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ABSTRACT -

We have applied the method of N-point Padé approxi-
mants to calculate the zero témperature gap edge 84 from
' the solutions of tB& Eliashberg equations on the imaginary

frequency axis for over thirty isotropic or 'dirty' super-

I

conductors. - The same method was used in. the numericélfexﬂF\\
culations of the functional derivative SAO/GGZ(Q)F(Q)'for \

several 'dirty' superconductors. Using this functional ‘;/

~

derivative and the functional derivative of the supercon-
ducting-critical temperature T_ with respect to the elec~

~ tron-phonon spectral function, 6Tc/6a2(Q)F(Q), we‘héve'
also calculated the functional derivative 5(2A0/kBch/
GGZ(Q)F(Q).- The universal shape of these fuﬁqtions should
prove useful in correlating cﬁ;;;es.in the zerc temperature
gap edge A, and the ratio 28,/k T  with small changes in

the electron-phonon spectfhl function az(Q)F(ﬁ) with pressure,

alloving, increasing disorder, etc.
-
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.CHAPTER I

: '~ INTRODUCTION -

Present day theory of.supgrconductivityl_4) is

e

guite ‘successful in—explaining many experimental .phencmena

in a quantiéativg way. The theory is based on the go-éalled
Eii;sﬁ?erg gap equétions wﬁich relate the pafameters of

the essential microscopié interaépioné, to various physical
properties‘of the system. The,equations are used both

: wéys: they are either used éo extract from experiments
guantitative information about the microséopic interactions
in various méterials (like in tunneling experimenté) or to
predict various physical properties of superconductors from
the knowledge oﬁ the basiC‘ihteractién parameters. 'From the
mathematiéai pqint of view these eguations are gquite cbﬁpli-
cated and have to be solved numerically on a-computer. A
purely technical, but.of praé%ical importance, problem arises
és to how to_solQe these eguations in the most efficient ‘
and accurate way.' In Chapter iI we give a brief-dASCussion

of the strong coupling theoryhéf superqonductivity‘emphasi—
zing-essential physical aspects of the theoxry. In Chapter IIX
we apply the method of N-point Padé.apprpximﬁn£5'to the analy-
tic continuation of imagirary axis éolutfoﬁ of the Eliash-_

berg equations.to the real axis in order to calculate the
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ratio 2A0/kBTc~(a'quantity ﬁost squitive to the details:&f
“the-electroﬁ-phonon ihteract;on) for more than thirty super-
conductors. This techniqué Qas iscently developed by.Vidberg
and Serene and we have used it as a sunpiément to the program
written by Dr. J. M. Déams which solves the Bllashbe*g ecua—r
" tions on the imaginary frequency axis:

i The concept of functional derivatives, figgt applied .
in superconductLVLtv by Bergmann and Reiner, proved to be verv
useful in Navestigating. how the details of the electvon-nhonon
interaction influence the various physical properties of strong
coupllng superconductors. in Chapter IV we give the first

accurate numerical calculation of the functlonal derlvatlves
§u /8 2(@)F () and G(ZAO/kBTC)/G,p. (Q)F(Q) for Ta, Nb, Pb and
Nb3Sn. The univexsgl form- of these functiopal derivativgs

is revealed. This fact makes them usefui in predicting and
COr;glating gualitative changes in the -gap edge AO and the
ratio 28,/k T to small changes in the electron-phonon spectral
function GZ(Q)F(Q). We also include in Chapter IV one exanple

of such an analysis.



CEAPTER IT

ELIASHBERG EQUATIONS
™~

In this chapter we write down the basic gquations of .
the strong coupling theory of superconductivity.- The de-—
tailed derivation of éhese, S0 calied; Eliashberg equations
falls outside the séope of this thesis ané can be found in-
the literaturel_4}.’ Instead we will tryvy to point-out the

main &ifferences between the Bardeen-Cooper-Schrieffer theory

of superconductivity (BCS theory) and strong coupling'theofﬁ.
The physical model of the metal used in BCS theory
of superconduct1v1ty:4;the one given by the Landau theory
of Fermi- liquids. In this theory lt-ls assumed,that the low
lylng exc1ted states of an interacting Fermi gas can be des-
crlbed by the set of long-llved guasi-particles and that these
guasi particles have some residual interaction. This resi-
dual intefactioh consists of two parts: one is the screened
direct Coulomb interaction which is repulsive and the other
is the exchange of virtual phonons which can_lead to the at-
tractive interaction between guasi particles provided that
thefF energy (with respect to the Fexmi level) is less than
the Ehonon.energy. Bardeen, Cooper and Schrieffer have shown

that in the case when the total residual interaction is attrac-

tive at the Fermi. level the Fermi sea becomes unstable against the



formation of. the Coooer palrs and that the new supercon—f

ducting’ ground state:g;energetlcallv more favorable than

2

'the normal state. The BCS theorv of superconductlvltv was

capable of explalnlng a great many prooertzes of superconduc—

tors‘assumlng an instantaneocus two-body interaction

,_;V , for k,k' within the rim of width
vk,k'~= . -»ZﬁwD centred at the Ferui surface (2.1}
a 0 , otherwise
where Vv > 0 is essentially an arbitrarv.constant fitted, say,
to the experimental critical temperature‘and Wy is the Deoﬁe fre-
quency. However, certain deviations from the predictions of
the BCS theory.have been observed in experiments with parti-
cular materials like Pb and Hg, which can bé characterized
by a high superconducting transition temperature Tc and a
low Debye temoereture 85+ Out of many of these deviations
we will mention here just two which are relevant to later
work;
1) BCS theory predicts that the ratio ZAO/RBTC where Ab is
the zero temperature gap in the quasi-particle excitation
spectrum, kB - Boltzmann‘s constant, has the same value
© 3.53 for ali superconductors in the weak coupling llmlt
N{0)V << 1, where N{0) is the single-spin density of states

at the Fermi level and V is the interaction potential from

(2;1). However, experimentally observed values of the ratio



for, say ®b and Hg are 4.52 and 4.60 respectively.

2) For the density of quasi-particle states in a super—

conductor at zero temperature BCS theory predicts

weoy —&b el > &4
, 3 2 .
w —A » .
NSY )y = - . . (2.2)

y lw[ < A

0

It tﬁrns out that this density of states can be measured

in the single particle tupheliﬁé experiments in which one
'm;ésures the:bAfcharacteriétics of a normal metal-oxide-

superconductor junction. Experimentally deviations of the
order (AO/wD)z- from the BCS prediction (2.1}_have been
observed. -

One can argue that the BCS ratio 2A0}kBTc = 3.53

is valid only in the weak coupling limit N(0)V << 1 and
that the observed deviations can be accounted for w;thin the
BCS by abandoning the weak coupling limit. However this is
not correct. Thére are two reasons why BCS theory gives
predictions which arg ﬁot in coﬁ%lete agre%ment with exéeri-
mental results. First of all, the attractive interéction
between quési—pa:ticles mediated by phonons is retarded in
time. This can be understood qualitatively through the fol-
lowing 'hand @aving' aréument: Suppose that the first elec-
tron passes through the middle of é cell of ions and initiates

a polarization by attracting the positive ions. Let us

-



.assume that the ions respond by performing-siﬁple harﬁoﬁic
motion with'frequency equal to the-typical‘phonon frequency

W Thenii:reéﬁires};time t =fﬂ{imD for the polarization to
develop fﬁllyfcthat is for the ions to reach the maximumldi§;
tance fram their equilibrium positions. The second electron
feels the polarized lattice and is attracted toward the place
where the first electrqﬁ used ﬁé be.ﬁﬂﬂg‘see‘that the smaller

Debyve freqﬁéncy the longer the retardation that can be expected.
5) ' '

¥

used a variety of .nonretarded interactions in calcu-

Swihart
lating the ratio 2AO/kBTc ahd his results were alwayvs less
than the observed values for Pb and Hg.

Connecteé to the time dependence of the electron-
phonon interaction is the quasi-particle dﬁmping. Now, the
Landau.éheory'of Fermi ligquié&s, which forms the basis of the
BCS theory £ superconductivitf, is valid provided the dam-.

the life-time of the guasi-

- particle with e ergyrsk,‘is sufficiently small. More précise4

ly, it is necessary that the guasiparticle level width Tk =

1/2 1, is small compared to £

k

¢

Q

k.

o * . . -

1- - % .
5?; = rk << Ek . ) (2.3}

p

In a metal there are two processes which contribute to the
I+ One of them is the particle-hole creation from the elec-

tron sea. For sufficiently low temperatures, when only ex-
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cess. fm—the other hand,.the contribution to'I‘k arising

= -
from tite phonon emission satisfies (2.3) only for energies

which are very sma;i‘or very largehin comparison with the
Debyve energy.wD.- For €y -V wy the'eratio T /€y is of the order
ngfthe square of the electrdn ?honon coupling constant. It
is'obvious tuen.that in‘the case of strong coupling materrals
like Pb or Hg, where g ‘A 1, the Landau theory cannot be
'applled for the temperatures of the order 8 =‘mD/kB‘(ﬁ = 1}
or for the processes which involve energies of the ordef We s

&
regardless of the temperature. \The latter is precisely the

LY
case inya superconductor where the pairing correlatlons in-

yolve virtually excited states u; to wD.‘-The theory which
deals with this strongly.coupiea'electrontphonon svstem is
known as the strong ceupling theory of'supereonductivity.
Before we -give the basic-mierosc0pic equations of this theory
it is useful_to point out:hew tﬁe increase of the ratio

24 /kBT .for the strong coupling materlals like Pb or Hg can

be understood on the basis of qua51—part1cle damplngs) ‘The
<

damping decreases the effective pairing interaction strength

-and therefore the transition temperature Tc and the energy

gap A4y at zero temperature are both reduced. But, since

‘1

g

DirT oN Copy-
PaGe TACHEE,

{



\H;> ~ ther the correspondlng irreducible self-energy whlch contalns

e : the damping rate is larger at hlgher temperatures, T iz
:educed more than AO. This results in lncreaSLngnthe ratlo

2A0/kBch ) - - |
To t;eat a strongly ‘coupled elect;énﬁgionon system b

‘1t is necessary to use the methods of qu field theory. . kS
€ . .o . . ;:’
All physically relevant lnformatlon the many-body sys- /
.

tem is contalned in the varlous Green unctlo‘\\gLaj;nr‘-\\w//

‘flelds in questLon. For the electron—phonon system one cal—
culates the'’ thermodynam;c electron Green s functlon, or ra—_
the changes due to interactions. In the case when the anisSL \{
tropyAeffects are neg;igihgeﬁieo called 'difty*’iimit; the
self-energy equations for.e strong coupling‘superconductorr

known as the Eliashberg gap equations, written on the imagi-

v .nary frequency axis are . _ ' K

+ oo | » ) W
¢(iwp)=ﬁkBT . IA méu*(mc)e(wc—lm 1)1 - . (2.4)

e n-— m -
n_'? ' Y m2+A2(iw )
, m, m

‘ .' o
+oo w
+ wk_T z

n B _ . : y
m===  / 2ial (i )
m n

m {2.5)

A | n T b ?

§

.- I y .
\\th The gap functiom A is related to the pairing self-energy ¢ and

the renormalization function 2 by

w

A(iwn) = ¢(imn)/z(iwn) | (2.6) 7



where ‘ .
p— ’ . i .

fw, = itkgT(2arl)  (n =0,21,22,000) @

are Mgtsubara frequencies at temperature T. The two guan-
tities which characterize a given material. are the electron-
phonbn spectral.funbtion az(Q)F(Q) which describes the pho-
ﬁonFmediatéd electron-phonon interaction and the Coulomb
pseudppdtential u*(wé)‘Which describes,the-direct>CouiOMb;
repulsion between the electrons andfdepends somewhat on the
cut—-off ffequency W, used to truncate the summation in (2.4).
' The electron—phonon spectral function enters the equatlons

through the parameters.

[

- o e

A = a0 e (Q)F(Q) _3—9-7 ) (2.8) -
. - Q74w

'y '
It is defined by7)

kK g

.
BRIV Xson? vi | (2

-asz)F(m)= ) as
[ P
| | S-h[vF

where Ek 5, A is the dressed electron-phonon matrix element,
. LrePr - : .

N ds as
J D

X,p, A § (w-w, (p-k)) (2.9)

Yy is the Fermi velocity, ml(ETE) is the phonon energy for

rediuced momentum p-k and polarization A, £ is the volume and

~ integrations- are over the Fermi surface. We note that the

LS
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A
%,

phonon éensity of states is given by

A

Flw) = § (wRu, (k) ' ©{2.10)
. kA a

whe is the number of oms in the crystal and the sum

o¥ér k is restricted to the first Brillouin zone. It can
wer =

" be seen that az(m)F(m) describes the phonon density of states

wéighﬁedtby the effectiveness of. the.phonons of frequency w
for causing transition between any two statéé on the Fermi
surface. By the de%elopment of'pseﬁdopotential theéry and
experimental techniques for obtaining information ab%Pt
phonons from inelastic neutron scattering,'first_prihciple
calculations of the electron-phonon spectral function based
on the formula (2.9) h;ve become possible7). ‘Also it has
8,9

been shown that az(m)F(m) is related to the phonon life-‘

times due to electron phonon interaction,

2 A
(W F(w) = g=Tre— I 8 (w-w, (q)) (2.11)
e (wFle) = SR R R -

where N(0) is the singlé_spin electronic density of states at

the Fermi surface and YEA is the in&érse'phonon Jifetime.

gr .is-relaﬁed to the width of the neutron group and can be

cbtained from the inelastic neutron scattering experimentsg).
The Coulomb repulsion parameter u*(mc) is much more

difficult to calculate and the present theory gives only an

order of magnitude estimate



. 3 ir

N(0) ¥
I+N () V_2n(E /w ) ’ . (2.12)

}.l* (mc) .=

where EF is the Fermi energy and within Thomas-Fermi theory

for screening -

5 )
. N(O)V. = alen T2 (2.139
s 3 .-
a
kg 2 -
a= (=) , _ (2.14)
2%, \

where ks is the Thomas-Fermi screening wave vector.
However, single parﬁicle tunneling experiments cans

be used for determining both aztw)F(m) and the p*. Before

we describe how this comes about it is negessary to give ghe

real axis version of the Eliashberg equations

w a
c L} }
A(T,w) = ET%LET dw' {Re [ 4(T,w') ] anz(Q)F(Q)
! ‘ |2_A2(T"|)
0 w . s - 0
* Ui * o) (gt ————) -
e” =1 e +1  w'+w+l+i0 w'-w+R-10
' 1
e” =1 e +1  —w'+p+R+io - '=w+Q-10"
Buw? _ ”
.—p*(wc)tanh 3 1 ‘ (2.15).

where B = l/(kBT) and



%
) += X :
[1-2(T,w) ] = dw'Re [ 1| aee@rE@
-A {(T,w") -
0 , _ _ 0
. , .
% [( Bé + -Bi' \}%_ 1 - ‘l ny
e”¥-1 e +1 w +Q+i0° w'—-w+R-10"
+ Bé + B;E ) ( = — - ) . (2.16)
e -1 e +1 —w'4p+Q+io’ —w ' —w+R-10"

In the case of T = 0 these equatiggs~reduce to

w

C
A(w) = zﬂ;) du' Rel ___Eifl___l(K+(w,m‘)—u*(wc)) (2.17)
- /’w'z—a'(m)‘
[I-2(w)]w = ! du’ Re[— = 1XK_(w,0') 7 (2.18) .
: ! Jowr2oa? () :
with : .
. \ +o - LL
K, (w,u') = [ dq o (@) Fw) [—= + *. 1 —1]. 19)
- o' +u+Q+i0 Ww'=-w'+2i0"
3 , .

i

Now, for the tunneling density of states the strong coupling

theory of superconductivity gives

N(S)

(@) = N(0)Re {——r y . (2.20)
Y mz-Az(w) (:
This, together with real axis Eliashberg equations, is used

to determine az(w)F(@) and u* from tunneling experiments:
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a certain guess for az(m)F(m)'ahd u* is made and the. Eliash-
berg equations are solved for A(w) and Z{w) . -UsingAthis‘
solution one calculates the tunneling density gf states and
compares it'witﬁ‘the one. obtained in the experiment. 1f
the agreement is not good_az(w)Edﬁ)nand p* are adjusted and
the whole procedure is ;;pegted nntil.full coﬁvergénce is
obtained. W& note that the actual value of the Coulomb re-
pulsion parameter u? 'de?end somewhat on'thé.choice éf tﬁe
cut-off frequency w, (usually taken to be SmD “~ 10 mD). Data

3

on az(w)P(w) have been obtained for many materials from.

tunneling experimentslo). Using these together with u* as

inpet to the Eliashberg equations‘one can calculate the thermo-

. dynamic and: transpoxt ‘properties of supercohductors’ and’

campare them with experiments.
To end we note that:Leavens et al.ll) %gve shown

that the sharp cut-off é(;c—lﬁml),where 8(t) = 1 for £ > 0 and

= 0 for £t < 0, on the imaginary axis becomes somewhat smeared

when analyvtically continued to the real axis. Therefore, one

should not expect k*(w_) to be one and the same number on

the real and imaginary axis when the same cut-off frequency

W is used in real and imaginary axis version of the Eliashberg

eguations. Inithe imagiﬁary.axis calculations one uéually

chooses u*(wc) to fit some observable property of the

material.



< CHAPTER III

.
P

ZERO TEMPERATURE GAP EDGE FROM
ANALYTIC CONTINUATION
. In order to calculate thermodynamic properties of
strong coupling'superconductors'it is sufficient to know:
the imaginafy axis solutions A(imn) and Z(imn) of the

Eliashberg gap equations (2.4) and (2.5)12’13). However,

to calculate'the'transpozzgzjigexties like tupnelihg, thermal
coenductivity ete., one n ~the real axis solutions of the
self-energy eguations (2.15) and (2.16), which also give-

information about the thermodyn In both cases one

has to use a computefr to sol¥e numeripfally these nonlinear
. N 2

'integral! equations From the nuymierical point of view, it
~

is muach easier and

ess time c nsuming to solwve the imaginary

axis version of ﬁhe liashberg equationslr Vidberg and
Serenel4) have develope a‘hethod of obtaininé low tempera-
ture real axis solution§ by approximate analytic continuation
of the imaginary axis solution by means of N-point Padé ap-
préximants. The N—poiht Padé approximant to a complex func-
tion u(z) of th? complex variable z, whose N values uy

(i=1,...,N) are givern at N complex points z, A =1,.-..N)

is defineari~15) as a continued fraction ,
c () = El az(z—zl) . an(z—zN_l) (3.1)
n- 1+ = I+ 1 ’ -

14
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-

-such that "

- Celzg) =u; . (& =1,---,M . o . (3.2)

The coefficients a, are then given by the recursion

2; = 95730 . ‘ - ,
(i=1,---,8) (3.3).
| 91(23) =1y
g (z )-g (z) '
= P—l p_l p_l : - 2
) T amr, e, (@ ®22 - (3-4)

iC -

It can be shown that

- | Ay (2)
. : Cylz) = B,(2) ‘ | (3.5)

where Aﬁ and BN are polynomials éiven by the recuréion

- « - v

.An+l(z) = An(z) + (z-zn)an+lAn_l(z)

Bn+l€z) = Bp(z) + {z_gn)én+an—l(z)

(n =71121"'N"l) (3.6)

and
A0=0,Al=al,B=B =1. (3.7

14)

vidberg and Serene have tested this method on
several general cases and applied it to the problem of obtai--
ning the real axis solutions A(w) .and Z(w) ~from the imaginary

solutions A(imn} and Z(iwn) at the Matsubara frequencies.

e



' &
¢ The main conclusions of fheir analysié are:’
a) In order to get a good’ approximation ﬁéla‘funcpion
sﬁru;turea in the interval [o,uw] on‘the_real.axis one should
use a sufficient number of input points from the interval
{o,iw'] on the imaginary axis where iw' belongs to the range
of imaéinary axis where the function attains its asymptgtib
form (ﬁsually it.u-l is several times iw).
b) Fhe number of digits in the known values of the function
u; (; % 1,--.,N) is crucial for obtaining a good anaz;tic
continuation. . -
'¢) Overall agreement between -the A(w) and ‘Z(w) obtained’bf
means of N-point Padé approximant and those tabulated by
Rowell, McMillan and Dyneslo) is good, being exceilent in the low
freguency range (from zero up to several millielectron volts){
In their calcuiations vidberg and Serene have fit-
ted the Coulomb ;epulsion parameter to the éxperimentally cb-
served gap edge AO at zero temperature, which is, within

(j:;trbng coupling theory, given by the condition

Re A(w=bj) = 8, - . ' (3.8)

We have applied the method of N-point Padé approxi-
mants to calculate the ratio 280/kgT fromrthe Eliashberg
theory for many superconductors (see Table 1}). In our calcu-
lations we have taken a different approach in determining
the u*(wc}. Namely, we have fitted p* to the experimental

transition temperature T since this quantity can be measured



with better accuracy than the zero temperature gap edge AO

' Wz.tha.n the mag:.narv freguency axis formulat:.on the Ellashberg

berg theory, the critical temperature T is determined as

0
the maximum temperature T at which the linearized gap-equa—
tions, obtained from (2.4) and (2.5) by setting quadratic

terms in the gap equal to zero

Lot A(iw) .
¢ (iw ) = mkgT mzz_m BA == *(w e lw —]m )1 —1-—[— (3.9)
. ‘ -J"t ‘
- +Cﬂ . “
- mhz(imn3 = w, + ﬁkB? z 'Kn_msgn(mm) p (3.10)
\ M=—cc ‘

have a eon'trivial solution ¢ (that is A}. For fixed cut-off
frequency W, we ha;e fitted the u*(wc) to the experimental
traqsition temperature T, and then used the same cut-off

and Coulomb repulsien parameter to solve +the Eliash-

berg equations (3.4) and (2.5) at some low temperature.  ?hen

-

we have applied the Padé scheme and determined AO from the

condition (3.8). Since the Padé scheme is supposed to work
well in low frequency range (see c)) one can hope that this

method will give a good value for the A Furthermore, in

0"
view of a), it is not necessary to take too large a cut-off
® o for the purposes of determining the gap edge at zero tem—
perature. In most cases‘we have taken w, to be three times

the maximum phonon f£regquency Wy

Tabkble 1). The temperature T at which the Eliashberg egquations

of the given material (see
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(2.4) and (2.5) were solved was usually 0.4°K. The varia-

tion of‘KO(T) - the gap gdgé'at tempefature T with T-is_
negligible at very 1owteﬁgeratures and one can neglect the
différencg between 4,(T=0) and 4,(T) for T << T.. -

| There were several reasons for performing this éalf
culation. First of all we wahted torcheck this méthod of -
cbtaining AO’ ;g particular opr choicé sf p*(mc):‘ If this
method works well in the case of Pb and Hg, where it is

already khown th&tthest:ong coupling theory .of supercon-— °
ductivity works perfectly andAsinglé particle tunneling
experiments can be done wi thout any‘difficﬁlty; the-validity

of the method ié justified. Then Qne can proceed and calcu-
late the ratio ZAO/kBTc'for other superconductors, since'this
quantify ismost sensitive to the details of the electron-phonon
interaction, as we have mentioned in the previous chapter.

If the agreement between calculated and experimental ratio
2A0/kBTc is not good one can suspect:

i) The quality of tunneling expeéiment from which the electron-
phonon spectral function a2 () F(Q) is extracted and used in
our calculation. In this respect one should be very careful
with transition eléments since, in this case, it is extremely
difficult to make good tunneling junctions by the common method
of thermal oxidation. Not very long ago some people were pro-
posing ambreakdowskei Eliashberg theory in the case of Nb where

tunneling results gave surprising'results (a negative value



19-

of u*, forr example). %ébﬁurned out that the tunneling junc-
tures were bad and the common McMillan-Rowell inversion pro-

cedure was giving spurious results on az(Q)F(Q) and u*.

ii) The experimenta _valﬁesiof Tc.and/or AO since in‘our
procedure we fitted u*(mc) to Tc. It is prgferéble to use

the value of Tc obtained on the sample which is used‘in _\
tunneling experiments since various properties can vary. from
sample to sample of one and the same nateriall. *Furthermore,

even if Aoﬁénd Tc are measuréd on one ;nd the same spgciﬁen

they can Sampie different‘regions of the specimen. Ao'gives

i global infofmation about the surface layers of the super-—
conducting p?rt of the junction while inductEGely ﬁeasufed.

Tc corresponds to the'rEgioncﬁft e highest tr%?éitioﬂ-tempera— ﬁ’///

ture if the sample is inhomogengous.

iii). Finally one can gquestion the validi y' the standard

form &f Eliashberg equations, i particul r- the treatment of 'g

the electronic density of states\which is usually assumed to -

be constant in the energyfinterval.ZwM (ﬁ=1f around the Fermi

levelfz In the case of A-15 materials\the possibility of a

rapidly varying electronic density of sE§%es in this energy ,dﬂgif

ipterval is quite realistic.

. s

In Table 1 we give the re®lts of our calculatioﬁg.
In this table A is the area under:az(Q)F(Q)

o

+

A= dag az(m)F(w) ’ ‘ (3.11)
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A is the mass enhancement parameter due to the electron-

‘phonon interaction

vl ‘ 2 . -
Y  a=2 ap & LNEC) (3.12).
0
“and E is proportional to average phonon energy
. ‘ '
l. ) +m . |
E = [ ae o «®(Q)F(y - . (3.13)
. ) . . f '
0
* ' ‘
Yiun is the value of Coulomb repulsi@arameter optaine ,
. . . .
by in 2gf the tunneling data an& Meipreg *

ed to~the experimental transition temperature Te with ap-
£ frequency w_. ASXP

c t]
value of the zeroXtemhperat ga%,edge and Agalc is the

t%d qfﬁngizy/ We alsé:§§ve

and the,calculated value,zagalc/kBTc.'

ropriate cut- is thewexperimental

-

corresponding calcu

(8531 855P) /aS¥Px1 00

Since we have used expe€ximental values of the critical tem-

perature the relative error in 2A§a;c/kBTc for the-experimen—
)

calc
o N
the case of Pb and Hg the agreement between the calculated and

tal yalue is the same as the one in A We note that in

experiﬂfntal values of 4, is perfect. Also in the case -of
Al . (here we have used the spectrum az(Q)F(Q) calculated by
Leung et al.) the calc?Ldted ratio is very close to the BCS re-
< .

sult 3.53. Aluminium’'is a very weak coupling material for .

retardation and damping effects are not important

and which can be welldesdribédwithiﬁ the BCS thgbry. We

[

\
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SeeAﬁhat 6ur procedure gives the correct weak toupling liﬁit
of the Eliasﬁberg theorv.-:

Since the expefimental results for the gap edge are
‘accurate to ;t best 1% we can conclude that, except in a‘
few cases, the agreement between'the”calgulated value of the
gap edge AO and t?e correspoﬁéing experimental‘valﬁe is guite
good. . -

The few exceptions deserve special‘attention. The
worst agreement is in the case of Nb3Sn. For this material
we have used the electron phonon spectral function uz(Q)F(Q)
obt;ined by Shenls) from éupneling experihents. Recently,

17)

Moore, Zubeck, Rowell and Beasly have performed tunneiing
experiments in a series of A-LY% materials. They have used
an improve&ﬂ%echnique for forming tﬁnneling junctions with
these difficult materials. In their experimeqts on Nb.Sn the
ured values of the zero temperature gap edge 4, are
between 3.2 meV and 3.4 meV, that is larger than Shen's valﬁe
of 3.1 meV and close to our calculated value of 3.53 meV.
However there are still some difficulties with the inversion

18)

procedure™

(forlexample a negative valuve of u*) and it may
well be that the standard Eliashberg theory which serves as
the basis of present>inversi6n techniques is inappropriate‘
for these maéerials.

The second example of poor agreement is.the case of

Nb where we have used the az(w)F(w) obtained by Rowell et al.
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from tunnellng experlments. The basic characterlstlcs of

>

this spectrum are w, = 29 meV, A = 6.31ikeVv, A = 0.97 anﬂ

E = 102.26 mev2. The tunneling junction was made by ther-
) that in this way one

mal oxidation of Nb. It turns out20
obtains a thin laver of normal material between ‘the supercon-
ducting Nb and the oxide. So the actual structure of the tunne-
. ling junctién is not any more- supercdnduékor—oxide—normal
metal (SON) but supércénductor—normal metal-oxide-normal metal
(SNON) . The SN part of the junctibn acts effectively as a
prox1mlty sandwich and alters the I-V characteristics from
what one would obtain 1n the case of a standard SON junction.

20)

In principle, it is possible to obtain o (Q)F(Q) from

the tunneling deg?ity of states in this more complicated
situation if one knows the geometry of the proximity sand-
wich. But in the case of a tumneling junction with a ther-

mally grown oxide on Nb there is no information whatsocever

I

on the thickness of the normal phase layer. Wolf and Ar-

20) C o

nold were the first to understand this difficulty with

21)

Nb and have also found a way around it . The solution was

to form a junction of the SNON type but with a N layex (be;
tween S and O) thch can_be thermaily oxidized without any
éfoblem and with known dimensions. In tﬁis way they were able
to account for the presence of the proximity sandwich in a

quantitative way and extract the az(Q)F(Q)‘and u* for Nb from

the tunneling characteristics. We have also calculated the
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ratio 2A,/kgT. for this spectrum (w. = 28.29 meV, A = 7.25

mev, x = L1.0l, E =7120.74 mev) . As can be seen from
Tgble 1, the'agreement between~Agalc and AEXP is very good,
the erro:.béing 2%. | ..‘ . ' &

For niobium we have also used the third spectrum
obtained by Butler et 31.22) érém the analysis of the
widths of the neutfon groups and their relation to the phonon
lifetime ‘due to the electron-phonon interaction (see Chapter
II). The basic chafacteristics of this spectrum are w, =
28.87765 meV, A = 8.87 meV, X = 1.12, T = 159.04 mev>. The
calculated value of the gap edge (1.53 meV) is quite close
_to tﬁe one obtained from the previous spectrum {1.54 meV)E{?
Therefore, we can say that the Eliashberg theory works well
for the transition element Nb and that all the peculiarities
éf the previously obtained data from the tunneling (like
negative u*, small value of A23)) were the resﬁlt of.bad
tunneling junctions. We ?Snclude this discussion of Nb by
noting that.recently_it wés proposed by Rietschel-énd Winter24)
that for transition elements Eliashberg Equations‘should be
modifigd to include 'paramagnons', Fhat:is spin flu¢£uations,
which oppose superconductivity. However, .the preseﬁce of
paramagnons can be simulated within standaxd Eliashberg
theory by increasing the Coulcomb repulsion parameter u¥.

At present wé do not have an unambiguous explanation

for the large discrepancies between calculated and measured
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- N

‘values of the gap edge A, for 'the allov Pb SSBi 35 and

0
amorphoﬁs Bi. The most probable answer is that the mea-
sured vaiues of the gap edge Aolat zero tempeiature and/or
téansition temperature-Tc are not accurate £for these éwo
materials.

We can conCludé this section by saying that the
method of N-point Padé approximants for obtaining the zero
temperature gap edge from imaginary axis solutions is éuite
reliable. Second, in mést of the cases invesfigated heré
standard Eliashberg theory preﬁicts well the observed values

of the ratlg 2A0/EBTC.

AN

f
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CHAPTER IV '

‘THE FUNCTIONAL DERIVATIVES GA /oa (QIF (D)
AND §(2a /k T )/oa (Q)F(Q)

The material properties of-a etrong coupling supercon-—
ductor are contained in thelelectron-phonon spectral function
a (Q)F(Q) and Coulomb repuls;on parameter 1*. One can use these
quantltles to calculate the transition temperature, critical
field, zero temperature gap edge ao and other 1ntegral prci
perties of a superconductor, by solving the Eliashberg gap
equations. When we say that Tc, AO’ etc. are_integral proper—-
ties of a superconductor we mean that these quantities are
functionals of az(w)F(m) and u*; . Several years ago Bergmann
and Reinert?) applied the notion of functional derivative to
investigate the effectiveness of various phonon frequencies in
determining the critical teml.::ature-'l‘c and othexr thermodynamic

properties of superconductors. The functional derivative

they have used is defired by

e _ 1im c[“ (W) F(w) +£8 (0=0) ] =T (02 () F () I- (4.1)
sa® (@ F@) - 570 €

. where §(w-Q) is Dirac’'s delta-function. The physical signifi-

cance of this functional derivative is evident from the rela-
N .
tion

?.

27
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) 8T 2 . .
AT = & — c Sa“ (Q)F(RQ) (4.2)
L o (RYF(R) :

0

where'ATc %s the change in critical tempefature due to a

small change Guz(n)F(Q) in electron-phonon spectral function.’
'-Since they were concerned with thermodynamic broperties of
superconductors they were able to work within the imaginary
axis version of the Eliashberg egquations. Their numerical
calculations of 5Tc/6a2(Q)F(Q) for many supe;éonductors indi-
cated that this derivatiée has a universal shape: i£ inc;ea—
ses lingarly from zero at.Q = 0 to a‘maximﬁm at Q =~ 8kyT, and
then decreases slowly to zero as Q + ®, One can undérstand
why this functional derivative peaks at 2 < 8k5T, through
the following ‘hand-waving' argument due to Carbotte and
Leavens, which is similar to the one used in Chapter II to
explain the retarded nature of the electron-phonon interaction:
FPirst, an electron passing through the middle of a cell of iohs
attracts the ions and induces simple harmonic motion with
average frequency 2. Then a second electron will derive maxi-
Tum benéfit‘f:om the polarization 1f it arrives at time ﬁ =
1/2 after the poiarization has been initiated at the point
whére the first electron‘used to be.h On the other hand this
timeyis determined by the initial separation of electrons which
is egqual to the coherencedistancego‘(a measure of the spatial

extent of the Cooper pair} and by the Fermi velocity Vg at which
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¥y )

electrons move: vt = Eo- Therefore Q =

tiding the expression Eg = (75(3)/4)1/2VF/2kaTc for

(SIE]
iy
(@]
]

the cocherence length describing the spatial range of
. . - "
fluctuations gives & = 135 kBTc ~ ?kBTc.
We have used the method of N-point Padé approximant
" to obtain the zero temperature gap edge AO from the imagi=

nary axis solution of Eliashberg eguations and to calculate

the funct®onal derivatives

GA('J -
. ] (4.3)
Sa” (YF () -
and '
5 2A0 .; 2A0 1 GAO 1 GTC
7] T T a2 TT T2 I (4.4)
Sa“ (A F(Q) B c B ¢ 0 Sa ()F(Q) c 8o (Q)F ()
for Taloy, meg);‘Pblo)land NbBSnls) and thereby resolve tﬁe

question of how effective are various phonon fregquencies in
con%;ibuting to AO or ;6 the rati? 2A0/kBTc.

Before we describe the method of calculating functional
derivatives (4.3) and (4.4), and the obtained results it is
interesting to see what we can expéct on the basis of a 'haﬁd—
waviné' argument. Expressing the coherence length'E0 in
terms of the zero-temperature gap AO, Eo = vF)nAO we obtain
for the optimum phonon frequency in enhancing the gap
Q = W2A0/2 v SAO; however if in the previous result Q =

2 . . '
{m /l.45)kBTc we substitute kgT, given by 2A0/k3?c = 4 we get

T
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- 2 7
for the optimum phonon frequency 2 ~ I— Ay 2 34,. Therefore,

on the basis of this simple argument we ¢an expect that the
most effective frequencies in contributing to thé gap péra—
meter Ab.gre of the order of several Ag- o
We calculate the functional derivative 84 /8" (2)F(Q)

on the basis of the defining formula - .
2 2
84, A le™ () F () +e8 (2-0') ] -4, [a™ (R)F(R) ]
5 = lim : = (4.5)
Sa“ () F(R) e+0 '

_by'augﬁenting‘az(ﬂ)F(Q) by a histogram centered at Q' of
sufficientlj small height and width and then computing the
resulting change in the gap edge. This method of calcula-
ting the functional derivative was checked with the case of.
GTC/GaZ(m)F(w; for Ta which can be.obtained within the
imaginary axis formulation with a better numerical precision
The agreemeﬂ; was good to within a few percent.

‘For the special case = 0 the functioﬁai derivative.
6&0/6a2(Q)FEQ) can be calculated analytically. If we replace

‘¢(iw_ ) on the lef-hand side of (2.4) by A(iw )Z(iw ) and

then use (2.5) to eliminate Z (1w ) we obtain

Af(iw ) = k. T { Z A [ = e — =
n B SRR it 2.2
m . /r; +A (1w )
m m
= 8o )-]u [)Alie)

13 .

m=— f/ m2+ Az(im )
. m E m

12-13)
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B(iw )= (0 /w0 )A(ie

=0
~ Y wiia? (e ) - l\\
et m .

so that A(iwn) dees not depend .on Ao = A. Furthermore

o~

form # n

. ‘ v 2 :
A (aP(Q)F(2)+e8(Q)) = 2 J an L& MEETEI@)] _
: ’ Q%+ (w -w_) )
0 m -
oo : 2
» Qo< (R) F(Q) 2
= 2 dq = A (" (Q)F (D)
92+(w - )2 m-n = -
m n
0

so that augmenting az(Q)F(Q) by ed () has no effect on

An—m for n ¥ m. Since A(imn), and therefore A(w), depends

-

only on‘lm_n with m # n, the solution doesn't change when

«2(2)F(Q) is replaced by a’(R)F(2)+es () for any ¢, and we
N .
have

SAO

> =0 . (4.6)
§a” (QF(Q) [q_q )
. -1 2 -1
In figures 1l-4 we plot AO GAO/Ga (QYF () and Tc GTC/

Gaz(Q)F(Q) for the superconductors Ta, Nb, Pb and Nb_Sn,

3
respectively. We note that the functional derivative
STC/Saz(Q)F(Q) was calculated with the program written by
Dr. J. M. Daams. There are two common features of the four

plots. First, 6T_/éc’(R)F(Q) peaks at a frequency a* (T )

which is within ~ 5% of twice the peak frequency Q*(A;) of
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‘the functional derivative sa /s’ (@)F(2)%7)

29*(A0)\¢ Q*(T ) - - 4.7y

Second, for all four materials and frequencies considered

sa - ST
i e e (4-8)
. 0 Sa (%)F(n) c 8o (Q)F(R)

which implies (see formula (4.4))

' 24 : |
T G 2 0 - - 49
st (@) F(R) “Blc .

In Figure 5 we give the functional derivative
6(2A0/kBTC)/6az(@)F(Q) for all four materialst: All of them

are sharply peaked at Q*(A,)/3 to within about 15%27)

where 8, is corresponding value of the gap edge
: 2A0 : Q* (2,4}
* = :
Q (k T ) — - . (4.10)
B c . .
In Figure 6, TZISTC/Gaz(Q)F(Q) is_plotﬁed as a func-

tion of Q/k T and in Figure 7 A—lﬁa /Gaz(Q)F(Q) as a function
. B ¢ 0 0 7

of Q/Ao for all four makterials. It can be seen that both-
these functional derivatives have a universal shape: both
of them go to zero at Q = 0 and at large frequencies.
G?C/Gaz(Q)F(Q) peaks at a frequency Q*(Tc) which is within ~
: 27)
15% of SkBTc

Qx(T) ~ 8k T, BN CEEY



FIG. 5
Punctional derivative & (2A0/kBTc)6a2(Q)F(Q) for Ta

(memomnm }, Nb{(++++=+), Pb(—————— ) and Nb.Sn (—).
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FIG. 6
) T_N6T /80 (2) F(Q)
For Té R e Nb(-;----), Pb (+=———— ] and Nb_Sn

3
(———) as.a function of Q/kT,..
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FIG. 7

> —~1 5
AO 5A0/6a (Q)F(Q)
Ta (=s=r=r=c—r- ), Nb (+ese+e-), Pb (-——=--) "and ¥Nb
(———) as a function of Q/AO.
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while 5Aofdu (Q)F(Q) peaks at a fregquency Q*(Ao)\ﬁhich is’
\ .
27) ) . - ;

within ~ 20% at 28 .
0 —\

*
Q*(8g) v 285 - 4.22)
‘One can sum up relations (4.7), (4.10) and (4.11) into a

useful’ 'rule of thumb'27)

24 .
voeRr(g Do)~ 20%(ag) v R*(T) v 8kT, (4.13) .
. B.c

Although we -have considered only‘four different superconduc-—

tors from various coupling regimes we can say that (4.13) .
.can probably be applied to mosg if not all 'dirty*, that is
isotropic, superconductors.

L7
The univergality of the shape cof the functional

. . ~ 2 .
derlvat;ves GTC/G GAO/GG (Q)F(Q) and 6(2AO/kBTc)/ -

Gaz(Q)F(Qy makes t geful in predicting gualitative
changes in AO’ Td and ZAO/kBTc due to small changes in

 electron—phonon spectrall function aZ(Q)F(Q} with pressure,

alloying, increasing disérder, etc. |

Before we give an example of how these functional
derivatives can be used in corrxelating gualitative changes
in Tc’ AO and 2A0/kB'I‘c with changes in az(Q)F(Q) we éive in
Table 2 computeg-results for"T;laTc/ap#, ABISAO/Bu* and
(2A0/kBTc)fla(2A0/kBTc)au* for.Ta; Nb, Pb and NbéSn. These

derivatives can be used to corrélate the changes in Tc, AO

and 28,/k T_ to small changes. in Coulomb repulsion parameter u*.



Table 2 - )

N £
-1 * - -1 * ' =1 , : *
%ystem | ?c aTc/au‘ AO aAo/au (24A}RBTC) 3(2A0kBTc)/au
Ta, ' -6.2 -7.0 -0.8.
. Nb | -4.2 -4.8 -0.6
P -2.1 2.4 -0.3
‘NbySn 0 -2.1 -2.4 : ‘ -0.3

'

As an example of correlating the gualitative changes-

in Tc' AO and the ratio 2A0/kBTc1x>the changes in az(Q)F(Q)
and u* on the basis of wvarious functional derivatives we |

1) 25,28)

take sz ‘and alloy Nb 752K 25 {see Table 1l}. In

\U Fig. 8 we plot the two spectra together with functional deri-
vatives GTc/Gaz(Q)F(Q) and SAO/SGQKQ)F(Q). - It can be seen
that the alloyving of Zr in Nb results in a considerable’

increase of the spedt&al‘weight below v 10 meV for Nb 752T 25

with respect to Nb. This 'phonon softening' results in am
increase of electron-phonon mass enhancement parameter A

from 1.01 for the Nb to 1.31 for Nb - a 30% increase.

| _ 752% 25
At the same time the total ared A under az(Q)F(Q) is increased

by only 2.5%. Therefore’ the overall change in the spectrum

in going from Nb to Nb can be characterized to a good.

.75%% 25
o .. approximation by a shift of the spectral weight to the region

~
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below ~ 10 meV. This region falls under the peaks of. both
: funcﬁienal-derivatives of Tc and_A0 and therefore we can

expect an increase in both of these guantities. However,

since AElGAO/Gaz(Q)F(Q) is larger fﬁan TEISTC/Gaz(R)F(Q)

theiées;eage A, should be increaseg more than the transition
temperature T, which would result in an. increase}én

ZAO/kBTc We alsc note that the Coulomb repuls;on para-

. meter p*\is decreased frcm 0.1834215 for Nb to 0 1807988

-

for Nb 252 25 which should alsc result in an ipcrease in
c’ f/n

T AO and the ratio ZAO/kBTc. However, thisj}decrease 1is

small, * 0.004, and from the values of-&él

-1

BTC/Bu*{' .
-1 . . . s -
*
AO BAO/au and (2A0/kBtc) u?(ZAO/kBtc)/au* given in Table 2

we estimate \that the changes in Tor By and 28 /k, T due to

a change in p* are A(Tc) ~ 0.15°K, A(Ao) ¥ 0.03 mev and
A(ZA/kBTc) ~ 0.06: these changes are small compared to _

the total changes Atot(Tc) = 1.58°K, Atot(AO) = 0.39 meV and

£(28,/k T ) = 0.27. Therefore the largest part of the ')
) \
?

_64%% 25
is due to the shift of electron-phonon spectral weight to a

increase in T, 4 and 24,/k T  in going from Nb to Nb

more favorable region of freguencies.

| Mitrovié.and Carbottezq) have also succesefully ex:
pleined1juatrends of 4, ' Tc and. 284/kgT, in the Pi-Bi alloy :
series on the basis of varlous calculated functional deriva-

tives. Further appllcatlonsof'functlonal derlvatlves +to the

quenched Hg—films and Pb-films as well as to a critical.dis—
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cussion of an often used simple formula for the ratio

ZAO/kBTc are given by Mitrovié&, Leavens and Ca:bottez?).f

-~
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SUMMARY ¥

In Chapter 'III we have applled the method of N-
pOLnt E;dé approxlmants to calculate the ratio 24 /kB c
from Eliashberg theo:y, for over thlrty superconductors.
To do this we havélfirst solved the_llnearlzed Ellashberg egqua-
tions on the imaginary axis wltﬁﬁthe Coulaomb :epulsiouﬁbara—
meter u; chosen to reproduoe the experimental'criticel temé
perature T and then. used the same u* value to solve the Elias-.
berg equatlons on the imaginary axis at some low temperature-Tc.
Then we have applied the method of N-point Padé approximant
to analytically continue-the‘imaginary exis solution to the

[

real frequency axis and so determine the gap edge Ao_from

the relation Re L\.(w—A ,T) = A The fact that this method

0"
worked perfectly in the case of Pb and Hg where it isfknown
that strong couéling theory works well and where the tunne-.
ling experlmen s can be performed without any difficulty,
“indicate that we can use it in predicting the values 284 /KgT
on the basis of standard Eliashberg theory for other'supér-
..conductors for thch we had daua on az(Q)F(Q).‘ In the case of
Al we have shown that Eliashberg theory gives the correct weak
coupling limit (that is the BCS result). For the great ma-

jority of the superconductors considered; the calculated

values of AO' that is 2A0/kBTc were in good agreement with -

_,)
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experiﬁental'results." In this wéy it was shown that stan-
dard Eliashberg ﬁheory can account for the observed values
of ﬁhe ratio 2A0/kBTc in almost.all cases we have consi-
dered. In a_few.cases, cf poor agreement, wherg_the'erroré
were of the order 8% - 14%, the discrepancies can be re-
lated to the difficulties with forming good tunneling junc-
tioné as is known to be the case for Nb, or ée&haps to not

sufficiently accurate measurements of 4 'and/or T of

0 .
course, it may well be that for certéin materials the stan-
daﬁd Eliéshberé formulation of the theory should be modified

. to be;Fer acgsunt for the particular properties of these
haterials-' This -is the objective of some present stgdieé in
the theory of superconductivity.

In Chépter'IV we have presented accurate numerical
calculations of functional derivatives SAO/Gaz(w)F(m)-and
5 (28,/k T ) /86%(2)F(Q) for Ta, Nb, Pb and Nb,Sp. In cur
ﬁumerical work we have used the method of N—éoint Padé ap-

-Proximants to calculate the changes in the gap edge due to
small variations in electron-phonon spectral.fﬁﬁction '
«®()F(R). In calculating the functional derivative

] 5(2h0/kBTc)/aa2(Q)F(Q) = (2A0/kBTc)(AE;SAO/Saz(Q)F(Qf -
1Yt /6e? () F(R); the TNeT /s’ (R F(R) term was calcula-
ted from the imagiﬁary frequency axis Qrdgram written by

Dr..J. M. Daémsl3). The calculated functional derivatives

have a universal form27): they increase from zero at £ = 0,



peak at Ecme.freqﬁency Q* and then dec&eabe towards -zero

at large‘freéuencies; The relaﬁion bétween the freguencies
Awheié varioﬁsvfunctional derivatives peak can be summarized
by the'relatioqz7); 0% (24 /R T 20%(a,) ~ QX(T) ~ 8K,T_.
'Although~we have considered only four superconducting ma- —
terials of Qarious coupling strengths our conclusions pro-
,bablY'can_bé applied to all spéerconduéting materials in

the isotropic limit. The universal shape cf,£hesé'funcﬁioﬁal
derivatives makes;them useful in correiating qualitative
‘changes in Tc,_A0 and 2A6/kBTc to small changestin electron-
phonon SPectrgl funbfion. In.particular the above simple
relation be£ween various peak freguencies can be used for
rough estimates. We have shown how one can successfully use
various calculated functional derivatives to understand the
difference in the sﬁperconducting prépgrties of Nb.

752% 25
and Nb.
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