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Abstract 

 

New types of laser using the basic structure of FP cavity are designed and 

modelled, to achieve high SMSR single-mode lasing that can be immune to high level of 

optical feedbacks for optical network communication applications.  

The work includes design of asymmetric Bragg reflection waveguide laser that 

employs wavelength selective Bragg reflectors as the claddings to confine and filter 

desired FP longitudinal modes for amplification and lasing. Si-rich SiO
2
 single-mode 

laser based on this structure is also proposed and analysed.  

To optimize a recent design of discrete mode laser that is re-growth free and 

feedback-perturbation insensitive, a comprehensive implementation of the time domain 

transfer matrix method, including temperature and feedback effects, is carried out. The 

model helps to obtain a optimized DM structure that is balanced between high SMSR and 

low feedback sensitivity. 
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Chapter 1                                             

Introduction 

 

1.1 Background of the Research 

 

Semiconductor laser has been widely used in the optical communication networks 

[1] as the premium light sources to generate digital signals for information transmissions. 

Then, the reliability and spectral purity of those lasers would be of great importance in the 

network system construction to guarantee any communications of their best quality. The 

edge-emitting Fabry-Perot (FP) laser has the simplest and most economical laser structure 

available in this category; however, it operates in multi-mode intrinsically with mode 

spacing determined by the FP cavity length. In long-haul fiber-optic communication 

systems, pure single-mode laser has to be used to avoid transmission caused deterioration 

of signal quality at high modulation speed. Thus, specific modifications on the FP 

structures would be required to make the laser working at single-mode state with high 

spectrum purity. 

As one of the engineered single-mode laser candidates, distributed Bragg reflector 

(DBR) laser [2-4] can be viewed as the combination of an active FP resonance region and 

two frequency-selective passive mirrors on the cavity’s both end-facets. The selected 

wavelength of light by the mirrors can achieve constructive interference and amplification 

inside the cavity, to finally reach the single-mode lasing out of one or both ends. On the 
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other hand, the distributed-feedback (DFB) laser [2, 3, 5], which has thousands of 

reflectional gratings periodically etched above the active layer along the FP longitudinal 

cavity, can be regarded as a 1D Bragg structure where cumulative Bragg reflection and 

phase condition determines the lasing modes of the structure.  

Despite those two lasers’ wide use in optical communication networks, the 

existing issues such as feedback interference vulnerability [6, 7] and re-growth caused 

high manufacturing cost still need to be solved for more applications in either the next 

generation fibre-to-the-home optical network deployments [1] or the high-speed 

telecommunication upgrades [8]. To address those critical problems, we need to explore 

structures that can retain the advantage of feedback immunization from FP lasers [9], 

while suppressing the undesired side-modes of FP longitudinal cavity, to make the laser 

working at single-mode condition with high spectral purity. The following subsections 

include more detailed descriptions of the FP, DBR and DFB lasers, correspondingly, to 

summarize their advantages, as well as the disadvantages so that we can improve. 

1.1.1 Fabry-Perot Lasers 

 

A Fabry-Perot laser is an optical resonator, in which two parallel end-facet 

mirrors are separated by a uniform amplifying medium, such that light of certain 

wavelengths traveling through this gain medium can be continuously amplified and 

extracted from the output facet. The reflection from end mirrors enables the traveling 

waves of opposite directions in the cavity to interfere with each other either 

constructively to set up a standing wave or destructively to cancel out on average over 
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time. Once the wave set up inside the cavity, say of wavelength λ, then any other optical 

waves that are different by any integer number of the half-wavelength (λ/2) can be fit into 

the cavity, which makes the FP laser multi-mode. The schematic 1D structure of the FP 

laser is shown in Fig. 1.1. 

  

Figure 1.1 Fabry-Perot laser cavity and gain medium. 

 

Therefore, the relation between the resonance wavelength λ and the longitudinal length L 

for an FP laser can be written as follows: 

2
m L

n

λ  = 
 

 (1.1) 

, where m is an integer and n is the effective index of the FP cavity. 

a) Lasing threshold 

To analyse the threshold gain condition under which a pumped laser starts to emit light 

continuously, we have to find the balance between optical loss of the laser cavity and the 

wave amplification through its active region. In other words, to make the net optical 

power gain Gop equals unity, the initial optical power Pi  should be equal to the power Pf  

after a round trip as 

/ 1
op f i

G P P= =  (1.2) 
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This process includes two end-facet mirror reflections 1 2,  r r  and a uniform medium 

amplification of length L as 

[ ]1 2 exp 2 1r r j kL− =  (1.3) 

,where the longitudinal wave vector k is as 

( )1

2
k j gβ α= − −  (1.4) 

Here, β  is the propagation constant, g is the material gain and α is the material loss. By 

plugging k back into Eq. (1.3), we can find the lasing threshold condition for FP laser as 

1 2

1 1
lng

L r r
α

 
= +  

 
 (1.5) 

and 

2 2L mβ π= . (1.6) 

b) Spectrum  

As described before for resonance condition of the FP cavity, we can see from the 

following plot, Fig. 1.2, that the FP lasers are intrinsically multi-mode, with mode spacing 

as given by 
2

2nL

λ
λ∆ = . And the lasing spectrum is determined by the material gain 

profile, as well as level of the injection pumping power. 
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Figure 1.2 FP laser output spectrum.  

 

c) Noise 

As we see, Fabry-Perot lasers are the simplest and most economical type of 

semiconductor laser diodes, but they are generally noisier than DBR and DFB, because 

carriers in the active layer are shared by a large number of supported longitudinal modes 

who can compete with each other to obtain energy from the carriers for photon emissions. 

Then, the mode competition will cause mode partition noise (MPN) and affects the 

relative intensity noise (RIN) and bit-error rate (BER) during transmission through fiber. 

The following figures, Fig. 1.3-1.4, are plots for the carrier density, photon number, 

output power distribution and RIN calculations carried out using a multi-mode time-

domain rate equation simulation. From the graphs, we can see that the mode competition 

can sometimes seriously affect the stable operation of the FP lasers, especially for their 

use in fibre optic communications. 
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Figure 1.3 FP laser carrier and photon in CW case; photon distribution 

 

In Fig. 1.3, the MPN of FP is shown to be heavily affecting the lasing output, 

which, under long distance fiber transmission, could lead to further distortion of the 

signal, as there will be serious overlap of the signal bits, known as intersymbol 

interferences (ISI) for optical waves of different wavelengths. For a reliable signal source 

in optical communications, the main mode should have the same photon distribution as 

the total output, while all other side modes should have an exponential decay around 0 for 

S/Save. The RIN plot of Fig. 1.4 is also indicating the high level of noise for their relative 

magnitude to be around -30 ~ -35 dB. 

 
Figure 1.4 FP laser RIN for different modes. 
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d) Large signal 

For large signal demonstration, we also showed the time-domain simulation of FP laser 

modulated by square wave current injection switched between 30-50 mA at 5GB/s. For 

short range communications, multi-mode FP laser can still be used depending on the 

transmission quality required. 

 

Figure 1.5 FP laser large signal eye diagram 

 

1.1.2 Distributed Bragg Reflection Lasers 

 

To narrow down the output spectrum and reduce the mode numbers, DBR [4, 10] 

laser is designed as shown in Fig. 1.6 schematically. Two passive Bragg gratings of 

lengths L1 and L3 with periodic indice are separated by a gain region of length L2. The 

gratings serve as frequency-selective mirrors, whose reflectivity diagram with respect to 

the wavelength can be given by Fig. 1.7. 
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Figure 1.6 DBR laser cavity and gain medium. 

 

 

Figure 1.7 DBR laser reflection spectrum. 

 

A number of longitudinal modes with spacing 2 / 2nLλ λ∆ =  can be supported within the 

grating’s stop band, while all other modes outside the stop band decay exponentially in 

the passive gratings. The Bragg mirror, often a stack of quarter-wave gratings, is then 

used to provide the maximum amount of reflection around the Bragg wavelength for 

mode selection. When the cavity length is reduced, resonance wavelength λ will increase 

until only one longitudinal mode is allowed at 
B
λ . Then, a single-mode DBR laser is 
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obtained. There are also other ways to make single-mode DBR lasers by tuning the 

cladding parameters, etc., but we will not explain here in details in this thesis. 

 For analytical solution of the structure’s lasing threshold condition, we can use the 

effective reflectivity 
eff

r (
g

C r= ⋅ ) for the Bragg mirror [10], instead of FP facet 

reflectivity r, in the previous Eq. (1.3) as 

[ ]2 exp 2 1effr j kL− =  (1.7) 

, which, by separating the complex reflectivity and wave number into real and imaginary 

parts, can lead to the following phase and gain equation as 

2
2

1 1
ln

g

g
L C r

α
 
 = +
 
 

 (1.8) 

and 

2 2L mβ φ π+ = . (1.9) 

Here, C is the coupling-efficiency coefficient of the DBR laser from the active region to 

the passive Bragg mirror, 
g

r  is the amplitude-reflection coefficient of the mirror at the 

transition point, and φ  is the phase of 
g

r  [10]. 

Single-mode DBR laser diodes are often wavelength-tunable, which can be 

accomplished by using a separate phase section, as in Fig. 1.8, heated by the driving 

current electrically. In general, the refractive index decreases with an increase in the 

carrier density, (or injected current), resulting in a blue shift of the Bragg wavelength and 

therefore the lasing wavelength. This kind of multi-section current injection scheme can 

achieve continuous wavelength tuning over a range of 5-20 nm [11]. There are also more 
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sophisticated device designs, exploiting sampled gratings (SG-DBR laser) [12], which 

offer a tuning range as wide as e.g. 40 nm, although with certain possibilities of the mode 

hopping. 

 

Figure 1.8 DBR laser structure with separate gain and phase tuning sections. 

 

The linewidth of a DBR laser is typically a few megahertz [13], which is larger 

than that, for example, of a coupled-cavity laser [14], because of the former one’s 

relatively short resonance cavity. For any FP structure, linewidth of the resonator can be 

much narrower than that of the Bragg reflectors. 

Vertical cavity surface-emitting lasers (VCSELs) [15-17] are also distributed 

Bragg reflector lasers, although the term “DBR laser diodes” is normally used for edge-

emitting semiconductor lasers. This structure can be formed by epitaxially growing 

periodic layers onto the wafer substrate to obtain Bragg reflectors in the vertical direction, 

such that waves in the sandwiched active layer can achieve resonance at any desired 

wavelength. 

Applications of DBR laser diodes include optical fiber communications [18], free-

space optical communications [19], laser cooling [20, 21], optical metrology and sensors 
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[22, 23], and high-resolution spectroscopy [24, 25]. DBR lasers actually compete with 

external-cavity diode lasers, which also offer wavelength-tunable single-frequency output, 

with potentially better performance in terms of noise control, but requiring a significantly 

more complex setup [26].  

1.1.3 Distributed Feedback Lasers  

 

A distributed-feedback laser [3, 5] is also a Bragg grating assisted structure, 

whose periodic etchings sit right above the active layer along the longitudinal direction, to 

achieve accumulative Bragg reflections and lasing when threshold gain and phase 

conditions are met. The end-facet mirror can also be omitted or coated with anti-reflective 

layers to minimize the facet reflection and perturbations back into the laser structure. 

Typically, for high purity single-mode DFB laser, the periodic structure is modified with 

an additional / 4λ -phase shift region in the middle [27], such that the constructive 

interference condition can be met at the reflection spectrum peak center, rather than two 

sides of the main lobe as in the non-shifted DFB case.  

a) Lasing threshold 

For the threshold gain analysis of a DFB structure, we can use the boundary condition at 

two ends as 

1(0) (0)A r B=  and 2( ) ( )B L r A L= . (1.10) 

Then, by plugging in the expression for A and B from the coupled-mode equation as 

1 2

2 1

( ) exp( ) ( ) exp( )

( ) exp( ) ( ) exp( )

A z A iqz r q B iqz

B z B iqz r q A iqz

= + −

= − +
 (1.11) 
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, where ( )r q  and q  are the effective-reflection coefficient and wave number, we can get 

the threshold equation for the laser as 

1 2

1 2

exp(2 ) 1
1 1

r r r r
iqL

rr rr

  − −
=  − −  

. (1.12) 

Since ( )r q  and q  are both related to the wave number difference ( )Bβ β β∆ = −  and 

coupling coefficient κ  as 

( )
q

r q
β

κ
−∆

=  (1.13) 

and  

( )
1/2

2 2
q β κ = ± ∆ −   (1.14) 

, we can obtain a similar solution as plotted in the following figure [3] as 

 

Figure 1.9 Normalized threshold gain and detuning for three modes  

of an anti-reflection coated DFB laser [3] 

 

,where the detuning factor is [ ]Reδ β= ∆  and the threshold gain is [ ]2*Imα β= ∆ . 
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Therefore, a single-mode operation can be obtained with proper choice of the 

grating depth, device length and facet reflectivities, as indicated by the dashed lines in Fig. 

1.9. 

b) Spectrum  

The spectrum of DFB laser is usually single-mode with high SMSR (around 50 dB as in 

Fig. 1.10), whose mode spacing is similar to FP mode as 2 / 2nLλ λ∆ = . The first side-

mode of a non-shifted DFB laser usually sits 1~3 nm away from the main mode, and is 

often the most common mode-hopping wavelength spot, as is determined by the intrinsic 

feature of the DFB structure. The threshold gain profile should be theoretically symmetric 

with respect to the Bragg wavelength, if no asymmetric factors are introduced into the 

laser at all during its fabrication process. 

 

Figure 1.10 DFB laser output spectrum. 

c) Noise 

DFB laser usually works in the single mode condition with high SMSR, such that its 

MPN and RIN are relatively low, and may only be subject to certain levels of external 

feedback interferences. When DFB laser is used in the optical networks, isolator is always 
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accompanied to prevent reflected feedbacks from re-entering the laser’s structure and 

breaking the already built-up resonance condition. In the following Fig. 1.11, we could 

see that a level of -25dB feedback can dramatically increase the noise level of the laser 

output from the black curve to the red one. 

 
Figure 1.11  DFB laser with/without external feedback interferences. 

 

This can be understood as there are complicated constructive interferences established in 

the DFB cavity between those thousands of gratings, such that a certain level of external 

perturbations can easily disturb the whole system before the phase resonance condition  

can be re-established. 

d) Large signal direct modulation 

The DFB laser can still be stable for single-mode lasing at high modulation speed, 

so it is always used in the central office for long-haul communications, because of its 

supreme lasing quality, but relatively higher cost. The following figure, Fig. 1.12, shows 

a clean eye-diagram at 5 Gbit/s modulation, without external feedback interferences. 
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Figure 1.12  DFB laser eye-diagram at 5Gbit/s. 

 

1.2 Motivation of the Research   

 

To reduce the feedback caused signal quality deterioration, without resorting to 

the optical isolators, we wish to design lasers that can combine the simplicity of FP cavity 

together with the frequency-selective transversely placed Bragg mirrors, to obtain single 

longitudinal mode lasing at any desired wavelength. Our Bragg reflection waveguide 

(BRW) laser design is one of the choices, which not only enables the single-mode lasing, 

but also provides light confinement in the low index gain medium, such that materials 

like the silicon-rich SiOx can be directly integrated onto the Si-substrate and be used as a 

light source for the all-in-one optical components board. 

Also, considering the design that can use only a few defects etched along the FP 

cavity’s longitudinal direction to achieve single mode lasing with high SMSR, we wish to 

study the discrete mode (DM) laser of its dynamic properties, as well as performances 
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over the spectral purity and feedback sensitivity issues, under the high-speed direct 

modulation conditions. 

 

1.3 Outline of the Thesis   

 

This thesis is organized as follows. We will describe the basic theory about 

transfer matrix method for waveguide with detailed transverse structures. Then, we 

discuss the 1D band structure of Bragg reflection waveguide, which can be directly 

extended to the design of Bragg reflection waveguide (BRW) lasers. Then we explain the 

properties of BRW laser. In Chapter 5, we will discuss the transfer matrix method applied 

to the FP cavity’s longitudinal direction and therefore explain the design of discrete mode 

(DM) laser structure. Following that, we will discuss the time-domain traveling wave 

model, which can be used for large signal simulation of many customized laser structures, 

especially non-periodic ones. Then, we discuss the properties of DM laser under high-

speed direct modulation conditions and explain the procedures we can follow to improve 

its dynamic performances. 
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Chapter 2                                                     

Transfer Matrix Method 

In this chapter, we will explain the method that has been used to investigate the 

one-dimensional (1D) waveguide structure by forming a chain of multiplied transfer 

matrices according to the boundary conditions of the electromagnetic fields at the 

interfaces. The transferring of waves at each point of the 1D waveguide can be uniquely 

determined by using their phase information, such that an ordinary 2-by-2 matrix can be 

formed piecewisely. With the help of computers, many complex chain of matrix algebra 

can be easily handled for a final solution of the waveguide modes.  

 

2.1 Introduction 

 

The transfer matrix method is designed to deal with propagations of optical waves 

in the layered media. Theoretically, electric and magnetic fields of the waves are all 

governed by the Maxwell’s equations, which provide the background physics for the 

fields to be connected and calculated at different positions of the material, especially at 

the material interfaces.  For our studies of the optical waves in most media, except for the 

metallic waveguides that utilize surface plasma polaritons [28] to carry on optical fields, 

we assume zero net electric charges to reside on the dielectric material interfaces. Then, 

for the waves at those discontinuities, we can obtain the scattering matrix by applying the 

electric and magnetic fields continuity condition at the interfaces. And for wave 

propagations in the uniform and lossless media, we can use the propagation matrix to 
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describe. Having solved those two cases, i.e., the index jump and the uniform medium 

cases, we can be ready to deal with their combinations --- the layered media, for the 

design of waveguides and lasers in optical communication systems. 

In the following subsections, we will briefly review the Maxwell’s equations and 

the material equations as the starting point of the functional optoelectronic device 

descriptions and simulations.  

2.2 Maxwell’s Equations 

 

The most fundamental equations in electrodynamics are the Maxwell’s equations, 

which are given as follows: 

0
t

t

∂
∇× + =

∂
∂

∇× − =
∂

B
E

D
H J

  
0

ρ∇⋅ =

∇⋅ =

D

B
. (2.1) 

In the equations, E and H are the electric and magnetic field vectors, respectively, which 

are often used to describe an electromagnetic field. The quantities D and B are called the 

electric displacement and magnetic induction, respectively, which are introduced to 

include interactions between the field and the material. The quantities ρ and J are the 

electric charge and current density, respectively, which may be considered as sources of 

the fields E and H. These four Maxwell equations completely determine the propagation 

of electromagnetic field inside the medium and are the fundamental equations of the 

electrodynamics theory. 
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2.3 Wave equations 

 

If we assume the electromagnetic field oscillates at a single angular frequency ω, 

we can write the field vector A as a function of space and time in frequency domain as  

( )( , ) Re ( )expt j tω =  A r A r , (2.2) 

where A can represent the electric field E, the magnetic field H, the electric flux density 

D, and the magnetic flux density B, respectively. Then, for dielectric medium in absence 

of the surface current or surface charges, we can rewrite the Maxwell’s equations in 

frequency domain as 

0

0r

j j

j j

ω ωµ

ω ωε ε

∇× = − = −

∇× = − =

E B H

H D E
 

( )
( )

0

0

0

0

r
ε ε

µ

∇⋅ =

∇⋅ =

E

H
 (2.3) 

where we assumed 0 0r
µ µ µ= =B H H  (i.e., 1

r
µ = ) and 0r

ε ε=D E  

2.3.1 Wave equation for electric field E 

 

Applying a vectorial rotation operation ∇×  to the above equation, we can get 

( ) ( ) 2

0jωµ∇× ∇× = ∇ ∇⋅ −∇ = − ∇×E E E H . (2.4) 

With the help of equations ( ) 0r r rε ε ε∇⋅ = ∇ ⋅ + ∇⋅ =E E E  and 0r
jωε ε∇× =H E , we can 

reduce the above equation to contain only the electric field as 

2 2 0r

r

k
ε
ε

 ∇
∇ +∇ ⋅ + = 

 
E E E  (2.5) 

, where k is the wave number in that medium as 0 0 0 0r rk k n k ε ω ε ε µ= = = . 
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For uniform medium with constant relative permittivity 
r
ε , the vectorial wave equation 

for the electric field can be reduced to the Helmholtz equation as 

2 2 0k∇ + =E E  (2.6) 

2.3.2 Wave equation for magnetic field H 

 

Applying a vectorial rotation operation ∇× to Eq. (2.3), we get 

( ) ( ) ( )2

0 rjωε ε∇× ∇× = ∇ ∇⋅ −∇ = ∇×H H H E . (2.7) 

With the help of equations ( ) 0r r rε ε ε∇× = ∇ × + ∇× =E E E  and 0jωµ∇× = −E H , we 

can simplify the above equation to contain only the magnetic field as 

( )2 2

0 0r
r

r

k
ε

ε
ε
∇

∇ + × ∇× + =H H H . (2.8) 

If the relative permittivity 
r
ε  is constant in the medium, the above equation can also be 

reduced to the Helmholtz equation as 

2 2 0k∇ + =H H . (2.9) 

2.4 Boundary conditions 

 

One of the most important problems in determination of the reflection and 

transmission for the electromagnetic waves through layered medium is the continuity 

relation of the field components at dielectric interfaces. Although physical properties may 

change abruptly across the layers, some of the field components are continuous at the 
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dielectric boundaries. These continuity equations can be derived directly from the 

Maxwell’s equations. 

Consider an interface separating two media with different dielectric permittivities 

and permeabilities: If we construct a thin cylinder over a unit area of the surface and carry 

out the surface integral, we can obtain the boundary conditions for B and D as follows 

2 1 2 1( ) 0            ( ) σ⋅ − = ⋅ − =n B B n D D  (2.10) 

In the above equations, n is the unit normal to the surface directed from medium 1 into 

medium 2, and σ is the surface charge density. They can also be written as 

 

2 1 2 1                  
n n n n

B B D D σ= − = . (2.11) 

For the boundary condition of field vector E and H, we can draw a rectangular 

contour with their two longer sides parallel to the boundary and carry out a contour 

integral to obtain the following equaitons as: 

2 1 2 1( ) 0            ( )
s

J× − = × − =n E E n H H  (2.12) 

, where Js is the surface current density. Again, the above can be rewritten as 

2 1 2 1                 
t t t t s

E E H H J= − =  (2.13) 

, where t represents the tangential component of the field vector. 

Thus, the boundary condition of electromagnetic fields in the dielectric media can 

be summarized as follows: 

(a) Tangential components of the electric fields are continuous as 

1 2t t
E E=  (2.14) 
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(b) Tangential components of the magnetic fields are continuous, if no current flows at 

the interface surface, as 

1 2t t
H H= . (2.15) 

(c) Normal components of the electric flux density are continuous, if no charge resides at 

the interface surface, as 

1 2n n
D D=  (2.16) 

(d) Normal components of the magnetic flux densities are continuous as 

2 1n n
B B= . (2.17) 

2.5 Transfer matrix method formulation 

 

With the above discussions for the Maxwell’s equations and the boundary 

conditions of the dielectric materials, we can construct the transfer matrix to describe 

wave propagations in the layered media. Following, we will use a three-layer slab 

waveguide as an example to introduce the TE and TM modes:  

The slab index profile can be written as follows 

1

2

3

,             0

( ) ,       0

,             

n x

n x n x d

n x d

<


= < <
 >

  (2.18)                            

where n1, n2, and n3 are the refractive indices and d is the thickness of the middle layer. 

Since the structure is one-dimensional, i.e., homogeneous in the y and z direction, and the 

wave is propagating along the z-axis in xz plane, therefore, 0 and j
y z

β
∂ ∂
= = −

∂ ∂
. 

From the Maxwell’s equations 



Chapter 2. Transfer matrix method               Ph.D. Thesis – Yu Li - Electrical Engineering 

 

  23 

 

0

0r

j

j

ωµ

ωε ε

∇× = −

∇× =

E H

H E
 (2.19) 

whose component representation can be written as follows 

0

0

0

z y x

x z y

y x z

E E j H
y z

E E j H
z x

E E j H
x y

ωµ

ωµ

ωµ

∂ ∂
− = −

∂ ∂

∂ ∂
− = −

∂ ∂
∂ ∂

− = −
∂ ∂

 (2.20) 

0

0

0

z y r x

x z r y

y x r z

H H j E
y z

H H j E
z x

H H j E
x y

ωε ε

ωε ε

ωε ε

∂ ∂
− =

∂ ∂

∂ ∂
− =

∂ ∂
∂ ∂

− =
∂ ∂

 (2.21) 

Thus, we can have two modes as solutions of the above equations, i.e., the transverse 

electric (TE) mode and transverse magnetic (TM) mode that propagate in the three-layer 

slab waveguide.  

For the TE mode, longitudinal component of the electric field is zero ( 0
z

E = ), 

then, Eq. (2.20) and 0
y

∂
=

∂
 give the relation 0

y
H =  and 0

x
E = . The above six 

equations are therefore reduced to one Helmholtz equation, one 1
st
 and one 0

th
 order rate 

equations as 
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( )
2

2 2 2

02

0

0

0

1

y y

y

z

x y

E n k E
x

E
H

j x

H E

β

ωµ

β
ωµ

∂
+ − =

∂
∂

= −
∂

= −

. (2.22) 

For the TM mode, longitudinal component of the magnetic field is zero ( 0
z

H = ), 

then, Eq. (2.21) and 0
y

∂
=

∂
give the relation 0

y
E = and 0

x
H = . The six equations can 

also be reduced to one Helmholtz equation, one 1
st
 and one 0

th
 order rate equations as 

( )2 2 2 2

02

0

0

1
0

1

y y

y

z

r

x y

r

n H n k H
x n x

H
E

j x

E H

β

ωε ε

β
ωε ε

∂ ∂  + − = ∂ ∂ 
∂

=
∂

=

 (2.23) 

This is one important property of the 1D multilayer, which splits the problem into two 

independent ones as TE and TM polarizations, respectively.  

2.5.1 Introduce the transfer matrix for TE mode 

 

As we know, the field ( )
iy

E x  satisfying TE wave equations in the i-th layer (i=1,2, 

and 3) has the following form of two (forward and backward) traveling waves as 

( ) ( ) ( )ix ixjk x jk x

iy i i i iE x a e b e A x B x
− += + = +   (2.24) 

, where 

2 2

0( )ix ik n k β= −  (2.25) 
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is the x-component of the wave vector in the ith layer, and ai, bi are the amplitude 

constants in each layer. 

In terms of the matrix representation, we can write 

( ) 0
( )

( ) 0

ix

ix

jk x
i i

iy jk x
i i

A x ae
E x

B x be

−

+

    
= =     
    

 (2.26) 

, for the field propagation in the uniform medium i. 

For the fields scattered at interfaces between the layers, we need to apply their 

boundary condition by requiring the field components ( )
iy

E x  and 
0

( )
iy

iz

Ej
H x

xωµ

∂ 
= ∂ 

 to 

be continuous as  

( 1) ( 1)

( 1) 1 1( ) ( ) i x i xix ix
jk x jk xjk x jk x

iy i i i y i iE x a e b e E x a e b e+ +− +− +
+ + += + = = +  (2.27) 

( 1)

0 0

( ) ( )
iy i y

j j
E x E x

x xωµ ωµ +

∂ ∂
=

∂ ∂
 (2.28) 

The second equation can be written more explicitly as 

( 1) ( 1)

1 ( 1) 1 ( 1)
i x i xix ix

jk x jk xjk x jk x

i ix i ix i i x i i xa k e b k e a k e b k e+ +− +− +
+ + + +− = −  (2.29) 

In terms of the matrix representation, we can write 

( 1) ( 1)

( 1) ( 1)

1

1( 1) ( 1)

i x i x
ix ix

ix ix i x i x

jk x jk xjk x jk x

i i

jk x jk x jk x jk x
i iix ix i x i x

e ea ae e

b bk e k e k e k e

+ +

+ +

− +− +
+

− + − +
++ +

     
 =     − −      

 (2.30) 

, which can be split into a scattering matrix multiplying a propagation matrix as 

1 1 0

0

ix

ix

jk x
i

jk x
ix ix i

ae

k k be

−

+

    
    −    

 (2.31) 

Therefore, we can define the “propagation” and “scattering” matrices for the TE mode as 
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0

0

ix

ix

jk x

i jk x

e
P

e

−

+

 
=  
 

 (2.32) 

1 1
i

ix ix

D
k k

 
=  − 

. (2.33) 

2.5.2 Introduce the transfer matrix for TM mode 

 

For the field ( )
iy

H x  satisfying TM wave equations in the i-th layer (i=1, 2, and 3), 

we have the forward and backward traveling waves combined as 

( ) ( ) ( )ix ixjk x jk x

iy i i i iH x a e b e A x B x
− += + = +   (2.34) 

, where 

2 2

0( )ix ik n k β= −  (2.35) 

is the x-component of the wave vector in the ith layer, and ai, bi are the amplitude 

constants in each layer. 

In terms of the matrix representation, we can still write 

( ) 0
( )

( ) 0

ix

ix

jk x
i i

iy jk x
i i

A x ae
H x

B x be

−

+

    
= =     
    

 (2.36) 

, for the field propagation in the uniform medium i. 

For the field scattered at interfaces between the layers, we need to apply their 

boundary condition by requiring the components ( )
iy

H x  and 
0

( )
iy

iz

r

Hj
E x

xωε ε

∂ 
= − ∂ 

 to 

be continuous as  
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( 1) ( 1)

( 1) 1 1( ) ( ) i x i xix ix
jk x jk xjk x jk x

iy i i i y i iH x a e b e H x a e b e+ +− +− +
+ + += + = = +  (2.37) 

( 1)

0 ( 1) 0

( ) ( )iy i y

ir i r

j j
H x H x

x xωε ε ωε ε +
+

∂ ∂
− = −

∂ ∂
 (2.38) 

The second equation can be written more explicitly as 

( 1) ( 1)( 1) ( 1)

1 1

( 1) ( 1)

i x i xix ix
jk x jk xi x i xjk x jk xix ix

i i i i

ir ir i r i r

k kk k
a e b e a e b e
ε ε ε ε

+ +− ++ +− +
+ +

+ +

− = −  (2.39) 

In terms of the matrix representation, we can write 

( 1) ( 1)

( 1) ( 1)

1

( 1) ( 1)

1

( 1) ( 1)

i x i xix ix

i x i xix ix

jk x jk xjk x jk x

i i

jk x jk xjk x jk x i x i xix ix

i i

ir ir i r i r

e ee e
a a

k kk k
e e b be e

ε ε ε ε

+ +

+ +

− +− +

+
− +− + + +

+
+ +

  
      =     − −         

 (2.40) 

, which can also be split into a scattering matrix multiplying a propagation matrix as 

1 1 0

0

ix

ix

jk x
i

jk x
ix ir ix ir i

ae

k k beε ε

−

+

    
    −    

 (2.41) 

Then, we define the “propagation” and “scattering” matrices for the TM mode as 

0

0

ix

ix

jk x

i jk x

e
P

e

−

+

 
=  
 

 (2.42) 

1 1
i

ix ir ix ir

D
k kε ε
 

=  − 
 or 

2 2

1 1
i

ix ir ix ir

D
k n k n

 
=  − 

 (2.43) 

2.6 Example 

 

In the following example, we use the analytical method described above to 

calculate and plot the dispersion curve, main mode field distributions and effective index 
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profiles at 1.55 µm wavelength for a slab waveguide. The core index is 2.0 and cladding 

index is 1.0. The core width is 100 nm. 

    

Figure 2.1 Dispersion curves for TE and TM waves of a 3-layer slab waveguide. 

 

From Fig. 2.1, we see the dispersion curves take different shapes for TE and TM waves 

insed the 3-layer slab waveguide, which is due to the different boundary conditions at the 

index interfaces. In Fig. 2.2, the fields plot for both TE and TM are more obvious as we 

see the wider distribution of fields outside the core into the cladding.  

 

Figure 2.2 Main mode field distribution for TE and TM waves of a 3-layer slab waveguide.. 
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In Fig. 2.3, we see the single-guided fundamental modes for both the TE and TM waves 

are on the real axis, while all other leaky modes are in the complex plane below the real 

x-axis. 

      
Figure 2.3  Index profile for TE and TM waves of a 3-layer slab waveguide. 

 

2.7 Summary 

 

In this chapter, we have discussed the basic theories of the electromagnetic waves 

in the dielectric medium, and derived the formula for the transfer matrix method to 

describe the multilayer structure. By cascading corresponding propagation and scattering 

matrices of the wave from one end to the other throughout the media, we can solve the 

equation in matrix form and obtain possible modes, or standing wave pattern, of the 

structure, with proper boundary conditions of the two ends. 
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Chapter 3                                                       

Multilayer medium and the Bragg reflector 

 

After having introduced the transfer matrix method for optical waves in a general 

media, we now come to this chapter to discuss more specific cases such as the multilayer 

and periodic layer structures. Periodic layered media are a special class of multilayer 

structure in which dielectric materials of two (or more) different refractive indices are 

stacked together periodically. The simplest example of such medium would be a 1D 

Bragg reflector [29], in which there are two layers, with equal thicknesses, in each period, 

and the period repeats itself continuously to cascade along one direction through the 

structure. Wave propagations in these media will exhibit many special and potentially 

useful phenomena, which include Bragg reflection and optical stop bands, etc. In nature, 

many remarkable colors of the butterflies and fishes come from the light that is 

selectively reflected from those periodic patterns/shapes grown on their wings and skins. 

Artificially, we can also use many techniques, such as the molecular beam epitaxy, metal-

organic chemical vapour phase deposition and atomic layer epitaxy, to make layered 

media grow periodically. In this chapter, we discuss the propagation of optical waves in 

these media, and discuss the main properties of the Bragg reflector. 
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3.1 Introduction 

 

Propagation of the electromagnetic waves in periodic media has been studied intensively 

for its wide applications in optical fibre and laser designs. While light experiences Fresnel 

reflections from the dielectric interfaces, a periodic layered medium may be considered as 

an enhanced light reflector, where array of the interfaces accumulatively provide 

reflections for a certain wavelength, even though each individual interface is weak in 

back scattering.  

 An example from the experiment [29] would be the dielectric omni-reflector, as 

shown in Fig. 3.1. For both TE and TM waves incident on the left side of the air-material 

interface from normal to 10° angles, a wide range of wavelengths can be covered to have 

a reflectance of around 100%.  

 

Figure 3.1 Structure and reflectance of a dielectric omni-reflector 
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This structure enables the fabrication of optical mirrors using a variety of dielectric 

materials, regardless of their refractive indices.  

In the following subsections, we will study the propagation of electromagnetic 

waves in the multilayer medium and a simple periodic one, which consists of two 

alternating layers of dielectric materials with different refractive indices. 

 

3.2 Transfer matrix for multilayer medium 

 

A typical example of the multilayer medium can be shown in Fig. 3.2, where we 

take the x axis to be along the direction normal to the layers’ interfaces. The materials are 

also assumed to be homogeneous and nonmagnetic ( )1rµ =  inside each layer. 

 

Figure 3.2  Structure of a multilayer medium. 

 

The index of refraction profile is given by 

1 1

1

,        0

( ) ...

,        
m m m

n x l

n x

n l x l−

< <


= 
 < <

 (3.1) 

, where n and l are the index and thickness of each layer.  

Here, we use the simplest structure, with “one” core layer, as an introductory 

example. To connect the electromagnetic waves in the slab media, we use the 2x2 matrix 

 

n1   n2         n3           n4   n5  n6    n7        ...        nm-1         nm 

 

l1    l2         l3           l4   l5  l6     l7        ...        lm-1          lm     x 
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formulation derived in the previous chapter. By utilizing the continuity relation of 

corresponding field and its derivatives, we can obtain the forward and backward fields Ai 

and Bi through the scattering matrix Di and the propagation matrix Pi as: 

1 21

1 2

1 2

'

'

A A
D D

B B

−   
=   

   
 (3.2)                                     

2 2

2

2 2

'
       

'

A A
P

B B

   
=   

   
 (3.3)                            

32 1

2 3

32

'

'

AA
D D

BB

−   
=   

   
 (3.4)            

where 

1 1

  for TE wave

  for TM wave

ix ix

i

ix ix

i i

i i

k k

k k
D

k k

kn kn

n n

 
 
 −  

= 
    − 

  (3.5) 

2

2
2

0

0

x

x

jk d

jk d

e
P

e

+

−

 
=  
 

. (3.6)            

The determinant of the matrix Di is equal to –2kix/k. It is worth to note that, in order to be 

consistent with the definitions of parameters for both polarizations, the free space wave 

number k is added to the matrix Di, which will not affect the final results. 

By combining the equations Eq. (3.2)-(3.4), a 2x2 matrix formulation for the slab 

media can be given in Eq. (3.7) as 
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3 31 11 121 1

1 2 2 2 3

3 31 21 22

' '

' '

A AA M M
D D P D D

B BB M M

− −       
= =      

      
 (3.7)   

where the elements 
ij

M  (j=1 and 2) of the matrix are given by Eq. (3.8) as 

3 2 3
11 2 2

1 1 2

3 2 3
12 2 2

1 1 2

2

1 3 3 1 3 2 2 3
11 2 22

3 1 1 2 1 1 3 2

1 3 3
12

3 1 1

1
(1 )cos( ) ( )sin( )

2 2

1
(1 )cos( ) ( )sin( )

2 2

1
( )cos( ) ( )sin( )

2 2

1
( )

2

x x x
x x

x x x

x x x
x x

x x x

x x x
x x

x x x

x

x

k k kj
M k d k d

k k k

k k kj
M k d k d

k k k

n k n n n k n kj
M k d k d

n k n n k n n k

n k n
M

n k n

= + + +

= − + −

= + + +

= −
2

1 3 2 2 3
2 22

2 1 1 3 2

cos( ) ( )sin( )
2

x x
x x

x x

n n k n kj
k d k d

n k n n k
− −

 (3.8) 

Then in general, if the core contains a multi N-layer structure rather than only one 

core layer, the 2x2 matrix formulation can be obtained in a similar fashion as 

0 1 1 1

0 1 1 1 2 2 2

0

11 121 1

0

1, 21 22

...

( )

s

N N N s

s

s s

i i i S

i N s s

A A
D D PD D P D D P D D

B B

A AM M
D D PD D

B BM M

− − −

− −

=

   
=   

   

    
= =    

    
∏

  (3.9)    

, where we can set 1

i i i i
Q D PD

−=  as the transfer matrix for the i-th layer. Note that 
i

Q  is 

uni-modular, e.g. det( ) 1
i

Q =  as 

cos( ) sin( ) /

sin( ) cos( )

ix i ix i i

i

i ix i ix i

k d j k d q
Q

jq k d k d

 
=  
 

 (3.10) 

where 
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2

 for TE wave 

  for TM wave 

ix

i

i

ix

k

k
q

kn

k




= 



. (3.11)                                      

By using the symmetry property of the transfer matrix Qi, it can be shown that the matrix 

elements of M satisfy that *

21 12M M=  and *

22 11M M= . Furthermore, if we assume the 

light to be incident from the cover (nc), the reflectance and transmittance of the waves 

through a multiplayer dielectric structure can be calculated as 

2| |R r=  (3.12)     

2

0

| |sx

x

k
T t

k
=  (3.13) 

, where the reflection and transmission coefficients r and t are defined as follows: 

0 21

0 110sB

B M
r

A M
=

   
= =   

  
 (3.14) 

0 110

1

s

s

B

A
t

A M
=

   
= =   

  
 (3.15) 

Here we note that R + T =1, because the determinant of matrix M can be calculated from 

equation (3.10) [because det( ) 1
i

Q =  and 1

0det( ) det( ) det( )
s

M D D
−= ] as 

2 2

11 12

0

sx

x

k
M M M

k
= − =    (3.16) 
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3.3 1D Bragg reflector 

 

After having described the transfer matrix formulism of a general multi-layer 

structure, as well as its reflection and transmission properties, we can now consider the 

1D Bragg structure of finite width, where we add the periodicity into the discussion.  The 

structure is always used as an optical reflective media sandwiched by the cover (nc) and 

substrate (ns) layers, as shown in Fig. 3.3(a). This can generally consist N sections with 

pitch Λ (n=1, 2, …, N), and each section consists of P layers with refractive index np and 

thickness dp (p=1, 2, …, P). In the simplest case, as shown in Fig. 3.3(b), we can have N 

sections, each consisting two alternating layers ( 1n  and 2n ), with corresponding 

thicknesses 1d  and 2d , respectively ( 1 2d dΛ = + ). 

 

(a) General case: the unit cell with multiplayer (p)     (b) Simple case: the unit cell with two layers  

Figure 3.3  A schematic drawing of a 1D periodic layered isotropic media and the plane-wave 

amplitudes associated with the nth unit cell and its neighboring layers 

 

By using the transfer matrix method, the section matrix M for the n-th unit cell 

can be express as follows 

nc     n1 

 

      A’1 

      B’1 

nP             nP-1     …     n1 

 

AP           AP-1     …   A1                                 

BP        BP-1     …   B1 

nP        ns 

 

A”P 

B”P 

      …              dP                  dP-1     …        d1          … 

  x 

  Λ 
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  z 

nc 

 

 

 

   n1 

 

    an-1  

      bn-1                      

 

 

 

  … 

  ns 

 

 

 

  x 

    n2 

 

   cn+1  

   dn+1    

 

 

 

    …                                                                                                    

n2 

 

cn                                   

dn 

     d2              d1 

       Λ 
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      bn 
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( )

1 11 1 1

1 1 1 1 2 2 2 1 1

1 1

1 11 12 1 11

1 1 1

,2 1 21 22 1 1

'
...

'

( )

P P P P P P

i

i P

A A
D D P D D P D D P D D P

B B

A M M A A
D Q D P M

B M M B B

− − −
− − −

−

=

   
=   

   

      
= = =      

      
∏

 (3.17) 

, where we note that *

21 12M M=  and *

22 11M M= . Elements of the section matrix M can be 

given as 

1 1

1 1

1 2
11 2 2 2 2

2 1

1 2
12 2 2

2 1

[cos( ) ( )sin( )]
2

( 1) ( )sin( )
2

x

x

jk d

x x

jk d m

x

q qj
M e k d k d

q q

q qj
M e k d

q q

−

= + +

= − +
 (3.18) 

, where  /
i ix

q k k=  for TE wave and 2 /
i i ix

q kn k=  (i =1 and 2) for TM wave. 

According to the Bloch-Floquet theorem [30], periodicity ( ) ( )n x n x= + Λ  of the 

structure leads to Bloch wave solutions ( , )
K

E x z  of the Maxwell equations, then 

[ ]( , ) ( , ) exp (  )K KE x z E x z j z Kxβ= − +   (3.19) 

, where ( )
K

E x is the Bloch wave function [ ( ) ( )
K K

E x E x= + Λ ] and K is the Bloch wave 

number. In term of (3.17) and (3.19), the eigenvalue equation can be obtained as 

11 12 1 1

21 22 1 1

jK
M M A A

e
M M B B

+ Λ    
=    

    
 (3.20)                    

After some simple analytic procedures, the dispersion relation between the Bloch 

wave number and the frequency can be obtained as [29] 

1 11 22( , ) cos /
2

M M
K β ω − + = Λ 

 
 (3.21)                
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, where β is the tangential component of the Bloch wave vector and ω is the frequency. 

The above equation can be further expanded as 

1 1 2
1 1 2 2 1 1 2 2

2 1

1
( , ) cos cos( )cos( ) ( )sin( )sin( ) /

2
x x x x

q q
K k d k d k d k d

q q
β ω −  

= − + Λ 
 

  (3.22) 

The eigenvectors corresponding to the above eigenmodes are also obtained as 

0 12

0 11

jK

a M

b e M
Λ

   
=   −  

 (3.23) 

By plot the governing equation Eq. (3.22) in terms of effective index and wavelength, we 

can obtain the following band diagram for TE and TM waves of the Bragg reflector as: 

 

Figure 3.4  Band diagram of a 1D Bragg reflector. 

 

The black regions are the pass bands with ( )11 22 / 2 1M M+ < , which means that K is real 

and the waves travel through the layers without decay. The stop-band regions are 

where ( )11 22 / 2 1M M+ > , such that K = mπ/Λ+iKi is complex and the waves decay 

exponentially through the layers. The band-edges (i.e., borders between the black and 

seperated

by

edges

TE wave                                 TM wave 

pass band

Stop band
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white regions) are marked where ( )11 22 / 2 1M M+ = , such that the guidance condition 

for ~k λ  at K = mπ/Λ are satisfied exactly. 

For normal incidence onto the Bragg reflector, we can observe the following band 

shapes as in Fig. 3.5. Its intrinsic reflection characteristics are similar to the energy bands 

of the crystallized structure in solid state physics, where the extended Brillion-zone band 

diagram are obtained by self-repeating the reduced Brillion-zone image within the K = 

mπ/Λ region. 

 

0 1 2 3 4 5
KHin unit of p�LL

500

1000

1500

2000

l
HmnL

 

Figure 3.5  The extended Brillion-zone band diagram (λ-K) at normal incidence (kz=0) 

 

3.4 Summary 

 

In this chapter, we have analytically studied the Bragg reflector, as cascade of two 

index-alternating layers, using the transfer matrix method. From the dispersion relation of 

this type of structures, we can find the medium to be transparent for certain wavelength 

range, which corresponds to the pass band, while being a perfect reflector for some of the 

stop-band opening 
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other wavelengths if they sit in the stop band. This accumulative reflection of optical 

waves can be used effectively in modifying the functionality of optical devices, including 

coupling or reflective gratings in the waveguide, as well as the distributed Bragg 

reflections in lasers. In the following chapters, we will fully utilize this particular property 

and design new lasers for optical communication applications. 
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Chapter 4                                                         

Bragg Reflection Waveguide Based Single-Mode 

Laser  

 

4.1 Introduction 

 

The main purpose of our research is to overcome the existing difficulties in DFB, 

DBR and FP, and combine them into a new breed of low cost and feedback insensitive 

lasers. Bragg reflection waveguide (BRW) laser [31] is one of the choices that may 

provide an option. By placing two dissimilar Bragg reflectors as in Fig. 4.1 for the 

transverse direction claddings, whose stop bands overlap with each other by a small 

region, the waveguide can filter optical waves to allow only a sub-nanometer bandwidth 

of the fields to be guided in the structure. Then, a single mode laser with high spectral 

purity and feedback insensitivity can be built. 

 

Figure 4.1  Asymmectric BRW single-mode laser design 
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For the infinite layer BRW, whose claddings are the Bragg reflectors as we have 

discussed in the previous chapter, the band edge of the waveguide is a clear-cut line (at K 

= mπ/Λ in Fig. 3.4) distinguishing the zero reflection and the total Bragg reflection 

regions. This is an ideal case, but there is no practical necessity or possibility to make a 

waveguide with infinite layers. Then, for any finite-layer BRWs, the incomplete 

reflection from the Bragg reflectors will introduce optical loss and band edge blurring that 

suggests a gradual transition from the total reflection to the diminishing zero reflection. 

The slope of this transition depends on the number of periods used in the waveguide, and 

also on the index contrast of two adjacent layers in each period. 

Theoretically, we have to initiate the study based on the infinite-layer case and 

then use numerical methods, such as the finite-difference method, to calculate the more 

practical finite-layered (usually less 50) waveguide cases. We also need to pay attention 

to some key design parameters of the laser, such as the confinement factor, leakage loss 

and threshold gain, to optimize and balance the structure between manufacturing 

complexity and single-mode operation stability. 

In the following subsections, we will discuss the mode properties of the BRW, 

and extend it to the single-mode laser designs. Also, we will analyse the laser’s stability 

issues over several of its design parameters. Then, some practical laser designs done on 

the silicon substrate will be discussed. 
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4.2 BRW resonance condition and mode selection 

 

As discussed in the previous chapter about the Bragg reflector, we can now use it 

to construct waveguide and achieve mode selections for laser uses. In the ray-optics 

model, light trapped in the guiding layer is considered to be bouncing back and forth 

along the propagation direction without reduction in intensity. Then, for waveguides 

made of Bragg reflectors, the cladding on each side of the guiding layer has to work in the 

forbidden band of the semi-infinite periodic structure. Within these bands, light 

undergoes an accumulated total reflection from the claddings and is finally confined in 

the guiding layer, regardless of the core’s refractive index.  

As we have discussed before for a guided wave in Chapter 2, the field pattern 

must be invariant in the direction of wave propagation. This means a standing wave must 

be set up in the transverse direction, with the total phase shift, acquired by the wave 

traveling after a transverse round trip between two boundaries of the guiding layer, being 

equal to an integer number of 2π. This is referred to as the transverse resonance condition, 

which is the main point different from the previous chapter’s discussions, as we now not 

only have to work with the stop bands of the Bragg reflectors, but also have to tune 

relations of the reflectors and the core to find a proper resonance condition for the laser to 

work at designed wavelength.  

The phase shift acquired by the wave in the guiding layers over a distance of dg is 

g g
k d , where 0 cos

g g
k n k θ=  is the x component of the wave vector. The transverse 

resonance condition can then be expressed as  
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2 4 2
g g

k d mϕ π+ =  (3.24) 

, where 2ϕ  is the phase shift acquired when the wave is incident upon the boundary 

between the guiding layer and the first layer of the Bragg structure.  

The resonance condition of the Bragg waveguide can be carried out using the 

transfer matrix scheme as described in Chapter 2 and 3:  

Because fields in any general periodic structure can be written as  

{ }1 1 1 1 1exp[ ( )] exp[ ( )] exp( )
j j

F a ik x j b ik x j i zβ= − Λ +Λ + − Λ +Λ  (3.25) 

{ }2 2 2 2 2exp[ ( )] exp[ ( )] exp( )
j j

F a ik x j b ik x j i zβ= − Λ + − Λ  (3.26) 

, where F represents the electric field for the TE polarization and the magnetic field for 

the TM polarization and j is for the j-th unit cell, then, field connections between layers 

can be then written as 

( ) ( )

( ) ( )

2 2
1 1 2 2 1 1 2 2

1 11, 2,

1, 2,
2 2

1 1 2 2 1 1 2 2

1 1

2,

2,

1 exp 1 exp
1

2
1 exp 1 exp

         

j j

j j

j

j

K K
i k d k d i k d k d

K Ka a

b bK K
i k d k d i k d k d

K K

a
M

b

    
+ − + − − −                 =           − − + +              

 
=  

 

 (3.27) 

, with 1,2 1,2K k=  for the TE polarization and 2

1,2 1,2 1,2/K k n=  for the TM polarization. Due 

to the Floquet theorem for periodic structures, the Bloch wave (of wave number K) can 

also be found in Bragg waveguide between any two of its adjacent cladding periods as 

[ ]2, 2, 1

2, 2, 1

exp
j j

j j

a a
iK

b b

−

−

   
= Λ   

   
 (3.28) 



Chapter 4. BRW Single-Mode Laser            Ph.D. Thesis – Yu Li - Electrical Engineering 

 

  45 

 

, which leads to  

2, 12

2, 11

j

iK

j

a M
C

b e M
− Λ

   
=   −  

 (3.29) 

, as we have discussed in Chapter 3. 

For the connection between the claddings and the core, we can derive the matrices 

as follows: 

Consider the Bragg waveguide shown in Fig. 4.2, where 0x =  is defined as the 

interface between the guiding layer and the semi-infinite Bragg structure on the right-

hand side,  

 

Figure 4.2  Core layer and its first two adjacent claddings in the Bragg waveguide . 

 

the field in the guiding layer 0
g

d x− < <  can be expressed as  

( ) ( ) ( ), exp exp exp( )
g g g g g

F x z a ik x b ik x i zβ = + −   (3.30) 

, where 
g

F  represents the electric field for the TE polarization or the magnetic field for 

the TM polarization along the y direction. By applying the continuity condition at 0x = , 

field amplitudes in the guiding layer ag and bg can be related to the field amplitudes in the 

first high-index layer of the Bragg structure as 
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1 1

1,1

1,11 1

1 1
1

2
1 1

g gg

g

g g

K K

K Ka a

b bK K

K K

 + −     =       − +  
 

 (3.31) 

, where again, 
g g

K k=  is for the TE polarization and 2/g g gK k n=  is for the TM 

polarization. The reflection of wave at the interface 0x =  is simply given by /
g g

R b a= . 

From Eq.(3.31), we can find ( )exp 2
g

R i ϕ=  with 

2
0arctan tang

g

K

K
ϕ ϕ

 
=   

 
 (3.32) 

, where 

( ) ( ){ }1/2
2

0 11 12exp 2 1 1 1/i M Mϕ χ χ = + − −  
.  (3.33) 

The relation ( ) ( )1/2
2exp 1 1 1/iK χ χ − Λ = + −  

 has been used in the derivation, as well 

as ( )11 22cos / 2K M Mχ = Λ = + . Therefore, within the stop band, reflection of the wave 

from the Bragg cladding is around one in magnitude, while the reflected wave acquires a 

phase shift of 2
g
ϕ .  

 Substituting the phase shift 2
g
ϕ  from Eq. (3.33) into the eigenvalue equation 

Eq.(3.24), we can solve the mode index 
eff

n  of the Bragg waveguide structure, with 

respect to a given range of free-space wavelength λ. And for any BRW, we can find the 

effective index of the guided modes to follow the relation 0
eff g

n n< < .  
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In the following Fig. 4.3, we show the band structure of a specific Bragg 

waveguide for both TE and TM waves. The blue curves inside the stop bands would be 

the dispersion relations of the guided modes. The Bragg mirror structural parameters are 

set as ncore=1.0, n1=2.0, n2=1.0, tc=1000 nm, a =300 nm, b =200 nm and Λ=a+b. These 

parameters are chosen only to demonstrate the versatile filtering functionality of the BRW, 

while more careful parameters should be chosen from real materials for further practical 

applications and designs. 

 

Figure 4.3  Dispersion curve inside stop band of the Bragg structure for both TE and TM waves. 

 

4.3 Single mode design 

4.3.1 Conventional design 

Based on the previous two sections’ discussions on the Bragg reflector’s band 

structures and the waveguide dispersion conditions, we can proceed to the single mode 

design for the BRW laser constructions. Generally, there are two approaches available to 

make the waveguide highly selective on supported wavelengths. One is to make the stop 

band of both Bragg mirrors really narrow, such that only a few desired wavelengths can 
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be reflected back from the claddings to the core and confined therein. This approach can 

be briefly described in the following series of graphs, with the starting Bragg mirror 

structural parameters as ncore=1.5, n1=2.0, n2=1.0, tc=1000 nm, a =150 nm, b =100 nm and 

Λ=a+b.  

 

 

Figure 4.4  Design procedures for a single-mode Bragg waveguide example. 

 

Then, from the Bragg mirror as shown in the first graph, we need to  

1) choose a wavelength for the BRW to be operated on and a possible/desirable range of 

propagation constant for the guided light;  

2) then, we need to adjust the BRW core width and cladding period ratio to reduce the 

number of supported dispersion curves in the stop band zone;  

ncore decreases 
from 1.5 to 1.0 tc /Λ decreases 

 

 
∆n decreases 
from 1 to 0.3 

 

a/b  goes from 1.5 to 1 
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3) core index can also be decreased to minimize the curves available in the same band (as 

we see in the third graph that there is only one left now);  

4) cladding index contrast and duty cycle can be changed to put the stop band over the 

above chosen (wavelength v.s. Neff) area in the band structure plot, as seen in the last 

three graphs; 

5) further careful adjustments of 2), 3) and 4) will be needed, until the narrow/broad 

bandwidth of the BRW is achieved. 

However, as we expect in those single-mode narrow bandwidth BRW, 

confinement of the device would be poor, since most of the light is now distributed in the 

claddings, rather than the core for the supported wavelength, such that light amplification 

and lasing would be unrealistic to achieve. The following example in Fig. 4.5 shows a 

narrow bandwidth BRW calculated by FDM simulations, whose parameters are given as 

ncore=1.0, n1=1.687, n2=1.684, tc=1000 nm, a =300 nm, b =200 nm and Λ=a+b.  

 

Figure 4.5  Field pattern and band diagram of the narrow bandwidth BRW 

 

From the above field pattern plot, we see that the confinement for such design can be 

even less than 1%, such that light are all distributed in the claddings. The band diagram 
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also shows the detailed tailoring of the cladding parameters are already approaching their 

limit, as the cladding index contrast is now only around 0.003. Therefore, we need to 

further study the sensitivity of this conventional symmetric BRW structure, as in the 

following subsection, for references of future asymmetric BRW designs. 

4.3.2 Sensitivity study of conventional structure 

 

 To study the guidance characteristics of symmetric Bragg waveguide with respect 

to the key design parameters, we could calculate the effective index change, confinement 

and loss at different cladding index contrasts and number of periods. 

 

Figure 4.6  Effective index change with respect to the number of layers and cladding index contrast of 

the Bragg waveguide. 

 

Here, we can see in Fig. 4.6, the effective index curve will converge faster to its infinite 

layer value, for the higher index contrast case, and will have a higher Neff value, which 

means the dispersion curve will shift toward right side for the given wavelength. 
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Figure 4.7  Confinement factor change with respect to the number of layers and cladding index 

contrast of the Bragg waveguide. 

 

Here, in Fig. 4.7, we could see a higher converged confinement factor value to be found 

for the BRW with higher cladding index contrast. And at the same time, less number of 

layers would be needed to achieve the same confinement. 

 

Figure 4.8  Loss with respect to the number of layers and cladding index contrast of the Bragg 

waveguide. 

 

In Fig. 4.8, the leakage loss is also shown to prefer higher index contrast, while the pure 

loss that leaks out of the outmost cladding of the BRW structure will all approach to zero 

for the three index contrast cases. Inside the waveguide, we can expect different core 
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confinement conditions for each case, as the higher index contrast one should have higher 

confinement in the core than the claddings. However, higher index contrast will also 

introduce more scattering loss to the structure in practice, which can increase the lasing 

threshold counteractively. 

4.3.3 Asymmetric BRW design 

 

Then, we came up with the design of asymmetric BRW that can achieve light 

confinement and selection at the same time. The schematic diagram for a typical BRW 

structure formed asymmetrically along the horizontal x-direction is shown in Fig. 4.9(a). 

Along the wave propagation direction (z-axis), the waveguide is uniform with total length 

of L. Reflectivities at the two facets of z=0 and z=L are assumed to be R1 and R2, 

respectively. The optical confinement along the vertical y-direction is neglected for the 

sake of simplicity without loss of generality. The refractive index profiles of the 

transverse waveguides are shown in Fig. 4.9(b), where parameters of the right and left 

Bragg reflectors are different so that their stop bands may be off-set [31] to produce 

wavelength selectivity of sub-nanometer resolution.  
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Figure 4.9  The schematic diagram for the designed Bragg reflection waveguide (BRW) lasers. (a) 

The designed model consisting of a transverse Bragg reflection waveguide along x and a uniform 

waveguide along z. (b) The refractive index profile for the one-dimensional BRW laser. 

 

Physically, the lateral optical confinement along x is achieved by Bragg 

reflections from the wavelength-dependent reflectors as claddings of the waveguide. The 

optical field is confined in the low-index guiding layer, when the Bragg reflectors are 

working in the stop-band region [29]. Since characteristics of the band diagram are 

functions of the grating parameters, such as period, duty cycle, index difference, etc., we 

may control positions of the stop-bands of two different Bragg reflectors such that they 

overlap with each other by a small wavelength range (as observed in Fig. 4.10). Only in 

the overlapped region, the optical field is confined and guided in the core; outside that 

range, light leaks from the pass-band of one of the Bragg reflectors and hence will suffer 

significant loss.  
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Figure 4.10 Qualitative illustration of the band diagram for the left and right infinite-layer Bragg 

reflectors in asymmetric BRW structure 

 

Detailed characteristics of this kind of asymmetric waveguide can also be found 

in Ref.[32], and here we will be focused more on the issues for laser designs. i.e., 

threshold analysis for the asymmetric BRW structures with limited number (i.e., 10-20) 

of claddings.  

4.3.4 Asymmetric waveguide design analysis 

 
 

(a) 
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Figure 4.11 (a) Dispersion relation of an optimized infinite-layer asymmetric BRW (ncore=1.0, n1=3.5, 

n2=2.6, n3=2.9658, n4=2.0658, tc=1000 nm, a1=a2=100 nm, b1=b2=200 nm); (b) Confinement and 

leakage loss profiles for the 50-period finite-layer asymmetric BRW (green-triangle line, other 

parameters are the same as in (a)), compared with two 50-period finite-layer symmetric BRWs with 

low (∆n=0.05, black-squared line) and high (∆n=0.5, red-circled line) index contrast; (c) Confinement 

and leakage loss profiles for the 10-, 20-, and 100-period finite-layer asymmetric BRWs (other 

parameters are the same as in (a)).  

 

Band diagrams for the left and right infinite-layer Bragg reflectors in Fig. 4.9(a) 

are calculated from the transfer matrix method [29, 33] and shown in Fig. 4.10 as blue 

and left-shaded bands, respectively. By properly positioning the two stop bands, we find 

that their overlap can be designed sufficiently small to produce desirable band shape as 

shown in Fig. 4.11(a). For the ideal infinite-layer case, no wave leaks out of the 

waveguide and a selected bandwidth of the guidance can be narrowed down to 0.4 nm.  

For the finite-layer (50-period) BRW designs, leakage through the claddings will 

lower the confinement and increase the total loss. Nevertheless, a narrow wavelength 

range with high confinement and low loss can still be guaranteed as illustrated by the 

green-triangle lines in Fig. 4.11(b). As a comparison, symmetric BRWs with high 

( 1 2 0.5n n n∆ = − = ) and low ( 0.05n∆ = ) index-contrast are included as the red (dotted) 

and black (squared) lines in the same figure. The high index-contrast symmetric BRW, as 
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seen, has weak wavelength selectivity, while the low contrast one suffers high wave-

penetration into the passive waveguide claddings, which cause low confinement and high 

loss in the finite-layer case. Therefore, neither of them can be used as the asymmetric one 

to balance the trade-off between the confinement/loss and the wavelength selectivity, 

which are the main factors determining a desirable threshold gain pattern for a laser.  

In Fig. 4.11(c), we also compared the effect of number of claddings on the same 

properties of the asymmetric BRWs. As we see, confinement and loss profiles of the 

waveguide are smoothed by the reducing number of claddings. Consequently, sharpness 

of the band-edges can be ameliorated. This leads to the desirable results that the structural 

complexity, threshold level, and side-mode suppression are all balanced for a stable and 

realizable BRW laser, as we will further explain later in this section. 

4.3.5 Threshold analysis 

 
Figure 4.12 (a) Field amplitude for the TE wave of a 20-period finite-layer asymmetric BRW at 

λ=1559 nm (other parameters are the same as in Fig. 4.11(a)); (b) Confinement and leakage loss as a 

function of wavelength for the same BRW structure as in (a). 
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The numerical calculation of the single guided mode electric field is given in Fig. 

4.12(a) (with power normalized to unity), and the confinement factor with corresponding 

leakage loss for the 20-period-cladding case is shown in Fig. 4.12(b). From the figures, 

we see that the confinement factor of the 20-period case maximizes to 59.5%, while the 

loss profile minimizes to 48.3 cm
-1

 around 1558 nm. By properly adjusting these 

parameters, we can design the asymmetric BRW that has desirable threshold gain (
th

g ) 

pattern to select proper oscillation mode and to ensure single-mode lasing with high 

SMSR. Eq. (3.34) is the formula we use to carry out threshold gain analysis of the BRW 

lasers: 

1 2

1 1
( ) ( ) ( ) ln

2
thg

L R R
λ λ γ λ

 
Γ = +  

 
 (3.34) 

, where parameter ( )γ λ  is the leakage loss due to wave penetrations through the finite-

period Bragg reflectors as shown by the red line in Fig. 4.12(b) and L is the FP cavity 

length. The longitudinal resonance condition can be given as 

sin[ ( ) ] 0
eff

n kLλ =   (3.35) 

, where ( )
eff

n λ  is the core effective index and k is the wave number in vacuum. The FP 

mode spacing can be obtained from the following formula [34] as  

2

2 [ ( / )]
eff eff

L n dn d

λ
λ

λ λ
−

∆ =
−

. (3.36) 
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4.3.6 Sensitivity study of structural parameters 

 
Figure 4.13  Threshold gain of asymmetric BRWs with (a) 10-, 20- and 100-period claddings. Other 

structure parameters are the same as in Fig. 4.11(a). (b) Sensitivity of threshold gain to the core index 

changes in the asymmetric 20-period cladding case. 

 

To study the sensitivity of threshold gain to the number of periods, we could plot 

the threshold gain for the BRW laser of 1000L mµ=  and end-facet mirror reflectivities to 

be 1 0.3R =  and 2 0.3R =  in Fig. 4.13(a), for the 10, 20 and 100 periods of the Bragg 

gratings, respectively. It is observed that, by reducing the number of layers in the 

cladding, the threshold gain increases due to overall higher leakage loss. In the 

meanwhile, the opening angle of the curve, which qualitatively represents sharpness of 

the stop-band edges, becomes wider. This latter effect will help to ameliorate the band-

edge sensitivities and reduce mode-hoping due to shift of the band-edge. Also, with 

reducing number of cladding layers, the structural complexity is reduced. Therefore, for 

the design of a stable and optimized BRW laser, the threshold level, the structural 

complexity and the side-mode suppressions have to be all balanced.  

To quantitatively study the sensitivity of threshold gain to the core index changes, 

we plot 
th

g  with 1,  1.001 and 1.002
core

n =  for the 20-period case in Fig. 4.13(b), from 
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which we could see that the wavelength shift in the extreme situation ( 1.002
core

n = ) is 

still less than one mode spacing (i.e., 0.8 2.2
shift

d nm nmλ = < ) for this design. This shows 

that the system is to remain in single-mode operation condition when core index is 

changed during the lasing process. 

 
Figure 4.14 (a) Band diagram of perturbed asymmetric BRW with infinite periods of the claddings 

compared with original configuration as shown in Fig. 4.11(a). (b) Corresponding threshold gain 

change due to perturbation of the cladding index for the 20-period finite-layer case. 
 

To study the sensitivity of threshold gain to the small change in cladding index, 

we perturbed the original configuration of (n1=3.5, n2=2.6, n3=2.9658, n4=2.0658) to 

(n1=3.497, n2=2.603, n3=2.9628, n4=2.0648) as shown in Fig. 4.14(a) for the infinite layer 

case. Threshold gain for the corresponding 20-period case is calculated and shown in Fig. 

4.14(b). The results also show stability of the structure when operated in the single-mode 

condition. Mode-hopping is not likely to happen under small perturbations of the cladding 

or core indices. 
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From the above, we see that the 20-period asymmetric BRW laser structure 

exhibits a good balance between the structural complexity, threshold level, and mode 

selectivity. 

4.3.7 Laser performance 

 

From the above analysis, we can see a threshold-gain margin of more than 3 cm
-1 

can be achieved. This gain difference may be directly linked to SMSR from the following 

formula as [35] 

02

g sp tot m

P L
SMSR

h v n L

α
ν γ γ

 ∆
=  

 
, (3.37) 

where 0P  is the main-mode power, α∆ is the threshold-gain margin, 
g

v is the group 

velocity, 
sp

n is the spontaneous emission factor, 
tot
γ  and 

m
γ are the total loss and mirror 

loss for the mode with lowest loss, respectively. By assuming 1
sp

n =  for the purpose of 

illustration, we obtain the SMSR as a function of the main-mode power as follows: 

 
 

Figure 4.15  Side-mode suppression ratio of the BRW laser at different main-mode power. 
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4.4 Practical design of BRW laser  

 

From the above discussions of the asymmetric BRW for laser applications, we can 

further simplify the design by using only one material for the waveguide substrate and 

etching different widths of air-slots on the surface to make the claddings as shown in Fig. 

4.16 as follows: 

 
Figure 4.16 Alternative structure and refractive index profile of the 1D BRW design for Bragg laser 

 

For the sake of simplicity, we assume that the slots are etched deep enough to ensure the 

validity and accuracy for the one-dimensional (1D) approximation in our modeling and 

simulation. Also, in order to prevent light from leaking into the high-index substrate 

region in the vertical direction, and guarantee confinement of the light in the core, we can 

also grow a few layers of highly reflective low-index materials (of thickness λ/2) 

underneath the active region and above the substrate, such that guidance of light can be 

maximized in the core, vertically. 
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Figure 4.17 (a) Dispersion relation of a Si-based infinite-layer asymmetric BRW (ncore=1.5, n1=3.45, 

n2=1.0, tc=1934 nm, a =108 nm, b=196 nm, c=249 nm and d=51 nm); (b) Field profile of the TE wave 

for the same structure at λ=1575 nm with finite number of layers (30 periods on the right and 10 

periods on the left). 

 

As the first step, we calculate the band-gap dispersion curve for the ideal infinite-

period structure [29, 33] and the field pattern for the finite-period case, as shown in Figs. 

4.17 (a) and (b). It is noted that, in the extreme case, the bandwidth of guidance can be as 

narrow as 0.6 nm. We observe, in the finite-layer case, that the optical field leaks more 

into the right-hand-side cladding due to its weaker reflective nature. From the band-gap 

point of view, this means that the stop band of the right-side cladding is narrower than 

that on the left, due to the fact that air slots are of smaller size on the right-side of the Si 

substrate. To equalize the reflections from both Bragg reflectors, we may use more 

periods on the right in the following example (e.g., 30 on the right and 10 on the left), 

whose parameters are ncore=1.5 (for Er-doped Si-NC in silica), n1=3.45 (silicon substrate), 

n2=1.0 (air), tc=1934 nm, a =108 nm, b=196 nm, c=249 nm and d=51 nm. 
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To examine the performance of this BRW design as a single-mode laser, we 

calculate the confinement factor, the leakage loss, and the threshold gain by assuming the 

cavity length 500L mµ=  and the facet reflectivity 1 2 0.3R R= = , as shown in Fig. 4.18. 

 
Figure 4.18  (a) Confinement factor, and (b) threshold gain of the Si-laser with Er-doped SRSO core 

 

From Fig. 4.18(b), we observe that the threshold gain difference is 0.5 cm
-1

, 

which is sufficient to guarantee a 20 dB side-mode suppression ratio (SMSR) as predicted 

from Eq. (3.37) for the single-mode CW operation. To further validate this point, 

variation of the SMSR with the central mode power is plotted in Fig. 4.19, where 

1.34
sp

n =  is assumed [35].  

 
Figure 4.19 SMSR of Si-based BRW laser with Er-doped SRSO at different main-mode power 
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Vertically, we also find a few literatures [95-96] employing the ideas we have 

proposed for the asymmetric design of BRW single-mode lasers, and the following plots 

are cited from the references. 

 

Figure 4.20 Vertical design of single BRW laser [96] 

 

Here, we observe the wavelength shift to be highly dependent on the temperature and 

injection current, which may be caused by the carrier-induced index change through the 

claddings, while in our transverse design carriers are only through the active region.  

 

4.5 Summary 

 

In this chapter, we have proposed and analyzed the single-mode BRW laser that 

combines the longitudinal FP cavity and transverse Bragg reflectors together, for mode 

selection. As one of the advantages, low index gain materials can now be used in the laser 

structure for light amplification and confinement at the same time. Then, the use of FP 

cavity can also improve the laser’s performance in environment with high amount of 

optical feedback, which suits better over DFB and DBR lasers for FTTH applications.  
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Chapter 5                                                                                    

Time domain transfer matrix method 

5.1 Introduction 

 

After having discussed the transverse direction modifications on the FP cavity, i.e., the 

BRW laser designs in the previous chapter, we now precede to the longitudinal direction 

modifications for the newly developed discrete mode (DM) laser, which is claimed to 

have both low cost and feedback insensitive properties while lasing in single-mode state 

with high SMSR. Details of this laser will be described in the next chapter, while here we 

introduce and emphasize more on the numerical model constructions, for the lasers to be 

simulated in real time. This is equally important for the laser property studies as there has 

been few comprehensive time domain model developed yet, to our knowledge, to study 

the static and dynamic behaviours of the non-periodic lasers, especially the DM lasers. 

To qualitatively study the actual performances of this DM laser in various 

operation conditions, we need to establish a simulation model that can predict behaviours 

of the device under different current injections and external perturbations. Time domain 

transfer matrix method (TD-TMM) [36-42] is one of the choices that can provide such 

information. The model is constructed under the concept of conventional transfer matrix 

method, i.e., light waves traveling in the forward and backward directions inside the laser 

cavity are governed by the cascade of homogeneous propagation matrices and the 

interface scattering matrices through the structure. The only difference in TD-TMM is 

that the evolution time is now included in the model, where matrix multiplication is 
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performed piecedwisely in time domain. The general idea of this method is also shown in 

the following figure (Fig. 5.1), where at different times t and t+dt, the inwards fields on 

either side of the section k are updated by the transfer matrix ( )
k

A t , and travel outwards 

on opposite sides of the section after time increment/step dt. 

                 

Figure 5.1 General idea of TD-TMM 

 

5.2 Conventional transfer matrix method along longitudinal 

direction 

 

To begin the time-domain simulation of a laser, we first need to mention the conventional 

transfer matrix method that has been used to describe the field propagations along the 

longitudinal direction [39]. Its formulation is slightly different from the previously 

discussed transverse transfer matrix method as in Chapter 2 and 3. 

Here, we still start from the wave equation as follows 

2
2

2
( , , ) ( , , ) 0yx y z E x y z

c

ω
ε

 
∇ + = 
 

 (5.1) 

, and separate the field 
y

E into its transverse and longitudinal components as 

( , , ) ( , ) ( )
y

E x y z x y F zφ= . (5.2) 

Then, we can write the two equations for their respective directions as follows 

( )
k

A t  

k     k+1 

section k 

At time t+dt 

( ), 1
f

E t dt k+ +  

( ),
b

E t dt k+  

( ),
f

E t k  

( ), 1
b

E t k +  ( )
k

A t  

k     k+1 

section k 

At time t 
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2 2 2
2

2 2 2
( , , ) ( , ) ( , )x y z x y x y

x y c

ω
ε φ β φ

 ∂ ∂
+ + = ∂ ∂ 

 (5.3) 

2 2 2( ) ( ) 0d dz F zβ+ =  (5.4) 

, where β  is the propagation constant.  

In a homogeneous region, β is independent of the position z, so we can solve the 

second equation and write the electric field ( , , )
y

E x y z  as 

exp( ) exp( ) ( , )
y f b

E E j z E j z x yβ β φ = − +   (5.5) 

, where 
f

E  and 
b

E  are the forward and backward field amplitudes in the region. 

 For gratings and material junctions along the z-direction, we would find the 

propagation constant β  to be different on either side of the index jump, such that the 

electric and magnetic fields in different regions can be connected using the boundary 

condition of the interface as 

,1 ,20 0

,1 ,2

0 0

y yz z

y y

z z

E E

E E
z z

= =

= =

=

∂ ∂
=

∂ ∂

. (5.6) 

Here for simplicity, we have assumed the discontinuity to be at 0z = , and the first order 

derivative in Eq. (5.6) is given by the 
x yH E

z

∂ = ∂ 
 field continuity condition.  

Then, we can have 

( ) ( )
( ) ( )

,1 ,1 1 ,2 ,2 2

1 ,1 ,1 1 2 ,2 ,2 2

( , ) ( , )

( , ) ( , )

f b f b

f b f b

E E x y E E x y

j E E x y j E E x y

φ φ

β φ β φ

+ = +

− − = − −
 (5.7) 
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, which by multiplying both sides of the above equations by 1( , )x yφ and integrating over 

the transverse plane gives  

( ) ( )
( ) ( )

,1 ,1 1 1 ,2 ,2 1 2

1 ,1 ,1 1 1 2 ,2 ,2 1 2

f b f b

f b f b

E E dxdy E E dxdy

E E dxdy E E dxdy

φ φ φ φ

β φφ β φ φ

+ = +

− = −

∫ ∫
∫ ∫

. (5.8) 

In matrix form, we have 

1 2 1 2
12 12

,1 ,21 1

,1 ,21 2 1 2
12 12

1 1

2 2

2 2

TE TE

f f

TE TEb b

E E

E E

β β β β
χ χ

β β

β β β β
χ χ

β β

+ − 
     =    − +   
 
 

 (5.9) 

, with 
1 2

12 2

1

TE
dxdy

dxdy

φφ
χ

φ
= ∫
∫

.  

If the laser is assumed to have only the fundamental guided mode in the transverse 

direction, the overlap integral 12

TEχ  of those modes in adjacent regions can be set to 1, 

which gives the following equation for the case of index jump as 

1 2 1 2

,1 ,21 1

,1 ,21 2 1 2

1 1

2 2

2 2

f f

b b

n n n n

E En n

E En n n n

n n

+ − 
     =    − +   
 
 

, i.e., 

1 2 1 2

1 1

12

1 2 1 2

1 1

2 2

2 2

n n n n

n n
T

n n n n

n n

+ − 
 
 =
 − +
 
 

. (5.10) 

For the homogeneous region, we have 1 2β β= , and by combining Eq. (5.9) and (5.5), we 

can get 

1

1

,1 ,2

,1 ,2

e 0

0 e

i z
f f

i z
b b

E E

E E

β

β

−    
=     

    
, i.e., 

e 0

0 e

i z

i z
P

β

β

−

−

 
=  
 

. (5.11) 
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5.3 Governing Equations for the time domain transfer matrix 

method  

 

Similar to the conventional transfer matrix method, time domain TMM is also to divide 

the laser’s longitudinal cavity into a few number of equal-size sections, whose length is 

controlled by the distance that light travels in the medium within a preset time step. 

Within each section, the parameters, such as the material gain, carrier density and photon 

density, etc., are assumed to be homogeneous sectional-wide. But between different 

sections, these parameters may vary to allow for longitudinal inhomogeneities, such as 

the spatial hole burning effect and the multi-pole current injections. Each section is 

characterized by a cascade of the corresponding scattering and propagation matrices, 

which modify the forward and backward traveling waves as they pass through the section. 

The use of matrices here is different from that in the static/conventional case, whose 

objective is to obtain the overall-matrix of the structure and determine its eigenmodes that 

can be supported by the waveguide. In time domain TMM, sequence of time for the wave 

propagation is included, which uses the sectional-matrices to update the wave amplitudes 

self-consistently. 

Again, as we have discussed in the previous section about the conventional 

transfer matrix method, amplitudes of the two counter-propagating waves on either side 

of the elementary section, as in Fig. 5.1, can be connected as follows: 

[ ]
1

f f

k

b bk k

E E
A

E E
+

   
=   

   
 (5.12) 
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, where matrix A represents the propagation matrix P, if section k is a uniform medium of 

the complex propagation constant β  and length L, as 

0

0

j L

j L

e
P

e

β

β

− 
=  
 

; (5.13) 

or the scattering matrix T, if it is an index jump from n1 to n2, as 

2 1 2 1

2 2

12

2 1 2 1

2 2

2 2

2 2

n n n n

n n
T

n n n n

n n

+ − 
 
 =

− + 
 
 

; (5.14) 

or any combination of those two for more general cases.  

Then, for the time domain TMM [38], we can include the time factor by 

considering a typical section k at time t described by the transfer matrix A as follows: 

( )
( ) [ ] ( )

( )
( ) ( )
( ) ( )

( )
( )

11 12

21 22

, 1 , , , ,
( )

, 1 , , , ,

f f f

k

b b b

E t dt k E t k a t k a t k E t k
A t

E t k E t dt k a t k a t k E t dt k

+ +       
= =       + + +       

 (5.15) 

, where through matrix A, the forward and backward-traveling waves ( ),fE t k  and 

( ), 1bE t k +  on either side of section k at time t will appear on their respective opposite 

sides at time t dt+  with updated amplitudes ( ), 1fE t dt k+ +  and ( ),bE t dt k+ . During 

this process, matrix A is assumed to be unchanged over the time interval from t  to t dt+ . 

Then we can write out their relations in the equation form as  

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

11 12

21 22

, 1 , , , ,

, 1 , , , ,

f f b

b f b

E t dt k a t k E t k a t k E t dt k

E t k a t k E t k a t k E t dt k

+ + = + +

+ = + +
 (5.16) 

, which can also be rearranged to produce the expression for the updated amplitudes in 

terms of the old wave amplitudes and transfer matrix elements as 
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( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

21 22

11 12

, , 1 , , / ,

, 1 , , , ,

b b f

f f b

E t dt k E t k a t k E t k a t k

E t dt k a t k E t k a t k E t dt k

 + = + − 
+ + = + +

 (5.17) 

At each time increment, the traveling wave would advance along the structure by 

one section, with their amplitudes on both sides of each section being updated by the 

matrix multiplication. Therefore, Eq. (5.17) is the governing equation for the time-domain 

traveling wave model, whose implicit assumption is that the simulation time step of this 

method has to be much larger than the characteristic lifetime of carriers and photons in 

the waveguide’s gain region, such that matrix A can represent a stabilized state of wave as 

it propagate through each section piecewisely.  

For the boundary conditions at two ends of the waveguide ( 0z =  and z L= ), we 

have to require the fields to be connected by the facet reflectivities 
f

r  and 
b

r  as 

( ) ( )0 0f f bE r E=   (5.18) 

and  

( ) ( )b b fE L r E L= . (5.19) 

During the model construction, a couple of points have to be further explained in 

details:  

1) In the propagation matrix, β  is the complex wavenumber of the uniform medium, and 

can be written in the form of  

0 ( ) / 2
eff

n k j gβ γ= + Γ −  (5.20) 

In time-domain TMM, the modal gain gΓ and the effective refractive index 
eff

n  evolve 

with time, so that the complex propagation constant β  will also be a function of time. 
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Here, Γ is the optical confinement factor and γ is the modal loss of the waveguide, which 

can be calculated from the transverse field distribution of the laser.  

2) The section length has to be set fixed, and equal to the product of the group velocity 
g

v  

and the time step dt . For the DFB lasers, the section length is often chosen to be a 

multiple number (m) of the corrugation periods l, such that the time step dt  can be 

decided as the ratio as /
g

dt m l v= ⋅ . 

After construction of the transfer matrix for the optical fields, i.e., photons, inside 

the laser structure, we now just need to capture the change of carriers in the structure to 

provide sources of the photon generations.  

For each section, we define a carrier density N, whose relation with the injection 

efficiency η, injection current density J, active region thickness d, spontaneous 

recombination rate 
sp

R , material gain g and photon density S can be expressed as follows: 

( , )
( , ) ( , ) ( ( , )) ( , ) ( , )sp g

J t k
N t dt k N t k dt R N t k v g t k S t k

ed
η + = + − −  

. (5.21) 

As we see, carrier densities N are updated by using the Euler’s formula to approximate 

the first-order differential equation for the time-dependent carrier conservation relations. 

This also requires the time step dt  to be small enough to guarantee minimization of the 

finite difference error.  

 The injection current density J is related to I as J I wL= ⋅ , and we often can use η 

to represent efficiency of the current injection into the active region.  

The spontaneous recombination rate 
sp

R depends on the carrier density and can be 

expressed as  
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( ) [ ] [ ]2 3
( , ) ( , ) ( , ) ( , )

sp
R N t k AN t k B N t k C N t k= + +  (5.22) 

, where A, B and C are the non-radiative, bimolecular and Auger recombination 

coefficients, respectively.  

The peak material-gain g is approximated by a linear function of the carrier 

density, whose slope is given by the differential gain /dg dN and offset by the 

transparency carrier density 
tr

N as 

( )
( , )

1

k tr

k k k

k

dg
N N

dNg N S
Sε

−
=

+
. (5.23) 

Here, ε  is the effective gain saturation coefficient [43] and is related to the fundamental 

saturation coefficient for the material as 0ε ε= Γ . The denominator ( ) 1
1

k
Sε −

+  as the 

power-dependent gain compression factor is included to account for the nonlinear effect 

from photon emissions. As we see, the peak material-gain is inversely proportional to the 

photon density S, which can be written in terms of the forward and backward optical 

fields as 

{ }2 2 2 2

, , 1 , , 1 / 2
k f k f k b k b k g

S E E E E v+ += + + +  (5.24) 

The output power from the right-hand side can then be given by 

2

( ) (1 ) ( , )
o f f

P t R h wd E t Lυ= −  (5.25) 

, where 2

f fR r=  is the reflection coefficient of the right end facet, hv is the photon energy 

and w is the width of the active region. 
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5.4 Other effects considered in TD-TMM 

 

To consider several intrinsic dynamics of the laser in time-domain TMM, we also 

want to include a few additional effects into the formulation. These includes the injection 

caused index change and lasing wavelength shift, the wavelength dependent finite gain 

profile, the temperature effect and the feedback effect. In the following subsections, we 

will describe each one correspondingly.  

5.4.1 Injection caused index change  

One of the effects that also have to be considered, when active region of the laser 

is exposed to current injections, is the Kramers-Kronig (K-K) relation [44]. Due to the 

photon-electron interaction mechanism, waveguide refractive index n in section k will 

change as the injected carrier increases. To account for this effect, we can approximate 

the index as a first order perturbation around the transparency carrier density using 

linewidth enhancement factor α as 

( ) ( ),

1
( , ) ( , )

4
k i tr tr

dg
n N t k n N t k N

dN
αλ

π
= − − ⋅ , (5.26) 

The subscript tr represents quantities at the transparency condition, which occurs when 

carriers injected into the active region is equal to those consumed by the recombination 

and absorption mechanisms, i.e., gain is zero or start of population inversion, inside the 

laser. Note that we can also use other reference index and carrier values available to 

replace the ones at transparency condition, for instance, no-injection or threshold 
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conditions, but the reference wavelength has to be changed to these conditions, 

accordingly. 

5.4.2 Injection caused wavelength shift  

Another effect aside from the index change is the lasing wavelength shift that 

comes when the structure is under current injection. Governed by the K-K relations, 

refractive index change will also alter the cavity resonance condition throughout the 

structure, such that the lasing wavelength will shift within a few nanometres until the 

system reaches a steady state.  

For the implementation in time-domain traveling wave model, the initial 

wavelength can be first chosen to be around the gain peak, and then automatically 

corrected by wavelength shift induced by the injection current in every step. This shift 

can be separated into two parts [42]: one is the reference wavelength drift due to 

fluctuations of the average refractive index, because the latter one can be written as a 

linear function of the carrier density that changes with time, as in Eq. (5.27); and the other 

one is the shift of lasing peak relative to the reference, which can be captured by 

minimization of the determinant of the cascaded transfer matrix for the whole structure.  

For the initial wavelength λ , we can set it to be a reference value 
ref
λ , often 

around the gain peak as 
g
λ . Then during the simulation, its shift 

ref
λ∆  due to the current 

injections can be obtained by averaging the change of refractive index n∆  as 

ref ref

tr

n

n
λ λ

∆
∆ =  (5.27) 
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, where n∆  is taken over the whole structure as 

1
( )

k k

k

n n N
M

∆ = ∆∑ . (5.28) 

Note that the summation is carried out over all M sections, and 
k

n∆  represents the index 

difference between the present and the transparency values of each section as 

( )1

4
k k tr

dg
n N N

dN
αλ

π
∆ = − − ⋅  (5.29) 

The relative shift 
p
λ∆  of the resonance peak away from the reference wavelength, 

due to spatial hole burning and other non-uniform carrier distribution effects, can be 

captured by the minimization of laser matrix’s determinant in each time step as 

[ ] 11 1 2 22 1 21 2 12det ( ) ( ) ( ) ( ) ( )A t a r r a r a r aλ λ λ λ= − − + . (5.30) 

This determinant, once goes to zero, means the effective reflection coefficient of the total 

structure is infinite, i.e., light can be generated from the device with zero optical input, or 

lasing threshold is reached at this particular wavelength. 

Therefore, the injection induced total lasing wavelength shift λ∆  from the 

reference wavelength 
ref
λ  can now be calculated as the sum of the two shifts as 

ref p
λ λ λ∆ = ∆ + ∆ , (5.31) 

and for every time step, the new lasing wavelength has to be updated as 

ref
λ λ λ= + ∆ . (5.32) 
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5.4.3 Gain filter 

For the tunable lasers and some wide-range wavelength selective structures, such 

as the FP and the coupled cavity lasers, the finite bandwidth material gain profile [45] and 

the selective phase-matching condition have to work together physically to provide the 

mode selectivity and some special optical functionalities. Therefore, in the theoretical 

design of the time-domain traveling wave model, we have to take into consideration the 

wavelength dependent gain profile during the simulation; otherwise, the results would be 

inaccurate, especially for the FP cavity related lasers, whose resonance condition gives all 

equal mode-selections over the whole wavelength range. 

To achieve wavelength selection, by using the finite bandwidth material gain 

effect in the time domain TMM, as in a real situation, the previously used flat gain profile 

has to be incremented by an infinite impulse response (IIR) digital filter ( )H λ  to account 

for the material gain selection [45, 46] as 

( ) ( ) ( )
g

g g Hλ λ λ=  (5.33) 

, where ( )
g

g λ  is the previous peak gain function given by Eq. (5.23). The filter ( )H λ  

can be selected as follows [45] 

( )
( )

2

2

2 1 1

1
( )

1 2 cos 2
g

H
c dt

η
λ

η η π λ λ− −

−
=

 + − − 
 (5.34) 

, where η  is the filter coefficient chosen in between 0 and 1 to control the effective gain 

width. At the same time, the forward and backward optical fields have to be modified by 

using the first order IIR filter as 
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( 1, ) ( 1, ) (1 ) ( , )

( 1, ) ( 1, ) (1 ) ( , )

f f f

b b b

E t k AE t k A E t k

E t k AE t k A E t k

+ = + + −

+ = + + −
 (5.35) 

, where A is the weighting parameter defined as 

2 / gj c dt
A e

π λη ⋅= . (5.36) 

This procedure can then guarantee the correct spectrum to be displayed, as follows, 

according to the experimentally extracted material gain profile used in the simulation. 

        

Figure 5.2 Spectrum of FP laser before (left) and after (right) the gain filter is implemented 

 

5.4.4 Temperature effect 

As the device temperature changes with different environments and external working 

conditions, we need to consider the temperature induced lasing wavelength shift and 

material gain deteriorations, which can be approximated by relating the temperature to the 

refractive index [41] as 

,

eff

eff T

dn
n T

dT
∆ = ∆ . (5.37) 

Physically, this is because the atomic spacing of the semiconductor crystal will change 

according to different temperatures, such that dielectric constant or the refractive index 

will change accordingly.  
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 Higher injection can also increase the temperature as  

1 2
2

0

0 0

( )n n
out

n nn n g

t t e
T T T I I P

D D E

∞ ∞

= =

 
∆ = − + + − 

  
∑ ∑ , (5.38) 

, where 0T  is the temperature of the substrate viewed as a constant heat sink, and 

1,2 and 
n n

D t  are coefficients calculated from the structure as given in [47] as follows: 

( )
2

1/ 2
n

n
D D

h

π+ 
=  
 

 (5.39) 

( ) ( ) ( ) ( )21

0

1/ 22
1 sin

h

n t s

n x
t R x R x dx

h h

π+ 
= −  

 
∫  (5.40) 

( )2
2

g

n t

E d
t R h

eh
=  (5.41) 

Here, h is the distance between the active region and the heat sink, D is the thermal 

diffusion coefficient, Rs,t is the material’s series resistance and reciprocal of thermal 

capacity, and 
g

E  the band gap energy of the active material. 

 At the same time, differential gain and transparent carrier density in the gain 

formula have to be modified to include the temperature factor as  

ln /

( , )
1

g n

T T

T T

k tr

k k k

k

dg
e e N N

dN
g N S

Sε

∆ ∆− − 
  
 =
+

 (5.42) 

, where 
g

T and
n

T  are the characteristic temperature for /dg dN and 
tr

N , respectively. 

This will affect the resonance condition and lasing threshold of the laser, as is shown in 

the L-I curve as Fig. 5.12 and the lasing spectrum plot as in Fig. 5.3. Parameters needed 
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for those approximations can be extracted from the experiment already done on the same 

materials. 

 

Figure 5.3 Shift of lasing wavelength for a single-mode laser at different temperatures 

 

5.4.5 Optical feedback interferences 

Optical feedback as an undesired noise from the transmission network back into the laser 

structures can sometimes cause the lasers to lose constructive interference, such that the 

relative intensity noise (RIN) and the power penalty parameters, etc., of the laser can 

deteriorate dramatically [7, 48-54]. This deterioration of the laser’s performance is now 

usually treated by adding an extra optical isolator in the front of the output facet before 

entering the network [7], which not only increases the total cost, but also reduces the 

effective signal strength.  

If we want to model the optical feedback effect on the laser’s performance by 

using the time-domain traveling wave method, we can implement by adding to the facet 

output-field a feedback term, which is a fraction of the previous-time output but with a 

phase delay. 
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The formula for Eq. (5.19) can be updated as follows [55],  

( ) ( ) 2

0, , 1 ( , ) j

b f feedback f
E t L rE t L R r E t L e ωττ −= − − −  (5.43) 

, where we have assumed the optical network to be connected to the right hand side end 

facet of the laser and τ is the time delayed when previous output field is partially 

reflected back into the laser from the external network. 

5.5 Procedures of the TD-TMM 

After having described the theory of the time-domain traveling wave model, we need to 

summarize the total procedures that have to be followed sequentially to carry out the 

simulation. 

In the first step, we need to setup the basic structural and material parameters, 

such as the cavity length and refractive indices. Then, transfer matrices representing the 

optical fields have to be initialized with lumped spontaneous emissions in the following 

form as 

2 ( )( , ) ( ) ( ) j ts k t k t e πδσ η=  (5.44) 

, where ( )kσ  is given by ( ) ( )
sp g

k h g k n vσ ν= Γ ⋅  and ( )tη  is any random value from 

the Gaussian distribution. ( )tδ is a random number from the normal distribution from 0 to 

1. The initial field values can also be obtained from a steady-state model, and used as 

some random seeds. These seeds will be amplified and transferred by the structural 

matrices so that new field amplitudes and electron carriers can be updated in the 

forthcoming iterations.  
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In each iteration, we need to calculate the change of carrier densities by using the 

Eq. (5.21) and get the index change based on the carrier equation as in Eq. (5.26). Then 

we can find the new lasing wavelength by calculating the two parts of the wavelength 

shift dλ as Eq. (5.27) and Eq. (5.30). With the help of the carrier and photon density 

information, we can calculate the peak gain value, on which we can add the finite gain 

profile function as in Eq. (5.33) to simulate the material’s intrinsic wavelength selectivity. 

Then, we can calculate the effective wave number as in Eq. (5.20) from the gain, index 

and lasing wavelength information. Now the updated transfer matrix can be obtained for 

each section, with its matrix elements ready for the field amplitude calculations as in Eq. 

(5.17). 

Additionally, corresponding to the gain filter, the updated field amplitudes also 

need to be further implemented with the weighted IIR terms as in Eq. (5.35) to acquire the 

add-on features of wavelength selectivity to the gain. For the field propagations, we also 

have to consider facet reflection as in Eq. (5.18) and (5.19), as well as the optical 

feedback interference factors as in Eq. (5.43) during the simulation. Then, at the end of 

each iteration, we can calculate the photon density from both the forward and backward 

field amplitudes for the subsections. Facet output power P0 can also be calculated from 

Eq.(5.25). After this, the simulation can advance by one step further from t to t+dt, and 

then the whole loop is repeated until the preset total simulation time is reached. 

The loop can be charted as follows: 

 



Chap. 5. Time domain transfer matrix method    Ph.D Thesis – Yu Li - Electrical Engineering 

 

  83 

 

Initialization
Carrier and index 

calculation
Gain calcualtion

Lasing wavelength 

calculation

Transfer matrix 

construction

Forward and 

backward optical 
fields calculation

Power calculation

Photon density 
calculation

End of 
iterations?

Spectrum 
calculation

NO

YES

RIN and 
Eye diagram 

calculations

 
 

Figure 5.4 Flow chart of TD-TMM 

 

5.6 Numerical Examples 

 

In this section, we apply the time domain traveling wave model to a few numerical 

examples, so that their performances in simulation can demonstrate the validity and 

flexibility of this method. 

5.6.1 FP laser simulation  

As an example of the simplest laser structure, we tested the model’s performance on a FP 

laser as in Fig. 5.5. The simulation parameters are in Appendix A. 
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Figure 5.5  Spectrum of an FP laser from (a) TD-TMM simulation (b) literature and experiment (as 

in the insert) [56] 

 

As we see, our simulation results can well reproduce the spectrum of an FP laser as obtain 

by the literature and experiment (as in the insert of Fig. 5.5(b)) [56].  

Then, we studied the single-slot FP laser [56] as in the following figures, whose 

parameters used for simulation are the same as above, in Appendix A. And the slot is 

etched at 1/8 of the length on the left hand side. 

 

Figure 5.6 Output power and spectrum of a single slot FP laser 

 

From the plots in Fig. 5.6, we can see the mode selection is obtained around 

1.3µm with 20dB SMSR, which means the phase matching condition can be modified, by 

introducing shallowly etched slots purposefully into the FP cavity, for wavelength 

selection in originally multi-mode lasers. 



Chap. 5. Time domain transfer matrix method    Ph.D Thesis – Yu Li - Electrical Engineering 

 

  85 

 

 

Figure 5.7 Carrier and index distribution of a single slot FP laser 

 

In Fig. 5.7, we can see the carrier and refractive index distributions to be changed 

according to the slot introduced at 1/8 position. Especially, the index plot shows the slight 

change of index, due to current injection and K-K relations. 

 

Figure 5.8 RIN of single slot FP laser 

 

From the RIN plot in Fig. 5.8, we can see the noise level of single-slot FP laser is low and 

the resonance frequency is around 3 GHz, which indicates the significance of the slots on 

laser spectrum, if properly allocated. 
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5.6.2 DFB laser simulation  

As the second example of TD-TWM, we calculated the DFB structure [57, 58], whose 

parameters is listed in Appendix B. 

 
 

Figure 5.9  Output power and spectrum of the DFB laser 

 

The power and spectrum in Fig. 5.9 indicate the effectiveness of the constructive 

interference and selection by the periodically etched slots in DFB laser, which can give a 

50 dB SMSR if no external feedback perturbations are present. 

 
 

Figure 5.10  Lasing wavelength shift and carrier distribution of the DFB laser 

 

In Fig. 5.10, we can see the wavelength shift to be accompanied by the output power plot 

during the simulation, such that they both reach the steady state after a certain time of set-

up periods. The carrier and photon distribution in Fig. 5.10-11 also show the possible 

spatial hole burning effects, where density of carriers is lower around the facets of the 

cavity, corresponding to the relatively high photon density for the output. 
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Figure 5.11  Photon and index distribution of the DFB laser 

 

To demonstrate the model’s ability in estimating lasing properties when device 

temperature is also taken into consideration, we calculated the following graphs for L-I 

curve and large signal modulation by square wave-forms at 0.5GHz, to compare with the 

literature. From the plot, we can see that the TD-TMM can reproduce the reference results 

with high accuracy. For certain increase of the environment temperature, the lasing 

behavior in terms of the threshold current and L-I curve slope are significantly changed. 

The saturation of output power can also be observed, as indicated by the decrease of slope 

at higher injections in Fig. 5.12(a). 

       
 

Figure 5.12 (a) L-I curve and (b) large signal modulation of a DFB laser verified from the time-

domain traveling wave model 

 

 

 

 

 

(a) (b) 
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5.7 Summary 

 

In this chapter, we have described the time-domain transfer matrix model and 

applied it on several examples to test the method’s validity and flexibility. In the 

derivation, we also added the gain profile, temperature and feedback considerations into 

the model to improve the original TD-TMM’s applicability and versatility. In the 

simulation, we have demonstrated its accuracy and efficiency on examples of the ordinary 

FP, single-slot FP and DFB lasers, to include both periodic and non-periodic cases. This 

also shows the method to be applicable on non-periodic DM lasers that we are going to 

study in the following chapters. 
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Chapter 6                                                         

Simulation and optimization of discrete mode 

laser 

 

6.1 Introduction 

 

Semiconductor lasers made of Fabry-Perot cavities are perhaps the most 

straightforward optical devices to be fabricated. However, the multimode emission 

property of the conventional FP lasers has limited their applications in the long-haul fibre 

optic communications, because there the single-mode operation with high spectral purity 

is desired. This has led to the development of many techniques, including the DFB, DBR 

and coupled cavity laser designs, etc. In those approaches, Bragg gratings are the most 

commonly used structures to provide mode filtering and wavelength selection 

functionality, while others utilize phase matching conditions of the resonance cavities to 

pick up modes of interest out of their FP mode-basis. More specifically, distributed Bragg 

reflector lasers use frequency-selective passive mirrors to force only the selected FP 

cavity modes to lase; while distributed feedback lasers, whose Bragg gratings are etched 

above the active region along the whole cavity length, use both the multiple scattering 

from periodic gratings and the round-trip phase matching condition to determine the 

lasing-mode.  
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However, while working with the DFB and DBR lasers, strong external feedbacks 

[7, 51-53] from the high density HTTx networks [8, 59] components, such as the 

connecters and splitters, can disturb the constructive interference of the cavity more 

heavily formed by Bragg gratings than by cleaved facets. Therefore, the DFB and DBR 

lasers’ static and dynamic performances can be seriously affected [60-63]. This can be 

understood by realizing that the huge number of gratings etched in those lasers must delay 

the reconstruction of the longitudinal phase matching condition at presence of the external 

feedbacks, such that output of the devices will exhibit noisy and mode-hopping states in a 

more serious manner. In an FP laser, the feedback disturbance equally affects all 

longitudinal modes of the cavity, such that its output shows much less disturbance than 

that of the Bragg-grating based structures. Also, the fabrication of such devices involves a 

second or third time epitaxial growth after high resolution lithography [64], which not 

only increases the manufacturing complexity but also the cost. This re-growth procedure 

can affects the reliability of aluminum-based ternary and quaternary materials [65], such 

that it forces the devices to use of aluminum free quaternary systems at the price of poor 

performance at high temperature. 

By eliminating the re-growth procedure, we can vertically grow the DBR laser 

onto the wafer as VCSEL [15, 66-71] for “vertical cavity – surface emitting laser”, which 

can work in single mode condition. The principle of this design is it has very short 

resonance cavity so that number of the supported modes can be limited until only one 

wavelength is allowed. However, despite the many performance and manufacturing 

advantages of this structure, such as the low threshold current [70] and on-wafer testing 
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[72], etc., it shows high wavelength dependence on the thickness variations of the 

epitaxially grown layers. As in Ref. [15], a 1% miscalibration in the epitaxial layer 

thickness can result in a 10 nm wavelength shift for the selected single mode. This 

imposes stability issues on the laser’s performance for applications in the optical 

communication systems, which brings corresponding higher requirement for the 

manufacturing accuracy and increases the production cost. Also, as we know, the short 

cavity length for amplification must demand the Bragg mirrors to have very high 

reflectivity for lasing, which requires a high index contrast of adjacent layers or a large 

number of weak-contrast periodic ones. However, the first option is hampered by having 

a higher scattering loss, while the second one requires a too complex structure to 

manufacture. 

For the coupled-cavity lasers, there are alignment problems for the coupled 

mirrors [73, 74], and mode-hopping problems for any unintentional temperature and 

current fluctuations [75-77]. So in many cases, they are also used as tunable lasers for the 

reason that their selected mode can be shifted by controlling the external temperature or 

injection level under certain conditions [78-83]. 

Therefore, after having introduced the above lasers thus far, we need to describe a 

new design as in Ref. [65, 84-89], which is believed to address all the previously 

discussed problems of lasers for application in optical communication networks, and to 

provide a single mode lasing spectrum with high side-mode suppression ratio (SMSR). 

By selectively etching 10~100 shallow slots on the longitudinal ridge of a FP cavity, the 

discrete-mode (DM) lasers that are re-growth free and performance stable under various 
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conditions, can be obtained. The etched slots act as small perturbations and mode 

selectors inside the FP cavity, and introduce very low scattering loss. Also, besides the 

many promising advantages over all other candidate lasers for optical communication 

applications, especially the FTTx systems, DM laser is also robust at high level of optical 

feedback from the other network components [65, 84, 90-92], and is stable when injection 

or environment induced temperature change is involved [65, 93]. 

 

6.2 Transfer matrix scheme and threshold gain design 

 

In this section we will use the transfer matrix method to describe the logics of the 

threshold gain design for DM lasers, in which we can find the discrete positions of those 

etched slots are Fourier transform of the laser’s gain threshold in continuous wavelength 

space. As having described in the previous chapters about the general transfer matrix 

scheme in capturing field propagations in the laser cavities along the longitudinal 

direction, we can use this method to connect all the sections’ scattering and propagation 

matrices to obtain total transfer matrix for the structure. By applying boundary conditions 

at the two ends, we can find a continuous curve to represent relations of the modal gain’s 

lasing threshold with respect to different wavelength values. Then a design procedure 

based on this curve can be carried out and inversely we can decide positions of the slots 

to be etched along the FP cavity. In the following, we will describe the procedures of DM 

laser threshold design as in Ref [89], to pave the way for next chapter’s static and 

dynamic property optimizations of the structure. 
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6.2.1 Transfer matrix scheme 

As shown in Fig. 6.1, a number of shallow slots are etched onto the FP cavity, 

with the total length 
c

L  and end facet reflectivities 1r  and 2r  [89].  

 

Figure 6.1 Structural layer-out of the DM laser [89]. 

 

All the slots in 3D real structure can be approximated in the 1D model by index 

differences along the laser’s longitudinal direction as in Fig. 6.2. Then, the transfer matrix 

method can be used to connect those separate index discontinuities and force facet 

boundary condition on both ends. 

 

Figure 6.2  1D approximation of the DM laser along the longitudinal direction. 

 

For each of the slot, we can show in detail in the following figure as in Fig. 6.3, where 

slot center  
i

z  and width 
i

l  are the two basic parameters to define their positions. The 

indices of etched and un-etched parts are 2n and 1n , respectively. Here, we have to notice 

that for convenience of the future derivations using the total transfer matrix, we need to 

z 
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define the boundaries of each slot as the close proximity outside of the etching marked by  

the dashed lines. 

 

Figure 6.3 Slot of length L etched along the longitudinal direction. 

 

The slot matrix S can be represented by the elementary transfer matrices of index jump T 

and uniform period P as described previously as 

12 2 21S T PT=  (6.1) 

where 

[ ]

1 2 1 2

1 1

12

1 2 1 2

1 1

2 2

2 2

n n n n

n n
T

n n n n

n n

+ − 
 
 =

− + 
 
 

 (6.2) 

and 

[ ] 0

0

i i

i i

j L

i j L

e
P

e

β

β

− 
=  
 

. (6.3) 

For the total slots without considering two end facets, we have 

1 1 3 2 5 1 2 1 2 1...
N N N N

M PS P S P S P S P− − += . (6.4) 

 Then, as an important assumption for this design method, we have to require the 

slots to be shallowly etched and of small length, so that index difference n∆  (between 1n  

z 
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and 2n ) and their induced perturbations to the FP cavity can be small enough to enable 

the expansion of M matrix to the first order of /n n∆ . There is also recent research [94] to 

relieve this small perturbation requirement to allow arbitrary etching depth and length of 

the slot, but as we are more interested in designs with as few and as shallow slots as 

possible, we will limit the discussion in this thesis without considering the arbitrary slot 

cases. 

 For purpose of expansion and approximation of the total slot matrix M, we can re-

write the slot matrix in Pauli spin matrix form as 

( ) ( )2 2 2 2 2sin 1 sin
j j j j y j j z

S P q L j q Lβ σ β σ− + = − + −   (6.5) 

, where 

0

0
y

j

j
σ

− 
=  
 

 and 
1 0

0 1
z

σ
 

=  − 
, (6.6) 

and 

1

2

q q
q

−
− −
=  and 

1

2

q q
q

−
+ +
=  (6.7) 

, with 1 2/q n n=  or / ( )q n n n= + ∆ . To the first order of /n n∆ , we can expand 

q+ and q− that further lead to 
j

S  and M’s approximations as 

2
n n

q O
n n

− ∆ ∆ = − +  
 

 and 

2

1
n

q O
n

+ ∆ = +  
 

 (6.8) 

and 

( )
2

2 2 2sin
j j j j y

n n
S P L O

n n
β σ

∆ ∆ = + +  
 

 (6.9) 



Chapter 6. Simulation & optimization of DM lasers              Yu Li - Electrical Engineering 

 

  96 

 

( ) ( ) 1

2 2 0 ( 1)

1

sin
N

i i j j j j N y

j

n
M P L L P P

n
β β σ

−

+
=

∆
 = +  ∑ ∑ , (6.10) 

where  

2 1

2 1

k

jk i i

i j

P P Lβ
−

= +

 
=  

 
∑   (6.11) 

and the relation 1

y i i yP Pσ σ−=  is used. 

 From the expanded matrix M, we can find the structure’s lasing threshold by 

requiring its boundary condition of two end facets to generate optical power without any 

external light fed in. Mathematically, we can calculate the total reflectivity R of the 

structure from its overall transfer matrix 
total

M  as 

1 2

1 2

1 1

1 1
total

r r
M M

r r

−   
=    −   

 (6.12) 

12 2 22 21 1 2 12 1 11

11 11 1 2 22 2 12 1 21 0

total

total

M r M M r r M r M finite
R

M M r r M r M r M

+ − −
= = → →∞

− + −
 (6.13) 

, which gives the governing equation of the laser’s threshold as 

11 1 2 22 1 21 2 12 0M r r M r M r M− − + = . (6.14) 

By putting the approximate M matrix as Eq. (6.10) into the above equation, we can obtain 

the first-order approximate governing equation as 

 ( ) ( ) ( ) ( )
2 1

1 2 2 2 1 2

1 1

1 exp 2 sin exp 2 exp 2
N N

s s j j j j

s j

n
r r i L i L r i r i

n
β β φ φ

+
− +

= =

∆   = + +    
∑ ∑ (6.15) 

, where ' "j j jiφ φ φ± ± ±= + is the total phase shift ( 'jφ
± ) and gain ( "jφ

± ) from the j-th slot 

center to the right (+) and left (-) of the laser’s corresponding end facets. This 
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approximation also requires the slot-slot and slot-external mirror scatterings within the 

structure to be all neglected due to the small perturbations from each slot. The above 

equation could be solved by separating it into real and imaginary parts so that threshold 

gain and phase equations can be obtained at the same time. 

For the imaginary part, if the net gain ( )"s sg β=  is assumed to be uniformly 

distributed along the cavity, we can write the following relation as 

( )1
"

2
j j s sx g Lφ −  = + 

 
∑   (6.16) 

and  

( )1
"

2
j j s sx g Lφ +  = − 

 
∑  (6.17) 

, where 
j

x  represents the relative distance from each slot center to the laser’s longitudinal 

center, as a fraction of the total cavity length, i.e., 1 2 1 2
j

x− < < . This quantity will be 

used in the future to designate slot positions inside the FP cavity.  

 For the phase part, we can also write the following relation for each slot as 

0 ' "s s j j mn L k mφ φ π δ+ −= + = +∑  (6.18) 

, where m is the longitudinal-mode number of the FP cavity and 
m
δ is the relative phase 

shift to the m-th mode due to perturbations of the etched slot j. Therefore, we can find the 

threshold and phase shift for a DM laser from the above real and imaginary parts of the 

Eq. (6.15) as 
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2

(0) (1)

m m m

n n
O

n n
γ γ γ

∆ ∆ = + +  
 

  (6.19) 

2

(1)

m m

n n
O

n n
δ δ

∆ ∆ = +  
 

 (6.20) 

, where in Eq. (6.19) 

(0)

1 2

1 1
lnm

c
L r r

γ =  (6.21) 

is the original FP cavity’s lasing threshold, independent of mode number m, and 

( )(1)

2 0 2

11 2

1
sin sin 2 ' sin 2 '

N

m j j j j j j

jc

n k L A A
L r r

γ φ φ− − + +

=

 = + ∑  (6.22) 

with  

( )(0)

1 exp
j j c m

A r x L γ− =  and ( )(0)

2 exp
j j c m

A r x L γ+ = − .  (6.23) 

For Eq.(6.20), the first order phase shift (1)

m
δ is  

( )(1)

2 0 2

11 2

1
sin sin 2 ' sin 2 '

2

N

m j j j j j j

j

n k L A A
r r

δ φ φ− − + +

=

−
 = + ∑  (6.24) 

, which is much smaller than (1)

m
γ  and can be neglected at small perturbation index n∆ . 

This also implies at the first order of n∆  that Eq. (6.24) can be simplified as 

( ) ( ) ( ) ( ) ( )sin 2 ' sin 2 ' sin 2 ' cos sin 2
j j j j

m m x mφ π φ φ π π− + − = − = −  �  (6.25) 

, which leads to further simplification of Eq. (6.22) as 

( )( ) ( ) ( )(1)

2 0 2

11 2

1
sin cos sin 2

N

m j j j j j

jc

n k L A A m x m
L r r

γ π π− +

=

= −∑ . (6.26) 
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From the above derivation, we can see that the lasing threshold now depends on 

Eq.(6.23), which is directly related to the slot positions 
j

x  and facet reflection 

coefficients 1r and 2r . By careful design and arrangement of the slot positions, we can 

engineer the gain threshold and thus control lasing behaviours of a previously multi-mode 

FP laser. 

6.2.2 Threshold gain design for single mode laser 

In this section, we will work on the previously derived formulas for the slot and 

threshold gain relations and design single mode lasers from this modified FP structures by 

maximizing the gain difference between any chosen wavelength and all other background 

wavelengths.  

From Eq.(6.26), we can see that amplitude of the threshold gain is mainly 

determined by the function ( )
j

M x  as 

( ) ( )(0) (0)

1 2( ) exp exp
j j j j c m j c m

M x A A r x L r x Lγ γ− += − = − −  (6.27) 

, where if 1 2r r= , we can further have 

( )(0)

1( ) 2 sinh
j j c m

M x r x L γ= . (6.28) 

The other factor is ( ) ( )cos sin 2
j

m x mπ π , which can be expanded around the selected 

mode number ( )0m m m= −∆  as 

( ) ( )cos sin 2
j

m x mπ π  

( ) ( ) ( ) ( ) ( ) ( )0 0 0cos cos sin 2 cos 2 cos 2 sin 2
j j j j

m m x m x m x m x mπ π π π π π = ∆ ∆ + ∆  . (6.29) 
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To minimize the threshold gain at the selected mode 0m , when 0m∆ = , we can require 

the slot to be etched at positions where the following relation is satisfied 

( )0sin 2 1
j

x mπ = ± . (6.30) 

Then to decide the number and depth of the slots needed to be etched, we have to resort to 

either physical idea, as in solid state physics that the wave number space properties all 

correspond to the atomic positions in real space through the Fourier transform [89]; or we 

can numerically test the possible slot positions and compare its resultant threshold with its 

target function to minimize their difference, as has been described in Ref. [94]. 

 To be able to etch discrete slots as few as possible, we can use the first scheme 

and do Fourier transforms of a desired threshold gain to obtain its corresponding slot 

positions in the FP cavity. For example, if we want to design single mode lasers, the 

threshold gain can be chosen as a sinc function, which has a minimum in the middle for 

the lasing wavelength and all other higher values for wavelengths in the non-lasing 

background. Also, to concentrate slots in a finite-length FP cavity, we need to have 

periodicity in the threshold target function, which can be done by adding sinc functions 

periodically for different modes and dampening them by an exponential decay envelope 

for modes away from the central lasing wavelength. Then the Fourier transform would 

give density of the slots as sum of the Gaussians as 

( )2

2
( ) exp

m

x ms
x π

σ

 −
Γ = − 

  
. (6.31) 
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By integrating it with inverse of the modulation function ( )
j

M x  over the entire cavity, 

we can find each slot’s center position as follows 

0

1

( ) ( ) 1/ 2
jx

j n j
x

n

A M x x dx j
−

  Γ = − ∑∫  (6.32) 

, where j is the slot number and A is the normalization constant to control total number of 

slots. This equation gives the gross information about where to etch the slots, although we 

still need to further adjust their positions to match the phase condition of constructive 

interference exactly as follows 

( ) ( )( )
( )

1 2 1 2 / /
' '

1 / /

j j c

j i

c

x N l L n n

N l L n n
φ θ

−

−
+ + + ∆

=
+ ∆ ∑  (6.33) 

, where jN
−  is the number of slots to the left of slot j. 

 From threshold analysis using the above discussed inverse method, we calculated 

a DM laser structure, whose slot distribution is shown in Fig. 6.4. For detailed data of 

those slot positions, please refer to Appendix C for corresponding information. 

 

Figure 6.4  Distribution of 90 slots along the longitudinal direction for a symmetric DM laser. 

 

The threshold gain profile of this DM laser can be shown in Fig. 6.5 as 
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Figure 6.5 Threshold gain profile of the 90-slot DM laser. 

 

, where this example uses 90 slots of index contrast of 0.005n∆ = − on the FP cavity 

(substrate index 3.2n = ). As we see, the design of threshold gain profile for single 

wavelength selection around 1.55µm can be achieved, by careful positioning of the slots 

along the FP cavity. In the following subsections, we will use the previously derived TD-

TMM in Chapter 5 to simulate and optimized the lasing performance of this DM structure. 

 

6.3 Numerical Results from TD-TMM Simulation 

6.3.1 DM laser in CW condition 

As described above, after having obtained the slot positions, we used the TD-

TWM model to calculate its lasing spectrum, as in Fig. 6.6, whose carrier and index 

distributions are also shown in Fig. 6.7. 
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Figure 6.6 Spectrum of DM laser calculated from TD-TWM 

 

From the plots, we see high purity lasing spectrum of DM laser, at no external 

perturbations and modulations. The SMSR could reach 40-50 dB around 1.55µm. 

 

 
Figure 6.7 Carrier and index distribution for the DM laser 

 

The carriers and index profiles as in Fig. 6.7 are similar to that of FP, only with changing 

distributions around the slot-densely-etched positions as indicated in Fig. 6.4. 

Further, the lasing wavelength and SMSR with respect to the injection current are 

shown in Fig. 6.8(a) to indicate the wavelength shift at different pumping levels. Red shift 

can be seen above the 20 mA threshold and stable while slight improvement of SMSR 
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can also be observed. By varying injection current at different temperatures, we can 

obtain the light-current relation as in Fig. 6.8(b), which demonstrates the T-dependent 

threshold current and L-I curve slope of the laser. At higher temperature, 
th

I  increases 

while the slope decreases at a greater speed. 

     
Figure 6.8 SMSR and lasing wavelength shift, and L-I curve at different temperture, of the 

symmetric DM laser from time-domain traveling wave model 

 

Then, for the small signal analysis of the laser, we calculated the optical response 

at room temperature for three different base currents as in Fig. 6.9, from which we can 

see that the relaxation oscillation frequency increases from 1GHz to around 5GHz at 

higher injections.  

      
Figure 6.9 Small signal analysis for DM laser at different base current conditions 
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6.3.2 DM laser in modulation and feedback condition 

For large signal modulation situation, we applied an alternating injection current 

switched between 30 mA and 50 mA to the laser at 10 Gbit/s as shown in Fig. 6.10, from 

which we can see clean output power and smooth lasing wavelength along the high speed 

modulation.  

   
 

Figure 6.10 Large signal analysis for DM laser with power and wavelength shift plots at 10 Gbit/s 

 

 

To see the optical feedback influence on DM structure’s lasing performances, we 

further included a high level backward reflection of up to -25dB, i.e., 0.05
feedback

r = , to 

the right exit end of the laser, whose output power and lasing wavelength shift, as well as 

the overlapped spectrum taken at different simulation times, are plotted in Fig. 6.11(a). 

The reason to plot spectra on top of each other is to see the possible mode-hopping during 

modulation, especially when injection current is switched between 0/1. 
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Figure 6.11 Output power, lasing wavelength shift and spectrum for (a) DM laser under -25dB 

external optical feedbacks and (b) DFB laser without (upper) and with -25dB feedback (lower), at 10 

GHz modulation. Spectrum plot is obtained by overlapping the different spectrums sampled at 

different time positions 
 

 

Comparing Fig. 6.11(a) with Fig. 6.6 and 6.11(a), we can see that the DM laser 

can maintain high single-mode spectrum under strong feedback and fast modulation 

condition, as experimentally described in Ref.[65, 92]. Central lasing wavelength is also 

changing smoothly according to the injection modulation.  For further comparison, a DFB 

laser with the same structural and material parameters, especially the same designed 

threshold gain difference and exit-end facet reflectivity, is calculated before and after 

feedback is applied, as in Fig. 6.11(b). From those graphs, we can see the different effects 

of feedback on the two structures, i.e., DFB is sensitive to feedback mostly on its 

neighboring mode, such that mode hopping can occur to this vicinity wavelength; while 

DM feedback sensitivity is shared by all other suppressed FP modes covered by the 

material gain profile, such that the total sensitivity is reduced, but at the price of possible 

mode hoppings to wavelengths far away. 

 

 

(a) 

(b) 
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6.4 DM laser optimizations 

 

After having described the inverse method, as in the previous subsection, to 

design the single mode DM laser, which uses the Fourier analysis to transform desired 

threshold gain profile to certain distributions of the slots onto the FP cavity, we need to 

further optimize the structure in time domain, due to the many structural solutions that we 

can have from one initial threshold gain profile. Under various external and modulation 

conditions, we can carry out the sensitivity study of some of the key design parameters in 

TD-TMM, as in Chapter 5, to pick out the best solution that can suite the optical 

communication applications.  

6.4.1 Design parameters 

 

From the structural design point of view, we have several degrees of freedom to 

tailor the DM laser for its best performance in output spectrum and stability. Dynamically, 

some of the lasing properties can also change due to the rapid switching of modulation 

current and temperature, such that we need to study and optimize the corresponding 

parameters to minimize some of the deteriorations while maintain certain performance 

criterions on the same level. 

The main parameters that can be considered for DM laser optimization are the slot 

number, etching depth, width and distribution, etc. The distribution can mean symmetry 

property, i.e., either symmetric gratings on the whole cavity with respect to the structural 

center, or asymmetric gratings on only half of the structure and no slot the other half but 
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with high reflective facet at the end, etc; or it can mean part of the longitudinal section is 

etched with slots while others are etching-free. 

We first examine the number of slots effect on the laser performance: 

The following is 11 slot asymmetric case: 

      
Figure 6.12  (a) 11-slot asymmetric DM laser structure and threshold gain; (b) output power from 

TD-TWM simulation. 

 

    

Figure 6.13  11-slot asymmetric DM laser spectrum and photon distribution. 

 

From the plots in Fig. 6.12-13, we see the minimum number of slots needed for single-

mode FP laser design is around 10 slots, while threshold gain difference of around 0.15 

(a) (b) 
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cm
-1

 in DM laser can hardly make DFB laser work in single mode. The photon 

distribution is also increasing from the high reflective end to the right-end output facet. 

The following is the 15-slot asymmetric case: 

          

Figure 6.14  (a) 15-slot asymmetric DM laser structure and threshold gain; (b) output power from 

TD-TWM simulation. 

    

Figure 6.15  15-slot asymmetric DM laser spectrum and photon distribution. 

 

Here, in Fig. 6.14-15, we see the wavelength selection is maintained around 40 dB SMSR 

and the photon density profile is similar as in the 11-slot case. 
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The following is 48 slot asymmetric case: 

    

Figure 6.16  (a) 48-slot asymmetric DM laser structure and threshold gain; (b) output power from 

TD-TWM simulation. 

 

Figure 6.17  48-slot asymmetric DM laser spectrum and photon distribution. 

 

By increasing the slot number to 48, as in Fig. 6.16-17, we see the increase in threshold 

gain difference to 0.7 cm
-1

 and the SMSR to around 60 dB.  

Then, in the following as in Fig. 6.18-19, we can summarize and plot the 

sensitivity study graphs, according to different etching index contrast and slot numbers: 
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By fixing the contrast of 0.005n∆ = while changing slot number from 11 to 50 as above, 

we can summarize and plot the threshold gain difference and lasing spectrum SMSR with 

respect to slot number as in Fig.6.18 (a) and (b). 

             

 

Figure 6.18 (a) Difference between the lowest and second lowest threshold gain of DM lasers v.s. 

different number of slots etched; (b) SMSR calculated from TD-TWM for corresponding cases in (a) 

before and after feedback is applied 

 

By using the 15-slot case but changing slot index contrast from 0.001 to 0.01, we can also 

plot the same quantities as in Fig.6.19 (a) and (b). 

 

             
 

Figure 6.19 (a) Threshold gain difference of the 15-slot asymmetric DM laser with different index-

contrast slots etched; (b) SMSR calculated for corresponding cases in (a) before and after feedback is 

applied. 

 

(a) (b) 

(b) (a) 
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From the above plots, we can see that threshold gain difference can be linearly 

increased by etching more or deeper slots into the FP cavity, which improves the 

spectrum SMSR, correspondingly. However, more importantly, the effect of deeper slots 

will be levelled off at higher contrast, and their improvements over feedback will be 

reduced, as the more/deeper slots etched the more sensitive the structure will be to 

external perturbations. This is also indicating that a recent development of DM laser [94] 

using the “pixel method” has to adopt coarse meshing segments, to reduce feedback 

perturbation effect on designed structures for use in the high speed, strong feedback 

optical communication networks. Therefore, the trade-off between slot number/depth and 

single-mode performance has to be balanced for an optimized DM laser. 

 

6.5 Summary 

 

In this chapter, we have described the design of discrete mode laser by etching a 

few shallow slots on the FP cavity to change threshold gain profile of the structure at 

different wavelengths. The design procedure is valid only at approximations when 

product of the number of slots and their index changes is negligible compared to the total 

cavity index value. And the design is generally a realization of Fourier transform of the 

threshold in wavelength space to its corresponding slot positions in real space. Time-

domain traveling wave model is also applied to test the structure, and confirmed that this 

design of the single mode laser can be used to produce light signals with high SMSR and 

spectral purity.  
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Further optimization of the device is done for better optical performances and 

lasing stabilities under various conditions, especially at direct modulation. By using the 

time domain transfer matrix method as an experimental tool for the structural parameter 

optimizations, we can do comprehensively studies of the design and improve its single-

mode quality. From the simulated TD-TMM results, we see that with proper choice of the 

slot number and index depth etched, high SMSR with strong feedback immunity can be 

achieved. 
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Chapter 7                                              

Conclusions and Suggestions for Future Research 

 

7.1 Summary of Contributions 

 

The objective of this thesis was to study and design new types of lasers using the 

FP cavity, to achieve high SMSR single-mode lasing that can be immune to certain level 

of optical feedbacks for optical network communication applications. 

The major contributions of this thesis are summarized as follows and 

corresponding publications can be found in Appendix D. 

1. The design of asymmetric Bragg reflection waveguide based single mode laser, 

and its application in the Si-rich SiO
2
 laser designs. 

2. Comprehensive implementation of the time domain transfer matrix method, 

including temperature and feedback effects. 

3. TD-TMM study of discrete mode lasers for the first time. And further 

optimization of the DM laser considering feedback and dynamic effects. 

 

7.2 Suggestions for Future Research  

 

Although we have conducted some detailed investigations of the transversely and 

longitudinally modified FP lasers for their single-mode lasing properties, there are still 



Chapter 7. Conclusions and Suggestions       Ph.D. Thesis – Yu Li - Electrical Engineering 

 

  115 

 

rooms for the improvements of those devices. For the DM laser, we can also employ the 

newly proposed pixel method [94] to do the single-mode design, which can relieve the 

small perturbation restraints on the slot numbers and etching depth, etc., in a more natural 

manner. But there are still issues in their currently designed structures, such as the 

feedback sensitivity problem, where the more slots we use as gratings in the FP cavity, 

the more vulnerable the laser will be to external perturbations. Also, their design is using 

the costly E-beam lithography to etch the slots, and should be further optimized to use 

lower resolution such that the photolithography can be employed. 
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Appendix A                                                

Single-slot FP laser configuration and parameters 

  

Parameters values 

Laser length L ( mµ ) 400 

Active region width w  ( mµ ) 1.7 

Active region depth d  ( mµ ) 0.16 

Facet reflectivities r1, r2 0.3 

Confinement factor ( Γ ) 0.3 

Effective index without injection  0
eff

n  3.2 

Group index gn  4 

Internal loss α  (cm
-1

) 20 

Differential gain Ng   (10
-16

 cm
2
) 2.7 

Transparent carrier density N0  (10
18  

cm
-3

) 0.9 

Non-linear gain saturation coefficient ε   (10
-17 

cm
3
) 2.0 

Carrier dependence of index dn dN (10
-20

 cm
3
) -0.374 

Linear recombination coefficient A (10
9
 s

-1
) 0.1 

Bimolecular radiation coefficient B (10
-10

 cm
3
 s

-1
) 1 

Auger coefficient C (10
-29 

cm
6
 s

-1
) 3 

Linewidth enhancement factor  5 

Spontaneous emission coefficient ( β ) 5×10
-5 
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Appendix B                                                

DFB laser configuration and parameters 

  

Parameters values 

Grating period Λ  (nm) 244.5 

Bragg order 1 

Active region volume V  ( 3mµ ) 90 

Facet reflectivities r1, r2 0 

Laser length L ( mµ ) 300 

Confinement factor ( Γ ) 0.3 

Effective index without injection  0
eff

n  3.2 

Group index gn  3.6 

Internal loss α  (cm
-1

) 50 

Differential gain Ng   (10
-16

 cm
2
) 2.5 

Transparent carrier density N0  (10
18  

cm
-3

) 1.0 

Non-linear gain saturation coefficient ε   (10
-17 

cm
3
) 6.0 

Carrier dependence of index dn dN (10
-20

 cm
3
) -0.374 

Linear recombination coefficient A (10
9
 s

-1
) 0.1 

Bimolecular radiation coefficient B (10
-10

 cm
3
 s

-1
) 1 

Auger coefficient C (10
-29 

cm
6
 s

-1
) 7.5 

Spontaneous emission coefficient ( β ) 5×10
-5 

Coupling coefficient κ  (cm
-1

) 50 
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Appendix C                                                        

DM laser structure: slot positions 

(Asymmetric DM cases) 

11 slots 15 slots 48 slots 
387.208632 

364.442802 

343.614483 

323.997120 

306.075072 

290.817072 

276.285661 

260.543233 

246.011795 

235.839739 

222.277055 

 

391.559372 

375.090446 

358.137156 

341.668173 

326.652373 

315.269408 

300.737974 

288.143993 

277.971892 

264.893610 

256.901207 

244.549493 

237.283675 

226.385066 

219.361398 

397.862677 

392.049960 

384.299825 

379.940221 

375.822871 

368.799227 

362.986511 

359.111363 

355.236149 

348.212538 

343.126396 

339.493376 

335.860343 

330.047706 

324.235006 

320.844205 

317.453409 

313.578153 

307.281156 

302.921566 

300.015144 

297.108719 

293.233475 

287.178619 

(continued) 

277.732766 

274.826288 

269.982406 

265.380597 

262.232032 

259.809903 

257.387834 

254.481388 

249.879709 

245.762285 

242.855892 

240.433794 

238.496052 

236.074019 

232.925379 

228.565836 

225.175034 

222.752943 

220.573114 

218.635400 

216.697752 

214.275622 

210.884855 
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(Symmetric DM cases) 

44 slots 60 slots 
383.814848 

358.627217 

336.345732 

316.970610 

299.775099 

284.274840 

274.829361 

262.477583 

255.696165 

245.524094 

240.437986 

236.078423 

229.539177 

224.453064 

221.788831 

219.608932 

217.429085 

215.249160 

212.827129 

210.405057 

208.225114 

206.771810 

 

(continued) 

193.451366 

191.998063 

189.818119 

187.396047 

184.974016 

182.794091 

180.614244 

178.434345 

175.770112 

170.684000 

164.144753 

159.785191 

154.699082 

144.527011 

137.745593 

125.393816 

115.948336 

100.448077 

83.252566 

63.877444 

41.595959 

16.408328 

387.450689 

366.137979 

348.215937 

333.684516 

318.668657 

304.379437 

295.418333 

283.066605 

276.285138 

265.870854 

259.816027 

254.729877 

246.737498 

242.135783 

238.744975 

235.354091 

230.510179 

226.150602 

223.486329 

221.306508 

219.853134 

218.157636 

216.704398 

215.008882 

213.313393 

211.375630 

209.437985 

207.984646 

206.773571 

206.046765 

(continued) 

193.937243 

193.210438 

191.999363 

190.546023 

188.608378 

186.670616 

184.975127 

183.279611 

181.826373 

180.130875 

178.677501 

176.497679 

173.833406 

169.473830 

164.629918 

161.239034 

157.848226 

153.246511 

145.254132 

140.167981 

134.113154 

123.698871 

116.917403 

104.565676 

95.604572 

81.315352 

66.299493 

51.768071 

33.846030 

12.533320 
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90 slots 
393.511071 

378.737492 

364.206050 

354.518276 

341.682188 

333.205408 

322.064596 

315.283190 

304.626762 

298.814071 

292.274841 

284.040217 

279.438534 

274.836732 

267.570940 

262.727004 

259.578328 

256.187591 

251.828004 

246.499702 

243.351065 

240.928985 

238.991259 

236.811453 

234.389314 

231.240714 

228.092061 

225.427843 

223.974488 

222.521163 

221.310134 

220.341121 

219.130048 

218.161053 

217.192178 

(continued) 

216.223204 

215.254251 

214.043180 

212.831970 

211.620842 

210.409775 

209.198644 

208.229730 

207.502950 

206.776188 

193.213497 

192.486735 

191.759955 

190.791041 

189.579910 

188.368843 

187.157715 

185.946505 

184.735434 

183.766481 

182.797507 

181.828632 

180.859637 

179.648564 

178.679551 

177.468522 

176.015198 

174.561842 

171.897624 

168.748971 

165.600371 

163.178233 

160.998426 

159.060700 

(continued) 

156.638620 

153.489983 

148.161681 

143.802094 

140.411357 

137.262681 

132.418745 

125.152953 

120.551151 

115.949468 

107.714844 

101.175614 

95.362923 

84.706495 

77.925089 

66.784277 

58.307497 

45.471410 

35.783635 

21.252193 

6.478614 
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Appendix D                                                            

List of Publications 

 
D.1 International Journals 

P.1. Yu Li, Yanping Xi, and Weiping Huang, “Pixel method optimization of DM lasers”, 

submitted to Optics Express, (2011) 

P.2. Yu Li, Yanping Xi, Xun Li, and Weiping Huang, “Design and analysis of single mode 

Fabry-Perot lasers with high speed modulation capability”, Optics Express, 19, 12131–

12140, (2011); 

P.3. Yu Li, Yanping Xi, Xun Li, and Weiping Huang, “A single-mode laser based on asymmetric 

Bragg reflection waveguides”, Optics Express, 17, 11179-11186, (2009). 

 

D.2 Conference papers 

P.1. Yu Li, Yanping Xi, and Weiping Huang, “Modeling and design optimization of discrete 

mode lasers for high speed single-mode operation in optical communication networks”, 

Annual Meeting of IPR, Toronto, (2011).  
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