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Abstract

Canonical Correlation Analysis (CCA) is one of the multivariate statistical methods

that can be used to find relationship between two sets of variables. I highlighted

challenges in analyzing high-dimensional data with CCA. Recently, Sparse CCA

(SCCA) methods have been proposed to identify sparse linear combinations of two

sets of variables with maximal correlation in the context of high-dimensional data.

In my thesis, I compared three different SCCA approaches. I evaluated the three

approaches as well as the classical CCA on simulated datasets and illustrated the

methods with publicly available genomic and proteomic datasets.
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Chapter 1

Introduction

1.1 Recent Advances in High Dimensional Data

Due to advances in understanding complexities arising from high-dimensional data

over the past few decades, more robust statistical and computational methods have

been proposed to analyse such data. Novel modern approaches help us in more

efficient ways of interpreting the data and one such approach is sparseness. Let us

start with review of some classic multivariate statistical methods that can be used

with high-dimensional data.

Partial Least Square (PLS) is a method that combines and generalizes features

from multiple regression and Principal Component Analysis (PCA). It is most com-

monly used when we wish to predict a set of dependent variables from a large set of

independent variables. It was introduced by H. Wold (1966) in social science studies.

Principal Component Analysis (PCA) is a multivariate statistical method that
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helps in reducing the dimension of data. It produces a smaller number of uncorrelated

variables known as principal components which are obtained from transforming a

number of possible correlated variables. It was proposed by Karl Pearson (1901).

Linear Discriminant Analysis (LDA) is a commonly used method for data clas-

sification and reduction and is closely related to PCA. This method maximizes the

ratio of between-class variance to the within-class variance in any particular data

set, thereby guaranteeing maximal separability (Fisher 1936).

Canonical Correlation Analysis (CCA) is one of the classical methods used to find

correlation between linear combinations of two sets of variables. It was proposed by

H. Hotelling (1936). It helps in finding pairs of linear combinations between two sets

of variables that are maximally correlated where the two sets of variables come from

same or different measurement.

In some of the recent literatures in genomic studies the main emphasis is on

finding relationships between two or more view on the same data as the analyses

motivate researchers to attain good understanding of their biological relationship (Le

Cao et al. 2009). The relationship between two sets of variables can be studied one

at a time but it leads to high false-discovery rates and is biologically not interpretable

(Parkhomenko et al. 2007).

The linear combinations in PCA involve all of the variables in a dataset. In

high-dimensional data, where we have more than a thousand variables in a set,

interpreting each principal component which is linear combination of all variables

is very difficult. Therefore a better interpretation of data is required via sparseness

where we will force some of the variables to zero that don’t have any significant

2
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effect in the solution and end up considering only a few variables. Zou et al. (2006)

first introduced Sparse Principal Component Analysis (SPCA). It considers all of

the variables in a dataset but forces some to 0, therefore resulting in a smaller set of

variables. SPCA produces principal components with fewer variables which helps in

better biological interpret-ability.

For cases when we have two sets of variables we cannot use any of the above

methods. CCA enables us to find linear combinations of two variable sets say X

and Y that are maximally correlated with each other. However, in the case of high-

dimensional data there is an issue of interpreting the canonical variate. The classical

CCA is a linear combinations of all the variables present in X and Y . Researchers

might be interested in only fewer variables in each set that have an important effect

in obtaining those linear combinations which result in maximal correlation.

Let us consider that there are 1000 variables in X and 1500 variables in Y ,

which is a common case when looking at gene expression and proteomic data. To

find the canonical variates is not very difficult but to interpret them is not so easy

as some of the variables present in each set might be attributed to noise. Hence a

modified approach to Canonical Correlation Analysis is necessary to analyse the data.

Recently, Parkhomenko et al. (2009) proposed a novel way of interpreting data with

the above problem, namely Sparse Canonical Correlation Analysis (SCCA). Later on

Witten et al. (2009) provided a method which helps us to find canonical correlations

for two or more sets of variables. Lee et al. (2011) introduced another approach to

SCCA with a different penalty function.

In recent years, there have been a few important methodological advances in

3
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CCA that helps in addressing the key issues that have been outlined above. But only

limited comparative work has been done to evaluate some of the approaches to SCCA

methods. Hence in my thesis I was interested in comparing three novel methods

with different penalty and optimization algorithms, proposed by Parkhomenko et al.

(2009), Witten et al. (2009), and Lee et al. (2011). I present simulation studies to

compare these methods and I provide a real data application to gene expression and

proteomic data. There have been few other SCCA proposed algorithms and penalty

functions in the field of machine learning, for example Hardoon et al. (2007) but I

will focus on comparing the above three methods.

1.2 Organization of the thesis

In Chapter 2, I discuss principal component analysis and canonical correlation anal-

ysis: How is CCA more valuable than ordinary correlation and PCA?

In Chapter 3, I begin by reviewing a few approaches to SCCA: How sparseness

makes a significant effect in the overall results. I constructed a literature review of

the methods proposed by Parkhomenko et al. (2009), Witten et al. (2009) and Lee

et al. (2011).

In Chapter 4, I evaluate how effective the different methods work under different

scenarios and their algorithms using simulation studies.

In Chapter 5, I use a real dataset to illustrate the three approaches.

The thesis finishes with discussion about the SCCA methods in brief and my

future research interests.

4



Chapter 2

Methods

This chapter starts with an introduction to Principal Component Analysis (PCA)

and proceeds with some background to classical Canonical Correlation Analysis

(CCA) and discusses key issues when we have high dimensional data.

2.1 PCA and its Extensions

One of the classical methods that are available for dimension reduction of a dataset

is Principal Component Analysis (PCA), in which we obtain linear combinations

of the variables using variance-covariance structure that have maximum variance.

But there are few restriction when we use PCA. One of them is it deals with only

one set of variables. The most important drawback of PCA is that each principal

component is a linear combination of all variables in the dataset which ends up being

very difficult to interpret.

5
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In recent literature, PCA has become popular as a method of analysing high di-

mensional genomic data but interpreting the principal components which are linear

combinations of all the variables in the dataset is very difficult. There were few

methods proposed to address this issues. One among them is Sparse Principal Com-

ponent Analysis (SPCA) where only a sparse set of parameters are included in each

principal component for better interpretation. Elastic net (Zou and Hastie 2005) is

one approach by which sparse principal component can be obtained. The main idea

of these methods is to view the original problem as a regression problem and use a

penalty function to find sparseness.

In genomic studies, for example, biologists may be interested in comparing two

sets of variables or finding a relation between two datasets coming from the same

or different subjects (e.g. Parkhomenko et al. (2009)). Hence using PCA or SPCA

will not help us in finding the relationship between two sets of variables. Instead,

Canonical correlation analysis (CCA) can be used to identify and quantify the linear

relationship between two sets of variables.

2.2 Canonical Correlation Analysis

CCA helps in finding the relationship between two sets of variables. Despite lack-

ing popularity in early introduction, the rapid growth in the statistical software

packages has improved the use of CCA rather more effectively and efficiently. To

explain CCA, Hotelling (1936) provided an example of relating arithmetic speed and

arithmetic power with respect to reading speed and reading power of seventh-grade

6
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children received on their four tests. One of the main properties of CCA is that the

affine transformation of variables is invariant (Borga et al. 1997). This property dif-

ferentiates CCA from ordinary correlation analysis where the latter highly depends

on the variables that are specified.

Compared to ordinary correlation, we can see that canonical correlation squared

is the percent of variance between two set of variables. Adding to that, Canonical

correlation tells us how strong the relationship is between two sets of variables. It

also helps in finding how many dimensions are required for the relationship (Bhatia

2007). The main aim of CCA is to find those pairs of linear combinations which lead

to the highest correlation. The pairs of linear combinations are called the canonical

variables, and the correlation between them are called canonical correlations. The

linear combination is extracted and it will be repeated with the residual data to find

the second linear combination that is uncorrelated with the first set of variables. As

many linear combinations are produced until an extracted linear combination is not

significant.

Canonical Correlation Analysis is part of the multiple general linear hypothe-

sis family and also shares most of the assumptions of multiple regression such as

linearity of relationships, interval or near interval data, homoscedasticity, lack of

multicollinearity, proper specification of model, and multivariate normality for pur-

poses of hypothesis testing (Bhatia 2007). Often it can be noticed that researchers

come across problems due to high dimensional data where they are unable to under-

stand the dependency structure, how to do dimension reduction, or how to construct

a subset of good predictors from the variables.

7
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Our interest is to find association between two different sets of variables from

same observations. Let there be n observations for both sets of variables. The first

set has p variables and it is represented by a (n x p) matrix, X. The second set

has q variables and it is represented by a (n x q) matrix, Y. For convenience and

computational purpose, let us assume that p ≤ q.

X=


x11 · · · x1p

...
. . .

...

xn1 · · · xnp

 Y =


y11 · · · y1q

...
. . .

...

yn1 · · · ynq

 ,

where the mean and variance of X and Y are written as µx , Σxx and µy , Σyy,

respectively. The total covariance matrix between X and Y can be written as follows:

Cov(X, Y ) =

 Σxx Σxy

Σyx Σyy

 ,

where µx and µy are assumed to be 0, and Σxx and Σyy are variance-covariance

matrices of X and Y , respectively, and Σxy = ΣT
yx is the covariance matrix between

X and Y . Let A and B be the corresponding linear combinations of X and Y , given

by

A = Xa, B = Y b,

where a and b are some pair of coefficient vectors which are (p x 1) and (q x 1)

respectively. Also V ar(A) = aTΣxxa , V ar(B) = bTΣyyb and Cov(A,B) = aTΣxyb.

We choose a and b such that maxa,b Cor(A,B) = aTΣxyb = ρ1 subject to constraints

aTΣxxa = 1 and bTΣyyb = 1 (Johnson and Wichern (2007)).

8
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The canonical correlation between X and Y is obtained by solving the eigenvalue

equations

Σ−1
xxΣxyΣ

−1
yy Σyxa = ρ2a (2.1)

and

Σ−1
yy ΣyxΣ

−1
xxΣxyb = ρ2b (2.2)

where eigenvalues ρ2 are the squared canonical correlation coefficients and the eigen-

vectors a and b are normalized basis vector. Here, we can notice that the two matrices

Σ−1
xxΣxyΣ

−1
yy Σyx and Σ−1

yy ΣyxΣ
−1
xxΣxy will have same eigenvalues but different eigenvec-

tors. The total number of non-zero solutions to the above mentioned equations will

be less than or equal to the smallest dimensions of X and Y i.e., if there are 4 vari-

ables in X and 5 variables in Y then the maximum number of canonical correlation

coefficients is 4.

It is enough to solve either equation (2.1) or (2.2) as they are related to each

other by

Σxyb = ρλxΣxxa (2.3)

Σyxa = ρλyΣyyb (2.4)

where λx =

√
bTΣyyb
aTΣxxa

and λy = λ−1
x (Borga et al. 1997).

The covariance between variables in one set with variables in the other set is

represented by Σxy or Σyx, i.e., Σxy represents the relationship between X and Y

which contains pq elements which is replaced by min(p, q) canonical correlations that

concisely explains the relationship between X and Y . It can be noticed that when p

9
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and q are large it is very difficult to interpret or to compute Σxy. Also Σ−1
xx , Σ−1

yy may

not exist, This situations arise when the number of variables in each set is larger

than the number of observations and when there is multicollinearity.

Due to the high volume of data available in recent years, using the classical

methods for analysing such data is not appropriate and interpreting the data is

biologically not feasible. Hence modified approaches to existing classical methods are

highly recommended to best use the data. In my thesis, I compare three modified

CCA approaches.

2.3 Relationship with other Linear Methods

The two eigenvalue equations (2.3) and (2.4) can be written together as a one eigen-

value equation:

C−1Dê = ρê,

where C =

 Σxx 0

0 Σyy

 , D =

 0 Σxy

Σyx 0

 and ê =

 λxa

λyb

 (Borga et al. 1997).

When we solve for the eigenvalue in the above equation with slightly different ma-

trices, we will get solution to PCA, PLS and multivariate linear regression (MLR).

The matrices are as follows:

10



M.Sc. Thesis - Sathish Chandra Pichika McMaster - Mathematics & Statistics

Table 2.1: Matrices C and D for PCA, PLS, CCA and MLR

D C

PCA Σxx I

PLS

 0 Σxy

Σyx 0


 I 0

0 I


CCA

 0 Σxy

Σyx 0


 0 Σxy

Σyx 0


MLR

 0 Σxy

Σyx 0


 Σxx 0

0 I
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Chapter 3

SCCA Literature Review

As the number of statistical softwares increased, the usage and capability of some

classical multivariate methods such as Discriminant Analysis, Principle Component

Analysis (PCA) and Canonical Correlation Analysis (CCA) have become more simple

and efficient. In analysing high dimensional data with one set of variables we could

use PCA, but it is limited when we have p >> n. This problem has been addressed

with Sparse Principle Component Analysis [Zou et al. (2006), Johnstone Lu (2004)].

With a growing number of large scale genomic data the focus these days have

been in finding the relationship between two or more sets of variables. One of the

classical methods that can be used in cases when we have two set of variables from

the same subject is CCA but it lacks biological interpretation for situations in which

each set of variables has more than thousands of variables. This issue was first

addressed by Parkhomenko et al. (2009) who proposed a novel method for Sparse

Canonical Correlation Analysis (SCCA).

12
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Recently there are a few other proposed methods to find relationship between

two sets of variables based on different penalty functions but there are very few

comparative studies that have been done so far. A few of the proposed methods are

Waaijenborg et al. (2008) who used SCCA to find relationships between the effect

of copy number alterations on gene expression and progression of glioma, Witten

and Tibshirani (2009) used SCCA to find association between gene expression and

array comparative genome hybridization (CGH) measurements, Parkhomenko et al.

(2009) and Waaijenborg et al. (2009) used SCCA technique to find correlation be-

tween Single-nucleotide polymorphism (SNP) and gene expression data, and Lee et

al. (2011) used SCCA approach to find association between gene expression and

proteomic data.

3.1 Sparse Canonical Correlation Analysis

SCCA approach is an extension to classical canonical correlation analysis. Despite

both methods focusing on finding correlation between two sets of variables, classical

CCA involves all the variables in both the data sets, whereas SCCA results in fewer

highly significant variables. Hence, the results from SCCA are more robust compared

to that of CCA. Also the classical methods which contain the entire variables from

both sets lack biological interpretation, and are statistically prone to high false-

discovery rate (Parkhomenko et al. 2007).

SCCA was first introduced by Parkhomenko et al. (2009) in which a sparseness

parameter controls how many variables will be included from each data set. Later it

13
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was extended by others by adjusting the penalty function; some of these extensions

are explained later in this chapter.

Let us consider that there are p and q variables in the sets X and Y , where X

and Y are measured on n individuals.

X =


x11 · · · x1p

...
. . .

...

xn1 · · · xnp

 Y =


y11 · · · y1q

...
. . .

...

yn1 · · · ynq


Consider the linear combinations A = Xa and B = Y b for some a and b which are

p and q elements respectively, then we could write V ar(A) = aTΣxxa and V ar(B) =

bTΣyyb and Cov(A,B) = aTΣxyb We choose a and b in such a way that

maxa,b a
TΣxyb subject to constraint aTΣxxa = 1 and bTΣyyb = 1

which is the CCA proposed by H. Hotelling (1936). The above criteria requires find-

ing eigenvalues and eigenvectors which has been explained in the previous chapter.

In high-dimensional data it is not feasible to use as a and b as they are not sparse

and, when p(q) >> n, the eigenvectors are not unique. In genomic data, where

p(q) >> n we are interested in only few variables to be included for better under-

standing of the data. Hence the SCCA criterion is obtained by adding some penalty

function as follows.

maxa,b a
TΣxyb subject to constraints a

TΣxxa ≤ 1, bTΣyyb ≤ 1, P1(a) ≤ c1, P2(b) ≤ c2,

where P1 and P2 are penalty functions and they are chosen such that sparse a and b

are found.
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3.1.1 SCCA Approach of Parkhomenko et al. (2009)

Just like the classical CCA, technique SCCA works with singular value decomposi-

tion(SVD) approach. The solution to the SCCA criterion is obtained by solving the

Singular Value Decomposition (SVD) of matrix, say K,

K = Σ−1/2
xx ΣxyΣ

−1/2
yy = UDV T , (3.1)

where U = (u1, u2, ..., uk) and V = (v1, v2, ..., vk), k is the rank of the matrix K. The

solution is the rank 1 approximation to (p x q) matrix K. The canonical vectors,

which is the linear combinations of the two sets of variables that have the largest

correlation are given by

a = Σ−1/2
xx u1 and b = Σ−1/2

yy v1,

where u1 and v1 are the first canonical variate pair. Thus, the variables obtained

A = Xa and B = Y b based on n observations of X and Y are called canonical

variables (Mardia et al. 1979), or latent variables (Wegelin 2000).

Instead of considering one pair at a time from two sets of variables Parkhomenko

et al. (2009) came up with a more enlightening method. They considered the

original variables as composite latent variables corresponding to different sets of

measurements and found relationships between the latent variables. For example,

the latent variables show joint functionality of the specified essential genes in genomic

studies. The sparse linear combinations are obtained from the sparse singular value

decomposition of the matrix K, as mentioned earlier, thus the canonical vectors a
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and b mentioned above have sparse loadings.

In addition, they proposed an algorithm that performs variable selection before

applying SCCA and were able to find approximations to the left and right singular

vectors of the SVD using iterative soft-threshold for feature selection. The approach

provided by Parkhomenko et al. (2009) is similar to that of SVD algorithm of

I.J. Good (1969), PLS by H. Wold (1985, 1982) and Sparse Principle Component

analysis developed by Zou et al. (2006). The soft-thereshold parameter λa and λb

are obtained from X and Y and controls the number of variables to be included from

each set. This approach is very similar to that of the lasso (Tibshirani 1996). Also,

the penalties used are of Lagrangian form which lead to extra normalization due to

some computational problems.

The first canonical weight is chosen based on the following algorithm

1. Select sparseness parameters λa and λb

2. Select initial values a0 and b0 set i = 0.

3. Update a:

(a) ai+1 ← Kbi

(b) Normalize: ai+1 ← ai+1

‖ai+1‖

(c) Apply soft-thresholding to obtain sparse solution:ui+1
j ← (|ui+1

j |−1
2

λa
|aSVD|γ

)+

Sign(ai+1
j ) for j = 1, ..., p

(d) Normalize: ai+1 ← ai+1

‖ai+1‖

4. Update b:

16
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(a) bi+1 ← KTai+1

(b) Normalize: bi+1 ← bi+1

‖bi+1‖

(c) Apply soft-thresholding to obtain sparse solution:bi+1
j ← (|bi+1

j |−1
2

λb
|bSVD|γ

)+

Sign(bi+1
j ) for j = 1, ..., q

(d) Normalize: bi+1 ← bi+1

‖bi+1‖

5. i← i+ 1

6. Repeat steps 3, 4 and 5 until convergence.

where γ is defined by user.

Since the computation of the matrix K in equation (3.1) requires Σ−1
xx and Σ−1

yy

which do not exist when the total number of variables is greater than the number of

observation and it may not exist in case of collinearity, the two problems in finding

inverse have been solved by replacing Σxx and Σyy by diag(Σxx) and diag(Σyy).

The algorithm is closely related to that of Le Cao et al. (2009) and Waaijenborg

et al. (2008). The optimal combination of sparseness parameters are chosen by using

k-fold cross-validation (CV) and the criteria that controls how many variables that

has to be included in each soft-threshold steps is given by

∆cor =
1

k

k∑
j=1

|cor(Xj â
−j, Yj b̂

−j)|, (3.2)

which maximizes the test sample correlation, where k is the number of steps in CV,

â−j and b̂−j are the weights estimated for the training sets X−j and Y−j, in which

the subset j has been removed.

17
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As the training sample sizes approaches to infinity the criterion is same as Waai-

jenborg et al. (2008). Hence, the optimal combination of â−j and b̂−j chosen from

the k-fold CV hence results in the highest average test sample correlation. The left

and right boundaries of the sparseness parameters have been set to 0 and 2. When

sparseness parameters are selected to be 0 then the SCCA approach provides the full

SVD solution and when sparseness parameters is set to 2, it results in none of the

variables included in the solution. As we increase the soft-thresholding parameters

from 0 to 2 smaller set of variables from each variables are included.

After the optimal combinations of sparseness parameters is found, subsets of

variables X and Y can be selected by applying SCCA to the whole data and we

obtain the loading for singular vectors a and b. For better variable selection they

have extended SCCA to adaptive SCCA and it filters bias in sparseness parameters.

This approach is analogous to the adaptive lasso method (Zou 2006) which includes

additional weights in the lasso constraint, where the weight is defined as ŵ = 1
|β̂|γ , β̂

is consistent estimator of β, and γ > 0 is a pre-specified parameter.

The main idea of adaptive lasso is that increasing sample size makes OLS es-

timates more precise and, most importantly, the estimates of zero-coefficients will

converge to 0. Hence, it can be noticed that the weights of zero-coefficients converge

to 0 and the weight of non zero-coefficients converges to some value. In the case of

adaptive SCCA, parameters with the largest OLS value will be assigned a smaller

penalty function and less shrinkage. The connection between SVD and OLS has

been illustrated by I.J. Good (Good, 1969). In the algorithm above it can be noted

that aSV D and bSV D denote the first singular vectors, have unit length, and are found
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from full SVD approach of Parkhomenko et al. (2009) of K. The performance of

SCCA will be examined by simulation studies in the next chapter.

3.1.2 SCCA Approach of Witten et al. (2009)

The columns of X and Y are standardized to have mean zero and standard deviation

one and aTXTXa ≤ 1, bTY TY b ≤ 1 are replaced by ||a||2 and ||b||2 i.e., the XTX

and Y TY are replaced by theeir respective identity matrices. The SCCA criterion

proposed by Witten et al. (2009) is

maxa,b a
TXTY b subject to constraints ||a||2 ≤ 1, ||b||2 ≤ 1, P1(a) ≤ c1, P2(b) ≤ c2,

where the penalty function P1(a) = ||a||1 and P2(b) = ||b||1 are lasso penalty func-

tions. The penalty provides sparse a and b for a chosen c1 and c2 where 1≤c1≤
√
p

and 1≤c2≤
√
q. Most importantly both the penalty functions are viewed as lasso

penalty function and the values of c1 and c2 are chosen by cross validation, where

the corresponding value are chosen by grid search such that Cor(Xa, Y b) attains

maximum. Also we can choose c1 and c2 such that a preferred quantity of sparseness

parameter are selected. They proposed a new approach to SVD named penalized

matrix decomposition (PMD). For some matrix Z, with n rows and p columns, let

the rank-k approximation be

Ẑ = ADBT = Σk
i=1diaib

T
i , ATA = In, B

TB = Ip, d1≥d2≥...≥dk>0,
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where ai and bi are unit vectors respectively denoting the ith elements of A and B,

and di is the non-negative constant denoting the ith diagonal element of the diagonal

matrix D. The estimations of ai and bi are subject to a penalty on their elements.

The algorithm proposed by Witten et al. (2009) for calculating the canonical

covariate of the SCCA is as follows:

1. Initialize b to have L1 norm 1.

2. Iterate the following two steps until convergence:

(a) a← arg maxaa
TXTY b subject to ‖a‖2 ≤ 1, P1(a) ≤ c1.

(b) b← arg maxba
TXTY b subject to ‖b‖2 ≤ 1, P2(b) ≤ c1.

where P1 is an L1 or lasso penalty and the update has the form

a ← S(XTY b,41)

‖S(XTY b,41)‖2 , where 41 = 0 then ‖a‖1 ≤ c1; otherwise, 41 > 0 is chosen so

that ‖a‖1 = c1. Here S(.) is a soft-threshold operator; that is, S(a, c) = sign(a)(|a|−

c)+.

The algorithm proposed by Witten et al. (2009) for computing Sparse CCA is

similar to that of Waaijenborg et al. (2008). Waaijenborg et al. (2008) penalized the

classical CCA as an iterative regression and then applied an elastic net penalty to

find the canonical vectors. The elastic net is a combination of ridge regression and

lasso. For more detail about ridge regression, see Hoerl (1962). Most importantly

it can be noticed that unlike other approach to SCCA, Witten et al. (2009) use

bounded form of the penalty function and the canonical vectors are fixed one at a
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time such that the objective function of the biconvex criterion increases by each step

of the iterative algorithm.

The tuning parameter values are selected with the following algorithm that he

proposed

1. For each tuning parameter value Tj being considered:

(a) Compute the canonical vectors a and b using the data X and Y and tuning

parameter Tj. Compute dj = Cov(Xa, Y b).

(b) For iε 1, ..., N, where N is some large number of permutations:

i. Permute the rows of X to obtain the matrix X i, and compute canon-

ical vectors ai and bi using data X i and Y and tuning parameter

Tj.

ii. Compute the dij = Cor(X iai, Y bi).

(c) Calculate the p-value pj = 1
N
Ni = 1

∑
1dij≥dj .

2. Choose the tuning parameter Tj corresponding to the smallest pj. Alterna-

tively, one can choose the tuning parameter Tj for which
(dj− 1

N
Ni=1

∑
dij)

sd(dij)
is

largest, where sd(dij) indicates the standard deviation of d1
j , d

2
j , ..., d

N
j . The re-

sulting p−value is pj. It also to be noted that since we have multiple p−values

(pj) we should use a strict stop value to avoid multiple testing problems linked

to it.
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LASSO

Lasso (Tibshirani 1996) is a shrinkage and selection of variables for linear regression

method. Lasso minimizes the error sum of square subject to a constraint on the

bound of the absolute values of the regression coefficient. Consider an independent

variable Y which is a (1 x p) and set of dependent variables says X1, X2, ..., Xp. The

linear model fit can be given by Ŷi = β1 +β2X1 + ...βpXp and the criterion as follows:

Minimize
p∑
i=1

(Yi − Ŷi)
2
subject to Σp

i=1|βi|≤c,

where the bound c is the tuning parameter. Based on the value chosen for c, as many

regression coefficients are can be added in the model.

3.1.3 SCCA Approach of Lee et al. (2011)

Let X and Y contain p and q variables obtained from the same set of n observations

each. Also let us define uj = Xaj and vj = Y bj to be the linear combinations of

X and Y , where aj and bj are some pairs of canonical vectors. The sample cross-

covariance matrix is denoted by Σ̂ = XTY
(n−1)

, where X and Y are centred across the

columns. The CCA approach involves finding aj and bj that maximize aTj Σ̂bj subject

to constraint aTj aj = bTj bj = 1, aj⊥ah, and bj⊥bh for all h < j.

Hence ak and bk are the optimal canonical weight vectors that produce maximally

correlated linear combinations between X and Y under orthogonality constraints. In

high-dimensional data, such as genomic data, p and q are very large and hence aj

and bj contain many noise weight vectors involving thing that are very difficult to
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interpret. Hence it is required that the canonical weight vectors aj and bj must be

sparse for easy interpretation. The SVD of Σ̂ is a factorization of the form

Σ̂ = ADBT

where D is a diagonal matrix with positive values arranged in decreasing order, A

and B are orthogonal matrices. Let dii denote the ith diagonal element of D which

is a singular values of Σ̂ and let Ai and Bi denote the ith columns of A and B which

are left and right singular vectors of Σ̂. We can see that

aT1 Σ̂b1 =
∑

i
diia

T
1AiBib1

which suggests that aT1 Σ̂b1 is maximized when a1 = A1 and b1 = B1 and its value is

d11. Similar arguments can be followed for aj = Aj and bj = Bj. Hence the CCA

estimates can be obtained from the SVD on Σ̂. Since p and q are very large in prac-

tice all the variables are not necessarily required in computing the CCA estimates.

Hence a different approach to CCA estimates are necessary for obtaining the largest

eigenvalue and its associated eigenvector of a matrix, this is achieved by non-linear

iterative partial least-squares(NIPALS) algorithm.

The NIPALS algorithm computes a pair of singular vectors at a time which is

effective if we wish to obtain only a few singular vectors. The approach to find the

sparseness parameter is pretty much the same as that of Witten et al. (2009) but

the penalized criterion is viewed as a random-effect model and includes a different

penalty to it. The penalty function in random-effect model is a convex penalty
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function but is allowed to be non-convex. Let us assume the regression model

Yi = XT
i β + εi, i = 1, 2, ..., n,

where β is a (p x 1) vector of fixed unknown parameters and ε is some noise parameter

with mean 0 and variance σ2. Sparse parameters are obtained by

minimizing
1

2

n∑
i=1

(Yi −XT
i β)2 +

p∑
i=1

pλ(|βj|), (3.3)

where pλ(.) is a penalty function. The derivative of the penalty function is given by

pλx(|x|) =
λx|xi|

{w{(2/w − 1) + k}/4}
,

where k = (
√

8x2
i /(wθ) + (2/w − 1)2) and when we choose w = 2, the above penalty

function becomes the same as the lasso penalty function.

The modified NIPALS algorithm proposed by Lee et al. (2011) for calculating

the canonical covariate of the SCCA is as follows:

Here we consider X1 = X and Y1 = Y ,

1. Set b1as the first column of X1

2. Compute a1 = (∇b1 + λaWa.δ)
−1XT

1 b1 , scale a∗1 = a1√
aT1 a1

.

3. Compute u1 = X1a
∗
1.

4. Compute b1 = (∇u1 + λbWb.δ)
−1Y T

1 u1 , scale b∗1 = b1√
bT1 b1

.

5. Compute v1 = Y1b
∗
1.
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6. If they converges then go to next step or else return to 2.

7. Obtain ρ = uT1 v1.

8. Compute residual matrices X2 = X1 − u1a
∗T
1 and Y2 = Y1 − v1b

∗T
1 for the

subsequent pair of sparse singular vectors. At the start we replace X with X2

and Y with Y2 and so on.

The criterion to select the tuning parameter is the same as the one specified

in Parkhomenko et al. (2009) SCCA approach. The optimal values of the tuning

parameter corresponds to the highest test sample correlation.
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Chapter 4

Simulation Studies

The behaviour of different approaches to sparse CCA is studied with simulation

studies. Simulation studies help us to investigate the performance of the various

SCCA methods in different scenarios, and to check the robustness of the methods to

certain constraints before using them on a real data problem.

4.1 Introduction

The objective of SCCA is to find associations between two sets of variables coming

from same object where, for computational purpose, we assume that a subset of

variable in X is correlated to a subset of variables in Y . For comparing the three

approaches that have been discussed in Chapter 3 using simulation, we generate two

datasets, each with same size n. The total number of variables in each dataset may

vary. Moreover, while simulating data we should make sure that only few variables

in X are truly correlated with a few variables in Y while the rest are uncorrelated
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among each other so that it helps us determine how well different methods are able

to find a true sample correlation. The steps involved in simulating the data are as

follows:

1. Let X contain p variables and Y contain some q variables.

2. The total number of samples from X and Y be n.

3. Let us assume that a subset of variables in X is correlated with a subset of

variables in Y based on some model. The rest of variables in X are uncorrelated

with other variables in Y .

4. Also let us assume that only the first few variables say r in X are highly

correlated with the first few variables say r in Y .

X =


x11 · · · x1r · · · x1p

...
. . .

...
. . .

...

xn1 · · · xnr · · · xnp

 Y =


y11 · · · y1r · · · y1q

...
. . .

...
. . .

...

yn1 · · · ynr · · · ynp


Let some r be the number of variables that are correlated between X and Y .

Using the same approach as Parkhomenko et al. (2009), we generate a latent random

vector say µ = [µ1, µ2, ..., µn]T from N(0, σ2
µIn) where the first r variables in each set

are generated as follows:

xij = αiµi + eXij for some i = 1, 2, ..., n and j = 1, 2, ..., r

yij = βiµi + eYij for some i = 1, 2, ..., n and j = 1, 2, ..., r,

where αi ∼ N(1, 0.12), βi ∼ N(1, 0.12), i = 1, 2, ..., r, eXij ∼ N(0, σ2
e), and eYij ∼

N(0, σ2
e).
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The vectors α = (α1, α2, ..., αr)
T and β = (β1, β2, ..., βr)

T are rx1 random vector

and are normalized to have ‖α‖2 = ‖β‖2 = 1.

Let the uncorrelated variables in each set be assumed as follows:

xij = eXij for some i = 1, ..., n and j = r + 1, ..., p

yij = eYij for some i = 1, ..., n and j = r + 1, ..., q,

where eXij ∼ N(0, σ2
e) and eYij ∼ N(0, σ2

e) for i = 1, 2, ..., n and j = 1, 2, ..., p(q)

Let us define µx = µ+
∑r
i=1 eXi and µy = µ+

∑r
i=1 eYi where eXi ∼ N(0, σ2

e) and

eYi ∼ N(0, σ2
e) for i = 1, 2, ..., n and j = 1, 2, ..., r

The maximum correlation between the linear combinations of correlated variables

from both set say X and Y is given by:

cor(µx, µy) =
σ2
µ√

σ2
µx + r.σ2

e

√
σ2
µy + r.σ2

e

.

For example, let there be 50 variables that are correlated between the datasets

X and Y . Let σ2
µ = 2 and σ2

e = 0.04 will provide with maximum correlation between

the linear combination of cor(µx, µy) = 0.67 whereas σ2
µ = 2 and σ2

e = 0.01 will result

in corr(µx, µy) = 0.89
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Hence, the covariance matrix between variables in set X and Y will be

x1

x2

xr

xr+1

...

xp

y1 y2 · · · yr yr+1 · · · yq

α1β1σ
2
µ α1β2σ

2
µ · · · α1βrσ

2
µ 0 · · · 0

α2β1σ
2
µ α2β2σ

2
µ · · · α2βrσ

2
µ 0 · · · 0

...
...

. . .
...

...
. . .

...

αrβ1σ
2
µ αrβ2σ

2
µ · · · αrβrσ

2
µ 0 · · · 0

0 0 · · · 0 0 · · · 0

...
...

. . .
...

...
. . .

...

0 0 · · · 0 0 · · · 0



The above matrix is the sparse representation of singular vectors where few set

(say, r) of correlated variables for each X and Y being considered, and the rest of

variables are uncorrelated. Also it can be noted that both X and Y were centred

across columns. Hence, we have only one pair of canonical variables and Σxy = dabT

where d is a singular eigenvalues and a and b are singular canonical vectors. Then

the corresponding singular canonical vectors is given by,

29



M.Sc. Thesis - Sathish Chandra Pichika McMaster - Mathematics & Statistics

a =



a1

a2

...

ar

o

...

0



b =



b1

b2

...

br

o

...

0



and its corresponding covariance matrix is as follows

Σxy =



a1b1 a1b2 · · · a1br 0 · · · 0

a2b1 a2b2 · · · a2br 0 · · · 0

...
...

. . .
...

...
. . .

...

arb1 arb2 · · · arbr 0 · · · 0

0 0 · · · 0 0 · · · 0

...
...

. . .
...

...
. . .

...

0 0 · · · 0 0 · · · 0



To select the tuning parameters we set,

1. Lee et al: 27 points at equal intervals from 0.2 to 10 for both left and right

tuning parameters and the number of cross validation is set to be 10.

2. Parkhomenko et al: 10 points at equal intervals from 0 to 0.2 for both tuning
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parameters and the number of cross validation is set to 10.

3. Witten et al: Computed by R package PMA with function CCA.permute(.)

for both tuning parameters and the number of permutation is set to 10.

4. Classical CCA: Computed by R package CCA with function rcc.

The R program provided by Lee et al. (2011) produces Sparse canonical co-

variance analysis, hence sparse canonical correlation for the approach is obtained

by:

ρ1 = |cor(Xa, Y b)|

where a and b are corresponding sparse canonical vectors. Also a and b are (p x 1)

and (q x 1) with non-sparse variables are set to 0.

4.2 Simulation Strategies

Three different approaches to SCCA and the Classical CCA have been compared

with simulation and a summary of the parameters that are varied during simulation

is presented in Table 4.1. The simulation studies were performed based on 100

replications and the averaged results are presented in Tables 4.2 - 4.19.

The approach that was used in Lee et al. (2011) for testing the performance of

the estimates of the canonical variates was used in this thesis, i.e., the sine values of

the angles between the true canonical variates and their estimates as the measure of
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Table 4.1: Summary of Parameter in Simulation Studies
Varied Parameter Description Values between

n Sample Size 30 and 500
p Number of variables in X 50 and 2000
q Number of Variables in Y 30 and 1500
r Number of Correlated 5 and 40
σµ Standard Deviation of Latent variable (µ) 1.8 and 4
σe Standard Deviation of nuisance variable 0.1 and 0.5

closeness (Johnstone and Lu (2009)) which is given by

dist(a1, â1) = sin 6 (a1, â1) =
√

1− (aT1 â1)2

When the estimates are close to each other, the distance between a1 and â1

approaches 0. From the table of results obtained from various simulations studies,

we could see that all approach except the Classical CCA has better estimation, and

all the estimates are almost close to zero. I have used the standard deviation for

simulation of latent variable µ, 1.8, 2, 2.5, 3 and 4 and the standard deviation of

nuisance variables is considered to be 0.1, 0.2, 0.3, 0.4 and 0.5 so that the maximum

canonical correlation between two sets of variables ranges between 0.90 and 0.99,

which are obtained by average of 100 simulation run.

The precision of the model selection is calculated by discordance measure, which

corresponds to wrongly selected variables. The false positive is the number of nui-

sance variables with non-zero loadings in the resulted vector and the false negative

is the number of correlated variables with zero loadings in the resulted vector. The

number of false negatives and false positives are averaged over the 100 simulations
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studies as well.

4.3 Simulation Results

All the methods performs well in some situation, but Witten et al. (2009) performs

poorly on consideration of prediction and number of false negatives, Parkhomenko et

al. (2009) and Lee et al. (2011) shows uniformly better prediction power compared

with Witten et al. (2009). When we consider both performance and prediction

accuracy, Parkhomenko et al. (2009) performs better than other proposed methods.

It can also be notice that as we increase the variance of nuisance parameter (σµ)

then number of false positive in Lee et al. (2011) increases despite providing with

better prediction power.

From Table 4.2 - 4.17, we observe that all the methods performs well in a certain

situation. For example, when we consider σe = 0.1, we could see from Tables 4.2

and 4.9 that Lee et al. approach performs better than the other two methods and

Parkhomenko et al. (2009) method performs better for larger p and q. Also it can be

noticed that as we increase r i.e., the number of correlated variable between X and

Y , results in increasing false negative in Witten et al. approach to SCCA compared

to the other methods. Also when r is large, Parkhomenko et al. (2009) method

performs poorly but for large p say p = 1000 it performs better than other methods.

Looking at Table 4.2, it can be noticed that all the methods perform very well

as the true correlation becomes very high, also the classical CCA gives rise to more

false positives as compared to other methods. From Table 4.2 - 4.9, in situations
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Table 4.2: n = 100, p = 300, q = 200, r = (10, 20, 40), σµ = 1.8, σe = 0.1, WT =
Witten et al. (2009), LT = Lee et al. (2011), PT = Parkhomenko et al. (2009),
CCA = Classical Canonical Correlation Analysis. FPN = Number of false positives
and FNN = Number of false negatives
Method r Test

Corr.
Distance
(a1)

Distance
(b1)

FPN
in a1

FPN
in b1

FNN
in a1

FNN
in b1

CCA 0.9530 0.84 0.84 290 190 0 0
WT 10 0.9933 0.67 0.79 1.14 0.26 3.94 5.38
PT 0.9968 0.09 0.09 1.79 1.75 0 0
LT 0.9968 0.02 0.02 0.42 0.55 0 0
CCA 0.953 0.84 0.84 280 180 0 0
WT 20 0.9895 0.76 0.84 3.17 0 11.35 13.34
PT 0.9968 0.09 0.09 5.98 5.75 0 0
LT 0.9968 0.03 0.03 0.27 0.55 0 0
CCA 0.9530 0.84 0.84 260 160 0 0
WT 40 0.9802 0.9 0.93 1.22 0 31.27 33.71
PT 0.997 0.09 0.09 15.38 13.44 0 0
LT 0.9969 0.04 0.04 0.49 0.47 0 0

where a high correlation is considered between a subset of variables in X and Y ,

Lee et al. algorithm performs better than other methods in terms of the number of

false negatives and The algorithm proposed by Lee et al. (2011) provide with close

to true correlation and better estimates compared to the other methods.

Let us take into account where a larger subset of variables in each sets is cor-

related, i.e., r = 40, Table 4.2 - 4.5, Lee et al. (2011) method outperforms other

methods when we consider performance of estimates and the accuracy of model selec-

tion concurrently. It can be noticed that the estimates of Parkhomenko et al. (2009)

and Lee et al. (2011) are similar in all the tables. The performance of estimates of

canonical CCA and Witten et al. (2009) perform poorly. In addition, we notice that

the mean of false negative for Lee et al. (2011) and Parkhomenko et al. (2009) in
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Table 4.3: n = 200, p = 300, q = 200, r = (10, 20, 40), σµ = 1.8, σe = 0.1
Method r Test

Corr.
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

CCA 0.9532 0.84 0.84 290 190 0 0
WT 10 0.9935 0.59 0.75 1.5 0.24 3.08 4.81
PT 0.9969 0.09 0.09 1.4 0.92 0 0
LT 0.9969 0.06 0.01 0.28 0.95 0 0
CCA 0.953 0.84 0.84 280 180 0 0
WT 20 0.9907 0.66 0.76 8.41 0 8.71 11.09
PT 0.9969 0.09 0.09 3.07 5.07 0 0
LT 0.9967 0.02 0.02 0.26 1.04 0 0
CCA 0.9533 0.84 0.84 260 160 0 0
WT 40 0.9795 0.87 0.91 1.63 0 29.02 32.19
PT 0.9969 0.08 0.08 11.24 6.36 0 0
LT 0.9969 0.02 0.03 0.31 0.72 0 0

this case is close to 0 whereas the number of false negative for Witten et al. (2009)

is high.

Let us consider cases with a sufficiently large number of variables where (p ≥

1000) in each sets, i.e., Table 4.4, 4.5, and 4.16, where in Table 4.4 and 4.5 the true

correlation had been set to high values whereas in Table 4.15, the true correlation

had been set to moderately high value, 0.8333. It can be seen that when the true

correlation has been set to low value, Parkhomenko et al. (2009) performs better to

attain true correlation and the performance of estimates. When we set σe = 0.1, the

performance of estimates of Lee et al. and Parkhomenko et al. (2009) is very similar

but the performance of false positives by Witten et al. (2009) performs better than

other methods as r increases. There is not much difference between Table 4.4 and

4.5 as we increase sample size.

Consider a situation with a small subset of variables correlated, i.e., r = 5, 10. In
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Table 4.4: n = 100, p = 1000, q = 800, r = (10, 20, 40), σµ = 1.8, σe = 0.1
Method r Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

CCA 0.9548 0.84 0.85 990 790 0 0
WT 10 0.9968 0.09 0.39 1 0 0 0.36
PT 0.9968 0.09 0.09 2.28 2.37 0 0
LT 0.997 0.07 0.06 35.04 37.8 0 0
CCA 0.9546 0.84 0.85 980 780 0 0
WT 20 0.9956 0.6 0.65 14.98 7.96 5.45 7.45
PT 0.9968 0.09 0.09 5.31 5.7 0 0
LT 0.997 0.06 0.06 18.88 37.91 0 0
CCA 0.9552 0.84 0.85 960 760 0 0
WT 40 0.9934 0.83 0.87 6.81 1.92 19.29 22.59
PT 0.997 0.08 0.08 15.57 25.8 0 0
LT 0.997 0.05 0.07 9.11 42 0 0

these situations, we could see that most of the Table representing such a situation

had number of false negative close to 0 for all the methods except Witten et al.

(2009), Lee et al. (2011) method performs poorly when σe ≥ 0.2. Moreover, the

performance of estimates of Lee et al. (2011) seems to be better than other methods.

The performance of estimates of classical CCA and Witten et al. (2009) is poor.

Furthermore, Lee et al. (2011) method has better accuracy towards true correlation

in comparison with other methods. The overall performance of Lee et al. method is

better than other methods when σe = 0.1 and Witten et al. (2009) performs better

when σe ≥ 0.2. Overall for small r, Parkhomenko et al. (2009) method performs

better than the rest, but performs poorly when sample size is very small.

Let us consider when we have extremely small sample size situation, i.e., Table

4.8, 4.9, 4.14, and 4.15 represents this simulation scenario. The results can be split

into two when σe = 0.1, the average number of false negative in all the methods

36



M.Sc. Thesis - Sathish Chandra Pichika McMaster - Mathematics & Statistics

Table 4.5: n = 200, p = 1000, q = 800, r = (10, 20, 40), σµ = 1.8, σe = 0.1
Method r Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

CCA 0.9543 0.84 0.85 990 790 0 0
WT 10 0.9967 0.09 0.38 1.01 0 0 0.42
PT 0.9969 0.09 0.09 1.14 1.16 0 0
LT 0.9969 0.05 0.04 36 46 0 0
CCA 0.9543 0.84 0.84 980 780 0 0
WT 20 0.9945 0.55 0.6 21.79 6.82 4.75 6.76
PT 0.9969 0.09 0.09 3.62 4.61 0 0
LT 0.9969 0.12 0.04 20 46 0 0
CCA 0.9545 0.84 0.85 960 760 0 0
WT 40 0.9933 0.66 0.71 21.04 6.41 16.53 19.67
PT 0.9969 0.07 0.08 8.72 13.19 0 0
LT 0.9969 0.04 0.05 9.87 50 0 0

except Witten et al. (2009) is 0. Lee et al. (2011) performs better than other

methods. The prediction accuracy of Lee et al. (2011) for this case is better than

other methods. Despite providing with poor false negatives, Witten et al. (2009)

method provides with better false positives. When σe ≥ 0.2 then Witten et al.

(2009) method outperforms other methods. None of the method provides with 0

false negatives in any situation. Also when r increases results in larger value of false

negatives for Witten et al. (2009) method compared to others. Both Lee et al.

(2011) and Parkhomenko et al. (2009) methods perform poorly in this situation but

Lee et al. method performs well with better prediction accuracy.

Different simulation settings have been considered where the sample size is greater

than the number of variables in set X. It can be seen from Table 4.9, 4.10, 4.13,

and 4.17 that the classical CCA and Witten et al. (2009) estimates perform poorly

in these situations where n >> p. Also the estimates given by Parkhomenko et al.
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Table 4.6: n = 100, p = 200, q = 150, r = (10, 20), σµ = 2, σe = 0.1
Method r Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

CCA 0.9613 0.87 0.87 190 140 0 0
WT 10 0.9944 0.62 0.73 2.1 0 3.75 4.7
PT 0.9974 0.09 0.09 1.15 0.91 0 0
LT 0.9974 0.02 0.02 0.18 0.4 0 0
CCA 0.9611 0.87 0.87 180 130 0 0
WT 20 0.9895 0.82 0.86 1.1 0.04 12.46 14.11
PT 0.9974 0.09 0.09 5.02 3.66 0 0
LT 0.9974 0.02 0.02 0.29 0.5 0 0

Table 4.7: n = 200, p = 200, q = 150, r = (10, 20), σµ = 2, σe = 0.1
Method r Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

CCA 0.9616 0.87 0.87 190 140 0 0
WT 10 0.9943 0.61 0.72 2.63 0 3.49 4.61
PT 0.9975 0.09 0.09 1.05 0.65 0 0
LT 0.9975 0.01 0.01 0.19 1.1 0 0
CCA 0.9615 0.87 0.87 180 130 0 0
WT 20 0.9895 0.78 0.84 2.37 0.77 11.91 13.46
PT 0.9975 0.09 0.09 1.83 2.43 0 0
LT 0.9975 0.02 0.02 0.19 1.1 0 0

Table 4.8: n = 30, p = 300, q = 200, r = 20, σµ = 1.8, 2, σe = 0.1
Method σµ Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

CCA 0.9522 0.83 0.84 280 180 0 0
WT 1.8 0.9932 0.8 0.86 1.86 0.25 11.7 13.98
PT 0.997 0.18 0.16 42.99 23.35 0 0
LT 0.9967 0.05 0.05 0.26 0.7 0 0
CCA 0.9607 0.86 0.87 280 180 0 0
WT 2 0.9440 0.81 0.87 1.51 0.26 11.99 14.16
PT 0.9975 0.18 0.15 41.19 22.34 0 0
LT 0.9975 0.04 0.05 0.18 0.44 0 0
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Table 4.9: n = (30, 100, 500), p = 50, q = 40, r = 5, σµ = 2, σe = 0.1
Method n Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

WT 0.9942 0.76 0.81 0.09 0.03 2.91 3.07
PT 30 0.9974 0.22 0.2 10.42 8.52 0 0
LT 0.9974 0.03 0.03 0.21 0.3 0 0
WT 0.9936 0.66 0.73 0.59 0.2 2.39 2.53
PT 100 0.9974 0.09 0.08 1.04 0.97 0 0
LT 0.9974 0.01 0.01 0.22 0.31 0 0
WT 0.9956 0.45 0.6 0.59 0.15 1.04 1.37
PT 500 0.9975 0.08 0.08 0.29 0.23 0 0
LT 0.9975 0.01 0.01 0.12 0.59 0 0

(2009) and Lee et al. (2011) in these cases perform much better, notably Lee et

al. (2011) method outperformed other methods when we consider the discordance

measure but performs poorly on considering number of false positives when σe ≥ 0.2.

Overall in these situations, Parkhomenko et al. (2009) method outperformed other

methods.

Figure 4.1: Plotting number of false positives of both parameters with different σµ
and sample size = 100, p = 50, q = 30, r = 5 and σe = 0.3. with all the methods

Looking at Figure 4.1, it can be noticed that as we increase σµ, the number of

false positives of Witten et al. (2009) reaches close to zero where as we could see
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Table 4.10: n = 100, p = 50, q = 30, r = 5, σµ = 1.8, 2.5, 3, σe = 0.3
Method σµ Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

CCA 0.9364 0.84 0.84 45 25 0 0
WT 1.8 0.9484 0.55 0.68 1.53 0.27 2.11 2.84
PT 0.9713 0.2 0.2 2.7 2.15 0 0.01
LT 0.9725 0.12 0.04 32.06 0.91 0 0.01
CCA 0.9657 0.92 0.92 45 25 0 0
WT 2.5 0.9707 0.6 0.72 0.85 0.2 2.35 3.13
PT 0.9845 0.22 0.21 1.96 1.86 0 0
LT 0.9854 0.08 0.03 32.62 0.95 0 0
CCA 0.9759 0.94 0.94 45 25 0 0
WT 3 0.9789 0.6 0.71 0.71 0.06 2.46 3.15
PT 0.9892 0.23 0.22 1.71 1.64 0 0
LT 0.9898 0.07 0.03 33.15 0.91 0 0

Table 4.11: n = 100, p = 500, q = 300, r = 15, σµ = 1.8, 2, σe = 0.3
Method σµ Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

CCA 0.9556 0.88 0.87 485 285 0 0
WT 1.8 0.9576 0.57 0.67 6.83 1.85 5.1 8.03
PT 0.973 0.15 0.15 10.55 6.92 0.05 0.05
LT 0.977 0.27 0.22 113.81 72.8 0.01 0
CCA 0.9630 0.9 0.89 485 285 0 0
WT 2 0.9649 0.5 0.68 4.46 1.42 5.13 8.15
PT 0.9779 0.15 0.15 5.24 5.84 0.05 0.04
LT 0.9806 0.25 0.19 117.75 73.1 0.01 0
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that number of false positives for Lee et al. (2011) method tends to increase. Also

other than σµ, the rest of the parameters are fixed. The false negative of Witten et

al. (2009) method has been shown in Figure 4.2, increasing σµ increases number of

false negative of both the parameters.

Figure 4.2: Plotting number of false negatives of both parameters with different σµ
and sample size = 100, p = 50, q = 30, r = 5 and σe = 0.3. considering Witten et
al. Approach to SCCA

Figure 4.3: Plotting number of false negatives of both parameters with different
sample sizes between 30 and 500, p = 50, q = 40, r = 5, σµ = 2.5 and σe = 0.1.
considering only Witten et al. Approach to SCCA

Figure 4.3 shows what happens when we vary σe from 0.1 to 0.5. The number

of false positives increases for all the methods but for both Lee et al. (2011) and

Parkhomenko et al. (2009) method it increases rapidly.
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Figure 4.4: Plotting number of false positives of both parameters with varying nui-
sance standard deviation, p = 50, q = 40, r = 5, σµ = 2 and n = 100. consider all
Approaches to SCCA

Figure 4.4 represents what happens when sample size increases in Witten et al.

(2009) method. It can be noticed that as sample size increases the average number of

false negatives approaches 0. Also in Table 4.16 it can be noticed that the simulation

run have been averaged and median has been considered whereas for all other tables

the simulation results have been averaged over 100 simulation run. The reason for

considering median in Table 4.16 is to show that there was not much of variation

between mean and median in other tables whereas in Table 4.16 there were high

variation between number of false positives in both parameters.

Figure 4.5 shows that varying σe shows constant change to number of false neg-

atives in all the method. Figure 4.6 identifies the performance accuracy of both the

parameters and it can be noticed that increasing σe results in increasing estimates

of Lee et al. and Parkhomenko et al. (2009) method whereas Witten et al. (2009)

methods decreases gradually but provide with poor estimates.
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Table 4.12: n = 100, p = 300, q = 200, r = (5, 15), σµ = 3, σe = 0.4
Method r Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

WT 0.9768 0.39 0.57 0.91 0.23 0.9 1.85
PT 5 0.9809 0.26 0.26 3.81 4.7 0.01 0.01
LT 0.9835 0.19 0.15 95.05 58.27 0 0
WT 0.9668 0.62 0.73 1.4 0.21 7.86 9.69
PT 15 0.9818 0.2 0.2 5.71 5.59 0.2 0.28
LT 0.9834 0.18 0.15 77.41 57.12 0.06 0.06

Table 4.13: n = 300, p = 100, q = 50, r = (5, 15), σµ = 3, σe = 0.4
Method r Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

WT 0.9688 0.51 0.65 4.4 0.2 2.19 2.9
PT 5 0.9812 0.26 0.25 0.36 0.75 0.01 0.01
LT 0.9825 0.04 0.03 11.6 2.7 0 0
WT 0.9497 0.65 0.81 0.4 0 8.93 11.48
PT 15 0.9819 0.19 0.18 1.39 0.35 0.19 0.29
LT 0.9825 0.05 0.04 8.61 3.7 0.02 0.08

Table 4.14: n = 50, p = 100, q = 80, r = (5, 15), σµ = 3, σe = 0.5
Method r Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

WT 0.9543 0.57 0.61 0.83 0.14 2.72 2.84
PT 5 0.9719 0.31 0.31 11.52 9.16 0.07 0.04
LT 0.9737 0.16 0.15 17 14 0.07 0.03
WT 0.9462 0.67 0.73 0.21 0 9.52 10.39
PT 15 0.9741 0.24 0.23 12.84 9.97 0.77 0.71
LT 0.9743 0.18 0.16 15.9 14 0.76 0.31
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Table 4.15: n = 50, p = 100, q = 80, r = (5, 15), σµ = 4, σe = 0.5
Method r Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

WT 0.9719 0.61 0.65 0.35 0 2.98 3.09
PT 5 0.9831 0.33 0.33 10.11 8.28 0.04 0.01
LT 0.9845 0.12 0.11 18 14 0.05 0.02
WT 0.9634 0.7 0.75 0.5 0.11 10.07 10.83
PT 15 0.9634 0.25 0.25 9.62 9.06 0.59 0.5
LT 0.9848 0.13 0.12 15 14 0.48 0.38

Table 4.16: n = 100, p = 2000, q = 1500, r = 40, σµ = 3, σe = 0.4
Method Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

WT 0.9718 0.4 0.53 4.44 2.1 13.53 19.28
PT mean 0.9761 0.24 0.26 19.7 36.18 6.63 6.48
LT 0.9851 0.47 0.46 346.92 432.04 3.39 1.21
WT 0.9719 0.40 0.60 0 0 14 20
PT median 0.9767 0.22 0.23 1 0 6 5.5
LT 0.9856 0.46 0.46 347 446 2 1

Table 4.17: n = 500, p = 150, q = 100, r = (5, 15), σµ = (3, 4), σe = 0.5
Method σµ r Test

Corr
Dist(a1) Dist(b1) FPN

in a1

FPN
in b1

FNN
in a1

FNN
in b1

WT 0.9622 0.34 0.51 0.85 0.1 1.09 2.38
PT 3 0.9710 0.26 0.26 0.2 0.65 0.08 0.06
LT 5 0.9733 0.07 0.05 38 24 0.02 0.01
WT 0.9769 0.39 0.56 0.15 0 1.38 2.7
PT 4 0.9831 0.29 0.29 0.19 0.6 0.04 0.04
LT 0.9847 0.05 0.04 39 24 0 0.01
WT 0.9573 0.47 0.62 1.65 0.08 6.55 8.81
PT 3 0.9723 0.17 0.17 0 0 0.72 0.92
LT 15 0.9733 0.07 0.06 30 24 0.12 0.12
WT 0.9727 0.5 0.65 0.74 0.05 7.18 9.35
PT 4 0.9839 0.22 0.22 0 0 0.6 0.71
LT 0.9847 0.05 0.05 30 25 0.08 0.08
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Figure 4.5: Plotting number of false negatives of both parameters with varying
nuisance standard deviation, p = 50, q = 40, r = 5, σµ = 2 and n = 100. consider
all Approaches to SCCA

Figure 4.6: Plotting distance between estimates and true value of estimates of both
parameters with varying nuisance standard deviation, p = 50, q = 40, r = 5, σµ = 2
and n = 100. consider all Approaches to SCCA

4.4 Key Finding

Classical CCA outperforms other methods if all the variables are highly significant

in both sets of variables as SCCA methods provides with high false negatives and

false positives but give poor estimates.

Witten et al.(2009) performs well when there is high variance in nuisance pa-

rameters but provides with poor parameter estimates throughout all simulations.

Furthermore, as sample size increases the method leads to better estimation. In
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addition, when we increase the number of correlated variable between two sets of

variable’s increases false negative simultaneously.

Parkhomenko et al. (2009) works well when the number of variables in each sets

is very large but performs poorly when sample size is very small. Despite giving low

false negatives as we increase the number of correlated variables between X and Y

leads to increase in false positives. The method prediction accuracy of estimates is

better than Classical CCA and Witten et al. (2009). Furthermore, Parkhomenko et

al. (2009) method cannot be used when sample size less than 30.

Lee et al. (2011) gives better prediction accuracy but performs poorly as variance

of nuisance parameter increases. The method performs poorly as the number of vari-

ables in each sets is very large. Moreover, the method give rise to high false positives

when variance in nuisance parameter is ≥ 0.2. The method works wonderfully when

σe = 0.1 and the numbers of variables in each sets are less than or equal to 500.
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Chapter 5

Real Data Application of SCCA

The chapter begins with introduction to the dataset and method used to normalize

the data, and followed by interpretation of results based on the analysis of data on

three different approaches to SCCA. Lee et al. (2011) have used the same dataset

for their real data analysis as well.

5.1 Background

In the human body, the genome consists of 23 pairs of chromosomes. Either one of

each pair is inherited from the mother or father. Each chromosome is made of chains

of DNA; DNA are bundled around each other in a structure known as a double helix.

The central dogma of cell biology of DNA is shown in Figure 5.1. Genes are parts

of the DNA structure. Generally speaking, a gene is a segment of DNA that defines

a single trait encryption a particular pattern, about 20,500 (Clamp et al. (2007)) of

which exists in humans.
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Figure 5.1: Central Drogma of Cell Biology

The persistence of genes is to perform as a prototype in the constitution of pro-

teins. The information contained in the genes is transcribed into a messenger ri-

bonucleic acid (mRNA) strand and a mRNA molecule departs from the nucleus of

the cell where it is transcribed into a protein expression in a process translation.

This is performed by ribosomes, which read the code carried by mRNA molecules

from the cell nucleus and create proteins. These proteins are the structural block

of the human body. Translating genes into a functional product is known as gene

expression. (Allison 2007)

5.2 Data Description

The Microarray and proteomic data used in the following analysis is obtained from

the National Cancer Institute http://discover.nci.nih.gov/cellminer/. The microar-

ray data contains 60 humans cancel cell lines that include a variety of cancer tissues

of origins such as leukemias, lymphomas, and carcinomas of ovarian, renal, breast,

prostate, colon, lung, and CNS origin.

For the micro array, I used mRNA expression database on the NCI-60 from
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Table 5.1: Overview of mRNA expression and protein data sets
Data set No. feature sets or

clones (genes)
Reference

mRNA expression
Affymetrix HG-U133A 22,283 feature sets Shankavaram et al. (2007)

Protein expression 162 Antibodies Shankavaram et al. (2007)

Affymetrix HG-U133A. Furthermore, in the analysis, 59 of the total 60 human can-

cer cell lines were used and a cell line with missing microarray information has been

removed. The following table provides with the information about mRNA and pro-

tein expression data sets and their references.

5.3 Normalization

The normalization of Affymetrix HG-U133A chip has been done by Gene Chip

Robust Multiarray Averaging(GCRMA) method and for protein expression data,

reverse-phase protein lysate arrays (RPLA) have been used to obtain 89 proteins

expression values. GCRMA is a method for normalizing and summarizing probe-

level intensity measurements from Affymetrix GeneChips. Starting with the probe-

level data from a set of GeneChips, the perfect-match (PM) values are background-

corrected, normalized and finally summarized resulting in a set of expression mea-

sures.

The protein values were adjusted to 25% ’dose interpolation’ (DI25) algorithm

(Nishizuka et al. (2003)). After normalization of mRNA expression, Genes with Inter

quartile range (IQR) lesser than 0.5 across sample expressions has been removed from

the dataset before applying SCCA approaches. After filtration, 11141 genes are left
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for further analysis. No filtration has been done in protein expression dataset. The

approach to normalization of mRNA expression of Affymetrix HG-U133A chips that

I have discussed above is very similar to that of Lee et al. (2011) except that I

filtrated those genes with IQR < 0.5 compared to IQR < 0.25 chosen by them.

5.4 Results

The real data analysis have been split into two different analysis, one analysis had

been done after removing those genes without their geneid and second analysis had

been done including those genes without their gene names. It can noted that in the

first analysis the total number of genes used for analysis is 10485 which is obtained

after normalization from the gene expression data (21,069), whereas in the second

analysis the total number of gene expressions used for analysis is 11,141 which is

obtained after normalization from the gene expression data (22,283).

5.4.1 Result 1

After normalization of data and filtration has been completed, the data is ready to

apply SCCA methods. For Lee et al. (2011) method the optimal tuning parameters

were selected by 5-fold cross validation whereas for Parkhomenkho et al. (2009)

was selected based on 10-fold cross validation. As mentioned earlier the number of

variables in gene expression data was 10,485 and there is no change to proteomic data.

Table 5.2 shows the results of analysis where correlation and number of non-zero in

both gene expression and protein expression data were displayed.
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Table 5.2: Summary of results of three different approaches of SCCA; CCA - Classical
Canonical Correlation Analysis, LT - Lee et al. (2011) method, WT - Witten et al.
(2009), PT - Parkhomenko et al. (2009)

Method Non-zeros in
gene data

Non-zeros in
protein data

Canonical
correlation

CCA 10,423 89 0.8236
LT 3078 7 0.8569
WT 3201 24 0.9509
PT 340 34 0.9546

Figure 5.2: The cross-validated sample canonical correlation and the number zeros
considering LT penalty function of the tuning parameters, λa ranges from 100 to 500

From Table 5.2, it’s shown that all SCCA methods performance better than

classical CCA method. When comparing three different approach to SCCA it can

be noticed that the SCCA approach by Parkhomenkho et al. (2009) method pro-

vides with sparse gene expression and protein expression compared to other meth-

ods. Furthermore, Parkhomenkho et al. (2009) proposed method performs better in

providing maximum canonical correlation among all the methods. Lee et al. (2011)

method provides with sparse protein expression whereas Parkhomenkho et al. (2009)

method performs better in terms of providing with sparse mRNA expression. Lee et

al. (2011) method provides with poor cross validated canonical correlation.
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Figure 5.3: The canonical correlation of WT penalty function of the tuning param-
eters, λa and λa ranging from 0 and 0.7

Figure 5.2 shows the number of zeros and cross-validated canonical correlation

of Lee et al. (2011) method as a function of λa. Moreover, it can be noted that

as specified by Lee et al. (2011), λb have been fixed to be 300, which corresponds

to 7 protein expression. From the right scattered plot in Figure 5.2, corresponds

to λa = 200 and from the left scatter plot we have that 7407 for the gene pattern

(λa, λb) = (200, 300). Thus, the Lee et al. (2011) method can also have sparse gene

pattern comparable to Parkhomenko et al. (2009) method at same cross-validated

correlation, while having sparse protein expression. Furthermore, the left tuning

parameter has been set between 100 and 500. In addition, Figure 5.3 represents

with canonical correlation at different levels of tuning parameters and the optimal

parameters have been selected based on high correlation obtained for Witten et al.

(2009) method.
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Table 5.3: Summary of results of three different approaches of SCCA
Method Non-zeros in

gene data
Non-zeros in
protein data

Canonical
correlation

CCA 10,823 89 0.8426
LT 3232 7 0.8579
WT 3418 24 0.9516
PT 310 34 0.9559

5.4.2 Result 2

Similar to Section 5.4.1, the optimal tuning parameters for Lee et al. (2011) and

Parkhomenko et al. (2009) methods are selected based on 5 and 10 cross-validation

respectively. The total number of genes available in gene expression after cleaning

is 11,141 and protein expressions were unchanged. Table 5.3 displays the results of

the statistical analysis done on the classical CCA and SCCA methods.

Figure 5.4: The cross-validated sample canonical correlation and the number zeros
considering LT penalty function of the tuning parameters, λa ranging from 100 and
500

From Table 5.3, we could see that adding those genes without gene names have

contributed to better correlation as compared to results thus obtained from Table 5.2.

Despite increase in correlation, adding those gene names had resulted in poor sparse
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Figure 5.5: The canonical correlation of WT penalty function of the tuning param-
eters, λa and λa ranging from 0 and 0.7

variables whereas in Parkhomenko et al. (2009) approaches able to find better sparse

solution than other methods. Lee et al. (2011) and Witten et al. (2009) method

gives better sparseness for protein expressions. Parkhomenko et al. (2009) method

provides with better sparseness to gene expressions. It can noticed that when λa is

set to be 200 and optimum tuning parameter is found with 5-fold cross validation in

Lee et al. (2011) method. The explanation of Figure 5.4 is similar to Section 5.4.1

and the optimal tuning parameter (λa, λb) = (200, 300) that results with sample

correlation of 0.8579 and number of zeros in gene pattern is 7909. For Witten et

al. (2009) method at different levels of tuning parameters, the optimal parameters

is selected based on high correlation obtained, which is shown in Figure 5.5.
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Chapter 6

Discussion and Future directions

6.1 Discussion

CCA is one of the most important multivariate methods, which is commonly used

for data visualization and dimension reduction. In high dimensional genomic data,

the number of variables exceeds tens of thousands but very few samples are typically

available, which is quite a challenge for statistician to find and interpret canonical

correlation coefficients between two datasets. It is not biologically feasible to include

all the variables in the solution as the variables may contain noise parameters, high-

false positives and lack interpret-ability (Parkhomenko et al. 2007). This problem

can be solved when we use sparse canonical correlation analysis (SCCA).

The main focus of this thesis is to compare different approaches available in

finding sparse canonical correlation analysis (SCCA); I compared Parkhomenkho et

al. (2009), Witten et al. (2009), and Lee et al. (2011) methods. SCCA performs
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simultaneous analysis of two dataset at the same time to find a relationship between

them. Using SCCA we can find linear combination of variables that are maximally

correlated. In addition, we have seen in simulation results that when we applied these

methods to the simulated data set only a small subset of the variables are included

from each data set, which makes very easier to interpret. Simulation studies show

that sparse CCA methods outperform the classical CCA method. It can be noticed

that SCCA identifies that subset from the entire variables that are highly significant

from both datasets in finding correlation between them. From various simulation

studies, it can be found that the three methods that have been discussed outperform

classical CCA in estimation and variable selection. In real data application, we

have seen that Parkhomenko et al. (2009) method produces better sparse solution

compared to other methods.

6.1.1 Simulation studies limitations

In my simulation studies, I used only one latent variable and limited myself with

first r variables in each sets as highly correlated variables. In real data several such

groups will be present in the dataset which requires several latent variables to be

involved in the data. In my simulation result, it can be noticed that I consider only

the first canonical correlation and for the above-mentioned situation which requires

more than one pair of canonical vectors, which involves in several linear combinations.

Moreover, calculating all the canonical correlation coefficient are very complex.

For example, in high dimensional genomic data, the number of variables involved

will usually be tens of thousands whereas my simulation studies investigated only
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up to 2000 variables. In addition, my sample size involves up to 500 samples as

compared to the real data I have used containing only 59 samples.

6.2 Future directions

SCCA may not identify the key information of the data because of linearity, which

can be identified with the help of Kernel CCA, it projects the data into a higher-

dimensional vector space. It provides with high flexibility as the kernels can be

generated from other kernels. In addition, in kernels, the data appears only through

Gram matrix, which provides a greater advantage because the tuning parameters

and updating time taken for them does not depend on the number of variables being

considered (Hardoon et al. 2003). There are limited work done in KCCA of high

dimensional genome data, one among them is (Hardoon et al. 2009) and not enough

work has been considered in adding sparseness to KCCA, which is one of my interests

for further work. Furthermore, there have not been much comparative work done in

extending SCCA to more than two datasets.
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