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SCOPE AND CONTENTS:

This tlissertation is a theorefical investigation of simultaneous

free and forced convection for flow around a sphere or cylinder' This

involved a numerical solution of the Navier-Stokes and energy equations

bv finite difference methods. To this end faster computational techniques

were developed. A large number of solutions were computed permitting

a significant extension of fluid-mechanical data avai lable in the

I i terature.
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l.l 9enera I

Momentum, heat and mass transfer between blunt objects and

surrounding f luids are often experienced in nature and technological

processes. lndustrial operations involved with a dispersion of

essential ly spherica I particles, i nc lude f luid ization, sed imentation,

crystal I i zation, spray dryi ng, pneumatic transportation, deoxidation of

molten steel and many others. An example of a natural phencrnenon which

is of great interest to meteorologists is fhe growth of cloud drops and

the evaporation of raindrops. Industrial and scientific interest in

f lows normal to the long axis of a circular cylinder is also signif icant.

Examples include, among others the shell and tube heat exchanger and

hof wire anemornetry.

Although much experimental and theoretical work has been done.

in this f ield of engineering, many gaps in our knowledge still exist.

Most experimental studies have involved the measurement of integrated

quantities such as the drag coef f icient and overall Nusselt number.

Deta i led ternperature, concentration or velocity distributions measured

experimentally are almost non-existent. There are also a very limited

number of d i str i but ions pred icted theoretica I ly. Ana I ytica I sol utions

involving limiting dimensionless parameters and solutions obtained by

matched asymptotic expansions have provided information which is

appl icable only over a very smal I range of parameters. For example, the

INTRODUCTION AND LITERATURE SURVEY



Oseen solution for a single sphere in an unbounded fluid is only

applicable for Reynolds number less than abo.rt 0.1. Boundary layer

solutions, although very successful for slender bodies, are of limited

applicabi lity f or blunt objects. such solutions are reasonably accurate

from the frontal stagnation point to the flow separation point, but do

not apply past the separation point. lnformation obfained from these

approaches, does not fulfill all of the requirements for the analysis

of processes of technological interest. lt is for this reason that

this theoretical study of more real istic transfer models was initiated'

This theoretical study of transport phenomena around submerged

blunt objects required the solution of the complete Navier-stokes

equations of motion for visco.ls, inconpressible f low and continuify

equations of heat and mass transfer subject to various boundary conditions

describing different physical situations. Analytical solutions of fhese

equations are not to be expected becauSe of their nonl inearify' However'

numerical solutions can be obtained by applying f inife-differerce

techniques. Recent solutions of complex problems in many fields indicate

that finite-difference techniques are undoubtedly a powerful tool for

obtaining numerical solutions to non-linear partial differential equations'

ForIargecorrplexproblems,however,methodsofsolvingthelargesets

of non-linear algebraic equations are nof eff icient with respect to

computation time with a digital conputer. There is a need for the

development of faster techniques for the solution of large sets of

non-l i near a lgebra ic equations'

I

I



The following sections will critically review important

theoretical works related to convective mornenfum, heat and mass transfer

around blunt objects. Convective f low around a single sphere and

infinite long cylinder in an unbounded fluid wil I be considered.

1.2 Fluid Mechanics

Viscous, incompressible flow of Newtonian fluids around blunt

objects is governed by the wel l-known Navier-stokes equation. The only

exact and useful solution of the Navier-Stokes equations is for creeping

axisymmetric f low around a rigid sphere in an.unbounded f luid, and is

due to Stokes (lB5l). He neglected inertia terms and thus linearized

the Navier-Stokes equations. This is valid for Re + 0. The solution in

terms of stream function 0*is

and the correspond i ng tota I drag coeff ic ient C* i s

CO== 24lRe ( | .2-2)

At a distance away frorn the surface of the sphere the inertia
terms dominate the flow field and Stokesr assumotion is therefore nor

valid in this region.

Oseen ( l910) linearized the convective velocities in the Navier-

Stokes equations by using the undisturbed free stream velocity U and

obta i ned the fol lowi ng ana I ytica I solution

u*= | rf- :f + zf2)sin2o

* trtcosO)
(l * coso)(l-e ' )

u.2-t)

3
zKe

.l^r2^
U*= A( 2r*z + ;)s i n-o - ( | .2-3)
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I

and the total drag coefficient as

n -24 t (t.2-4)co = fu (l + j6-ne)

This solution is valid for Re << l, and is not exacf in the vicinity

of fhe sphere surface.

For slow uniform streaming motion past a cylinder, there is no

Stokes solution; one that remains finite lar lrom the cylinder surface

and that satisfies the no-s I ip condition on the surface. Approximate

solutions to this problem have been obtained by Lamb ( l9l l) uti lizing

Stokest assumption and by Faxen (1927) and later Tomotika and Aoi (l95Oi

using Oseenrs linearization. These solutions were later improved. by

applying matched asymptotic expansion techniques after KaplaQ ( 1957) '

.This fechnique matches the flow field to both Stokesr and Oseenrs regions

by means of a singular perturbation method, which has been used widely

to obtain more accurate solutions of the Navier-stokes equations of'flow

around spheres and cylinders in the limiting range of Re << | (lGplun

Lg67, Lagerstrom and Cole 1955). The work of Proudman and Pearson(1957)

is a typical example. They matched inner (Stokest) and outer (Oseenrs)

solutions in the perturbation approach and obtained higher approximations

to the solutions for uniform flow disturbed by a single sphere or cylinder

in an unbounded f luid.

Recent exDerimental results of Maxworthy (1965) and Pruppacher

and Steinberger (1968) show that for flow around a sphere, the drag

approaches Oseenrs drag rather than Stokesr drag as Re approaches zero

(Pruppacher, Leclair, and Hamielec l97O). Matched asymptotic expansion



solufion of Proudman and Pearson (1957 ) agrees very wel I with these

experimental investigations. However, analytical solutions by the

perturbation mefhod are limited by the asymptotic ranges of the para-

meters and at best provide infornration over a very narrow range of

Reynolds numbers 0 < Re < 0.1 .

The wel I developed boundary layer theory for solution of the

Navier Stokes equations for high Reynolds number flows has achieved

great success in approximating flow behavior for slender bodies. However,

geonretric factors must be taken into account, for i'nstance, in problems

involving f low around blunt objects with the appearance of a trai ling

vortex ring at moderate Reynolds numbers. Boundary layer assumptions

even as Re + - are unapplicable over a good portion of the object. lt is

because of this loss in generality of the boundary layer approach for

the investigation of f lows around blunt objecf s and the limited app licabi lity

of matched asymptotic methods that numerical studies of the complete

Navier Stokes equations have lately received so much attention

Aooroximate solutions of the Navier Stokes equations for viscous,

incompressible flow around a single sphere in an unbounded fluid have been

obtained with various methods, Kawaguti ( l94B), using Galerkinrs error

distribution method, approximated the flow profi le around a sphere at

Re > l. lt was found that a trailing vortex appears at a Reynolds number

of 40. Kawaguti ts original work was later extended by Hamielec et.al.

(1963) up to Re < 5OOO. These approximate methods have been shown to give

insufficient accuracy wnen compared with solutions obtained using finite-



difference techniques (Hamielec, Hoffman and Ross 1967).

At present, accurate solutions of the non-l inear Navier Stokes

equations can only be obtained using numerica I techniques. The most

powerfu I methods appear to be f inite-difference techniques. There are

two main finite-difference methods of obfaining steady state solutions of

the Navier Stokes equations, namely, the steady-state methods and the

unsteady state methods. The general numerica I procedures are simi lar.

They differ in that the derivative with respect to time is dropped in

the steady*tate method. Steady-state method of solving the Navier Stokes

equations was f irst used by Thom (1933), Flow past a circu lar cylinder

at low Reynolds numbers was considered. Thorn spl it the f ourth-order

Navier Stokes equation in rjlf the stream function into two second-order

equations by introducing a new variable, [f the vorticity. Allen and

Southwell (1955) upplied relaxation methods in solving f inite-dif f erence

equations for f low past a cylinder. Apelt ( l95B) solved the same problem

at Reynolds numbers of 40 and 44. Jenson (1959) used the steady siate

method and obtained solutions f or viscous incomoressible f low around a

sphere for Re < 40. Russel | (11962) reviewed the variety of steady-state

methods and concluded that modif ied successive optimum displacement by

points seems to be the best method giving fastest rate of convergence with

stable solutions. Of these steady-state methods, Jensonfs method was

computerized by Hamielec et.al. (1967). Prior to computerizat ion, all of

the solutions were highly inaccurate because long computation times with

desk calculators did not oermit the use of suff iciently small mesh sizes

il
|]



nor proper simulation of an unbounded fluid. Good agreement of predicted

quantities (Hamie lec et.a | . 1967 , 1969) wi th experimenta I dafa of Lapp le

(195U, Tritton (1959), Taneda (1956) and recently Pruppacher and

Steinberger ( l968) indicated the usefulness of the steady-state method

employed. Computation times were suf f iciently large so as to indicate a

I imitation for solution of more complex problems. Unsteady state

approach to solutions of Navier-Stokes equations for steady flows can be

divided into several groups depending on different difference schemes

used. Fromm and Harlow ( 1963) developed an explicit forward time dif f erence

method of solving the Nav.ier Stokes equations. Their method was used by

Thonran and Szewczyk (11966) fo determine time-dependent two-d imensiona I

cross f low of a viscous incompressible f luid over stationary and rotating

cylinders and by Rimon and Cheng (1969) to study uniform flow around a

sphere. In this method, the time-dependent, fourth-order equation of

motion in 0*was split into the vorticity transport equation and the

def ining equation of vorticity and a relaxation method is used in a'n

iterative scheme for each f ime step. Frcrnm and Harlowf s method is limited

in the choice of a time step size due to the inherent instabi lity of the

explicit form and thus requires many time steps to obtain a steady-state

solution. Pearson ( 1965) developed a new time-dependent method for

solving viscous f low oroblem which employs an implicit procedure.

Pearsonrs method is stable and a large time step can therefore be chosen

to obtain the steady-state solution. In Pearsonrs method, the vorticity

transport equation is approximated by an implicit Crank-Nicholson form

where the non-linear terms, the sfream function and its derivatives, are



linearized over the time interval, and an alternating direction implicit

method (ADl) devised by Peaceman and Rachford (1955) is used to solve

the Crank-Nicholson approximation of the vorticity transport equation.

Pearsonrs method was used by Son and Hanratty (1969),06sthuizen (1970)

f or f low around a cylinder and by Le0lair (1970) to study

the flow around a sphere accelerating under the influence of gravity.

This method, usual ly cal led ADI is considered to be the fastest method

reported in the literature.

Chorin (i'967 ) used the primitive variables (velocity and pressure)

and developed a new time dependent-method for solving the Navier Stokes

equations, which is equal ly applicable to problems in two or three

dimensions. Pseudo-compressible f low approach is used by introducing an

artif icial cornpressibility durinq the iteration. The method has been

used to solve Benard convection problems in three dimensions, a problem

which is considered dif f icult to solve numerically even in two dimensions.

The important feature of Chorinrs method is its direct applicability to

the solution of three dimensiona I problems which can not be handled by

previous methods. However, no comparison has been made of the stabi lity

and rate of converqence wifh other methods.

1.3 Forced Convection

Forced convection heaf and mass transfer is governed by the

continuity equations of energy or mass if it is assumed that the velocity

profi le is unalfected by transfer of heat or mass during this process.

Therefore, the Navier Stokes equations and the continuity equation Of

heat or mass are uncoupled and can be solved separately.

l
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Boussinesq 4905) in an earry paper showed that this kind of
dif f iculty can be avoided if one assumes potential f low. By transformine
the geornefric coord inates to f low potential and the stream f unction as

independent coordinates, Boussinesq found fhat the boundary rayer rype

energy equation apprying to heat conduction in a two dimensionar.f row

f ield can be simplif ied. ln addition, if the longifudinal conduction is
neglected, then the equation assumes fhe same form as that for a flat
plate. The one wer r known sorution using this approach is for f orced
convection frorn a circular wire due to King (|914). King,s solution can
be approxinnted closely by two equations. written in dimensionless form
AS

Nu= 2

,";i;r;zm,-

n, =** ,#r,

, Pe < 0.08

, Pe > 0.08

il.J-t)

comparison with experimental data shows that Equ. il.i-l) overestimates
the heat transfer rate by up to 40ft. The potential flow solution, of
course' does not satisfy the no-slip condition on the cylinder surface.

A usefur piece of theory (arthough of rimited scope) is that
based on the oseen approximation. This is, of course, strictry varid
only in the limit as Re + o. core and Roshko |g5$ f ound that this
approximation yields the solution

( | .3-2)Nu

B

Pevlog
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Experimental work by the same author fai led to substantiate their

fheoretical result and if was thought that the disagreement is due to

disfurbanceofthetwodimensionaIconvectionbythreedimensionaIeffects.

Grosh and cess (1958), taking the Boussinesq (1905) approach,

solved the forced convection problem numerica lly f or a single cylinder in

cross flow and obtained

Nu = l.Ol5 (PdL' ( t.3-5)

The calculation assumes that the heaf transfer connected with vortex motion

on the rear portion of the cylinder is negligibly small as compared with

heat transfer by conduction. comparison with experimental measurements

indicates that this assumption is justif ied for values of Pe < 500'

This ki nd of solution is probably a good approximation for liquid metal

heat transfer because of the thick, therma I boundary layer due to the very

low Prandf I numbers for liquid metals, and that is why the neglect of

angular diffusion or conduction terms in the energy equation does not

change the overal I resu lt appreciably'

MatchedasymptoticsoIutionsforaxisymmetricforcedconvection

around a sphere and cylinder have been studied by various authors' Acrivos

and Tay lor ( 1952) and recent ly Rimmer ( 1969 ) have der ived f orced convection

asymptotic solutions f or heat transf er arorjnd a sphere for the limiting

case of pe << l. Acrivos and Taylor used stokest velocity prof ile while

Rimmer applied a more accurate velocity profile of Proudman and Pearson

( 1957). Their solutions are
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Acrivos and Taylor

Nu = Z+pe+peZuog pe+Q,8239) + O.5pellog Re +

R innner

Nu = 2+pe+eezStog pe + !tZer2-pr+4o - ftl
+ 2 lr3 -3pe-D tog pr-Z(pr+ | )2(pr-2) tog(pr+ | )J

The Acrivos and raylor solution wiI give a lower Nu at Re -+ | than bv

Rimmer because in stokesr velocity prof ile, the term of g(Re) has oeen

ignored' lt will be lafer shown that these solutions have verv limited
app licabi I ity.

( | .l-4)

( r.3-5)

A simpl ificafion

is to remove the angu lar

to an equation parabol ic

equation fol lows

u. #*

made to the continu ity equation of heat or rnass

d if f usion terms. This leads

in 0, the angular coordinate. The reduced

|i:,dt__=rE0
^2nn rd \.

U \-J

3r-
il ou\
FF'

where n= l f or a cy l inder and n=2 f or a sphere. Lev ich ug6D used .stokes
velocity prof ile for v, and V, and solved the equation analytically for
a sphere. The solufion which satisf ies the boundary conditions

atr=RiC=l
r=@ ;C__0
0=0rr>R;C=O

can De expressed as
r/3

Sh = 0.991 pe ( t.l_6)
Ba ird and Hamielec (1962) solved the same problem using velocity prof i les

af ter Kawaguti (Hamielec et.al. 1963) for intermediafe Revnolds numbers.
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Leclair and Hamielec ( l96g) solved this problem numerical ly usinq velocity

prof iles calculated by f inite-dif ference techniques. They considered

rigid spheres, cylinders and f luid spheres of low viscosity' This

approach of solving the continuity equation of mass or energy by neglecting

angu lar diffusion or conduction terms is usua I ly cal led thin concentration

(or thermal ) boundary layer theory. This theory is reasonable for systems

of high Pec let number. However, local transfer rates so

calculated are in appreciable error, especially at the f low separation

point and in the trailing vortex. This conclusion is based on a comparison

of experimentat data with theory by Garner et.al. ( 1958, 1961 )'

Peltzman and Pfeffer (1961), Rhodes and Peeble ( | 965) ' These experimenta I

investigations indicate that a finite transfer rdte should occur at the flow

separation angle rather than the zero transfer rate predicted by thin

therma I boundarY laYer theorY

NumericaIsoIutionsoftheeIlipticequationwhichincludeboth

angular and radial diffusion terms have been obtained for creeping flow

bv Johnson and Akehata (1965) and Houghton (1961) ' The iterative methods

used were very slow. Dennis ef. al. (1968) using Oseen type linearization

of the heat transfer equation, solved for steady laminar forced convection

fromacircularcylinderfromRe=0.0|toRe=40.Ve|ocityprofi|eswere

caIcr.lIatedbyfinite_differencemethods.TheirsoIutionsareingood

agreement with those found in the present analysis' Gauss-seidel iterative

schemewasempIoyedinsoIvingthefinite.differenceequation.Theymaoe

no mention of the convergence rate of the method they used' Brian and

Hales ( l969) solved the elliptic continuity equation f or a sphere in the
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creeping f low regime af various Peclet numbers. Stokes velocity prof i les

were utilized. Finite-difference techniques were appried to sorve

smoothed (by variable transformation) continuity equation. A modif ied

numerica l procedure of Doug las and Rachf ord I956) was employed. Trans-
piration effect at fhe surface of the particle was atso considered.

In the case of murtipartic re systems, parf icre inferaction
reduces the size of the vortex ring (Leclair and Hamielec l96g). Thin

concentration boundary layer theory gives reasonable average transfer
values. However local transfer rates can be appreciabry in error. To

predict accurate local transfer rates one must solve the complete el liptic
equation with accurafe velocity distributions.

1.4 Mixed Convection

The effect of free convection associated with a svstem of non-

uniform temperature or concentration is often negrected in studying

convection problems. lt is well known that a density variation due to
non-uniform temperature or concentration can affect the f low prof i le

signif icantly. The effect is neg lected because of the complexity of the
f low of i nteracti ng free and forced convecfion.

A large amount of work has been done both theoreticar ry and

experimental ly on pure free convection phenomena, for example, the nature

and stability of Benard convection (Chandrasekharlg6l) and -the boundary

layer approach fo solving free convection problems for curvi linear surfaces
(Merk and Prins 1954) However, the existing I iterature for simultaneous

convection f low is very I imited. Acrivos ( l95B , 1966) ana lysed combined

free and forced convection for a vertical plate and found that the parameter
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Gr/ReZ is of f undamenta I importance for a f lat plate. Numerica I resu lts

are reported for the heating and cooling with upward flow past a vertical

f lat plate for three Prandtl numbers , 0.73, lo, 100. lt was f ound that

the transition frorn forced to free convection is gradual and the processes

of free and forced convection interact and cannot be superposed' This

is especial ly true at high Prandtl numbers. Shear stress increases in

aiding flow and decreases in opposing flow. The boundary layer is

stabi lized by aiding flow whereas opposing flow hastens the appearance of

f low separation. Sparrow, Eichhorn and Gregg (1959) and Kubair and Pei

( l968), obta ined simi lar resu lts f or laminar boundary layer f lows' The

same flow characteristics were found. Kubair and Pei considered non-

Newtonian fluids as well.

Hieber and Gebhart (1969) solved the convective equations by

matched asymptotic expansion techniques for mixed convection for a sphere

for the limiting cases of Re + 0 and Gr * 0(Re2) for a system of unit

Prandtl number. Their results are given in terms of the Nusselt number

and drag coefficient as fol lows

Nu = 2 + 1.284 Re + Re

+o.ro+fi!+

co = ff tr * fu n"

^ ^3
In rfr + S r" tfr

Ra
'2

^ 2 , ,Re. , GrKe In \Tt
' ZF.e'

^2br

-KE

' t60

ul
Re

+ 0.166 n<q * So e, In ,F,t (t.4-2)
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The drag coeff icient was found to change with Gr signif icantiy ano

comparison with fhe present numerical solutions for the I imiting parameters
ranges shows exce I lent agreement. However, these assumptions are va I id
in the limit of Re -+ O and Gr * 0(Re2); this is a very limited ranqe of
applicabitity.

Numerica I stud ies of mixed convection f low around a circu rar
cylinder have been carried out very recenily by Onrun r969J and

06sthuizen (1970). Both authors studied air fiow past a cyrinder. The

vortex ring is shown to be very sensitive to free convecfion which agrees
with the present f indings. However, their resu rts are of rimited
accuracy due to very large step size and wal I effecf as wel I as inadequate
convergence criteria. They did nof make a comprehensive study of the
stabi I ify and rate of convergence of their numerica I method.
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2.

FORMULATION OF MATHEMAT ICAL MODELS

I Basic Assumptions and Governi ng Equations.

When a fluid flows over a blunt object at a differenf temperature

or one that causes mass transfer, the density of the fluid near the object

surface wi | | change due to heat or mass transfer or both. This density

variation wi ll cause a non-uniform body force field which affects the

forced f low as well as the fransfer rate between the object and the f luid.

I n the study of mixed convecfion f low prob lems, Boussi nesq ( 1905)

approximations are frequently used to simp I ify the basic f low equations.

These assumptions can best be summarized in two statements:

i) The variations in density which appear with the advent of motion

resu lts pri ncipa I ly from thermal or concentration (as opposed to pressure)

effects.

ii) In the equation for the rate of change of momentum and mass,

density variations may be neglected except when they are cor.rpled to the

gravitational acceleration in the buoyant force.

These approximations have been used extensively (Acrivos 1958,

Aziz and Hellums 1967 , Hieber and Gebhart 1969 etc. ) . Speigel eind

Veronis (1960) re-examined the applicabi lity of these assumptions for a

compressible f luid assuming that the ideal equation of state can be used

for the compressible f luid and concluded that Boussinesq approximations

are always valid if the f low of compressible f luid is isochoric' In low

Reynolds number f lows (Mach No.

tR
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can be considered incompressible. 0f course, one can expect that for

very high temperature or concentration gradients, these approximations

may lead to appreciable error. For smal I temperafure or concentration

grad ients, the Boussi nesq approx imations are apparent I y va I id.

The relationship between the density and temperature can be

obtained through the Taylor Series expansion of p in T about scrne reference

temperature T*, i.e.,

o = olr - Pl (r-rR)'tQ ol lr
K

^?. dO rt-l
^T! 

?dt t^
K

tttr2

++_-__
For a reasonably smal I temperature difference (T-TR), the bulk viscosity

and densitY uuu. ouu can be assumed constant and the temperature variation

of density in the body force field can be approximated by

o = ouu - 9uu B(T-Tav),

where the reference temperature T* is chosen as the bulk temperature Tuu.

This I inear relationship between p and T and the Boussinesq

approximations wi ll be used to derive the mixed convection transport

equations for convective f low around sphere and cy I inder. For axisymmetric

flow around a sphere and cross flow around an infinite cylinder, only two

special coordinates need be considered. In addition, incompressible,

Newtonian behavior of the f luid is assumed and viscous dissioation is

neg lected .

Consider a two dimensional external f low over a curvilinear

surface of Figure 2. l-1. The steady state transport equations are:

E



l,J

FI"LJRE -'.1-l

1,.

TWO EIMENSTONI,L f'LOW OVER A
SURFACE

CURVILT}IEAR
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Navier Sfokes momentum equations

x-direction
AVu*T** uy

a2v a2v
l)( ,'+ --#l

3x- Ey-

AV
X aPl

-:-f
dx

y-direction
AV AVu"n**uu#= aZv aZv

+ l)( =' 
+---Jy

Ex- oY.

- 9 sinO ( t-B (T-T ) )
AV

(2.t-t)

(2, I -2)

(2. t-3)

(2. | -4)

(2.t -5)

+ g cosO ( l-B (T-Tav) )

equat i on of cont i nu i ty

AV AV;t'-f=o
Continuity equation of heat or mass

v ll+v ar- k ,r) -&,'x 0i' 'y 5!- .]l.-* 
-)' p aO 3x- Sy-

For a flow probrem wifh two spatiar coordinates, a scarar
function, rp, the stream function can be introduced to reduce fhe number

of dependenf variables. The relationship between r/ and the velocity
components are

r/ - ati
Y-XEY

V=-oUYEx
Q' thus defined satisfies equation (z,t-3) everywnere.

substituting equation (2.r-i) into equations ( z.r-r)-(2.r-4)
and eliminating Pr f rorn equations (2.r-r ) and (z.r-D, one obtains

L-



?_0

Uro,t,- *

+gB

aql aT _ aql

3y 0x 3x

,_2 aurv lp, - 5V
o

ax
d

57

AT

-=0y

<v7,t,t

(coso**rinoSl-o

k ,a) * aZt 
,

: '---'oudxdy
p

(2. | -6)

(2.t-7)

Equations Q.l-6) and (2.1-l) are fourth order and second order

non-linear partial differential equations of elliptic type. By introducing

another variable, E, the vorticity def ined as

t, - v2,1,, (2.1-8)

equation Q.l-6) can be split into two second-order equations, namely

The vorticity transport equation

uv2e . *S #* * nu (coso * * 
'ino Sr = Q (2.1-9 )

and the def ining equation of vorticity (equation (2.l-B) ).

Equations (2.1-7 ) and (2.l- 9; are coupled and must be solved

simultaneously for the f ield functions rf , E and T subject to appropriate

boundary cond itions. Qnce the f ield functions are avai lable, the transport

properties, i.e. heat or mass transfer rate, surface pressure distributions,

drag coef f icient etc. can be ca lcu lated.

2,2 Axisvmmetric Flow Around a Sol id Sphere

2.2.1 Governing Equafions for Field Functions

The dimensionless vorticity transport equation, defining equation

for vorticity and the confinuity equation of energy or mass for axisymmetric

f low around a sphere written in spherical polar coordinates (see Figure 3.1-1)

with the fol lowing dimensionless groups and variables
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^ dU-o C^
U^-V _----_-

k,

rx = r/R V* = ,1,/u-R2

are

Vortici ty transport equat ion

fo,ffi, r;rfforl sino

At*('o + t*)1^;_, dO
EfX l' -r

pressure, is obtained by

AIb*

FF"
aux a

00 Drx

= #" ,:t (€*rxs ino) . 
r* 

(cosos i no $$,*+ .*s i#6 pil
Defining equation for vorficitv

q* = El2Vxlrxs i no (2.2-2)

Continuity equation of heat or mass

rou* !n* _ _a,L* l_!.*r - 2rx.Zsing..t1,, * 2 anx * | a2n*,_5p T6- - ft- f,.xJ = T" ,;, - i* " l*r F
, cotO 34*.

T__l

,*2 ao

(2.2- | )

(2.2-4)

2.2. I

Surface pressu re D i stri bution:

I ntegration of the O-component of

frontal stagnation point over the surface

gives the surface pressure distribution

Pertinent Equations for Draq Coeff icients and
r\u sse tr ( 5nerwood ) Numbers

(2.2-3)

the equation of motion from the

a long the parametric line rx = |

Px -p*(UJ O

4
Re

where Pf,, is

Gr = die gff 
,-T -) /Af

Fx- ER/U_ , ^x-rl -

T-T

T- _:r
s@

b-.

the frontal stagnation i ntegrat i ng
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r-component of the

be expresseo as

equa t i on of motion a long the I i ne O=0o, and
the

can -,.,#.t. 
*.'a0 ' l0=o r*

Form Drag Coeff icient:

Integrationofsurfacepressuredistributionoverthesphere

surface gives the form (or pressure) drag coefficient as

rll
' ^i ^?.f,;c\ Q.2'6)C^^=l PT^\ sin2odouP Jo \v/ 

| rx=l

Friction Drag Coef f icient:

I ntegration of surface vorticity distribution over the sphere

surface gives the fricfion drag coeff icient as
/- 7l

8 | ? -- (z.z-1)
/.\tDr-Re I e r' -,-o

and the total drag coeff icient is

^ - n + r- (2.2-B)
"D=rDF-"Dp

Number:

or Sherwood number can be writfen as

Nu(O) or sh(o) = -2 # lr*=l Q'?-g)

Local Nusselt or Sherwood

The local Nusselt

Px=l+
o

Nusse lt or Sherwood

I ntegration of Nu(0)

Nusselt or Sherwood

Q,2-5)

the sphere surface gives the

Iql

HAI

I

Average Number:

or Sh(O) o/er

number
rnI Enx.tn =J \- 

57]F/
o

s i nOdO

lrx=l

average

Nu or
(2.2-10)
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2.3

2.3 .1

The dimensionress vorticity transport equations, def ining
equation of vorticity, and the continuity equation of energy or rnass for
cross f low over an inf inite circular cylinder written in cylindrical
polar coordinates (see Figure 2.2-l) with the following dimensionless
groups and variables

dU dUoC
R"= ;; , pe=-'-:-P. Gr=d3guk'
rx = r/R , Ux = rr/U_R , Ex = {R/U_ ,

are

Vortic ity Transport Equation

;.3rfx 3Ex apx agi(- ?rx x?
LTF* 56- - ao 5i*-., = R;- E.-6*

Defining Equafion for Vorticity

+ $ (coso
B.et

Enx
a0

Surface pressure Di str i bution:

I ntegration of the O_component of

frontal stagnation point over the surface

gives fhe surface pressure d istri bution

(2.3-2)

(2.3-3)

the equation of motion from the

along the parametric line rx=l

E* = Ef2o*

Cont i nu i ty Equat i on of Heat or

?rx=-
Pe

Mas s

^2^*(:-5 +
3r*-

a .I,x

EFT
3nx oVx onx-
ao- - 5o- trx-l

)
, I a'nx.
T-)-)

-*L taLr o\:,

| 8nx
r* 0r*

2.3.2 Pertinent Equations f 9l- D,.ug Co"f f i.i"nt,
s

g I ,-T-) rl22

T.T
arx - 

--'
.ITT

| -lso

.xr 1ng !!x I
0rx

(2.3- | )

E-



') /,

t(p -P'(o) aExtf'4
oKe

PO

I

J
o

(2.3-4)

where Px is the

the r-ccrnponent

exPresseo as rAl
F*=t+ll'o Re i

J1

@ tFx
tn-^o9 lv-(J

(2.3-5)drxF

Form Drag Coefficient:

Integration of surface pressure distribution over the cylinder

surface gives the form (or pressure) drag coefficient as

f"C^^=l P*(o)1-;-, cosodo (2.3-6)
ut' Jo lr -l

Fr i ct i on Drag Coeff ic i ent :

lntegration of surface vorticity distribution over the cyl inder

surface gives the friction drag coeff icient as

rn
c--=1 i E*r-*-rsinodO (2'3-7)"DF Re i lr^=l

-o

and the total drag coefficient is

CD = CDF * CDp (2 '3-8)

Local Nusselt or Sherwood Number:

The loca I lJusse lt or Sherwood

Nu(O) or Sh(O) = -l

number can be written as

8nx e.3-g)lfr lrx=l

td0lr*=l

fronfal stagnafion pressure, is

of the equation of motion a long

obta i ned by i ntegrat i ng

the I ine O=0o and can be
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Average Nusselt or Sherwood Number:

Integration of Nu(0) or Sh(O) over the cylinder surface gives

the average Nusselt or Sherwood number

(2.3-t0)

Mixed convection problems can be classified as two types, namely

aiding f low and opposing f low. lf the f ree conv.ection current is in the

same direction as the forced convection stream, the flow is aiding

otherwise the f low is opposing. Aiding and opposing f low can be classif

from the sign of the Grashof number in the vorticity transport equation,

positive Grashof number ref ers to a id ing f low wherea's negative Grashof

number i nd i cates oppos i ng f low.

rIt
Nuorsh=Z { anx'

n J 
(- 5f) lrx=l 

do

o

ied
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MATHEMATICAL ANALYSIS AND METHODS OF SOLUTION

Coord i nate Transformation

The solution of the transport equations derived in the previous

section can be obtained only through numerical means because of their

non-linearity (asymptotic solutions which are available in the limiting

ranges of the parameters are not taken into account). Finite difference

techniques are the most powerful available for problems of this complexity

and these wi | | be used here.

In the study of convective flows around a blunt object, the

changes in the field functions rf*, tx and nx through the whole domain of

interest must be investigated. General ly, the gradients in the nornnl

direction of rfx, Ex and nx near fhe surface of the object are large

(especial ly for high Re, Pr and Gr systems). Far from the surface, these

gradients are small. As a result, in carrying out finite difference

calculations, a non-uniform mesh sysfem - smal I near the surface, large

awav f rom the surf ace - shou ld be used in the dornain of the solution.

For the sake of simplifying the nnthematical formulation and numerical

calcu lation, the transformation

r*=eZ

is used such that a constant step change in the transformed coordinate z

will give an exponential step change in the real physical coordinate rx.

A constant step size in O is adopted in this study. Figure 3.1-l

i llustrates the transformed rectangular domain and the real physical domain'

?6
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The governing transport equations for rfx, g* and nx and the

pertinent eguations for ca lcu lating f luid mechanical and heat or mass

transfer properties in the transformed coordinate (O,z) are I isted in

Table (5.1-l) and (3.1-2).

3.2 Finite Difference Approximations

F inite d if f erentia I representations for partia I derivatives can

be found in any sfandard texts. In accordance with the recommendations

of Russel | (1962) and Lapidus ( 196D, sma | | molecu le f ormu lae are

preferred to large molecu le f ormu la as being fliore suitable f or digital

computer calculations. In this study, centra I dif f ererces of a f ive

poinf molecule were used for the approximations of the partia I derivatives

which is accurate to second order. These finite difference approximations

of the partial derivatives, according to mesh point system in Figure 3.l-l
for a general field function F are

in z d irecfion

- 
Fri,j+u - F(i,j-rl. r'l=F(i,i*r)- 2lti,.il * F (i,i-t)

3z 2A , 
a.2 - ---=-

in O direction
traF '( -tri+1,.i) '(i-l,i)

-=o\)
^2-dr'^72B

-^-F-)F+tr'(i+l,j) -'(i,.i) '(i-t,.i )

^2

These f i ni te d ifference representations of partia I derivafives are then

substituted into equations in Tables (3.1-l) and $.1-T and the resutting

dif f erence equations are listed in Tables G.2- | ) and G.Z-2),
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Table 3.1-l Transport and Other pertinent
Equations for Sphere in Coordinates (O,z)

Vortic i ty transport equation:

rqpx a , Ex , EUx D , s)t - 2L-* (-i -ffi,-(-)J e'sin0
e-si n0 e'si nO

2z^

+ (cosos i no
2Re-

Def i n i ng equat ion for vort ic ity:

ex = e\!'1,*/e3zsino

,:1 ,6*ezs i no ) +

Cont i nu i ty equat i on of

rDUx 8nx aux Enx-
'62 a0 a0 dz'

Frontal Stagnation pressure:

Surface Dressure

2=-Re
Enx 2^ an*.
56-- * srn e 5;-/

heat or mass:

- Zezsino ,32n* A2n* 3nx- coto Slov

D*-
o

d istr ibut ion

Rl+*
KE

f-
J(
o

lr*
dv lo=o 

oz

Form drag coeff ic i ent :

cot

Fr iction drag coef f icient:

E*)lz=o do

tt.l sin2odo

cor 6* 
| z=o si n2odo

tt. 
r

4
KE

=

=P*+o
aE*
3z

:

n0
I
I

J

rTl
I
I

o

r1lRI
Kei

o
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Table 3.1'l (Contred)

Local Nusselt or Sherwood Number:

Nu(O) or Sh(0) =

Average Nusselt or

An*
-)-,' az lz=o

Nu or

Sherwood Number:

nr
i l-t(sh= J (-b);r=o

vn

s i nOd0
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Table 3.1-2 Transoort
Equations for Cyl inder

and Other Perti nent

i n Coord i nafes (O,z)

Vortic i ty transport equat ion:

(-I|j.-q.- 3vx o{xr =2 sxZrx' 3z 00 a0 dz ' Re -cz'
z^

* " u! (coso
aRez

222
EX-rr* = e"El(cz'

or mass:

aa

-2 ,E'n*,0'n*,
-F r._-Ttre azt aal

t#' 
lo=o 

d'

ln*#- + sing
dL7

l-*":' )
dz

Def i n i ng equat i on for vort ic i ty:

Cont i nu i ty equaf i on of heat

,aux 0nx E0 Dnx,'Ez a0 E0 3z

Fronta I sfag nat i on pressu re:

Pn-l
o

Surface pressure d i str i buti on:

r-4I+: I'Re 
I\JO

ro
=Px+1 IoKel

%

fll
I-l
I

Jo

p')f'(0)

coeff ic i ent:

AF*
dz lz=o

d0

Form drag

c^^
UT

PT^. ' cosOdO(u/ lz=o

Friction drag coef f ic ient:

4

"DF Re

a1t
I

i E*t--^ sinodo
: lL-vuo
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Table 3.1-2 (Contred)

Local Nusselt or Sherwood Number:

Nu(0) or Sh(

Average Nusselt of Sherwood Numbe

NuorSh=-Z
TT

Enx
3z

O)=

?It
I
I
I
I
I

ln*
-Dz lz=o

'dOI z=o
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Table 3.2'l Finite Difference Equations for Sphere

Vorfic i tY transPorf

A ,A2+82, -o( i,i )';ET'

equa t i on:

{n,,,;*,1(ft) * G(i,j-r 
) 
r#, * G(i+r,j)12-sc"f;(i-lI

Gr i-r,; l,eff'* * # fcoso( i )sino( i)A

(n*(,+r,j) - n*(i-r,j)) + sin2o(i)B(n*ti,.1*r) - n*(i,j-l)l

+fo "z(j)sino( 
i )[,rx(i,j+l ) - U*(i,j-t)) (H( i+t,jl-Ht i-t,j))

(0x(i+t,j) U*(i-t,j))(t(,,j+t) - Hti,j-t))l)

6*(i,jl ez(il sino(i)

t*(i,31/.'(jl sino(i)

for vorticity:

where

H.. .) =(lrJ,

Def i ni ng equation

Cont i nu i ty equat i on

^2. ^2n*.- -.(^=*! ) =" ( i, i)- A2B2

*1,,, ,rffi, = {ex(i,3+ ,rr#, a {*{i,j-r ,ro#, - Gti ,r, """'

of heat or mass:

-2+BcotO( i )
L 'l ( i+l,j ). 482

hi( ;2-BcotO(i) n" ( l- l,i )' ag?

a ux{i-r,j,r$)li

Y*ti,,i1'l - u'ti,,i-' l)t
l6ABez(j)sino(i)

P"(u*( i,.i*t ) - f*(i,j- t ))1

l6ABez(j)sino(i)
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Tab le 3 .2- | (Cont t ed )

+ -* r2+A' tl ( i, j+ l)L;;Z

+ -* r2-AI 'l ( i,i- l )LR

P"(v*(i*r,j) - u*( i-r,.i))
tongez(j) sinO(i)

P"(v*( i+r,j) - o*( i-r,.i))
l6ABez(j) sino(i)

Px,.. sin2O(i) Btt/

(i, t) sin2o(i) B

-'l 
1

J)

Fronta I stagnat ion

Px-l

Surface pressure d i str i buti on

Px--. = p* +(i) o

Form drag coefficient

cop

Friction drag coef f ic ient

pressu re

*$ ';'Ke j=l 28

a

Re ,i, r4E* 
(i,2) - E* (itz) - 3E* (i,t) I E*ri,r)) B

i=I
-\'

i=l

o i=I
C =a t .*-DF Re s- i=l

Local Nusselt or Sherwood Number:

sin0(i) B

Nu( i) or Sh( i) _ fn*( i, r) * n*il,J) - 4n*( i,2)
A

Average Nusselt or Sherwood

i=I
NuorSh= I

i=l

Number:
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Table 3.2-2 Finife Difference Equations for Cyl inder

Vorticity fransport

n2,nZ
F*(n-D)='(i,i)'A282

equat i on

Fx+r*>(i i+t\ '9ttr-(t,.1+t) -(i,i-l)
1A

F* +r*'(i+l,i) '(i-l,i)
^^2z6

^z
^ 2 t6AB
KE

(cosot i ) tnf i+r,j) - nti-r,j ))

sino(i)(n): :!,, - nrt. .) B\ lrJ'rl/ \ lrJ-l /

- ('l'ti+r,j) - uii-r,jl(6ti,j+r) - Eti,j-p)l]
Defining equation for vorticity:

"2'^2 
= ruti,i*l)-* 

vtl,.irl* tti*r,il I uti-t,il*t,,jr(ffit at _\i-t,* *rr,

- €x,. .. "2t( 
j) /zf(lrJ/

Continu if y equation of heat or rnass

nt,,i rrff, =1t.ti'i-rr rt.ri' -W

- (,1,x'Y'(i+lri)

{t',j-r ))(nti*r,;l - nti-r,j))

uti-r,j )) 
(nti,.1*r l - nti,j-r l)ll

+



Tab le 3 .2-2 (Contred )

Fronfal stagnation Pressure

a J-u
,1 e' Re ,1,

J-l

Surface Pressure d istr i bution

Px(i)

Form drag coefficient

cop

Friction drag coeff icient

Local Nusselt or Sherwood Number:

Px-l

^lu
-D*+-t- 'o Re

l=l

: -Tt-l

t-l

At+

"DF Re

(46*(i,2) - E*(i.l) - 16*(i,t)) g

?A

Px(i) cos0(i) B

i=I
s rr( -i^'x(i) BL \"t, r\ >lrlv

\lr l,
t-l

Nu(i) or sh(i) - 
3n*(i,l) * n*(i,3) - 4n*(i,2)

Average Nasse I t or Sherwood Number:

3r1* ,, , ,, * n* , i 13) 
- 4nn (i 12), B, --_---2ANu or

^ i=I')
Sh=: t

n
| -l
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3.3 Methods of So lution and Conver nce Acce leration Techni

3.3. I Iterative Solution of a

The solutlon of f ield functions 0*, E* and nx at every mesh poinf

in the domain of interest can be obfained by solving sets of difference

equations taken from Tables 3.2-l and 3.2-2. This solution can be

obtained eiiher by a direct method or by an indirect nethod' The direct

method of solution is to invert the coef f icient matrix by elimination

and the indirect method is by iteration. The direct method is the most

eff icient approach avai lable for srnall sets of equations; it is not f or

large sets. The procedure requires 2N2 arithmetic operations to sotve N

equations of the type being considered. When N beccrnes relatively large'

it is more eff icient to use an iterative procedure for solving the

equations. I n add ition to computational eff iciency, iterative procedures

possess other advantages over the el imination method. In computer

appl ications they require much smal ler memory capacity for storage of

intermediate data, and they are easier to program. Furthermore' they

are applicable to nonlinear sets of equations, whereas solution by

elimination is not. AS a result of these severa I advantages, iterative

procedures are generally preferred for solutions of the moderate to large

sets of equations encountered in problems of this study.

The most elementary iterative method available is t'he relaxation

method. Among these relaxation methods, the mosf successful I and

frequently used is successive overrelaxatlon (SoR) (Young'1954) and

alternating direction implicit iteration (ADl) (Peaceman;and Rachford 1955)'
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Many other relaxation methods are described in the text by Varga 1962).

SOR, also known as extrapolated Liebman method (Frankel l95O),

involves the use of a single iferative parameter (other terms for

iterative paramefer, often used are forcing parameter, marching or

movement factor). Th is iterative parameter is usua I ly cal led relaxation

factor. In most cases, the choice of this relaxation factor can only

be made by trial and error. lf the optimum choice is made, SOR is quife

fast and the amount of computing required is proportiona t to tt3/2, where

N is the number of equations in the set. Unfortunately, this optimurn

value of fhe relaxation factor is unknown for most problems.

ADl, in some simple cases, is a great deal more eff icient than

SOR. The best treatment of ADI is that the computing work required is

proportional to NlnN. But again this efficiency extends only in part to

more cornplex problems. In extreme cases, solutions obtained by ADI

converge very slowly or not at all. One reason for this slow convergence

is that ADI requires the selection of a set of iteration parameters to

be applied cyclically during the iteration. For a very simple problem

there exists a theoretical basis for selection of this set of iteration

parameter that will give rapid convergence (Varga 1962), but for the

general case no practical basis exists, thus, ADI frequently is applied

with non-optima I sets of iteration parameters.

A qual itative explanation of the higher convergence rates

achieved by ADI is that this method is more implicit than SOR. Stated

another wdy, each step of ADI is more closely relafed to direct solution

by el imination than is the step of SOR.
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3 .3 .2 The I terat i ve paramefer (Re r axat i on Factor )

The relaxation factor W in iterative processes plays an important

role in determining the rate of convergence of the solution. An optimum

value of this factor usual ly exists and results in the fastest convergence

rate, however for most cases, the.re exis*s no theoretical basis for
calculating this relaxation factor, except for the particular case of a

square grid system (Lap idus 1962). I n genera I the optimum relaxation

factor can only be obtained by trial and error. Moreover, this optimum

may vary from point to point in the grid system. rn this study, w

varies frorn point to point except for the poisson equation (def ining

equation for vorf icity), which is linear and known to have excellent
convergence properties. This is in contrast to the studies of Hamielec

et'al ' (1967, 1969, l97U where uniform relaxation factors over the entire
grid f ield were used. The use of a uniform relaxation factor in iteration
procedures must be questioned, because at some locations of the domain

of interest, the residual frcrn iteration to iteration of the field function
is extremely large and requires a very smal I relaxation factor for
stabilization, whereas, at other locations, this residual is small and a

relative ly large re laxation f actor shou ld be emp loyed. The use of a

srna ll relaxation factor s lows down the convergence rate and the use of a

large relaxation factor can cause the solution to diverge. In the case

of the solution of non-linear dif f ererce equations, the relaxation factor

can vary f rorn iteration to iteration as well, a point to be discussed

later. In this study, several cases have been investigated to examine

the effect of varying relaxation factors, and in general it was found
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that a varying relaxation factor gave signif icantly faster convergence

rates

Russel | (lg6D in studying solutions of the Navier stokes

eouation for flow over flat plates, used a square grid system and

suggested that the relaxation factor for the Poissonrs equation can be

selected aS uniform over the entire f ield and the relaxation factor

forthevorticitytransportequationshou|dvaryfrompointtopoint

and from iteration to iteration. The equation used to ca lcu late the

relaxation factor employed by Russel I is an approximate one obtained

by ana lysi ng the I i nearized vorticity transport equation. lt cannot be

appl ied'directly to problems of this study, because of the rectangular

grid system employed here. Russel lrs f ormulas f or relaxation f actor

which do not include the effect of step size are rather oversimplified

The sfeo size is known to have a significant effect on stability as

well as relaxation factor (Hamielec, Johnson and Houghton 1|967) '

A genera I second-order el I iptic partia I d ifferentia I equation

can be expressed i n the form

v2 F=P*-o*
xy

where P, Q are functions of X,Y dnd F' The modif ication of

formuIaforthere|axationfactorsintherectanguIargrid

into account both the physical parameters and step sizes is

(3.3-l)

Russel I rs

system taki ng

of the form

(3.3-2)
wrt i,.y) = z/{ I + [o .5t.'2 + Qzllk ]

According to this equation, the formulae for relaxation factors for

sphere and cYl inder are as fol lows
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Sphere

wct , ,; , = 2/{' * ne e'z( ']s ino( i )r,
*

wnt 
i , j ) =

Cy I i nder

wtti,il = 2/{t +

* ,9t i* t ,.it 
-. oti- r,.i , ,.f\t

2/{t+ffi,rt@,'
, uti*r,,ir :-uti- r,,i l rrf\t

(3.3-3)

(3.3-4)

(3.3-5)

,, y,ti,.i*r.t_- v,t i,i- r 1,2

* ,vti*t,.il l-q,ti-r,.jl,'a, ,

wnti,;) = z/{, *€g;,0ti,.i*tl-] gti,i-n,2

+ rut i+t ,.i I --''t ' -, ,,', ,'l' ,

Re

B

(3.3-6)

These relaxation factors when applied to problenrs of viscous f low around
a sphere or a cylinder, forced convection around a sphere and a cylinder
and mixed convection around a sphere generar ry gave faster convergence
rafes, although they are by no means optimum. They are, however, easy
to use in a computer program and give reasonabry rapid sorution. The

relaxation factor for the Poissonrs equation according to Russe ll 1962)
is

2

-t)j

wo* =

l+12r'ffi
(3 .3-7 )
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The appl ication of these varying relaxation factors to iterative

solutions of el liptic partial di f ferential equations gave the greatest

saving in computation time for the case of the linear elliptic partial

differential equation (e.g. forced convection around a sphere and a

cyl inder) where (P, Q) are a lready known und wnt i ,1') 
in equations (3 '3-4)

and 3.3-6) can be calcu lated and stored for permanent use and no

additional computer time is required. For the case of non-linear elliptic

equations, the calculation of w,i\i,j, and **(,,j) duting every iteration

is time consuming. However, one can avoid this diff iciency by calculating

W *. and W3, .', every M iterations (M > 20)' since the Poisson
rl ( | ,J ) I \ I rJ '

eouation for calculating rlx is linear and is known to have excellent

convergence properties. From computer experience with the solution of

problems of this nature {r* does converge faster than Ex or nx, and

investigations of *ri*,,,j, and *fti,j) every M fold iterations indicate that

they do not vary too much. In reality this procedure is just an approximate

method for reducing computer time. One can ensure a better approximation

by employing a srnal I M.

several studies were made to investigate the effect of varying

there|axationfacforinthegridsystem.ForlowPrandtInumbersand

smaIlr},aconsiderab|y|argerre|axationfactorcanbeusedanda

selection of uniform relaxation factor over the whole field is quite

adequate and the solution converges very rapid ly' The situations become

worse when the prandtl number and r* increase, very small Wn*must be

used in order to stabilize the iterative process' Table 3'3'l indicates

the variation of w-1in the grid f ield for forced convection around a
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sphere at Re = 57, Pr = 5 and rx = 3.32 according to equation (3.3-4).

W_*decreases monotonical ly with increasing r*. lt is understandable
n

fhat near the surface the grid dimension in the physical coordinates

(r, 0) is smal I whereas near the outer boundary it is large because of

fhe transformation r* = "'. lt is known that the smaller fhe grid size

the larger the relaxafion factor that can be accepted. Near the

separation point, fhe relaxation factor is quite large; this is because

of the small gradients existing around this point. The extremely smal I

W-*n€ar the outer boundary is fhe main reason why the use of a uniformn

relaxation factor must be chosen as low as 0.006 in order to gei the

iterative process going. The rate of convergence is extremely slow

and it is estimated that 20 times more cornputation time is required

with a uniform relaxation factor of 0.006 than with the varying relaxation

factor of Table 3.3- l.

For the case of non-linear ell iptic partial dif ferentia I

equations (viscous flow around a sphere and a cylinder and mixed convection

around a sphere), the same conclusions apply. Table 3.3-2 shows the

variation of W-1. :\ with rx and O at the f inal stage of iterativeE(t,Ji
solution of viscous f low around a cylinder at Re = 40. Sma ll tlJr* is

found near the outer boundary and large Wr*near the surface especial ly

at the f low separation point. With the calculations for mixed convection

around a sphere, the varying relaxation factor method provides faster

convergence; however not as pronounced as the other cases because of the

low Prandtl and Reynolds numbers involved. Solutions take about ha lf

the time using the variable relaxation factors.
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Table 3.3-t wnt 
i , j, Sphere

Re=57, Pr=5, rx=3.32

aOIJ

t2

24

36

48

6o

72

B4

96

t08

t20

t32

t44

t56

r68

| .05

0. r63

0.092

0.068

0.059

0.057

0.06 |

0.072

0.095

0.t45

0.261

0.606

t.505

0.864

o.943

t.22

0.045

0.03 I

0.023

0.020

0.0 lB

0.018

0.020

0.o23

0.024

0.037

0.069

0. 171

0.826

0.456

| .49

0.022

0.0r9

0.0 t6

0.0 t4

0.0 t3

0.012

0.0t2

0.0 r3

0.0 r4

0.0 t9

0.050

0.059

0. t75

0.66 I

t.B2

0.014

0.0 t5

0.0 t5

0.0t2

0.0r1

0.0t0

0.0 r0

0.0l0

0.010

0.0 il

0.0l4

0.023

0.05 |

0.202

2.23

0.0l0

0.0 r0

0.010

0.0r0

0.009

0.009

0.008

0.008

0.008

0.008

0.009

0.01 2

0.023

0.059

rt( 2.72 5.32

0.008 0.007

0.008 0.007

0.008 0.007

0.008 0.006

0.007 0,006

0.007 0.006

0.007 0.006

0.007 0.006

0.007 0.006

0.007 0.006

0.007 0.006

0.008 0.006

0.0 | 2 0.009

0 .026 0.0 l6



44

nov

l2

24

36

4B

60

72

B4

96

t0B

120

t32

rx

Table 3.3-2 W-*. ., Cvlinder
. g( lrJ,

Re = 40, rI = 59.4

| .082 2.028 4. | | | 8.336

0.326 0.054 0.020 0.009

0.207 0.041 0.0t9 0.009

o. t62 o.o4 I o.o | 9 o.oo9

0. 146 0.036 0.0t8 0.009

o. t45 0.033 0.0 17 0.008

0. t60 0,03 | 0.0t6 0.008

0. l 95 0.029 0.0 | 6 0.008

0.263 0.029 0.016 0.008

0 .392 0.03 | 0.0 | 5 0. 008

0.62? 0.037 0.0 | 5 0.008

0.90t 0.055 0.015 0.008

0.76 | 0. | 07 0.016 0.008

0.726 0.1r0 0.028 0.008

0.792 0.434 0. I 14 0.015

t6.90

0.004

0.004

0.004

0.004

0.004

0.004

0.004

0.004

0.004

0. 004

0.004

0.004

0.004

0.004

34.27

v.vvz

0. 002

0.002

0 .002

0.002

0.002

0.002

0.002

0.002

0.002

0. 002

0.002

0.002

0 .002

t44

t56

t68
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One concludes that the relaxafion factors given by equations

(3,3-2) fo (J -3-7) provide rapid convergence rates and can be taken as

a guide for choosing wrs for other problems. This is preferable to

choosing wfs by trial and error, of course they are by no means optimum

and there is no theoref ical expression avai lable to ca lcu late optimum

va lues. In the ca lcu lation a damping factor c whose va lue lies between

0 and I can be introduced into equations G.3-D to (f .3-7) in case the

system diverges. The proper value of a can be chosen based on the

history of the initial several iterations.

3.3.3 Convergence Acceleration Technique

. The dominant eigenvalue method of convergence promotion of

iterative processes developed by orbach and Crowe (197I) was used to

accelerate the iterative solution of problems of this sfudy. The nethod

itself is essentia I ly a genera I ization of the linear extrapolation method

of Aitken ( 1925, l93o and wegstein ( t95B). The apptication of this
method of accelerating iterative solutions of non-l inear as wel I as

linear algebraic equations for the present study has been very successful

when new sequences of calculation are employed to the iterative processes.

Moreover, the dominant eigenvalue method is very simple to apply in

computer ca lcu lat ions.

lf f = (fl, fZ, fj --- fm)

vector, and 7o = (fo,, fo2, fo3 ---
rel ated by

is the input vector, or initial guess

fo*, is the output vector which is

f = 0(f) (3.1-B)
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Any iterative process wi I I lead to 7, such that

I io - ?, I : | ; I (3'3-e)

where E is a tolerance vector which depends on the specified accuracy

of the solution'

The general form of the iteration can be wriften as

7n=6tinl
o

ano 1n+l=Jn+wti!-inl=6tTnl 
(l'3-10)

wherenrepresentsiterationnumberandWisthematrixofrelaxation

factorsanddependsonn.Equation(3.3-|o)isSORwithvariabtere|axation

factor.

Ifequation(3.3.10)canbeapproximatedsufficientIycIoselyby

a Taylor series accurate to first-order about an arbitrary point ?u in

the neighbournood of 7n, i'e'

where

7n+l =6?n+6

[ = ga6/aiJ 7=f
a

- ,Y F\ 4D = \l - v,r ru

evaluated using equation $'3-12)

computation time and therefore an

(5.3-ll)

$.3-t2)

. Th i s, how-

a lternative
then the matrix e can be

ever, required too much

approach was develoPed'

Thenecessaryandsufficientconditionthattheiterativeprocess

represented by equation (3'3-l l) to converge is

Ir = Max I rr.l < I (l'l-15)
k
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(Fadeeva L959). ll is the dominant eigerivalue. The solutioh of

equation (5.J-l l) can be written as

Fn-ir=c=ntio-ir)

lf all trn are distinct,

ll^fnll/ llain-rll = l^rl
where the vector norm can be defined in various ways

where ? = cI-61-16, the steady state sorution and i,. and n, ares - / Jrere ilrurl()lr .K 
K

eigenvectors and eigenrows of lU.

lf rr is the dominant eigenvarue, equation (i .3-1il can be

. 
aPProximafed bY 

- nT (i -? )
in - i, = 

--t 
i'f.l ;, rl

oi ir 'r I

lf the donrinant eigenvalue l, is not distinct, equation (j.j-16) is
still valid, although the convergence rate is much slower (Orbach and

Crowe 1971)' However, it is unlikely that two or more eigenvalues would

be numerica lly identicar for probrems.of this nature.

The apparent value of I, can be obtained from

:n-l = ;n_?n-, _ nl tio-irl : ,\ ,..n-l': 
= : -: = 

-E__ 
yl \^l_rr^n

ttr Yl

The ratio of the norm of successive Ai gives the absofute value

n^l

(3.3-t4)

(5.3- t5 )

(3.3- t6)

(3 ,3- 17 

'

of l, as

(3.3-t8)
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I la?l l- = ru* laf kl
k

m

lla?llr larkl' k=l
m

I la?l l, = t i. or2*t\
- k=l

lf the successive apparent values of I, calculated from equation (5'3-lB)

are suff icienf ly close, equation (5.3-16) can be said to hold and'it can

therefore be used to estimate the apparent solution i!

7n_7n- |

Ft=In-l *os l_lrrl

ll^rln - 1r,ln-1 I "^,
where ,^, ,u, chosen as lO-5 in this study' However,

convection around a sphere and viscous flow around a

(5.3-19)

(t.3-20)

G.3-2t)

in case of mixed

sphere and a cYlinder,

where 0 < o Z I is introduced as a damping factor to depress oscillation.

comparison of equations (5.3-16) and G.3-2U indicates that if

ll,l is close to unity, the application of equation (5.3-2U improves the

rate of convergence signif icantly. For nrost of the problems studied in

this work, lftl is very close to l, and therefore a faster rate of

convergence was achieved by applying dominant eigenvalue method in the

Iterative process.

ln solving the llnear elliptic dif f erence equation of forced

convection around a sphere and a cylinder, there is involved only one

dependent variable, n. Convergence pronotion equatlon (5.1-20) is

appl ied as soon as lllll for successive iterations satisfy
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fhere are involved more than one dependent variable' e'9" U*' f*' and

two dominant eigenvalues lfll**, lItlEx are estimated every iteration'

There is very small chance that equation $.3-21, for bofh px and t*

will be satisfied. This situation is even more pronounced in case of

mixed convection around a sphere sirce three variables rf*, E* and nx

are encountered. An alternate Process must therefore be adopted, which

is to apply equation (3,3-20) after an arbitrary number of iterations

M and choose an arbitrary )',. M and l, can only be obtained by trial

and error with the aid of the history of I, during the iteration' A big

M slows down the rate of convergence and a smal I M causes it to osci I late'

The ccrnputer experience from the present investigation indicated that

tt--20 is a good choice.

In most calculations, l^rl is verY

The damping factor cr in equation 13'3-20)

is bounded by a certain maximum depends on

3 .3 .4 lequence of Ca lcu lat i on

AppIicationoftheconvergencepromotiontechnique(dominant

eigenvalue method) to iterative solution of sets of algebraic equations

can be made more successful if the physical characteristics of the

problem are taken into account. The convergence acceleration technique

isessentia||yusedtogiveapuIsechangetotherelaxationfactor

after a certain number of iterations. One then reverts to the original

relaxation factor in the next several iferations. This process was

repeated many times during the entire iterative process. The sudden

close to unitY, e.g.r 0.99.

is set equal to 0.7 and t-lIt

the prob I em be i ng so I ved .
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increase of the reraxation factor causes osciration of the sysrem and
fhus leads to insfabi rity. For exampre, when the dominant eigenvarue
convergence promotion method is applied to soR iteration, the system
osci I lates and even diverges because of error propagation. In order fo
overcome this probrem, new sequences of ca rcuration were deveropeo,
which stabi I ized the sorution by reducing error propagation.
Linear El I iptic Equation:

Linear er riptic dif f erence equations appear in sorving f orced
convection problems around a sphere and a cyrinder where onry one dependent
variable n needs to be determined. The matrix representation of a r I

difference equations in every mesh point is

e n = E cJ_22)
First of all e is split into two mafrices

a=, i*dzi=o- G.3_23)
where d, is a tridiagonar matrix and c=, is a bidiagona I mafrix of order(IxJ) and i is tn" vector of arI n in every mesh point and o is a vector
i ncl ud i ng boundary cond itions.

An iterative scheme can be designed so that

O,in = 5 - c=rin-l = 5,n-l (3.3-24)

Equation (3.3-24) can be sorved eff icientry by the method of rhonras
(Lapidus 

' lg6D provided that n-n-l is known. This process is repeated
from the starting sorution no (or initiar guess of n) unf ir i,n satisf ies
a given criteria.
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A more detai led descriPtion of

i I I ustrated by looki ng at a particu I ar

difference equation can be written as

this iterative scheme can De

grid Poi.nt (i'i)' The elliPtic

- n(i-l,j) u(i-t) * n(i,i) - n(i+l,i) u(i+l)

n(i,j-r) otj-,) - n(i,j+r) bt.;*t) = o G'3-25)

where u( i-l), a(i+r) and bt.;*t) are related to {, and are constants'

By assigning the values of n(i,j-r) and n,i,i+l) equal to those of the

previous iteration, the value of n1i-lri)' n(i,i' and n(i*l'i"un o"

obta i ned from

- n?i-r, j) u( i-r) * n(i,i)n - n( i+lri)n u(i+l)

- n?;f.;-,, o,i-,) * n?;j3*rr br;*tr

ThesametreatmenthasbeenappIiedtoa||gridpointsa|ongtheconstant

jIine.ThematriXrePresentationofthistridiagonalizationprocedure

is essent ia I ly equat ion G .3-24). Theref ore bY so lv i n9 equat i on ( 3 '3'24) '

all i values of n(i,i, along the constant j line are calculated at

iteration level n' This procedure is then repeated for all j lines'

Thismethodofiterationhasprovedthattheconvergencerateisabout

twice as fast as SOR iteration'

Amorerapidconvergenceratecanbeobtainedbyapp|yingthe

convergenceacceIerationtechnique.However,thestabiIityprobIem

re|atedtoerrorpropagationmustbeconsidered.ThiscanIimitthe

app t icabi I i ty of the convergence acce lerati on techni que'

$.3-26)
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Consider the mesh system in Figure J .3_1, lteration by

equation (3.3-24) revises the varues of 4 for all irs starting fronr

j = 21 3,4 --- j-l (j=l and j=J are boundaries where nrs are known).

Divide the iteration into two ha rf iterations as f or rows:

t) Calculafe new values of nn along the lines
j = 2, 4, 6, B --- using va lues of nn-l at lines
j = l, 3, 5, 7 ___

ii) Ca lculate new values of nn along the lines
j = l, 3, 5, 7, 9 --- using va lues of nn at line
j = z, 4, 6, B ca rcu rated f rom the f irst harf iteration.

This sequence of carcuration reduces error propagation.

I n the first ha lf of the iteration, successive substitufion i s

app I ied, i .e .

; n = i'n**
- n**

where n" i s ca lcu I ated from equat i on (3,3_24) . For

of the iteration reraxation with convergerce promotion

nn = -nn-l + ofr- (n-t'*l in-l I
n

where 6 is the promotion factor and

6 = o / 0_ llrl )

(3 .3-27 )

the second ha I f

i s used.

(3.3-28)

(3.3-29)

0f course 6 in equation $.3-2g) is set equar to unity excepf at the
iteration level when convergence prcrnotion appries and has the va rue
given by equation G-3-2il. In some extreme cases, lltl is very crose
to unity and 6 can reach a rarge varue, which reads to divergence.
To avoid this' 6 is bounded by 6 max, a varue which depends on ll,l.
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This sequence of calculation was found to be 3-4 times faster

than SOR iteration with varying relaxation factor and is much faster

then SOR with uniform relaxation facfor. Comparison of computational

work between SOR and the new sequence tridiagonal ization with convergence

promotion are shown in Figure 5.3-2, lt can be seen that 6 can vary

over quite a wide range with very smal I effect on convergence.

Nonl i near Coupled E | | iptic 
-Equations

Nonlinear coupled elliptic equations appear in problems of

viscous flow around a sphere and a cylinder and mixed convecfion flow

around a sphere and a cyl inder. These equations are vorticify transport

equation and the continuity equation of heat or mass. Direct application

of the convergence promotion technique gives rise to error propagation

even worse than encountered with the I inear el I iptic difference equation.

A new sequence with convergence pronntion was developed to overcome

this problern.

The new sequence of calcu lation is a modif ication of the sequence

for linear equations. One complete iteration was divided into two half

iterations, one by direct substitution and one by relaxafion with

convergence promotion. Consider the mesh system in Figure 3.3-3. The

sequence of calculation of the field function F is such that, as iteration

sweep frorn i = 21 3, 4,5 --- for all j at each i line the X points are

ca lcu lated i n the f irst ha lf iteration and d irect substitution (equation

3.3-27) of the ca lcu lated F value is used as the new F value; in the

second half iteration 0 points are calculated. Relaxation with convergence

promof ion is used f or calculating new F value (equation 3.3-28).



Figure 3.3-2 Comparison of Computation Time; LinearElliptic Equation

Sphere Re = 57, Pr = 5, A = 0.05, B = n/30, rf; = 3.32

SOR with uniform Wn*= 0. I

SOR with varying Wn*(i,j)
New sequence convergence promotion

with varying \ti,.,i)

I

o

I

o

tr

6 -30

OU

t00

CDC6400 cpu time per iteration

SOR 0.097 sec

New sequence convergence promotion 0.095 sec.
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This completes one iteration. This new sequence of carcuration was

found to be more stable and converged 2-5 times faster than soR iteration.
A conparison of computation work for soR and new sequence iteration
are shown in Figure 3.3-4. The rationar of this new sequence of
calculation is the same as that for the rinear eil iptic equation, in
other words to reduce the error propagation in the system.

A comparison between ADr and the present method has not been
made, however cornputer time of Son and Hanratty il969), using ADr f or
cylinder at Re=40 takes 40 minufes using an rt},r 360/75, The study of
exactly the same ppegrem (same number of mesh points, same step sizes
and same rx) by the present method takes 15 minutes using the cDC6400
computer which is comparabre fo the r',,4 360/75 in speed.

ln concrusion, the new sequence with convergence promotion
methods developed here are generar ry faster fhan soR, ADr iterations.
Other advantages of this method may be su,nmarized as follows

i) The effects of step sizes, physicar parameters on stabi I ity
are mi ld and therefore these nrefhods can be appried to a variety of
prob lems.

i i ) The stabi I ity is not sensitive to the convergence promotion
factor 6 so that a wide range of 6 can be chosen.

iii) For the case of non_linear, coupled elliptic equations,
the choices of reraxation factors given in section i .3-z vary srightry
from iteration fo iteration, since these relaxation factors depend only
on stream function rl* which converges much faster than g* and n*
Therefore wgrrs and wnJs can be revised every M rterations. This reads
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F igure 3 .3-4

Sphere

Ccrnpar i son of Conputer T ime;

Non linear Elliptic Equations

0.71, Gr = -300, Re = 50

0.05, B=r/30, tI= 14.BB

Coup led

o

20 iterationl

Pr=

A=

SOR with uniform Wrs

W-,*= 0.4, W* = 0.2, W_*= 0.4
V"E-n

SOR with varying Wfs

New sequence convergence promotion
with varying Wtsr. ,,, frevising every

\ | ,J /

$ = lO

= 15

CDC6400 C- time Per iteration
p

SOR = 0.79 sec.

I

r
o

Neb, sequence convergence promofion with varying
l,lr s, . . . 0.8 sec .( I ,J,
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3.4

to a significant reduction of computation time'

iv) The sequence and convergence promotion techniques are

to program for a digital conrputer'

I n general, the iferation procedure of the field function

F(Ux, 6x or n*) is said to converge if the following condition is

satisfied -D-lt(i, (5.3-i0)<e

lrl' ( i ,i )

n-, 
I

where e is an arbitrary tolerance and depends on the degree of accuracy

required.Moreaccurateresultscanbeachievedifeissetsma||er.

However, the value of e depends on lFtiri)n-ll' the denominator of

equation (3.i-io). ln some cases the value or l"',r'I:1,.],*.1';[:1,"-"

small'e.g.,inso|vingforcedconvectionprob."*T:]ffi

usually appears at the rear end and near the outer boundary where

rp -.n-ll is smail and the change l',,,j) - F(i,i,n-'lis relatively

"1r.1' 
or'a resurt a proper e must be chosen based'on the error of the

rocar or integrated varues such as Nu(o), Nu or co Per iteration' ln this

workthechangeinthesepropertieswere|essthano.|'.Theconvergence

cana|sobetestedbyvaryingthestepsizesAandB.Largeva|uesof

AandBincreasetruncationerror,howeversmal|erVa|uesofAandB

lead to a great number of mesh points and larger conrputation time'

These|ectionofAandBisamatteroftriatanderror.Thevarious

AandBusedinthisstudyaretheSameasthoseusedbyHamie|ec'

max
i, j
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Hof fman and Ross ( t967), Hamielec and Raal (1969)and LeClair ( t97O).

The integrated values (e.g., Nu, co etc.) are less sensifive

than the local values (e.g., Nu(0), €* etc.) per iteration. ln this

study a ll local changes in f ield f unctions per iteration must be less

than 0.|fi at convergence. This convergence criterion is used throughout.
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4.1

SPECI FIC PROBLEMS SOLVED

Viscous Flow Around a Sinqle Sphere and a

4.1.1 Governing Equations, Boundary Conditions and
Method of Solution.

The governing equations for viscous flow around a sphere and

cylinder is the Navier Stokes equation described by Hamielec et. a l.

(1967, 1969). In coordinates (0, z) they are

Sphere

-aU* aEr(L;; m-

(4. r- l)

r#.h r$r -#. #,*)l sino

? E 
*2 (E* ezsino)Ke sz

e* = Erlz ,r* / eizsino

Cy I i nder

- .4r=2 F*2.xa0 3z- Re-cz e

(4.1 -2)

e* = r.lz v*

Undisturbed paral lel flow boundary conditions are used to

simu late f low in an unbounded f lu id. These boundary conditions are

Sphere

at z = O; tx = 0, Ex
2z

atz=z*i rl*=\-

atO=orlti 0*=6*

-*2
sz

.2^
s In (J,

63

0*/sino

E*=0 (4.t-f)
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Cyl i nder

at

af

^+ol

The

z = o; 0*.= o, Ex = E^*-2cz

z = z@; {rx = ezsinO, E* =

px

o' (4.r-4)

0=orn; 0x= Ex=o

method used to solve these non-linear eouations was the new

sequence convergence promotion method described in Secf ion 5 .3-2.

FORTMN lV computer program for sphere is. listed in Appendix A.l.

For the case of cylinder, the logic of programming is the same as that

for sphere except the finite difference equations, and the computer program

of cylinder is therefore not shown in detai l. Initial guesses of {,*

and 6* for sphere are Stokes creeping flow solution for Re<10 and

Kawagutirs approximate solution for Re>10. Potential f low theory was

used for the cy I i nder.

4,1.2 {n Extrapolation Technique to Obtaijr
Flow Behavior for an Unbounded Fluid

Solutions of vorticity and sfream funcfion obtained by solving

the Navier Stokes equation subject to finite boundary r* which simulates

r* =- (as f inite dif ference solution for r* = - is impossible) usually

include wal I effects unless rx is chosen large enough. The proper r*

is obtained by trial and error. The choice of too large r* leads to

excessive ccrnputation time and poor stability of fhe iterative scheme.

An ef f icient method was developed to estirnate f low behavior for

r* = -. This involved extrapolation of two sets of solutions for f inite

rx. By examining rf* and q* distributions of the Navier Stokes equation

solutions obtained at different rj, it was fq.rnd that both 0* and E*
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change mono+onica I ly with rx, which indicates that

expressed as an infinite series expansion of l/r*,

F=F

where F represents 9* or 6

CZ, C3 --- are constants.

Assume r[ is chosen large enough such that terms :
neg lected from equation (4. l-5). Therefore

rlx and l* can be

i.e.,
nn^Ut U- tv.+.+ -+ +---
I r*' rx

(4.t -5)

= o and C,,

?
| /rx' can be

(4.1-6)

to l/rx is
@

o

*

t-l

Atr[+-,F*Foundthe

assumed zeto, that is

condition (4.1-7 ) implies C, =

r=r

 A\, I v.)
+ ' + '^

o r* rxl
@@

lst derivative of F with respect

and F is the value of F at r*
o

=Q
l/rx'> o

o

therefore
cz

dF

d( | /r*
@

(4.t-7)

12rxl F, - r*i F^@f | @l I
o -*l - .*L'ol 'o/

(4. r-B)

solutions of tIf und rx,

(4. r-9)

+ _;r_o rxl

t*o l"+, otF can be
v

by el iminating C,

obta i ned f rorn

as fol lows

This equation is used to calculate all local values of rr* and 6,*,

these values are then used to ca lculate drag coef f icient etc.

This exfrapolation method has been tested by considering three

sets of solufions of different rx for the case of viscous flow around a

circular cylinder at Re = 85 (cylinder is known to have a very large wal I
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ef f ect, Hamielec and Raa | ( 1969)) and the resu lfs are tabu lated in

Table 4.1-1. Excellent extrapolated values are indicated. Comparison

of drag coeff icients so obtained with experimental measurernents is

also excellent as will be shown later in tabular form.

Table 4.1-l Extrapolated Cr., Values

Cylinder Re = 85
A =0.05, B=6o

l(
@

*
t-

@

*
t-

@

7.03

and

9.0J

9.03

and

il .59

7 .03

and

| ,59

C^^ (-)
UY

0 .90

0. 87

O. BB

CO, (-)

n zq

0.34

n?q

CO (-)

t.25

t.2l

t.23
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4.1.3 Mesh Dimensions and Accuracy of Solutions

The step size selected for A and B in the numerical calculations

were selected based on the work of Hamielec, Hoffman and Ross (1967)'

Hamielec and Raal (1970) and LeClair (1970). A and B used for different

Reynolds number ranges for both sphere and cyl inder are as fol lows

0.Ol <Re< | ; A=0.1, g=1/30 (6")

. *" . lO0; A = 0.05, B = n/30 (60)

IOO < Re < 400; A = 0.025, B = r/60 (3o)

A must be chosen considerably smal ler at high Reynolds numbers because

the gradient near the surface is steep.

The effects of angular and radial step size have been investigated

thoroughly for the case of Re = 85 for cylinder. The re'sults are shown

in Table 4.1-2. This table indicates that the choices of A = 0'05 and

B = t/30 is small enough to provide accurate co at Re = 85.

Tab|e4.|-2EffectsofAandBforCylinderatRe=85

r* A u CO, COf CO

7 .03 0.05 t /30 | .20 0 '44 | '64

0.05 t/60 t.20 A'44 t '64

9.O3 0.O5 r/30 |.09 0'40 |'49

0.05 r/60 l'08 0'40 l'48

9.Ol O.0l | 4 r/OO l'09 0'40 t '49
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The size of the outer boundary r* must be obtained by trial and

error, too small r* increases the wall effect and too large an r*

increases the number of mesh points and therefore increases conrputation

time.AtIowReynoldsnumbersthewalleffectisverylmportantandat

moderately high Reynolds numbers the wal I effect becomes less significant'

ln the case of the high Reynolds number range (lo0 < Re < 400) the quite

long vortex at the rear must be taken into accor-rnt. Too small a choice

of rj wi ll decrease the dimension of this vortex' In this study rl = ll'88

is chosen for lO0: Re < 400, and is considered to be large enough since

the calcu lated drag coeff icients are in excellent agreement with

experimental measurements. In the case of the cylinder, the wal I effect

is larger than for the sphere. The extrapolation technique described in

Section 4.1-2 was used to obtain r!* and t* at unbounded f luid f low f rom

two sets of Ux and 6x of different r*'

The accuracy of an iterative solution depends on the tolerance €

-4
in equation (5.5-50). In this study e is sef equal to l0-- which wi ll

give less than 0.ll change in the f ield functions r!*, t*.

4.1.4 Discussion of Results agd Cornparison with

Sphere in ag Unbounded Fluid

A . F low F ie ld Phenomena

The surface Pressure

for 0.Ol < Re < 400 are listed

constant rlx and €* lines around

motion immedlatelY beYond the f

and surface vorticity distributions

in Appendix B.l. Figure 4'l-l shows

a sphere at Re = 400. A secondary vortex

low separation angle is observed'
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Son and Hanrafty (1969) in their numerical study of viscous flow around

a cylinder also observed this secondary vortex at Re = 500. At Reynolds

numbers of 500 and 200, it is smal l and a finer nesh system is required

for a more cornprehensive investigation. At Re = 100 it vanishes. The

presence of this secondary vortex motion can also be observed by

investigating the surface vorticity distribution shown in Figure 4.1-2.

The wavy curves beyond the separation angle appear to be a result of

this secondary vortex.

The surface vorticity distributions are used to determine the

f low separation angles 0, where t = 0. The vortex length is the

distance frcrn the rear stagnation point to fhe point where V. = 0 along

the parametric line O = il and the wake volume is obtained simply by

integration of the revolution of zero sfream function line (which is the

boundary of the vortex ring) around the axis 0 = n. These calculated

results are I isted in Table 4.1-1.

Figures 4.1-3 and 4.l-4 show the variation of O, and L/d with

Reynolds number, respectively. Numerical solutions of Jenson (1959),

Rimon and Cheng (1969), Rhodes (1967) and the recent results are shown.

Predictions by the matched asymptofic expansion technique of Proudman

and Pearson ( 1957) are al so shown. Comparison with experimenfal

measurements of Taneda (1956), Garner and Grafton (1954) and Nisi and

Porter (1923) is good except at low Reynolds numbers where Taneda scrne-

what underestimates the vortex length. This may be the effect of extreme

diff iculties in visualizing the f low with tracer particles of f inite

size and f inite fal I velocities. The experimenfal resu lts of Nisi and
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Table 4.1-l Present Calculations of

O . L/d and V /U - for SPhere"s'ws

Re

l0

40

51

r00

zvv

300

400

o
S

27 .6"

36 .0"

,,t? 50

52.8"

63.3"

68 .40

t ?.3"

Lld

o.20

0.54

0.60

0.95

| .66

2.16

2.50

v/uWS

0.0287

0. 089r

0.246

0.698

| .59

2.29
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PorterwereproDabIybiasedbytheirmethodofsuspendingthesphere.

The value of L/d obtained numerically by Rimon and cheng f or low and

high Reynolds numbers is biased by the boundary conditions they used

which do not simulate unbounded fluid f low; in addition, the step sizes

they used are considered to be too large. The critical Reynolds number

for the initiafion of vortex motion has been shown to be 20 by LeClair

(|970),byvaryingthestepsizesanddistancetotheouterboundary

which ensured that the computed values tor L/d and o, were nof biased

by these parameters. Another indication of this critical Reynolds

number can De more or less drawn f rom the plot of c^/c*- | vs Re as

suggestedbyMaxworthy(1965),PruppacherandSteinberger(1968)and

Pruppacher,LeCIairandHamielec(|970).Thisdragcurveindicates

thattherearetwopronouncedbreaks,oneatRe=20andoneatRe=400.

These breaks may be explained by the formation of a wake at Reynolds

number around 20 and the vortex shedding phenomenon at Reynolds number

of around 400.

Theca|cu|atedvo|umesofthevortexattherearofthesphere

at Re = 30,57, l0o, 200 and 300 are Plotted in Figure 4'l-5 together

with experimental data after Hendrix et.al. (1961 ) for I iquid drops'

ThepresentnumericaIsoIutionsgivehigherwakevoIumesthanthose

measured. This is undoubtedly the result of circulation within the drop

which tends to decrease the flow separation angle and wake length' Recent

measurements of Karla (1971) af Monash University in Australia for rigid

spheres indicates good agreement'
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Drag Coeff ic i ent

The predicted f orm and f riction drag coef f icients are tabu lated

i n Tab le 4. l-?. Computationa I parameters, extrapo lated va I ues of drag

coeff icient using fhe extrapolation technique described in Section 4.1.2

and experimental measurements are also shown. Excel lent agreement with

experimental data is apparent. This is especial ly true for recent

measurements of Pruppacher and Steinberger (1968). Figure 4.1-6 shows

the variation of Cn with Reynolds number, analytical solutions of

Stokes ( l85l ), Oseen (1910). The ana I yfi ca I

solutions deviate signif icantly from the experimental data for Reynolds

number greater than about unity. Recent experimental results of Maxworthy

(1965) and Pruppacher and Steinberger (1968) suggest that the drag approaches

the Oseen drag rather than Stokes drag as Re + 0. Numerical solutions

at low Reynolds numbers did verify fhis fact (LeClair, Hamielec and

Pruppacher 1970). Stokes solution is therefore only valid for Re = 0

whereas solutions by Oseen, Proudman and Pearson are appl icable at

Reynolds number below 0.1. At larger Reynolds numbers, these theories

fai I to give results of sufficient accuracy.

Sinqle Cvlinder in an Unbounded Fluid

A. Flow Field Phenomena

The surface pressure and surface voriicity distributions

are tabulated in Appendix B.l. for Reynolds numbers 23, 40, 85 and 175'

Hamielec and Raa | (1969) studied the variation of separaf ion angle 0,

and vortex length for the Reynolds number range' I to 500, and for this

reason these quantities wi ll not be discussed in detai I in this thesis.
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B. Drag Coeff icient

The predicted form and friction drag coefficients are tabulated

i n Tab le 4.1-3. Cornputationa I parameters, extrapolated va lues of drag

coefficient and experimental measurements of Tritton (1959) are also

shown. Agreement between predicted and measured data is good. Figure

4.1-7 shows a graph ica I compar i son.

4,2 Forced Convection Around a Single Sphere i3 an

4.2.1 Governing Equation, Boundary Conditions
and Method of Solution

The governing equation for forced convection around a sphere and

sphere assemblage is the elliptic continuity equation of heat or mass,

.a.|.*ar.
3z 00

Atl*
-Fo9 Pr-='"i:'"t r# -#- $* ."tt $* I

surface temperature orand the boundary conditions with constant

concentration are

in

by

at z=0

at z=z

af O=0rr

The stream function rl.,x

Section 4.1. However, for

LeClair (1970) is used.

; nx -l

; nx -0
ln*

, 
^no \:,

, which is already known,

a sphere in an assemblage,

is that ca lcu lated

Ux calcu lated

This linear elliptic partial dif ferential equation was solved

usi ng the new sequence trid iagona I ization with convergence promotion

described in Section f .3.4. The initial guess of n* f ield is 11* = I



,1 1

everywhere.FORTRAN|VcomputerprogramIistingmaybefoundin

Append ix A '2 '

4.2.2 Mesh Dimensions and Accuracv 'of Solutions

Thest.epsizesAandBforthenxfieldarese|ectedidentica|

tothoseIistedinSection4.|.3forthef|owfieldsuchthatthe

ca lcu lated stream f unction rpx in section 4.1 can be used directly

becausetnemeshsystemofnxfie|disexact|ytheSameaS{jxfie|d.

For|argerPrandtInumbers,reductionofthemeshsizeisrequiredto

accountforrnethinthermalboundaryIayernearthefrontalstagnation

ooint. In the low Prandtl number range studied here (Pr < 5)' the

chosenstepsizesshouIdprovidesoIutionsofsufficientaccuracy.

The n* field is not as sensitive to the outer boundary rx

as the px and Ex f ields especially at high Prandtl numbers where the

thermalboundarylayerisconsiderablythinnerandtheboundarycondition

n* = 0 at moderate rx is most likely satisfied' Of course at very low

Prandtlnumber,wherethethermaIboundaryIayerisreIativelythick'

rx must be chosen suff iciently Iarge to closely approxirnate an unbounded

f lu id.

TheaccuracyofthenumericalsolutionaIsodependsonthe

tolerance e of equation (J.J-50). ln this case e was set equal to lo-l

togiveamaximumchangeinthelocaloraverageNusselforSherwood

number of less than O'1tr per iteration'



4,2.3 Dis,
t

J -- -

calculations were made for Re = 0.05, 0.1,0.2,0.5, o.-/5, lr 2!,3, 5, lO, 30, 57, l0O, 200 and IOO and for pr = 0.25, 0.35, 0.5, 0.71,
l ' 2' 3'5 and 5. This covers the possibre prandtr number range f or gase
between 25"C and 250OoC.

Local Nusselt (or ghgr_h,ee6; numbers are tabulated in Appendix B.Figure 4.2-l shows the plot of lrcal Nusselt (or ghspr^/6od; number at
Dr - A rr' ' - v'/ r ror Re = 5J, 100, 200 and J0o. The transfer rate at the
point of minimum transf er is f inite rather than zero as predicted by thi
fhermal boundary layer fheory (Baird and Hamielec 1962, Leclair ano
Hamielec 1968)' This is in agreement with experimentar observations of
Peltzman and pfef fer ,967), Rhodes and peebre ag65) and Garner et.ar.

i(1958, 1958, r961). No quantitative comparison can be made because of i
the difference in prandtr numbers. comparison between rocar transfer
rates obfained by thin thermal boundary layer theory and presenT numerica
resurts are shown in Figure 4.2-2, which indicates that carculation bythin approximate theory is signif icantly in error especia I ly in rhe
circulating wake regime where fhe thermal boundary is thick due to
internar circuration and the assumpfion involving fhe neglect of anqular
diffusion is obviously invalid.

Figure 4'2-3 shows the variation of loca I Nusselt (or Sherwood)
numDer with prandtr number at Re = J'o. Locar transfer rate increases
with increasinq prandtl number. This is a resuit of the thinner thermal
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boundary layers at higher Prandtl numbers. The angle of minimum

fransfer, as observed in this figure moves away from the rear stagnation

point as fhe Prandtl number increases. For Pr = 0, the transfer rate

is uniform over the surface. Within the low Prandtl number range

investigated in this study, the minimum transfer angle 0, is significantly

smaller than the f low separation angle Or. This is undoubtedly the

result of angular diffusion which tends to move the minimum transfer

angle O,',,, towards the rear stagnation point. The difference between 0,

and O, is less pronounced af higher Prandtl numbers because of the

fhinner thermal boundary layer and the reduction in importance of angular

dif fusion. lt can be predicted that as Pr + -r 0M * 0. asymptotica I ly.

This observation ind icates that f low separation angles measured by

estimation of the point of minimum heat or mass transfer at low Pr or

Sc systems can be signif icantly in error. The variation of 0,' with Pr

at various Re are tabulated in Table 4.2'l and shown graphically in

Figure 4.2-2.

Average Nusselt (or Sherwood) numbers are tabulated in Table

4.2-2. Nu vs Pr are plotted for various Re in Figure 4.2-5. The

linear relationship between log Nu and log Pr for Re = lO to 500 suggesfs

a correlation of the form

Nu=aPrD (4.2-l

where a, b are functions of Re. Linear regressions were made on a, b

at various Re and the results are shown in Figure 4.2-6. This f igure

suggests thaf a and b can be expressed as
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Re

20

30

)r

t00

200

500

0.5

00

oo
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48o

0.7 |

00
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lBo

36"

47 .4o

53.40
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FIGURE 4.2-4 sEpARATloN ANGLE os, MlNltilJM TRANSFER AI'IGLE o*' vs Re

FOR SII.IGLE SPHERE IN AN UNBOUNDED FLUID
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ct- d
o

n
I

+ d,Re + drRez + orRe5 + ---
c"

Re-

these curves gave

x lo-lRe - 0.233 x lg-lRe2 + 0.i65 x to-6 Re5

Least square fitting of

a=3.103+0.681

b = o. tge Reo'096

The final correlation for forced convection heat or mass transfer takes

the form of equation (4 .2-l) with a, b functions of Re given by equation

(4.2-D. This correlation is valid for l0 < Re < 500 and 0 '25 < Pr < 5'

For the case of Pr = 0,71, calculations have also been rnade f or

Re=O.05,0.l,o.2,a.5,o.75,O.2,3,and5inadditiontothose

Reynolds numbers mentioned earlier and resu lts are listed in Table 4'2-3'

These calcu lated va lues are in excel lent agreement with recently measured

va lues of Beardand Pruppacher ( l97l). Figures 4.2-7 and 4'?-8 show the

t- t/E , r/3
variation of Nu/2 or Sh/2 with Rez Pr or Re-2 Sc at low and high

R"L p.t/t ."ro"ctively. Analytical solutions of Acrivos and Taylor 1962),

Rimmer( 1969) and numerical solutions of Brian and Hales (1969) and

experimental measurements of Ranz and Marshal | (1952) and Beard and

Pruppache r (197 I ) are a lso shown with present predictions' lt is seen

that analytica I solutions by perturbation analysis are va lid only at very

r' t/t
low Rez Pr range (< 0.6) where they agree satisfactorily with numerical

solutions of present study and Brian and Hales who employed stokes

velocity profi les. Measurements of Ranz and Marsha| | probably over

estimated the transfer rates due to suspension technique used, and low

values of Beard and Pruppacher may be caused by the difficulty of

(4.2-2)
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Table 4.2-3 Nu or Sh Single Sphere in an

Unbounded Fluid

Sc = Pr = 0'71

s.t /t = 0.892

Re = 0.95 ',' 300

Sh R&

2.O16 0 -2235

2.028 0.316

?.058 o '4475

2.t36 0.707

2.lg4 0.866

2.?46 1.000

2.430 1.414

2.588 1.732

7.844 2.236

3.34 3'l6

4.61 5'48

5.15 7 '55

6 .98 I 0.0

s.26 14 ' l4

| 0. 95 t7 .32

Re

0.05

0.1

0.2

nE

n f F

1.0

L.V

3.0

).u

l0

50

57

100

200

300

Lt3 
'Sc ' Re"

0.199

0,282

0.399

0.63 I

0 .712

o.897

1.262

| .544

| .992

2.820

4.BB

6.13

8.92

t2.60

15.43
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r- r/3

low Reynolds number measurements' At tnoderately high Re-' Pr (> l '4) '

thepresentpredictionsagreeverywelIwithBeardandPruppacher,wno

used freely suspended drops' The maximUm error is about 4%'

gllhere Assemb lages

Calculations were made for Re = IQQ' Pr = l'0 and three porosities

e = 0 .4l1 , 0.644 and O '834' Velocity prof iles used in these ca lculations

wereoriginaIlycaIculatedbyLeClairandHamielec(1968).LocaINusse|t

orSherwooonumberswhicharedifficulttomeasureexperimentaIlyare

aIsocaIcu|atedandthesearetabu|atedinAPpendixB.2Comparison

betweentocaltransfer.ratespredictedinpresentnumericalanalysis

andanaIyticaIsoIutionsusingthinthermalboundarylayertheory(LeCIair

andHamie|ec|968)areshowninFigure4.2-g.ltisobservedthatin

concentrafeoparticIesystems,theaVerageNusselt(orSherwood)numbers

calculatedanalyticaIlyagreequitewe|lwithnumericalsoIutions.Best

agreementisobservedatIowporositieswhereparticIeinteractionis

strongest.ParticIeinteractionsuppressestheformationofavortex

ringmakingrheapProximationsofthethinthermaIboundary|ayertheory

more reasonable' Tne local transfer rates differ somewhat'

4.3 fo.."O Conu*tion Art?,u,n9 #
i

4.3 .1

The governing equation for forced convection

is the elliptic continuity equation of heat or mass'

around a cYlinder

au* an*
rzm- #.g = ?:#.4'
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t00

and the boundary conditions of constant surface temperature or

concentration are

at z=O ; n*=l

at Z=Z_ i n*=0

at o = o, n; S= o

The stream function {* has already been calculated in Section

a single cylinder in an unbounded f luid' For a cylinder in a

Ux values calculated by LeClair and Hamielec (1970) are used'

Thelineare||ipticpartiaIdifferentiaIequationwassoIved

using the new sequence tridiagonalization with convergence acceleration

described in Section 3,3.4, Initial guess of n* f ield is n* = 0 every-

where. FORTMN lV computer program is simi lar fo that for sphere except

the energy equation.

4,3.2 Mesh Dimensions and Accuracv of Solutions

The steo sizes A and B for n* field used are identical to those

listed in section 4. | .3 for the f low f ield of a cylinder' calculations

weremadeforA=0.0314and0'05atRe=85'Pr=O'74'B=n/Joand

rx=9.0J.LocaINusseltnumbersarelistedinTabIe4.3-l.Maximum

difference (.Zfi) appears at the frontal stagnation point where thermat

boundaryisthinnest.AverageNusseltnumbershoweverdifferedbyless

thanlfr.FromthistestrtheAandBusedarebelievedtogiveaverage

Nusselt numbers with errors less than fhose of experimental investigations'

The n* field is not as sensitive to the outer boundary r* as

the0xandf*fie|dswhichissimilartothecaseofthespherehowever

morepronouncedeffectmaybeobservedsirrcethewakebehindacy|inder
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Table 4,3- l Nu (O) for CYlinder

Re = 85, Pr = 0'74

r*=9.03,8=50/n

ANGLE

0

l2

24

36

4B

60

72

84

96

108

120

t32

144

156

l68

180

Average
Nusse I t
Number

0.0314

9.02

8.93

8.70

8.30

7 .73

7 .01

6.l3

5,13

4.07

5.a7

2.22

| .69

I .58

1.19

2.06

2,l7

4.16

0.05

9.t7

9.08

8.82

8.40

7.80

7 .04

6. l4

5.t3

4.08

5,08

2.23

I .69

1.56

| .14

1.99

2.10

4,18
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at intermediate Reynolds number has much larger dimensions than that

of the sphere, and therefore considerab ly larger rx must be used to

closely simulate nx = o at rI. Table 4.3-? indicates the local Nusselt

and average Nusselt numbers for cylinder at Re = 85, Pr = 0 '74 at rI = 9'01

and 7.03. The average Nusself number differed by less than 4$' However

the local Nusselt numbers are appreciably in error. This is because fhe

choice of r* = J.O3 which is less than the length of the vortex (L : B'5'

Hamielec and Raal l969) and the boundary condition n* = 0 near the rear

end is not satisf ied since the.trailing vortex is known to have high

concentration due to interna I circulation. A choice of rx = 9'05 which

is comparable to the length of the vortex is believed to give better

result. lt is therefore recommended that r* be chosen considerably

larger than the length of the vortex ring'

TheaccuracyofthenumericaIsoIutionsaIsodependsonthe

tolerance e of equation ll.5-50). e was set equa I to lo-3 to giVe a

maximum change of less than O.l% per iteration of the local or average

Nusse lt number.

4 .3 .3 D i scu ss i on qf Resu lts a nd Comp

@
Ca lcu lations were made f or Re = 2' lO' 23' 40' 85 and 175 f or

Pr = 0.74. Local Nusselt or Sherwood numbers are tabulated in Appendix

8.3. Compari son of present pred ictions with the experimenta I data of

Eckert and Soehngen (lg5D obtained using a Mach Zender interferometer

areshowninFigure4.S.l.Theagreementisgood.Finitetransferrates

at minimum transfer angle are indicated in contrast to zero transfer

predicted by thin thermal boundary layer theory (LeClair and Hamielec 1968)
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Table 4,3-2 Nu(O) f or CYlinder

Re=85rPr=O.74

A = 0.05, g= 1/3O

ANGLE
rI

9.01

9 .17

9.08

B.83

8.40

7.80

1 .04

6. t4

5.t3

4.08

3 .08

2.23

| .69

t.56

1.74

I .99

2.l0

4.78

0

t2

24

36

48

60

12

B4

96

l0B

120

132

t44

156

168

lB0

Average
Nusselt
Number

7,o3

8.94

B.85

8 .59

B.l5

7 .55

6.18

5.87

4.86

3.82

2.85

2.L0

111

| .96

2.44

2.81

3.O4

4.61
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Comparisons have also been made with numerical calculations

of Dennis et'al' ( 1968) for Re = 2' l0 and 40 at Pr = O'73 in Figure

4 .3-2 a nd the agreement i s exce | | ent '

TheaverageNusseltnumbersaretabuIatedinTab|e4.3-|and

comparisonwithDenniset.a|.(|968)andexperimentalmeasurementsof

Co||isandl,li||iams(1959)showsexcelIentagreement.Theseareshown

in Figure 4'3-3'

Single CYlinder in a Bund'le

Ca lcu lations were made f or Re = 100' Pr = 0 '74 and three

porositiese=0.3gg,0.605,0.798.VeIocityprofiIesusedinthese

ca|cu|ationswereoriginallyca|culatedbyLeClairandHamie|ec(1970).

Local Nusselt or Sherwood numbers calculated here are tabutated in

AppendixB.S.Comparisonofpredictedlocaltransferratesofpre}ent

studyandthoseobtainedthroughuseofthethinthermalboundary|ayer

theoryarepresentedinFigure4.3-4.|tcanbeseenfhat|ocaItransfer

rates are not i n good agreement even at the lowest porosity e = 0'399

(highestdensity).TheaverageNusselt(orSherwood)numbersdeviate

more than lOtr' This is because the particle interaction in cylinder

bundlegdoesnotsuppresswaKeformationasmuchasforthecaseofa

sphereassembIage.ThereforeappIicationofthinthermaIboundary

Iayertheoryfortheca|culationofheatormasstransferincy|inder

bund l es i s not recommended '
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Tab le 4.3'l

Re

I

2

+

1

l0

20

23

40

B5

l'75

Present, Pr =

Dennis et.al'

Nu for CY I i nder

Nu*

t.045

I .BB4

2.638

3.263

4.670

6 .466

0.74

( | 968), Pr

Nuxx

0.8l2

| .0?3

l.3lB

1.633

| .897

2.557

5.480

= 0.13

*

**

b:

F

*i
,t
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4.4 Mixed Convection Around a Sinqle Sohere in an
UnDounded F tu id at pr = | .0 and 0.71

4.4.1 Govsrning Egyations, Boundary Conditions
a nd Method of So I ut i on

at z = z@ ;,1,. = +sin2€, €* = o, nx = O

atO=0rriUx=E*=0, #:a

The governing equafions for mixed convection around a sphere

are the coupled Navier Stokes equations and the continuity equation of

heat or mass described in Table 5. I-1. The boundarv conditions

satisfied follow
E\rVI*

, n*= |atz=0;gx=0 r* .2^SIN U

The coupled Navier Stokes and energy equations were solved using

the new sequence convergence acceleration iteration described in

Section 3.3-4. Initial guesses of U*, Ex and n* are Stokes creeping f low

solution for Re < l0 and Kawagutirs approximate solution f or Re > l0
and nx = 0 everywhere. FORTRAN lV ccrnputer program listing may be found

in Appendix A.3.

4,4.2 Mesh Dimensions and Accuracy of Solutions

The step sizes A and B used were

0.01 <Re 11.0; A=0.1 , B=r/3O

5:Re .30; A=0.05, B=t/3O

The size of the outer boundary was selected by trial and error.

The va lues tried wil I be shown later. At low Reynolds numbers, the wa | |

effect is signif icant and rl- of up to several fhousands was used. At



I
{'
*
l,s

t
ilt

moderate Reynotds numbers' smal ler rx were used' The extrapolation

techniqueoescribedinSection4.l.2wasnotusedasr*valuesused

were suff iciently large to closely simulate an unbounded f luid'

Aconvergenceto|eranceofe=|0-Sinequation(3.].30)was

uged

4.4.3 D iscu:siol.9l B9:glts and C

;lmEli*j-s.:"=
Heat and Mass Transfer

At Pr = | .0, calcu lations were made f or Re = 0'Ol' 0' l and I

and Gr from l0-2 to o for both aiding and opposing flows' To study the

effect of Prandft number on this low Reynolds number system' two

illustrative cases were calculated at Pr = l0 for Re = 0'l and Gr = 0'l'

-o.05.LocalNusselt(orSherwood)numbersaretabulatedinAppendixB.4.

Figure 4'4-l shows the variation of Nu(0) or Sh(O) with Gr at

Re = 0.1. lt can be seen that aiding flow (Gr > 0) increases the rate

of transfer at the frontal stagnation point and descreases it at the

rearstagnationpoint.ThisisaconsequenceoftheaidingnaturaI

convection current steepening the fhermal boundary layer at the front

andthickeningitattherear.Forthecaseofopposingflow(Gr<0),
theopposingnaturalconvectioncurrentthickensthethermaIboundary

layeratthefrontandsteepensitattherearandatacertainnegative

Grashof number the natural convection current dominates the flow and

the minimum transfer point moves to the frontal stagnation point' lt

canbeconcIudedthatthereexistcertainGrashofnumberswhereth€

minimumtransferpointO,liesbetweeno=0,T.Thef|owseparation

rison
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ang|esoSaIsotiebetween0,nandou?ndO,aredif{erentinmagnitude.

|fisimportanttonotethateventhoughtheReyno|dsnumbersarein

thesoca||eocreepingflowregime,flowseparationmayoccurdueto

oppos i ng f ree convect i on f l ow '

Figure 4'4-?shows the effect of Prandtl number on Nu(o) at

Re = O.l and Gr = -O'05' At Pr = l'0 and Gr = -O'05 an opposing natural

convectioncurrentaIterstheflowsignificantlywiththeminimumtransfer

rateappearingatthefrontaIstagnationpoint.WhenPrincreasestol0,

theminimumtransferpointmovestofherearstagnationpointwhich

indicates that the natural convection field is'now not as strong ano

does not dominate the f low f ield'

InTabIe4.4-l,istabuIatedthevariationofaverageNusseIt

(orSherwood)numberwithGrashofnumberforbothaidingandopposing

f lows. lt can be seen that f or Re = 0'Ol and 0' l' Nu and Sh is close to

2 (the pure conduction or dif fusion asymptotic limit) with a nraximum

deviation of about 5%' There exists a certain Gr which wi I I give a

minimumaveragetransferrateforbothaidingandopposingflows.How-

everaSthemechanismofmixedconvectionf|owisverycomplicatedand

non.additive(Acrivosl95B,l966),thi5Sma||variationmaybetheresult

ofstepsizeaHdorwalleffecterrors.ForthecaseofRe=|,Nu

is seen To increase and decrease monotonical ly with Gr for aiding and

opposi ng f low' respectively i n the Gr range under consideration'

At Pr = O'71 ' calcu lations have been made f or Re = 5' l0' 20

and 30 and Gr from 0 - l0o for both aiding and opposing flows' Local

Nusselt (or Sherwood) numbers are tabulated in Appendix B'4'
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Figure 4.4-3 shows the var:iation of Nu(o) or sh(o) with Gr at

Re = 30. lt can be seen that aiding flow increases the transfer rate

at the frontal stagnation point and decreases if at the rear whereas

opposi te resu lts are obta i ned for opposi ng itow. A lso mi nimum transfer

points do exist at Gr = -i00 and -200 and for ofher Grashof numbers'

the minimum transfer points all appears at the rear stagnation point'

This is because opposing flow moves the flow separation angle to the

front and aiding flow moves it to the rear, a point to be discussed

I ater.

TheaverageNuorSharetabu|atedinTab|e4.4-2.NuorSh

increases for aiding flow and decreases for opposing flow, however the

changes are smal I in the Gr range considered. Comparisons of present

predictions with experimental measurements of Yuge ( 1960) indicate good

agreement. Exper imenta I measurements of Narasimham and Gauv i n ( | 966)

are for very high Grashof numbers outside our range. unfortunately

there exists no data in the literature in the low Grashof number range

under consideration here.

Flow Phenomena and Drag Coefficient

ThepropertiesofmixedconvectionfIowaroundasphereare

extremely complex, particularly for opposing flows. surface pressure

and vorticity distributions for variotts Gr and Re are tabulated in

Append ix 8.4.

Figures 4.4-4 and 4.4-5

distributions respectivelY at Re

show surface pressure and vorticity

= O.landPr = 1.0 for various Gr'
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ThefrontaIstagnationpressureincreaseswithincreasingGrinaiding

flowanddecreasesinthecaseofopposingfIow.Negativefrontal

stagnation pressure is experienced at a certain negative Gr' The

rearstagnationpressurebehavesexactlyoppositetothefrontal

stagnation pressure as can be seen in Figure 4'4-4' The surface

vorticityasshowninFigure4.4-5ircreasesforaidingf|owano

decreasesforopposingflow.Negativesurfacevorticityisexperienced

atacertainnegativeGr.ThesephenomenaincIudingthesurfacepressure

indicatethatthenaturaIconvectioncurrenfforthisGrccrnp|eteIy

dominatesthef|ow,andnegativedragisexperiencedbytheparticle.

Theformandfrictiondragcoefficientsaretabu|atedin

Tables 4'4-3' 4'4-4and 4 '4'5 at Pe = l'O' The outer boundary rx is also

shown. Analytical solutions of Hieber and Gebhart (1969) obtained by

matched asJtmptotic expansion technique compares wel I with the present

numerical results (see Tables 4 '4.3' 4 and 5) for the limiting values

of Re + O ano 6t * R"2' The error in the analytical solution increases

withincreasingRe.Itcanbeseenthattheeffectofnaturalconvection

ondragcoefficientissignificant.Figures4.4.6'Tshowthevariation

of CO/CO. with Gr where CDo is the drag coefficient at Gr = 0' lt is

seenthataidingftowincreasesthedragcoefficientwhereasopposing

flow decreases it' Negative drag can appear at a certain negative Gr'

This will never be experienced for a freely suspended sphere because at

Col0thespherewouldaccelerate.Steadystatecanbemaintainedby

suspendingthespherewithanexternaIsupport.InTabIe4.4-3itcanbe
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Table 4.4-3 C

L22

]-n an Unbounded Fluidfor Single Sphere

Pr=I. 0

Re=0. 01

Gr cop

789

168 0

2 350

5340

76r0

-564
-188 0

-5320
-7 640

cor

1630

3450

4820

10900

ls400

-1rs0
-3850

-108 00

-15500

co

2420

513 0

7L7 0

16200

23000

-1710
-5720

-1620 0

-23100

colcoo

1. 000

2.L24
2.968
6.705
9.532

_*
-@

992

tl

tl

tl

tl

0

0.5x10
1. 0x10

5. 0x10
1. 0x10

-0. 5x10

-1.0x10
-5.0x10
'1. 0x10

-3
-3
-3
-2

-3
-3
-3
-2

-0.7I0
-2.368
-6. 585

-9.579
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Table 4.4-4 cD

cop

79,9

Bl.4

83 .3

96.2

11r

196

t98

270

273

6l .l

38 .0

- l87

-t.lz

163

for Single Sphere in an Unbounded Fluid

Pr = 1.0
Re = 0. I

U'I

U

-30.5 x l0 -
-i

l.O x l0 -

-i5.0 x l0 -
a

1.0 x l0 -

-?
5.0 x l0 -

-l1.0 x l0

O/

-0.5 x l0 -
-2

-1.0 x l0 -

-/-5.0 x l0 -

-?x-5.0 x l0 -

-tx t.o x lo

cor co

165 244

16 8 249

t7 2 255

lg7 293

226 337

3gl- 587

394 592

534 804

536 809

t1g tB9

81.4 l19

-372 -559

rx
@

365

tl
(250

(256

(298

(334

1.000

1.017

| ,042

t.l9B

| .499

2,398

3.419

3.285

3.508

0.772

O.4BB

-2,284

)x*

)*x

)xx

)xx
tl

tl

bul

365

601

365

tl

tl

6.95

l0B

( | 969)

3.73

+t I

0.0 | 5 t34

t.925 t34

t(

tt*

Pr = l0

Hieber & Gebhart

co/coo
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Table 4.4-5 CO for Single SPhere

Pr = 1.0
Re = 1.0

in an Unbounded Fluid

Gr

0
-jl0 -

5 x l0 -

-/5 x l0 -
-lt0

-l5 x l0

t.
-?-5 x l0 -

-t-t0
-l-5 x l0

-l

cop

8.96

B .96

B .98

9.23

9.53

ll.7

14.2

B .66

8.35

5.72

l.18

cor

tB .4

tB.4

tB.4

tB .9

r9.5

22.7

26.4

17 .9

l7 .4

tJ. I

5.08

(28.5

-(28,7

co

27 .4

27 .4

l(*
27 .4

28.1

28,9

34.4

40.7

26.6

25.8

I B.B

6.25

fl

il

il

tl

il

scr
=
CJ

rr
=

=G-l:
.t

!

xx Hieber & Gebhart ( 1969)

co/coo

I

r.000

1.001

t.026

t.054

| .257

t.484

0.971

0.942

0.687

o.228

rx
@

134

tl
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seen that Re = 0.Ol and Gr = 5 x 10-3(-5 x to-31 and to-2t- to-21 that

thedragcoefficientsareequa|,butofopposifesign(forbothaiding

andopposingfIows).Forthissma||ReynoIdsnumberfreeconvection

dominatesforcedconvectiongivingrisetothesymmetrynoted.Consider

thecaseofaco|dspheresuspendedwithawireinahotf|uidmoving

vertica||yupward.ThesphereisfixedinspaceandthefIuidve|ocity

andtemperatureareconstantgivingrisetosteadystate.Atemperature

differencecanbefoundatwhichtheGrashofnumber(opposingflow)is

suf f iciently negative to give zero f luid drag' Further increases in

the temperature difference wi I I give negative drag' The apparent weight

ofthespherewouIdnowbegreaterthanitstrueweight.Ifthesphere

were now suddenly released it wou ld accelerate unti I the drag becorne

positiveandequaItothetrueweightofthesphere.OneconcIudes,

thatforafree|ysuspendedSphere,steadystatecanon|ybeachieved

when the drag is Positive'

TheincreasinganddecreasingofspheredragwithGrshownin

thesefiguresindicatesthatwhenthesphereisfa||ingorrising,aiding

flow (natural convection in the same direction as the forced flow)

reduces the sphere velrcity and opposing flow (natural convection in

opposite direction to the forced flow) increases it'

Ca|cu|ationsa|soweremadeforthecaseofRe=0.|,Gr=-0.05,

.0.IandO.IatPr=|0tostudytheeffectofPr.Theresu|tsare

tabu|atedinTab|e4.4-4.ItisobservedthattheeffectofGrondrag

is smaller. This is a result of the thinner thermal boundary layer at

higher Pr. The natural convection currents are concentrated in a confined

I
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region and lose intensity. Figure 4.4-B shows sTream

around the sphere for Gr=-Q.05 and -0.1 for the case of Re=O'l

and Pr=IO. At Gr=-O.1natural convection completely dominates the

f low whereas atGr=-O.0Stheforced convection f ield is only partially

overcome as can be seen from the vortex ring formed at the rear' lt

can be concluded that the effect of natural convection on drag is less

significantforhigherPrandatPr.+-ltheeffectvanishes.

At Pr = 0.71, calculations have been made for Re = 5, 10, 20'

f0 and Gr from 500 to 0 for both aiding and opposing flows in order to

study the effects of natural convecfion on drag coefficient, separation

angIe, wake length and wake voIume., Surface pressure and vorticity

distributions are tabulated in Appendix B'4'

Figure 4.4--g shows surface pressure d istributions for Re = 30'

The frontal stagnation pressure is invariant over the Gr range studied

for this Reynolds number. For lower Reynolds numbers, however, aiding

flow increases the frontal stagnation pressure and opposing f low decreases

i t. (see Append ix B.5 ). The rear stpgnation pressure i s affected

significantly by natural convection. Aiding flow decreases it and

opposingflowincreasesit.ThebehaviorofthefrontaIstagnation

pressure for this moderately high Reynolds number range under the influence

of natural convection is quite different from that at low Reynolds numbers

(see Figure 4.4-D. The opposing natural convection currenf is not Iarge

enough fo affect the flow at the frontal stagnation point where forced

convection dominates. with signif icant ly high Gr f ree convection wou ld

lines

T
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I

I

l

I

I

idominatethewnoleflowfieldandthebehavioroffrontalstagnation

pressurewouldbethesameforbothcases.Thepresentstudyisconcerneo

mainIywithpositivedrag(CD'0)andfreelysuspendedparticIes.

TheseareofgreatertechnoIogicalinferest.Grashofnumberswere

seIectedtogiVepositivedrag.Thesurfacevorticitydistributions

areshowninFigure4.4-|0forRe=50.Aidingf|ow1n6pg65g5the

surfacevorticityancmovestheflowseparationangletotherear,

howeveropposingf|owdecreasesthesurfacevorticityandmovesthe

flow separation angle to the front'

Table 4'4-6displays the separation angle O'' normalized wake

|engthL/dandnormalizedwakevolumeV*/V,,orRe=30and20.At

Re=SOthereexistsawakeatGr=0.Aidingflowsuppressesitwhere-

as opposing flow causes it to increase' At Re = 20 there is no wake

at Gr = O' Opposi ng f low generates a wake' The correspondi ng graphica I

representationsareshowninFigures4.4-|land4.4.|2.Theflow

separation angre and wake rength are affected simirarry by free convection

theyincreasewithopposingf|owanddecreasewithaidingf|ow.The

variationofO,,LldaHdV*/VSareshowninFigures4.4-|3,4.4.|4and

4.4-|5,anocorrespondingnumericaIvaIuesarereportedinTabIe4.4-6.

ThedragcoefficientsareIistedinTabIes4.4-J,4.4-B,and

4.4-g' The drag coefficient is found to decrease with opposing f low

andtoincreasewithaidingfIow.ThesameargumentsasusedearIier

can be used to explain the effects of free convection on particle velocity'

ThecorrespondingvaIuesaredisplayedinFigures4,4-|6and4.4-|1.

TheDresentresultsagreequalitativelywithexperimentaIobservations

!

I
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Table 4.4-6 0

Re=30

, L/d and V. ./Y - f or Single SPhere
s-wr

i n an Unbounded F lu i d

at Re = 30 and 20

UI

25

)v

r00

200

300

-25

-50

- t00

- LVV

-500

KE=ZU

-10

-25

0

24.60

1lo

lr Ao
| | oa

U

<n Ko

?z.o

<-7 Ro

^. -Oqo. L

c,^ Ro

L/d

n ttrq

0. l28

0 .04

0

0

0.25

0.3 I

0.45

O. BB5

(x)

v/uWS

0.0165

0.00746

n

0

0.0459

0.0703

0. 137

0.44 |

(x)

>
l

{.I
)

:\))
I

)

(x) Not accurate due to wal I effect'

0.00 | l4

0.00544

0.0293

0.l82

13.2"

r 9.80

2l .6"

<o Ao

0.06

0.ll

0.21

n 61q



Tab le 4.4-1 CO f or S i ng le Sphere in an Unbounded F lu id

pr = 0.71, Re = 5

C--
UT

2.57

l .0l

155

4 .08

4.10

.77

r.86

t.24

nqR

r10

UI

0

I

5

l0

l5

a

4.81

535

6 .40

6.43

4.64

4.l2

3.41

2.60

c
Û

l .lt

1 .43

8.36

9.44

| 0.48

t0.53

6.97

5 .98

4.66

5.lB

co/coo

1.010

l.l58

l.ll0

| .453

1.460

0.965

0 .810

0.645

0.440

-x

il

ll

lt

il

qt o

il

il

tl

-5

-10

-15
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0

q

t0

25

50

r00

-5

-t0

- L)

-50

- r00

-t79

n
"D

4.38

4.57

4.71

539

6.34

B.l5

4.16

3.94

3.28

2,07

occurs)

-3.84

colcoo

I

| .043

| .090

| .230

t.450

1.860

0. 950

0.900

0.748

0.472

rx
@

t9.tl
tf

ll

il

ll

l9.l I

19. | |

il

It

il

il .59-2.4 |

Table 4.4-B Co for Single sphere in an unbounded FIuid

Pr = 0.71, Re = l0

n
"DP

| ,54

t.64

1.76

2.L0

l.o)

3.1L

1.42

1.30

0.945

0.328

avn-
UT

2.84

2.93

3.02

71q
) . LJ

3.70

4.44

2.1 |

2,64

2.33

| .14

(negative drag

-t .43
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n"DF

| .12

l.7B

t.Bl

| .90

2.04

a aA
L. LA

l.)3

| .12

| .67

l .58

| .40

r .39

tnq

0.982

0.93 I

t.19

n
"D

2.1 4

2.86

2.99

5.lB

3.55

4,l3

4.95

4.98

2,69

2.57

2.36

to)

r.90

| .08

0.973

O.BB9

I z?

co/coo

in an

wall

rx

il .59

rr 50

il

tl

ft

It

l9.ll

I4.BB

il

il

t?

l9.ll
rl qo
I l.JJ

I4.BB

19.ll

ef f ect

UI

U

t0

25

qn

99

t79

293

-t\J

-L)

-50

- 100

-200

- t79

t.045

t.092

l .loz

t.299

t.510

| .809

Table 4.4-9 CO

cop

t.02

t.08

l.16

l.2B

t.52

| .89

2.42

2.43

0.975

0.900

0 .715

0.520

0.509

0 .015

-0 .009

-o.042

0.144

for Single SPhere at Re = 20

Unbounded F lu id

Pr = 0.71, Re = 20

0.983

0. 938

o.862

0 .701

0.694

I
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Tab le 4,4-10 for Single

Unbou nded

Dr - A ?l| | - W., l,

a
ttF

| .33

| ,36

| ,39

| .44

| .54

| .64

| .10

t,2B

t.22

| .09

0.955

0.929

Sohere at Re = 30 i n ann

Gr

0

25

EN

t00

200

300

-25

-50

- t00

-200

-300

UT

o. ar:

O.BBB

0,939

| .04

t.z+

I .44

0.786

0,134

0 .610

v.+zt

0.2t0

0.190

Fluid

Re=30

a
U

2,l7

2.25

2.33

2.48

2.7t

l.0B

2.09

2.01

| .85

| .5 |

t.16

t.t2

co/coo r*
@

il.59

tl

tl

n.59

t4.88

t.017

t.073

1.t44

| .284

| .421

0.964

0.926

0.852

0.700

0.537

0.5 t6

il

il
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t/1 q
l1J

oi\a:-asimhanandGauvin(1966),theoreticaIobservationsofAcrivos

(19'3,|966)andSparrowet.al.(1959)onaf|atpIateandawedge.

ln conclusion' the effects of natural convection on heat or

n|aSs transfer, surface pressure' vorticity distributions' f low separation

angle,wakelengthandvoIumeanddragcoefficientdiscussedpreviously

canbeexpIainedphenomenologica||ybyconsideringthemechanismof

fIuidf|owwithaidingoropposingf|owcurrentoverthefree|ysuspended

Spi}ericaIparticIe.AidingfIownaturaIconvectioncurrentenhances

theforcedfIowwhereasopposingflownaturaIconvectioncurrent

supDresses the forced f low'

4.5

4.5.1

AtzeroPrandtlnumber,thetherrrraIboundaryIayerisofinfinite

thicknessandthetemperaturefieIdcanbeconsideredradia||ysymmetric

with nx = l/r* as the distribution' Substituting this relation into the

vorticitv transport equation of Table l'l-l one obtains

#*rftr #L'*)lezsino
oz G. 2^

-: '-^ 516 9E x' (6xe-s i no ) ) '/-sz Re-

This equation, rogether with the defining equation for vorticify

yx = Exl ,trx / u3ttino
' 5L

arethegoverningequationsoff|owofzeroPrandt|numberfIuidaround

2

Re
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a sphere. The mornenfum and

Undisturbed parallel

energy equaf i ons are u ncou p I ed .

flow boundary conditions are used.

6x=tllq,*ttino

s in2o, 6* = o

They are

afz=0

atz=z ,r,* -v-

nv,

)o'

at0=Qrn; Ux=tx=0

The method of solving these equations was the new sequence

iteration with convergence promotion described in Section J.3.4.

Initial guesses of Ux and €x were Stokest velocity prof iles. FORTRAN lV

computer program is the same as in Appendix A.l except the finite
difference equation for vorticity transport equation.

4.5.2 Mesh Dimensions and Accuracv of Solutions

The step sizes used were A = 0.I and B = r/30 for the low

Reynolds numbers (0.01 , 0.05, 0.l) studied. The size of the ourer

boundary r* was chosen extremely large to avoid wall effect. The wal I

effect for this problem is great because of the very thick thermal

boundary layer. Suitable values for rx were found by trial and error.

he convergence tolerance used was e = l0-4 in equation

(J.l-30) .

4,5.3 D i scuss ion of Resu lts

Calcu lations were made f or Re = 0.01, 0.05 and 0.1 at Gr f rcrn

-5 -30.5 x l0 - io J.0 x lC -. Surface pressure and vorticity distributions

are tabu lated i n Append ix 8.5. Figures 4.5-l and 4.5-2 show the
**

variaf ion of P and 6_ with Gr ar Re = 0.05. similar resu lts f or lows -s
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Reynolds numbers at Pr = 1.0 were observed, however the effect is

greater. Tables 4.5-| , 4,5-2 and 4.5-J show the variation of drag

coef f icient with Grashof number. Simi lar but larger ef f ects are

observed. These results are displayed graphica lly in Figure 4.5-3

and 4.5-4. Unfortunately no data exists in the literature for

comparison with the present calculafions..

For the case of the cylinder, the zero Prandtl number limit

gives a uniform qx distribution and a zero buoyant force (uniform body

force field). This limit has therefore already been covered in

Section 4.1 for viscous f low around a single cylinder in an unbounded

This specif ic study simulates liquid metal f low around a sphere.

Liquid meta ls have very low Prandtl number (0.005 ^' 0.03) because of

their high conductivity. Deoxidation of molten steel is a process

where the effect of simultaneous forced and natural convection on

particle drag may play a signif icant role.
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Table 4.5-l n
"D

Re= 0.0 |

for Single Sphere

Unbounded Fluid

at Pr = 0 in an

l

I

0.5. x

1.0 x

2.0 x

f .0 x

-0.5 x

-1.0 x

-2.0 x

-J.0 x

-5IU

-5t0 -

-ql0 -

-5t0 -

lo't
-5to-
-5IU

,qt0 -

Bt9

850

913

999

t6l

735

678

563

c^-
ut-

t69

t75

t86

207

15B

l5l

r400

I t60

co

251

260

277

307

234

2%

201

t72

| .046

t.083

t.t53

t.280

o.975

0.937

0.865

0.7t8

2697

il

ll

4441

2697

il

tf

4447

Gr

0

cop colcoo rx



l5r

Table 4,5. 2 CO for Single Sphere at Pr = 0'0 in an

Unbounded Fluid

Re = 0.05

Gr

0

0.125 x

0.25 x

0.5 x

0.75 x

-O.125 x

-0,25 x

-0.5 x

-0,75 x

, ^-5IU

-al0 -

I o-5

I o-3

I o-3

l 0-5

I o-3

| 0-3

cop

tc?| )t

l68

t78

195

221

t49

t59

llB

80. I

UT

323

348

367

403

457

308

16t

244

t61

co

481

5t7

545

599

618

458

426

363

248

colcoo

I
I

1.075

1.134

t.246

t .410

0.952

O.BB7

0.756

0.516

r*
@

t636

ff

tl

n

2697

1636

tl

tl

2697



152

Table 4.5'3 CO for Single Sphere Pr = 0.0 in an

Unbounded Fluid

Re = 0.1

0.5 x

1.0 x

2,0 x

J.0 x

-0.5 x

-0.5 x

-1.0 x

-2,O x

-5.0 x

I o-3

I o-3

t0 -

l0 -

I 0-4

I\J

I O-l

| 0-J

| 0-l

UY

B0.z

85.3

90.2

99.1

t09

ltl
70R

74.7

15.6

69.3

57 .B

37 .0

c^_
ut-

t66

t76

t86

206

224

234

164

t54

t56

143

il9
1-7 I

"D

246

261

276

305

333

348

244

229

232

212

t77

il4

Gr

0

colcoo F*_

| 992

1.061 rr

1 .125 rf

| ,243 rr

1.356 992

t.414 1636

0.994 992

0.932 992

0.942 601

0.864 992

0.721 rr

0.464 1636
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6 coNcLusloNs' LlMlrlJ]9Nt oF soluTloN

METHoD niii nrcoMM'EN DATloNs'

AND CALCULATION

s' I conclusions 
colculotion ond convergence

Numericol methods with o new sequence of

occererotion hove been deveroped to sorve rineor etiptic difference equotions ond

non-|ineorcoup|eddifferenceequotions.Thesemethodswerefoundtobemuch

foster thon the ADr ond soRmethods; these methods ore generolly used in numericol

studies of this kind' 
:-^lo cnhere ond for o single cylinder in

Fluid mechonicol doto for o single sphere or

on unbounded f!uid hove been colcurqted theoreticoty. Ronges of dimensionless

porometers,Reynolds,Prondt|ondGroshofnumberscoveredextendsignificont|y

those which hove been considered in previous numericor studies' present solutions

ore senerol I y more' occu rote thon those O.'O:ttn"O^ 
:::: 

I iteroture'

1:'"";;i'totion of solution ond Col"uiotion M"thod

The limitotions of solutions ond colculotion methoi]:::tl:: 
:::::

srudy "," ":::":ilH::" 
;:::' nomerv' the *ow instobiritv ond computotionol

instobility' They ore described in the following sections'

Thenumerico|so|utionsobtoinedinthisstudywereforsteodystote

conditions' The flow phenomeno in question moy become tronsient under certoin

conditions ond for certoin vorues of the dimensionless porometers' For exomple

vortex shedding from o sphere is observed experimentoty ot o Reynords number of

obout400,thecritico|voIuedependingonmoinstreomturbulentiniensity.

BeyondthiscriticolReynoldsnumbertheflowistronsientondthesteodystote

solution con only hope to opproximote the octuol behoviour'

ForcertoinvoluesofthedimensionlessPorometers,thef|owbecomes

unstobre, ond the growth in intensity of this instobirity con eventuolry result in

turbulent flow' An exomple of this is opposing flow ot high Groshof numbers where

theIorgenotureolconvectioncurrentextensiveIydisturbstheforcedconvection

current.WithoutconsideringthetronsienttermintheNovierStokesondenergy
1s5
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studies ot high Pr qnd intermediote Re fhin thermol boundory loyer theory ond

integrol method should be considered for solving the energy equotion. The

opplicotion of the finite element method for the solution of Novier Stokes

equotions of motion should be considered.



1s6

equotions, one cqnnot be sure thot the steody-stote sorution which hos been

reported here octuolly exists. lt is welr known ihot opposing noturol ond forced

convection leods to instobilities' This is suspected in this cose where the

colcuroted frow fierd shows a zefostreomrine seporoting the noturor ond forced

f|owfieldotopositionowoyfromthespheresurfoce.Thesteody-stotesolution

,n." t"""i: 
::: :fftJ::Iffi*;ediore Revnords number, the thermor

boundory royer up to the seporotion point is extremely thin orthough the vortexring

regime con sti, be considerobry thick due to circuroting motion' The temperoture

grodientovertheupstreomregionisverysteepneorthesurfoceondthis

necessitotes o fine mesh in the rodior direction in the energy equotion to moke

the second order finite-difference equotions stobre. This wit leod to o lorge increose

inmeshpointsondthereforecomPutotiontime.lnthisstudy,situotionsinwhich

lorge differencesin velocity ond temperoture grodients were not investigoted'

lnthemixedconvectionprobIemssolvedinthisstudy,.iheProndtl

numbers considered ore of order lond 0 where the noturor convection is importont'

t-hder these conditions, the thermor boundory royer is thick ond o rerotivery lorge

outside boundory must be chosen to ensure undisturbed poro*er frow' At o Groshof

number where the rodio Gr/Re/ is greoter thon unity' it wos found thot the

computotion for opposing flow becomes unstqbre, ond the outside boundory must

be chosen extremery rorge to bound the rorge reversing noturor convection contour'

The instobirity problem con be reduced by emproying o smolrer mesh system; however'

verv rorse 

ilH:::,Til:r;"T...:.rk ossume constont propertv frow ond

this con be o serious limitotion in mony procticol opplicotions'

5.3 Recommendotions

A fo'telilericol method should be develoPed' The Golerkin method

computotion ' ln forced convection

looks ottroctive for future study in this oreo of
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A

a

B

b

NOIIENCLATURE

b

c

co

cor'cpp

cpo

cos

C rCIrC2

dn

D

d

E*2 ,E*2ccz

Lattice spacing

Constant in the

dimensionless

Lattice spacing

Constant in the

dimensionless

Column vector

in z direction, dimensionless

correlation Nu=aPrb,

in e direction, dimensionless

correlation Nu=aPrb,

Concentration, dimensional

Total drag coefficient, dimensionless

Friction and form drag coefficients,

dimensionless

Total drag coefficient at Gr=0, dimensionless

Stokes drag coefficient, dimensionless

Coefficient matrices

Heat capacity, dimensional

Ivlolecular dif fusivity, dimensional

Diameter of sphere, dimensional

Differential operators for cylindrical

coordinates

"r'=*.: *.i
n1,2=+-*

^z
2

a0

L57 .



tr'.uo'ssz Differential operators for spherlcal coordlnates
)

o*2 - a-_*sinO L ,L aE't ';3*7 * (m *)

E*2 - '1 -'sz azt az
r srneh,*ir,

F Field function (stream function, vorticity'

temperature or concentration)

Dummy vectors

Grashof number, utpg (T.-rL ) / U 2

Gravitational constant, dimensional

Gravitational acceleration vector

Dummy functions of vorticity f*, dimensionless

Average heat transfer coefficient, dimensional

Local heat transfer coefficient, dimensional

Total number of mesh points in O direction

Identity matrix

Subscript determining mesh point in e direction

Total number of mesh points in z direction

Subscript determining mesh point in z direction

Average mass transfer coefficient, dimensional

Local mass transfer coefficient, dimensional

Length of vortex, dimensional

Dummy integer

Subscript for mass transfer

frforf=

Gr

g

g

H,G

h

h (e)

I

I

i

J

J

K

K (e)

L

M

m



N

Nu

Nu (o)

n

P,Q

PI

P*

P* (g) ,P*-s
P*o
Pe

Pr

R

r

159

Total number of mesh poJ_nts

- Nusselt number, dln/k

- Local Nusselt number, dh (q/k
fteration leve1

- Dummy coefficients in the generalized second
order elliptic partial differential equation

- Dummy variable of pressure, pressure/p
- Dimensionless pressure r pr€ssu re/\pL|

Surface pressure distribution
- Frontal stagnation pressure, p*(g=0)
- peclet number, dv4Cep/k

- prandtl number , lt6p/k
- Radius of sphere or cylinder, dimensional
- Radial distance from center of sphere or

cylinder

- Dimensionless radial distance , r/R
- Dimensionless rad,ius of outer spherical

boundary or cylindrical shell
Schmi-dt number , l)/o
Sherwood number, dK/D

- Local Sherwood number, dK @) /O
- Temperature, dimensional

- Temperature at r*=1 and r*=@

g:t

r:t-&

Sc

Sh

sh (e)

T

Ts'%
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Ueo - l'lain stream velocity or terminal velocity of

sphere or cylinder, dimensional

- Velocity components in r, O directions

- Volumes of sphere and trailing vortex

- Velocity components in x, y directions

- Relaxation factor

- Matrix of relaxation factors

Relaxation factor for n *

- Relaxation factor for E 
*

Relaxation f actor fot tlf *

- Coordinates

- Modified radial spherical or cylindrical

coordinate

Letters

- DamPing factor

- Volumetric expansion coefficient' dimensional

- Eigenvector

- Convergence acceleration factor

- Tolerance or PorositY t )

- Dimensionless temperature or concentration

- Angular coordinate

- Minimum surface transfer angle' dimensional
r*

Flow seParation angle where E 
"=0

vr'Ve

V"'vt
v*'vy
w

w

*n*
*E*
*v*
x rY'

z

Greek

q,

p

v
0

€
*

n
e

e
m

e
S
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I
u
u

E

E"

E:

p

o

- Eigenvalue of a matrix
- Viscosity, dimensional

Kinematic viscosity, lJ/p, dimensional
- Vorticity, dimensional

- Dimensionless vorticity
Surface vorticity distribution

- Density of fluid, dimensional
- Euler's constant , 0.577

Stream function
- Dimensionless stream function

Vl

,t;
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l ,nf

I1rI2rJl
FI ELD FUNCT IONS

U-- INITIAL GUESSES

1-- READ IN INTERMEDIATE DATA

=ieourrucEING CoNTRoL CARDS

168

APPENDI X A.1************

I

c
(

C

L

L

L

L

t

c

c

L

I
L

L

END OF RECORD
NAVIER STOK;S"EOUATICNS FOR SPHERE

SEOUENCING WIiH CONVERGENCE PROMOYION

RE =REYNOLDS NUMBER ,r, A.' ANrn p^nr
MrN=TOTALNo.oFSTEPSiNANGIJLARANDRADIALDIRECTIoN5
ATR =SiTP SIZES IN L AND ANGULAR DIRECTIONS

NLooPS=mnx.No.oFITERATIONSALLOWEDINoNERUN
KKC =GoUNTER FOR nppr-v r rrrc coNvEncrr.rcr PROMOT ION AND REVI Si NG

NSTART -iOT'TiNOU STATEMENT FOR READING IN INTERMEDIATE

DATA OR CaucUt-nrrr'rC INITIAL GUESSES

PSI = STR EAM FUNCT I ON

FUNCTION OF VORTICTTY

I. / FMPI /FMP 1+ 1. /FN/FN I

/ L.4142l

621 IDUMSI(62
1n'l I

G =DUMMY
RELAXAT ION FACTORS
WV =FOR G

[ioo*o* TST,;[3[t:31'0" TPUNCHB'TAPE5=lNPuTrTAPE6=ouTPUTr

lTAPE7=PUNCHB I TAPEB I TAPEI )

plpSpSIoNZ(t07|lEZl(102|tEL2(tOz|;EZ3(1U2|lEL4(102|lEZ5(102

5l

52

IsEZ6( 102)
DIMENSION THETA ( 621'ANGLE (621'SI ( 6 2I TCO(621'COT (

DItrE5-c Icll ps; ( Jrliurl ) rG( 51' lcr ) : REZS191'101 ) 'vR(
DIMENsIoN u'r"rliot j'Duru+(51) rP( 61r1) rsVoRT(61t1)

DIMENSION WV(61IIU1I

READ (5r10) RErClrDl
READ (5r11) EPSSTEPSV
READ (51121 MTNTA

READ (5r13) KKCTEXRC

READ (5r15) NLOOPS

READ (5r15) NSTART

FORMAT(1HO'lUXT*AXISYMI'IETRICFLOWAROUNDASQLIDSPHEREX/I
I.JRITE (5r51)
WRITE l6;521
FORMAT ( 1H0r luxrxwITH CONvERGENCE PROMOTIglx/)

WRITE I6I20 ) RE

WRITE l6q22l MrNrA
wntfE (6t231 KKCTEXRC

MP1=M+1
NM 1 =N-1
FMPl=FLOAT(MPl)
FN=FLOAT ( N )

DMN=3.14I6x3'1416*(
WS=1./lL.+SQRT(DMN)
A2=A*A
B=3.1416/(FLOAT(M) I

B 2 =BxB
DuMl= ( 1.-Ax0 .51 / A2



DUM2=(1r+A*U.5)/Az
DUM6= O . 5x A1rBZ / ( AZ+BZ I
DREAB=RE/32. / A/B
THETA( 11=0.tr
THETA(2)=B
DO 100 I=2rM
THETA( I+l )=THETA( I )+B
ANGLE ( t t =THETA( I )*180 .e/3.

169

l4l6
CO(l)=COS(THETA(I))
SI(I)=SIN(THETA(I))
DUMSJ(J)=SI(I)*SI(I)
COT(I)=CO(I)/SI(I)
DUM3 ( I ) = ( 1.-0. 5*B-:COT ( I )
DUM4( I l = ( 1.+0. 5*B*COT ( l )

100 CONTINUE
Zl Il =0.0
DO 110 J=l rN
ZIJ+Il=Z(Jt+A
EZl(J)=EXP(Z(J) )
EZz(Jt=EZt(J)+EZ1(Jt
EZ3(Jt=EZ2(Jt*EZ1(J)
EZ4(Jt=EZ3(J)*EZ1(J'
EZ5(Jl=EZ1(J)*EZ4(J)
FZ6lJ|=EZ5(J)nEZl(JI

110 CONTINUE
SI(l)=O.O
sI (up1 I =o.o
Co(ii=1.o
CO(MPl)=-1.0
DUMSI(tt=O.0
DUMSI(MP1)=0.0
ANGLE(l)=0r0
ANGLE ( MPI ) =l 80.
DO I2O I=1rMP1

. DO lzt J=l rN
REZS( I rJ) =RExEZl ( J)xS | | I ) / A/B/ B.O120 CONTINUE

IF(NSTaRt.EQ.l ) GO TO 1000

, INITIAL GUESS oF STREAM FUNCTIoN AND VoRTIcITY (KAWAGUTI )c2=-( I20.+75.*C1 | / 29.
c3=( I53.+63.*C1) /29.
C4=- (47.5+17.*Cl | /Zg.
D2=-69.*DI/27.
D3=57.*DI/27.
D4=-15.*Dl/21.
DO 300 I=2rM
DO 300 J=1rNMl
Ps I ( I I J l =s l ( I ) +s I ( I't x ( o. 5x F z2 ( 1 | +ct / F-21 ( J | +c2/ Ezz( J l +c 3 / EL3 ( J | +c4l/Ez4( L l-CO( I )* tD7/ EZt(J )+D2 /EZ2( I I +D 3/EL3t J t+D4/EZ4(J) ) )G ( I ' J ) =sI ( I ) *s I ( I I x ( ( 4.*1 zJrzq,i-r i*1u.*c 3/Ez5 (J t+ rg.xc4/Ez6( Jr I1+CO( I )x (4.xD1/Ez3( J)-6.*D 3/EZ5 ( J ) _to.xD4/F_26(Jl ) )3OO CONTINUE

SETTING UP OF BOUNDARY CONDITiONS

, /82
| /82



170

400

410

720

1000

1010

1 100

309

DO 400 I=1rMPl
PsI(lr1)=0.\.)
G( I rfrl)=0r0
PSI ( I rN ) =O.5XEZ2( N)*DUMSI ( I )

DO 410 J=lrN
pSI(lrJ)=0.0
PSI (MP1 rJ)-0.0
G(trJ)=0;0
G(MPlrJ)=0.0
DO 12O I=2 t14

DO 12O J=2 rNMl
lP=2.*A*( PSI ( I+1 tJ)-PSI ( I-1 rJ) )

BP=?.*B*( PSI ( I tJ+1 )-PSI ( I rJ-1 ) )

XI=DREAB*BP/EZ1(J)/SI ( I I

XJ=DREABxAP /EZI ( J) /SI ( I l
X 13=SQRT ( C.5*( XIXXI+XJ*XJ ) )

WV(IrJ)=0.1/lI.+XIJ)
CONT I NUE

GO TO 1010

REWIND 8
nEnO (8) ((PSI(IrJ)rI=1rMPl)rJ=1rN)
R;AD tAf (( G (IrJ)rI=1rMPl)rJ=1rN)

JJ=o

I2=I1=0
KK =O
FASI=FAVl=1.0
BIGSl=BIGV1=1.0
EXRA= 1 .0

II=0

JJ=JJ+1.
KK=KK+ 1

NPS=NPV=0
I F ( KK.NE.KKC ) GO TO 3O9
KK=0
EXRA=EXRC
CONT I NUE
BIGSA=BIGVA=0.0
FAS=FAV=0.0
I BS= I BV=2
JBS=JBV=2
DO 7O0 l=2tM
Cif r1)=(4.OxpSl(I;2)-U.5*PSI ( lt3ll /A2
CONT I NUE

CONT I NUE
DO 500 t=lrM

IF(I1.rO.tt Go To 312
I 1=J1 =1
GO TO 311

700
310



3T2 CONTINUE 171
I I=J1=0

9LI CONTINUE

DO 500 J=2rNMl

IF(J1.8Q.0) GO TO 322
J1=O
GO TO 32L

322 J1=1
GO TO 500

92T CONTINUE

DMPSI I= PSI ( I+1IJ)-PSI ( i-1IJ)
DMPSIJ= PSi ( I rJ+1 )-PSI ( I IJ-I )
DUMA=G( I rJ+It / (EZZtl+t )*DuMsI ( I ) I
DUMC=G( I rJ-1 ) / (EZz(l-t )*DuMsI ( I ) )IF(I.EO.2) GO TO 501
DUMD=G ( I_1, J | / (eZZl L) *DUMSI
GO TO 502

501 |UMg=G ( Z, Jt / (EZ2 ( j 1 xSI ( 2 I xg
502 iF(I.EQ.M) GO TO 503

DUMB=G ( I+t r J | / (EZ2( J) *DrrMSI
GO TO 504

503 DUMB=G (MrJ | / (EZz( J )*SI ( M) *B

{ I-1) )

)

(I+1))

)

504 srRMF=DUM6* { PS I ( I r J+'! ) *DUl41+PS I ( l r J- I ) *DUM2+pS I ( I +1 rJ ) *DUM3 ( I )1+psI ( i-i rJlxDuM4( i )-G{ i ,J jxEZz( ji I
AS=STRMF-PSI(ITJ}

DPS I =DMpS I J* ( DUMB-DUMD ) -Dt{pS l l Jr ( DUMA_DUMC )voRt-DUMS* ( G ( I tJ+1 ) *DUM1+G t I rJ-1 ) *DUM2+G ( i +1 rJ ) xgrgt43 ( I ) +G ( I -1rJ )*lDUM4 ( I )-REZS ( I rJ)xDpSI )

AV=VgP1-G(IrJ)

tF(12.EO.1) GO TO 341
IF(ABS(STRMF).LT.O.OO1) GO TO 510
NPS=N PS+ 1

ASF=AS./ STRMF
FA5=FAS+ASF*ASF
ASA=ABS ( ASF l
IF(ASA.GT.EPSS) II=I
iF(ASA.LT.BIGSA} GO TO 510
B I GSA=ASA
B IGS=ASF
IBS=I
JBS=J

5TO CONTINUE
iF(ABs(VoRT).LT.0.05) GO TO 520
NPV= NPV+ 1

AVF=AVIVORT
FAV=FAV+AVF*AVF
AVA=ABS ( AVF )

IF(AVA.GT.EpSVI II=l
IF(AVA.LT.BIGVA) GO TO 52O
B I GVA =AVA



520

?41

500

L72

B I GV=AVF
IBV=I
JBV=J
CONT I NUE
;;'i i i ;l;=PsI ( I rJ )+ExRA*ws.1os
G( I rJ ) =G( I'JIiEXRRXVIV( I'J I*AV

GO TO 500
CONT I NUE

iirtlrJ)=PsI(IrJ)+As
G(IrJ)=G(IrJ)+AV
CONT I NUE

;;aiz.Eo.ot Go To 332

i1=I2=0
GO TO 33L
I1=I2=l
GO TO 310
CONT I NUE

;;i:i6*i t ras ) /FLoAT ( NPs )

iiv=soni ( FAv ) /FLoAT ( NPv )

RFAS= FAS/ FAS 1

RFAV= F AV / FAV 1

RBIGs=BIGS4q IGsl
iisicv=BIGV/BIGvl
WRITE(6,5uTJ.IIIBSIJBSIBIGSTRBIGSTFASTRFASTIBVIJBVIBIGVlRBIGV

932

a? 1

ITFAVrRFAV
lo FoRMAT (1H rI10 t3xt2(215r4E12'3t2x))

BIGVl=BIGV
aicsl=BiGs
FAST=FAS
FAV 1= FAV

EXRA= 1 ' 0
IF( (KK+l ).EG'KKC) GO To 3000

3333 coNTI NUE

I F ( JJ. EQ' NLooPs ) GO -T-9 
2ooo

IF(II.EQ.l) GO TO 110o

3OOO CONT I NUE

DO 121 l=2t4
DO 7?I J=2rNMl
AP=2.oqot pii t i+t'J)-PSI ( I-1 rJ ) )

Bp=2.*B*ibii r i rJ+1 ).:?sI ( I rJ-l ) )

X I =DREAB*BP / EZT( J ) /.S I ( I )

XJ=DR546xAP /EZl( J) /5I ( I )

1l ;=sonT ( u'5* ( XI*xI.+xJ*xJ ) )

WVttrJ)=O'1/(1'+XIJ)
12T CONT I NUE

wRITE ( ir Zt'rl' t ( EZ.1.1J )'(vJYi-I '3) ' I=l' 'MPl '4 ) r J=1rNr 10 )

C CALN. TdN. SURFACE VORTICITY

svoRT(1tl)=uou
SVORT(MP1el)=U10
DO 660 l=2tM

660 SVOnf ( I rl)=G( I ;Il /SI ( I )

VIRITE (6t39) ^..
vlRITE (;')us"l (SVoRT( I r1) r I=lrMPlr2)



-rlf.
t1

631

670

CALN. FOR FRONTAL STAGNATION PRESS. L73
DMGF=0.0
DO 620 J=2rNMl

620 DMC:F=DMGF+( 4.t,x6 (2, J ) /SI ( Zl-G( 3, J )/s l ( 3 | ) / EZ1(., y

FSPRES=1 . 0+ ( DMGF+O. 5x ( ( 4. uxc ( 2; 1 | / SI ( Zt -G( 3, 1 ) / SI ( j t | /EZt ( t !
, 1*(4.trx6( 2rN) /sI ( ?t-G( 3rN) /SI ( 3' | /EZI(N ) ) ) x4.Oxg/ (RE*B)

CALN. FOR SURFACE PRESS. DISTRIBUTION

640

P(1r1)=FSPRES
DO 63U K=2 rM
DUMG= 0 . 0
DO 63L I=2rK
DUMG=DUMG+(4.,r*G( I tZl /f.Lt(21-G( I t?, / EZt (l t-?.U*G( I I 1 ) )

1 / (2.OxAxSI ( I ) l+G( I'lt /SI ( I )

P ( K r''t ) =P ( 1 r 1 ) +4. U/pExBx ( DUMG-0.5x ( ( 4. uxG lKt T | / EZl ( 2 ) _G (Kt jl /Ezt(z
1-3.OxG(Kr1) | / (2.0x4xSI (K) )+G(Krl ),/SI ( K) ) )

P ( MP'l r 1 ) -P ( M r 1 ) +4.u/RE*B;+ ( 0. 5x ( ( 4. o*G (M, 2 | / Ez1 ( 2 ) -G ( M r 3 | / Ez1 ( 3 )
1-3.ooc(Mr1) | /(2.u*A*SI (M) )+G(M t:Il/SI (M) ) l
WRITE (6r36)
WRITE (6t2u3vl (p( Irl) rI=1rMpl)
CALN. FOR FORM DRAG COEFF.
DUMP=0.0
DO 540 I=2tM
DUup=DUMP+P( I I I )+SI ( I )*66( I )*2.0
CDP=DUMPXB
wRITE (6t311
htRITE (6t2020) CDP
CALN. FOR FRICTION DRAG COEFF.
DUMPS i =0. O

DO 650 I=2tM
650 DUMPSI=DUMPSI+G( I r1 )*SI ( I )

CDF=B. OXDUMPS I *B/RE
WRITE (6r35)
l{RITE t6t2o2Ol CDF
CALN. FOR TOTAL DRAG COEFF.
C TOTA L =CDF+CDP
wRITE (6r38)
WRITE (6t2o20l CTOTAL

IF(II.NE.1) GO TO 2OOO
GO TO 7333

2OOO CONTINUE

WRITE (7) ((pSi(lrJ)rl=lrMpl)rJ-lrN)
WRITE (7) ((6(IrJ)rl=1rMpl)rJ=lrN)

wRIIE (6t24) JJ
WRITE (6r30)
WRITE (6I2U4U) (ANGLE(I
wRITE (6tlvt!t (EZ1(J),
WRITE (6r2u40) (AhlGLE(
wRITE l612u1,) ([21(.J1r
WRITE (6t2v4u) (ANGLE(
tlJRITE (6r2u11,r1 (EZt (J) r
WRITE (6r2u40) (ANGLE(
wRITE (5r21t111 (EZt (J) r

)rI=1r16)
( PSI ( I rJ) r I =l r 16 ) rJ=1rN)
i)rl=L7c32l
(P5l ( I rJ) I I=17 r321tJ=l rN )

l)rI=33t481
tPSI ( I rJ) r l=37r48 ) rJ=1 rN)
l)rI=49r61)
(PSI ( I rJ) r l=49 r6l ) rJ=1 rN )



L74

WRITE (6r31)
wniif (6 t2e4v) (Ai'IGLE( I ) t
wntTE l6r?-u1\.',) (Ez1(J) r (

wntre l6!-zrtt+vl (ANGLE( I )

wnirr (6r2u1r-') lEzl(J)r(
Wnfff l6t?-040) 14661-[( I )

wilirE (6'2u1') (Ez1(J) I (

wnirE t6,2u4o) (ANGLE( I )

wriirE (5'2u11) (Ez1(J)r(

i=1r16)
G (lrJ) rI=1r16)rJ=1rN)
r I =11t321
G ( i rJ) r I =]r7t32l;J=1rN )

1l=)jt48l
G ( I rJ) rI=?3t4Bl rJ=1rN)
rI=49r61)
G ( I rlt t t =49'61) rJ=1rN )

555

55
207o

CALN. FOR RAD I AL VELOC I TY AT THE REAR ST NCI\RT I ON PC I NT

DO 555 J=frN
VR( J) - ( 8.*PSI (MrJ)-PSI (M-1 rJ) ) / (2'*B*B*EZ2 ( J) l

CONT I NUE
WRITE (6r55)
WRITE (6r 2\)101 (EZl (J)rVR(JtrJ=1rN)
i<int',to r i rnu r 15HRAD I AL vELoc rrY / |

ronunT ( 1H ,20xrF10.4tF20'61

REWIND B

hJRITE (at ((PSt
uJRITE (gt ((C(l
END FILE 8

( I rJ) r I=l rMPl ) rJ=lrN)
rJ)rI-lrMPl)rJ=lrN)

10
11
t?
13
T5
2o
2T
22
23
?4
30
3:t
35
76
3-l
38
3g

2010
2ozo
2oe o
2040
2oso
2011

FORMAT ( 3F1u.5 )

FORMAT (2F10.6I
FORMAT |2t5tF10'6)
FORMAT { I 10rF10.6)
FORMAT (I5)
iOiitlr t ir-rtl,10Xe*Q[=* 'F20 '6/ |

FORMAT ( 111i'l r 1vX rxhs=x tF2\L' 6 r 5X r*hV =* sF20 '6/ |

FORMAT ( lHur lvXrttM=Jtr i 1U: ?;ti6=o' I 1Ur!Xrxp'=xrF1Q'5/

FORMAT ( 1HU r luXr*KKC=*r I 1C r 5Xr*[XRC=* tF20'6/ |

ronvni ( 1H0 r luXr+JJ=r*' 110/ )

FORMAT ( lHU I l5HSTREAM-FUNCT ION/ )

ronn/lar ( luurgHVoRT ICITY / |
FORMAT ( lHu ' 

juHrn tir toru DIAG coEFF ' / )

FORMAT ( 1H,..r'irHsunFA!E.?Rtss' DI sTRI BUT iON/ I

'rSiirqnr t iHo, teHroRt"l DRAG coEFF ' / )

FORMAT (1HU'IIHTgTAL DRAG COEFF./I

FORMAT ( lHvriutrsunracr VoRtICITY DISTRIBUTION/ )

FORMAT (1H tF6'3r16FB'4)
FORMAT ( 1H ' 1UX tF2U '61
FORMAT ( 1H r6Xr8F16.6)
f OnuaT ( 1H0 r 6X r 16FB '2/ |

fOnf.ltnT ( 1H r6Xr15FB.4)
ronpraT ( 1H ;F6.3tI3F B'4)
STOP
END

END OF RECORD

cD TOT 0389
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c
c
c
c
c
c
c
c
c

c

APPENDiX A.2************

64UO END OF RECORD
FORCED CONVECTION AROUND A SPHERE
SEOUENCING WITH CONVERGENCE PROMOTION

175

=PECLET AND REYNOLDS NUMBER
=TOTAL NUMBER OF STEPS IN ANGTJLAR AND RAUIAL DIRECTION
=STEP SIZES INZ AND ANGULAR DIREcTIoN
=TOLERANCE FOR CONVERGENCE
=MAX. NO. OF I TEIIAT I ONS ALLOWED I N ONE RUN
=CONTROL STATEMENT FOR READING IN INTERMiDIATE DATA
OR STRRTII.Ic INiTTRt- CALcULATIoNs oR GIJESSES
O--CALCULATING INITIAI. GUESsES
1--READ IN OF INIERMEDIATE DATA

JIIJ2 =CONTROL STATEMENTS FOR SEQUENCING CALCULATION5
PRoGRAM TST ( ltrtputrQUTPUT rPuNcHB'TApE5=I NpuT rT4pg6=otrTpuT r TApET

1 =PUNCHB r TAPE 1 r TAPE2 )

COMMON T( 3l r 5\tt TDUMA (?Ir5r.r) rDUMB( 3lr5U I rDUM34( 3l )

DIMENSION X( 31 )

DIMENSION IHETA(31) ISI ( 31 ) ICO(31 ) ICOT(IT ),ANGLE(31)
DIMENSION ZI ETI IEZI( B1 ) IDUM3( BI ),D[JM4( BI }

DII'IENSION PS i ( 3It50 ) rHNUL( 31 r 1 )
DIMENSION WT(3Ir50)
READ (5r10) PErRE
READ (5r11) EPST
READ (5t12l MrNrA
READ l5t]:3l KP
READ (5r151 NLOOPS
READ (5II5) NSTART
WRITE (5r51)

51 FORMAT (tHUrluXrxFoRCED coNvEcTIoN ARouND A SoLID spHEREx//l
WR I TE (6t521

52 FORMAT ( THUT ]LIXTxTRIDIAGoNALIZAT IoN-ITERATIoN METHoD*/)
wRITE (6t531
FORMAT (THOI ]UXTXNEW SEOUENcE ,v{I TH coNVERGENcE PRoMoIIoN*/ )WRITE (6c2a) PErRE
wRITE l6t22l EPST
WRITE (6t24) MrNrA
WRITE l6t54l
FORMAT ( tH0r 31Xr*BIGT*rBXrxRBIGTxr gXr*FATxr gXrxefdT*/ )
NMI =N-1
MP1=M+1

READ IN OF VELOCITY PROFILE IN TER[4S OF STREAI,I FUNCTION

READ (1) ((PSI(lrJ)rI=lrMPI)rJ=lrN)

A 2 =AxA
B=3.1416/(FLOAT(Mt)
B2 =B*B
DUMl=(1._A*0.51/A2

PE IRE
MrN
ArB
EPST
NLOOPS
NST4P T

53

54



L76

00

DUM2= ( 1..+Axu.5l / A2

DUM6= O . 5*A2* BZ / ( A2+BZ I

DUM12= ( DUMl+DUM2 )*DUM6
THETA(1)=0.U
THETA(2)=B
DO 10U I=2rM
THETA( I+1)=THETA( I )+B
ANGLE ( I ) =THETA( I ) *IBU.O / V'L4I6
CO( I ) =COS ( THETA( I } )

sI(I)=sIN(THETA(I))
COT(I)=CO(Il/SI(I)

DUM3( I )=( l.-u.5*B*COT( I
DUM4 ( I ) = ( 1.+0. 5*B*COT ( I
DUM34 ( I )= (DUN13 ( I )+DUM4(
ANGLE(1)=0.0
ANGLE(MP11=l$0r
SI(1)=0.O
SI(Mpll=0.U
CO(1)=1.0
CO(MP1)=-1.0
Z(1)=0.0
DO 1lu J=1rN
Z(J+Il=Z(J)+A
EZL(J)=EXP(Z(J) I

CONT I NUE
DO 120 l=2rM.
DO l2O J=2INMI
DMPSI I =PSI ( I+1 rJ )-PSI ( I-1 rJ)
DMPSI J=PSI ( I IJ+1 )-PSI ( I IJ-1 )

pEzs l=PE/ ( Ez1( J) {-sI ( I ) *A*B*8. }

tt/82
it/82
I ) )*DUM5

110

PEDM I
PEDMJ

=PEZSi*DMPSII
=P EZS I *DMPS I J

XI=PEDMI*2.xA
XJ=PEDMJ*2 ' *B
f, t J=sQRT ( 0. 5x ( X I lsX 1.t'f,JxXJ ) )

WT(I tJl=3./lI.+XIJ)
DUMA ( I rJ 1 = ( DUM2+PEDMI ) *DUM5

DUMB ( I rJ1 =( DUM4 ( I )-PEDMJ ) *DUM6

120 CONTI NUE"". i;ir; 'i;r201u | (Ezl( J) r (wT ( I rJ) r I=1'Mpr'2t r;=lrlrll

IF(NSTART.EO.1 ) GO TO lOOO

INITIAL GUESS

DO 2OO I=1rMP1
DO 200 J=2 rNMl
T(IrJ)=010

2OO CONTINUE

OF T(IrJ) PROFILE

SETTING UP OF BOUNDARY CONDITIONs

DO 400 1=lrMPl



T(
400 T(

1000 coNT I NUE
READ lZt ( (T( IrJ) rl=lrMPl)rJ=1rN)

1010 JJ=0
KK=0
KKK=0
EXRA= I .0
BIGTl=1.0
FATl=1.
RFATl=I.0

1100 I I=0
JJ=JJ+l
KK=KK+1
KKK=KKK+1
B I GTA=O.
FAT=0.
I BT=JBT=2
J 1=0
J2=O

XMN=0.0

5O5 CONT I NUE
DO 500 J=2rNMl
IF(J1.EO.0) GO TO 501
Jl=0
GO TO 500

501 CONT I NUE
' Jl=1

CALL T(IrJ) FOR A FIXED J

CALL TDUS(XrMrJrDUMl2 )

IF ( J2. EO.0 ) GO TO 502
DO 800 L=2rM
AT=X(L}-T(LrJ)
IF(ABstx(L)).LT.0.00I) GO TO 801
ATF=ATlX( L)
FAT =FAT+A T F*AT F

rN ) =0.0
r I ) =l r

GO TO 10 10

READ IN OF INT[P1459IATE T( ITJ) PROFILE

L77I
I
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801

800

502

803
500

504

3020

3010

300 1

50

ATA=ABS ( ATF )

IF(ATA.GT.EPST) II=1
IF(ATA.LT.BIGTA) GO TO BOl

x1411=f,fr,ltrl+ ! r o

B I GTA=ATA
BIGT=ATF
I BT=L
JBT=J
CONT I NUE
i iL'J ) =T ( L'J )+EXRA*|,/T ( LrJ )*AT
CONT I NUE
T( I rj ) =(4.*T (2tJ 1-T { 3 tJl | /3'
f i l,rpi r.l t = ( 4.*T ( MtJ )-T ( M-:r; Jl | / 3'
GO TO 500
DO 803 L=1rMPl
T(Lr31=X(L)
CONT I NUE
CONT I NUE
IF ( J2.EQ.1 ) GO TO 

'O4J1=1
J2=L
GO TO 505
CONT I NUE

RBIGT=BIGT/BIGTl
FAT=(SQRT(FAT))/XMN
RFAT=FAT /FAT I
WRITE ( 6r 5r'r) JJr IBT TJBTTBIGTTRBIGT rFAT rRFAT

FORMAT (1H rlvXrI5r5X ;21?t4E12'31
titnrar.GT.l.Li) Go To 3020-

ii ings ( RFATl-RFAi i .t-t '0'0"01t Go To 3u01

CONT I NUE
RFAT 1 =RFAT
BIGTl=BIGT
FAT I =FAT
EXRA= I .0
CONT I NUE

IF(KKK.EO.KP) GO TO 30OO

i r t .l.t . Ee. NLooPs ) Go To 2ooo
irtiI.Ee.l) GO TO t1u0
GO TO 3000
CONT I NUE
EXRA= O .1 / ( 1. -RFAT )

irt fxnn.GT.3u. ) EXRA=3oo
WRITE l6t)51 KK

35 FORMAT ( 1H0' 1U'Xe*(l(=ttrI 10)
wRITE (6t361 [XRA

j6 FORMAT ( 1H ,1OXt*EXR[=tf rFlO'6)
WRITE (6t371 RFAT

3t FORMAT ( 1H ;1t'/XroRf Af =*rF10'6/ )

KK=0



L79
GO TO 3010

?ooo coNT I NUE

DO 600 I=lrMPl
A00 Hf.lUt-( I r1)=(4.u'*T (lt? )-T( I t?l-3'OxT(
'. 

WR I TE ( 6;331
wRITE (6r2u5v) (HttUL( l'1) rI=1r'MP1)
DHNUL=0.0
DO 610 I=2rM

610 DHNuL=DHNuL+HNuL( I r1 )xsll Il / 2'o
HNUA=DHNUL*B
WRITE (6t34) HNUA

IF(HNUA.GT.5OU. ) GO TO 9999
KKK=0
IF(lI.NE.1) GO TO 2ooo
GO TO 3010

2000

CALCULATIONS FOR LOCAL AND AVERAGE NTJSSULT NO'

I r1 ) ) / (ArEL1(1 ) )x(-1'0)

10
11
12
l3
15
Z_O

2l
22
27
24
32
77
74

2010
2ozo
2clo
2 040
2050
9999

CONT I NUE
wnirr (7) ( (T(IrJ)rI-lrMP1) rJ=1rN)
WRITE l6;231 JJ
WRITE l6t32l
wRITE (6tztt4a) (ANGLE( I !'J=lrMPlr2)
wRITE r5,211ui i;ZiiJr't T (IrJ) rI=]rMP:-tzlt'';=1rN)
FORMAT (2F10.6)
FORMAT (F1U.6)
FORMAT 1215rF10.6)
FORMAT (I5)
F.RMAT ( 15) - .4t5xr*Qf=* tF2o'4/1
FORMAT ( tHOr 10Xr*Pf=nsF2U'
f OnUAf ( 1H.)r ltlXextr'lT=itrF10.6/ I

lOn,qnt ( lHur tuXrxEPST='*rF10'6/ )

ronunr ( lH0r luX;*JJ='Fr I10/ )

FORMAT ( lHUrluXr*M =Jrr I5rlOXrxN ='ltr I5rlUXr*A =rf rFLO'4/ |

TONUNT ( lHOI llHTEMPERATURE/ )

ronulr ( lULr r lTHLOCAL NussELT NO' / )

FORMA.T ( 1Hu'iiil"HN|0n(nvEnacr ttrussrt r No' )=*rF15'5/ |

FORMAT (1H sF1 .2tI6FB'4)
FORMAT (1H rlUXrF2U.6)
FORI4AT ( 1H r6XrBFl6'4)
FORMAT ( 1HU r 7X tL6F8.2/ |

FORMAT ( 1H r7Xr16F8'41
STOP
END
SUBROUT INE TOIqS( XIMTJIDUMl2 )

SOLN OF TRIDIAGONAL I'1AI'RIX BY GS ELII'lINATION AND BW SUtsSTN

coMMON T( 31 r!u) rDUMA( 31',5u) rDUMB(31'50 )'DUM34(31 )

DIMENSION x( 1) rH(61) rP(61 )

c
c
c
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700

720

H(1)=I.337
Ptl)=-T(3tJl/3t
DO 1UU K=2r14
C=DUM34lK)-DUMB(KtJ)
p=T ( K I J+1 ) *DUMA ( K I J ) +T ( K I J-1 ) * ( DUMl2-DUMA ( K rJ ) )

CH= 1. -C*H ( K- I )

H(K)=DUMB(KrJl/CH
P(K)-(D+C*P(K-11 )/CH
CONT I NUE
X(M+1)=(.T(M-1lJ|/3.+I,3?3xP(M))/(1.-L.333*H(M))
DO 12O K=2 rM
KK=M- ( K-2 )

X ( KK ) =P ( KK ) +H( KK ) *X ( KK+1 I
CONT I NUE
x(1)=P(1t+H(11xX(2)
RETURN
END

6400 END OF RECORD

cD ToT 03u0



64UO END OF RECORD
OLUTION OF THE NAVIER-STOKES EONS AND ENT.RGY EON FOR SOLID sPHEREJT'fJ€tfTfJfJf
j+,tlt.*-Xcx-{.}r-X-|cl**.X..F}xJfii.ti*.)tli-'XJt's-X.x-d-r9-)il.itX--X**J+JiJt.,tJtJf.xJtjt?..l(.'+JtJfJ*j.?tJ+?..)e{-Jftt)t-)iJ€jt+.}t*xiF******

5
*f

xx

181
APPENDIX A.)
************

SEOUENC I NG t! I TH CONVERGE^,lCE pROMOT I C,N + jrr€x-{_r..,+

Ilrl2rJ1

=PECLET r GRASHOF AliD REYNOLDS NUt'iiJER
=TOTAL NO. Oi: STEPS IN ANGULAR AND RAt-/iAL DIIiECTioNJ
=STEP SIZES IN Z AND AI.IGULAR DIRECTIoNS
= NiAX. NO. OF ITERATIONS ALLOdED II,I ONE RUN
=COUNTER FOR APPLYIT'lG CONVtRctNCE PRO;'iOTIOi! ANtJ REVISING W

=CONTROL STnl EMENT FOR READING IN Ii{TERf"IEDIATE
DATA OR CALCULATING INITIAL GUE5SE5
v-- INITiAL GUESSES
1-- READ I|\,I INTERi.IEDIATE DATA

=SEQUENCE I NG COI.iTROL CARDS
FIELD FUNCTIONS

PETGRTRE
MrN
ArB
NLOOPS
KKC
NSTAR T

PSI
G
I
I

RELAXAT ION FACTORS

=STREAM FUNCTION
=DUl"1l'iY FUNCTION OF VORTICITY
=TEI"IPERATURE OR CONCENTRAT I ON

hlQ

WV

WT

=FOR PS I
=FOR G

=FOR T

PROGRAM TST ( I NPUT ICUTPUT T PUNCHB I TAPE5=I NPUT I TAPE6=oUTPUT I TAPET
1 =PUNCHB r TAPE 1 r TAPEB )

DIMENSIoT Z( ezl tlzr(6?-t ttLz (62) tEzS( 62t rEL+(62t ,Ez5(62l 'EL6 
( 621

DIf,4ENstON THETA ( a2 ) rS
DIMEI.IS ION CS ( 31 ) I DI,I"15
DIMENSI0N T(31r65)rP5
DIMENS IOl.l PEZS | ( 3It65

( 3? ) rCO ( 32 ) r COT ( iZ l rAt\,lGLE( ZZI
( 31)rDJl43( 31)'DuM4( 31)(3I:65 ) rG( 3l r65 )

TGRLZ2(651
DIMENSIO^t HNrJl ( 32'1) rp( 32, IITSVORT (32t11
DIN,iENISION VR(1CO)
DIuE6516^ iJV( 31 r6,i ) r'wT ( 31 r60)
READ (5r10) PETGRTRE
READ (5;12l MrN:A
READ (5r13) KKCTEXRC
READ (5r15) NLOOPS
READ (5r16) NSTART
WRITE (6r21)
i^/RITE (6r2U) PETGRTRE
WRITtr ((,t24) MrNrA

"^jRITF 
(6t25) KKCTEXRC

Nl'11=N-1
l'4P I =M+ 1

FMP 1=FLOAT ( MPI )

FN=FLOAT ( N )

Dit4N= 3 .I416* 3. 14l- 6+ ( 1 . / FVtp I / Ft,tp 1+ i . /FN/ FN )
i,vS= I . / ( I. +SORT ( Ot'ltt | / I.4I4Z I

A2=AxA
B=3.1416/(F[-OAT(M) )

B2=B*B



iL

L82
DUMI=(1.-A*v.51/A?
DUM2= (1o+AJt-.51/ Az
p(_tl,f g= u . 5*A 2-xP,2 / ( A2+B 2 )

DUt4RF=RExPE/ ( A2r+82*64. )

DREAB=RE/32. / A/B
THETA(1)=0.u
THETA(2)=B
DO 10U I=2tM
THETA ( I+1 )=THETA( I )+ts
ANGLE ( I ) =Tl-IETA( I )rr18ir.0/3.1416
CO(I)=COS(THETA(I))
st ( I ) =stN( Tt-lETA( I ) )

DUMSJ ( I )=SI ( I )*SI ( I )

coT(t)=co(I)/sI(l)
CS(l)=CO(I)*SI(i)
DUM3 ( I ) = ( 1.-e. 5-x3-x66T (

100 DuM4( I ) =( 1.+u-5*B*COT (

ANGLE(1)=0.1r
Af.lGLE(MP1)=18U.
DUMSI(1)=0.
DUI'4SI (MPl)=u.
SI(1)=0.0
SI(MPI)=0.0
CO(1)=1.0
CO(t4P1)=-1.0
z( Ll -0.0
DO 110 J=1rN
ZIJ+71=ZiJl+A
FZl(J )=EXP(Z(J) )

EZz(Jl=EZl(J)xEZ1(J)
GREZ 2( Jl =GR-x-aZ2( Jl / (B '0*RE )

EZ3 T J ) =EZ?( J \X-EZ 1 ( J )

EZ| ( J I =EZ3 ( J ) {.EZI ( J )

EZ7(Jl=EL4(J)+EZ1(J)
110 EZ6( Jl =EZ5 ( J )*EZl ( J )

DO I2O i=2rM
DO 120 ..1=l rNMl
PEZSI ( I,J)=PF_/ (€21 (J).*SI ( I )*AXBXB. )

120 CONT I NUE

ttl/82
rll/tsz

'L

,r
**{.,s

IF(NSTART.EC.l
INITIAL GUE5S
DO Tav I=1rl''lPl
DO 2OA J=2rNMI
T(lr-1 )=Uo0

2OO CONT I NUE
I NII T I AL GUESS

) GO TO lUUU
OF TEMPERATURE PROFILE

OF STREAi4 FUNCT I CI'I AND VOHT I C I TY ( SI OKES FLOI'/ )

C1=-4.3u86
DI=-2.1975
C2=- ( 120.+15.xC1 | /29.
C3= ( I53.+63.xC1 )'/ 29.
C4=- (41.r+17.xCl ) /29.
D2=-69.*DI/21.
D3=57.*Dl/21.
D4=-15.+Dl/27.
DO 300 l=2:l\
DO 3u\J J=1rNM1



PSi ( I'J)=SI ( I )xSI ( l )

1 /?L4( J )-CO( I ) x( D 1 / EZ
G(IrJ)=SI(l)xSI(l)*(

i+CO( I ) *(4.xD1/ EZ3( Jl
CON T NUE
SETTING UP OF BOUNDARY CONDI T IONS
D0 4UU I =1 rMPl
PSI(Irl)=Q.s
G(lrN)=0.0
T(IrN)=0.U
T(IrI)=1.U
PS I ( I r N ) = 0.5xFZ2 ( irtt *DUt15I ( I )

DO 41U J=1 rN
PSI(1rJ)=0.u
pSI (MplrJ)=U.U
G(1rJ)=U10
G(MPlrJ)=0.U

DO 127 I=2rN1
DO 12I J=2 rl'lMI
AP=2.*A*(PSI ( I+1rJ)-PSI( I-1rJ) )

!lP=2.*B*( PSi ( I rJ+1 )-PSI ( I rJ-1 ) )

YI=PEZSI(IrJ)xAP
YJ=PEZSI(irJ)xBP
Y I J = S O R T ( U . 5 -X ( Y J X Y I + Y J * Y J ) )
lr/T ( I r J ) =\. 1 (. 1.+YI J )

XI=DRtAB*LJPiEZI(J)/SI ( I )

XJ=DIiEABXAP / ELT( J) /SI ( I )

XI J=SORT ( U. 5+ ( X I*X J+XJXXJ ) )

WV(IrJ)=I./(I.+XIJ)
CONT I NUE
GO TO 1010
REid I ND B

READ (8) ( (PSI ( IrJ) rI=1rl''1Pl)rJ=1rN)
READ (at (( G (l:J):l=1rMP1)rJ=lrN)
READ (gt (( T (lrJ)rI=1ri,1p1)rJ=lrN)
JJ=v

183
i+( -. \xF /_? ( _tl +c1/ Elr ( I 1 +62/ tl2( J)+C3/EL3( Jt +C4
1 ( J)+)2 /El?( Jt+DV/El3(J) +DL/EZ4(J) ) )
( za. x1 2/ ELt+ ( J ) + 1U. *C 3 / LL 5 ( J ) + I g r.*C4 / EL6( Jl I
-6.*D3/EZ5( Jt -14. xD4/EL6(J) ) )

CT 1=0. O

I2=I1=0
KK=u
EXRA= 1 .0

IiOO CONT I NUE

J J =JJ+1
KK=KK+ 1

IF(KK.NE.KKC) GO TO 3t)9
KK=Lt
E XRA =EXRC3og coNT I NUE

i010
(---
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?00

7r 0

110

DO 7uU I=2rM
6i f , 1 ) =( Bou*PSI ( I'2 )-PSI ( I rl | | / ( 2'*A2 )

CON T I NUE

DO 710 J=2rNMl
ii I'J ) =( 4.uJrT ( 2tJ)-T l3' Jl | / 3'u
T (MP1 rJ ) =t4.\'*T (MrJ)-T ( M-l rJ ) ) /3'U
CONT I NUE

CONT I NUE

DO 500 I=2rM

IF(I1.EO.l) GoTO 3r2
I1=Jl=1
GOTO 311
CONT I NUE
I1=J1=O
CONT I NUE

DO 5AO J=2rNMl

iF(Ji.EO.u) GOTO 322

JI=L)
GOTO 32L
J1=1
GOTO 5OU
CONT I NUE

DMPSI I =PSI ( I +l rJ)-PSi ( I-1 tJ )

DI.4PSIJ=P5l ( I rJ+1)-PSI ( i rJ-l )

PEDlli | =P€ZS I ( I r J l{-DMPS I I
DUMA 1 = DUM 2 +P EDM I

DUMA2 = DUM 1 -P EDM I

PEDr.rJ=PEzsl ( I rJ)x-Di'4PSIJ
DuMBl =Dur'14 ( I ) -PEDl4J
DUl4B2 =DUVr3 

( I ) +PEDMJ

Ourrf i=(T( I+1rJ)-T( I-t'J) )/ts
Ouf"lfJ= ( T ( I rJ+1 )-T ( I rJ-1 ) ) /A
DUrrA=G( I rJ+1 ) / (EZZ(J+1 )+)Ul"iSI ( I ) )

DuN,ic=G( I rJ-l | / (Ezz( J-l )xDuMsI ( i ) )

IF(I.EQ.2) GO TO 501
DUMD=G( I-l rJ \ / (FL2 ( J) r'DU\45I ( I-1) )

312

)LL

t tl

':_:

GO TO 
'o250t DUMD= Gl 2rJt / (842(!)1sI ( 2)xB)

5oi tf ti.EQ.lui) GO TO 5lJ3
DUl.iLl=G( I+ I t J ) / (Ezz(J ) -X-DUMSI ( l+1 ) )

GO TO 544
50a DUMts=G(Mr Jl / (EZ2l JIxSI (M)*B)
50a STpr.rg=DurvlA-x'( pS t ( I rJ+l ) -xDUl41+PSI ( I

1+Psi ( I-1rJ)xDul"i4(I )-G( I rJlxELztJ\
r J- 1 ) xDUl''12 +PS
)

I(l+trJ)xDUl43(I)



AS=STRllF-P5l ( I rJ)

DPSI=DMP5 11X ( }UN1B-DUI'1D )-DMPSi iX ( DUMA-DUMC )

VORT=DU\i6*tC(i r..l+t txDUYI+G( I rJ-1)*DtrM2+G( I+l

1 Dut44( I )-Dui1R;;;Pi tt-przst ( I rJ)+GRELz(l t'x(cs(

2DUMTJ ) )

AV=VORT-G( I rJ)

18s

rJ)xDUt,i3( I )+G( I-1'J)*
I )vrDUi.1T I+DUMSI ( I ) x

TEf'1P= (T ( I rJ+1 )xDUl'1A1+T ( I rJ-1)*DUMA2+T (,I+l ',J )*DUMBl+T ( I-1'J) *DUI'4B2 )

1*DUM6
AT=TEtqP-T(IrJ)

IF( I2.EQ.1) GOTC 34L

PSI ( I TJ ) =P5 I ( I IJ)+EXRAXWSXAS

G( I rJ ) =G( I :J )+EXR4+I^J! ( i rJ )xAV

i t i,J ) =T ( I rJ )+ExRA*r'iT ( I rJ )*AT
GOTO 5OO

34t cciiT I NUI
PSI(I:J)=PSI(ItJ)+AS
G(IrJ)=G(IrJ)+Av
T(IrJ)=T(IrJ)+AT

5OO CONT I NUE

IF ( 12. EO. u ) GOTO 312
I1=12=0
GOTO 33I

332 I1=12=1
GOTO 310

33I CONTINUE

EXRA= L. O

IF((KK+1).EO.KKC) GO TO 3COO

7333 COI\IT I I'IUE

IF(JJ.EQ.NLOOPS) GO TO 2OUU

GO TO 1 100
3OOO COI'iT I NUE

WRiTE (6r66) J

66 FORi'4AT ( lpiO r 2uXr*J=Jtr I lv/ |

DO 12A I=2rM
DO 120 3=lrNMi
AP=Z.rf A*(PsI ( I+1rJ)-Psi ( I-1rJ) )

BP=Z.*R*( P51 ( 1 ;J+i )-PSI ( I rJ-l ) )

YI=PEZSI(IrJ)*AP
YJ=PeZSI(IrJ)*BP
vIl=Senf ( u. i+( Y I*Y I+Y-.1xYJ ) )

wT(irJ)=1./(1.+YIJ)
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A?1

630

640

X I =DREAB-xFrP /-LZII Jl / S I ( I )

XJ=DREAll* AP/ tz1 ( J )/51 ( I )

X I J=SART ( 0. 5^* ( X l'oX I+X3xXJ ) )

VJV(IrJ)=I./(I.+XIJ)
I?O COIIT I NUEIL-'r,lntrE (6slwlwl (ELI(J)r(r'JV( IrJ) r l=l

r.rqlTE (6r1vlwl (f!1(J) t (tr'l ( 1rj) I I=1
CALN. FOR FiRONTAL STAGNAT I ON PRISS '
Dl'4GF=U.U
DO 62v J-2 rNl41

o0 Dl'rGF=D\'GF+( 4.u xG( 2; J ) /SI (

d! 
FSPI?F5=1.u+( DlrGF*uo6-x( (4'

1+ ( z+.v*G ( 2 rN ) /SI ( 2\-G { a tN)
CALN. FOR SURFACE PRESS'
P(LrI)=FSPRES
DO 630 K=2rM
DUMG= U. Ll

Zl -G( 3, J) /Sl ( ?i | /EZ1 ( J )

loCi Z-,t | /51 (2 )-G(3r1 )/SI (3) ) /ELltll
/5t (3't | /EL1 ( N ) ) ) -x4.OxA/ ( RE+B )

DISTRIiIiJTION

rMPlr2lsJ=l rirlrl0)
rMPl tllt,l=lrf{rlO)

'?t-3.CxT 
( I r 1 I ) / ( A+ELI ( 1 ) )-x (-1'0)

rf=frMPl)
NO.

DO 63I I=2tK
DUVG=DUtlG+(4.t,xc (l t?l /FZt (21-G( I :3 | /€-L1 ( 3 )-?'U*G ( I :1) )

l'ilz.r"nx-5l ( I ) )+G( i rl ) /SI ( I - |,, -^t /c /1t )
P((r1)=P(i,1)*4.U/RF*8.^.tn-.lt,tc-'.$.-((4.--X-G(K;2|/ELI(2)-G(K'3|/EL|(3|

l-3.-x6(Kr I ) \ / (2.vr*[]^'SI (K) )+G(Krl)/Si (K) ) )

p ( N'ip1r 1 )=P( M:1)+4 .u/RE';B* i'.1" ( i4.v'-G(i"1t 2l / EL1( 2 ) -G ( Mr 3 | /EL1 ( 3 )

1-3.roCiMr1) ) / l2.r-rx-[v-Si (i.'1))+G(i''irl )/SI (M) ) )

CALN ' FOR FORI"1 DRAG COEFF '
DUl4p=O.O
DO 6+O I=2;ir1
DUM,P=DUIIP+P ( I I 1 )'^SI ( I )xCO( I )*2'tJ
cDP =DUfvlPxEi
rriRiTE (6s351 CDP

CALN. FOR SURFACE VORTICiTY
SvoRT(1r1)=\'/'v
SVORT(MP1r1)=u.0
DO 660 l=2sM

6f,0 SVoRT ( I :l )=G( i r1 )/SI ( I )

CALN. FOR FRICTION DRAG COEFF'
DUMPS I =0. O

DO 650 l=2tM
650 DUMPSi =DUI'4PSI+G( I I1 )XSI ( I )

CDF =B . OXDUI/IPS I *B/RE
TdRITE (6t371 CDF

CALN. FOR TOTAL DRAG COEFF'
CTOTAL=CDF+CDP
lF(ABs(cT6T/rL).GT.1O0oo.) Go To 9999
WRITE (5r38) CTOTAL
CALN. FOR LOCAL NUSSELT NJMBER

DO 60U I=1 rMPl
6L'U FINIUL( I r1)=(4.u-xT (lt?'l-i( I

ViRITE l6t3V)
i{RITE (6;2a5o\ (HNtrL( Ir1 )

CALN. FOR AVFRAGE NUSSELT
DHNUL=0.0
DO 6lO I=2rM

610 DHNUL=DHNUL+HNUL( I I1 )XSI ( I 
" 
/2'O

HNt-IA= DHNUL*I]
TdRITE (6t741



WR I TE ( 6,202Ol HNUA
CTF=AflS ( ( CTOTAL-CT It / CTOTAL )

IF(CTE.LT.U.uvtr1) GO TO 2u00
CTl=CTOTAL
co ro 3333

2000 REW i ND 8- WRITE (Al ((PSI(IrJ)rI=1rMPl)rJ=1rN)
,t,l/RITE (B) (( G (IrJ)rI=1rMP1)rJ=lrN)
WRITF (B) (( T (IrJ)rI=1rNlP|)rJ=lrlrl)
END FILE B

WRITE (7) ( (pSI ( I rJ) rI=1r[,1p]) rJ=]rfrt)
WRITE (7) ( (C ( I rJ) r I=lrMPl) rJ=1rN)
iiRITE (7) ((T (IrJ)rl=1rMPl)rJ=]rfrl)

ZI0O WRITE (6t221 JJ
WRITE (6r3U)
WRITE (6r2A4Ol (ANGLE( I ) rl=1r16)
WRITE (6r2u'lt,l l:tZl(J)' (pSt I IrJ) rI=1r16]rJ=1rN)
WRITE (6t2u4rl (ANGLE( I )rI=l1t3Il
!,JRITE (6t2u1I) (EZ1(J) r (PSI ( IrJ) rI=17qVll :J=1rN)
WRITE (6r31)
WRITE (6t2O4Al (ANGLE( I ) rl=lrl$)
dRITE (6slv\w\ (EZl(J)r( G (IrJ)rI=1r16)rJ=1rN)
VJRITE (6t2..t4-) (ANGLI (I ) r I=17r31)
',,iRITE (612U11) (EZ1(J):( G (IrJ)rI=17t71 )rJ=lrN)
WRITE (6t321
WRITF (6t7U4v) (ANGI-F(I)'I=1r16)
wRiTF (6s2u1ui (tzi(.j)r( i (irJ)ri=ir16):j=lri,ri
l,'rRiTE (6t2v4ul (ANGLE( I ) r I=17;3Il
rvRlTi (6'2eI1l (EZ1 (J)r( T

YjRITE (6'?.vlv) (EZ1 (J)r(i,';v(
vJRITF (6rlvlu) (EZt(J) r (YtT(
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irJ)rI=17:?1)tJ=1rN)
rJ) r I=f i.4PIt2) c.J=1 rN )

:J) r I-lrMPlt2l rJ=1rN)
2011 FOR|/AT ttH tF7,2rI5F8.4)

l,{RITE (6r36)
WRITE (6t2v3v) (P( I r1)qI=1rMP1)
WRITE (6r39)
WRITE (6t2J5vl (SVORT( I rl ) r I=1rN1P1 )

u{RITE ( 6rluwv 1 lZ( 1): (PSI (I 'J )' I =1r10 ) rJ=1rN)
,r R I T E ( 6 r I r, w w ) ( Z ( L ) r ( P S I ( I ' J ) r | = 1 I t 20 ) r J = 1 r N )

yJp I TE ( 6e guvr, ) (Zl i 1 r ( pSI ( I ,J ) r I = ZIt3u ) rJ=1rN )

wRITF (5rguuv) (zl1)'(G(IrJ)rI=l rlu)rJ=1rN)
',.lRITF (6e lUv- ) lZl L ) r (G( I rJ ) r I=11tZ.v ) rJ=1rN )

!'JRITE (6'5u-,.) lZ(1)r (6( I'J)'l=21r3-) rJ=1rN)
5000 FORl.4AT ( 1H qF7 .2r 1L E 12.3 )

DO 555 ..1= ] r N
VR( J 1 ={ 8.*PS1 (14rJ)-pSI (l4-1 t Jt | / ( 2.x-BZYEZ? ( J ) |

'i5 
CONTINUE
WRITE (6t55J

'' 
FORI'IAT ( lHJr]5IIRADiAL VELOCITY / I

WRTTF (6rZa-tvi (FZI(-r) rVR(J) rJ=1rN)
20;C FORI"IAT ( 1H sZvXrFlu ,4tF2U.b )

l0 FORi!4Af (3F1i,.6)
12 f:ORl'iAT (2I5sFlu.6)
l3 FORI'1AT ( I1urF10.6)
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16 FORi'riAT (I5)
f^ gfpi'lnT ( I5 ) - O'{VIIIGENCE Plioi"loT ION*/

li :::li i, i i:: ; :;f ;;|::, ;iS:ii;i' ;:,1:'-f ; i (, -'|+ s5 X r xR E =)'i r F t Q' 4/'

ii" ::nil 1 Il: : i:I ::i:=; : 
i1 

:')o 
1 

o^ 
: 

o 
"y =.l, F 1 u. 1+': 6 X : * rr T =* ; F.'v' 4 /

,::::xtl I r fii i :li:X;.::lj i;ljl:";;;::;i:l:: tr,1" 
tF 1o'4/'

iZ ;;[;;i i il'" I5HsTREAM-FuNct tot't/ )

"', roRuAT ( 1H' I 27HDUl'il'rY t'*ii r Ortr or vonT I C i TYl )

:: 
"X;i;;i 

i i;"'iIHTET4PERATURE/ )

u^:^ !3[lii ii;': ' iir-'r-ocnL itJssELT No' / )

;; FoR!AT (1*"igHAvERAGE NJs-cELT No'/)

i; 
"aotint 

i it" ' i " "-(ToTAl-=-x-rF11'6/ 
|

^1 rnnl"tAT ( 1f1u, lrXr'-'CDF=')trFZn'6/ )

t; ;;;i;;i iir,", i\.X,-*cDP=x qF?v.6/ )

),6 FORiTAT , rn,, ir's'.'nFAcE pnris' D I sTR I BUT I oN/ )

^^ tr^ar.1AT ( l Ht''r ?uH5URFACE vOni ICI TY DI:l RIBUT IOttt/ t

^^]; tXon'nT (1H tF1'2r16FB'4)
i::; "Xnr"rnr 

(1H rlvX'vlrt'61
:^t"^ ;X;;AT ( 1H ,6Xr8F16'6)
':u^|."n !"o^,nT ( l-Hu' 6X I 16F8'2/ )

i;;; roo,,or (1H r6Xr16FB'4)
qqge sToP

END
, 6z1UO END OF RECORD

CD TCT J4ZL
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