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Abstract

In this thesis, we explore several stochastic models associated with the two-parameter
Poisson-Dirichlet distribution and population genetics. The impacts of mutation,
selection and time on the population evolutionary process will be studied by focusing
on two aspects of the model: equilibrium and non-equilibrium.

In the first chapter, we introduce relevant background on stochastic genetic mod-
els, and summarize our main results and their motivations.

In the second chapter, the two-parameter GEM distribution is constructed from a
linear birth process with immigration. The derivation relies on the limiting behavior
of the age-ordered family frequencies.

In the third chapter, to show the robustness of the sampling formula we derive
the Laplace transform of the two-parameter Poisson-Dirichlet distribution from Pit-
man sampling formula. The correlation measure of the two-parameter point process
is obtained in our proof. We also reverse this derivation by getting the sampling
formula from the Laplace transform. Then, we establish a central limit theorem for
the infinitely-many-neutral-alleles model at a fixed time as the mutation rate goes
to infinity. Lastly, we get the Laplace transform for the selection model from its
sampling formula.

In the fourth chapter, we establish a central limit theorem for the homozygosity
functions under overdominant selection with mutation approaching infinity. The
selection intensity is given by a multiple of certain power of the mutation rate.
This result shows an asymptotic normality for the properly scaled homozygosities,
resembling the neutral model without selection. This implies that the influence of
selection can hardly be observed with large mutation.

In the fifth chapter, the stochastic dynamics of the two-parameter extension of
the infinitely-many-neutral-alleles model is characterized by the derivation of its
transition function, which is absolutely continuous with respect to the stationary
distribution being the two-parameter Poisson-Dirichlet distribution. The transition
density is obtained by the expansion of eigenfunctions. Combining this result with
the correlation measure in Chapter 3, we obtain the probability generating function
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of a random sampling from the two-parameter model at a fixed time.

Finally, we obtain two results based on the quasi-invariance of the Gamma process
with respect to the multiplication transformation group. One is the quasi-invariance
property of the two-parameter Poisson-Dirichlet distribution with respect to Marko-
vian transformation group. The other one is the equivalence between the quasi-
invariance of the stationary distributions of a class of branching processes and their
reversibility.
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many-neutral-alleles model at a fixed time as mutation goes to infinity. In the end
we derive the Laplace transform for the selection model from its sampling formula.
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Chapter 1

Background and Statement of
Results

In this chapter, we provide an introduction to the background of stochastic genetic
models, and then summarize main results and their motivations. The future work is
briefly discussed in the end.

1.1 Background

Population genetics is the study about changes of allele frequency distribution over
time under the influences of various forces. It was primarily founded by Fisher,
Haldane and Wright in the 1920’s and 1930’s based on the Mendelian hereditary
mechanism. Over the years mathematical modeling has been extensively applied
during the development of population genetics. Even though these mathematical
models are highly idealized, many of their theoretical predictions on the patterns
of genetic variations in actual populations turn out to be consistent with empirical
data.

The following terminologies are frequently used in population genetics. Alleles
refer to distinct types of each gene. Different alleles may lead to different biological
traits. Mutation means a sudden change in the DNA sequence. Selection is described
as certain alleles having stronger ability to live and to produce offspring; this ability
is called the fitness of individual. A mutation that brings no change to the fitness
of an individual is called neutral. The random change in allele frequencies caused by
random sampling of genes from one generation to the next is referred as a random
genetic drift.

A probability measure-valued stochastic process is commonly used to model the
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variation of the frequency distribution of different alleles in the population over time
under the influences of mutation, selection, and random genetic drift. Therefore, we
first introduce some basic concepts from stochastic process theory.

A discrete time homogeneous Markov chain {X,,n = 0,1,...} with finite states
S = {S1,...,5,:} is a stochastic process given by transition matrix P = (p;j)rxr,
whose entry p;; denotes the transition probability from state ¢ to state j in one step.
An initial probability distribution defined on S specifies the starting state of the
process. Suppose that the law of initial state X is given by a row probability vector
w with the property wP = w. Then, the probability of being in the various states
after n steps is wP™ = w, and is the same on all steps. The process starting with
this method is called a stationary process and w is called the stationary distribution
or the equilibrium state of the process.

By changing the scale of time and space, many Markov chains can be approxi-
mated by diffusion processes { Xy, ¢ > 0}, which is a continuous time Markov process
with continuous sample paths and state space S. Given the past history up to time
s, the conditional probability

P(X; € dylX;=2,Xy, =2,,0 <y < s,x,, € S,Vi=1,2,...)
of the process at a future time ¢ is given by the transition function
P(X; € dy|Xs =) = P(s,xz,t,dy), t>s.
This thesis only considers the homogeneous case, where
P(s,x,t,dy) = P(0,z,t — s,dy).

Hereafter, we always denote the transition probability P(0,z,t,dy) by P(t,z,dy).
Generally, diffusion process can be characterized by several tools, such as the Markov
semigroup, infinitesimal generator, transition function, martingale problem, etc. The
Markov semigroup of the process {X;,t > 0} starting from Xy = z is a family of
linear operators T3, ¢t > 0 on C(S) the space of continuous functions on S such that

Tof(x) = B[f(X,)] = / F () P(t . dy).

The infinitesimal generator L of the semigroup T} is given by

Lf:hm%

t—0
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with a properly defined domain. Assume that the law of X is given by a probability
measure g on S satisfying

| Pt dnyutaz) = i)

for any t > 0. Then, the process X; starting with p has the same distribution u at
any time ¢t > 0. In this case, we call X; a stationary process, and u is the stationary
distribution. Equivalently, for the semigroup 7; of the process the stationary measure

o satisfies
[ 1@ i = [ @

for f € C(S). Finally, the process with Markov semigroup T; is reversible with a
probability measure p such that

/S F(@)Tig(w) ulde) = / 9(2)Tof () plde)

for all f,g € C(S). Abundant literature on Markov processes can be found in such
as [10] and references therein.

The classic discrete time Markov chain models include the Wright-Fisher, Moran’s
and Cannings models. Furthermore, we can employ the diffusion approximation
technique to the above models and generate continuous time diffusion models. Refer
to [16] and [20] for a comprehensive survey of genetic models.

The Wright-Fisher model is considered as the simplest genetic model, in which the
randomness comes from random genetic drift during reproduction. It assumes that a
population of fixed size N with two alleles evolves according to the binomial sampling
between non-overlapping generations. Thus, the frequency of one allele among the
nth generation With n =0,1,... can be modeled by a Markov chain X,, with state
space {0, N N N=1'1} and specific transition matrix. However, the population
under this framework will eventually be fixed with one allele. If there is two-way
mutation no such fixation occurs. A more general model can be constructed by
introducing more than two alleles, including mutation factor and applying diffusion
approximation. As a result, we obtain the K-allele Wright-Fisher diffusion model
{X; = (Xu(t), Xa(t),..., Xk(t)),t > 0} for K = 2,3,..., where X;(t) denotes the
frequency of the ¢th allele in the population at time t. Therefore, it is a diffusion
process on the K-dimensional simplex

K
AK:{x:(xl,...,xK):Zwi:1,0<xi<1,i:1,...,K}

=1
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with infinitesimal generator given by

K K

0? 9,
Lef@) = 3 Y ay(@ g+ Db (L)

ij=1 i=

where a;;(z) = z:i(di; — x5), bi(x) = > wjus — D54 wiuy and u; > 0 is the
scaled mutation rate from type i to type j. With symmetric mutation where w;; is
independent of ¢ and j and equals to u/(K — 1) for some u > 0, the K-allele Wright-
Fisher diffusion is shown in [66] to be stationary with the K-dimensional symmetric
Dirichlet distribution with parameter ¢ = 2u/(K — 1). Denote this distribution as
D(e,...,€). The probability density is given by

['(Ke
f(l‘la s vxK) = F((E)K) (xl o 'xK)€_17
where x = (z1,...,2x) € Ag and I'(+) is the gamma function given by

['(2) :/ t=le7tdt, z>0.
0

If selection is introduced into the model (c.f.[I7] for the construction of the pro-
cess), the stationary distribution in a special case is given by

f(xl, .. ,:CK) — (OesH2(2) (551 . _xK>6717

where Ho(x) = 22 + 23 + -+ + 2% is called the homozygosity function, s € R is
the selection intensity and C'is the appropriate normalization constant. This special
selection assumes that in a diploid population, all homozygotes (pair of alleles of the
same type) have equal fitness 1+ s and all heterozygotes (pair of alleles with different
types) have fitness 1. When s > 0, the homozygote has selective advantage over
heterozygote and this kind of selection is called underdominant selection. Otherwise,
when s < 0 it is called overdominant selection.

Consider the order statistics (z(1), Z(2), - , Z(k)) of K-dimensional Dirichlet dis-
tribution D(e, ..., €), where we arrange the alleles by the order of their own family
sizes. The joint distribution of (z(1y, z(), - ,T(x)) is given by the density

KIT(Ke) _
fxay @), 2m) = W(%) e x)) T

where x(1) > x@p) > ... > (k) = 0 and Zx(i) = 1. Letting K — o0 in a way such
that Ke — 6 > 0, Kingman [43] showed that the distribution of the above order

4
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statistics under the projection onto the infinite-dimensional ordered simplex

Voo:{(Z’l,iﬁg,...):xl21‘22...20’Z$i:1}
i=1

converges, and named the limiting distribution as the Poisson-Dirichlet distribution
with parameter 6, and is denoted by PD(6). In population genetics, the parameter
0 denotes the suitably normalized mutation rate.

Ethier and Kurtz [I5] apply the same limitation procedure to the K-allele diffu-
sion model and obtain the infinitely-many-neutral-alleles (IMNA) model

(X, = (X1(8), Xa(t),...),t > 0},

where X;(t) denotes the frequency of the ith largest family at time ¢ in the population
with infinite alleles. The model is a diffusion process on V., with generator

= 0? 0 0

ij=1

L=

N | —

The domain of L is D(L) = span{l, 2, ps,...} C C(Va), where @, (z) = >0 a?
is defined on V., and extends continuously to V., the closure of V, in the product
space [0,1]>®. Hereafter, the topologies of V., and V., are inherited from [0, 1]>.
The parameter 6 denotes the scaled mutation rate. Ethier and Kurtz [I5] also prove
the convergence of the corresponding invariant measures. This can be seen as a new
proof of Kingman’s derivation of PD(6) in [43]. Equivalently speaking, the Poisson-
Dirichlet distribution is the stationary distribution of the IMNA model. Hereafter,
IMNA will be used as an acronym for infinitely-many-neutral-alleles.

Consider a population composed of countable types labeled by {1,2,...}. Sup-
pose that the proportion of each type is denoted by a random vector (pi,ps,...)
such that p; > 0 and > p; = 1. A size-biased permutation of (py,ps,...) is a ran-
dom vector (pi,pe,...) on the infinite simplex A, with conditional probabilities
P(pr = pil(pi)2y) =piand for j > 2, n=1,2,...,

- oo /=v\j—1 Dn
P (p; = pul(p)21: (Bi)i2)) = =S ﬁil{png{ﬁi}g;;},
where 1 is the indicator function. The above conditional probabilities can be in-
terpreted as follows. The first individual is picked randomly in the population. p;
represents the proportion of individuals belonging to the type of the first sample.
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Then all the individuals with the same type of previous sample are removed. Iter-
ations of these two steps generate an infinite sequence (py,ps,...) corresponding to
the frequencies of alleles in the order of their appearances in the sample.

The size-biased permutation of the Poisson-Dirichlet distribution, known as the
GEM distribution, has a very simple structure which readily lends itself to calcula-
tion. The GEM is defined as below.

Definition 1.1. Consider a vector (Vi, V5, ...) defined by
‘/1 :Ul,Vn: (1—U1)"'(1—Un_1)Un, TLZ2, (13)

where (U;)$°, are independent identically distributed Beta(1,6) random variables
with density function §(1—x)?"1,0 < 2 < 1. The distribution of (V, V4, ...) is called
the GEM distribution with parameter 6 denoted by GEM (0).

GEM was termed by Ewens [19] after Griffiths, Engen and McCloskey, who con-
tributed to its development and application in the fields of genetics and ecology.

It is easy to verify that the GEM distribution concentrates on the unordered
infinite simplex

Ay = {($1,$27...)2$i > 0 Vi, Za:z = 1}
i=1

equipped with the topology inherited from [0, 1]>°. The GEM distribution is the size-
biased permutation of the Poisson-Dirichlet, and the Poisson-Dirichlet is the ranked
permutation of GEM. This result, due originally to Patil and Taillie [50], is used
continuously throughout the literature. Proofs of this result have been provided by
Hoppe [40], and more explicitly by Donnelly and Joyce [9].

The scheme used to generate a random discrete distribution (V;) from inde-
pendent (U;) is known as a residual allocation model. As a generalization, Perman,
Pitman and Yor [51] introduce the two-parameter Poisson-Dirichlet distribution by
bringing another parameter « € [0, 1) into the model.

Definition 1.2. For 0 < a < 1 and 0 > —a, let U,k = 1,2,... be a sequence of
independent random variables such that Uy, has Beta(1— «, 0+ ka) distribution with
density function given by

TO+1+(k-1a)
1) = P —aT@ ka) ©

Set (V4, V4, ...) in the same way as in ((1.3)). Arrange (V3,V4,...) in descending order
and denote it as P = (P, P»,...). Then the law of P is called the two-parameter

(1—2)Tht o<z <1

6
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Poisson-Dirichlet distribution denoted by PD(«, 6). The law of (V4, V4, ...) is called
the two-parameter GEM distribution denoted by GEM («, 0).

Since Y .2, Vi = 1 with probability one, the two-parameter Poisson-Dirichlet
distribution is still concentrated on the ordered infinite simplex V... Pitman [55]
showed that GEM («, 0) is the only non-degenerate residual allocation model which
is invariant under size-biased permutation.

Overall, the Poisson-Dirichlet distribution and its two-parameter generalization
have similar structures, including the urn construction in [39] and [25], GEM repre-
sentation, sampling formula, etc. Carlton [4] obtained a general moments formula for
the two-parameter Poisson-Dirichlet distribution and provided several methods for
estimating the two parameters 6 and . Readers can also refer to [22] and references
therein for a comprehensive study of this family of distributions.

The study of the Poisson-Dirichlet distribution is closely related to population
genetics. The IMNA model is often used to serve as the null-hypothesis model in
testing the neutral theory of molecular evolution. The literature of this model can
be found in [65], [32], [31], [15], etc. In practice, one cannot observe the entire
population. Instead, one must make inferences based on information in a finite
sample. A basic tool in this statistical analysis is Ewens sampling formula, which
assumes stationarity of the IMNA model. It describes the probabilities associated
with counts of how many different alleles are observed a given number of times in
the sample. The formula was first obtained by Ewens [I§].

Recently stochastic dynamics associated with the two-parameter model was dis-
cussed in several papers. For example, Bertoin [3] constructed a continuous time
Markov chain through an exchangeable fragmentation-coalescence process. The two-
parameter Poisson-Dirichlet distribution was shown to be the unique reversible mea-
sure of the process. In [28], a class of diffusion processes was constructed from a
sequence of independent Wright-Fisher diffusion processes on [0,1]. The process
is reversible with the two-parameter GEM distribution. [52] and [26] used different
methods to construct a two-parameter extension of the IMNA model. It is an infinite
dimensional symmetric diffusion process with state space V., and generator

1] < d? - 0
Lo = = (8 — ) — - 1.4
0,0 2 {Z xl((slﬂ x])axlamj Z(QZCZ + CY) axl} ( )

ij=1 i=1

defined on the same domain with (1.2)). Its unique reversible measure is given by the
PD(a, ) distribution.
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1.2 Summary of Main Results

In this thesis, we mainly study the impacts of mutation, selection and time on the
evolutionary process of the population by focusing on two major aspects of the model:
equilibrium and non-equilibrium.

Regarding to the equilibrium, we study the characterization and asymptotic be-
havior of the stationary distribution associated with several models. We derive the
Laplace transform of the two-parameter Poisson-Dirichlet distribution from the Pit-
man sampling formula, and vice versa. We also study the Laplace transform and
asymptotic behavior of the stationary distribution of the selection model as the mu-
tation rate goes to infinity. In the last chapter, we study the quasi-invariance of
the PD(a, 6) distribution. The study of the non-equilibrium aspect is mainly based
on the transition function of the process. With the transition density of the IMNA
model, we obtain a Gaussian limit theorem for the homozygosites at a fixed time
when mutation goes to infinity. We also give the transition density of the two-
parameter extension model, and use it to derive the probability generating function
of random sampling from the two-parameter model at each time point. In the end,
the quasi-invariance of the stationary distribution of a class of branching process
with immigration is employed to characterize the reversibility of the process.

Generally, our results illustrate the impact of large mutation and selection on the
model at equilibrium and non-equilibrium states. The time effect can be studied
from the transition function and further inferred from the model’s limiting behaviors
at different periods.

In the following sections, we will proceed to summarize these main results and
the corresponding motivations.

1.2.1 The Two-parameter GEM Distribution

Our first result presents a construction of the two-parameter GEM distribution from
the linear growth model given in Feng and Hoppe [25] by studying the asymptotic
behavior of the population at infinite time. The urn construction of the model is
used to derive the Pitman sampling formula. This intuitively implies that the model
is associated with the GEM distribution. In the second chapter, we give an explicit
derivation of this result.

The GEM distribution was previously found to be associated with several genetic
models. For instance, Donnelly and Tavaré [10] proved that for a sample of size
n whose genealogy is described by a coalescent process with ages, the age-ordered
sample frequencies converge in distribution to the GEM as n — oo. Donnelly and
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Tavaré [I1] constructed an infinite coalescent with ages in which the frequencies of
age-ordered alleles at equilibrium are distributed as GEM (#). Hoppe [40] showed
that the frequencies of age-ordered alleles are distributed as GEM in any population
with the property that the genealogy of a sample of arbitrary size n is described
by a coalescent with mutation. Ethier [12] showed that the distribution of the fre-
quencies of the oldest, second-oldest, third-oldest, ... alleles in the stationary IMNA
model is given by the GEM distribution. Tavaré [61] showed that the GEM gives
the limiting distribution of the age-ordered family proportion of a linear birth pro-
cess with immigration when time goes to infinity. Our conclusion can be seen as a
two-parameter generalization of Tavaré’s result, which implies the interconnection
between the age-ordered family size process and the genealogical structure of the
IMNA model.

The process we consider here was constructed in [25] as follows. Let I(t) be the
immigration process such that I(¢) is a pure birth process with 7(0) = 0 and birth
rate

,M:£%%PU@+hy—Kﬂ:HHw:k%

given by Ay = ka+6, k > 0. Upon their arrivals, immigrants independently initiate
their own families according to a common pure birth process {X(¢),¢ > 0} with
birth rate b, = n — « starting at X(0) = 1. Therefore, the population is composed
of families initiated by immigrants. At time ¢, denote the size of the ith oldest
family by 7;(t) and N(t) as the total number of individuals in the population with
N(0) = 0. Finally we find that the limiting behavior of genealogy structure of the
model coincides with the distribution of GEM(«, ), as the following theorem states.

Theorem 1.3.
N@) Y (t), e(t),...) = (P, Py,...) as. as t— oo,

where P; is the asymptotic fraction of the ith oldest family size in the population.
Furthermore, {P;}32, has a joint distribution the same as a size-biased permutation
of the two-parameter Poisson-Dirichlet distribution. That is, let {U;}52, be a sequence
of independent random variables such that U; has Beta(l — «, 0 + ia) distribution.
Then

PBEQ-U)1-Uy)--1=U_)U;, i>2 and P, =U,. (1.5)

Our derivation is through the description of asymptotic behaviors of family sizes
and total population size. Since they are all pure linear birth processes, we first show
that they achieve infinity at exponential rate as time increases up. Furthermore,
we obtain the limiting distribution by properly scaling. Based on these results, we

9
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calculate the joint density function for the asymptotic family frequencies, which gives
the final conclusion. Lacking of identical distribution property in the two-parameter
GEM adds more complexity of the calculation than the one parameter case.

The key factor leading to the conclusion of Theorem 1.3 is the embedded jumping
chain, which has the structure of a two-parameter Pélya-like urn structure described
in [54] and [56]. The urn scheme, originated from Bayesian statistics, is of significance
in deriving the two-parameter sampling formula.

1.2.2 The Sampling Formula and Laplace Transform

In practice, one cannot observe the entire population. Instead, one must make infer-
ences based on information in a finite sample. A basic tool in the statistical analysis
is Ewens’ sampling formula, which describes the probabilities associated with counts
of how many different alleles are observed a given number of times in the sample.

The composition of a sample can be represented in the following way. For a
random sample of size n, a vector A, = (ay,...,a,) called the allele frequency
spectrum denotes its allelic partition, in which a; is the number of alleles appearing
in the sample exactly ¢ times. Thus, a; > 0 and > . ,ia; = n. The number of
distinct alleles in the sample is given by k= >"" | a;.

However, statistics inference based on population genetics models is complicated
by the randomness of both population and sample. The composition of the current
population is just one of many possibilities that arise under the given evolutionary
scenario. Given a sample drawn from the population, there are two probability
distributions of interest: the conditional probability and unconditional probability
of observing the sample. Suppose that all allele frequencies are given by vector x =
(21,29, ...). In [44] the conditional sampling probability P(A,, = (a1, as,...,a,)|X =
x) is given as multinomial sampling function:

n! i n
P(A, = (a1,az,...,0,)| X =x) = Wzﬂﬁf%Q‘” ;
i=1\2)%

where the summation is over the set {n = (ny,ns,...) € Zy X Zy X -+ : #(1 : n; =
j) = a;}. It represents the set of allele counts which are consistent with the partition
A,,. When all the allele frequencies are distributed as p, the unconditional sampling
probability is given by

P(A, = (a1, a3, ., ay)) = / P(A, = (a1, a0, . an)|X = %) pu(d).

10
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When the alleles frequencies distribution p is the PD(#) distribution, the above
unconditional probability is given by the Ewens sampling formula

P(A, = (a1, as, ..., a,) 9( H- — (1.6)

where 6,y = 6(0 +1)---(0 +n — 1). This formula was first obtained by Ewens
[18]. It motivates the constructions of several well-known combinatoric structures.
For example, Antoniak [I] derived the Ewens sampling formula from the Blackwell-
MacQueen description of sampling from a Dirichlet prior distribution. Hoppe [39]
devised an urn scheme to obtain . Furthermore, a genealogical interpretation
of Hoppe’s Urn model was given by Donnelly [§]. He equates the urn scheme to the
construction using the Poisson-Dirichlet paintbox. That is, one can think of colouring
balls by dipping a paintbrush at random into a paintbox of which a fraction x; of
the paint is of one colour, x5 of a second colour, and so on. Assume that =z =
(x1,xa,...) € Vi has the law of the Poisson-Dirichlet distribution. The distribution
of the partition induced by the colours of the first n balls can be given by the Ewens
sampling formula. Hoppe [40] further explained the relationship between the urn
model and the age distribution of the infinitely many alleles diffusion model as well
as Kingman’s coalescent with mutation.

As a two-parameter generalization of Ewens sampling formula, Pitman [53] de-
rived the Pitman sampling formula corresponding to the two-parameter Poisson-
Dirichlet distribution. That is, when X ~ PD(a,0) the sampling probability is
given by

aj

P(A, = (a1, as,. .., a,)) = 9()1"[ (6 + la) H J ” (1.7)
") 1=0 j=1

We also find similar urn model for the two-parameter sampling formula in [25] and
Blackwell-MacQueen urn scheme in [53]. Under the framework of Kingman’s random
partitions theory, PD(a,0) is the distribution of random mass partition and the
Pitman sampling formula is the corresponding partition function. Kingman
[45] sets up a one-to-one correspondence between the partition function and random
mass partition.

In our thesis, we apply the sampling formula to derive the Laplace transform
of the two-parameter distribution. The Laplace transform as a probability generat-
ing functional of random vector X with the PD(«, ) distribution is first given by

11
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Pitman, Yor [57] by using the a-stable subordinator. It is given as

/\9 > 0—1_—As 1
m/O Lo E[H(lJrg(in))]ds

for appropriate function g, where (X, Xs,...) has the PD(«, ) distribution. The
special form of Laplace transform can be seen as a result of Campbell’s theorem
from the Poisson point process theory (e.g. see [46]). Handa [38] adopts a different
approach to get the same Laplace transform through the theory of point process.
In addition, as shown in [38] the Laplace transform can be used as a tool to derive
several essential results for PD(«, ), including the joint probability density, the
moment formula, the limiting theorem, etc. In Chapter 3, we use this tool to derive
the sampling formula.

Before giving the main result, we first introduce the two-parameter Poisson-
Dirichlet point process defined as £ := > dy, in [38] where (X;) ~ PD(«,6). For

i=1
any positive integer n, the nth correlation measure of £, if it exists, is defined to be

a o-finite Borel measure p,, such that for any nonnegative measurable function f on
n

El Y f(Xy,- ,Xin)] = | flxr,...,z0) po(day - - day,),
1 yeenyin R"

where the subscript on the left side denotes that the sum is taken over n-tuple of
distinet indices (this notation will be used continuously throughout the thesis). If
4y, has a density with respect to the n-dimensional Lebesgue measure, the density is
called the nth correlation function of &. When a = 0 the correlation measure of £ was
obtained by Watterson [65] and referred as the multivariate frequency spectra. Us-
ing this result Griffiths computed the probability density and marginal distribution
for the PD(0) in [34]. Regarding the two-parameter point process, the correlation
function was first obtained by Handa [38], and was used to obtain the Laplace trans-
form. His derivation is through the size-biased permutation of the two-parameter
Poisson-Dirichlet distribution. Here we obtain the correlation functions only based
on the Pitman sampling formula .

Theorem 1.4. Suppose that the sampling formula , which is equivalent to the
following equation

k—1

H(6’+la) k

n n =
E [ Xill - X’kk] = OQT H(l — a)(nifl)a (18)
i1yesin n

12
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holds for a random element (X;)2, € V. Then the kth correlation function of the
point process & =Y > Ox, for each k =1,2,... is as follows:

k k
qk(xl, e ,xk) = C]WLQ H l‘i—(a+1)(1 — Z l‘j)9+ak_11Ak (271, P ,l‘k), (19)
i=1

=1

where

and
k

P +1+(i—1)a)
Chiap = 11 T(1—a)(0+ia)

It is known that correlation functions appear in the expansion of the “probability
generating function” of a random point process > dx,. Therefore, from the above
correlation functions we derive the Laplace transform of the two-parameter Poisson-
Dirichlet point process, which is the same as Handa’s result [38].

Theorem 1.5. Suppose that g : (0,00) — C is a measurable function such that

00 \—Az
Aalg) == inf{)\>():/ ;+1|g(2)|dz<oo} < 00.
0

Put
e

o) =t {3 =) 2 [T Enila e e\ ool |

so that in particular \j(g) = No(g). The correlation measure of € =Y .o, dx, is given

by . Then

o0

E[[ [(1 + lg(sX:))] < o0

i=1
a.e. s >0, and for A > \:(g)

)\9 > —1,—Xs -
F(Q——i—l)/o s/ te™ (E[H(l +9(sX;)) — 1)) ds

exp(f [ 2g(2) dz) — %9, a=0,0>0,
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Inversely, we utilize the Laplace transform of the PD(«, 6) point process to obtain
the sampling formula ((1.7)).

Corollary 1.6. Suppose that the above Laplace transform exists for sufficiently large
A > 0, then the sampling formula corresponding to X = (X1, Xs, ...) € V4 coincides
with the Pitman sampling formula .

Given the alleles frequencies with the PD(6) distribution, Joyce et al. [41] ob-
tain a Gaussian limit distribution of properly scaled homozygosity functions as the
mutation rate 6 goes to infinity. Their result further shows that the conditional
probability distribution can be approximated by the unconditional probability dis-
tribution if 6 is large. Here we study the limiting behavior of homozygosity functions
associated with the IMNA model at a fixed time as the mutation rate 6 goes to
infinity. We find a similar Gaussian limit behavior of properly scaled homozygosity
functions comparing with Joyce et al.’s result at equilibrium state. This implies that
the distribution of the IMNA model at any finite time is similar to the equilibrium
state when mutation is quite strong.

Theorem 1.7. Consider the IMNA model
X(t) = (Xq(t), Xa(t),...) € Vo

with generator given by and starting point © = (r1,%2,...) € V. For any

timet > 0, set
Wyt) = VA ) -1
t) = VO(———H,(t) —
where H,(t) =Y o0 X;(t)P denotes the pth homozygosity at time t for p = 2,3,.. ..
Then as 6 — oo, W,(t) converges in law to a normal random variable with mean 0
and variance o, = T'(2p)/T(p)* — p?, which is strictly positive.

The result is proved through the convergence of the characteristic function. The
key element in the proof is the explicit expression of the Laplace transform of X(¢),
which is obtained from the transition density of X (¢) and the correlation measure.

The other model considered in the third chapter is a non-neutral case involving
a special case of selection. As shown previously in the finite alleles model with
selection, the stationary distribution is absolutely continuous with respect to the
neutral one. In [I7] a similar density is also found for an infinite alleles model with
selection. The density is given under the Poisson-Dirichlet distribution by

esH2(X) /0 X = (X1, Xs,...) € Vg,

14
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where Hy(X) = > X? denotes the homozygosity function and the selection intensity
s is any real number. The Radon-Nikodym derivative can be generalized to

PD*%(0)

— L (dX) =X /0 X =(X;,Xe,...) EV

PD(@) ( ) € / ) ( 1, )2, ) 00>

where H,(X) =" X! ¢ =2,3,... denotes the gth order homozygosity, s is the selec-
tion intensity and C' is the normalization constant. Under the resulting distribution
PD®9(0), Handa [37] obtains the corresponding sampling formula as

Pgsq(An =a) = E[QSHQ(X)wn(X)]/E[QSHQ(X)]7 (1.10)
where '
f— n. nl .« .. nk:
@Z)n(x) - nl'nk'a1|an' 4 Z xh 'Tik7 (111)
U yeensi
n = (n,...,ng) is a partition of n > 1, a; = §{j : n; = i} and the sum is taken over

n-tuple of distinct indices. The expectation is taken under the PD(6) distribution.
The Laplace transform in this case is computed as follows.

Theorem 1.8. Suppose that g(z) is a measurable function such that

A(g) :==inf{\ >0 /

0 z

00—z

|9(2)] dz < o0} < oo,

and the random element (X;)22, has the PD*%(0) distribution. Then

) 6_”te‘lE[]O_o[(l Foexd = S04 om i gy
0 Jiie DY oy e
i=1 —
where l |
a1t = | TIE™ —na -3 " dzy - - dzy
AL e Ty
=0
and
. o LI S
Mk = / H(g(xj)xj—le—)\:cj) d:L'l - dIk / 6—>\tt0—1 H e(t+2?:1 ;)4
(0 Oo)k j=1 0 e

15
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1.2.3 The Transformed Two-parameter Poisson-Dirichlet Dis-
tribution

Motivated by the above selection density, we apply it to generate a transformed
two-parameter Poisson-Dirichlet Distribution. Define the two-parameter Poisson-
Dirichlet distribution with selection denoted by PD?(«, 6) with the Radon-Nikodym
derivative i ot

PD (a,9)<dx): e 7

PD(«,0) C(o,0,a)

where H,,(x) = Y .o 2", x = (l’l,fl'g,...) € Vo, m = 2,3,... denotes the mth
order homozygosity, ¢ > 0 and C(0,0,a) = [g_ e~ Hm(x PD(a 6)(dx) is the nor-
malization constant. Though the application of the two- parameter Poisson-Dirichlet
distribution in population genetics is not found yet, for convenience we still call
PD?(a, 0) the two-parameter Poisson-Dirichlet distribution with selection.

The property we want to investigate is the limiting behavior of PD?(«, #) as the
parameter € goes to infinity with fixed . The motivation of studying asymptotic
behavior for large 6 is from Gillespie’s work [30], where he considered various models
with fixed mutation rate and increased population size. This corresponds to the
scaled mutation rate # = 4Nwu going to infinity in the IMNA model, where N is
the effective population size and u is the individual mutation rate. For the Poisson-
Dirichlet distribution with parameter 6, there are numerous results concerning the
limiting behavior for large 6 such as a limit theorem of Griffiths [33], the associated
large deviation estimates shown by Dawson and Feng [7], the moderate principle by
Feng and Gao [23] and the central limit theorem obtained by Joyce, Krone and Kurtz
[41].

Due to the similarity between the Poisson-Dirichlet distribution and its two-
parameter counterpart, it is natural to expect similar limiting behaviors between
these two models. Such results include the large deviation principle in [21], the
moderate principle in [24] and central limit theorem for the homozygosity functions
in [3§].

On the other hand, Gillespie [30] presented simulations for several models in-
cluding an infinite alleles model with selective overdominance. He observed that the
asymptotic behavior in non-neutral case looks like that in neutral model as the se-
lection intensity and mutation rate get large with the same rate. Therefore, in [42] a
rigorous theoretical study was carried out for the model with overdominant selection
when the selection intensity and mutation rate get large together through Gaussian
fluctuations. As a result, the central limit theorem obtained in [41] can be seen as a
special case of the conclusion in [42] with selection intensity being zero.

16
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To study the impact of selection in the two-parameter model, we establish a
central limit theorem for the transformed two-parameter Poisson-Dirichlet distribu-
tion PD?(a, #). Our result indicates similar limiting behaviors between the selection
model and the neutral one PD(«, ) for large mutation.

The neutral case was considered by Handa [3§]. He studied the asymptotic
behavior of PD(a, ) for large 6 and fixed a as follows. For p = 2/3,... and
X = (X4, Xs,...) ~ PD(a, ), define

Il —«)
Zpog =VO | =—=0PTH,(X) -1 1.12
0= Vi (T () - 1), (112
where H,(X) denotes the pth homozygosity of X. A central limit theorem for
(Zp9)pey Was established in [38].

Lemma 1.9 ([38]). Let (Zs4, Z3.4,-..) be multivariate normal with mean 0 and the

covariance of Z; o and Z; . given by

'l—a)l(i+j—a)
I'ii—a)'(j — )

+a—ij. (1.13)

Then, as 0 — oo, we have
(Zop, Zsyg,...) = (Zoa, Z3a,---),
where, here and hereafter = denotes convergence in distribution.
Similarly, for Y = (Y1, Y3,...) ~ PD?(«,0), where 0 = ™28 m=23,..., 8>
0 and ¢ > 0 is a constant, we define
Zly =0 (HQHHP(Y) - 1) : (1.14)
This is our final conclusion.

Theorem 1.10. Suppose that Y = (Y1,Ys,...) ~ PD%(«,0) and the selection inten-
sity o is given by c@m_%_ﬁ, B >0, where ¢ > 0 is a constant and m = 2,3,.... Let
(Zgﬁ, Z:f:@, ...) be defined as (1.14) and (Zs.n, Z3q, - - -) given as in the above lemma.
As 6 — o0,

B B (Z;,om Z:;a? 3 ')7 if B=0,
(Zz,ea Z3,07 .. ) = { (Zz,m Z&a’ N .)’ Zfﬁ N O,

where Z . = Zpo — by, by = (1 — a)p-1) cOV(Zpas Zm,a) and forp=2,3, ...

I'(p—a)

m:(l—a)n-(p—l—oz).

(1— @) (p-1) =

17
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The limiting distribution shows a phase transition depending on the relative
strength of the selection intensity and the mutation rate. The proof is based on
a fluctuation argument through the previous result in Lemma 1.9. The main part of
proof is devoted to the uniform integrability of exp{—tZ,}. Instead of the common
tool the two-parameter GEM, we employ a representation of the PD(«, ) distri-
bution in [53] and [57] through PD(#) and an i.i.d. sequence of PD(«,0) random
variables.

1.2.4 Transition Function of the Two-parameter Model

Besides the semigroup and infinitesimal generator, the transition function is one of
the common tools to characterize a stochastic process. For the IMNA model ,
Griffiths [32)] first obtained the transition function as a limit of transition densities of
finite-dimensional Wright-Fisher diffusions, based on the symmetric expansion with
a series of orthogonal polynomials. Ethier [13] rederived the same transition density
by an expansion of eigenfunctions, which makes the derivation more transparent.

Even recently, Petrov [52] and Feng and Sun [26] have used different approaches
to develop the two-parameter extension of the IMNA diffusion model X ,(¢) with
generator . It is reversible with respect to the two-parameter Poisson-Dirichlet
distribution. Petrov [52] identified the set of eigenvalues for the generator (L.4). It
is the same as that for the IMNA model . But we are still unable to find a
proper finite-dimensional approximation of the two-parameter model like the IMNA
model does. Therefore, we derive the transition density of the two-parameter model
(1.4) via the eigenfunction expansion as [I3]. The result is given as follows. Set
Am=m(m+60—1)/2,m=2,3,... and

wn(a:) = n1| nk|a1 Z ]3 o Zk’

where n = (ny,...,ng) is a partition of n > 1, a; = #{j : n; = i} and the sum is
taken over n-tuple of distinct indices.

Theorem 1.11. The transition function of the process Xgo(t) € Vo with the gen-

erator has a density function p(t,x,y) with respect to its invariant measure
PD(«,0) given by

p(t,x,y) =1+ Z e g (2,9) 2,y € Voo, (1.15)

18
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where

() = 2 IS 0 () 0 O Pl

m!
n=0

where P,(x,y) is defined as follows.

Blew= 2, e

where T is taken over all the partitions of integer n, and PSF(7) is the Pitman
sampling formula . Mowveover, there exists a constant ¢ > 1 such that

p(t,z,y) < et 150,29 € V. (1.16)

Since the main idea of proof is similar to that in [13], we focus only on the
derivations of results that require additional efforts due to the introduction of the
additional parameter . We also obtain a uniform upper bound for the transition
density function, which leads to explicit super-Poincar—/log-Sobolev inequalities
for the two-parameter diffusion as [27]. Recall the work in [59] where it was shown
that a log-Sobolev inequality holds for the Fleming-Viot process (FV) with parent
independent mutation if and only if the number of alleles or type space S is finite.
The invalidity of the log-Sobolev inequality indicates the extreme singularity in the
Fleming-Viot process when there are infinite number of alleles. The Fleming-Viot
process is seen as a labeled version of the IMNA model, since in the F'V process we
monitor both the type and frequency of alleles. The IMNA model can be derived
from the Fleming-Viot process by dropping off the type of alleles and looking at
atom masses which are in decreasing order. It can be inferred that the singularity is
reduced by this mapping from the validity of a super log-Sobolev inequality for the
two-parameter unlabeled infinite-alleles diffusion.

With the correlation function obtained previously and the transition function, we
compute the probability generating function of random sampling from X, ¢(t). This
result can be seen as a two-parameter generalization of Theorem 1 in [31I]. There,
the author’s approach is based on the fact that the IMNA diffusion process can be
approximated by the finite-alleles Wright-Fisher diffusion model. However, a finite-
dimensional approximation of the two-parameter model has not yet been found. That
is why we turn to the correlation measure of the two-parameter point process. The
difference between the sampling formula at a fixed time and at the equilibrium state
can be found from our result.
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Theorem 1.12. Consider the two-parameter diffusion process X, (t) with genera-
tor Loy and initial value v = (x1,23,...) € V. The probability generating

function
n

B[] ] ui1X(0) = 2]
i=1
of a sample a = (ay,as,...,a,) of size r at time t is the coefficient of ¢" in
> 2m—1+6 “ m
G LR v 4 —1)ymn 0 - Gna
where

r —0/a

rl

G() = Gl = 9( ) (1 - OéZ(]_ - O‘)(ll)“zd/“) 5
" I=1

. (—k+2)
On,
G = 7l > o) (1—a2(1—a)<z—1>wl/“)
=1

O(n+r) n=(n1,...,nx)
k

H (1 + Z(nZ — a)(l)golul/l!> :

i=1

1.2.5 The Quasi-invariance Property

On a probability space S with measure u, the quasi-invariance of p with respect to
a measurable transformation group G on S is defined as follows: given any mapping
T € G, the image measure Ty and the original measure p are mutually absolutely
continuous. A classical example is the Girsanov formula for additive perturbations
of Brownian motion.

Our study is motivated by the quasi-invariance of the gamma process, which is
a random discrete measure n = > X;dg,, where S; are i.i.d. random variables on a
compact Polish space S with common distribution v and (X;)2; are distinct points
in a Poisson point process with mean measure fz~'e *dx, x > 0. Denote by P, the
law of gamma process.

The gamma process has been studied extensively by several authors, including
Tsilevich el al. [62], [63], Handa [35] and Yor [69]. A strong parallelism is shown
between the gamma process and Brownian motion from various aspects. Tsilevich el
al. show that stable process can be considered as a deformation from the Brownian
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motion to the gamma process. Both of them correspond to the extreme values of
the parameter « € [0,2]. They also prove the quasi-invariance of the gamma process
with respect to the linear transformation group defined by

Man(ds) = a(s)n(ds),

where the multiplicator a is nonnegative measurable function on S. The quasi-
invariance of P, means that the induced measure M, P, and the original measure P,
are equivalent.

The normalized gamma process 7 is the so-called Dirichlet process defined as

n(ds)/n(S ZZX S

where n = ) X,0g, is the gamma process. The normalized process 7 is independent of
the total mass 7(S). Using this property, Handa [35] shows that the quasi-invariance
is preserved for the Dirichlet process under the induced transformation group on the
space of probability measure. The image of probability measure 77 under the induced

mapping S, is given by
Safi(ds) = a(s)n(ds)/{a,n),

where (a,n) denotes the integration of a Borel measurable function a with respect
to n.

M.-K. von Renesse et al. [64] unify and extend the quasi-invariance properties of
the gamma and Dirichlet processes to a class of subordinators with respect to a large
class of non-linear sample path transformations. The quasi-invariance property can
also yield easily an integration by parts formula on the path space.

The PD(6) distribution is the law of the ordered atom masses of Dirichlet process
denoted by

X1 Xy )
XXX
where @ is a map that arranges the coordinates in non-increasing order and (X;) are
the atom masses of the gamma process.

Tsilevich et al. [63] use this property to show the quasi-invariance of the Poisson-
Dirichlet distribution based on the induced Markovian transformations S, on the
ordered atom masses P = (P, Ps,...) € V4 of the Dirichlet process. The mapping
is as follows

P=(P,Py,..) =

SaP == CI)(a(Sl)Pl/p, CL(SQ)Pg/p, .. .),
where p = a(S;)FP;.

21



PhD Thesis - F. Xu McMaster - Mathematics and Statistics

We note that the PD(«,0) distribution is invariant under the above transfor-
mation S, for certain multiplicator a in [2]. In Chapter 6, we generalize the quasi-
invariance property to the two-parameter Poisson-Dirichlet distribution under the
transformation group S,. This also allows us to treat the previous results about
PD(#) and PD(«,0) within a unified framework.

Theorem 1.13. Suppose that {S;,i = 1,2,...} is a sequence of i.i.d. vy distributed
random variables on S and a is is a bounded nonnegative Borel measurable func-
tions on S with infya(s) > 0. Independently, set P = (P;)2, ~ PD(a,0) and
SaP = ®(a(S1)P1/p,a(S2)Pa/p,...), where p=>_ a(S;)P;, ® is a map that arranges
the coordinates in non-increasing order. Then the two-parameter Poisson-Dirichlet
distribution PD(a, 0) with 6 # 0 is quasi-invariant under the operator S, and

Sapaﬁ o —0/a 1 - 0—1 - —oa (X;)ps
Tﬂ(dp) = <a, ,V0> W/O g EEVg[G p ]dO'

Our argument is based on the a-stable subordinator whose atom masses after
normalization distribute as PD(«,0). Under the transformation M,, we found that
the distribution of normalized atom masses is invariant, while the location of atom
is shifted with a density function. The proof also utilizes the absolute continuity of
PD(ca,0) with respect to PD(c,0). The density we get covers the previous two cases
with « or 6 being zero. This also provides an alternative perspective to look at the
result obtained by Arguin [2] for PD(«,0).

Another application of the quasi-invariance property is to show the reversibility
for a class of measure-valued branching process with immigration. By reversibility
it means that

/CDL\Ide = /\Ichpdn, ®, 0 e D(L),

where L is the generator of process and II is the stationary distribution.

For finite-dimensional diffusion processes, conditions for the process to be re-
versible have been studied intensively such as [47] and [49] through integration by
parts. The reversible distributions are identified by potential function whose gradient
coincides with the negative of the drift. Previously Handa [36] considered the same
kind of problem for an infinite-dimensional diffusion process, the Fleming-Viot pro-
cess. From his result, we know that the condition for the Fleming-Viot process with
parent-independent mutation to be reversible can be given by the quasi-invariance
of Dirichlet process, which is the stationary distribution of the process.

We also note that for the gamma process, the density given by the quasi-invariance
property corresponds to the exponential martingale in [69]. Stannat [60], associated
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the quasi-invariance of the gamma process with an analogue of the Cameron-Martin-
Girsanov theorem for the classical Wiener measure.

Here, we use this quasi-invariance property with respect to the multiplication
group to characterize the reversibility of a class of measure-valued branching pro-
cesses. The quasi-invariance property is the behavior of the stationary distribution
under the mapping over the state space. On the other hand, reversibility can be seen
the behavior under the semigroup. Thus, our conclusion implicitly associates these
two mappings for the stationary distribution.

Theorem 1.14. Suppose the branching process with immigration {vy,t > 0} is de-
fined by generator L,

0*F (1) OF (1)
p(z)? op(z)’

for suitable F'. Let I1 be a Borel probability measure on M(S) the set of finite
positive Borel measures on S. Then L is reversible with respect to Il if and only if
IT is quasi-invariant w.r.t. the transformation Sy where Syu(ds) = e/ pu(ds), where
f s a bounded measurable function on S. It means that the image measure S¢ll is
absolutely continuous with respect to 1. The density is given by e**) where

LF(u) I/Su(dw)a(x) +/S(V(d96) — pldx)b(x)) (1.17)

A(fo) = / (F fa, (Suy () dus,

and

<fac<lu’)> = <f7’/>_<bf7:u>‘

This result is similar to Handa’s [36] for the Fleming-Viot process. When a
and b are both constants in generator L , the gamma process is the reversible
measure of the process. Since the quasi-invariance of Dirichlet process is resulted
from the gamma process, our conclusion can be seen as an analogy relationship of
the reversibility between the branching process and Fleming-Viot process. These two
processes are closely connected in several ways.

1.3 Future Work

The study of the two-parameter Poisson-Dirichlet distribution is in the middle of
rapid development over the last few years. There are still a number of problems
remaining unsolved for the two-parameter model. A particular example is the con-
struction of the two-parameter measure-valued process generalizing the Fleming-Viot
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process with parent independent mutation. The immediate projects will include the
construction of this model and finding more applications of the two-parameter related
models in other areas.
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Chapter 2

The Genealogical Structure of the
Linear Birth Process with
Immigration

2.1 Abstract

In this chapter, we give an explicit construction of the two-parameter GEM from
a linear birth process with immigration given in Feng and Hoppe [25]. Immigrants
arrive according a linear birth process and produce their own offsprings. Based on
some preliminary results on linear birth process, we obtain the limiting distribution
of scaled family and total population sizes as time goes to infinity. In the end, we
calculate the joint probability density function for the limiting age-ordered family
proportions, which coincides with the two-parameter GEM distribution.

2.2 Introduction

A continuous time Markov chain is a process {X(¢),t > 0} with values in N =
{0,1,2,...} such that transition function satisfying the following Markov property:

P(X(t+s)=1X(s)=7,X(u) =z(u),0 <u<s)=PX(t+s)=1X(s)=7)

for all t,s > 0 and all states 4, j, z(u). The process is homogeneous such that the
transition matrix P(t) consists of

Byj(t) = P(X(t +s) = j|X(s) = 1),
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and P(0) = I. The process is usually characterized by a matrix @ = (¢;),4,7 € N
consisting of transition rates ¢;; defined by

P(X(t+h) = jIX(t) =) = qh + o(h), i # .

The row sum of a conservative ()-matrix is zero, yielding

Qii = — Z Qij-
J#i
A pure birth process with birth rate ¢; is a continuous time homogenous Markov
chain with the conservative ()-matrix consisting of elements ¢; ;41 = ¢; and other
off-diagonal elements being 0 for : = 0,1,2,....

Here, we associate a pure birth process with the the two-parameter GEM dis-
tribution defined as follows. For 0 < o < 1 and 6 > —a, let U,k = 1,2,... be
a sequence of independent random variables such that Uy has Beta(l — a, 0 + ka)
distribution with density function given by

T +14 (k- 1))

flz) = (1= a)T(@ T ko) r7(1 —x)fTeTl 0 < < 1.

Set (V1,Va,...) as
Vi :Ul,Vn: (1—U1)"'(1—Un_1)Un, TLZQ (21)

The random points (V1, V4, ...) are in the unordered infinite simplex

Aoo = {(.271,552,...) X Z OVZ,Z.CEZ = 1}
=1

equipped with topology inherited from [0, 1]*°. Arrange (V;, V4, ...) in descending or-
der and denote it as P = (Py, P», ...). Then, the law of P is called the two-parameter
Poisson-Dirichlet distribution denoted by PD(«, 6). The law of (V4, V4, ...) is called
the two-parameter GEM distribution denoted by GEM («,#). Since the infinite-
dimensional ordered simplex

Voo: {<x175’327-~~)3x12$22~~~20,zxi:1}
=1

is contained in A, PD(a,0) can be thought of as a probability on A, which
concentrates on V.
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The two-parameter GEM distribution is the size-biased permutation of the two-
parameter Poisson-Dirichlet distribution, and the two-parameter PD distribution is
the ranked permutation of GEM.

Tavaré [61] shows that the GEM distribution where o = 0 gives the asymptotic
family frequencies of an age-ordered infinite alleles model, which is a pure birth
process with immigration. In particular, we notice that in Tavaré’s model the jump
chain embedded corresponds to the Hoppe’s Urn model [39], which leads to Ewens
sampling formula (L.6), while the two-parameter urn construction [25] implied the
two-parameter sampling formula, i.e. the Pitman sampling formula (1.7)). Therefore,
as a two-parameter extension of Tavaré’s model, we shown the two-parameter GEM
distribution corresponds to the equilibrium state of a linear birth model constructed
by Feng and Hoppe [25].

In the next section, we give some results on linear birth processes. Following
that, we introduce an age-ordered infinite alleles model constructed from linear birth
process with immigration. The main results are laid out in the last section.

2.3 Linear Birth Process

The linear birth process is a time-homogeneous Markov process taking values in N.
Suppose that Y (¢) is a pure birth process with birth rate ¢; = pi + ¢, p,c > 0. Thus,
the process has the conservative ()-matrix consisting of elements g; ;41 = pi + ¢ with
other off-diagonal elements being 0 for ¢ = 0,1,2,.... It followed that the forward
equation for the transition probability P;(¢) has the form

Pli(t) = £;1P;i ;1 (t) — £;Pi4(t), t > 0. (2.2)
Since this is a pure birth process, P;;(t) = 0 for j < i and ¢t > 0. For j = ¢, we have
PL(t) = —;Py(t), t > 0. (2.3)
Solving the ODE with initial condition P;(0) = 1, we conclude that
Pyi(t) = e fit = e~ (Pi+e) ¢ >,

Following ([2.2)), we get an iteration equation:

t
PZ](t) = ej—l\/ e_éj(t_s)PiJ‘_l(S) dS (24)
0
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for 7 > ¢ and t > 0. Particularly for j =7+ 1, we have

etlivi—ti) _ 1
liv1 — 4

= (i+ ;i)e—t(m‘“)u _eth),

Piii(t) = fe lit

By induction we have for general 7 > >0 and ¢ > 0
Py(t) = (5 ti-

j—1

In our case with Y'(0) = 0 it follows that

1>et(pi+c)<1 . efpt)jfi.

,tn—1
n

P(Y(t) =n|Y(0) =0) = ( )e_Ct(l —e M n=0,1,... (2.5)

In addition, the processes e ”'Y(t) are nonnegative submartingales with respect
to their respective natural filtration. Thus the limit as ¢ goes to infinity almost surely
exists. Furthermore, the limit random variable has a gamma distribution. This is
because of the convergence of the moment generating functions. By , letting
p = e Pt we have for A < 1

B[] = Z oA (i - 1) e (1 —e )"
n
n=0

= e (1 —ePM1—e )

= (e"(1—ePM1—e "))/ — (%) ‘C/”7

as t — oo. Therefore, we conclude that

lim e ?Y(t) =T/, almost surely,
t—o00
xd—le—z

where I'y denotes the gamma(d,1) random variable with density f(z) = )

x>
0. Applying similar arguments to Y () starting at Y (0) = 1, we have

< -1
P(Y(t) =n|Y(0)=1) = (P o ) >e<P+C>t(1 —e Mt =1,2,...
n p—
and
e Y (t) — lipe as,
as t — o0.
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2.4 Age-ordered Infinite Alleles Model

The evolution of the total population is modeled by a linear birth process {N(t),t >
0} with N(0) = 0. The immigration process () is a pure birth process with 7(0) = 0
and birth rate

e = lim ~P(I(t+ R — I(£) = 1I(E) = &),
h—0 h
given by A\y = ka+ 6, k> 0. Each family is initiated by an immigrant according to
a pure birth process {X(¢),t > 0} starting at X (0) = 1 with birth rate b, = n — «.
Fori=1,2,...let {X;(¢)} be independent copies of X (¢) and T; be the arrival times
of the ¢th immigrant. Then X;(¢ — T;) would be the population size at time ¢ of the

ith family and N(t) = Zfitl) X;(t —T;). The birth rate of N(t) is
1
rp,=lm —P(N(t+h) — N(t) = 1|N(t) =n) =0 + n,
h—0 h

since

P(N(t+h) — N(t) = 1|N(t) = n)

= E (0+I(t)a+Z(t)(Xi(t—Ti)—a))h+o(h)|N(t) =n

= (0+n)h+o(h).
Therefore, we have
e 'N(t) = Ty a.s. (2.6)
and
e ' X(t) > T o as. (2.7)
as t — oo.

Let the stochastic process {n(t),t > 0} record the sizes of families in the order
of their appearances in the population. Thus, define 7;(t) = X;(t — T;)1z>7,3. Then

n(t) = (m(t),n2(t),...), t > 0 with n(0) = (0,0,...). From the result of (2.7), let
E1, FE,, ... be independent copies of T';_,, satisfying e *X;(t) — E;, a.s. as t — oc.
Consider the ith oldest family size n;(t) at time ¢ , then

e ni(t) = e Xi(t —T)lgmy
_ e—Tie_(t_Ti)Xz’(t - Tz‘)l{tZTz‘}
— e LR, as.

as t — 0o. We get the following general result.
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Theorem 2.1. The age-ordered family size {n(t) = (m(t),n2(t),...)} has asymptotic
structure given by

e (m(t),m(t),...) = (e By e By, .. ) (2.8)
almost surely as t — oo.

Proof. Fix n € N. We have

n—1
e_t<n1(t)7"‘)77n<t>> - Ze_t(Xl(t_Tl)a"'7Xi(t_E)7O)"'70)]—{Ti§t<Ti+1}
i=1

+e_t(X1(t_Tl)a'~~7Xn(t_Tn))1Tn§t
— (e MEy,...,e”™E,), as. ast— oo

by an argument analogous to the above. Intersecting the sets on which the a.s. con-
vergence occurs for each n gives a set of probability one on which the convergence
holds for each n, and the theorem is proved. O

We will be interested in the asymptotic behavior of the fraction of the population
that belong to the oldest, next oldest,...families in the process. We need the following
result.

Theorem 2.2. Let o, = e LiE;,i = 1,2,... be the limiting random variables in the
above theorem. Then

e 'N(t) = Ze’tnj(t) — Zaj =:0, a.s. as t — oo,

i>1 >1
where o has the gamma(0,1) distribution.

Proof. Following the result of (2.6) we know that e *N(¢) converges almost
surely to Y with the gamma(6,1) distribution. By Fatou’s lemma we also have

I(t)
e*tN(t) = Z ei(tiTi)Xi(t — Ti)efTi

=1

> lumen e Xt - Te ™
=1
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Letting ¢ goes to infinity on both sides we have Y > ", o; for any r» € N. Thus,
Y >>" o

On the other side, we have E[> > 0;] = > > Ele " E] = (1 —a) Y oo, Ele7T].
We know that T; = 22:1 7;, where 7;’s are independent random variables with the

exponential distribution whose mean is 5 Thus,

+(J—1
i Ele™h] = f: f[ Ee™™
i=1 =1 j=1

%

B 0+ (j—1a
N ZH9+ (j—1a+1

=1 j=1

(0 +1)/a) 0/oz+j—1 r'6/a)
B r'0/a) ZX:H /a+j—1 F((0+ 1)/a)
L0 +1)/a) g~ T(0/a+1i)

INCI)! ZF((9+1)/04+2')

— %ZB@@ 0/a+1i,1/a)

(RS VI
= F(G/a)F(l/&)Bt @/a+1,1/a—1)
0

1—a

Therefore, E[Y .-, 0;] = 6. Since EY =0, we have Y =) 7, 0; a.s.. O

i=1

Combining Theorem with Theorem [2.2] we immediately get the following
result.

Corollary 2.3.
N@&) Y ou@t), n(t),...) = (P, Py, ...) a.s. ast— oo,

where
Pi:O'i/O':eiTiEi/ <Z€ ZE,L>, 221,2,
i>1

The random variable P; gives the asymptotic proportion of the ith oldest family
size. The next theorem describes the structure of {P;}.
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Theorem 2.4. Suppose that {U;}5°, is a sequence of independent random variables
such that U; has beta(1 — o, 0 + i) distribution given by the density function f(x) =
LUl i0) )~ () _ g)0+ia—l (< 2 < 1. Then

0+1+(i-Da
PBEA-U)1-Uy)--(1=U_)U;, i>2and P, ="U. (2.9)
Proof.  For any r € N, we calculate the joint distribution of (o1,...,0., > ior g;).
Since
(01,...,0p, Z 0;)) = (e "Ey,....,e "E, e Z ) )
j>r j>r
= (e E,...,e"E, e oY),

where o* is independent of Fy, ..., E, T1,...,T, with the gamma(f + ra,1) distri-
bution. Then the joint probability of (e "' Ey, ... e "B, e Tro*):

P(eT™FE; < x, e AR < gy e (M ATI R < g e (Mt T g < Tpi1)

0 - Da
11:{11 l(oz—i_ Z«9+roz /H Sorie HZ lefﬂaileierdez’

where A denotes the set of {(z,7)} satisfying the following inequalities

( _
(§ 712’1 S T
e*(T1+7'2)Z2 S T

ef(n+---+fr)zr <z,
e*(7'1+"'+77‘)

L Zry1 < Tpg1

After a change of variables by letting v; = Z;:l T, yi =€ Vizifori=1,...,r+1,
we have the Jacobian matrix |J| = eXi=1%*" and do the integration on the region
of {0 < <+ < v < oo} we get the density function for (o1,...,0.,3 ., 0;) is
[10(60 + (i — D) [T, @ g5 e (i o)
IF'(1—a)TO0+ra)(xmr +x) - (Tpy1 + -+ 11)

Hence, the joint density of (o1/0,...,0,./0,0) is

_ I'(0) H:=1(9 + (i — 1a) H::1 Y ‘= —-- = yr)9+m_1 yf;lle_%“

f(xl, Ce ,.%'7«4_1) =

9, Y1) = T(1—a)TO+ra)(l—y—-—yp1)--- (L —11) ['(0)

Thus, o is independent of (o1 /0,...,0,./0). After a standard calculation it is shown
that the above density is exactly the joint density of (P, ..., P.) defined in (2.9). O
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Chapter 3

The Sampling Formula and
Laplace Transform

3.1 Abstract

A basic tool in the statistical inference of population genetics is Ewens sampling
formula, which describes the probabilities associated with counts of how many dif-
ferent alleles are observed a given number of times in the sample. In this chapter,
we show the robustness of the sampling formula by using it to derive the Laplace
transform of the two-parameter Poisson-Dirichlet distribution. Then, we reverse this
derivation by using the Laplace transform to get the sampling formula. Our result
can be seen as an interpretation of Kingman’s conclusion on the equivalence between
the sampling formula and random mass partition.

Then, we proceed with two examples: the IMNA model and selection model.

In Section 3.5, we first obtain the Laplace transform of the IMNA model at a
fixed time. Then, we use it to derive a Gaussian limit theorem for the homozygosity
functions at each fixed time as the mutation rate goes to infinity.

In Section 3.6, the Laplace transform associated with a non-neutral infinite alleles
model with a special selection is obtained from its sampling formula.

It should be noted that this chapter is originated from the accepted paper [68].
The references of the chapter are indexed to adapt to the thesis, therefore differ from
those in the original paper.
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3.2 Introduction

We start with the random partition structure associated with the two-parameter
Poisson-Dirichlet distribution with parameter 0 < o < 1,6 > —a, which concentrates
on the infinite dimensional ordered simplex

Ve i= {x:(xl,xz,...):xIZLL‘QZ--'ZO,Zl’i:l}
i=1

with the topology inherited from [0.1]*°. For 0 < aw < 1 and 6§ > —q, let Uy, k =
1,2, ... be a sequence of independent random variables such that Uy has Beta(l —
a, 0 4 ka) distribution with density function given by

DO+ 1+ (k- 1))
1@ = S = ar@ T ha)

Set (V1,Va,...) as
Vi=UVo=0—-0) (1= Up1)Un n>2. (3.1)

Arrange (V, V5, ...) in descending order and denote it as P = (Py, P»,...). Then,
the law of P is called the two-parameter Poisson-Dirichlet distribution denoted by
PD(a,0). The law of (V4, V4, ...) is called the two-parameter GEM distribution de-
noted by GEM («,0). PD(0,6) is the Poisson-Dirichlet distribution with parameter
0 usually denoted as PD(6).

The exchangeable random partition functions associated with PD(#) and PD(«, 0)
are known as Ewens sampling formula and Pitman sampling formula. Consider a
random sample of n individuals. The composition of the sample can be given by a
partition vector n = (ny,...,n,) of n, which indicates there are k different types of
alleles in the sample and each family consists of n; individuals. The partition struc-
ture of sample n is often denoted by a different but equivalent vector a = (ay, ..., a,),
where a; is the number of families containing ¢ individuals. Therefore a; > 0 and
Yo ia; = n. Given x = (x1,22,...) € Vo where z; denotes the frequency of the
1th largest family in the population, the conditional probability of a random sample
of size n with partition structure A, = a is expressed as

n!
P<ATL - a~|:>( — (ZL’1,I2, . )) == sz?lxga SN
=1 n

where the summation is over the set {n = (ny,no,...) : #{i : n; = j} = aj,n; > 0}.
When x ~ PD(6) the probability

71 —z)ftheT 0 < < 1.

P(A, =a) = / P(A, = alx = (z1,x9,...))PD(0)(dx)
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is given by Ewens sampling formula (ESF)

nl .0 1
P(A, = :e_UE — (3.2)

Gj'

where 0,y = 60--- (0 +n — 1). In the two-parameter case, i.e. x ~ PD(a,0), the
corresponding formula was obtained by Pitman [54] known as the Pitman sampling

formula (PSF)

P<An: )

f[ewaﬁ (1~ ) (3.3)
O 15 pale

=

The sampling formula has numerous applications in population genetics. It includes
the estimation of mutation rate 8 and comparison between the neutral model and
non-neutral one. Here, neutral means we only consider the mutation factor in the
evolution. The proof of the sampling formula also leads to recursive constructions
of some well-known partition structures, such as Hoppe’s Urn model, Blackwell-
MacQueen urn and Chinese restaurant process (see e.g. [56]). In this thesis, we
give an alternative derivation of the sampling formula from the Laplace transform
associated with the PD(«, ) distribution. We show that the Laplace transform can
also be obtained from the sampling formula.

Pitman, Yor [57] and Handa [38] characterized the two-parameter Poisson-Dirichlet
distribution by the Laplace transform of a probability generating functional of the
random vector x with the PD(«,#) distribution. The special form of the Laplace
transform can be seen as a result of Campbell’s theorem from the Poisson point pro-
cess theory (see [46]). It is also based on the connection of PD(6) and PD(«, ) with
some subordinators in [57]. It can be seen that in [38] the key to derive the Laplace
transform is the correlation measure of the point process, which is obtained based
on the size-biased permutation of PD(«,#) given by the GEM(«,#) distribution.
In this thesis, we derive the correlation measure directly from the sampling formula
(3.3), which can be regarded as an interpretation of Kingman’s conclusion that the
partition function and random mass partition are unique to each other. We gather
the above result and the proof in the fourth section followed by introducing several
necessary definitions and notations in the third section.

In Section 3.5, we apply the Laplace transform to the IMNA model with mutation
rate 6 at a fixed time. It leads to the establishment of a central limit theorem
associated with the homozygosity functions at time ¢ as 6 goes to infinity. Comparing
with the limiting behavior corresponding to the equilibrium state studied by Joyce et
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al, we conclude the similarity of the population at any finite time and the equilibrium
state when the mutation is quite strong. If we look at the transition function of the
IMNA model obtained in [13], it can be further inferred that the descendants of the
ancestors disappear quickly and the population is dominated by the mutants as the
mutation rate goes to infinity.

In the end, we consider a non-neutral model involving a special selection. In the
finite alleles diffusion model with selection, the stationary distribution is shown to
be absolutely continuous with respect to the neutral one with the density e*#2(X) /C,
where Hy = Y~ X? is the homozygosity function, s € R denotes the selection intensity
and C' is the normalization constant. In an infinite alleles model with selection [17],
the stationary distribution PD*?() is also absolutely continuous with respect to the
Poisson-Dirichlet distribution PD(#) with the Radon-Nikodym derivative

equ(X)/C7 X =(X1,Xs,...) € Vo,

where H,(X) = > X! ¢ =2,3,... denotes the gth order homozygosity. Handa [37]
considers a more general partition structure under this distribution

Py sq(An = a) = E[e" 1y, (X)] /E[e>], (3.4)

where

Ya(x) = nk,al Zf (3.5)
and the sum is taken over n-tuple of distinct indices. The expectation is taken under
the PD(0) distribution. In the last section, we derive the correlation function and
Laplace transform for this selection model.

3.3 Preliminaries and Notations

First, we briefly introduce some definitions in the theory of point process. Readers

can refer to [B] for details. The random element (X;)2, governed by the PD(«,0)
o0

distribution can be viewed as a random point process £ := Y 0x,, which is called the
i=1

(two-parameter) Poisson-Dirichlet point process with parameters («, ) or simply the

PD(a,0) process discussed in [38]. For any positive integer n, the nth correlation

measure of &, if it exists, is defined to be a o-finite Borel measure u,, such that for

any nonnegative measurable function fon R"

Z f( Xy, ,Xin)] = Rnf(:vl,...,mn)un(dxl---d:tn),

74'17~--al'n7’é
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where the subscript on the left side denotes that the sum is taken over n-tuple of
distinct indices. If pu, has a density with respect to the n-dimensional Lebesgue
measure, the density is called the nth correlation function of €.

Another thing we need to point out here is that the sampling formula is
equivalent to the following statement: given an arbitrary partition (nq,...,nx) of n,

we have
k-1

] H(Q—I—ZOJ) k

_ l—OT H(1 — @) (1), (3.6)

Eaﬁ[ Z XZlXZk

150y T 7

where E, y means the expectation is taken w.r.t. the PD(a, ) distribution. This
is the key to show our first result about the correlation function of the PD(«,6)
process £ in the following part.

i=1

3.4 The Sampling Formula and Laplace Transform

Theorem 3.1. Suppose the sampling formula , which is equivalent to (@,
holds for a random element (X;)?2, € V. Then the kth correlation function of the
point process § =Y .~ Ox, for each k =1,2,... is as follows:

k k
(1, .-, Tk) = Chap H z; Ot - Z )T N (20, 1), (3.7)
i=1 Jj=1
where
k
Ak: {(l’l,...,l’k)il'l ZO,...,LEk EO,Z:EZ < 1}
i=1
and

T TO+1+ (- D)
crao = ]| I'(1—a)l(0+ia)

=1

Proof. In fact, we only need to show that for any nonnegative measurable function
f(zy,...,x) on Ay, the identity

E[ Z f(X217 7sz>] - A f(l’l,.--,xk;)q;c(xl,...,l'k)dxl"'dxk (38)
PRI k
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holds. Set f(z1,...,zx) = 21" ---2;*. Then, the right side of the above (3.8) equals
to

k
cka(;/ Hx"‘ 11— g z;)0 T gy - day,

Ak =1

B ﬁ (9+1+ (i —1)a )ZHF( T + ka)

21 T =)0 + i) I'@+n)
k k=1
L0 = @) 1 (0 + i)
=1 =0
On) 7

which indicates that (3.8]) holds for all the polynomial functions on Ay. Let £ be
the set of all the nonnegative functions satisfying (3.8)). It is easy to check that &
is a A — system, which means .Z satisfies the following three conditions:

1. 1€ %;
2. Z is closed under finite linear combinations;

3.1 f, €L, fot f, then f € 2.

If we can show that .Z contains all the nonnegative bounded continuous functions on
Apg, then Z contains all nonnegative measurable functions on A, by the monotone
theorem.

Since Ay is compact, by the Stone-Weierstrass theorem any continuous function
f € C(Ag) can be approximated by a sequence of polynomial functions uniformly.
Thus, for any nonnegative f € C'(Ag), there exists a sequence of polynomials {B,,}
such that sup |B,,(z) — f(x)| — 0, as m — oco. Without loss of generality, we can

A

assume {B,,} are also nonnegative. We consider the following two cases.

Case 1: fAk fz1, . xp)qr(xy, ..., xg) dzy - - - dxy, < 00. Denote the interior of Ay
by Aj and set Q¥ (A% = {q1,qs, - . .}, since it is a countable set. For any € > 0, and
@ = (qu1s- -, quk), since f(q1) < flq)+e H?:l ¢j and By, (1) = f(q1), we can find a
subsequence of B,, named By, such that By,(q1) < f(q1)+¢ H§:1 ¢1;. For the same
reason we can get another subsequence of By, named By, for ¢s such that By, (g2) <
flg)+e H?:l ¢2j- Repeating this process for each ¢; and using the diagonal method,

we can get a sequence which we still call B, such that B,,(¢;) < f(q:)+¢ Hle qij, for
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any ¢ = 1,2,.... By the continuity of B,,, we have B,,(z) < f(z) + e’fH?:l z;, Ve =
(x1,...,2) € Ay, since fAz(f(x) + €H§:1 z;)qe(x1, ..., Tg) dxy - - - dzy < 00. By the
dominated theorem, we get

N f@)qu(x)dz = lim | B (z)q(z)de.

m—r0o0 AZ

On the other hand, we have fA on x) dz and fA (x)qx(z) dox =

Jro B Ao (x) dz, since the boundary of Ak has zero Lebesgue measure. Therefore

= lim B (x)qr(z) dx

mM— 00 Ak

lim E[ > Bu(Xi, - Xy,)
i1

m—0o0

— lim [ f@)g(e)de

m—0o0 A°
k

= f(@)qi(z) dz

Ak

= . f(z)q(x) dx.

Following Fatou’s lemma, we have

Since B, (X, -+ Xi,) < f( Xy, ,Xik)+5]_[? X, ,a.s.. Thus

159

Letting ¢ | 0 and combining with (3.9)), we have

Z F(X e, )]_T&%E[Z B,, X)) |

U1yl 7

which gives the identity fA r)gp(z)de =E[ Y. f( Xy, -, X )]
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Case 2: [, f(2)ga(2) dr = oo. By Fatou’s lemma, we have

lim Bm(l’)qn(iv)dlEZ/A f(@)gn(x)dx

m—r0o0 A
n

and
lim B (x)g(z) de = lim E[ Z B (Xi, -+ X5, )] = 0.

m—ro0 A m—0o0
n

By the same method as above, we can find a subsequence of B,, which we still denote
as By, such that B, (v) < f(z) + [}, 25, Vo = (21,...,2,) € A} So

Bm(X“ .. Xlk) § f(Xi17 e 7Xln) + 1 a.s.,

and
%E&E[ > Bu(X;, Xl-n)] gE[ > f(Xi, e X)) a1l
U1 yeensb 81 yeeeyinFE
Thus, B3, o (X, X,,)| = o0 0

With the correlation function of the point process £ derived, we can obtain the
Laplace transform of the probability generating function which is proved in Theorem
3.1 of [3§].

Theorem 3.2 ([38]). Suppose that g : (0,00) — C is a measurable function such
that

00 —Az
Aalg) == inf{)\>0:/ ;+1|g(z)|dz<oo} < 00.
0

{ /OO i;zlg(z)\dzeC\[l,oo)}7

so that in particular \j(g) = No(g). The correlation measure of § = o0, Ox, is given

by (-) Then

Put

E[H(l +lg(sX3)])] < o0

=1
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a.e. s >0, and for A > \:(g)

—)\9 = —1_—As -
T(0+1) /0 s e (E[H(l +9(sX;)) — 1]) ds

=1
5 exp( Hfooe?z (2)dz) — 5, a=0,0>0,
A
= 11— Ca [ eg(z )Adz)‘a—é, 0<a<1,60+#0
—dlog(1 — %= [(¥ Sg(2))dz), 0<a<1,0=0.

As a corollary of the above Laplace transform, we have the following result which
gives the sampling formula.

Corollary 3.3. Suppose the above Laplace transform exists for sufficiently large
A > 0, then the sampling formula corresponding to X = (X1, Xa,...) € Vo coincides
with the Pitman sampling formula which equals to (@

Proof. Following the uniqueness of Laplace transformation or Lemma 3.1 in [38] and
taking the inverse of it we have

o

F(s) = E[H( (sX;)+1)] -1

cme / g jﬁ) (=3 )Ly - da,
7=1

nll Z

such that g(z) satisfies the condition that there exists some A > 0, such that
za+1 tlg(2)] dz < oo. Set s=1and g(z) = t12™ +- - +132", where ny,...,n; > 1.
It is obvious that [ <t “|g(2)|dz < 00, ¥A > 0. Then, we have

ak ni n
LSRN | (EVCTIED ISRy
i1, i #
Therefore,
Bl Y X X
i1, ipF
oF H
= —\n: =tp=0E | | (1 + 9(X3))
atl. =1
ak

Cna@ g(sx;) . -
1—1—2 / H a1 (1—Za:j)9+ Yy - dwy,).
j=1

AV
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Furthermore, by interchanging the differentiation and integration processes, we have

n

Cna@ 935@ \f+an—1
0 [ gy s TR0 = Y

J=1

Ck ,0 —
_ a / k! H xm a— 1 _ Z xj)@—i—om 1 d(L’l . den
= j=1

I'(ny — a) < T(ng — )T(0 + ka)

= Ckab

'@ +n)
1,0~ )
— 1= (2 0 l
0 [+ o),
1=0
which implies (3.6]). O

3.5 Non-equilibrium of the IMNA model

3.5.1 The Laplace Transform of the IMNA Model

As mentioned in the Introduction, the Poisson-Dirichlet distribution PD(6) corre-
sponds to the equilibrium of the IMNA process X (¢) with the following generator

1 0? o)
P Z: 833181'] 2 lz 81'@

whose domain is D(L) = span{l, 2, ¢s,...} C C(Vx), and ¢,(x) = > 2, af is
defined on V. and extends continuously to its closure Vo, the closure of V., in
[0,1]°°. In [13] it is shown that the transition probability P(¢,x, A) of X (¢) starting
from x = (x1,29,...) € V4 is absolutely continuous with respect to the stationary
distribution PD(#). Suppose that p, is defined as

an n)

n:[n|=n

where 1), is defined as (3.5). The expectation E[i,(2)] is taken w.r.t. the PD(f)
distribution, which thus is given by the Ewens sampling formula (3.2]). The transition
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density function ¢(¢,x,y) is given as

“2m—1+6 _
q(t,x,y) = 1+ZT€ Amt (310)
m=2 :

m
) (_1)mn<n) (N + 0)m-1ypn(z,y), 2,y € Vi,
=0

n

where A, = w,m = 2,3,.... The type of expansion (3.10) was first de-
rived by Griffiths [32]. A very similar transition function was also obtained by
Ethier and Griffiths [I4] for the labeled version of IMNA model, which is a measure-
valued Fleming-Viot process with parent-independent mutation. Here, we consider
the Laplace transform of X (t) = (X;(t), Xa(t),...) with initial value z.

Theorem 3.4. Suppose that g(z) is a measurable function such that

-z

. lg(2)] dz < o0} < 0.

Ag) = inf{/\>0:/m€

Then for fized time t, the Laplace transform of the IMNA process X (t) starting from
r € Vi 15 given by

/ e B [ (1 + g(rXi(1)))) dr
0 i=1
INC o0 o—Az
—)(\9) exp{@/o ez g(z)dz}
22m =140 i~ (T
-+ Z —m' e Amt Z(—l) <n> (n -+ 9)(m_1) Z wn(;c)
m=2 n=0 n=(ny,..., ng)
Tiy ni=n
_F(9> -1 St e C prrer
[ e + ESF(n) ZE Z 0 Hy, 05,
/=1 r=0 BC{1,...,k}
|B|=r
where
Hyep = / yi“~--ka(Hg(yj))g(yk+1)~~g(yk+efr)
(0 Oo)kwLZfr jeB
kyt—r 0o k+e—r
( H y; e ) dys "'dyk+ér/ e (T + Z ;)" dr,
i=1 0 et

43



PhD Thesis - F. Xu McMaster - Mathematics and Statistics

and ESF(n) is given by Fwens sampling formula as
ek
ESF(n) = 9_(n1 -l (ng — DL
(n)

Proof. For an arbitrary fixed time ¢ > 0,

E;

H(1+9(7Xi(t)))] = B[ +g(¥)a(t, z,Y)

=1 Li=1

= E|[[+9(rv0)

Li=1
“2m—14+0 _, & -
+ZQT€ Amtzo(—l) <n>(n+9)(m_1)

?

E [H(l T g(rY)pale,Y)

=1

where Y = (Y1,Y3,...) has the Poisson-Dirichlet distribution PD(6). Since

[+ Y) = >[I0 +9(rY))da(Y)dn(x) ESF(n) ™,
i=1 n=(ny,...,n) i=1

k _
Zi:l n;=n

where ¢n(Y) =3, .Y Y'*. Hence, we have

-----

[T+ g(7Y))gn(Y)
=1
= JJa+gtrv) > vy
=1 D] yeees ’Lk;ﬁ
| o
= D VY S N (Y, g(TY)Y Y
U1,k 7 0=1""j1.de#
i1, #
0o 1 INKk é'
- ZE 2 (6 —r)! > v (L ery))

=0 r=0 BC‘{l 77777 k} Tl yeees Thtt—rF JjEB
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Therefore,
E[[J(1+ g(7Y0)gu(Y)]

INk /)

=1 !
— ESF E il § - LT
S (n)+ g‘ (6—']")'/;k+17‘ yl yk

LNk
14

=1 !
ESF - B / T
(n) + Z 7 Z k (£ — 7’)! Ar I Yy,

B|=r
k+l—r dy dy
_ 1" k+l—r
(T oGy gryesn) - 9Fyese) (1= D w)"™ .
ieB i1 Y- Yktrt—r

Define

(o]
Hiop = / R dT/ eyt
0 Agteo—r

k+4—r
1 dyn - dYpe—r
(T oCrviNgryea) -+ 9T ypre—r) X = D 5:)"™ =
jeB i1 Yio Ykto—r
Using Fubini’s theorem, we have
00 L—Az
sl <o) L gy
0 2
Consequently, the series Y2 | & PO 7 f’r)!ﬁk%_’"H k0.5 1s absolutely conver-
BC{1,...,k}
|B|=r
gent, with upper bound given by I'(6)e?0*(1 + M)*, where
M :/ e |g(x)|z~  dz < .
0
In addition, we have obtained previously
o = INC > oA
| e el oty ar = S ens [ g(e)dz).

=1
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Therefore,
/ e, [T[ (1 + g(rXu(1)))) dr
0 i=1
> A 2m —1+46 .
= / e_)‘TTe_lE[H(l + g(7Y;))|dT + Z —m 0 At Z(—l)m_"
0 i=1 m=2 : n=0

m o
(n)(”+9)(m1)/0 e T TIE] ]1 (14 g(7Y3))pn(z,Y)] dr

') > e —~2m—-1+0 _, , .
Vexp{é’/o g(z)dz} +m§::2Te Z(—l)

z

(M)t 00y X vl + ESFw)

Sy ni=n
) INk
1 14
Z _ 0k+l—7’H ]
| _ 2\ )
=1 2 r=0 BC{1,..,k} (5 T)
|B|=r
where
dyy - dYgyo—r
Hiep = / v (T 9wi)g(wesn) -+ g(unrer) ———
(0,00)FH£=r jeB Y- Ykto—r
oo k+l—r
—AT _—n 0—1
e M — Z y;)’ dr
/z;.ffv-
= / oyt (T 9w g(uesn) - - 9(urse—r)
(O,OO)kJrZ r jEB
k+0—r 0o kdl—r
[T e s [ e Y )
Ak
The upper bound of Y~;2, & >0 A C{lz , (ﬂf!r)'
|B|=r

convergence of the above series.
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3.5.2 CLT for the IMNA Model

Furthermore, the above Laplace transform enable us to derive the central limit the-
orem associated with the distribution of the IMNA process X (¢) with starting point
x=(x1,29,...) € Vg

Theorem 3.5. For any time t > 0, set W,(t) = ﬂ(%Hp(t) — 1), where H,(t) =
Yoo, Xi(t)? denotes the pth order homozygosity at time t for p = 2,3,.... Then
as 0 — oo, W,(t) converges in law to a normal random variable with mean 0 and
variance o, = I'(2p) /T'(p)* — p*, which is strictly positive.

Proof. To prove the central limit theorem for W), (¢), it suffies to show that the charac—

teristic function of W),(¢) which is ¢, (x) = Elexp(ixW,(t))] converges to exp(— px 2)
as § — oo.
Recall from Theorem 3.1, for any fixed time ¢ > 0 we have

L™ e T
m/0 o0 ]Ex[g(l-f-g(TXi(t)))]dT

— exp{0 /O h e:g(z) iz}
T B O NV ()[R T SRR

m=2 n=0 n=(ny,..., ng)
Z;C:l n;=n
o) 1 INKk £
1+ % 0 ESF(mn)™ ) i > (r> O* T Hy 5], (3.11)
’ {1,..,k}

where Hy o p and ESF(n) is defined as in Theorem 4.1. Set g(z) = exp(c12P+dy2)—1,

where ¢; = 0 ;ﬁ and d; = _Tig for © € R. Then, E,[[[;2;(1 + g(7X;(t)))]

E.[exp(ciTPH,(t) + dy7)] and the first term of (3.11]) becomes

[ = exp{e/ (ex (\/_F(>—%z)—1)dz}

_ exp{e/ o= 59— gl — s+ o1}

= exp{——(a +(p— 1)2) +o(1)}, asf— oc.
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Next, we show that the second term of (3.11]) converges to zero as § — oco. Since
|Hy.e.5] < T(0)( OOMclz) we have

—F ox P

z ‘W(F(p) N

(&

| Hyops] < T(O)( /0 N

Y 8 > 1 we have

oo ANk 1 9
=0 > > sy

/=1 r=0 BCl{Bl‘:., } (6 - T)' \/5

- E\ 1 2x
-2 () X )

r=0 r {=rv1 (‘e - T)' \/5

k
k\  2x

< e Z )5

2
= 9’“62”@(1 + 2

NG,
Following Y.  ¢n(z) = 1 and ESF(n) = (ny — 1)!--- (ny — 1)1%, we have

n=(ny,..., ng)
Zlle ng=n

> Yn(z)ESF(n)~' <6,. Thus the second term of (3.11)) is bounded as

)< 0me2VO(1 + 22)".

| < sz—l—i_e Z( )n—i—9 (m—1)

m=2 n=0
> 2m —1+ 0 “Am, m n_ 2zV0
+ZQ ml € tZO (n)(n+«9)(m_1)9(n)6 e .

If we can show that the above two series are uniformly convergent, then they converge
to zero as # — oo since every term in the series goes to 0.

48



PhD Thesis - F. Xu McMaster - Mathematics and Statistics

First of all, we can see that

2m—14+0 < (m L 2m—=14+0)(m+)im-1) _\ jom
I M 1 L S
m=2 n=0 m=2
00 0 .
_ Z(m+ )( ) o= Amtom
— m!
Since
m(m— 2(9+2m—1) 4
gm—)\mt<0 2 _1m—Mt< —ym (2 \m
(m 4 0)mye < (6+2m —1)% ’ _(t(m—1+9)e ) _<te>
Thus,
—2m—1+40 _, x~(m 4.1 8
;Te ; (n)(”+‘9)(m—1) S;(E) ) SeXP{E} < oo,

i.e. the series converges uniformly. Similarly, we have the bound for the second term:

o) m

Qm_1+0 *)\mt m n?x\/@

o0

2m—1+60 _, . /m 25V
< D e tZ(n)m-uee

2 n=0

3
Il

02m)

- e‘Amt(9~|—1)me2x\/§.

NE

3
I,

and
9(2m)<0 + 1)m677’"(m51+9)t+21\/§ < ((9 +92m — 1)(9 + 1)677m*21+9t+2x\/§/m)m <om,

The second series in II is uniformly convergent. Therefore, the right side of Laplace
transform converges to exp{—x;(ag +(p—1)3}.
On the other hand, the left side becomes

1 X e
R T E, PH (t d d
o) /0 e T lexp(c17P Hy(t) + di7)] dr

= (/ e TR, Jexp(e,60PTP H,(t) + d167))] dT)(/ e 0 dr) 7!
0 0

= (/00 679h(7—)7'71wp(£l§'7'p) exp(ix\/g(Tp —17)) dT)(/OO 70— 1e=0h(7) dr)™,
0 0
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where h(7) =7 — logT — 1. So we only need to prove that

I e —OMD) =Y (27P) exp(izV/O(TP — T)) dT

fo T0-1e=07 dr

— Gp(x)e T2 0.

Readers can refer the rest proof to that of Theorem 6.2 in [38]. The only thing
left is to show supE[|W,(t)|]] < oo. Since ¢(t,z,y) — 1, as § — oo, we have
6>1

supp-; q(t,z,y) < K,V8 > 1. Since
(E[[Wo()])? < E[[Wo(t) "] = E[W,q(t, 2, Y)?] < K*(Var(W,) + (E[W,])?),
(X

where W), is defined as W, (t) with the replacement of (X;(¢))2, by Y = (¥;)52,
with the PD(#) distribution. Then, var(W,) + (E[W,])> — o7, as § — oo, and
supgs BIIW, ()] < oc.

g

3.6 Symmetric Selection

The Poisson-Dirichlet distribution with selection PD®4(#) is defined as an absolutely
continuous distribution with respect to the Poisson-Dirichlet distribution PD(#) with
density

PD*(0)(dx) Ho(z)
— = =/ = ...) € Vg,
PD(Q)(CZI) / ’ Zz (1'1,1'2, )
where s is an arbitrary real number, C' is the normalization constant and H,(z) =
Yoal q=2,3,... The sampling formula with selection was obtained in [37] as

Ppsg(ni,-.. ;i) = Epp)le™ 9 (X)]/Epple)]

= CTF) 7 li(a)
=0

where
ket K+ d
/ sma) H sxa _ 1 . § $5 9 1 ary - 0Tk
Atk a=1 a=k+1 Tl
and

l

Ha(X)] = et 1 dr---dn
C:E[ ! 1+Z /Al(H Z 91 1"'$l'
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Since the correlation measure and sampling formula are determined by each other,
we can obtain the correlation measure in the selection case. The proof is similar to
that of in Theorem 3.1. It suffices to replace f by the polynomial functions in ([3.8))
and the correlation measure is found as follows. Denote

/ H stz _ 1= ) dry - - - dxy
AV =1 Ly X
and Fi(t) =Y 2, ?,l Ji(t). The correlation measure is given by

H’k’(dxla cee ,d$k)
k k k
= Ol H(e”?m;l)(l - Z z) (1 — Z To)la, (21, ... xK)dey - - - dxy.
j=1 j=1 j=1

We obtain the Laplace transform with selection in the next theorem.

Theorem 3.6. Suppose that g(.) is a measurable function such that

-z

lg(2)|dz < o0} < 0.

Ag) == inf{/\>0:/ooe

The random element (X;)2, has the PD>%(8) distribution. Then

A1 LO) it
e t E[H(lJrg(tXi))]dt = o7 +¢€ HEMM

where

k
/(0 . H(g(xj)xj*le_)‘mf) dxy - - dxy,

sad

o0 k J
t
/0 e ] |e<t+2?:m>"Fs(—k ) dt.

j=1 t + Zj:l xj

Proof. Since we have got the correlation measure, it is obvious that

[e.9]

E[[ 1+ g(tX0))]

i=1

= 1+C" 12 / He % g(tx;)x 1—2%0 LR( 1—2% )dxy - - - dxy.

o1
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Thus,

o0

/ e MU E[[ [+ g(tX3))] dt

0 i=1

T [ e

= 7—*—0 kZE/O e 't dt
=1

k
/A H(esz?g(ta:j)a?j_l)(l - Z%‘)@—l]ﬁs(l — ij) dzy - - - dy

[ee] J t
/O ef)\ttefl He(tJrZ?:l acj)q Fs( - )dt

j=1 t + Zj:l .CE]'

Since for 0 < x < 1, we have
S
les™ — 1| = a:q|/ " du| < (1Ve*)ad|s|.
0

Then
! !

d d
()] < / (1V e (t9)s]) H 1= 3 ) 1u
A =1 "2

= aveels) et ”
Z%(M

[Fs(t)] <
o N Ve (#s)'T ()T (0)
T = I'T(ql + 0)

< exp{K(1V e)|s|D()0 ),

sy
yJ

. k k g
where K is a constant. Thus, szle(”zgzl vj) |F5(t+z+y
j=1Yi

second term in the above i.e. the series can be controlled by

m(0,¢,5) 3 %( /0 " g(2)2 e d2)T(8) /.

)l < m(f,q,s), and the
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Since fooo e |g(x)|]z~ dz < oo, the above series is absolutely convergent, which
completes the proof.
g
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Chapter 4

The Transformed Two-Parameter
Poisson-Dirichlet Distribution

4.1 Abstract

The goal of this chapter is to investigate the impact of selection in the two-parameter
model with overdominant selection with mutation going to infinity. To this end, we
obtain a Gaussian limiting theorem for the homozygosity functions under the two-
parameter Poisson-Dirichlet distribution with selection. The selection intensity is
given by a multiple of the mutation rate raised to different powers, which leads to
a phase transition in the limiting distribution depending on the relative strength of
selection intensity over the mutation rate. This result suggests that the selection
model resembles the neutral model when the mutation rate and selection intensity
go to infinity together.

It should be noted that this chapter is originated from a published paper [67].
The references of the chapter are indexed to adapt to the thesis, therefore differ from
those in the original paper.

4.2 Introduction

ForO0 <a<land® > —a,let Uy, k=1,2,... be a sequence of independent random
variables such that U, has Beta(l — «, 0 + ka) distribution with density function
given by

Fr@+1+k-1)a)
I'(1—a)l'(0+ ka)

71 —z)ftheT o< < 1.

fx) =

o4
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Set (V1,Va,...) as
‘/1 :Ul,Vn:(1—U1)---(1—Un_1)Un, TLZQ (41)

Arrange (V1,Va,...) in descending order and denote it as P = (P, Ps,...). Then
the law of P is called the two-parameter Poisson-Dirichlet distribution denoted by
PD(a,6). The law of (Vi,Va,...) is called the two-parameter GEM distribution
denoted by GEM («,0). PD(«a,0) is a probability concentrating on the infinite-
dimensional ordered simplex

VOO:{(xl,xg,...)::1:12;@2...20»2%:1}
i=1

equipped with the topology inherited from [0,1]*. PD(0,6) corresponds to the
Poisson-Dirichlet distribution with parameter 6.

Recall that in the infinite alleles model with overdominant selection intensity o >
0, the stationary distribution denoted by PD?(#) is absolutely continuous with the
Poisson-Dirichlet distribution PD(#). The corresponding Radon-Nikodym derivative
is given explicitly in a special selection case by [17] as

e—ng (x)

C(0,0)’

where the population homozygosity Ha(x) = Y oo, 7, o is the selection intensity, x =
(1,22,...) € Voo and C(0,0) = [ e 7" PD(f)(dx) is a normalizing constant.
Here, we generalize the selection density to the two-parameter case. For convenience,
we name it the two-parameter Poisson-Dirichlet distribution with selection though
the two-parameter Poisson-Dirichlet distribution does not find a direct application
in population genetics. Define the two-parameter Poisson-Dirichlet distribution with

selection denoted by PD’(«, 0) as

PD?(«, 9)( ) e~ Hm(x)
-~ ' 7 X)) = —m8M—
PD(«,0) C(o,0, )
where H,,(x) = > o 2", x = (z1,22,...) € Va, m = 2,3,... denotes the mth

i=1"%

order homozygosity and C(0,6,0) = [ e ") PD(a, ) (dx).

oo

For p=2,3,..., let X = (X3, Xs,...) have the distribution PD(«,#) and define

Zyo =0 (?g;—:g‘;ep—al(X) - 1) : (4.2)
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where H,(X) denotes the pth homozygosity of X. Similarly for Y = (¥3,Y5,...) ~
PD?(«,0), where o0 = 0™ 378 m=23,....,8>0and cis a constant, put

5 I['l—a) b1 B
Zly =0 (—r(p — a)f) H,(Y) 1) . (4.3)

The main ingredient used in the proof of our theorem is the following central
limit theorem for (Z,9)>¢, obtained by Handa [3§].

Lemma 4.1. Let (Zsn, Z3a,...) € R® be multivariate normal with mean 0 and the
covariance of Z; o and Z; . given by
I'l—a)l'(i+j—a)
I —a)I'(j — o)

+a—ij. (4.4)

Then, as 0 — oo, we have
(2279, 2379, .. ) = (2270” Z;J,’a, .. )

Here and in what follows, = denotes convergence in distribution. The next
theorem is the main result of this chapter.

Theorem 4.2. Suppose thatY = (Y1,Ys,...) ~ PD?(«,0) and 0 = c@m_%_ﬁ, 8 >0,
where ¢ > 0 is a constant and m = 2,3,.... Let (ZQG,ZQG, ...) € R™ be defined as
and (Za.p, L3, - - -) given as the above lemma. As 6 — oo,

B B (Z;,om Z:;a? 3 ')7 if B=0,
(Zz,ea Z3,07 .. ) = { (ZQ,Q, Z&a’ N .)’ Zfﬁ N O,

where Z ., = Zpo — by, by = (1 =) -1y cOV(Zp.as Zma) and (1 —a)p-1y = o 112—a) =
(I1—a)---(p—1—a) forp=2,3,....

The uniform integrability for exp{—tZ,¢} is essential in the proof of theorem.
This is proved in the next section. In Section [.4] we give the proof of Theorem
based on the establishing the convergence of the relevant characteristic function.

4.3 Uniform Integrability

—tZ

To get the uniform integrability of e™*“»¢ it suffices to prove the following lemma.

o6
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Lemma 4.3. Suppose that for any fixedt > 0 and p > 2, Z, 4 is defined as in .
Then there exists Oy = 0y(t) < oo such that

sup E(e™"#r¢) < oo.
6>60
We firstly need to introduce an important result of Pitman and Yor [57] as the
following lemma.

Lemma 4.4 ([57]). Suppose that (X)) is given by the Poisson-Dirichlet distribution
with parameter 8 > 0. Independent of (X)), let (Upn),m = 1,2,... be a sequence
of independent copies of (U,) which has the two-parameter Poisson-Dirichlet dis-
tribution with 0 = 0 and o > 0, i.e. PD(a,0). Let (X,) be defined by ranking
the collection of products { X/ Upmn,m,n € N}. Then (X,,) has the two-parameter
Poisson-Dirichlet distribution with parameter 0, o, i.e. PD(«,0).

In virtue of the above representation, we can rewrite the homozygosity corre-
sponding to the two-parameter P-D distribution as well as Z,4 in the form that
keeps the i.i.d property .

Suppose that W,,, m = 1,2,... is a sequence of i.i.d random variables as copies
of Y>> UP for fixed p > 2. Therefore, 0 < W, < 1 and its moments depend on «
alone.

For any p = 2,3, ..., by the GEM representation and exchangeability of H), as a
function of (X,,);° we have

Hy=> Xi= ) (Xp)'Uh, =Y (X, Wo = VWi + (1= Vi)’ H,,
n=1 m,n=1 m=1

where V] ~ Beta(1,6) and I:[p is a random variable with the same distribution as H,

and independent of Vi, W;. Here = denotes the equality in distribution.

Since Z,9 = \/@(?E;:zgﬁp*[{p —-1)= ﬁ(%Hp — 1), we deduce that

(1—a)p-1Zps = VOO "'H,— (1 —a)p-1))
2 VOO VWL 4 07 (1 = VAP H, — (1= ) o))
= VOO VI + (1= Vi)’ (1 = @) por) — (1 = @)1
+HL = VPP (0" Hy = (1= a) 1))

= f(Vi,W1)+ (1~ O‘)(pfl)(l Vi)' Z,0,

where

Fo Vi W) = VB@ VW, — (1= 0) (1~ (1= TA))), (4.5)
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and Z, 9 = ﬂ(%ﬁp — 1) with the same distribution as Z, ¢ is independent of

Vi,Wi. Since 0 <1 — (1 —V4)? <2PVj and 0 < W, < 1,

1
ﬁ(epvlpwl — (1= a)p-12"0V1) < f, <

Also,

(HprVVl + (1 — Oé) (p— 1)2p6‘/1) (46)

Sy

|fp(‘/17W1>| —(6’pr (1 —Oé)(p_l)QpQ‘/l),

S

For k > 1,

IA

Blf,(Vi, W)[F < 075E@O0°VP + (1 - a)gp1)2°0V2)"
9_72’f[E(9VI)P’g (1 . a)(p_l)zp E(Qvl)k]

< 2/VO!PR)! + (1= )02kl ~ O(6

IN

k
2

),

where in the last step we use 0 < E(6V;)7 = % <jlj>1

Lemma 4.5. Forp > 2, let f,(V1, W1) be defined as in , where Vi ~ Beta(1,6),
and Wy has the same distribution as the pth homozygosity corresponding to alleles
frequencies with the distribution PD(a,0). Then, for 8 > 1 and each j > 1, there is
a positive function g, ;(t,W1) increasing in t such that, for allt >0,

|Z( f”) | < g, (6, WIS P.
k=j

Proof. Note that

MZ | _tjlfp|JgJ(tfp)
k=j j
where S
o0 k—j e —> 1 _o(=x)"/k!
0 < g;(x {1 Sy 27l
i T z = 0.

Define f(z) = Wlxp (1 = &)@p-1)2Px. Hence f has a lower bound on [0,00). Let

7 = (st

1
that s, f(a®) = W, 77 (L2225 (1 ) < 0. By (4.6),

f6V) | f(@)
Voo T Ve

o8

-1 be the point in [0,00) at which f(z) achieves its minimum,

fr2 > f(z")
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for & > 1. Since g;(z) is a decreasing function of = € (—o0,00), and g;(tf,)

<
gi(tf(x*)) =: gp,(t,Wy) for all t > 0. 0

The next lemma shows that the moments of 7,y are uniformly bounded for large

0.
Lemma 4.6. Let Z, ¢ be defined by . Then, for all integers r > 1 and p > 2,

sup E(|Z,4]") < 0. (4.7)
0>1

Proof. Suppose that (X7, Xj,...) ~ . Set H, = > (X)), and
or—1

By the sampling formulas of the Poisson-Dirichlet distribution and the two-parameter
Poisson-Dirichlet distribution we know that E(Z; ,)*" and E(Z,)*" have the same
highest finite order of 6. Thus,

: E(Zpﬁ)% _
Following the result obtained in Lemma 5 of [42], we know that

supE|Z) 4" < o0.
>1
Since E|Z, " < \/E(Z,4)?", it follows that supy., E|Z,|" < o0. 0

Now we are ready to give the proof of Lemma 2.1.
Proof of Lemma 2.1. For each integer r, define

Zy=(1—-a)p-1Zps and pi = (1— ) (-1 E(Z})-

Since supy.; E(|Z,|") < oo for each r, we only need to show that, for ¢t > 0, there
exist finite values [ = I(t) and 6y = 0y((,t) such that

oo (—t)T
sup E 0] < 00.
9>90‘ — 7! tiro|
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It is obvious that
[(1— O‘)(p—l)Zpﬁ]T = (fp(vlv W)+ (1 - O‘)(p—l)(l - Vl)prﬂ)T

— Z (;) fﬁ(vl, Wi)[(1 — O‘)(p—l)Zp,e]T_k(l B V1>p(r—k)

k=0
= (1- mm[u — @) (p-1)Zpo]"

+Z ( )fk Vi W) (1 — Vi1 — ) sy Zyl
Taking expectation on both sides and using independence, we have

g = B = Vi g + 3 (1 G0 WD = VP

k=1

Thus,

rEEy (z«) B/ (Vi W)L = V)™ )y

7
p k=1

Hro =

Define two sequences of random variables:

_ _ (Ze(1 =W)P)
Mk = E, Nl = l—'
Therefore,
|i pr*‘) r E(f(Vi, W)(1 = Vy)r=h)
Mr9| Z i k tr—roE(f (Vi, Wi)( 1) )|
r=I k=1
= IE(Z Z(1+—)MkNrfk( )"
r=Il k=1
o0 ' 9 .,
r=Il k=1 r=Il k=1 pr

= |E(A1)] + [E(Ay)].

By the inequality in Lemma 6 of [42] and interchanging the order of summation,
we obtain

|Ay| < !Z t) M Z tYIN,| + tK (1),
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where
—j—1

Kyt Z|M|t7 ! Z | Nt

is an increasing function of t. By Lemma 4 we obtain

[e.9]

|Z JM|—|Z

| < tgp, 1<t W1)|fp|

and
> (=N, = exp{—tZy(1 - Vi)"}
q=0
< max{1,exp{—tZy}}
< 1+6Xp{—t29}.
Hence

| Ar| < tgpa(t, W[ fo|(1 + exp{—tZy}) + tKu(t).
It follows that

E| A,
tE(gp1 (8, W)l f]) + tE(fo1 (£, W1)|gp| E exp{—t Zp} + tE(Ky(t)).

[B(A4)| <
<

Since E|f,(Vi, W1)[¥ ~ O(6~%) and Eg,1(t,W1) only depends on «, there exists
0o = 6o(t) < oo such that tE(g,1(t, W1)|f,|) < 3 for all § > 6,(t) by the Holder’s
inequality. In addition, Ky;(¢) is a sum of a finite number of random variables, and

note that mean of each random variable is bounded for all #. Thus, sup E(Ky;(t)) <
6>1

00. Set oy (t) = sup tE(Ky(t)) + 1. Then, for 0 > 6y(t),
6>1

T

1 1 &
[E(A)] < {Eexp{~tZs}) + an(t =;Z

r=

IUTG + O‘1<t)'

We also have the same inequality for As:

T‘

:ur o+ aQ(t)

Ak

61



PhD Thesis - F. Xu McMaster - Mathematics and Statistics

Since A, involves the factor £ o , it needs a more delicate estimation but the argument
is similar to that of A;. Readers can find a similar detailed proof in Lemma 9 of [42],
which we will not repeat here.

By the inequalities for A; and A, as above, we have

L an(t) + st
r=0
Thus,
i 1SN (—t) Lt
T9|——Z ' ur9§§ ﬁ‘ﬂrﬂ“‘al(t)"i_@?(t)
r=lI r=0
It follows that
1 SN (—t) Lt
5 2 el < 5 D lial + ent) + as(t)
r=l ) r=0 "’

Therefore, |7, %u,ﬂ is bounded by a sum of a finite number of terms, which
are uniformly bounded for #. It can be concluded that

sup —_— < Q.
0>6o ‘ TZ MTQ’

4.4 The Proof of Theorem

Proof. For 0 = c@m_%_ﬂ, B >0and m = 2,3,..., we know that the characteristic
function of Zﬁ , can be calculated as follows:

E[e’bﬁzp’ge—O’Hm] E[eiprﬂ_C(l_o‘)(m—l)eiﬁzm,@]

B _
Vp(w) = Elexp(izZ,)] = Efe=ofm] " Elee0=0) -0 Zmo]

Based on Lemma 1.1,
(Z20, Z3.5 - ) = (Z2,05 L3005 - - -)
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as 0 goes to infinity, where (Zs4, Z3,4, .. .) is multivariate normal with mean 0 and
the covariance matrix ¥ given by (4.4)).

For 8 = 0, combining the uniform integrability of e *%»¢ with 7,y = Z,, for any
p=2,3,... we have

E[e_c(l_a)(mfl)zmﬁ] — E[e_c(l_a)(m—l)zm,a],

as 0 — o0o. Therefore,

E[emzpﬁ_C(l_a)(nzfl)zm,ﬂ] - E[eipr,a—c(l—a)(m,UZm,a] .

It follows that when 6 goes to infinity,

2
Pp(x) = exp{—% var Zp o — icx(l — &) (m-1) coV(Zp.as Zma) }-

Define b, = (1 — @) (m-1) cOV(Zpas Zma) and let Z> = Z, o — cby, it follows that
Z£GZ>Z;@ forp=23,..., asf — .

Using the same method of calculating the characteristic function of finite linear
combination of Z, 4, we obtain

*
Z37a’ ..

(Z26,07 Z3B,07 - ) = (Z*

2,

), as 0 — 0.
For > 0,0 > 1,
exp{—c(1 — &)(m_l)H’ﬁZmﬂ} < max{exp{—c(1 — @) (m-1)Zma}, 1}
From the dominated convergence theorem, we have
E[e(=®6-00""Z50] _ 1,

as 0 — oo. Therefore, (ZQ'Bﬂ, Zgﬁﬁ, )= (Zra, L3, ---), a8 0 — 00, O
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Chapter 5

Transition Function of the
Two-Parameter Diffusion Process

5.1 Abstract

To characterize a Markov process, we rely on three basic tools: transition func-
tion, semigroup and generator. Ethier [I3] derived the transition function of the
IMNA model through an expansion of eigenfunctions. In this chapter, we use this
method to derive the transition function for the two-parameter extension of the
IMNA model. An explicit transition density is given in Section 5.3 with respect to
the two-parameter Poisson-Dirichlet distribution being the stationary distribution of
the process. We give .

Combining this transition density with the two-parameter correlation measure
derived in Chapter 3, we obtain the probability generating function of random sam-
pling from the two-parameter model at a fixed time point in Section 5.4. This result
can be further used to compare with the equilibrium result which corresponds to the
Pitman sampling formula.

It should be noted that this chapter is part of a published paper coauthored with
Professor Feng, Professor Sun and Professor Wang [27], to which the author of the
thesis is an equal contributor. The references of the chapter are indexed to adapt to
the thesis, and therefore they differ from those in the original paper.
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5.2 Introduction

Consider a continuous time Markov process {X;,¢ > 0} with continuous sample
paths and state space S. Such process is also called the diffusion process. Given the
past history up to time s, the conditional probability

P(X; edy|Xs =a,Xy, = 24,,0 <y < s,2,, € S,Vi=1,2,...)
of the process at a future time ¢ is given by the transition function
P(X; € dy|Xs =) = P(s,x,t,dy).
The process considered here is time homogeneous in a sense that
P(s,z,t,dy) = P(0,z,t — s, dy).

For convenience, denote the transition probability P(0,z,t,dy) by P(t,z,dy). The
corresponding Markov semigroup operator is a family of linear operators T;,¢ > 0 on
C(S) the space of continuous functions on S such that

Tof(x) = B[f(X,)] = / F () P(t . dy).

The infinitesimal generator L of the semigroup 7; is defined as

Lf =tim 2 =S

t—0 t

with properly defined domain. Assume that the law of X is given by a probability
measure 4 on S satisfying

/S P(t, . dy)u(dz) = pl(dy)

for any t > 0. Then, the process X; starting with p has the same distribution at
any time as the initial state. Such process is called a stationary distribution and g
is the stationary distribution. Equivalently, under the semigroup 7T; of the process
the stationary measure u satisfies

/S T, f(x) plde) = /S F(&) u(de)
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for f € C(S). Finally, the process with Markov semigroup 7; is reversible with a
probability measure p such that

/S F(@)Trg(w) pu(der) = / 9(0)Tf (z) pu(d)
for all f,g € C(9).

For any 0 < a < 1 and 0 > —a, the two-parameter extension model is a sym-
metric diffusion process taking values in infinite dimensional ordered simplex

voo:{(xl)x27“'):xlZIQZ"'Z(LZI‘Z':l}
i=1

with generator

R 0 - )
L97oé = 5 {Z IZ((SZ — IJ)M — Z(QIZ + O./)ax} . (51)

i,j=1 i=1 v

The domain of Ly, is D(Lga) = span{l,¢s,¢s,...} C C(V), where ¢,(2) =
o2, xl is defined on V4 and extends continuously to V., which is the closure of

Vo in [0, 1]%. The process was first established by Petrov [52] and lately has been
further studied by Feng and Sun [26].

The process is reversible with respect to the two-parameter Poisson-Dirichlet
distribution PD(«, ) which is defined as follows. Let Uy, k = 1,2, ..., be a sequence
of independent random variables such that Uy has Beta(l — «, 6 + ka) distribution
with density function given by

CT(O+1+(k—1)a)

flz) = P — a0+ ko) (1 —2)?Thl 0 < x < 1.

Set
‘/1 :Ul,Vn:(1—U1)---(1—Un_1)Un, n22

Arrange (V4, Vs, . ..) in descending order and denote it as P = (Py, Py, ...). Then the
law of P is called the two-parameter Poisson-Dirichlet distribution.

The case @ = 0 corresponds to the IMNA diffusion model constructed in [15],
where the generator of the process is given by

L UM L ) 52)
N 2 L J 8%18:13] 2 i1 l&ci '

ij=1
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with the same domain of Lg,. The process has the unique reversible measure given
by the Poisson-Dirichlet distribution with parameter 6 i.e. PD(0,6). From [13]
we know that the complete set of eigenvalues of L consists of 0, —As, A3, ..., where
Am =m(m—1+0)/2, m > 2. 0is a simple eigenvalue and for m > 2, the multiplicity
of A, is m(m) — w(m — 1), where 7w(m) is the number of partitions of the integer m.
The transition probability is obtained in [I3] and the transition density also exists
with respect to the invariant measure.

We could compare this model with its labeled version which is the Fleming-Viot
process with parent independent mutation. Let S denote the type space which is
a Polish space and P(.S) be the set of probability measure on S equipped with the
usual weak topology. Cy(S) denotes the set of bounded, continuous functions on S.
Fleming-Viot process is a P(S)-valued process with the generator

Folp)
) = [, f e - wa) i )

+ [ wtana (50 @),

where d¢(p)/op(z) = lime oy € H(d(p + €2) — ¢(p)) and A called the mutation
operator is the generator of a Feller semigroup on C(S). The domain of £ is defined
as follows D(L) = {¢ : () = f({pr,10)s- - (rs ), [ € CF(RF) 01, 01 €
Cy(S)ND(A), 1 € P(S), k > 1}, where (p, ) = [4 @ dp and Cp°(R) denotes the set
of all bounded, infinitely differentiable functions on R. Particularly we consider the
parent independent mutation operator which is given by

(AD)) = 50 [ (F€) = flaDm(de), £ € S (.4

with @ > 0 and vy € P(S). It is shown that the stationary distribution for the labeled
model is the distribution of > .° P;d;, where (Pi, Ps,...) has the Poisson-Dirichlet
distribution PD(0), and &1, &, ... are i.i.d. random variables on S distributed as 1,
independent of (P, P, ...). The distribution of )~°, P;d, is also known as Dirich-
let process. An explicit transition function of the process is obtained in [14] and
transition density does not exist. The transition function implies that the process
concentrates on pure atomic probability measure on S. Stannat [59] shows that a
log-Sobolev inequality holds for the Fleming-Viot process with parent independent
mutation if and only if the number of alleles or type space S is finite.

To associate these two models, we consider the mapping ®(u) defined as the
sequence of descending order statistics of the masses of the atoms of pu. Clearly the
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image of the Fleming-Viot process defined as above under the projection of ® is
exactly the neutral infinite alleles model with generator L characterized by [15]. But
in the case of S = [0, 1], v being the Lebesgue measure, the set of eigenvalues of the
generator £ has one more element —\; than that of L. Comparing these two models,
it implies that the ordering and un-labeling increase the spectral gap by an amount
of 1+0/2.

In the two-parameter case Ly, the structure of eigenvalues and eigenfunctions
are similar to the IMNA diffusion model. The description of this fact will be given
in the following theorem. We aim to obtain an explicit expression of the transition
function. The Pitman sampling formula is of vital importance in our derivation, and
will be presented in the next section with various known properties of this formula.

5.3 Preliminaries

In this section, we summarize several important results that are known or are easy
to derive. First, we need to introduce some notation. Let N denote the set of
non-negative integers. Set a(y) = aj) = 1 and for n € N,

amy =afa+1)---(a+n—-1), apy=ala—1)---(a—n+1), n>1.
For k € N set
Je={it=(n1, -~ ,mp) ENFipy >-oomy, > 2}

and J = Uy~ Jk. Let || =ny + - +ny and o7 = @, - @n,, 7 € Jj. For each
e N, m=(my,...,my) €Ny, set

o _ mi mye
p’rﬁ(x) - : : xil e xi[
i1,...,igdistinct

and
m

pi(x) = (

where m = my + --- +my and o; = #{j : m; = i}. For each n € N define
P, € C(Va x Vo) by

1
o (x), zEVa,
ml---mg>a1!~--am!pm( ) >
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Theorem 5.1. (1) The generator Ly, defined on D(Ly) is closable in C(Vy,). The
closure, denoted by Ly, for notational simplicity, generates a Vo-valued diffusion
process Xg o(t), the two-parameter unlabeled infinite-alleles diffusion process;

(2) The process Xgo(t) is reversible with respect to PD(c,0);

(3) For each k > 1, 7 = (ny,...,n;) in N,

- a)-1))™
/Oo pi(x) PD(o, 0)dx = 9(n) H (0 +ra) ]1;[1 T

where | =3 " aj.

7j=1

Proof. (1) and (2) are obtained in [52]. Alternate proof of (1) using Dirichlet forms
can be found in [26]. The formula (3) is the well-known Pitman sampling formula
(cf. [53]). 0

Let L?(0, ) denote the space of square integrable measurable functions on the
probability space (V, PD(c,0)). Replace 2 with any p > 1, we can define L?(0, «)
and || - ||r(g,) accordingly.

Theorem 5.2. (1) The spectrum of Ly, is {0, —Xa, —As,...}. 0 is a simple eigen-
value and for m > 2, the multiplicity of —\,, is m(m) —w(m — 1), where w(m) is the
total number of partitions of integer m;

(2) Form =0,2,3..., let W,, be the eigenspace corresponding to eigenvalue —\,,
and & denote the direct sums. Then

LQ(ea O{) = @mea

(3) For k> 1, let Jp = {m = (my,...,my) € N* :my >my--- >my > 2}, and
J =UX,J;. The space L*(a,0) has an orthonormal basis {1} U {xm : m € J} such
that {xm : m € J,|m| =m} is an orthonormal basis for W,,.

Proof. The spectrum in (1) is identified in [52] and the multiplicity is verified in [26].
(2) and (3) can be derived following an argument similar to that used in the proof
of Theorem 2.3 in [13]. 0

Now we are ready to give the main result of this chapter.
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5.4 Transition Density Function

We first give the following essential lemma to derive the density function.

Lemma 5.3. For any m = (mq,...,mg) in J satisfying |m| = m > 2, and any
n>m,

/ Po(, Jpa(x) PD(a, 0)(da) — — ")

(7 + ) (m)

is a polynomial of order m — 1 or less.

Proof. Fix m = (my,...,my), |m|=m > 2. Foreach ¢ € N;7i € I, i =n > m,

J pp5 PD(a,0)(dx)
[ s PD(a, )(dx)

INk C+k—
=D | (ATSID SN DR | ((XTRIY (Rt} e . +19)
j=0  t=¢ AC‘E\l‘;J-,k}ofc/)\ngiolyc-)-r;,el}ieA i¢A

Since (No(i) = @) m,) = (=) (1 = @) (m;—1) + 2y Cmir, () (No(i) ), We have

H(na mz) Z Z H (1 — a)(mi—l) Z H szrz na( [T1]7
=0

i€A rca ieA\T Fel'(m,I) i€l
IT|=~
where
F(ﬁi,f‘) = {F: (T’l,...77'k> 01 <r < mi,i S F,?”l :O,Z QF}
Thus,
J pp; PD(a, 0)(dx)
[ p% PD(c,0)(dx)
INk L+Ek—j—1 j
— (6) + ta) Z Z Z Z Z H szn na z) [ri]
j=0  t=¢ AC{1,...,k} 0iA—{1,...,0} y=0 T'CA Fel (m,I) iel
[A|=3 one to one |T|=~
1
(1 = @)(m,-1)
e (n+0)(m)
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By interchanging the order of summation, we have the above

Nk O+k—j— (t— )
= 2 H9+w ) ZZ Ll [ T e

j=0  t=¢ AC{1,....k} y=0 T'CA i@l o T—{1,...,0} (] _7>-

[Al=3 IT|= one to one
> T enn (@) :
Fer(m,T) el ok (n+6)(m

Ak Ck—5—1 j o
= (9+t04)2 Z < 7)( )~ 'Hl—a (mi—1)

j=0  t=t ¥=0TC ... J =7 -7) 1T

1
Z Z Hcmm il - (n+—9)(m)

o:T={1,....} 7el(m,I) i€l

one to one

- Z(ZH 19+ta( :§)<—a>ﬂ' 7_) )N | (RS

=0 \j=y t=¢ FC{l ,,,,, k} igl

1
Z Z H Cmani(@ e (n+6)m)

o:T—={1,....t} Fel'(m,I") i€l

one to one

Also, we have

Ak C+k—j
> T W( ~ 7)oyl

J=y -7

INKk

_ N Otla) O+ Utk == D) (C=7) i

B Jz; (k—7)! (]_7)( Y7k —y)!
Nk Oy (bt k—i—1)/0— B )

) Z;(a | ((O;f—j)! j )(j_z)(—l)J "o (k=)

(E=NEk=) /g )
_ a—f—g—f-k—j—’y—l {—~ .
o E e

k—j—n
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where the last but one equality will be verified at the end of proof. Therefore,

J pp5 dPD(, 0)
Jp3dPD(a,0)

INk
= Y0900+ =10 X J[0-amn XD
=0 rc‘g}‘;{,k} i¢l a;“nﬁicl):);f} rel'(m,I)
1
Lo ey

Thus, we have
| Pute.wipata) aPD(a )
B 1 [ p%psdPD(a,b)
=22 <m1 mk)ﬁ' Bul [ p5dPD(a,0) pa(y)

/=1 ‘nl€fe
Nk
_ zz(ml o) s S L) k- 3
=1 el = rci{i,...k}
|7|=n IT|=~
pﬁ(?J)
0= Y S (@)oo 22—
i¢T am{l ,,,,, &7l (m, ) i€l (n—l—@)(m)

one to one

Nim m 1
- m(mr“mk)mz(e—i_Va)”'(Q‘i‘(k— o)
Z H(1 = @) (m,—1) Z 2 H Coars (

rc‘{l‘ AAAAA k} igT Fel(m,T) "m] Ser
=7

(y el )

SRLALI A e oo
where the expression in the braces is exactly p2(y). To see this, we first notice that
for 7= (r1,...,75), p2(y) is the probability of a random sampling of size r = || from
a population with allele frequencies yy,ys,... with v types and each type contains
r; individuals for 1 < ¢ < ~. The probability of this event can be calculated in an
alternative way. Suppose we select a random sample of size n with ¢ types (¢ > 7)
and each type has n; alleles for 1 < ¢ < ¢. The probability of getting such a sample is
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pa(y). Then we choose v types denoted by o out of ¢ types from this sample. Since

for each type we only need to select r; individuals. the corresponding probability
HiEF( a(z))

nr]

would be . Equating the probability of there two procedures we get

Z Z Z HlEFE:U]Z)Mp (1).

l=yVv1 'rLEIé o:T—{1,...,0}

\n| one to one

In the following we show the proof of the combinatorics identity. To prove
<M>ZA<:M> (§+€+k—j—7—1) (6—7>( 1y — (§+k—1)
we only need to show that

eA(Xk:w)<§+k+€—j—1)(€)(_1)j_<§+k—1) (55)
= k—y—J j k—vy )’ '

where we put ¢ instead of ¢ —~. Consider the Taylor expansion of (1 — x)’(%ﬂ), we

have o
—(e Sty ti—1\
1 — (E+7) o i
(1-2) S (T

i=0
since (1 — )™ = Y00 () (—z)F = 3000, (""" 1) a’. The coefficient of z¥~7 in the

)

7] 9
expansion is (EMZ_]C;”_I) = (5:_":1) which in the right side of (1). In addition, since

(1-— m)*(%”) =(1- a:)’(gM*”’) (1 —2)f, and

(1_ +,€+fy Z( +£+’y+@_1>xl’

=0

g

we have
0o 0
—1 L
(1_x) (£+047) Zz( +£—|—’Y+Z1 )(‘6)(_1)12le+12'
19
11=012=0
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Thus, the coefficient of %77 is

EN(k—7)

o A O L e

7 7
i1+io=k—y 2 i9=0 2

which is the left side of 5.5 Equating the coefficients in these two ways, we got the
identity. O

Let T'(t) denote the semigroup defined on C (V) generated by Lg 4, and {1

s X -
m € J} be the orthonormal basis of L?(6, «) in Theorem . Then for f in C(Vy),
the following equality holds

Tt f(x)= (£ + Y e ™ > (fxm)xm(®),

meJ:|m|=m

where (-, -) denotes the scalar product in L?(6, ). Thus, if

et N xh e L0, ), (5.6)

m=2 meJ:|im|=m

then T'(¢) has a transition density

plt,z,y) =1+ e gy (z,y)
m=2

with

meJ:|m|=m
As in [13], we can show that for any m > 1,
e Wy = span{pz : 1 € {0} U J, |7| < m},
and Lemma can be applied to the orthonormal basis {xz : m € J}, and for any

m,m" € 0U J with m = |mi| < || < n,

m]

———— . (DT
n+6), (5:7)

/ / Po(@,y)xm ()X (y) PD(cv, 0) (dx) PD(, 0) (dy) =
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Write p,(z,y) as a linear combination of {xmz(x)xm (y) : || V |m/| < n}.
follows from [5.7| that the coefficient of x. (z)xm (y) is zero if m # 0. Therefore, we
get a linear expression of p,(x,y) in terms of {g,,(z,y) : m < n}.

P.(z,y) = 1+Z(TLZ[—Z])( > xa@)xay)

Solving g, (z,y) in terms of P,(z,y), yields that for any m > 2,

Qm<13; y) — %_—He Z(—l)mﬁn (:7;) (n + 6)(m_1)Pn<$, y)

m!
n=0

H (0+ic) ¢
where Py(z,y) = 1. Since [ psdPD(a,0) = m!.._n;(il!._an, - [T(1—a)p,—1, it
=1
follows that
On)

1Pl < max (/ ps dPD(ar, 0))""

nel:|m|=n

Then, for m > 2 there exist C,d > 1 such that

O < (em®™.  (5.8)

oo < (2m — 1+ 6) 0)m— <
lanllee < (2= 1460) 30+ Omor 5y

which leads to (5.6 and the following upper bound for the transition density function.

Theorem 5.4. The transition function of the process Xgo(t) has a density function
p(t, z,y) with respect to PD(«a,0) given by

plt,zy) =14 e gu(z,y), (5.9)

and there exists a constant ¢ > 1 such that

p(t,z,y) < cteloedt >0 2,y € V. (5.10)
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Proof. Obviously, (5.6) follows from (5.8) and that A\, = m(m — 1+ 6)/2. So, it
suffices to prove (5.10). Since sup, , p(t,z,y) is decreasing in ¢, we only have to

consider the case that ¢ € (0,1/2]. By (5.8), (5.9) and the fact that A,, = 2m(m —
1+ 6), we have

p(t,z,y) <1+ Z 27" exp[¥i(m)], (5.11)

where

1
U, (m) = —ém(m — 14 0)t+mlog(2C) + dmlogm, m > 2.
Noting that

t 4d
dlogm < mZ —i—dlogT —d,

we conclude that

m2t ca(logt—1)?

U, (m) < 0 +emlogt™ < , te€(0,1/2]

holds for some constants ci,co > 0 and all m > 0. The proof is then completed by

combining this with (5.11)).
g

5.5 Random Sampling at Time ¢

Using the above transition density, we find the transient sampling distribution for
the two-parameter diffusion model. Our result can be seen as a two-parameter gener-
alization of Theorem 1 in [3I]. There the author’s approach is based on the fact that
the IMNA diffusion process can be approximated by the finite alleles Wright-Fisher
model. However, a finite-dimensional approximation of the two-parameter model is
not found yet. Therefore, we turn to use the correlation measure of the two-parameter
Poisson-Dirichlet point process obtained in Chapter 3 in our derivation.

Theorem 5.5. Consider the two-parameter diffusion process X (t) with generator
Loy with initial value x = (x1, 9, ...). The probability generating function

B ufx(0) =«
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of a sample a = (a1, as,...,a,) of size r at time t is the coefficient of ¢" in
“2m—14+0 , & -
Go—i‘mZQTe ;(—1) n (n—I—Q)(m,l)Gn,
where

r —0/a
(1—0421—04111”90/1') )

9)

(—k+
Gm = r!een Z Yn(x (1—&21—allulgp/l'>
k . T
H (1 + z:(nZ - a)(l)gplul/l!>

i=1 =1
Proof. Since the probability generating function is r!x the coefficient of " in
H +Z P Xi(1) w /1| X (0) = x]
=1
Due to the expression of transition density ¢(¢, z,y) we only need to compute

BT+ (0Xi) /)] (5.12)

i=1

and . i
PSF(n)"Efgu(X) JJ(1+ D (eXi) w/1), (5.13)
=1 =1
where n = (nq,...,ng),

80+ a)- 0+ (k— 1))
On)

PSF(D) = (1 —a)(nl,l)---(l —Oé)(nkfl)

and the expectation is taken with respect to the PD(«, 0) distribution. For simplicity
we only give the proof of (5.12). (5.13]) can be computed similarly using the argument
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in Theorem 3.1. Setting g(z) = Y., ¢'z'u;/l! and using the correlation function
obtained in Theorem 3.1, we have

:H1+§:@X Yoy /1))
=1
_ 1+cha9/ HQHQ Z 9+an Ly - - - du,

n =1 Z
= 1+ Z mad Z o H"“l g, D(l — @) - T(l, — a)L(0 + an)
BT =A ll!---ln! b+ -+ 1, +0)

— 1+ i L(0)o" (6 — Py, (1= @) (1 @),

—~ a/ LW T+ + 1, + 6) '
Therefore, the coefficient of ¢" in the above corresponds to the coefficient of " in
the Taylor expansion of G/0,. It is also worth noticing that by letting a — 0, the
limit of Gy is 7“!9(_5 exp{0 >, w'/l}, which coincides with the result obtained by

Griffiths in [31]. This is also true for G,,, m > 2.
g
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Chapter 6

The Quasi-invariant Property and
Its Application

6.1 Abstract

Suppose that S is a Borel space with probability measure p and G is a group consist-
ing of measurable transformations on S. The quasi-invariance of u with respect to
the transformation group GG means that for any element 7' € G , the image measure
T'p and the original measure p are mutually absolutely continuous. We obtain two re-
sults based on the quasi-invariance property of the gamma process a discrete random
measure on S under the multiplication transformation group. Under the induced
transformation on the normalized atom masses, we establish the quasi-invariance
property of the two-parameter Poisson-Dirichlet distribution. On the other hand, we
show the equivalence between the reversibility of a class of measure-valued branch-
ing process and the quasi-invariance property of their stationary distributions with
respect to the multiplication group. In the reversible case, the cocycle of the quasi-
invariance is given by the integral of the drift term along a specific transformation
flow.

6.2 Introduction

A subordinator (z;,¢ > 0) is an increasing process with stationary independent
increments. Assume that (x;) has no drift component, the corresponding Laplace
transform is

Elexp(—Az)] = exp(—t /0 (1 = exp(—A2))A(d2)),
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where the Lévy measure A on (0, 00) is the intensity measure for the Poisson point
process of jumps (x5 — zs_,s > 0). The gamma process denoted by (vs,s > 0) is a
subordinator with Lévy measure given by

A(dz) =z e dz,z > 0. (6.1)
Therefore, the Laplace transform of the gamma process is

1

E[exp{—)\%}] = eXp{—S /000(1 - exp(_)“r))xileixd‘r} = (1 + )\)s’

indicating that the marginal distribution of ~, is the gamma(s) distribution, i.e. for
s>0
P(vy, € dz) =T'(s) 'a* e %dx, 2 > 0,

where I'(s) = [ A te ™ dA.
Another typical subordinator is the a-stable process 7, with Lévy measure

Ao(z,00) =Cx % x>0
for some constant C' > 0, and thus the Laplace transform is
Elexp{—A7s}] = exp{—sK\*}, K =CT(1— «).
In fact, the above pure jump subordinators can be realized as a random discrete

measure
n=>_Zds,

where the sizes of jumps (Z;, Zs, . ..) are distinct points of a Poisson point process
on [0, 00) with mean measure given by the Lévy measure of subordinator. Indepen-
dently, the jumping locations (S, Sa, .. .) forms a sequence of i.i.d. random variables
on a standard Borel space S with a non-atomic probability measure v. As a random
discrete measure on the space (S, v) the Laplace transform of 7 is

Elexp{—({a,n)}] = exp{(log ¥ (a), v)},
where a is an arbitrary non-negative bounded Borel function on S and
ine) =exp(~ [ (1= ")dA)}
0
Here and after (a,n) always represents [, a(s)n(ds).
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Consider the gamma process v(f), which is equivalent to n = Y Z;d, with the
Lévy measure A(dx) = 0z~ ‘e %dx,z > 0. Its Laplace transform is given by

Elexp{—({a,)}] = exp{—0(log(1 + a),v)}.

Denote the law of the gamma process 1 by P,.
It follows that the law P, is concentrated on the cone

D:{Zziési:zi >0,s; GS,Zzi<oo}

consisting of finite positive discrete measures on S with infinite number of atoms and
equipped with the usual weak convergence topology. We decompose n = > Z;dg, into
two components as

n= (77’ 77(5 ))7

Z;
27
normalization, and the second denotes the total mass ) Z;.

Furthermore, the normalized random measure 7 = ) | ZZ%J- ds, = > Y0, called
the Dirichlet process is independent of the total mass of n(S) = > Z; = v(#). Denote
the distribution of 7 as Ily,. The Dirichlet process has extensive applications in the
Bayesian statistics (see e.g. [29]).

Consider the following transformation on M(S) i.e. the space of finite positive

Borel measures on S with the topology of weak convergence:

Man(ds) = a(s)n(ds),

where the first coordinate 77 = ds, = Y Yidg, is the probability measure after

where a belongs to the space of nonnegative bounded measurable functions on .S with
infs a(s) > 0. The induced transformation on P(S) the set of probability measure
on S with weak convergence topology is given by

Sail(ds) = a(s)n(ds)/(a, n).
Note that both M, and S, form a transformation group on M(S) and P(S):
Moy = Mo(Men),
and
Sa+v1 = Sa(Sp1])-
In particular, (M,)™" = M -1 and (S,)™" = S,-1. [62] and [63] show that for the

gamma process the image measure M, P, and P, are mutually absolutely continuous
and the density is given by

M,P,
P,

(dn) = exp{—(loga,v) — (a™' —1,9)}, P, —a.s..
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For the Dirichlet process Ily,,, the quasi-invariance also holds with the density given
by [35] as
SaHG,I/

H—(dﬁ) = exp{—0(loga, ) +log(a *,n)}, Ty, — a.s.. (6.2)
0,v

)

Denote the cone
C={z=,ye. ) >2y2>-- ZO’Z% < oo} C

We define a map T': D — C' by arranging the atom masses in decreasing order

T?’]:(Zl,ZQ,...), if U:ZZiési,

and
Tn=(n/Y 222/ z..) =Y.

When 7 is the gamma process, the corresponding 7 has the law of the Poisson-
Dirichlet distribution with parameter . In the same manner, the PD(«,0) distri-
bution can be derived as the law of T'n when 7 is the a-stable subordinator.

In [62] the authors use this property to show the quasi-invariance of the Poisson-
Dirichlet distributions denoted by PD(f). The induced mapping on the ordered
atom masses (Y1, Ys,...) of the Dirichlet process is defined as

S.Y = D(a(S)Vi/p, a(S2)Y/p....),

where p = > a(S;)Y; and ® is a map that arranges the coordinates in non-increasing
order. It is easy to see that S, also forms a transformation group on the ordered
infinite-dimensional simplex space

Voo ={n 92, )in 2> 20, yi =1}

with topology inherited from [0, 1]°°.

Under the mapping S,, it is shown that the image distribution S, PD(0) is equiv-
alent to the PD(6) distribution. Furthermore, Arguin [2] utilizes this transformation
to characterize the PD(«,0) distribution. He shows that the PD(a,0) distribution
is invariant under S, with proper multiplicators a. Here, we further show that the
quasi-invariance of the two-parameter Poisson-Dirichlet distribution PD(«,6) still
holds with respect to the transformation group S, parametrized by bounded Borel
measurable functions a on S with infs a(s) > 0 and a sequence of i.i.d. v distributed
random variables S1,S5,... on S.
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6.3 Quasi-invariance of the PD(a,0) distribution

First recall the definition of the two-parameter Poisson-Dirichlet distribution. For

0<a<land® > —a,let Uy, k =1,2,... be a sequence of independent random

variables such that Uy has Beta(l — «, 0 + ka) distribution with density function

given by

f(2) = 1;(6+1+ (k—1)a)
(1 —a)'(0+ ka)

Set (V1,Va,...) as

r7(1 —x)fthel 0 < < 1.

‘/1 :Ul,Vn: (1—U1)"'(1—Un_1>Un, n22 (63)

Arrange (V1, V4, ...) in descending order and denote it as P = (P, P»,...). Then
the law of P is called the two-parameter Poisson-Dirichlet distribution denoted by
PD(c,0). The law of (Vi,V5,...) is called the two-parameter GEM distribution
denoted by GEM (a,6). PD(«,#) is a probability concentrating on V. PD(0,0)
corresponds to the Poisson-Dirichlet distribution with parameter PD(0).

The a-stable process on the space (S,vy) with 19(S) = 1 is a subordinator with

Lévy measure
ca

dhy = —2 _ga-14
ri—a'

where x > 0,0 < a < 1 and ¢ > 0. Denote the law of the a-stable process by ..
The Laplace transform of Py, is

Epo [exp{—=(b, 7)}] = exp{—c(b*, 1)}

for an arbitrary nonnegative measurable function b on S with (b, 1) < 0o. Consider

(M,7)(ds) = a(z)7(ds) such that a is a bounded nonnegative Borel measurable
functions on S with infy a(s) > 0. Then the Laplace transform of M, P, is
Bupprolexp{=, 7} = Eppo lexp{—(ab, 7)}]
= exp{—c(a®b”, 1)}
Clal/g
= —cAy(b*
exp{—cAa(r", 0))

= Epug [exp{—(b, 7)}],

a,cAq

where A, = (a*, vp) and v§(ds) = a®(s)vy(ds)/Aa. Therefore, we have the following
equivalence of the distributions

M.P2 = P, . (6.4)
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Pitman and Yor [57] show that the two-parameter Poisson-Dirichlet distribution
PD(«,0) with 6 # 0 is absolutely continuous with respect to the PD(«,0) distribu-
tion. Namely, consider the law P7° which has the density

PC’ZO Ca.0
a, d — a,
P, () = gy

0/a _L(0+1)
T(@/at1)"
The simplicial part 7' where n distributed as (P;:ZO) has the two-parameter Poisson-

Dirichlet distribution PD(a,6). This is essential obtaining the main result.

with respect to the a-stable law P)°.. Here the normalizing constant c, g = ¢

Theorem 6.1. Suppose that {S;,i = 1,2,...} is a sequence of i.i.d. vy distributed
random variables on a Borel space S and a is is a bounded nonnegative Borel measur-
able functions on S with infsa(s) > 0. Independently, set P = (P;)2, ~ PD(«,0)
and S,P = ®(a(S1)P1/p,a(S2)Py/p,...), where p = > a(S;)P;, ® is a map that
arranges the coordinates in non-increasing order. Then the two-parameter Poisson-
Dirichlet distribution PD(«,0) with 6 # 0 is quasi-invariant under the operator S,
and

S.PD(a,0) o) 1 /00 p1 T a1 (Xo Vs
Ta” A7) — (g% a_— | | Eoole o0 (Xopil s,
PD(a, 0) (dp) = {a®, o) T0) J, o 11 Vg e |do

Proof. Since the simplicial part T'(Py,°) and T'(Py¢,) correspond to PD(a,f) and
PD(a,0) distributions for 6 # 0. Therefore, we have

HSasr

)iz = EMGPS‘;O[(I)(T(n))]
= Epero[®(T(Man))]

= B [9(T(Ma)) 2]
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We further have the above equals to

B [T ()]

Py Ag/a<a71’77>9

N 1
= Eppo)[P((P))) Epgy~|

AN a1 (SR’

Ik

This means that

SePD(c,0) 1
o (@) = Ewg)= )
PD(a,0) AT (S e (somy
where 1/A2/a = (a®, 1)~ Using A% = [© ({,9(;)1 e *do we can rewrite
1 > o1 ~1
E pQ)oo = E pa)oo G_Uza (Si)pidg
e = 5ol T |

1 /OO 6—1 = —oa=1(S;)p;
e o El/a [6 oa ( 7’)pz:|d0-.
@y 1L

Therefore,

SePD(a, )

1 Oo = -1
dn) = (a® —0/a 6—-1 E,ole™" (S0Pi] 1o
PD(a,0) P = (%m0l r(@)/o 7 Hl sle o

Remark 6.2. Tt is easily seen that when 6 = 0, the density equals one, which means
that S,P,¢ and P, ¢ are identically distributed which coincides with Arguin’s result
[2]. On the other hand, by letting o — 0, we have

(a®, vo) ™" — exp{—0{log a, 0)}

and v§ = 1y when o = 0. This means the density we obtained is consistent with
that for the Poisson-Dirichlet distribution PD(6) [62].

6.4 Reversibility of Branching Processes

Recall that the Dirichlet process Ily, is the stationary distribution of Fleming-Viot
process with parent independent mutation defined as follows. Let S denote the type
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space which is a compact Polish space, and P(S) be the set of probability measure on
S equipped with the usual weak convergence topology. Fleming-Viot process (FV)
with parent independent mutation is a P(.S)-valued process with the generator given

by
[ - S5 s (28

where d¢p(u)/ou(x) = 11155r e H(p(p + €d,) — d(u)), and mutation operator
e—

D) = 30 [ (40 = rlawtae).

Here and after, we always assume v is a probability measure. The domain of L is
given by the space of function ® of the form ® = P((fi,p), ..., (fn, p)) where P is
a polynomial function with n variables and fi,..., f, € D(A). Handa [36] used the
quasi-invariance of Ilp, to characterize the reversibility of F'V process with parent
independent mutation. Reversibility means that the FV process is reversible with
respect to Ily, i.e.

/ ()LD ()Tg (dp) = / LSy, (dp), 6 € Dom(L).

The condition for FV process incorporating mutation and selection to be reversible
was dealt with by Li et.al. [48]. Handa [36] solved a more general case, in which he
considered the recombination factor.

The gamma process is the stationary distribution of a typical measure-valued
branching process with immigration. Together with F'V process, they are two typical
superprocesses. Readers can refer to [6] for a general account of superprocess. A
measure-valued branching diffusion with immigration (MBI) takes values in M(S),
the set of finite positive Borel measures on S with the topology of weak convergence.
The generator of MBI is

. 1 0*p() dp(p) 1 o (k)
ﬁwm0—5Aﬂ@mw()+§¢L<mgmw—ixéu@wwwy (6.5)

where A € R and 6, v is defined as above. As pointed by Shiga [58], the above process
is reversible with respect to the gamma process P, when \ = 1.
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Here we look into a general branching process with immigration p; with the
following generator:

i = [ u(dx)a(x)iﬁ’;ﬁ + [ ntan) [ ntesas)(n+58) - Pl
OF () OF (1)
—s ) [ ) — ) St (6.6)
+ [t o)

where the domain of L is
D(L) = {F () = ®((fr, 1), - (frp))in > 1, fi € D(A)[)C(S), € CF(RM)},
In this case, the branching mechanism can be characterized as follows. Define
U(z,\) = —a(z)\? + /000(1 — e — \s)n(z, ds) — b(z)\,
where a > 0,a,b € C(S),

o0
sup/ s A s’n(x,ds) < oo
zeS Jo

and
(x,\) — / (1—e™ — \s)n(w,ds) € C(S x Ry).

The solution of the following equation

5¢5_if) = Ay (f) + W(z, (),

with ¢y (f) = f gives the Laplace transform of p; in the form of

B, e ) = exp{— / (Wa(f),v)ds — (W(f), )}

The corresponding Carré du champ is

NF.Q) — %{L(FG)—LF-G—F-LG}
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where F,G € D(L). In order to satisfy the following equation
INFH,G)+T(HG,F)—-T(H,FG) =2HT(F,Q), (6.7)

which is essential in our proof, we have to set n(x,ds) = 0. Suppose that the process
L is reversible with respect to some measure IT on M(S), which is equivalent to say

/@qudn = /\I/Ld)dl'[, ®, 0 e D(L).

Define
(fre(p) = (fiv) = (bf, w) + (Af, 1)

and

A(fo) = / (F fa, (Suy () dus (6.8)

where S;u(dr) = e’ p(dx). Sy forms a transformation group on M(S), where f is a
bounded measurable function on S such that

Stpgtt = S§(Sep),

and (S;)™' = S_;. Let K be a linear subspace of bounded measurable functions of
S and A : K x P(S) — R be such that for each f € K the function p: u — A(f, )
is Borel measurable. Next we will try to show that IT o Sy and II are equivalent and
the density is given by ef#) for f € K. It means that II is K-quasi-invariant with
cocycle A(f, ). As a result, A(f, ) has to satisfy the cocycle identity:

A(f +g,1) = A(f, Sgp) + Alg, ).

So as to let A defined by satisfy the cocycle identity it can be seen that
A= 0. In this case, A(f. 1) = (f/a,v) — {(e/ — 1)b/a, ).

Theorem 6.3. Suppose the branching process with immigration {v,,t > 0} is defined
by generator L with A =n =0 and a,b € C(S),a > 0. The domain of L is
given by

D(L) = {F(:u) = (I)<<flaﬂ>> SRR <fnnu>)§n > 1afi € O(S)-H(D € Og<Rn)}

Let 11 be a Borel probability measure on M(S). Then L is reversible with respect to
IT if and only if II is quasi-invariant under the transformation Sy with f a bounded
measurable function on S and density given by e defined by .
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Proof. We first show that the reversibility implies the quasi-invariance. Define

e = Sfatf,u

and

By(11) = D) = D((frr jte)- - (s 1))
where ® € D(L), f; € B(S),i=1,2,...,n. Set

2) = [ ®lue ().
We will obtain the quasi-invariance by showing Z'(t) = 0. First we note that

d "L 0D
aq)(#t) = 2 o, (fi(=af), pe)

and .
(5q)t</,l/) - a@ 4 7atf

Spu(x) — axifle

As a result, the above two identities lead to

5P, (1) "L 00 "L 00 d

Sa) = (af fie™ ) = 3 g {af Fispe) = =5, (m).

i=1 =1

Therefore,

Math) = [ .Sy )
(f, c(S——wats (1)) du

(f, C(S—uatf(:u)))du

From this, we have
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Define @, (1) = ®(p;)e 244 Then we obtain the following

(S(i)t(,u) _ 5@%(#) o Matf ) (ft(,u) /t 5<5f7 ?(/;u) du,
0 HAT

and

<af55(it(u) M> _ <af($(1)t<,u) : M>€—A(atf,,ut) _ Ci%(,u) /0 <af6<f70—(’uu)>7 M>du

(x) 6p1() ()
= L) N ) ()} — ()
Therefore,
20 = [ SN ()l )
= [ a4 U)o c)) = i) el )
= [ —af ) = ) ).

Let U(p) = (f,u). Then LY (u) = (f,c(n)) and fsi((g)) = f(x). The above is equiva-
lent to

Z'(t) = /—F(i)t,\lf) — &, LU II(dp).

Clearly, ®,, ¥ € D(L). If L is reversible w.r.t. the measure II(du), then Z'(t) = 0.
Therefore, Z(1) = Z(0) which is equivalent to

[ o(Sagme S = [ @),

Thus, we have

[ v s = [ o)
for any f € B(S). Replacing ®(u) by ®(u)e*f#) | we have
[ v gmmidn) - / D () T (),
Le. [®(u)IToSy(du) = [ P(u) I(dp).
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Secondly, we try to show the above quasi-invariance implies reversibility. From
the above argument, we can see that if Il o Sy < II with the density eM) | then
Z(t) must be a constant. This induces that Z'(¢) = 0. Hence

0=20) = [ ~af )~ S i)

Therefore,

0— / _1(®,0) — BLITI(dp), (6.9)

for & € D(L) and ¥ = (f, ). Suppose W(n) = Wi(u)W2(u) = (f1,p){f2, ). Using
, we have

—/@L(\Ill\lfg)l'[(du) - /@{_mxpl,\pg) C LU, - Uy — U, LU, I(dp)
_ _/(r(wl,\y2)+r(w2,xy1) (@, Uy W) TT(dp)
+ / D(@Ty, Ty) + D(®s, U, )TI(dp)
- /r(q>,w1qf2)n(du).

This indicates that holds for W(pu) = [[7,(fi, ), for f; € C(S). Therefore,
holds for ¥ € D(L). 0

Example 6.4. Consider the following generator:

LiF) = 5 [ 05 g [ Olde) — dulda))3

where a(z) = 1, v(dz) = Svy(dz), vo € P(S) and b(z) = 4, A = 0. The cocycle

Al

A(fp) = <f/%»91/o/2> —((e/ ~ D5/5:m) =0(fv0) = Mel =1, p).

On the other hand, it is known that L is reversible w.r.t. the random measure Fé‘;jg
whose Laplace transform is given by

/ =T (dpn) = exp{—0{log(1+ A" f), o) }.
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Then, we have

/e (9.8 sm I‘A 1(d,u) = /e fe” fgﬂreuo(dﬂ)
= exp{—0(log(1+ X "'e g), 1)}
= exp{—0(loge™ +log(e/ + A7'g).0)}
= exp{O(f, )} exp{—0(log(1 + )\—1(/\ef +9— ).}

— exp{00f.10)) / ST (4

which also gives the density of T'),’ o ©5F Wt I‘é\;j; is exp{0(f, vp) e~ A

Remark 6.5. The quasi-invariance property of the gamma process was also considered
by Stannat [60]. He associated this property with an analogue of the Cameron-
Martin-Girsanov theorem for the classical Wiener measure. The transformed gamma
process is the symmetrizing measure for the process whose generator is a first-order
perturbabtion of the original one.
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Chapter 7

Summary

In this thesis we study the impact of various influential factors on the population
evolutionary process.

In Chapter 2, we study the limiting distribution of age-ordered family frequen-
cies of a linear birth process with immigration as time goes to infinity. The result
shows that the cumulative effect of time let the distribution of age-ordered family
proportions converge to the two-parameter GEM distribution.

In Chapter 3 we first use the sampling formula to derive the Laplace transform of
the two-parameter Poisson-Dirichlet distribution. Also, the sampling formula is de-
rived from the Laplace transform. This indicates the robustness of sampling formula
which is used a basic tool in statistical inference of population genetics. Further-
more, letting mutation rate go to infinity we obtain a Gaussian limit distribution of
the scaled homozygosity functions for the IMNA model at a fixed time. Since there
exists a similar behavior at the equilibrium state, we conclude that with any starting
point the model will look like its equilibrium in a finite time under the influence of
large mutation. In the end of Chapter 3, we use the sampling formula of the selection
model to derive the Laplace transform.

The selection impact is further studied for the two-parameter model in Chapter 4.
We consider the selection intensity given by different powers and study the limiting
behavior as mutation goes to infinity. The asymptotic behavior for the two-parameter
Poisson-Dirichlet distribution with selection looks like the neutral model. Therefore,
the impact of selection is hardly detected when mutation rate and selection intensity
both approach infinity.

Chapter 5 considers the generalized two-parameter infinite alleles model. The
behavior of the model at finite time is described by the transition function, which
is absolutely continuous w.r.t. the stationary distribution PD(c,#). The transition
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density is derived by the eigenfunction expansion. With the transition density we
find the probability generating function of random sampling from the two-parameter
extension model at a fixed time, as a comparison of the sampling formula at equilib-
rium.

In the last chapter, we establish the quasi-invariance property of the PD(«, 0) dis-
tribution with respect to the Markovian transformation group. In the other aspect,
we show the equivalence between the reversibility of a class measure-valued branch-
ing process with immigration and the quasi-invariance of its invariant measure with
respect to the multiplication transformation group. This conclusion implicitly es-
tablishes the connection of the stationary distribution under two different kinds of
mappings.
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