST/ FSE(S) ,NFSE
COMMON /EXPT/ FPES,FPE4
COMMON /SAVE/ SAV'I’I!I.OPT!'IH
LYLAG,PUNCH, IMODE
DIMENSLION X(3), Y(3), Z(7)

AR

1  CONTINUE » , s

()] .
gmru{cm OUTPUT FOR FUTURE USE.

PUNCH=, TRUE. : .

Do 26 1=4,8 “
ZCDSFSECT) . n

IF (1.EQ.3) Z(1)sZ(I)+FPE3

IF (]1.2Q.4) Z(I)=Z(I1)+FFE4 A '
CONTINUE :

X( 1) = KHORXTNOW+XNOT . " ‘

Y( 1) = VMEAN~-VBAR( TNOW) v

X(2)=3( 1) +ALL1*8INCZ(1)) -

Y(2)=¥( 1) ~ALL1*COS(Z( 1)) T :
ZZ=Z(2) ~Z( 1) . i ; .
X(3)=X(2) +ALL2*8 IN( 2Z) . - .
Y(3) =2 Y(2) ~ALL2%COS( Z2) . ~ ) ’
WRITE (6,66) TROW,MODE- . :

IF (PUNCH) 'WRITE (8, 116) mov.mnz . «
WRITE (5,78) (XX(D,Y(D,I=1,8) . - . .
17 (PUNCHE) WRITE (s.ta) XD, XD ,I=1,3)

WRITE (6,80) (PPHICI),I=1,8) .

IF (PUNCH) WRITE (8, 180) (PPHIC n, [=1,5)

WRITE (6,99) (PTHETA(I),I=}1,8)

IF (PUNCH) WRITE w.un) (men(n 1-1,3) .

WRITE (6,100} (Z(1),I=]1,8) K .

IF (PUNCE) WRITE (8, 16@) (Z( n I=1, 5) T X
WRITE (6,130) (FSE(]),1=1.8) , . ,

Ir (Ptmcm WRITE (8, 160) (n:tn I=1, m .

%

e WRITE (6, 140) (8S8( I) I=1,4)

IF (PU!!CB) WRITE <8, 150) 9813, 181.4) DD(3) . DDC4) o
30 I¥ .(DTNOVW.NE.0.9. on.'mnr.n.omxm GO TO Bo
DO 40 I=1,9 - ,
. LFLAG( 1) =,FALSE. . . . .
‘49 ' CONTINUE . ‘ ‘ . ’
‘50  CALL onmm N
© RETURN » . ”

S5A

510



60
70

990
100
f10
120
' 130

150
160

e

FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
END

N

(iHt,///,.8%, 201 , 2%, F8.3 ,2X, SHIODE= 2x. 11

( 1H9,3X, 6HCX, Y) =, 3¢ 2X, 1K(, r6. 4.1!!..1"6 , 1ID))
(1H0.9H PHI(I)=,B8(2X,F8.4))

(189, 9ETRETA( 1) =.5(2X.F8.4)) '

( 150, 9HFORCE( I) = ,5710.4) @
(2X,r3.3,2%,11)> '

(6(2X,F6.4)) ‘ :

{1850,9H JFSE(I)=,5F10.4) "

( 1H9,9H Z(1)=,4(2X,F8.4))

(6(2X,76.4))
(BF10.4)

By

tey



e,c

-

CrxmmxTHIS OUTINE IS THE MAIN PROGRAM
CxxexxSEGMENT USED BY CASP IV. IT IS THIS

CxxxxxPROGRAM THAT EVALUATES THE STATE
CrormkkVARIABLES AND DERIVATIVES AS ‘FUNCTIONS

CxxxxxQF TIME. NOTE THAT CONTROL IS PASSED ON

CxxxxxDIRECTLY TO STATEL FOR EVALUATION OF
CxawicdZ( 1), PSICI) ,D Z(1)/DT,AND D PSI(I)/DT.
WIHIZ&TIM IS PROCESSED IN 'mls
-CrkkxSEGHENT.

c
COMMON /CCOM1/ A'I'RIB(ZS) JEVNT, Hl' ’
1NAPO, NNAPT, NNATR, NNFIL, MQ.( 1083,
2, TI'GI.R.‘!'I'!’IN.'!'I’RIB(”) TISET

i  STA

1] -
N

( 100} I‘lI.E( 109) , MSTOP, NCRDR,NBTA

NPBI!T PPARM( 50, 4) TROV.WA

COMMON /GCOM2/ DD( 100) , DDL( 100) , DTFUL, DTYOW, ISEES, LPLLG(SO) NFLAG,STA
'LNNEQD, NNEQS , NNEQT, 8S( l“) SSL( 109) » TTNEX STA

TI=9+]

comm! 7GCOM3/ Amn.lmux.n'rmn DTSAV I1ITES, m.mn.u,sgv.uszv RBRESTA
1RR, TTLAS, TTSAY STA
COMMON /MUSCLE/ PPHI(SG) ,PTHETA(S) ,PHILAS(S) , THELAS(E) STA
COMMON /0PT/ RMAX, RMIN, l(. NCON s IPRINT, IDATA ) STA
* COMMON /GAST/ FSE(SB) ,NFSE - N STA
COMMON /BODCON/ B(26,8) . - S8TA
. COMMON /SBAVE/ SAVTIH.O . ’ . STA
COMMON /MODE-/ MODE, IMODE . STA
DIMERSION XA(10,11), X0(10), €10), XE(10) STA
DIMENSION DT( 10, 10)C(10, 10 YT'( 10, 10) 8STA
DIMENSION PEX(1¢,1f(), PSX( ), PART(11), PAST(1) STA
DIMENSION FGAB(19), UX( 10) H( !0) » XNEWC10), XTRIALC1®) STA
=  LOGICAL IMODE,LFLAG gn,
. A
mﬂ!l IS BEINC CALLED RY GASP IV AND STA .
GC*MNOT BY SUBROUTIFB INPUT gA
\ A
" CALL ORDER STA
LFLACC 16) = . FALSE. STA
IMODE= .FALSE. STA
CALL STATE1l (IMODE) - g}:a
. A
C*MBVALUA'I‘!: coNB'mAINT ’NJATIONS 8TA
. STA
CALL SEVNT . - STA
CALL 'SCOND * gg:.
CxxxikOPTIMIZATION NECESSARY ONLY FOR : , STA
ccmwm:w TIME INCREMENT AT 0.01 SEC IBTERVALS ' gﬁ
-'I!‘(NOTLPLAG(I'()) GO TO 106 - 8TA
CALL ORDER STA
CALL SSAVE - o . STA
CALL ORDER T + .STA
OPTTIMs TNOW. . STA
- ‘FBAR=S.62279731 . STA
NFRE=® , ) . STA
‘c - . . STA
- ChkkdFOR VERY SMALIL, FORCE LEVELS N MOSCLE, STA
gm:ﬂ'r CAN BE EXENPTED FROM onxmzxrmn : . g;A
. A
DO 10 I=1,5 STA

K

LFLAGCITD -mow.m.mm OR. I.EQ.S ORJ‘SE( I)/(WE(?. I)) CT.®. OOISTA

. IF (LFLACCII) nrsz-mm
CONTINUE
Ne2xNFSE .

- NCONS=N+1

o - _a-o\ ‘ .
.tm*mra 1) vnt.uz AT usr TIME mcnm'r

DD 30’ I=1,6 | |

u-ur *

(. mr.l;rumm) co 'm 20,
JiJ-o-t . \

10 .

-

N
LN
.

: STA
) STA

10
20

. 89

40
5e
60

.70

80

%e
100
110
120
13¢
140
150
160
170

190

200
10

220

240

230
260
270

290
300
310
320
330

350

- 360

370

-390,

410

- 420

430

‘480

460
470

490 .

500
510
520
330
340
330
560
§0

390

600
610

620° °

636
649
650
666
676
580

690 -

700

Z10

’

729 .

-~



50
c

JInJ+NFSE
XSTRT(J)=PHI an
HSTRT(JJ) = THELASK 1)

GO TO 30

PPHICI)=PHILAS(]

PTHETA( )= (D

CONTINUE

R=Q '

WRITE (6,110}

DO 4@ l‘l L |

F1=FSEC l)/(mn('f. 1))
1l=14+9

WRITE (6,120) 1, LFLAG(II) F1l .
CONTINUE
THOW=THOW+DTMIN®9 . §

DO 30 1.1.20 ~/
J=21-1 ¢
SSL{J)=88¢( D

CONTlm

CxxikkPERFORM OPTIMI ZATIO!(

c

" 60

70

90

CALL DAVID (N, RMAX,RMIN,NCONS

1ATA, 1. , .905, T, X, PRI, PSI, XA, WORK1,

2PSX, PART, PAST, XB,XB)
DO 60 I=I,N’
X I)ﬂABSCX(I)) :
CONTINUE

-

CALL ANSVER (U, X;PHI, PSI,N,NCONS, NEQDB)

J=@

DO 80 I=1,5

[I=9+] °

IF (.NOT.LFLAG(II)) GO '1‘0 ?0
J=2J+ |

JI= J+NFSE

PPHIC YI=H(J)
PHILAS( 1) =PPHI(I)
PTHETA( 1) =X¥(JJ) '
THELAS( I) = PTRETAC I)
GO TO 68 -

PPHIC I)ePHILASCI)
PTHETA( D'THBLAS( n
CONTINUE * '
IMODE« . FALSE, -

LFLAG( 16) =, !'AI-SE.
TNOW"I‘!O‘F’D’I’HIRW.
DO 90 I=1,20 .
Je21-1 ’

88¢ ])=88L(J)
CONTINUE

R

. '«gmwzvnmm STATE VARIABLES m PERIVATLVES

100

110 -

. 120

‘CALL STATEL ( mobe
IMODE= ;TRUE. R
CALL ORDER .

CALL SSAVE '’ .
CALL ORDER . £
IMODE= . FALSE. - .
LFLAG( 17) 5 FALSE.«

rmmmm(lnn ’ ,
FORMAT ( 1HO, IB.LS ris.6)
END

‘.e&b ' !‘ . . ‘v

v

STA

NEQUS, XSTRT, 1.X~4, 1.2-6,50, IPRIBT IDSTA
WORK2, WORK3, BKQ X().D’I’.G YT.PBX.STA

8TA

760

810

' 919

920

940
950
9560
970
980
990
1600

\ 1010

1020

' 1030
A 1650

1060 ~
1670
1080

1990
‘11008

1110
1120
1130
1140
1150
1160
1170
1180
1190
1200
1210
1220,
1230
1240
1250

1260

1270
12680
1290
1369
1310

1320 -
- 1330 .

1340
1350

1369
1370
13
1390.

- 1409
‘1410

1420



r

SUBROUTINE STATE1 ¢ IMODE) - ' } 8T1

c . - ST1

Cxa¥kxTHIS SUBROUTINE EVALUATES THE STATE : ST1

gmvmlmm AND THEIR DERIVATIVES . X . g;x
. 1 .

cmz(o; = 7Z( mu . o gn

) 1

c:mrsxunzc 1+:o) ‘M . ST1

' ST1

c%tmn YA n/n'r-nm 1) : ' 3?’

. : 1

c*s:mn PSIC ) /DT=DD( I+19) - ' ST1

c ST1

COMMON ~/CCOM1/ ATRIB(2S) ,JEVNT, MFA, MFEC 109) , MLEC 109) . MSTOP, N
1NAPO, NNAPT, mmm.mxr..ma( 109) NNTRY.NPMT PPARM(3@,4) , TNOV,

2, TTCLR, TTFIN, TTRIB(25) , TTSET ST1
GOMMON' /GCOM2/ DDA 160) . DDL{ 108) , DTFUL, DTNOV, ISEES, LFLAG(5) , ,ST1
1NNEQD, NNEQS , NNEQT, SS( 108) , SSL( 100) , TTNEX ST1
COMMON /VARIAB” ALAMBC 10) ,D(23) ,DLDZ(4,10) . ,{ ST1
COMMON /BODCON, B(26,5),Al1,A2,C1,C2,C3,GRAV . ° ST1
COMMON /2USCLE/ QPHI(S) , QTHETA(S) , PHILAS(S) , THELAS(5) \  STL
COMMON /EXPT/ FPE3,FPEA,DFPE3(9) ,DFPE4(9),UP1,UP2,DUP1(4), nurz(?.sn
1SD(6) ,DED(6,9) . . _

. COMMON /PHYS/ ALL1,ALL2 ST1
COMMON /ENERGCY/ ABAR(Z,5),C(5),ETA(5) ;CG(5) o ST1
COMMON ~TIME/ TINIT,TPRIM, T2PRIN, TEND S ST1
GOMMON /AKKLE~ DSALPHA,UP2ALPH, MALPHA ST1
COMMON /ALK BETAL,BETAZ,TAV, XHOR, VNEAN, XNOT ST1
COMMON /CAST- ¥SE,NFSE ST1
DIMENS ION mm. FK(S), FPEICY), DFSE(S,9), DFE(S) sT1
DIMENSION DMDZ(2.4), DUDZ(2,9), DFPHI(3) » - 8T1
DIMENSION Z( 100}, Gt 19, 1@) . 8T1
DIMENSION PPHI(S); PTHETA(S) : _— ., ST1
LOCICAL" IMODE, ISTEP( 16) : . S ST1
REAL MALPHA,M(2,2)  M1,M2 ST1
EQUIVALENCE (S8S,2Z) ST1

. EQUIVALENCE ¢ISTEP(1) ,LFLAGC(1)) - - c. sT1

. . . 1
. ZERO=0. 06001 _ : ) g;n
. ) . . 1

CikekxPHICI) AND THETAC 1) MUST REMAIN _ Lo ST1

CxxkxkMATHEMATICALLY FEASIBLE o : - .‘ ST1

C . . ot n {:\\ o m

- DO 10 I=1.5 : o ' ST1
rrm(n-mmmu ) , - . sm
PTHETAC 1) = ABSC QTRETAC 1)) . . 8TH

. IF (PPHI(1).EQ.0.9) rrmcnamo S - . ST1

10 CONTINUE - - : '+ sT

1] . l‘
cmnvumm EXPERIMENTALLY DETERMINED N S0 8T1

CakxexFUNCTIONS AND CONSTANTS. NECESSARY o ' 8T1

cnmon? AT NEW TIME mcnznmﬂ' L o# _— . g:l;l‘

. - 1

IF CISTEPC(16)) GO TO 20 . L . : ST1
CALL DLVAL _ i ST1.
CALL DLAMB o . ST1
CALL EXPT - 4 ST1

ir (:mow.c'r.mmn.m TNOW. LT. TEND) -CO TO . ST1
ACi» VMEAN<VBAR( TNOW) ~FP( THOW) ‘ L . 8T1

: Acz-mmom-(xmmuowmm C , ‘ ST1
-ACSSACIH¥2+AC2A®2 . L T e ST1 -
AC4=SQRT( AC3) _ R g STt
ACS=ALL 19%2+ALL2%#2-AC3 ‘ - ( ST1
 ACH=ACS/(2.*ALL1¥ALL2) . - S ‘ , ST1
SS(2Y=ACOS(—-ACS)Y ... . ﬁ L .. .  BTI

©  AC6=AC3+ALLI¥#2-ALL2%#2 . - ®, o _'ST1

- " AC6%ACE/( 2. *ALLIFACS) -, Co BT
8S( 1) = ACOS(AC6) +ATANC AC2/ACH) . , ST1

(2:0 ISTEP( 183 = . FALSE, . S o . o
gmnzvmmm FORCE LEVELS . o . , . sTi

\ S . 8T

' DO 80, Ix1,5 a T S 8Tl

490
500
510
‘520
530
540
550
360

"5ae
590 .

600
610

620*

639"
. 640
6350
660
670
6806
690
700,
710
726
730 .
740



30

" C

40 -
c
. CHxxsEVALUATE, FUNCTION PEICZ(4+I),PHIC(D))

\C

50

ARG=(ZCJ)+B(9, 1) }xk2-B( 10, 1)

IF (ARG.LT.9.9) ARG=9.9

TEMP= ALAME( 1) -SQRTC(ARG)~B( 11, I)

IF (B(9,1).EQ.0.90) 'IW‘ALAHB(D-Z(J)-B( 11, I
!‘SE(I)IB(? 1) x( EXP( B(8, I) *TEMP) ~1.)

FNOT=0. Ma(mu 831)-1.0)%B(7, 1)

IF (FSEI 1) .LT.FNOT) . FSEC 1) =FNOT

CONTINUE

c .
CxkkXEVALUATE FUNCTION K(Z(4+1))

DO 40 I=1,8

Jugr] - .

KK=IFIX(B(25,1)) - -

TEMP=-B( 14, 1) ®(B( 15, I) +B( 16, 1) RZ( J) ) ®xxKK

g;%)!;‘gém. I)+B( 13, 1D xEXP( 'I’EHP)*SIN(B( 17, LI*ZC( D) +B( 18, m

DO %6 I=1,.8 ’

Jeetl ..
’l'l:!lP'EXP(-B( 19, 1) x(Z(J)-B( 20, I))M) ’
mnrrmtn-mm na(mm-n(zz.1)*2(.:)))—3(23.1)

« FPHI(1)=0.3025+0.497UxTANH( 19 . 3XTEMPXTEMPL)

CORT!M

gmzvuum; DERIVATIVE mmmous T

60

L]

DO:60 I=1,%

Ja4+1

X=20+1

L=28+1 |

"ZOK =FPHI( 1)
Z(L)=PTHETA(I)*Z(D+0.005 ’

- TEMP1=2-B(5, 1) *#(Z(J)+B(6, 1)) *xx2-1, QS*(Z(D'—I )**2

'mun-'rmmu D XEXP(TEMPL)) .
TEMP2=SQRT( 1.~ B(2, DD ZACZ(DH+B(3, 1) nm}

TEMP2=B{ 1, 1) xFKC I) %Z( L) *XTEMP2 .

TEMP= (FSEC 1) /TEMP2-1 . ) *TEMP1 .
ISTEP( 1) =( TENP**2.CE. 1.0)

IF CISTEP(1)) ISTEP(15)=.TRUE.

1; 3 }8}?”:’ m;"rznzrgmsvrmw .999999999999

DD( J) = ATANH( TEMP) / . :

CONTINUE i .

IF ¢ ISTEP( 15) . AND. . NOT. xmnm m:'mnn

YD1=FVERT(TNOW:

XD 1= FHORZ(TNOW .

MALPHAs YD 1 %( XP( TNOW) ~PP( TNOW) } +XD 1% QQ¢ THOW}~YP( TNOW) )
U1=FSE( 1) XSD( 1) +( FSE( 3) +FPE3) %8D( 3)~( FSE( 4) +FPE4) *SD( 4

(%4
iw

L

" 8TI.
ST1:

8T1
8Ti

ST1.

8ST1

‘8T1

ST1
8T1

- 8T1

ST1
8T1
'ST1

U2=~FSE(2) x8D( 2) ~(FSE(3) +FPE3) %SD(2) +( FSB( 4) +FPES) xSD( 8) +FSE( 5)*81)8'1‘1

16y -- Lo w
ZZ=Z(2)-2Z( 1) . e )
TC1=CO8(Z( 1)) -
TS1=8IR(Z( 1))

" . TC2%COS(Z(2))

T82=SINCZ(2))

" TCZ=CO8( ZZ)~ " N )

TSZ=SINZZ) . . S :
VG= VDDOTX TNOW) +CRAV- . - \
M(2, 1) = YD1*ALL2%TSZ. : L |
M(2,2) = XDI*ALL2ETCZ - .

M, l)-YDl*ALLl*TSl"'H(S.D

JM(1,2) s XDI*ALLIXTCI+M(2,2) .

m-mmrumrn»m ) nﬂn 1,2) .

uz:uzmrz—m.rmm( 2, 1) -uc 2, 2)

BBIxA2 . N - . ,
BE2=A2+C3*TC2 - , L
-‘BB3®A1+2. XC3¥TC2 .o . . : .
DEL=BB1*BB3-BB2¥*2 '

R1xC3%Z( 4) XTS2%( 2. %2Z(3) —zc 4) )+ czrmx«-m*’rsn a:vm-m
az--cstt(z(a>**z)*rsz+1u2zvca+uz .

. DDEDY=Z(3)

-

8T1

‘8T1

ST1
ST1
8T1
8T1
ST1

" 8T1
+8T1

ST1
8T1
ST1
ST1
8T1
8T1

. 8T1

STY

- 8T1,
ST1

ST1

8T1

8T1

STt 1486

750
760

e .

780
790

810
820

8%e
860

. B7@

90@
910
920
936

- 940

936 ,

960
970
986
996
1000

1010

1620
1630

' 1049

1650

1 1066

1076-

1080

. 1090

1100
1119
1120
1130
1140

1186 -

1160
1170
1180
1190
1200
1210
1220
1230
1240
1250
1260
1270

1286

1290
1300
1310
1320
1330
1340
1350
1360
1370
1380
139¢

1400 -

x

1418

1420
1430

14490
1450
1460
1470




DD(3) = R1*BB1+R2%BB2) /DEL

1490
DD(4) =( R1xBB2+R2%BB3) /DEL ST1 1509
c . : , . ST1 1810
CxxxxxDIN 10) *G( @) =DZ( 6) /DT ST1 1320
c : ST1 153e
DD( 10) =0 ST1 1540
DO 70 J=1,5 . ST1 15850
TEMP1=( 1.-EXP{~0®.24—~ABAR(2, J) /PPHI(J) ) ) xPPHI(J) STi 1560
TEMP 1 TEMP1+( 8. 82-4, B1%( Z( 4+J) /ETA(J) ) x%k2) *Z( 20+.)) ST1 1576
TEMP 1= ABAR( 1, J) *TEMP 1 xPTHETA( J) *xGCC(J) ST1 1380
TEMP22C( J) *PTHETA( J) 2FK(J) %( Z( 20+J) x%@. 72) STT 1598
'TEMP2s ( TEMP2+FSE(J) ) XDD( 4+J) ST1 1600
. DD( 1@) = DI 19) +TEMP1+TEMP2 ST1' 1610
- TEMPS=®. ST1 1620 °
IF (J.EQ.3) TEMPS=ABS(ALAMB(8))*FPES ST1 163@
IF (J.EQ.4) TEMP3sABS(ALAMB(9))*FPE4 ST1 1648
DD(¢ 18) =DD( 10) +TEMPS. ST1 16856
70 CONTINUE ST1 1669
IF (IMODE) RETURN ST1.1670
c . : : . ST1 1686
CxrexCALCULATE PARTIALS DG( 1) /DZ(J)=G(I,J) ST1 169@
C . ST1 1769
DO 80 I=1,10 ST1 171@
DO 80 J=t, 10 ) ST1 1720
(1,J)=0.0 - ST1 1736
ao CONTINUE ST1 1740
_ST1 1780
cumcn.cuwm G, J),I-l.é, J=1,10 ST1 1760
ST1 1770
‘DO 90 I=1,58 ST1 1786
DO 9@ J=1,9 ST1 1790
DFSEC1,J)=0.0 ST1 1800
90 qom'lm ST1 1810
DO 110 I=1,8 ST1 1820 °
DO 108 J=1,2 ’ 'ST1 1830
DFSECE, J) =B(8, D *DLDZ( I, Jm(rsml>+m7.1n ST1 18490
100 con'rlm : ST1 1830
‘DO 110 J=5,9 8T1 1860
IF (1.NE.(J-4)) CO TO 110 ST1 187e
DFSE(I,J)=(FSE(1)+B(7, 1)) %xB(8, 1) X(Z(J}+B(9, I)) ST1 1880,
"DFSE( 1, J) =DFSE( I,J) /8ART( (Z(J)+B(9, 1)) *¥2-B( 10, 1)) ST1 1896
116  CONTINUE . ‘ . ST1 1900
DO. 120 I=1,9 ST1 19190
DUDZ( 1, 1)=SD( 1) %DFSE( 1, n+nsm; n*munsma):(nrsms 1) +DFPE3( IST1 1920
1n+nsma.n:umcanrrzs)+sn(4>a¢nrsm4. n+nlrpm¢ 1))-DSD( 4, 1 )*trqu 1930
2(4)+FPEA) . 1940
1260 CONTINUE . ‘ 1980
DO 136 I1=1.9 81.'1 1960
DUDZ( 2, 1) 2~SD( 2> *(DFSE( 2, 1) +DFSE(3, mnrrm(1)>-nsmz,n=swszc2)+rsn 1970
ISE(3) +rr!;3: +snuna¢ DFSE(4, nmnu( 1)) +DSD(S, I3 *(FSEC 43+rr34)+smss'r1 1980
' 2)xDFSE(S, 1) - . ) ST1. 1990
130 CONTINUE ST1 2000
DO 149 I=1,4 ST1 2010
DMDZ( 1, 1) =DUDZ( i, DD +DUPICT) . ST1 2020
DMDZ(2, 1) =DUDZ( 2, I) +DUP2( I) « ST1 2030
140 . CONTINUE | . ST1 2040
QUOT=YD1/XD1" ST1 2030
DMDZ( 1, 1)=DMDZ( 1, 1) +QUOTRM( 1, 2)-m 1, n/auorr ST1 2069
. TEMP=QUOTM(2,2) +M( 2, 1) /QUOT : ST1 2079
DMDZ(2, 1 1) =DMDZ(2, 1) ~TEMP - STI°2080
DMDZ( 1,2) =DMDZ( 1, 2) ~TEMP ST1 2098 °
DMDZ(2, z)-mmzcz 2)+TIMP ST1 2100
G(1,8)=1." . ‘ ) 8T1 2119
G(2.4)=1. . ; , ! ST1 2120
mx-—(clmm:zmnwmnmu 1 _ : ST1 .2130..
CA2=DMDZ(2, 1) - “ ST1 2140
_G(3,'1) = BBI®CA1+BB2*CA1) /DEL R ;L ST1 2156
G(4, 1) =( BB2*GA1+BB3*GA2) /DEL ) ~ ST1 2166
CA12CIXZ( 4) XTC2%( Z( 4) -2, %Z(3) ) ~DNDZ(1,2). . ' §T1 2170
~c.nz-ca:uztmm)ﬂcz-'lszﬂm-mmzm.z) oL ) ST1 21860 .
GA3=C3I¥TH2%( 2. *DIN 3) X(BB1+BA2) -R2) : R 8ST1 2190
€(3,2) = ( CA3~BB1#CGA1+BB2%CA2) /DEL D e ST1 220@. -
: m-oamzuz :bnm)*(am«fnnz)-mwz :Rz» ST1 2210



ST1 2239
CA23 2. xC3xZ( 3) *TS2+DMDZ( 2, 3) . on STL 2240
G(3,3) = { BB1xCA1~BB2*GA2) /DEL , ST1 2250
G(4,3)=(BB2%CA1~BB3%CA2) /DEL - © 8T1 2260
CA1=C3xTS2%2. #(Z(3)~Z(4))+DMDZ( 1,4) ST1 227¢
CA2=DMDZ(2, 4) ST1 2280
' €(3,4)=(BB1xCA1+BB2*CA2) ~DEL ’ ST1 2290
C( 4, 4) = (BB2*CA1+BB3*GA2) /DEL : ST1 2300
DO 156 I=5,9 3 ST1 2310
(3, 1)=(BBIXDUDZ( 1, 1) +BB2*DUDZ(2, 1)) /DEL ST1 2320
. G(4, I) = (BB2#DUDZ( 1, 1) +BB3*DUDZ( 2, 1)) /DEL ST1 233e
mo CONTINUE ) ST1 2340
: 3 ST1 2350
cm'mm COMPLETES &(I,J), I=1,4 , J=1,10 T . ST1 2369
‘ ' ST1 237@
c*xmnnxr COMPUTE - G(I,J), I=5,9, J=1,10 ST1 23860 -
ST1 2390
DO 186 I=5,9 ST1 2400
KaI-4 ST1 2410
ARG13B( 4, 10 #EXP(~B(S, 0 %CZ( [) +B(6,10 ) k21, 43%(Z(16+1)~1.)%¥2) ST1 2420
ARG2= TANE( ARG1) ST1 2430
DENOM=B( 1, 0 *2( 21+ 1} £FK(K) *SQRT( 1 . ~¢B(2, K /(Z( D+B(3, K))*x2) ST1 2449
ARC3»FSE(K) /DENOX ST1 2450
ARG= ( ARG3~ 1. ) XARG2 ST1 2460
DO 180 J=1,16 ST1 2470
IF (J.GE.3) GO TO 169 ST1 2480
G(1,J) =ARGZ#DFSE( I,J) /({ 1.~ARG*#2) *DENOI*B(26, K} ) ST1 249@
. GO TO 180 ST1 2300
160° IF (J.GE,5) GO TO 170 ¢ ST1 2510
GO TO 188 ST1 2520
170 LxJ-4 ‘ ST1 2530
: IF (K.NE:L) GO TO 189 - ST1 2540
DFK(K = (B( 17,50 /TANCB( 17,1 *Z( 1) +B( 18, m;—ncu K.%B( 16, K) *B(25, K0 #8T1 2550.
1CBC 15, 0 +B( 16, O ¥Z( [) ) *x( IFIX(B(25,10~1.)) ) *(FRK(O-B( 12,5) ST1 2560
DARG1=-2. *xB(5, ) X( Z( 1)~B(6,K) ) XARG] ST1 2570
© SQe1,-(B(2, 0 (Z( D+B(3,50))¥%2 ST1 2580
SQ1=SQRT( SQ) ST1 2596
§a2=( 1.-8Q) /(Z( ) +B(3,5) ST1 260
DARG3=DFSE(K, J) /DENON-( (Z(21+ ) *B( 1, m*crxcx)*sozxsausm*nrxcnns'm 26190
1%x( ARG3¥¥2) /FSE(KD) . ST1L 2626
G( 1, J)= ARG2%¥DARG3+( ARG3—1.) *DARG1/( COSH( ARG1) **2) ST1 2630
6(1,J) 2G(1,11/((1.-ARGH¥2) *B(261K)) ST1 2640
180  CONTINUE _ ST1 2656
c / ST1 2660
Cxkxx*THIS COMPLETES G(I,J) , I=5,9 , Jax,lo - ST1 2570
_ . - . . - ST1 2680
*xxxkaNEXT COMPUTE - C(10,J) , Jxi, 10 - © ST1 2690
: , _— ST1 2709
DO 210 J=1,4 o - ST1 2710
DO 219 I=1,5 ~“8T1 2720
G(10,J) =G( 190, J)+nnu+n*nrsz(1 JI+FSE( 1) *G(4+1,J) ST1 2730
G( 10, J) =G( 10, J) +(C( 1) *PTHETA( 1) ¥Z( 1+20) ¥*0. 72*:1:( 1))*GI4+I, 3y - _..BT1 2740
GO TO (210,210, 190,209,210), I o~ 8T1 2750° .
190  C(10,I)=G( :o..n+rrmmzu 1+s):sxcm1,.mc 1+5)) +ABSC ALAMB( I+3ST1 2760
© 1))*DFPES(J) - - . ] s'm 2770
GO TO'210 2780
200 G(10,J)=G( 10.J:+rrmm.nz<.r, t+m=-sxcm x.,m< x+sn+uscn.m¢ 1+ssn 2790
. 1))%DFPE4(J) . ] . 3 'ST1 2800
" 216 CONTINUE - T e " : N “j -8T1 2810
‘DO 220 I=1,8 -, R ~ "7 L= 8T1.2820%"
Juat] N P SR ST12830
K220+] T ST1 2840
GC10,J) -9, GFFABARC 1, 1Y ¥Z( KO *PTHETAL 1Y %GCC DY RZCTY ST1 2850
C( 10, J) *G( 10, J) /ETAC 1) ##2+(€( 13 *PTHETAC 1) *Z( K) %9, 72XDFK( 1) +DFSEC IST1 2868
1,0 ) ¥DDC I +(EC n*p'mtmnamn**o 72XFK( 1) +FSEC DI*G(J, I . .- ST1 2870
220 n'rmm ' s T2 ST 2888 %
. ‘ T T ST1 2890 ~
c*wcncmm D 'PSi(1)/DT I=1, 19%- . RS . STr 2900 - -
€ _ I . 871 2910
c - -D PSICD/DT = D¢ 1+1e>/m' > ST ST1 292¢
et K - TR * STt 2930: .
. "'po 200 Ia1, e - el ST1 2940
xah-w" e o T . . ST 2988- "

CA1=2,%C3xZ( 4) XTS2+DMDZ( 1,3)

-

&



DO 230 J=1,10 -
LaJ+10 ‘ *
< DDCRY=DDXED -Z(L)*C(J, )
gso CONTINUE
gmm_ 1S COMPLETES THE DYNAMICAL EQUATION S

RETURN
: END : >

ST1
ST1
8T1
8T1
8T1
ST1
8T1
8T1
8T1

2970
2980
2990

3010
3020
3630

jese



SUBROUTINE UREAL (X,PI)

c .

CrxxxxTHIS SUBROUTINE EVALUATES THE OBJECTIVE:
CxxedxFUNCTION PIC(Z,PEI,THETA) WHICH IS TO BE
g:***:nAxxuxzzn

COMMON /MUSCLE/ PPHI(8) ,PTHETA(S3) ,PRILAS(3) , THELAS(S)

COMMON /GCOM1/ ATRIB(28),JEVNT,MFA, NFE(109) ,MLE( 109) , MSTOF, NCRDR, NURE.

INAPO, NNAPT, NNATR, NNF IL, NNQ( 109) , XNTRY, NPRNT, PPARM( 5@, 4) , TNOW, TIBEGURE.

2, TTCLR, TTFIN, TTRIB( 28) , TISET

URE

COHH)N 7GCOM2/ DD( 169) .DDL( 109 ,DTFUL, DTNOW, ISEES,LYLAG(30) , XFLAG, URE

INNEQD, NNEQS, NNEQT, S§( 109) ,SSL( 100) TTNEX

1RR, TTLAS, TTSAV

COMMON /GCAST/ FSE(5),NFSE
COMMON /MODE/ MODE, JMODE

DIMENSION X(1)

LOGICAL IMODE,LFLAG,FLAG

\H
gmtsr.'r ALL CONTROL FUNCTIONS

J=0

DO 10 I=1.5

TI=9+] .

IF (.NOTJLFLAG(II)) GO TO 10

JaJ+l

JJI=J+NFSE

PPHI{I)=X(J)

C PTHETAC 1) = X(JJ)

10 CONTINUE
LFLAG(16)=.FALSE.

¢ IMODE= , TRUE.
moamow.m.mc

4 .
GMBVALUATE ALL STATE VARIABLES AND DERIVATIVES
c . : :

TNOWaTNOW-DTMIN®Q. 5 N
CALL STATED ¢ IMODE)
e " IF (FLAG) GO T0 3@

‘ GW*EVALUATE OBJECTIVE FUNCTION
c
DO 20 I=1,20

J=21~-1 -

sscn-ssu.nmn(n*mmn 5 .
20  CONTINUE -
30 - TNOW=TNOW+DTMIN®9.5
. IF (FLAG) GO TO 49

CALL STATE1 (IMODE)’
40 PI=0.0

20 56 I=1, 10
.+ PI=PI+DD( 1) ¥8S(I+18)
'50  CONTINUE ° :
Pl=-P1/1.E04
RETURN -

END’

1@
20

30 -

49
5e
60
76
ae
20
100
110

URE -120
COMMON -GCOM3/ AAEBR.DTHAX DTHIN.DTSAV. 1 ITES, LLERR, LLSAV, LLSEV, RREURE {

130
149
15¢
160
170
180
19@
200

. 218

220
239
240
230
260
270
286
290
300
310
320
330

350
360
37e
380
390
400

%10

420
430

450
460
470
‘480
490

5ie
520
53e
540

- BBe

560



SUBROUTINE CONST (X,NCONS,PH]) > . CON

¢
' - COxN
CxxxxxTHIS SUBROUTINE IS USED TO EVALUATE THE . _ + CON
gm*conmxm AND TO ASCERTAIN FEASIBILITY - ggg
COMMON ~/GCOM2- DD( 109) ,DDL( 109) , DTFUL, DTNOV, ISEES, LFLAG(58) , NFLAG, CON
1NNEQD, NNEGS , NNEQT, S5¢ 109) , SSL( 10@) , TTNEX CON
COMMON_/CAST/ FSE(5) ,NFSE CoN
pIMENSION X(1), PHI(1) COoN
LOCICAL ISTEP(16) CcoN
c EQUIVALENCE ( ISTEP( 1) ,LFLAG( 1)) . cgg
: C
CxkkcxxCONTROL PARAMETERS MUST BE IN THE . cox
CxxxxxRANCE (©,1). ALL EVALUATIONS ARE CON
CxxxxxPERFORMED ON ABS(PSI(I)) AND - CON
CxxxakABS( THETA( 1)) . o . ) : © COX
C : . : . . con
DO 10 I=1,NFSE ) CON
J= I+NFSE i > COoN
PHICI)=1.0~-ABS(X(D)) - CON
-, PHI(J)=1.8-ABS(X(J)) : - e CcoN
10 CONTINUE ’ , . " CON
PHI(NCONS)=0.0 & CON
C CON
Cxxxxx[F ISTEP(13)=,TRUE. AT LEAST ONE cox
Cxxkxx*CONSTRAINT NOT SATISFIED : : ggn
(o] ’ N
CALL SEVNT : . CON
IF (ISTEP¢.15)) PHI(NCONS)=-1000. " : CON
,RETURX . - . CON
ENXD . CON

EX

L3 -



N e P

SUBROUTINE SEVNT sSkEV .10

c ” “J? N sn 2.
CxxexxTHIS SUBROUTINE CHECKS ALL CONSTRAINTS SEV 30
CxxkxxTO SICNAL SCOND THE PASSING OF A _ SEV 40
CrxrrrSTATE EVENT SEV 50
c SEV 6@

CoMMON /GCOHI/ ATRIB(25) , JEVNT, MFA, NFEC 100) , MLE( 100) , MSTOP, NCRDR,NSEV 70
1NAPO, NNAPT, HNATR,KH!’IL,MM 160) , NNTRY, NPRNT, PPARM( 50, 4) , TNOW, TTBEGSEV 80

2, TTCLR, TTFIN, TTR1B( 25) , TTSET SEV 9@
s COMMON /GCOM2/ DD( 16@) , DDL( 189) , DTFUL, DTNOW, 1SEES, LFLAG( 50> ,NFLAG,SEV 109
1NNEQD, NKEQS , NNEQT, 88( wo) SSLC 100) 'rnmx SEV 110
COMMON /PSAVE/ XV1,XH1, SIGMAX ' SEV 120
COMMON /WALK/ nz'ru BETA2, TAV, xnon.vumn XNOT SEV 130
COMMON ~PEYS/. ALL1,ALL2 SEV 140
COMMON /TIME/ 'rnu'r TURIM, T2PRIN, TEND SEV 156
COMMON /FO00T/ DALPHI1,DALPE2 SEV 160
COMMON /GAST/ FSE(3) SEV 170
COMMON /ANKLE/ DSALPHA,UP2ALPH, MALPHA ] SEV 180
DIMENSION PHI(2), PSI(2) SEV 190
REAL MALPHA - SEV 200
LOGICAL LFLAG Y SEV 210
c . SEV 220
T=TNOW . SEV 230
IF (T.GT.TEND) T=T-TEND SEV 249
c SEV 250 .
Cxxkx*xCHECK INEQUALITY cousmnxm SEV 260
c . : SEV 279
PRI( 1)=8S¢(2) . SEV 28e
IF (T-T2PRIMD 10, 10,20 . SEV 290
10 CALL ANKLE SEV 300
PHI(2) =F3E(5) -( MALPHA-UP2ALPH) /DSALPHA SEV 3ate
CO TO 36 ) . SEV 320
20 Pi=3. 1415926836 - * SEV 830
ZETA=SICMAX+8S(2)~S8(1)~P1/2. SEV 340
PHI(2) =2 =-VBAR( TNOW) ~ALL 1%COS(88( 1)) - Auzmos(sscz)-ssc 1))+nmmas133v 350
INCZETA)~VMEAN SEV 360 -
c : SEV 3870
CrexkxCHECK EQUALITY CONSTRAINTS SEV_ 386
C © SEV' 390
30 CALL SEQUAL (PSI) ) _ . SEV 400
c . ' SEV 410
CxxxxxSET INDICATOR FLAGS SEV 420
CxxxxxLFLAG( 1) = .TRUE. IF CONSTRAINT(D) SEV 430
Crxxx S ‘NOT SATISFIED - - . / SEV 4490
(] ' . SEV 450
DO 49 126,9- - N ‘ SEV 466
LFLAGK x)-.rALsz. ’ . SEV 470
40 CONTINUE * SEV 480
' IF (PHIC1).LT.0.6) LFLAG(6)=.TRUE. . ) SEV. 490
‘IF (PHI(2).LT.0.0) LFLAG(7)=.TRUE. : . SEV . 500
IF ((0.01-ABS(PSI(1))).LT.0.0) LFLAG(8)=,TRUE. SEV 8510
IF (0. ox-mrr&mz;n LT.0.0) LFLAG(9)=.TRUE. - sg 520
c -8 530
CxxxkxLFLAG(15) = .TRUE. IF ANY CONSTBAINT : BEV 540
Cxxxxx S NOT' SATISFIED - ) . SEV 350
c b ’ , SEV 560
DO 89 1%6,9 o : : SEV b57e-
IF (LFLAGCD)) LFLAG{ 15) =, TRUE. . SEV 0580
50 CONTINUE ) SEV 590
RETURN v ) ' SEV 600

" END : o : ‘ SEV 610



v : ) '
SUBROUTINE SEQUAL (PSI) SEQ | 1e

c SEQ 20
CxxxxxTHIS SUBROUTINE EVALUATES THE DYNAMIC ) SEQ 30
ChaickxEQUALITY CONSTRAINTS AT DIFFERENT - SEQ 40
GraxxxxPOINTS IN THE CYCLE SEQ S0
c SEQ © 60
COMMON /PSAVE, XV1,XH1,SICMAX SEQ 70
COMMON /VWALK/ m:‘mx maz TAV, XHOR, VMEAN, XNOT SEQ 80
COMMON ~CCOM2/ DD( 1908) Dm.( 108> , DTFUL, DTNOW, xsms.x.nms» NFLAG,SEQ. 9@
1NNEQD, NNEQS, NNEQT', 8¢ 100) , SSL( 100) TINEX ‘ SEQ 100
COMMON /PHYS/ ALLI,ALL2 | -SEQ 110
COMMON /TIME/ Txuxr.'lrnm.mnm.mn SEQ 120
COMMON ~/GCOM1~/ ATRIB(23),JEVNT, MFA, NFE(C109) , MLE( 109) , MSTOP, NCRDR,NSEQ.. 130
1IFAPO, NNAPT, XNATR, NNF 1L, NNQC 169) , NXXTRY, NPRINT, PPARM( 30, 4) , TNOVW, TTBEGSEQ 140
2; TTCLR, TTFIN, TTRIB(28) , TTSET SEQ 150
COMMON /FOOT/ DALPH1,DALPR2 R SEQ 160
DIMENSION PSI(1) SFEQ 170
COMMON /MODEZ/ MODE, IMODE - . SEQ 180
c ’ SEQ 190
T=TNOW , - ' SEQ 200
IF ¢T.GT.TEND) T=T-TEND - - SEQ 210
IF "CT-TPRIMD 19,30, 40 SEQ 220
: SEQ 230
cmmno .LT. T .LE, TPRm . BEQ 249
~ S «. . SEQ 2350
m MODE=1 S8EQ 260
20 PSI( 1) »VBARC TNOW) +ALL 1 *COS(SS( 1) ) +ALL2*C08( SS( 2) -8S( 1)) vm:mwrt'rsm 270
1NOW) SEQ 280
PSI(2) % ( XEOR¥TNOW+XINNOT) +ALL 1S IN(SS( 1) ) ~ALL2*S IN(SS(2) -88( 1) )-aqc'rsm. 290
ivow . - SEQ 300
RETORN : . o . SEQ 310
: : < SEQ 320
c*mw « TPRIM . .- . ! - SEQ 33¢
N ) SEQ 940
30 ALPHA-Asm(rP(mom/BALPm) SEQ 350
XV 1= VBAR{ TNOW) +ALL 1*xCOS(SS( 1) ) +ALL2*C08( SS( 2) ~88( 1>)+nmma=smml.g§g ago-
JAPHA) 370
mxstmmomxnun+mxmm(ssun m*sznwscm-sscnn—nmmwm jge
1COSCALPHA) _ . SFQ 390
mnsxz - SEQ 406
GO 10 20 , SEQ - 410
49 IF ('r-mmm 59,79, ao o v SEQ 420
c , SFEQ 430
CxxxexTPRIM .LT. T .LE. T2PRIM . SEQ 440
€ ‘ . .. SEQ 450
() MODE=3 . ) SEQ 468
60 mesml-mncmm .. SEQ 470
PART2x= XH1~( XHORXTNOW+XNOT) . . - . SEQ 48e@.
ZZs88(2) -8S( 1)( Ty SEQ 490
PSI( 1) = ALL 1%%2+ALL2#%2-DALPH1%%2+PART 1 x22+PART2¥%2+2. #( ALL1*ALL2*CSEQ: 500
" 108(88(2) ) -2, @%PARTI*( ALL1xCOS(SS( 1)) +ALL2%COS(ZZ) )-2.0*?ART2*( ALLISEQ 510
2*SIN(SS( 1)) ~ALL2%SIN(ZZ))) . SEG 520
.. PSI(2)=0. _ ’ ‘ s;::g 53: )
RETURN. SEQ" O
c ) . SEQ 550
CEERR¥T = 'mmm ~ . . g& gg:
70 mm-:mx-cmmomxnm—mx*sm(ss( l))+ALL2tSIN(SS(2)-SSC 1)) SEQ 589
ALPHA=ACOS( ALPHA) /DALPH1 SEQ 390
PI=3. 1415926536 ' . SEQ 6600
SICMAX=ALPHA+SS( 1) ~8S(2)+P1/2. . SEQ 616
MODE=4 - RN SEQ 620
GO 10 60 SEQ 630
- € . ~ . SEQ 640
CrexkxT .GT. TZPRIH . . oL SEQ - 636
c . . . SEQ , 660 -
80 . PSI(1)z0, . r . . SEQ. 670 -
° PSI(2)=0. . -+, SEQ 680
MODE=S | oo . . SEQ 696

RETURY . SEQ 700
END - ) . ‘ SEQ 710



C

SUBBOU}INE- scmm.

Ckxxx*THIS SUBROUTINE SICNALS GAB'PV IV THE -~

Cxxukx0CCURANCE -OF A STATE EVENT. IF ISEES
Cxkrxx, LT, zmosnnzvmmmrmm

. ¢

- 50
69

COMMON /CCOM1/ ATRIB(2S) , JEVNT,MFA, MFE( 100) , MLEC l") »MSTOP, NCRDR, RSCO

1NAPQ, NNAPT, NHATR.NN!'!L.NNQ( 109) , NNTRY;
2, TT!'IN.TTR!B(M) TISET

com 7GCoM2/ DD( 100) , DDL( 109} , DTFUL, DTNOW, ISEES, LFLAC( 59) , NFLAG, 5CO
INNEQD, NNEQS, NNEQT, 58(1..) SSL 100) 'rnmx )

COMMON /SAVE/ SAW!H,OPTTIH
LOGICAL. ISTEP(17) -

EQUIVALENCE ( ISTEP(1) .Lﬂstdl)) ’

ISEES=0

DO 10 I=1,9

IF (ISTEP( 1) ISE!B' 104 ISEES~1
CONTINUE

T=TNOW-OPTT 1M /

.JF (T-0.081) 66, 5..20

IF (.IGEES) 30,409,490
ml:u-xsmno .
RETURN

ISEES=-100 ’ ,
ISTEP{ 17) = . TRUE., _ ‘.
BETURN -

ISEES= 100
ISTEP( 17) = . TRUL.
RETORN -

END .

e

§C0
_BCO
8Co

- 8CO-

8CO
‘SCO

« PPARM( 50, 4) , TNOW, TTBEGSCO

SCo

8CO.

8CO
8CO
8CO
8Co
Sco
SCO
'SCO
SCo
8COo
SCO
.8C0
8CO
8Co
sCO
8CO
SCO
8CO
8COo
8Co
SCo

10
30

g0~
60
70

90
100
110

120

130
140

~188

7

160
170
189
190

219

310



SUBROUTINE DLVAL
cwts SUBROUTINE EVALUATES THE FUNCTIONS

CxkxLAMBDAC 1) AND LAMBDA DOT¢ I)

c

c

DLY .

DLV
DLV
DLV

DLV

COMMON /CCOM2/ ‘DIX 100) , DDL( 10®) ,DTFUL, DTNOVW, IM;IM(GO) NYLAG,DLV

INNEQD, NNEQS, NNEQT', 88( t“) SSL(I“) TTNEX

com /VABIW ALAMB( lO)gD(23)
DIMENSION T1(5), T2(8), Z(100)
EQUIVALENCE (88,2)

DATA 'l'l/-3.41.-15.0.2 85,-2.72,1. 31,'1'2/8.8,-—2 9,-16. 1 1. 02.-8 43/ DLV

CxxxxxVARIABLES D(I) ARE COMMONLY FO'UI!D TERNS

€

TEMP= 1. 12B%Z( 1)+0.748

D( 1) 2COS( TEMP)

D(5) =8 IN( TEMP) C
TEMP=1.047%2(1)+0.838 .
D(2) =COB( TEMP)

D(6) =SINCTENP)

TEMP= |, 076%Z(2) +9.280

D(S) =COS( TEMP)

P(?) =SINCTENP)

. TEMP2 1, 1603Z{2) +@. 464

D(4) =COB( TEMP)

" . DCBYSSINGTEMP)

Cc . s
Carickk (1) = LAHBIM(I) B o0 FRRTRT B

c
Cc

" 18

ALAMB(- 1)20.287-0 wmm 1
ALAMB(2)=90,.3+9.@

ALAMB(3)=0.317+0. m*n( 1)+09.0933%Z(2)
ALAMB( 4) = . 483~0. 062%D( 2) +9.97*D(3)
.ALAMB( 8) 9 .088+9.019=xD( 4)

CW*M(J) = LAMBDA. DOT(J-S)- J'6_....,10-

ALAHB(6)=~O 0497¥Z( 3)
ALAMB(7)=9.033%Z{4) .
ALAIG(8)8-0.051*213)“)(5)-?0.033*2(6)
ALAMB(9)=9.0963%Z(3) xD(6)-0. m:zmnnw:
" ALAMB( 10) =—@. 022%Z¢ 4) *D( 8)
D(9)=EXP(90.4%( ALAMB(3)-9.58))

D( 18) sEXP(28. 95%{ ALAMB( 4)~9.48) )

D( 11)=EXP(239. Bx( ALAMB(4)-9.53))

D( 12) sEXP(~4.33%(0, 17—2( 2) ) k%2)

- D(13)=EXP(~-1. 187*2(2))

DO 16 I=1,5
. JRIB+D

K: 1841

D(J) S EXPCTI( 1) 2L 1))

DR <EXB(T2C D #2(2))
CONTINUE . .
ED < v ®

‘!1

DLV

<DLV
DLV

DLV

DLV’
DLV
DLV

DLV

DLV
DLV

- DLV

DLV
DLV
DLV

DLV .

DLV
DLV
DLV
DLV
DLV
DLV

" DLV

DLV
DLV
DLV
DLV

DLV

DLV
DLV
DLV
DLV
DLV
DLV

" DLV

DLV
DLV
DLV

DLV
DLV
“DLV

DLV
DLV
DLV
pLV
DLV
DLV
DLV
DLV

476

490
poe
5l1o
520

540

558
.

170
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C -

*SUBROOTINE DLAMB

.CHIRRNTHIS SUBROUTINE EVALUATES THE PARTIAL
CrrcesDERIVATIVES OF LAMEDACL) AND LANBDA DOTC D)

»”

L

DLA
DLA

DLA -
DLA.

DLA

COMMON /GCOW DD( 109) , DDL( 108) ,DTYUL ,DTNOV, ISEES, LFLAG(59), mm DLA
INNEQD, NNEQS, NNEQT', 8S8( 100) ZSSL( !00) v

COMMON /VARIAB/ ALAMB( 10)

. DIMERSION Z( 109)

EQUIVALENCE (88,2

DO 10 J*1,4
DO 10 I=1,10
DLDZ(J, 1) =8,
CONTINUE

ngLDZ(J I = DALAI‘!B(I)/DZ(J)

DLDZ( 1, l) 2-9,.0497
DLDZ(1,3)=0.31xD(8)

DLDZ( 1 .4) =~0,.065%xD( 6)
DLDZ(1,8) =~9, 058%Z( 3) xD( 1)
DLDZ(1,9)=0.068%xZ(3)xD(2)
DLDZ{2,2)20.033
DLDZ(2,3)20.033 .
DLDZ(2,4)=6.073xD( 7
DLDZ(2,5) =~9.0222D(8),
DLDZ(2,9)=-0.081%Z(4) *D(3)
DLDZ(2, 19) =~0Q.026%Z( 4) xD( 4)
DLDZ(8,6)=DLDZ(1, 1)
’m.nzca '8) =~DLDZ( l 3)
DLDZ{3,9) =-DLDZ( lai)
DLDZ(Q, T3=DLDZ(2,2)
DLDZ(4,8)=DLDZ(2,3) |

DM( 4 '9) ""Dm( 2: *)

DLDZ( 4, 16>=DLDZ(2,5)
RETURN. . .

END )

D(23), DLDZ(4)\1@)

DLA

DLA -

DLA
DLA
DLA
DLA

" DLA

DLA
DLA

« 10

5o
60
. TO

9o

171

100 .

110

120 .
- 13@r

140
-150
160
170
i8e
196

210

360

360

870
380

W8

ré -



C

'SUBROUTINE EXPT

¥

crmmxs SUBROUTINE zvmm THE mmxmnu.r
CraxxxDETERMINED FUNCTIONS:FPES,YPE4,UPL, UP2,D(.)
CWAND ALL THEIR NECESSARY: PARTIAL D!RIVATIV!S

COMMON /GCOM2- DD( 100), DDLC 199), m'rm. mo!\xsm LYLAG(BO), MEXP

<

1NNEQD, NNEQS , NNEQT', 8§¢ 109) +SSL( l“) TINEX
COMMON /VARIAB/ ALAMK 19),D(23), DLDZ(-! 19)

ssssss,/

3%

COMMON /EXPT/ FPE3,FPE4, D!'PES(9) D!’PEQ(9) UP1,UPZ, DUPI(&) nmu) EXp

1SD(6) ,DSD(6,9)
DIMENSION Z( 109)
EQUIVALENCE (S8,2)

FPE3=Y,393%(D(9)—~1.)+257. I*ALAMB( B)

v

FPEA%64.7%(D( 10)~1.)+0.0068%x(D( 11)~1.)+378. OXALAMB(9)

- DF33=487.833%D(9)
DF38=287. 1
DF44= 1549.6%D( 190)+1.631%D( 11)
DF”'S?B e

c
g**mb!’l’!.(l) = D FPE./D Z(D)

10

20

C

' cmngng »J) == D SDC n/n ZCD

DO 10 I=1,4
DFPE3( I)'DFWDLDZ( I1,3) +DF88*DLM( I, 8)
DFPE4( 1) =DF44%DLDZ( I, 4) +DF49%DLDZ( I, 9)
CONTINUE
DO 2¢ I=%,9
DFPE3( I) =0.
DFPEACI) =@.
CONTINUE
UP1=0.8%D( 14) +@. 086*0( 15)-0.753*I( 16)
UP12UP1~(7.9%D( 17)+9.09%xD( 18) )} *Z(3J)

UP2=1.235E-07%D( 19) -6 . 30%xD( 26) ~20. 1¥D(21) '!-2. 1e

UP2=UP2+(9.30%D(22) +1. 85+D(23) ) +Z(4) -
'UP2=-UP2 :

C
CxxxxxDUP.(I) = D UP./D z,( n

DUP1(2¥=0,

DUPL(4)=0.

DUP2( 1) =@.

. DUP2(3)=®,

DOPI(1) =2, Z73%DC 14)~1. 26*!)( 15)~ l<92*D( 16) .
DUP1( 1) =DUP1( 1) (0O, 162%D¢ 18) ~21.49%D( 17) )*Z(3)
" DUP1(3) =~(7.9%D(C 17)'!'0 99xD( 18))

DUP2(2) =1, 06E~06%D( 19) +18, 2THD( 20) +823. G*D( 21)

DUP2(2) *DUP2( 2) +( 8. 306%xD( 22) —6 . 35xD(23) ) *Z( 4) -

- DUP2(2) ==DUP2(2) -
DUF2(4)=0.30%D¢22) +1 .BB*D( 23) ’
DUP2(4) =-DUP2(4) .
> 8D( 1) =9.024+0.0188%Z( 1) -
8SD(2)=@.032D{-12)+0, 836
ARG3=Z( 1) ~#.63
ARG4=1.309%Z('1)-9.916
ARGCB=Z(2)+6.685
SD( 3) =9 . 932¢COS( ARE3) -0, 002
SD(4) =0 . 637%COS( ARC4) +6.926
SD{5)=0, NB*(MM) *D( 18)
. BD( 6) =@, 038 .

DO S¢-I=1,9 .. - L
DO 38 -J%1,6 | . C

DEDC1,1)x%0, oxaa : )
DSD( 2, 2) =-0. 260%(Z( 2)+0. T2 ADC 12)

.- DAD(3,'1) =-0.852xS INCARG3)- Lo
~ DEDC 4, 1)=~9, S482SINC ARGS)
.. _nsn( 5,2)=0. n&m:m 13)ﬂ.cu(m:um:m 13)

' . -

v
* -

-

-

.ssésssssessssssé52553552555sssséasssssésssssssssss52555552255555
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FUNCTION VBAR (T12ME)
c

CH#xkxTHIS FUNCTION EVALUATES THE VERTICAL
CmPOSIT!ON OF THE HIP AS A FUNCTION OF TIME

c
‘ CoMMON /WALK/ BETAL,BETA2, TAV, XHOR, VMEAN
PI=3, 1415926536

¢

VBAR=BETA LASIN(4. *éraztrxmmazrmwnaw

RETURN
END

ey

33sssgsssEs



FUNCTION VDDOT (TIME)

»

s

~,

L3

c

CMIS FUNCTION EVALUATES THE SECOND TIME
CxxuxxDERIVATIVE OF THE VERTICAL HIP POSITION

.

MMON ~WALK’ BETAL,BETA2, TAV, XHOR,

»

€O

N

s

"PI=3, 1415926536

1Y

AV )

VDDOT=-BETA 1x( ARG¥*2) %8 IN( ARG¥( TIME+BETAZXT,

-

.

~

I

ARG=4, xP1/TAV

1
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FATRID28) . ST HFA. MFEC 169) ,MLEC 160 , MSTOP, NCROR., NAnk
m 1m,m1;nr,

i

T ATt COMMDN /PSAVE/ xv1,

._.r/ // w ';

R L
< o ATPRARACOS Auem ZDALPHI “

7 0NN /ccow"imt 199) DDL( 100 b'rm. n'mow,
< -ANNEGD, NNEQS, NNEQT, 8S( 10075 BOLI 100),,*mmx
ﬁ““/ - GOMMON /'rrwmm:n'ﬁmu.mmm
e «f;i—:--r' 'CO_H!O]{ APBEYS/ ALL1 m eyl e

: 7 "‘*5;‘_/,,‘;, = DAL Wn mn -
T cgmr mﬁz.ﬂv XHOR, VIEAN, XNOT- -

so mm-xm-‘iﬁmmow-w*sm ssc n )+ALL2*SIMSS(2)~SS( 1)

5o
60
70

Jrnnm 59,4) ,TNOV, TTBEGANE. 06

P

96
100

EE

ISEES, LFLAG(SO) M’LAGANK 110

ANK 120

. .-130"
é AN 140

" ANK 156

S 160
~ ANK 170
. ANK 180

A

A

190
_ANK 200-
ANE 210
220

*.
k
1

.

i 230

s 240
- ~ 230

. ‘ 260

270
280
290
‘308

RERRERRAR

sasa
852

340

E— AI.H)OT'XEQ!B- 1*008( 88( 1 ),,*DD( l) ALLQ*COS(SS( 2) -88( l.) Y*( DD( a -DD(AI!K . 350

»:/" Iy

e /
o F/_“ r'uc' .

*" CoowksxT .CT. TPRIM .~ L l;//«

- go erayxussfssaa -Lﬂ

.6“,#&

S L srm-mmefssmigawﬁ .
’ e # SIGDOT=ALPDOTHDDET) -DI( 2)
A ARC=( (BICMA=P1/2, )70.491426)
T 4w ARGI=ABS(ARG) :
‘ Anc-smsnmmm -

%

ARG= ARG¥P/2, E Rt

A gsug::urzmn myggggmn .
LT scn-mvmmu?‘“ .

L nsmm\-e 2mmmnz
~ urzmn--scmmmm> T

Ly . - N
: END = : . ¢
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- w4

El)c . FUNCTION FVERT (TIMEL-~ -« - . v . 1e
| CrtwarTHIS YUNGTION CALCULATES THE VERTICAL . . rE 3
| * CiewaxFORCE OX THE FOOT AS A FUNCTION OF o CIVE 40
! cmnn BY LINEAR INTERPOLATION OF DATA - - - VE 5
17U CoMMON STINE, TINIT,TPRIM,TSPRIN,TEND " FVE 7
| COMMON /FORCEL/ TSCALE; VSCALE, BSCALE, XSCALE, TT1145) .'mwn.mua)m, 8¢
1,TV(48) , TR(47) , TR(18) W _FVE 90
c . C FVE ' 16e
'rn'rnm H : R ' FVE 11e
, IF (TIME.CT.TEND) TeT-TEND ° : VE 12

.. ‘. TAVSTZPRIN-TINIT S - FVE 130 -
XK= CT=TINIT) /¢ TAV*TSCALE) VE 140
- FVERT= (FTABLE(TT] , TV, XX, 48) ) XVSCALEXV S FVE 1%
‘ RETURN : AT , FVE ; 160
‘END ‘ . } v , TVE ' 170
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' FUNCTTION YEOBZ (TIME) 'm0 1e

FHO 20
cm-mxs FUNCTION CALCULATES THF, HORIZONTAL . J ~ FrEmo  Se
CxxxxsFORCE ON THE FOOT AS A FUNCTION OF .' FHO 46
Ck*xxx*xTIME BY LINEAR INTERPOLATION OF DATA o ;gg 23
c : o
' COMMON /TIME/ TINIT,TPRIM, T2PRIM, TEND ; FHO- 7o

COMMON /FORCE/ TSCALE, VSCALE, BSCALE, XSCALE, TT1( (7)), TT3(18)FHO. 86
1,TV(45) , TH(47) ,TX(18) ,¥ FHO 90
c , ; \ - FHO 108
T=TIME , , _ _FHO 11e
,-1E-{TIME.CT.TEND) T=T-TEND ' FHO 120
TAV=T2PRIM-TINIT f FHO 136
XX= ¢ T-TINIT) /( TAVXTSCALE) . B . FHO ‘1490
FHORZ= ( FTABLE( TT2, TH, XX, 47) ) *HSCALE*W¥ _ FHO 15e
REYURIY o _ ) : . g FHO 160
END o , ‘ . FHO 170
»
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- / Py f
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}
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@t . B
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_ FUNCTION YP (TIME)

Cc . ’ ’
CrixexTHIS FUNCTION CALCULATES THE VERTICAL
Cx¥xk*POSITION OF THE CENTRE OF PRESSURE ON
Cxxxx¥THE FOOT AS A FUHOTION OF TIME

C
YP=0.
RETURN’
ERD
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E)

. YUNCTION XP (TIIE)

CM’I'HIS FUNCTION CALGULATES THE HORIZONTAL
C¥kxxxPOSITION OF THE CENTRE OF PRESSURE ON

C¥xrkTHE FOOT AS A FUNCTION OF TIME BY
Gmhim INTERPOLATION

COMMON /TIME/ TINIT, TPRIM, T2PRIM, TEND

c

{

COMMON /FORCE/ TSCALE, VSCALE, HSCALE,

. 3, TV(48) ,TH(47) , TX(18), W
comou /!'00'1‘/ DALPEI nnm

T'Tﬂl!
IF (TIME.GT.TEND) T"I‘*m

* TAV=T2PRIM=-TINIT

XX= ( T-TINIT) /( TAVATSCALE)

¥

XP=( ITABLE( TTS, TX, XX, 18) )*DALPK!*M

XP= 1. 13%XP-0, lS*DALPEl

IF (TIME.CGT.TEND) XP=XP+XHORFTAV

RETURN
END

¥,
.mﬂl(“) » TT2(47) , TT3( 18)

hil

L L L L L UL L L L L L L L

10

30

8o
66
7@

99
100
110
128
136
140
150
160
176
180
196

. 210



FUNCTION FTABLE (VAR,FUNC, XX,

mrs FUNCTION PERFORMS LINEAR
Cxxxkx INTERPOLATION OF A TABULAT!D FUNCTION

c
. DIMENSION VARC1), FUNCCD)
© NENDeM-1 L
DO 10 1=1,NEND : ‘
INT=1

. IP (XX.GE.VAR(I) .AND. XX.LE.VARC I+1)) GO TO 20
10 CONTINUE

FTA
TTA
FTA
FTA
FTA
FTA
FTA
FTA
FTA
FTA

FTA .

FTA

20 FTABLE=FUNC( INT) +(¢ XX-VAR( INT) ) ®(FUNCK lmn-mct INTY }/7( VARC nm-n FTA

1-VAR( INT))
RETURN
END

( | ‘c.
¥ )

* e

&

A

H 3"

. FTA
FTA
FTA

. \\‘~

10
30

50

60
790

9%e

‘100

110
120
130
140
150
160

v



FUNCTION Q@ (TIME) .

G . .
CxxkkxTHIS FUNCTION UCALCULATES THE HORIZONTAL
CxxxxxPOSITION OF THE ANKLE AS A !'UNCTIOH
CxxxxOF TIME '

C

10

3

. T=TIME

© COMMON /TIME/ TIN IT. TPRIM, T2PRIN, 'I'!lﬂ)

COMMON /WALK” BETAl,BETA2, TAV, XHOR, VMEAN, XXOT
COMMON /FHYS/ ALL1 .m

COMMON /GCOM2/ DD( 16@) ,DDL( 16@) , DTFUL, DTNOW, ISEXS, LFLAG(59) ,NFLAG
INNEQD, NNEQS , NNEQT, 8S( 100) » SHL( 100) 'I'I'ITEX
COHHJN /FO0T/ DALPH1, nu.rnz

COMMON /QFOOT/ F1

IF¥ (TIME.CT.TEND) T=T-TEND .

I¥ (T.CT.T2ERIM. CO TO 39 - .-

TAY "il-'rmrr , .
T=(T-TINIT) /T /TAV1

IF (T.LE,0.53) GO TO 1@

= -

IF (T.GE.1,0) I=21 ) .
ALPHA«S. 109 1708%( Txx ) %(T-9, 55) ¥x4+0.315469 .

QQeF 1-DALPE1%COS( ALPHA) .
co TO 20

QQ=9. 994816 1x( 1.0~EXP(~§.5%T) )’

F1=QO+SQRT( DALPH1%%2-( PP TIME) ) %%x2) *

IF (TIME.GE.TEND) QQ=QQ+XHORKTAV

QQ=XNOT - KHORXTIME+ALL 1 %S IN(SS( 1) ) +ALL2*SIN(SS( 1) ~88(2))
RETURN
END
o A
A

BEBZEBBBEE

RRSBBBBEEEERREREEEEEEE

10
30

1
76

90
100
110
120
130
140
150
160
170
180
190

210
2306

240
250

260

279

29¢
300
310
320

181



TUNCTION FTABLE (VAR,FUNC, XX, D

c:mwmrs FUNCTION PERFORMS LINEAR
Crxxxk INTERPOLATION OF A TABULATED FUNCTION

c
c DIMENSION VAR(1), PUNCC1)
. NEND=-1 _ L,
DO 10 1=1,NEND
INT> 1

7 IP (XX.GE.VARC 1) ,AND.XX.LE.VARC I+1)) CO TO" 20
10 CONTINUE .

FTA
TTA
FTA
FTA
FTA
FTA
FTA
FTA
FTA
FTA

FTA .

FTA

20 FTABLE=FUNC( INT) +( XX-VAB( INT) ) ®(FUNCC xmn =FUNC( INT) } 7 ( VAR( IHT’H.) FTA

1-VARC INT))
RETURN
END

( . -
L .

b
e
.
1
1
-

LA

. FTA
FTA
FTA

" \\u'-

10
30
-1 2
60
70

99

‘100

110
120
130
149
150
160

182



FUNCTION ATANE (X
c -
Crxxx*EVALUATE ARC EYPERBOLIC TANGENRT
c *
ATANB=ALOG(( 1.+XD/(1.-X0) /2.
RETURN
END

ATA
ATA
ATA
ATA
ATAs
ATA
ATA

33888

6

183



cnmtm OF EQUATIONS m DURING SWING PHASE
C.

10

20
3o

' \SUBMOUTINE EVNTS (IX

a 'T\

33

EVN

3

CO!MN sGCOM2/ DD( 10@) ,DDL( 10®) , DTFUL, DTNOW, rsm LFLAC(50) , NFLAG,EVN

INNEQD, NNQES, NNEQT, 88( 100) SSL( 100) TTNEX

001’0(1020202.30) X
NNEQD= 18

. NNEQS=12

RETURN

NNEQD=29 !
NNEQS= 10

RETURN

END

4

ERREERRED

-

ie
89
5e

184

60 -

70

929
100
110
120
130
140



185

SUBROUTINE ORDER ORD 10

c ORD 20
CxxwxxTHIS SUBROUTINE THE ORDER \ © ORD 38
Crxrts0f THE 29 5S(I) ANDBD(I) VARIABLES ORD 48
OFD 56
COMMON /GCOM2/ DD( 180) , DDL( 100) , DTFUL, DTNOV, ISEES, LYLAGC59) ,NFLAG,ORD 69
INNEQD, KNEQGS, KNEQT, 85( 100) , SSL( 109) , TTNEX ORD 70
COMMON /MODE/ MODE, 1MODE ORD B0
DO 10 I=1,10 : ORD 90
J=21-1 " ORD 108
STORE=8S( 1) _ ORD 1160
¢ 8S(1)=88(J) p ORD 120
§8(J) *STORE 4 ORD 136
STORE=DD( I) : : ORD 140
DD( 1) *DD¢ J) ORD 150
DD( J)-»STORE ORD 166
16  CONTINUE ORD 170
" RETURN « . ORD 180
END X - ORD 196

SRS
3 -

e
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nng

40
se

60
7e

90

Oﬂs
[ ]

110

-

SUBROUTINE DAVID (¥, RMAX, RNIN, NCONS , NEQUS , XSTRT, C, F, MAXM, IPRINT, IDDAV

1ATA, R, REDUCE, U, X,PHY, PSI K.@.D.GN.GA.Y.IYI’.C.YT.PEX.PSX.PART PAST,DAV.

2CH, U0

DAVIDON FLETCEER AND POWELL METHOD OF OPTIMIZATION

DAV
'DAV

-
DIMENSION X(1), RMAX(1), RMINC1Y, XSTRT(1), HCN,N}, GS(1}, DC1), GDAV
INC1), GA(D), (1), PN, D, YT(N,N), C(N, D, PHI(!). PSI(I). PHX(NDAV

2,1), PSX(N,1), PARICD), PAS'I‘(I).

CO!RK!N /0PTI/ KO, NNDEX

DO 10 I=1,N
C8(1)%0.8 -

CNCI)=9.0

GA(I)=0.0

Y(I)=8.0

UX(1)=9.0

DO 10 J=1.X

PT(I,J)=0.9

YT(I.D)=0.0

C(1,J)=0.0

DO 20 Ix1,N

CE( 1) »Fw( ABS¢ RMAXC 1) ~RMINCI)))
X( 1) = XSTRTC 1)

CONTINDE

ROLD=R

LK=1

L=® .

WRITE (6,399) !
KOUNT=

®
IF (IDATA.NE.1} €O TO 30
WRITE (6,460) IPRIRT
WRITE (6,476) IDATA
WRITE (6,480) X
WRITE (6,496) NCONS
WRITE (6,500) F .
WRITE (6,510) MAXM
WRITE (6,570) R
WRITE (6,380) REDUCE
WRITE (6,8520) €
WRITE (6 536) NEQUS

. WRITE (6.540) (RMAX( L) ,I=1,N)

WRITE (6,3589). (RMIN(I),Ix1 N
WRITE (6,560) (XSTRT(ID),I={,1)

CALL OPTII‘B {X,FUN1, PHI, PS1, NCONS, NEQUS, NVIOL, R)

CH(1), UX(D)
CLEARING ALL THE ARRAYS B!!"O!l USE

.

DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV

. DAV

DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV

DAV

DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV

SUBROUTINE PRTIAL RETURNS THB CBADIEN'IS REQUIRED FOR COMPUTATION DAV

TO START WITH MATRIX H IS CHOSEN AS A UNIT MATRIX
_ CALL PRTIAL (X.l NCONS, NEQUS, PHI, PSI,
JJ=®

E

DO 50 I=1,X
DO SO‘Jtl.N

" H(I,J)=0.0

Do 69 I=1, H

XK= |

HI,KK=1.0

‘CONTINUE

JIJ2JJI+1

DO 80 I=1,N

D(I)=0.0

CONTINUE

DO 106 I=],N

DO 90 J=1, N

DCI)=(H(I, J)*GS(J))+D(I)
CONTINUE:

IF (D(I).EQ.®) D(I)=1.E-5@
DCI)=-IN.I)} .

- CONTINUE :
IF D(1) DOES NOT ENSURE THAT FUNCTION WILL DECREASB THEN RESET

H MATRIX AS A UNIT MATRIX
IF (JJ.GT.1) GO'I'0330
DO 119 I=1,N .

IF ((GS(I)/D(I)) CT.e.) GO TO 4@

CONTINUE
JJ=0
L=L+1
FUNC=FUN1

DAV

GS,R,CH, UX, PSX, PHX, PART, PAST) DAV

DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV

DAV '

DAV
DAV

DAV

DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV

VRN ARDON -

3
31
32
33
34

187

33

36
37
38
39
49
41



Y

120

130

140

150

16@

‘170

180 °

190

2090

210

240
2350

260

280
290

&

SUBROUTINE FIND RETUNNS ALMDA, WHICHK CIVES OPTIMUM STEP LENGTH
CALL FIND (X, ALMDA,D,X,PEI,PS8I,NCONS, NEQUS, PUNC,R)

DO 120 I=1,N

X( 1) =3( !)+ALHDMD( D

CONTINUE - .
CALL OPTIM2 (X,FUN2,PHI,PS},NCONS,NEQUS,NXVIOL,R)

IF FUNCTION STARTS INCREASING PROCRAM Is RESTAKI'ED ¥ITH NEW R
KOUNT=KOUNT+ 1

IF (IPRINT.LE.®) CO TO 149

IF (L.GT.1) GO TO 130

.WRITE (6,409) y .

WRITE (6,410)
WRITE (6,420)
WRITE (6, 430) c

IF ¢ IPRINT.NE.KOUNT) CO TO 140

KOUNT=0 .

CALL UREAL (X, . d
WRITE (6,44@) L,U,FON2,(X(1),1=1,10 -
CRITERION FOR OPTIMNUM : ,

IF (ABS(FUN{-FUN2).LE.C) GO TO 340 -

IF (L.GE.MAXM) GO TO 339 _ .

IF (FUN2.LE.FUN1) CO TO 160 . .

DO 150 I=1,X

X( 1) =X( I) ~ALMDA®DC I)

CONTINUE

FUN2=FUN1

GO TO 840

CONTINUE

-

DAV

DAV .

DAV
DAV
DAV
DAV
DAV
DAV
DAV

- DAV

DAV
DAV
DAV
DAV
Dav
DAV

. DAV

DAV
DAV
DAV
DAV
DAV
DAV

DAV -

DAV
DAV
DAV
DAV

CALL PRTIAL (X,N,NCONS,NEQUS,PHI, PSI GN, R.CH.UX.PSX PHX, PART, PAST)DAV

EISTgE(x!TIOg COHPUTES MATRIX H 'ID BE USED IN THE NEXT ITEBATION
1 =1

Y(I)=GN( 1)~G8( 1) . ®
CONTINUE

DO i8¢ I=I,N ?

GA(1)=0.0 ’

CONTINUE

DO 190 I=1,N

19@ K=1,N
CGA(D=CA(D+(H( I, D *C8(D)
PROD1=06.0
DO 200 I=1,NX
PIlODlﬂPRODl-&GA( D *GS(I)
CONTINUE
PO 216 I=1,N : "
GA(I)=0.0
CONTINUE
DO 226 I=1,N
DO 220 K=1,N

- GAUI) =GA( !)+(H(I K xY(K)

PROD2=0. 0 R

DO 230 I=1,N . .
PROD23 PROD2+( GAC 1) ®YC 1)) .

CONTINUE

DO 240 I=i,N : -

DO 248 J=1,N . : -
DT(1,J)=D¢ 1) xDCJ)

DO 250 I=1,N

DO 250 J=1,N

YTCI,J)=Y( 1) x¥(J) .

DO 260 1=1,N . ‘ .

DO 260 J=1,N

C(1,3)=9.0

po 270 I=1,N

DO 270 ng N

DO 270 °K=1,N
CCI, N =CHC I D*YT(E,DI+CL D &

DO 290 I=1,N ¥

DO 290 J=1,N

SUM:=0.0, .

DO 280 K=1,N

SUM=SUM+(CC I, lo*n(m.n)

CONTINUE .
C(1,J)=SUM

IF {ABS(PROD1).LT.1.E~30) Pmnn:l E~3@

DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV

DAV

DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV

DAV .

DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV
DAV

3

8e

188



309
310

320

360
370

380

390

400
410

420

440
450
460
470
480
490
500
510
520
530

550
560
570
580

.

590,

1¥ (ABS(PROD2).LT.1.E-30) PROD2=1.X-3® ‘ DAV

QUO1=ALMDA/PROD1 DAV
QUo2= 1, /PROD2 & DAV
DO 300 I=iI,N DAV
DO 300 J=1,N DAV
DT(1,J)=DT(1,J)*QUO1 : N\ DAV
CC1,J)=CC I, J) *xQU02 . . _ —DAV
DO 310 I=1,N . ’ DAV
DO 310 J=1,N DAV
HCE, J)=HC(I, D+DTCI, N ~CCI,J) DAV
DO 320 I=1,N DAV
CS(I)=GN(D) R . \ DAV
CONTINUE g . DAV
FUN1=FUNZ2 v ; DAV
C0 TO 70 . DAV
KO= 1 . . DAV
WRITE (6,450) L DAV
RETURN : \ DAV
R=RxREDUCE DAV
CALL UREAL (X, UNEW) . ) . DAV
IF (LK.ZQ.1) €O TO 380 . . : DAV
IF (ABS(UOLD-UNEW) . LE. G) GO TO 369 ) DAV
UOLD=UNEW: DAV
LK*LK+1 : . : - DAV
CO TO 39 DAV
CALL -OPTIM2 (x.rm !’HI PSI1,NCONS, NEQUS,NVIOL, B0 . DAV
IF ¢(NVIOL.NE.®) GO 'm DAV
X0=0 . DAV
. U= UNEW . T DAV
R=ROLD : DAV
RETURN . .- DAV
KD= 1 : ' ZDAV
WRITE (6,590) . ) ° DAV
Co TO 370 ¢ DAV
. . . . DAV
DAV
FORMAT ( 1H1, nouor'rmxzm'xon BY DAVIDON nmmn AND POVWELL uz'rmn.gAg
1) A
FORMAT ( 1H1) - ) DAV
' FORMAT ( 1HO,52H lmmmm OUTPUT FOR DAVIDON FLETCHER AND PomnDAv
1L,”) AV
FORMAT ( 1HO,59F UART IS THE ARTIFICIAL UNCONSTRAINED OPTIMIZATION DAV

1IFUNCTION, /)

FORMAT ¢ 116, BESTEP NO.,6X, 15U, 12X, 4HUART, 30X, 26 HINDEPENDENT VARIABS)
ILES X( D)./ V o
FORMAT ¢ 15,3X,6E16.8,/(40X.4E16.8)}/ ° , 2
FORMAT (188, 26HDAVIDON HAS HUNG UF/AFTER , 14, ISHITERATIONS, ) »
FORMAT (6 1H6 INTERMEDIATE OUTFUT EVERY IPRINT(TD GYGLE. . .. I1PR/)
LINT =,16) v
;;om'r (6 1HOINPUT DATA IS PRINTED OUT FOR IDATA®1 ONLY.. . . IDA/)
ITA =,16) /)
FORMAT cgmommnm OF INDEP VARIABLES . . . . e e
1 N =,16) 7
FORMAT' (6 1HONUMBER OF INEQUALITY (.GE.) CONSTRAINTS . . . . . NG
1ONS =, 16) )
FORMAT (6 IHOFRACTION OF RANCE USED AS STEP SIZE . oo« - . . 2
1 F =,Ei9.8 . v
' FORMAT' (6 1HOMAXINUM NUMBER OF MOVES PERMITTED - . i . . . .. M)
1AXM =, 16) : >
FORMAT (6 1HOSTEP SIZE rawrmn USED AS CONVERGENCE CRITERION.’ 2
1 € =,E19.8) 2
roam'r'csmomm OF EQUALITY CONSTRAINTS. . . . + « o « « . NE/)
1QUS © =, 16) )
FORMAT (6 1HOESTIMATED UPPER BOUND ON RANGE OF X(I). . . . . . RMAX/)
ICI) =,/7(5E16.8)) 7)
romm' (61HOESTIMATED LOWER BOUND ON RANGE OF X(1). . . . . . RMIN,)
D) =,/7¢(5E16.8)) ) )
FOAMAT ' (61E-STARTING VALUES OF X(1) . . » « « = « « « « . « .ESTRL,)
1D =,77(5E16.8)) 7
FORMAT' (61HOPENALTY MULTIPLIER USED IN DAVID... . . . . . . . -
f R =,E19.8) 2
FORMAT (6 1HOREDUCTION FACTOR FOR (R) AFTER EACH MINIMIZATION. RED/)
IUCE =7E19.8) 2
FORMAT (69HODAVID EAS HUNG UP IN AN INFEASIBLE ZONE - TRY ANOTHER )

149
150
151
152
153
154
155
156
187
188
189
169
161
162

"163

164
168
166
167
168
169
170
171
172
173
174
175
176

178
179
180
181
182

184
183
186
187
188
189
190
191
192
193

189

194 -

195
196

. 197
198

199

201
202
203

203 -

206
207

208 -

209
210
211

‘212

213

- 214

213
216
217

218
219
220
221

222
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END _— - <) 224
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g G

30

5e

60
78

Qe
®

100

116

120

130

149

150
169

170
. 180

>
Y

SUMINE FIND (x.m'n.lv.m PSI, HCO!B NEQUS, P‘UNI
DIMENSION X(1), D(1), PHICI), PSI(1) .

COMMON ~OPTI/ KO,NNDEX
L=o

XK= 1

K*1 .

KEn KK+ |

IF (XX.CT.58) CO TO 258
. 8=2.0

‘' THIS SECTION FINDS BOUNDS ON THE VALUE 0!' ALMDA

AL=A1%( (S*x(K-1))/(8~-1.0))
DO 30 I=1,N

X(1)=X( I)+AL3D( D

CONTINUE

CALL OPTIM2 (X,FUNZ2,PHI,PSI,NCONS,NEQUS,NVIOL, R

DO 48 I=1,N

K(1)=X( I)—AL*D( D

CONRTINUE

IF (FUN2.GT.FUN1) GO TO 5@
K=K+1

FUN1=FUN2

IF (X.GT.78) GO TO 260

G0 TO 20

.IF (K.NE. £f) GO TO 69

Al=Al/2.

GO TO 1@

‘IF (K.EQ.2) GO 'IY) 70

GO TO 00 .

A=0.0

B=Al

C=AL

€O TO 90
AzALX((SxR(K~-2))~1, )/(8—1 )
BaAlk((Sikk(K~-1))~1.)/(8~1.)
C=AL

CONTINUE

TAIS SECTION FIND§ THE EXACT VALUE OF ALMDA
mnm.xul.uz OF ALMDA IS BRAGI!.TED WITHIN A
‘ 1 =1,N

X(I)=sX( D) +AxD( 1)
CONTINUE

CALL OPTIM2 (X,FA,PHI, PS1,NCONS, NEQDS, XVIOL,R)

DO 116 I=1,N
X¢C1)=X( 1D-A*DCD
CONTINUE

DO 120 I=1,N
X(I)=X(1)+BxD(I)
CONTINUE

CALL OPTIM2 (X,FB,PHI,PSI1,NCONS,NEQUS,NVIOL,R)

po 130 I=1,N
X(D=X(I)-B*xD( 1)

. CONTINUE

DO 140 I=i,N
X(1}=X( 1) +CxDC I)
- CONTINUE

CALL OPTIM2 (X,FC,PHI,PSI,NCONS,NEQUS,NVIOL,R)

DO 1856 I'I,N
XD sX(1)-CxDC.1)
CONTINUE

AD1=(( (BxB)~(CxC) yxFAY+( ((CxC) ~ (MA))*FB)!-(((MA)*(B*B))*PG)
AD222, % ( (B~C) *FA) +( (C~A) xFB) +( ( A-B) *FC) )
IF (ABS(AD2).LT.1.E~48) CO TO 1?

AD=AD1/AD2

-GO TO 180

AD=( A+C) /2.

CONTINUE

1F (AD.LT.A) ADS(A+B)/2.
IF (AD.GT.C) AD=(B+(C)- 2.
LaL+1

IF (L.GT.10) GO TO 240

AD IS THE MININUM OF THE POLYROH!AL PASSING THRDUGH AB AND C -

DO

> POLYNOMIAL SEARCE

FIK 1
FIN 2
FIN 3
FIN 4
FIN 5
FIN 6
FIN 7
FIN 8
FIN 9
FIN 10
FIN . 11
YIN. 12
FIX 13
PIN: 14
FIN 15
FIN 16
FIN © 17
FIN 18
FIN 19
FIN 20
FIN® 21
Fix 22
FIN 23
FIN 24
FIN 25
FIN .26
FIN. 27
FIN 28
FIN 29
FIN .30
FIN 31
FIN 32
FIN 33
FIN 34
FIN 35
YIN 36
FIN 37
FIN - 38
FIN 39
FIN 40
FIN - 41
FiN 42
FIN 43
FIN 44
FIN 45
FIN 46—
_FIN. 47
FIN 48
FIN 49
FIN 5o
FIN 51
FIN 52
FIN 53
FIN 54
FIN 55
FIN 36
FIN 57
FIN 358
FIX 59
FIN 60
FIN 61
FIN 62
FIN 63
FIN 64
FIN 65
FIN .66
FIN 67
FIN 68
FIN. 69
FIN 70
FIN 71
FIN 72
FIN 73

FIN 74

191



190

200

216
220
230

240

250

260
270

CONTINUE

CALL OPTIMZ2 (X,FD,PHI,PSI,NCONS,NEQUS,NVIOL,R)
DO 200 I=1,N

XCI)=X( 1)~AD*DC 1)

CONTINUE .

IP (B.GT.AD) GO TO 220

IF (FB.GT.FD) GO TO 2i@

C=AD l

FC=FD

GO TO 160

A*B

FA=FB

B=AD .

FB=FD

GO TO 160 N P

IF (FB.CT.FD) €0 TO 236
AzAD

FA*FD ,

GO TO 160

C*B /- B
¥BaFD )

GO TO 168

ALMDA=B

IF (FA.LT.FB) ALMDA=A

GO TO 270

ALMDA=0, ®

GO TO 270

ALMDA= AL

RETURN

END

FIN
FIN
FIN
FIX
FIN
FIN
FIN
FIX
FIN
FIN
FIN
FIN
FIN
FIN
FIX
FIN
FIX
FIX
FIN
FIN
FIN
FIN
FIN
FIN
FIN
FIN
FIN
FIN
FIXN
FIN
FIN
FIN

8
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29
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SUBROUTINE OPTIM2 (X,UART,PHI,PSI,NCONS,NEQUS,NVIOL, R oPT
DIMENSION X(1), PRIC1), PSIC1) oPT
COMMON ~OPTl/ KO,NNDEX oPT

VERY MINOR VIOLATIONS OF INEQUALITY CONSTRAINTS SHOULD NOT MAKE OPT
THE EXTIRE SOLUTION INFEASIBLE. WOB! TEST FOR PEIC(I) .GE.ZERO OPFT

VHEERE ZERO=~1.0FE-160 P OPT
ZEROs—1.0E~10 OPT
NVIOL=® ' OPT
SUM120.0 . OPT
SUM229.0 OPT
CALL URPAL (X,0) OoPT
SEEX3 PENALTY FUNCTIORS - og
0

THE ARTIFICIAL OBJECTIVE FUNCTION IS OF THE FORM OPT
UART=UREAL + RxSUM(1./PHICI)) + SUM((PSI(J)*x2)/SQRT(R)) oPT
OPT

PIV=SQRT( R OPT
IF (NCONS.LE.@) GO TO 3@ . . oPT
CALL CONST (X,NCONS,PHID) OPT
DO 26 I=1,NCONS > oPT
IF (PHI(I).CE.ZERO) oo TO 10 OPT
HVIOL>NVIOL+1 OPT
ADD A SEVERE PENALTY TO ANY PHICI) WHICH 1S VIOLATED OPT
SUM1=SUM1+ABS(PHIC 1)) %10, oz+2o oPT
CO TO 20 OPT
AVOID DIVIDING BY Armoxxm'rmx ZERO, THERE IS NO POINT PENALIZINGOPT
A VERY SMALL PHIYI) ANYWAY OPT
IF (ABS(PHI(1)).LT.-ZERO) CO TO 20 , OPT
SUM1=SUNM1+R/ABS(PHI( ) i : B OPT
CONTINUE OPT
IF (NEQUS.LE.®) GO TO 30 OPT
CALL ZQUAL (X,PSI,NEQUS) OPT
DO 48 J=1,NEQDS OPT
IF (PSI(J).CE.ZERO.AND.PSI(J).LE.-ZERD) GO TO 490 : OPT
SUM2=SUM2+( ABS( PSI(J) ) %%2) /DIV ) OPT
NVIOL«NVIOL+1 OPT
CONTINUE OPT
UART: U+SUM1 +5UM2 : OPT
RETURN OPT

EXD oPT
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BUBROUTINE PRTIAL (X,N,NCONS,NEQUS,PHI,PSI,C,R,CR, UX, PSX, PHX, PART, PRT

1PAST)

DIMENSION X(1), G(1), PHI(1), PSI(1), UR(1),

1HC 1), PART(1), PAST( 1) PRT
DIV=SQRT( R) - J PRT
ZERO=-1.0E~10 PRT
CALL SUPPLY (X,CH,PHI,PSI,PSX,PHX, UX,R NCONS, NEQUS, PART, PAST) ;RT
KN=@ RT
DO 1® =i N PRT
C(D=0NCI) PRT
CONTINUE - PRT
IF (NCONS.EQ.9) GO TO 4@ PRT
CALL CONST (X,NCONS,PHI) PRT
DO 30 I=}1 N PRT
DO 3@ J-!.NCOKS PRT
I¥ (PHI(J).CT. zznm GO TO 20 PRT
NN=NN+1 . PRT
C{D =Gl 1) +( IO.E’*Q‘.)*ABS(PHX(I J)) PRT
GO TO 3¢ PRT
IF (PEI(D). LT.-ZERO) GO TO 3¢ PRT
CUD =G ) =(RxPEX( 1,J) 7(PRI(J)*x%x2)) PRT
CONTINUE PRT
CONTINUE PRT
IF (NEQUS.EQ.®) GO 'm 70 PRT
DO 60 I=i N N PRT
DO 80 J=1,NEQUS PRT
e I)'G(‘l)-tz.*(PAB’ITJ) }IRPSX(I,J)/DIV PRT
CONTINUE PRT
CONTINUE < PRT
IF (NCONS.EQ.®) GO TO 130 . PRT
IF¥ (NN.GT.®) GO T0 1390 - PRT
DO 120 I=1,N PRT
X(D=X(D+CACD) PRT
*CALL CONST (X,NCONS,PHI) PRT
X(D=X(1)-3.xCH( 1) PRT
CALL CONBT (X,NCONS,PART) PRT
X(D=X(1)+CH(I) PRT
DO 90 J=],NCONS - v PRT
IF (PHRI(J).GT.ZERD) GO TO 9@ PRT
GO TO 100 PRT
IF (PART(J).GT.ZERD) GO TO 99 PRT .
GO TO 110 PRT
CORTINUE PRT
GO TO 126 PRT
G(1l)=y1, PRT
GO TO 120 PRT
G( !)."l .0 PRT
CONTINGE PRT
RETURN f PRT
END PRT

PRT
PHX(N,1), PSK(N,1), CPRT
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SUBROUTINE ANSWER (U, X, PHI,PS1,N,NCONS, NEQUS) ANS
COMMON /0PT1/ KO,NNDEX ANS
DIMENSION X(1), PHIC1), PSICI) ANS
TH1S SUBROUTINE IS USED MFERELY TO OUTPUT THE FINAL SOLUTION IN A ANS
STANDARD FORM. IF AN OPTIMUM IS NOT REACHED(XO=1)THEN THE TS ANS
AT HE LAST ITERATION MAY BE PRINTED OUT. ANS

CALL UREAL (X, D) ‘ , ANS
I1¥ (K0.EQ.®) GO TO 19 ANS
WRITE (6,68) . ANS
WRITE (6,70) U ANS
GO TO 30 . +  ANS
IF¥ (NNDEX.EQ.3) GO TO 20 ANS
WRITE (6,80) ARS
WRITE (6,90) U ° ) AlS
GO TO 3@ ANS
WRITE (6,150) ANS
WRITE (6,70) U . ANS
WRITE (6,100) (I, X(I),I=1,10 ANS
IF (NCONS.EQ.9) GO TO 4@ . ANS
CALL CONST (X,NCONS,PHI) ANS
WRITE (6,119) ANS
WRITE (6" 120} (I,PHI(I),I=1,NCONSY ANS
IF (NEQUS.EQ.9) GO TO %o . ANS
CALL EQUAL (X,PSI,NEQUS) ' ANS
WRITE (6, 130) A8
EITE (6,149) (1,PSI(1),I=1, NEQUS) ANS
ANS

ANS

. ANS

- - AlS
FORMAT ( 1H-, 16X,25HRESULTS AT LAST ITERATION,.) ANS
FORMAT (29X,3HU =,E16.8//) . ANS
FORMAT ( 1H1,21X,22BOPTIMUM SOLUTION FOUND,.) ANS
FORMAT (20X, 12HMINIMUM U =,E16.8//) ANS
FORMAT (23X,2HX(, 12,30 =,E16.8) } ANS
FORMAT ( 1B-,22HINEQUALITY CONSTRAINTS) ANS
FORMAT (%X.QHPH!( 12,3H) =,E16.8) . ANS
FORMAT ( 1B~ ,22H EQUALITY CONSTRAINTS) ANS
FORMAT (zsx.mrsx( 12,30 *,E16.8) ANS
FORMAT ( 1H1, 19X.233FEASIBLE STARTING POINRT, /) ' ANS
END ANS
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T=
(XyY)=

 BRI(I)=
THETA (D) =
FOREE(D) =

FSE(I) =
Z2(I)=

T=
(X, Y) =
PHI(I)=
THETA(ID) =
FORCE(I) =
© FSE(I)=
Z(I)=

T=
(X,¥Y)=

PHIC(I)="

THETA(ID) =

FQQCE(I)= 2258,1325
FSE(I)= 225241325

Z(I)=

T=-

(XyY)=
CHI(I)=
THETACI) =

FORCE(I)=

FSe(l)="

2D =

1,290 FOCE= 4

«025 MOPE= 1
(=e3754, 29805) (=-.121Z, »5378) ( .0112, .07¢7)
. (662" «2331 4398 +S5E19 . COCO
o (201 00279 + 0653 «2147 t. (000
6Es2755 9B,043E S7,3047 78%5.2533 27.G360
6E.2755 98,0435 53,6278 635.4€10 4 2Z. 5360
L5237 02342 <5800 1,7200
<450 MNODE= 1
(=e0122, «S9E2) ( +1G54, .5298) ( 0990, .0642)
- e2629 2829 c0241 <0542  0e0000
e 1043 «1653 '« 1040 e 01410 Ce (000
91S,5799 1904,3460 18.1356 102,3200 . 27.0720
. 91G.S799 1S04.8460 . 14.5242 6045755 27, (720
e 4151 5400  -1.3400  =-.3400
oS75 MODE= 1t A 4
( o419, «9960) ( 3348, «4869) ( 1038, »0396)
. 4697 .1833 0663 e0241 . 3518
W407h .3336 L0281 7.00900 . 2361
266.1182 29,2453 14, €358 121, 4430
26€.1182  15.6616° B51.5947 121, 4430
-.1070 .5107 e 0880 201300

( 26391, +9650) ( 46677, +4537) . ( .2577, ,2880)
.2067 154 L1707 . -, .2508 . 0145
. 1023 sL478 - L1365 ,08%3 . €145

30E,0201 903.4012 6447151  =5,3439 | 11,2800

305.0201 - S03.4012 "~ 47.4329 - ae.1;éu 11,2308
<0636  1,1008  1,1330 1.0340

e

216





