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ABSTRACT: This thesis investigates nonparametric inference under multiple inde-
pendent samples with various modes of censoring, and also presents results concerning
Pitman Closeness under Progressive Type-II right censoring. For the nonparametric
inference with multiple independent samples, the case of Type-II right censoring is
first considered. Two extensions to this are then discussed: doubly Type-II censor-
ing, and Progressive Type-II right censoring. We consider confidence intervals for
quantiles, prediction intervals for order statistics from a future sample, and tolerance
intervals for a population proportion. Benefits of using multiple samples over one
sample are discussed. For each of these scenarios, we consider simulation as an al-
ternative to exact calculations. In each case we illustrate the results with data from
the literature. Furthermore, we consider two problems concerning Pitman Closeness
and Progressive Type-II right censoring. We derive simple explicit formulae for the
Pitman Closeness probabilities of the order statistics to population quantiles. Various
tables are given to illustrate these results. We then use the Pitman Closeness measure
as a criterion for determining the optimal censoring scheme for samples drawn from
the exponential distribution. A general result is conjectured, and demonstrated in
special cases.

KEY WORDS: Multiple independent samples, Type-II right censoring, Doubly Type-
IT censoring, Progressive Type-II right censoring, simulation, nonparametric, predic-
tion intervals, tolerance intervals, confidence intervals, Pitman Closeness, optimality,

Progressive censoring scheme, population quantiles

il



Acknowledgements

I would first like to thank my supervisor N. Balakrishnan who took me as his student,
he has given me many opportunities for success, and has suggested many of the
problems I have worked on and will work on in the future.

I would also like to thank my family for supporting me during my years as a Ph.D.
student. But most of all, I would like to thank my mother, for having been there

when I needed her and for pushing me to succeed.

v



Co-authorship and inclusion of previously published material

The material presented in this thesis was written primarily by myself.

Chapter 3 which discusses inference for type-II right censored samples from mul-
tiple independent samples is based on work which was co-written with my supervisor,
Prof. N. Balakrishnan, for inclusion in a paper published in a refereed journal (Volter-
man and Balakrishnan, 2010).

Chapter 4 which discusses inference for doubly Type-II censored samples from
multiple independent samples is based on work which was co-written with my super-
visor, Prof. N. Balakrishnan, and Prof. E. Cramer (Professor, Institute of Statistics
and Economics mathematics, RWTH Aachen), for inclusion in a paper submitted to
a refereed journal.

Chapter 6 which discusses Pitman closeness for Progressively Type-II censored
samples is based on work co-written with my supervisor, Prof. N. Balakrishnan,
and Prof K. F. Davies (Assistant Professor, Department of Statistics, University of
Manitoba), for inclusion in a paper published in a referred journal (Volterman et al.,
2011).

Chapter 7 which discusses using Pitman closeness as a criterion for selecting opti-
mal Progressive censoring schemes, is based on work co-written with my supervisor,
Prof. N. Balakrishnan, and Prof. K. F. Davies for inclusion in a paper submitted to
a referred journal.

For all of these papers, the programs were completely written by myself. Most



derivations and all proofs were done by myself. The exception is for Chapter 7
where some, but not all, of the derivations were done in concert with the co-authors.
Moreover, these chapters contain work not included in, and expanding on, the work

in the submitted and published works.

vi



Contents

Abstract iii
Acknowledgements iv
Disclaimer \%
1 Introduction 1
1.1 Order Statistics . . . . . . . . . . . ... 2
1.1.1 Pooled Order Statistics . . . . . . .. ... ... ... .. ... 4

1.1.2  Motivating Examples . . . . . . . ... ..o 4

1.2 Types of censoring . . . . . . . .. ... 5
1.2.1 Type-I Censoring . . . . . . . . . ... .. ... )

1.2.2 Type-Il Censoring . . . . . . . . ... ... ... ... ... 6

1.2.3  Progressive Type-II Right Censoring . . . . . . ... ... .. 7

1.3 Mixture Distributions . . . . . . . .. .. .. ... ... ... 10
1.4 Pitman Closeness . . . . . . . . . . . . e 13

vil



1.5 Scope of Thesis . . . . . . . . . . . ...

2 Nonparametric Inference
2.1 Quantile Estimation . . . . . ... ..o
2.2 Tolerance Intervals . . . . . . . . . .. ...

2.3 Prediction Intervals . . . . . . . . ..

3 Multiple Type-II Censored Samples
3.1 Distributional Representations . . . . . . . . . . ... ... ... ...
3.1.1 Marginal Distribution of a pooled OS . . . . . . .. ... ...
3.1.2  Joint Distribution of two pooled OS . . . . . . . .. ... ...
3.1.3 Joint Distribution of pooled OS . . . . . . .. ... ... ...
3.2 Imference . . . . . . . ..
3.2.1 Confidence Intervals for Quantiles . . . . . . . . .. ... ...
3.2.2 Tolerance Intervals . . . . . . .. .. ... ... ... ...
3.2.3 Prediction Intervals . . . . ... ..o
3.24 Miscellaneous results . . . . . . .. ..o

3.3 Motivating Example Revisited . . . . . . . . ...

4 Multiple Doubly Type-II Censored Samples
4.1 Distributional Representations . . . . . . . . ... .. ... ... ...
4.1.1 Two-Samples . . . . . . . .. ...

4.1.2  Multiple Samples . . . . .. ..o

viil

19

19

21

22

25

27

27

33

39

46

A7

o2

23

56

99

62



4.2  Computational Algorithm . . . . .. ... .. ... ... .. .....
421 AnExample . . . . .. .. ...
4.3 Simulation Results . . . . . . .. ...

4.4 Motivating Example Revisited . . . . . . .. .. ... ...

Multiple Progressively Type-II Right Censored Samples

5.1 Distributional Representations . . . . . . . . . . ... ... ... ...
5.1.1 Marginal Distribution of a pooled OS . . . . . . .. ... ...
5.1.2  Joint Distribution of pooled OS . . . . . . ... .. ... ...

5.2 Simulation . . . . . ...

5.3 Motivating Example Revisited . . . . . . ... .. ... ... ... ..

5.4 Miscellaneous comments . . . . . . . .. L

Pitman Closeness of PCOS to Quantiles

6.1 Simultaneous Closeness . . . . . . . . . . . . ... ... ...

6.2 Special Cases . . . . . . ..
6.2.1 Exponential Distribution . . . . . . . .. ... ... ... ...
6.2.2 Uniform Distribution . . . . . . . ... ... ... ... ...
6.2.3 Other Distributions . . . . . . .. ... ...

6.3 Numerical Illustration . . . . . . . . . . . . . ...

Pitman Closeness as a Criterion for Optimal Censoring Schemes

7.1 Comparison of Censoring Schemes . . . . . . . . . .. ... ... ...

X

83

83

84

87

88

89

90

95

95

102

102

103

104

104

119



7.1.1 A General Algorithm . . . . ... ... ... ... ... ... 122

7.1.2 Some Special Cases . . . . . .. ... ... ... 124

7.2 Simulation Study . . . . ... ..o 127

8 Conclusions and Further Work 135
8.1 Further Work . . . . . . . . 137

Appendix: R-programs

A Code for Chapter 3 139
B Code for Chapter 4 149
C Code for Chapter 5 153
D Code for Chapter 6 158
E Code for Chapter 7 162

Appendix: Glossary of Notation

F Glossary Chapters 3—5 163

Bibliography 166



List of Tables

1.1

1.2

1.3

1.4

3.1

3.2

4.1

4.2

5.1

5.2

6.1

6.2

6.3

Time to breakdown of insulating fluids . . . . . . ... ... ... ..
Insulating fluid data - Type-II censoring . . . . . ... .. ... ...
Insulating fluid data - doubly Type-II censoring . . . . . . ... ...

Insulating fluid data - Progressive Type-II censoring . . . . . . . . ..

Coverage Probabilities of (—o00, Xj.n) vs. (=00, Z¢) - . . . . . . . ..

Prediction intervals for individual order statistics Wy.;0 . . . . . . . .

Algorithm as applied to the example in Section 4.2.1 . . . . . . . ..

Confidence intervals for &, for the insulating fluid data in Table 1.3

Confidence intervals for &, for all the schemes in Table 1.4 . . . . ..

Expected length for minimal index width interval for various schemes

SCP for exponential distribution . . . . . . . ... ... ... ... ..
SCP for uniform distribution . . . . . . . . . . . . . ...

SCP for normal distribution . . . . . . . . . ... .

xi



6.4

6.5

6.6

7.1

7.2

7.3

7.4

7.5

7.6

7.7

7.8

F.1

F.2

F.3

SCP for cauchy distribution . . . . . .. ... ... oL 113

SCP for skew normal distribution (. =1) . ... ... .. ... ... 115
SCP for skew normal distribution (o =—1) . . ... ... ... ... 117
PC probabilities for r=2,n=3 . . .. ... ... ... ... .. 125
PC probabilities for r =3, n=4 . . . . . .. ... ... ... 128
PC probabilities for different choices of r whenn=5 . . ... .. .. 130
PC probabilities for different choices of r whenn=6 . . ... .. .. 130
PC probabilities for different choices of r whenn=7 . . . ... ... 131
PC probabilities for different choices of r whenn =15 . . .. . . .. 132
PC probabilities for different choices of r when n =20 . . ... . .. 133
PC probabilities for different choices of »r whenn =30 . .. ... .. 134
Notation for Chapter 5 . . . . . . . . . . ... ... ... .. .. ... 163
Notation for Chapter 4 . . . . . . . . . . ... ... ... ... ... 164
Notation for Chapter 3 . . . . . . . . . . .. ... ... ... ..... 165

xii



List of Figures

1.1

1.2

1.3

1.4

3.1

4.1

4.2

Diagram of Type-I right censoring . . . . . . . ... .. ... .. ... )
Diagram of Type-II censoring . . . . . . . . ... ... ... ..... 6
Diagram of progressive Type-II censoring . . . . . . .. .. ... ... 8
Mixture of two normal distributions . . . . . . . .. ... ... L. 14
Gains in maximum coverage probabilities for upper quantiles . . . . . 50

A simple algorithm for obtaining the mixture weights in the marginal
distribution of Z;y . . .. ..o 74

Exact coverage probability, SAE, and SRE for Z3 . . ... ... .. 78

xiii



Chapter 1

Introduction

In lifetime and reliability analysis we are concerned with obtaining results which allow
us to make inference about the processes or populations involved. Both cost and time
may be factors that place constraints on the types of experimental designs that can be
used. Thus, censoring can be used as a way to limit the time, cost, or a combination
of both. This leads to the question of which designs are best to make inference given
these constraints.

It can also be of interest to obtain more information from future independent
samples. The question that arises now, is how to incorporate this new information.
When we have multiple independent censored samples, one can always write the
likelihood explicitly. However, this is not the case for multiple independent samples
when we make no distributional assumptions.

With two independent samples it is known (see Balakrishnan et al., 2010b) how
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to make distribution free intervals for quantiles, tolerance intervals, and prediction
intervals when both samples are Type-II right censored or progressively Type-II cen-
sored. The authors show that there are gains in the maximum coverage probabilities
over the equivalent one sample scenario. Thus in some sense these designs are better.

Nonparametric inference for two independent samples of minimal repair systems is
considered in Beutner and Cramer (2010). They have shown how to make prediction
intervals for future samples conditional on surviving until some specified time. Again
there are gains in some sense, over equivalent one sample scenarios.

We may ask what schemes for one or more samples would be best. Determination
of optimal progressive censoring schemes has been considered for a variety of criteria

with varying assumptions.

1.1 Order Statistics

Consider observing n independent observations X1, Xy, ..., X,,. Placing the observa-
tions in ascending order, we have Xi., < Xo., < ... < X,,.,, where Xj., is the i-th
order statistic (OS).

Typically the n observations come from some common underlying distribution. We
denote this common cumulative distribution function (CDF) as Fx. If the distribution
is absolutely continuous, it has probability density function (PDF) fy.

In this i.i.d. case the joint and marginal distributions of the order statistics have

simple explicit formula involving the underlying distribution function and there exists
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a wide variety of literature on order statistics. Both Arnold et al. (1992) and David
and Nagaraja (2003) provide an introduction to the topic.

It is well known that the joint density of n order statistics is

n

fRimeeXnn (g gy = pl Hf(xj)’ (1.1.1)

j=1

where §y < 11 < 29 < -+ <z, < & . Here, & and &; represent the lower and upper
endpoints of the distribution respectively; these may not be finite. For 1 < j; < jo <

n, the joint distribution of two order statistics is

n!
(J1 = D2 — j1 — Dl(n — j2)!

X F(z1)" 7 [F(@s) — Fa)* 77 1= F(a)]" ™ f(21) f(22),

[ Xigen (g1 200) = (1.1.2)

when & < z;, < 75, < &. For 1 < j < n, the marginal PDF and CDF of X, is

known to be

Xjm () = " z) 1 )" fx
Fom(@) = oy PP = F@ @), (113
Fon(a) =3 (Z)F(x)f [1— F(x)]"", (1.1.4)

respectively, where & < x < &. Equation (1.1.4) applies when the underlying distri-
bution is continuous, whereas equations (1.1.1) to (1.1.3) require absolute continuity.

See Arnold et al. (1992) or David and Nagaraja (2003) for more about order statistics.
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Group1l 0.31 0.66 154 170 1.82 1.89 217 224 4.03 9.99
Group 2 0.00 0.18 055 0.66 0.71 1.30 1.63 2.17 2.75 10.60
Group3 0.49 0.64 082 093 1.08 1.99 206 2.15 257 4.75
Group4 0.02 0.06 050 0.70 1.17 2.80 3.57 3.72 3.82 3.87
Group 5 0.20 0.78 0.80 1.08 1.13 244 3.17 5.55 6.63 8.11
Group 6 1.34 149 156 210 2.12 383 397 513 7.21 871

Table 1.1: Time to breakdown of insulating fluids

1.1.1 Pooled Order Statistics

Suppose we have B independent samples, upon combining the B samples and or-
dering them we have what we call the pooled order statistics. We shall denote the
pooled order statistics as Z(;). Balakrishnan et al. (2010b) considered the pooled order
statistics for Type-II right censored and progressively Type-II censored samples.

For complete i.i.d. samples the pooled order statistics are equivalent to order
statistics from a large sample. This is of course the basis for taking a sample of size
n~+ 1 by obtaining an independent sample of size one and appending it to an existing
sample of size n.

As it will become apparent later, under certain assumptions, these pooled order

statistics are related to the usual order statistics from the underlying distribution.

1.1.2 Motivating Examples

As a motivating example consider the time to insulating fluid breakdown originally
taken from Nelson (1982, Table 4.1, p. 462) as in Table 1.1.

This data set has been used repeatedly in the literature under various censoring
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schemes, particularly when the data is presumed to be exponentially distributed.

1.2 Types of censoring

Censoring of data can arise naturally due to the nature of the sampling or experi-
mental design, or inherent structure of the situation. However, sometimes censoring
can be exploited by experimenters as an efficient method of obtaining information
with regards to cost and time. There are a number of censoring methods available to
experimenters; below are a few of these which are commonly used in reliability and

life testing.

1.2.1 Type-I Censoring

Consider a sample where we observe outcomes only in some specified interval (77, Ty),
where 17, < Ty7. Such an interval is to be known ahead of time. When an item fails in
the given interval its time is observed exactly; if the item fails in the interval (—oo, 17|
or [Ty, o0), then only the interval that it fails in is known.

Xim Xowm X3z Xin — Censored

T

Figure 1.1: Diagram of Type-I right censoring

In such a censoring scheme the number of observed failures is random. So if the

upper and lower censoring bands are set too narrow, then an insufficient number of
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observations may be made.

Without distributional assumptions, no information about the distribution can
be gleaned from such a Type-I sample outside the fixed interval. Thus unless one
wishes to either make distributional assumptions about the population, or restrict
their inference to the given region, Type-I censoring is not appropriate. However, it
is widely used because the amount of time on test is bounded, and thus the cost for

the experiment will be bounded.

1.2.2 Type-II Censoring

Type-1I right censoring (herein referred to as Type-1I censoring) is where the smallest
r of n independent observations are observed. The number of observations r, is fixed
before the experiment.

An experimenter would place n items on test, and after observing the first r

failures, stop the test and the remaining n — r items would be removed.

/an’r
Xl:n X2:n e erlzn Xr:n

Figure 1.2: Diagram of Type-II censoring

The advantage of such a scheme over Type-I censoring is that one knows exactly
how many failures will be observed ahead of time; however, the time to test possibly
unbounded, and could be on average much larger than in Type-I censoring.

Table 1.2 shows Type-II right censoring which had been introduced to the insu-
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lating fluid data in Table 1.1 by Balakrishnan et al. (2010b).

Group1 0.31 0.66 154 1.70 1.82 1.89 2.17 224 4.03
Group 2 0.00 0.18 0.55 0.66 0.71 1.30 1.63 2.17 2.75
Group 3 0.49 0.64 0.82 0.93 1.08 199 206 2.15 257
Group 4 0.02 0.06 050 0.70 1.17 280 3.57 3.72 3.82
Group 5 0.20 0.78 0.80 1.08 1.13 244 3.17 5.55 *
Group 6 1.34 149 156 2.10 2.12 3.83 397 5.13 =«

* X X X KX ¥

Table 1.2: Insulating fluid data - Type-II censoring

* 1.564 1.70 1.82 189 217 2.24 4.03
0.18 055 0.66 0.71 1.30 1.63 2.17 2.75
0.64 0.82 093 1.08 199 206 2.15 2.57
0.06 050 070 1.17 280 3.57 3.72 3.82
0.78 0.80 1.08 1.13 244 3.17 5.55 *
149 1.56 210 212 3.83 397 513 %

Group 1
Group 2
Group 3
Group 4
Group 5
Group 6

L I SR G
* X X X X ¥

Table 1.3: Insulating fluid data - doubly Type-II censoring

Doubly Type-II censoring occurs when the smallest r”, and largest 7V items are

L

censored. In this case, the number of observed failures is r = n — r% — rY. It is clear

that Type-II censoring is a special case of doubly Type-II censoring when % = 0 and
rY = n —r. Similarly, when r¥ = 0 and r* = n —r then this is Type-II left censoring.

Table 1.3 shows the insulating fluid data with doubly Type-II data as introduced

in Balakrishnan et al. (2004).

1.2.3 Progressive Type-II Right Censoring

Progressive Type-II right censoring (herein referred to as progressive Type-II censor-

ing), is an extension of the Type-II censoring scheme mentioned prior. Place n items
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on a test. After the first failure X7

1y Temove Ry items randomly from the remaining

R

n — 1 items and then continue the test. After the next failure X, remove R
items randomly from the remaining n — 2 — R; items and continue the test. One

would continue in this manner until observing the final failure X% . and then the

rrm?
remaining R, items are removed. The i-th progressive Type-II order statistic (PCOS)
is denoted as XX, or Xj.,., when the scheme which generates the order statistic is

rn

unambiguous.

S 2 B
Xl:r:n X2:r:n o szr:n

Figure 1.3: Diagram of progressive Type-II censoring

We call R = (Ry,..., R,), the progressive Type-II censoring scheme. Much like
Type-II right censoring, the censoring scheme R is fixed before the experiment.

It can be seen that Type-II censoring is a special case of progressive Type-II
censoring, where the scheme is R = (0, ...,0,n — r). Expressions and inference for
Type-II censored samples are often much simpler than the more general progressive
Type-II censored samples.

Given a censoring scheme R we can further define the following constants. Define
Yy as g = S J(Ri+1) =n—(—1)=3"_ R for £ =1,...,r. In this
context, 7y, is the number of units remaining on test between the (¢ — 1)-th and ¢-th

: ¢ ¢
failures. We further define the constants ¢,_; = [[,_, ; and a;(¢) = H;}iz w;%-‘
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With this in hand we can obtain the joint distribution of the PCOS as

X Xln (1, _CHH{1— Mo f(2y), (1.2.1)

where g < 11 < w9 < -+- <z, < &. For 1 < ¥ < {5 < r, the joint distribution of

two PCOS is

. )
R R 2 1— F xz 2 e
pr1 rin X by Tﬂ(l‘gl’ x£2) Coy—1 Z (al(el)(€2> {TEI-Z?] )

i=01+1

xZ(az (0)(1 = F(zy,)) )1—f%§i&)1—f§c’ii@)’ (1.2.2)

when & < zy, < @y, < &. For 1 < ¢ < r, the marginal PDF and CDF of XX is

known to be

14

fXErn = ¢y, Zai(f){l — F(x)Y f (=), (1.2.3)
V4
FXEn =10y ‘“’7@ {1- F(z)} (1.2.4)

respectively, where & < z < &;.

Note that equations (1.2.2)—(1.2.4) do not collapse to those in Section 1.1 in the
special case of right censoring. However, these can be obtained from the previous
results by appropriate expansions. Thus, we typically can consider results obtained

with progressive censoring to provide alternate representations to those based on the
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usual order statistics.

For more general theory, and methods regarding progressive Type-II censoring,
see Balakrishnan and Aggarwala (2000). Optimal progressive censoring schemes are
discussed in Burkschat et al. (2006) and Burkschat (2007, 2008), for a general class
of location-scale models.

There are extensions to progressive censoring allowing the number of items re-
moved after the ¢-th failure, R;, to be random. In one such extension from Cramer
and Iliopoulos (2010), known as adaptive progressive Type-II censoring, R; is random
function of Ry,..., R,y and X% ... XF, .

For illustrative purposes, we have introduced progressive Type-II censoring to
the insulating fluid data. Table 1.4 is the insulating fluid data with the schemes
Ri1=1(2,2,3), Re = (6,1,0), R3 = (0,0,7), and R4 = (4,0, 3) applied to each of the

six samples. We include the censored items for comparisons sake.

1.3 Mixture Distributions

Mixture distributions naturally arise when a population can be divided into sub-
populations (components), possibly with different distributions. The number of such
components can be finite, countable, or uncountable. The idea of fitting mixture
distributions goes as far back as Pearson (1894) who fit two normal distributions to
a population of crabs; this provided evidence that there were two distinct subspecies

of crabs.
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Group 1 0.31 0.66 = 1.70 * * * * *
Group 2 0.00 0.18 0.55 = * * * * * *
Group 3 049 0.64 = 0.93 = * * * * *
Group 4 0.02 0.06 0.50 = * * * * * *
Group 5 0.20 = 0.80 = * 2.44  x * * *
Group 6 1.34 1.49 1.56 = * * * * * *
(a) R1 = (2,2,3)
Group 1 0.31 =« 1.54 * * 2.17  x * *
Group 2 0.00 = * 0.66 1.30 = * * *
Group 3 049 = * * 1.08 = * * 2.57  x
Group 4 0.02 = 0.50 = * * * * * 3.87
Group 5 0.20 = 0.80 = * * * * 6.63
Group 6 1.34 = * * 2.12 % * * 721  x
(b) Ra = (6,1,0)
Group 1 0.31 0.66 1.54 x * * * * * *
Group 2 0.00 0.18 0.55 = * * * * * *
Group 3 049 0.64 0.82 x * * * * * *
Group 4 0.02 0.06 0.50 = * * * * * *
Group 5 0.20 0.78 0.80 = * * * * * *
Group 6 1.34 1.49 156 = * * * * * *
(c) Rs =(0,0,7)
Group 1 0.31 =« 1.54 * 1.89 «x * * *
Group 2 0.00 0.18 0.55 = * * * * * *
Group 3 0.49 x 0.82 0.93 =« * * * * *
Group 4 0.02 0.06 0.50 = * * * * * *
Group 5 0.20 = * 1.08 1.13 = * * * *
Group 6 1.34 1.49 1.56 = * * * * * *
(d) R4 - (4707 3)

Table 1.4: Insulating fluid data - Progressive Type-II censoring

We consider a finite mixture model with D components X, distribution functions
F; (1 <i < D), and mixing weights 0 < m; < 1, subject to > m; = 1. Mixtures with
such weights are known as convex mixtures. The mixture distribution is represented

as follows
D
X2y VX, (1.3.1)

=1
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where Y = (Y1, ...,Yp) is a multinomial random variable of size one, and with success
probabilities 7;; Y is independent of the underlying X;’s. Here 2 is understood

to be equality in distribution. Marginally, Y; follows a Bernoulli distribution with

The cumulative distribution function Fx(-) can be given as

F(t) = Zmﬂ(t), (1.3.2)

which is a weighted sum of the D component distribution functions with ¢ € . The
mixing weight 7; represents the proportion of the total population from component
1. If the random variables are absolutely continuous, then the mixture density exists

and

fx(t) = mez’(t)~ (1.3.3)

It is easy to see that the distribution function Fx(-) and density function fx(-) are
valid distribution and density functions respectively. Sampling from such a distri-
bution can be done in two stages. First generate one draw from the multinomial
distribution with success vector (my,...,mp); then given that V; =1 (Y; =0, j # i),
generate a single observation from the distribution of the i-th component X; as x;.
Thus X = x; is the sampled value from X.

In some cases non-convex mixtures will still yield valid distributions, though in-

terpretation and simulation may prove more difficult. For a practical example see
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Jiang et al. (1999).

In Figures 1.4a and 1.4b, we can see the mixture/component densities and mix-
ture/component CDF’s. Here, there are two components, normally distributed, with
means 10 and 13, variances 3 and 4, and mixing proportions 0.6 and 0.4.

Mixture models can be useful as approximations to distributions as well. Ker-
nel density estimators are a special case of mixture models used to estimate some
population. In this case, the underlying component densities are usually identical up
to a location parameter, and the mixing proportions are equal. And while mixture
models naturally arise when there are known sub-populations, such models are useful
to model multi-modal distributions even when no underlying sub-populations exist.

Whether one uses a kernel density or some other mixture model, often mixtures
of normal distributions are used. For a more in depth discussion of mixture models,

see McLachlan and Peel (2000).

1.4 Pitman Closeness

Pitman closeness (also known as Pitman nearness or Pitman’s measure of closeness)
has been presented as an alternative criterion when one is not concerned with the size

of loss. The Pitman closeness (PC) probability is defined as follows.

Definition 1.4.1 Given two estimators 11 and Ty, and a population parameter 0,
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the PC probability of Ty to 0 relative to Ty is

mrnm(0) = P (|Ty — 0| < |Ty — 0])

When 77, 1,(0) > 0.5 we say T} is Pitman closer to 6 than T5.
Since 6 is not usually known ahead of time, one may wish to determine which of T}

and Ty are better estimators for some 6 € (2. Thus we have the following definition.

Definition 1.4.2 Given T1 and Ts, we say that Ty is uniformly Pitman closer to 0

than Ty if ¥ 0 € Q, mp, 1,(0) > 0.5, and mr, 1,(0) > 0.5 for at least one 6 € Q.

See Keating et al. (1993) for a comprehensive discussion on Pitman closeness.

These pairwise comparisons are typically how an estimator is chosen. However,
in certain circumstances, the Pitman closeness may not be transitive. To some this is
considered a severe issue. See Robert et al. (1993a) (with discussion in Blyth, 1993;
Casella and Wells, 1993; Ghosh et al., 1993; Peddada, 1993; Rao, 1993; Robert et al.,
1993b) for this and other criticisms.

Some of these considerations, such as transitivity are eliminated when considering
ordered estimators, such as using order statistics as point estimators of quantiles.
Much work has been done in this area recently (see for example Balakrishnan et al.,
2009). Ahmadi and Balakrishnan (2009), Ahmadi and Balakrishnan (2011), Ahmadi
and Balakrishnan (2010) consider a similar problem with record values, k-records,

and upper-lower records respectively.
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A further extension to the idea of Pitman closeness is the idea of simultaneous

closeness.

Definition 1.4.3 Given a class of estimators T of 0, then for every T € T the
Simultaneous Closeness Probability (SCP) is defined as follows.

mr(f) = P (\T -0 < T’Ig7i’riT 7" — 0\)

The estimator chosen by the simultaneous closeness as in Definition 1.4.3 need not be
the same as chosen by Definition 1.4.1. However, in the case of ordered estimators,
with some conditions, they will be. Whether it is better to look at simultaneous
comparisons or pairwise comparisons depends on the context of the problem, and so

we do not discuss this issue in any detail.

1.5 Scope of Thesis

This thesis will investigate various inferential aspects for single and multiple samples
under Type-II, and progressively Type-II right censoring. Throughout this thesis
it will be assumed that the underlying distribution is continuous. Where specified,
absolute continuity may also be assumed.

In Chapter 2 we describe nonparametric inference for a single sample based upon
ordinary order statistics. Some methods for point estimation of quantiles are dis-

cussed; confidence intervals for quantiles, prediction intervals, and tolerance intervals
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are also mentioned. These nonparametric intervals will form the basis of the methods
used in Chapters 3-5.

In Chapter 3, mixture representations for the marginal distribution of the pooled
order statistics and joint distribution of two pooled order statistics are given. The
joint distribution is briefly discussed along with some miscellaneous asymptotic prop-
erties of the pooled order statistics. We describe how to construct exact nonparamet-
ric inference in the pooled setting. Specifically, we discuss how to calculate coverage
probabilities for confidence intervals for quantiles, prediction intervals, and tolerance
intervals based on the pooled order statistics. The improvement over the single sample
scenario is discussed, and the data in Table 1.2 is analyzed using these methods.

In Chapter 4, we extend the mixture representations from Chapter 3 to the case
where the samples are doubly Type-II censored. A simple algorithm to obtain the
necessary mixture weights is presented. We also provide comparisons of exact weights
to simulated weights in terms of absolute and relative accuracy for a simple censoring
scheme. The data in Table 1.3 is analyzed. In Chapter 5 we consider another ex-
tension to the Type-II censoring by considering progressively Type-II censoring. The
representations here are different than those given in Chapters 3 and 4. We again
consider simulation and analyze the data in Table 1.4.

In Chapter 6, we consider the Pitman closeness of a progressively censored order
statistic to a population quantile. Some distribution-free results are given. In Chapter

7 we consider use Pitman closeness as a criterion to find an optimal censoring scheme
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for the exponential distribution. An algorithm is given, some general results are
conjectured, and for some specific cases, demonstrated.

Finally in Chapter 8, we suggest directions for future research.



Chapter 2

Nonparametric Inference

The basis for nonparametric inference with multiple independent pooled samples, is
nonparametric inference for a single sample. So consider a single i.i.d sample of size
n from a continuous population with cumulative distribution function F. Intervals
in the form (X, ., Xg,:n) where 1 < ky < ko < n, can be used as the basis for
distribution free inference in the single sample case. These intervals can be used
as confidence intervals for population quantiles, tolerance intervals, and prediction

intervals for future samples.

2.1 Quantile Estimation

For a continuous distribution F, the quantile &, is defined as inf, F'(z) > p. Fur-
thermore, all quantiles &, for 0 < p < 1 exist, and §,, < §,, when 0 < p; < py < 1.

Traditional point estimates for quantiles can be based on either a single order statistic

19
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such as k = [np], k = [(n+ 1)p], or k = [np] + 1. One may also use a linear combina-
tion of two order statistics such as ¢ Xy, + (1 — ¢) Xg41.n, where k+¢g = (n+1)p and
0<g<l1.

Davis and Harrell (1982) suggest an L-estimator based on the empirical distri-
bution function. The Davis & Harrell estimator is HD, = Z?:l W, i Xim, with the
weights W, ; = Ljn{p(n+1), (1 —p)(n+1)} = Ii—1ym{p(n+1),(1—p)(n+1)}. Here,
I.{a, b} represents the incomplete beta function. Huang (2001) suggests a similar es-
timator that is based instead upon the modified level crossing empirical distribution
function. In many cases this modified HD estimator is more efficient than the original
estimator.

Zielinski (2006) compares all of the previous quantile estimators among others
and suggests using the local smoothing estimator. However, such an estimate is
not distribution free; in this case one would use a single order statistic to achieve
robustness. In this vein, Balakrishnan et al. (2010c) have looked at the best order
statistic to estimate a quantile in terms of Pitman closeness. This method however
is again not distribution free.

Distribution free interval estimation for quantiles is much simpler. It is clear that
the number of items from an i.i.d sample of size n falling below the p-th quantile &,

is distributed as Binomial(n, p); so that

P(Xiyn < &p < Xiyin) = 22_: (T.Z>pi(1 —p)"! (2.1.1)
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We can similarly obtain one-sided intervals as

P <) =3 (1)pa - 212
i=k
P&y < Xpm) = Y (?)p"(l )" (2.1.3)

Il
o

i

This of course follows from equation (1.1.4).

One can improve upon these interval estimates under the assumption of symmetry.
Breth (1982) suggests distribution free methods when the median is known or un-
known. In the former case the improvements over previous methods are substantial.

In the latter, gains may still be appreciable.

2.2 Tolerance Intervals

One may wish to have some interval that would contain at least some specified pro-

portion () of the population. Given v and a desired level of confidence then

PUF(Xin) = P 290 = 3 (M)ra=r 2

- 1
=0

This is based upon the assumption that the underlying random variable is continuous,
so that F(X) ~ Unif(0,1). Hence F(Xi,m) — F(Xim) = Unyin — Uniin = Uty ioyins
where Uy., is the k-th order statistic of a sample of size n from a standard uniform

distribution. The latter distributional equality, is a property of uniform order statis-



Chapter 2.3 - Prediction Intervals 22

tics. The coverage probability of this interval depends only on the distance between
the two order statistics.

For one-sided tolerance intervals we have

P(L = F(X) 2 7) = P(Xien < &1-,) (2:22)

P(F(Xyn) > 7) = P(Xyn 2 &) (2.2.3)

which is equivalent to a one-sided confidence interval for the p-th quantile.

2.3 Prediction Intervals

It is often desirable to make predictions of order statistics from future samples. We
may make prediction for either a specific order statistic, or at least a specified number
from a future independent sample.

One-sided prediction intervals for a single order statistic is equivalent to ex-
ceedances (see Balakrishnan and Ng, 2006; David and Nagaraja, 2003; Gastwirth,
1968). Given a sample of size ny, (Xj,.n,, 00) is a one-sided prediction interval for the

19-th order statistic W, .,,, from a future sample of size ny with probability

Giriz = P(Xi1:n1 < VViz:nz) = Z (i)(i1+i27i71)

( ni+nz )
1<ig—1 i1+i2—1

(2.3.1)

The probability for two-sided prediction intervals (Xi,.n,, Xizrn, ), is given by g;, 5, —
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Git io-

For prediction of future progressively type-II order statistics, Guilbaud (2001)
expresses the marginal distribution of a progressively type-II censored order statistic
as a mixture of typical order statistics. This mixture representation combined with
(2.3.1) can be used to calculate prediction intervals for a specified order statistic
from a future progressively type-II censored sample. Exceedances can similarly be
obtained for the case of a usual order statistic and a PCOS directly (See Bairamov
and Eryilmaz, 2006; Ng and Balakrishnan, 2005).

To obtain the probability of at least A > 0 values from a future complete sample

W, consider the following. For 1 <i < j <ny and 1 < k; < ky < nq, we have

P(at least A W's € (Xpmys Xkoiny )

ng n2—j
- Z Z P(Wznz < Xk11n1 < VVH—l:nQ < Wi—i—j:ng < ng:nl < VVi—l—j—i—l:ng)
j=X\ i=0

ng N2—j i+k‘;[71) (j+k‘27‘k)171) (n1+n27k27i7j)
J

=2 > — 7y et (2.3.2)

j=X =0 n2

To obtain the probabilities for a type-II censored sample we need only to modify
the indices in the sums. If the new sample has r observed failures, then the probability

need be separated into two sums reflecting whether the final observed value W,..,,, falls
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below or above Xj,.,,. The probability would be

P(at least A W's € (Xp,my > Xboeny))

- P<Wzn2 < Xk1:n1 < VVi—&-l:ng < Wi+j:n2 < Xk:g:n1 < Wi+j+1:n2)

j=X =0
r ng—r
+ P<Wr—j:n2 < Xk1:n1 < Wr—j+1:n2 < WT+CITL2 < ng:n1 < WT+C+1:7’L2)
j=A c=0
—1r—j5—1 (i+k1—1\ (jt+ko—k1—1 —ko—i—j
G (O e )
o (n1+n2)
j=X\ =0 n2
r ng—r (T*j‘i’k}*l) (j+c+1?27k171> (n1+n27k27rfc)
r—jJ Jj+c ng—r—-c
+ o 2 (2.3.3)
j=A =0 n2

If » =1, then the first term collapses leaving the second.



Chapter 3

Multiple Type-I1 Censored

Samples

Consider estimating the p-th quantile &, from a continuous distribution with the
interval (Xg, ., Xkym). If we do not wish to assume anything further, we can then
find the coverage probability of this interval as in equation (2.1.1).

Suppose we take a sample of size n = 10. We can estimate the median with the
interval (Xa.10, X9.10), which has coverage probability

L /10\ [17%°
P(X2.10 < §o5 < Xg10) = Z ( ; ) [5] ~ 0.9785
i=2

If we wished to instead estimate an upper quantile, say &9, the largest interval

25



Chapter 3 - Multiple Type-II Censored Samples 26

(X1.10, X10:10) only has coverage probability

9

10\[97 17"
P(X1.10 < &0 < Xi0:10) = Z ( ; ) {E} [1—0} ~ 0.6513

=1

The median is the quantile which will have the highest coverage probability, and
this nearly requires the complete sample. The 90-% quantile requires the whole
range and can not achieve a reasonable coverage probability. It is evident that more
information is needed.

With a censored sample, the problem is exasperated. If there is 30% right censor-
ing, then the coverage probabilities for the quantiles &, 5 and &y 9, of the largest interval
(X1.10, X7.10) are 82.71% and 7.02% respectively. One may wish to take additional
future independent samples to obtain more favourable coverage probabilities.

However, this need not be the only reason one would wish to pool multiple type-11
samples. It may be that a machine stresses items to failure, but can only place a
certain number at a time. Multiple runs may then be done to fail a larger num-
ber of items. It will be shown later that it can be desirable to intentionally design
an experiment with pooling in order to obtain better estimates of upper quantiles.
Balakrishnan et al. (2010b) have considered inference for two independent type-II
samples. In this chapter we will extend these results to B independent type-II sam-
ples.

Consider B independent type-II samples, where Xj ., is the k-th order statistic

from the b-th sample of size n,. We have the condition that 1 < r, < n,. When
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r, = ny the b-th sample is complete; and when r, < n; the sample is type-II censored.

Let Z;) be the i-th (1 <14 <7) pooled order statistic from the pooled sample.

3.1 Distributional Representations

The multi-sample case is naturally more complex than its two-sample counterpart.
Consider the marginal distribution of a pooled order statistic.

In the two-sample case, when the i-th pooled order statistic is conditioned to be
from the first sample, then the number of observed items from the second sample
above or below it are fixed. This is not generally true with 3 or more samples, though
it can be in certain cases. In the multi-sample case, given some item from some
sample being the i-th pooled order statistic, we can freely fix the number of items
above and below the i-th pooled order statistic in at most B — 2 samples.

As a result, we can expect the representations given here to be much more complex

than in the two-sample case.

3.1.1 Marginal Distribution of a pooled OS

To obtain the marginal distribution of Z;), we can partition the sample space to

obtain the following

b

P(Ziy < &) =) Y P(Zw = Xopm, < &), (3.1.1)

b=1 k=1
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as the events, Z(;) = Xjrm, are exhaustive, and are mutually exclusive with proba-
bility 1.

For any permutation of the samples that gives Z;) = Xj jup,, let A = {1,2,..., B}\
b. Some sample 0° € A may have all of its observed values and some of the latent
unobserved values below X, j.,,. Namely Xpo ot ciinpe < Xp ki, < Xborpote;+1mp05 for
some 1 < ¢; < npo — ryo. If this is the case, then for this permutation, b° € {0'}.

Otherwise the latent unobserved values all lie above X .,, and the observed
values can be either above or below. Namely, Xpo . no < Xppn, < Xpoei 110 for
some 0 < ¢; < rpo. Thus these samples b° are in {b"}.

For any permutation of the samples giving Z;) = X3 t.n,, we have a partition of A
into {0'}, and {b”}. This is a valid partition of A iff 7y + ¢y =i —k. When 74 <i—k
or when ¢ < k, no partition leading to Z;y = Xj ., exist.

{b"} can be further subdivided into {b3} and {b;}. The former being “large”
(rpo > @ — k — 7y) or complete samples, and the latter being the “small”, incomplete
samples. All samples in {b3} can be treated as one larger sample for computational
purposes, reducing the dimension of the sums involved.

We can now define a weight W, as

(hl,...,h;ikgj h) (11,...,5;7;1'1721) ‘

Wiy any 00,0y = C )
j17~~-7jd7n*2j

Thus, we have the following result.
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Theorem 3.1.1 Forit=1,2,...,7, and 0 < p < 1, we have

b n;—rj

DTS S A

b=1 k=1 o0 cj=1 =
{'y = G5
Je{v'} ge{b”} v

x W k—1 ny— ny )
z‘+c’b/,{{cj+7”j}7j€{b’}} {{nj e Vet }} {{nj},je{y}}

{ejhae{va} {nj—c;}i€{ba} {n;hie{ba}
where
{ejléwy =i =k — 7y} if {bj3} is empty
U= {ejléoy <i—k =7y} if {bs} is non-empty and if i — k — ;0 < fp

{Cj|i —k—ry > ébg >i—k—ry — ’f‘bg} if {bg} is non-empty and if i —k — 175 > vy

Here |U indicates that the multiple sum of ¢;’s in {4} is restricted to the region given
by U.
Proof: For convenience, let us assume X ~ Unif(0,1), since otherwise a probability
integral transformation can be performed to bring the problem to uniform setting.
As a result, it is known that Xj., ~ Beta(k —1,n—k).

We have that, P(Z; < p) ZZP Xy, = 23y < p) Let {0’} be some
subset of A. If i — k < 7 then Xb,k::b lszl(Z) is impossible since there are more than ¢
observed values up to and including X y.,,. If 74 <4 — k, then there are insufficient

observed items from the other B — 1 samples for Xj x.,, to be the i-th pooled value.

Consequently, 7y + ¢y = @ — k is necessary and sufficient for the probability to be
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non-zero, and so we obtain

B nj—Tj

P(Zu <p) = Z Z Z P(Xokiny = Zy < p,NiBy, N;iCyr),

b=1 k=1 O (b} C]‘=1 Cj

Cprr=i—k—7y
je{v'} ge{v”}

0<c;<r;

where By = {Xjr4e;m; < Xokny < Xjriej41m;t VJ € {0}, and Cor = { X, <
X kmy < Xjej41m,} V5 € {b"}.

Let us now consider P(Xppm, = Zu < p,N;B;,N;C;). Marginally, Xy, is
Beta(k — 1,n, — k), each other (complete) sample conditioned on X = z can be
viewed as a binomial event with success probability x and failure probability 1 — x.

So we then have,

P(Xyjm, = Zy < p,N;B;,N;C5)

P nb! _1 np—
:/0 (k:—l)!(nb—k)!xk (1 —a)m

J J

) ) Cj
Jje{b'} Je{b"}

p
_ / mk—l+éb//+(fb/+éb/)(1 _ x)nb—k-‘r(nb//—C'b//)-‘r(nb/—fb/—C'b/)dx
0

<t 1 () 1T )

je{o'}

(1 —14éy)! (n—z—cb/)'nb' n; n;
- E—l—c’b/:n(p) H H
_ _ | . . .
(k 1)( ) k) Je{v'} T + Cj je{v'} Cj
( ’i—1+éb/ ) ( n—i—éb/ )
o kilv{cj}je{b//}’{rj+cj}je{b/} nbfk,{nj7Cj}je{b//},{njfrjfcj'}je{b/}
- i+c'b/:n(p) ( n )
}

nb:{nj}je{b”}’{n]'}je{b’
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Hje{bg} (Z;)

=W k—1 ny—k ny E—l—é un(p) Ty —T —To N
z‘+c'b/,{{0j+7“j}7j€{b’}},{{nj—rj—b%},je{b’}},{ {n; h€{t'} } ' ( z‘—/:—r' l:—c': ,lja)
{ejhae{ba} {nj—c;}ie{ba} {n;}.5e{bl} b Ty,

The final term above is a multivariate hypergeometric probability; see Johnson et al.
(1997) for relevant details on this distribution. We have three cases here to consider.
Firstly, if {03} is empty, the final term is 1 and this is already in the form of Theorem
3.1.1. Secondly, if {b3} is non-empty and i — k — 7y < Ty then the final term can
be summed out leaving the restriction ¢y < i —k —7y. Finally, if {0} is non-empty
but i — k —ry > T then {b3} consists only of complete samples. In this case, they
can be summed out but the restriction becomes i —k — 7y > ¢y >0 —k — 17y — fbfé.

Hence, the Theorem. [

Remark 3.1.2 If more than one sample is complete, then these samples can be com-
bined into one sample for computational purposes. The will increase the efficiency of

the calculations.

Remark 3.1.3 The pooled sample mazimum Zy has an alternate representation

based on the fact that Z;y = maxi<p<p Xy pym,- 1he CDF can be given as

Fp () = [[ Frms 1),V t € R (3.1.2)

B
b=1

Remark 3.1.4 The mizture weights are weighted hypergeometric probabilities, where

the weight ny/n is the probability that the (i + ¢y)-th value came from sample b.
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Remark 3.1.5 Calculating the mixture probability for X;., should be avoided as this
1s often the most computationally intensive portion.

4

Corollary 3.1.6 For1 <i<min;r;, Z; = X,

Proof: Since i < min;r; then for all b (1 < b < B)and k (1 <k <), 1 —k <
i —1 < min;r;, so that oy = {{0}}. Thus all samples b° (b° # b) are in {b,} as
Teo > min;r; >4 —k =1i—k — rgy. Furthermore P(Z;) = Xj iy, ) = 0 for all k > 1.

Thus the mixture representation reduces to

| NS | s ) ()
P(Z(l) < &)= Z Z Wik—1my—n Ficn(§p) = Fin(&p) Z n

b=1 k=1 b=1 k=1 (nb)
B i

b=1 k=1 nbfl) b=1 k=1 (nbfl)

M=

= Fin(§) D 7 1= Fuu(6y). I

b=1

Corollary 3.1.7 Giwen B independent type-11I left censored samples, the marginal

distribution of Zy has the mizture representation

. n
Z(z) = Z Q(?‘—i+1)an7k+1:n

k=1

where Q) is a multinomial random variable independent of the X ’s and with success
vector (q;) as in Theorem 3.1.1, based on a type-II right censored sample with the

same censoring scheme.

Proof: Since {Xppm,;1 < b < Bynp —1,+1 < k < n} is a collection of B left
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censored samples from Fy(x), then for X =X, {)N(b,kmb;l <b< B/ 1<k<r}is
a collection of right censored samples with distribution function Fg(x) = 1—Fx(—x).

Here the pooled order statistic have the property that Z (i—i+1) = —Z(;) and so

3
3

I
=)
-
J
+
=
Bl

s
—

>
o
3

Vv

|
%\f\r
N—

I

Qi —it )k P(Xn—pp1m < &)

The second equality being the application of Theorem 3.1.1 |
We can similarly obtain results for type-II left censored samples, for the joint
distribution of two or more pooled order statistics (Theorem 3.1.8, Propositions 3.1.10,

3.1.12, and 3.1.14) as done in Corollary 3.1.7.

3.1.2 Joint Distribution of two pooled OS

To obtain the joint probability of P(Z;,) < p1, Zu,) < p2) for 1 <4y < iy <7, we

proceed in a similar fashion as in Theorem 3.1.1. For p; < ps, we are interested in

P(Z(”) S p17 (i2) < p2 =

Mm

Z P(Xpgimy = Ziy) < D1y Xokoiny = L(in) < D2)
b=1 1<k <ks<

Tpo

+ Z Z Z Z P Xbo,kl;”bo = Z(il) < p1, Xb,innb = Z(’ig) < pz), (313)

bo£b b=1 k=1 ko=1

of which the two terms in either summand must be treated separately albeit in a

similar fashion. When p; > p, then the joint distribution reduces to P(Z,) < pa),
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the marginal distribution of Z;,).

Again we introduce similar notation as used in the previous section. Here the
b-th sample, may or may not be the same as the b°-th sample, so A ={1,2,...,B}\
{bUb°}. We define {0’} as samples in A such that all the observed and some unob-
served values from these samples are below Z(;,). Furthermore, we define a {0}} as a
subset of {0’} such that all the observed values fall below Z;,). Thus {b5} = {0} \{b!}
has the final observed value between Z;,) and Z,).

Similarly {0} is the complement of {'} in A. {bj} is similarly defined as samples
bt in {b"} such that 7y > i —k — 7.

We again define oy as the collection of all valid {'}. oy is the collection of
valid {b}} € {V'}.

Again we define a weight W, as

(a5 ) Gtz 1- 5 m) (et i)

Wi An} Amb G = C " ) :
jl 7777 jd,”*Zj

Then we have the following Theorem.

Theorem 3.1.8 Fori; =1,2,...,1r— 1,1 < iy <7, and 0 < p; < py < 1, the first

term on the RHS of (3.1.3) is

5 E 5 E E Wy, -}E1+éjl,bﬁ,i2+c'j17b/1+c'j27b/1+c'j27b/2:n(p17p2)7

U{b/} U{bll} {le 7Cj2} {le 7Cj2} {cjl 7Cj2}

. . . U
ISR US IS (S N
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where

i1+¢C.

S 31, b/
{Z} - {ig 1,1+C o, b/ +C 21bl2} ’
ki1—1
{rj+c;; Yie{bi}
{h} = { {es, aeley }
{cj hae{bld}
Iy —e et}
) Ani—ri—cj —cjp 1ie{d]
{ly = { {nj—ry—esy }ieth} } :
{nj—cj; —cjo hi€{ba}

and the second term on the RHS of (3.1.3) is

ko—1ryo—k1

{m}Z{
{j}z{

—k1—1
{6]2}7.7€{b }
{rjtcijy—cj; 1ie{bs}
{ej }rie{bs}

I

(n;}. 0}
{n)}.je (b))
{n)}je (b}

3
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Z Z Z Z Z Z Z W{lw---v'}ﬂﬁén,b’l7i2+éj1,b’1+éj2,b’1+c'jz,b’2:”(p1’p2)

=0 cpo=0 oy T} {ej1seiot {eirscin} {ejycin }
je{br}  Jefbyy  je{vi}

kQ 1711,0 Tpo

U,

+ Li<npo— 'I’boz Z ZZ Z Z Z

=0 cpo=1 oy (o} {eiicint {ejrocin} {esyoein

je{br}  gefbyy  je{vi}

Us

2
W{'1'~"'}E1+Cj1,b’l ’12+Cb°+cj1,b'1 +Cj2,b’1 +Cj2,b’2 m (pl ’ p2)’

where for W, we have

. z1+c]1 b/
{Z} = 12— 7,1+C b/ +CJ2 b/ )
ki1—1

cp

{h} — {Tj+cj1}’j€{bl1}
{ejp hie{bs} ’
{le }7j€{bg}

npo 7]{176170
np—ko
{l} — {nj—rj—cs _Cjz}vje{bll}

{nj—rj—cj, }.i€{bs}
{njfcjl 7Cj2}7j€{bg}

)

{m} =

{7} =

Cpo

ko—cp—1
{ejp 13€{01}
{Tj —Cjy +Cj2 }»je{bIQ}
{ejp bie{ba}

npo

Ny

npo
{n;}.ie{b1}
{nj },jE{bé}

{n;}ae{va}
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and for W?, we have

{0 = {misaosiih sy}
- o —1 o e ’
2 Zl+cb°+012,b’1 +Cﬂz,b/2

k1—1

Cp
— 4 {rj+ej hie{di}
{h} {ciy hae{by} ’
{ejy ae{bi}
Nnpo —Tpo —Cpo
np—ko
{l} — {nj—rj—cj _Cj2}’je{b/1}
{nj—rj—cj, }.i€{bs}
{nj—cjy —cjy 1i€{ba}

In the above expressions,

{m} =

{i} =

{(cjl,bg7Cjz,bg)léjl,bg = il — k?l — ’l‘b/l — éjlyb/g’éj21bé: = ig — kQ
if {b3} is empty,
{legy b o bi)ley pr S i — ko =7y — &5y by gy pn Sdin — ko
Uy = if {bg} is non-empty with fb% >ig — ko — 1y,
{leja b o b )ley pr S i —ky =Ty — &5y pr 5 Gy pn iz — k2

éjl,bg + C'j27bg >ig — ko — Ty — ’I'“bg}

if {b3} is empty,

Uz

le‘bg + cj2,bg Z ig - k‘2 - k‘l — Cpo — f‘b/}

if {bj3} is non-empty with fbg <o — ko — Ty,

ryo+cpo —k1
ko—cp—1

{ejy }ie{bi}
{ri—cj; +cj, hi€{by}

{eip bae{ba}

Ny
nyo

{n;}ie{br}
{n;}.ie{by}

{n;hoe{vl}

iy e
by t

-7 ¢
by, T

iy e
vy, T

if {b’é} is non-empty with fbg > 9 — ko — k1 — cpo — Ty,

if {3} is non-empty with 1"er/ <ig — ko — k1 — cpo — Ty,

J1,b5

J1,b%

J1,b%

(e by i b )16 by S 00— R =T = &5y 0 = O Gy Sh2 — i1 — k2t o

ey b € )| Ejy by = i1 — k1 — yr = &5, b — €y Gy =2 — i1 — k2 ey —

i1+ k1}

—i1+ki}

— i1 + k1,

T [
b, T

7."b’2 + c']-

{(cjl,bg’cjz,bg)léjl,bg <i; — k1 — ’f‘b/l — éjl,b’2 — Cbaéjg,bg <ig—i1 —ka+cp— ’r"blz + C'j

71,04

1,b5

1,b5

—cpo}

—cpo}

— Cpo
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{(cj1,bg7cj2,bg)|éj1,bg =i — k1 — fb/l — éj],bfz — vaéjg,bg =i —1i1 — ko +cp — f‘b/2 + C.jl,b'Q — T'po + kl}
if {b3} is empty,

{(le,bﬁ{’Cqubg)léjlqbg <i1 — k1 — ’f‘b/l - C'jl’b/2 - vaéjz,bg <ig—i1 — ks +cp — fb/2 -+ C']'l’b/2 — T'po + kl}

Us = if {bg} is non-empty with fb% > g — ko — rpo — Ty,

{(cjl,bgvcjz,bg)léjl,bg <y — k1 — ’f‘b/l — éjlybé — vaéjz,bg <ig—i1 —ka+cp— i‘b/2 + C'jl,bé —rpo + k1

Cjy bt F Cig b1t > 19 — ko —rpo — Ty }

if {bj3} is non-empty with fb’é <ig — ko —Tpo — Ty

Here |Uy, |Us, and |Us imply a constraint to the multiple sum of ¢;,’s and ¢;,’s in
{0} to the described region.

Proof: We will restrict attention to the first summand in equation (3.1.3). The other
summand is done similarly.

Again we consider only the case where X ~ Unif(0,1) wlog. The joint dis-

n! i1—1 .
(i1 —D)1(i2—i1 —Dl(n—iz) 1 (%2

tribution of two uniform OS is fXumXin () 2)
To)27 N1 — @)™ for 0 < 1 < @y < 1. We have P(Zu,y < p1, Zuy) < p2) =
B
Z Z P(Zy) = Xorimy < P15 Zin) = Xogamy, < P2)-
b=1 1<k; <k

Clearly if iy —1y < ky —ky then Xy, .n, and Xy ., can not simultaneously be Z(; )
and Z(;,) respectively as they are too far apart in terms of indices. We also require

that 4 > io — ko > 0 as in Theorem 3.1.1. Thus necessary and sufficient condition for

P(Xpprimy = Z(i1)s Xbkomy, = Z(in)) > 0are 0 <idg —ky <7 g and 1 < ky — by <ig — iy,
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so we obtain the following,

P(Ziy) < 1,2,y < p2) = bi kZ DID D DD DD

< k2 oy T} {esyeipt i i} {ejgscin}

jewiy jetyt ey |t

P(Zi) = Xo gy, < P15 Ziin) = Xokomy, < P2, By, NByayy, NCiary ),

where

B ],T‘J-f—C]l m < Xb k1 < X] ri+ci +1ing
{5 =

] Titcj; +Cig ;g < Xb Jkany < X] rjtcj +ejy+1ling

O§0j1<nj—7“j OSCjQSTLj—Tj—le Cj1—|—Cj221

Xj,le N < Xb,klsnb < X] cj,+1ln;
} p—

Xj,rj+c]-2:nj < Xb,kg,:nb < Xj,rj,cj2+1:n]-

OSCj1<Tj 1§cj2§nj—rj

Xj,le ny < Xb,kl:nb < Xj,Cj1+1ZTLb
)(j,c]-1 +cjgmp < Xb,k‘z:nb < )(j,c]-1 +ejy 1y
<

i 0=c¢,  0<¢y+e, <
Concerning ourselves with the probability in the summand we have

P(Ziy) = Xogymy, < P15 (i) = Xpomy, < P2, By, By, NCppry)

_ /m /m ! Wk — )RR (] — )k
o Ju (b= Dlka = ki = Dl — ky)!
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n.
( J )u'f‘j+0j1 (U — u)cjz (1 — U)n—Tj—le ~Cig
jetpy N9 TG Cias = T = € Gy
nj Cj rj—Cj +¢j n—rj;—c;
qu(fU_u>J 1 32(1_1]) 7= Cia
jey NG i T G T Gy T Gy

n; _ _ e e
( ! )ucﬂ (v—u)9 (1 —v)"" 1" %dvdu
je{b"} J1» CjQ’ n le CjQ

n!

(11— 14 &y )2 — i1 — 14 ¢y ) + Cin ) (0 — B2 — &5y 4y — G (4} — Cin (o))
NS W) 27T G 6 bl (1 ) T2 00 TG, 0} G, (0}
1—w dvdu

H]G{b'} (CJ170J27n cjy— 0]2)

(1T o)
t2=k2 =)~ ey

x Constant,

wherein the integral is the joint CDF of two OS from a sample of size n. The
constant can be seen to be the weight W', and with U; being the same restriction as

in Theorem 3.1.1 which follows from the definition of {b7}. [

Remark 3.1.9 The number of mixture terms required is strictly less than (g), so the
number of terms required for storage is at most O(n?). There are a total of (;) of
these. So the total storage to calculate all terms is O(n*). However this bound is not

sharp and in likely much lower.

3.1.3 Joint Distribution of pooled OS

There are many ways to obtain the mixture distribution of the joint pooled order
statistics. Firstly one can represent the joint distribution of the 7 pooled order statis-

tics as a mixture of the joint distribution of 7 order statistics from a sample of size
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Proposition 3.1.10 The joint distribution of the pooled order statistics, can be rep-
resented as a mizture of joint distributions of size 7, of a subset of the usual order

statistics from a sample of size n. For all 0 < &y, < --- <&, <1 we have

FZ(1)7-~-7Z(7‘>) (52917 S ’gpf») = Z Qk,..., ki-FXil:n7-~-7Xi,z:n (gpu s 75731'-)'

1<i1<12<...<ix<n

n

Proof: Consider any one of the (m .

) permutations of the B samples, with respect
to both the observable items, and latent unobserved items. Label the observable
failures X ppn, (1 <0< Band1 <k <ry)as Z through Z;). Count the number of
unobservable failures before the I-th pooled order statistic and call it j; (1 <1 < 7).
Then conditioned on this permutation, the i-th pooled order statistic is the ¢ + j;-th
out of the n total items. This yields a vector (1 + ji,...,i+ ji,...,7 + ji) of strictly
increasing values, as the sequence of j-primes is non-decreasing by construction. Since
there are at most n—7 items unobserved, and since j; > 0 for all 7, this is an increasing
subset of size 7, from {1,2,..., B}.

We can then partition the outcome space into all possible combinations that yield
identical vectors (14 ji,...,9+Ji,...,7+ji). Conditioned on being in this group of
permutations, then the observed pooled order statistics are always the 1 + ji-st ...

i+ ji-th ... and 7 + j})-th typical order statistics of a sample of size n.
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The mixture weight ¢ is the number of unique permutations of all the observed
and unobserved items that yield the vector (1 + j1,...,i+ j,...,7 + j.), divided by

the total number of permutations. |

Remark 3.1.11 If the observed fraction % — w for some 0 < w < 1, then the
number of mixture terms required is at most (:f) = ( " ]) > ( ” ) ~ (l)nw.

[nw [nw] @

Similarly (:‘) < ([n72]) ~ \2/—% > 2" for all § > 0. So an upper bound for the number
of terms required for storage is between O ((wiw)n) and O(2"). Thus storage is at

most exponential growth.

The upper bound of O((2—0)") for all 6 > 0 can be obtained. Consider B samples
of size 2, each with one observation so that n = 2B. To determine the number of
possible combinations we consider permutations, we consider two additional restric-
tions X 1.0 < Xoq:0 < -+- < Xpi2 and X909 < Xg99 < --- < Xpoao. That is both
the observed variables are ordered and the unobserved latent variables are similarly
ordered. The first is justified because the samples are identical. The second because
the ordering of the latent variables does not change the distribution, only the number
above or below an observed item.

It is clear that this is the number of Dyck words of length n = 2B. Thus the
possible number of orderings is the B-th Catalan number, Cgz = BLH(%B ) Catalan
numbers satisfy the recurrence relation (B + 2)Cpy1 = 2(2B + 1)Cp, so that Cg;; =
228+l s 4 as B — oo. Thus for all § > 0, the storage is O((4 — §)®), or equivalently

B+2

O((2 - 0)")).
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We can obtain a different representation based on the joint distribution of pro-

gressively type-II censored samples.

Proposition 3.1.12 The joint distribution of the pooled order statistics, can be rep-
resented as a mizture of progressively censored samples with number of observations

7 and total sample size n. For all 0 < §,, < - - <&y, <1 we have

A7"'7' R‘
Pt &)= 3 3 GG
(jl{v“va)}e 0<ig<rj,+iz—1
o{l,....B

0<ip_1<rj,_,+ip—1
0<ip<rj,—1

Where TR = {T:imy- - Tien} are the 7 observations from a progressively type-II

censored sample of size n. The censoring scheme R 1is

R = (O,...,O,njl —le,O,...,O,an —TjZ,...,O,...,O,njB —T'jB).
rj, +ia—1 tIMes  rj,+iz—ia—1 times rip—ip—1 tIMES

Proof: Consider any permutation of the observed items and latent unobserved items,
and label the observed items as the 7 pooled order statistics.

Furthermore, given this permutation, (ji,...,jp) is some (not necessarily increas-
ing) permutation of {1,2, ..., B}, such that X, . ., < Xjprn, < oo < Xjpyn) -

Let j; (1 <1< B) be the number of observed values from all samples before the [-th

sample.
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< ... < X; and

Conditioning only on the events X; < X, BT Mg

1,Tj1 :njl T'j2ZTL]'2

the vector of j-primes, we consider sequentially the latent unobserved items. After
observing r;, + j; failures we remove n;, —r;, items. These will be selected uniformly,
and without replacement, amongst the remaining items due to independence amongst
samples, and that all (unordered) items not yet removed are conditionally i.i.d.

We continue recursively, so that after observing X; we remove n;, —1;, items

1T NG
uniformly amongst the remaining items. We continue this until the last observed
failure Xj,,rj, :n;,, where the final n;, — r;, items are removed.

As described this is a progressively type-II censored sample. It is clear that the
collection of permutations of all items as described above is exactly the same as all
possible permutations that result from a progressively type-II censored sample by
construction. Thus the Theorem. |

Consider the previous example with B samples, each with one observed value,
and one censored value. The representation in Proposition 3.1.12 is simply a single
progressively censored sample. The censoring scheme is R = (1,...,1), which is of
length B.

In general if all samples have one observed failure, and R; unobserved failures,
the joint distribution will be a single progressively censored sample with scheme
R = (Ri,...,Ry). In this sense we can consider a progressively censored sample

with an identical number of removals at each step, to be a pooling of several type-II

censored samples.
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Given some ordering of the final observable failure in B samples we can determine

the number of unique progressive type-1I schemes as in Proposition 3.1.12 recursively.

— X,

1,751 g1

J2:7 g Mjo

A

X;

B,T'jB ZTLjB

< e <X we determine the

Given the ordering X; < X, JBi g

1,751 My Tjo Mo

number of unique schemes recursively as follows. With one sample, there is trivially
one scheme only. With two samples, we can have i, observed failures from the second
sample fall below X, .. (0 <y <rj, —1). So thus there are r;, schemes. Given
B —1 samples we can add one sample and place 7;, observed failures from that sample

in the B — 1-st group. Leading to the recursive sum

rig—1Tig_;—1+iB 7js—14ia rjy —1+i3
S(B,le,...,TjB,jB>: E E E E 1
iBZO 7:571:0 i3:0 'i2:0
TjB—l
= E S (B — Ly, T 0 Tis —|—zB,jB_1> )
iBZO

Remark 3.1.13 In the special case where r, = r1 and ny, — 1, = ny —ry > 0 for

all 1 < b < B we can solve the recursion exactly. In this case the number of unique

schemes is S(B,r) = ﬁ(%)'
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We can also consider a more direct method of obtaining the joint distribution.
Firstly, consider the joint distribution of the un-pooled statistics. Under the indepen-

dence assumption between samples this is given as

B
froi(@in,. o Tey,) = H fX,,,lmb,...,Xb,rbmb (To15 -5 Tory)

S8
I
-

b

[1 = Fx (@)™ [ ] fx(205)

j=1

I
w

i
I

when 1 < - < xp,,,0=1,2,... B. We then have the following proposition.

Proposition 3.1.14 The pooled order statistics have the joint distribution as

fZ(l),...,Z(T»)<Zla s %) = Z Jro ey s 2ry)s 21 <o e <z
6

where & represents all permutations ™ on (1,2, ...,7) that respect the ordering within

each independent sample.

As given, Proposition 3.1.14 is not a mixture distribution as the summand will not
integrate to 1. However, it is clear that each term in the summand is a distinct
permutation of the original data and thus Proposition 3.1.14 can be rewritten as a
mixture distribution, where the component distributions are the pooled distribution
given some particular ordering of the original data, and the weight is the probability

of that ordering.
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Given the representations in Propositions 3.1.10-3.1.14, we can obtain the joint
distribution of any number of pooled order statistics.

For two pooled order statistics, if we were to use Proposition 3.1.10, we would
obtain the same representation as Theorem 3.1.8. In the case of Proposition 3.1.12,
we would obtain a mixture representation involving the joint distribution of two
progressively censored order statistics. If one were to apply the results of Guilbaud
(2004), we could turn this representation into the same as one would obtain with
Proposition 3.1.10.

In the case of Proposition 3.1.14, to obtain the marginal or joint k-variate distri-
butions, one needs to integrate out the appropriate pooled OS. However, the distribu-
tion will not be in terms of order statistics, but more general distributions for which
the properties are not well known. Moreover, one needs all possible permutations

T
T1,--TB

of which there are ( ) Consequently, it does not seem reasonable to use this

representation for the inference as discussed in Section 3.2.

3.2 Inference

Given the distributional representations in the previous section, one is able to obtain
nonparametric confidence intervals for quantiles, tolerance, intervals, and prediction
intervals.

The marginal distribution of Z;) as given in Theorem 3.1.1, will be used in con-

fidence intervals for quantiles, and one-sided tolerance and prediction intervals. Two
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sided tolerance or prediction intervals require pairwise joint distributions as given in
Theorem 3.1.8.

One can also use Propositions 3.1.10 or 3.1.12 to obtain the marginal or joint dis-
tributions. These have the advantage of being easily able to obtain multiple marginal
and pairwise joint distributions simultaneously. Whereas with the representation in
Theorems 3.1.1 and 3.1.8, one would need to obtain a mixture representation for each
marginal or pairwise joint distribution individually.

For smaller sample sizes, the representations from the Propositions 3.1.10 or 3.1.12
may be more desirable. However as seen before, the storage space grows exponentially.
In the case of Proposition 3.1.12, it may grow much faster than this. Storage is not
the only issue however. Equal computational precision must be used for all weights,
as they each will be used for different pairwise joint distribution. With only a modest
number of samples and small number of observed values, there can be hundreds of
thousands of necessary progressively type-II censored distributions.

So considering this, the representation in Theorem 3.1.8 may be best used when
there are 3 or more samples. And either the representation in Theorem 3.1.8 or

Proposition 3.1.12 in the two-sample case.

3.2.1 Confidence Intervals for Quantiles

One-sided coverage probabilities are very easily calculated combining the mixture

representation as in 3.1.1, and one-sided confidence intervals for an order statistic as
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in equation (2.1.2). Thus, the one-sided coverage probability is calculated as

P(Z(i) < §p) = ZQikP<Xk:n < gp)
k=0

= ;qik ik (7)#(1 -p)" (3.2.1)

=

The two-sided interval (Z;,), Z(,)), for 1 < iy < iy < 7, has coverage probability
P(Zay < & < Zayy) = P(Zay < &) = P(Za) < &)

The two terms on the right hand side are one-sided coverage probabilities which can
be calculated as in equation (3.2.1).

To compare the coverage probabilities between various schemes, Balakrishnan
et al. (2010b) suggest the Standardized Maximum Coverage Probability (SCMP). We
define this as

P(Zx > p)

SCMP,.,, = —————=.
" EZ(?'")

Here o represents the pooling design. The SCMP compares the highest possible
coverage probability for any quantile and accounts for the cost in terms of increase
time to test.

The alternate representation as in equation (3.1.2) can be used for any distribu-
tion without calculating the mixture distribution as in Theorem 3.1.1. However, for

simplicity, we will use the standard uniform distribution when making comparisons.
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Results for different distributions will be similar.

Using the sampling design from Table 1.2!, we consider the following two scenarios.
This censoring scheme will be referred to as the “Base” scheme.

First consider the gain in SCMP if we were to have observed an individual complete
sample. Samples 1-4, or samples 5-6 would yield the same results, so we only consider
sample 1, or sample 5 being complete. If we look at the first plot in Figure 3.1(a), we
see the SCMP for the three cases, higher is better. The second plot shows the gains
over the base case, in this regard, lower is better. Clearly there is a modest rise in
SCMP. Observing all failures in sample 5 is mildly better than sample 1. However,
this it because two more items are observed, as only the maximum observation in
each sample can affect the SCMP.

We can see that observing even one additional failure, can have appreciable gains

on the SCMP.

Next we consider the gain of the base case to the equivalent one-sample schemes?
and two-sample schemes®. Again the first plot in Figure 3.1(b) represents the SCMP
for all three schemes. Here the gains are very noticeable. In the second plot we can
see that the two-sample scheme has a marked improvement, but the base scheme has
a very large gain. Furthermore, the peak gain is at a higher level.

We can see in this specific case that there is a significant gain in the maximum

coverage probability after accounting for the expected time to test.

L7 = (10,10, 10, 10,10, 10),7 = (9,9,9,9,8,8)
2n =60,r =52
37 = (30, 30), 7 = (26,26)
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Figure 3.1: Gains in maximum coverage probabilities for upper quantiles

(a) SMCP for the original 6 sample (base) censoring scheme, SMCP for scheme with Sample 1 (or 2-4)
complete, SMCP for scheme with Sample 5 (or 6) complete, and of the difference of the base case over

each.
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(b) SMCP for equivalent proportion, one-sample scheme (r=52,n=60), two-sample scheme, base case, and
the difference of one-sample case over the base case and the one-sample case over the two-sample case.
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Table 3.1 shows the MCP for various upper quantiles, and various censoring
schemes. The “pooled” censoring scheme is based on pooling the first two samples,
first three samples, and so on up to all six samples. The “normal” censoring scheme
is a single type-II censored sample with an equivalent amount of overall censoring as
the pooled sample. While all confidence levels are somewhat low (as compared to

the typical 95% desired), we can notice some interesting points. ~ One can see that

n, r  type 0.70 | 0.75| 0.80| 0.85| 090 | 0.95 0.975 0.99
20, 18 Normal | 0.965 | 0.909 | 0.794 | 0.595 | 0.323 | 0.075 0.013 | 0.001
Pooled | 0.978 | 0.940 | 0.859 | 0.704 | 0.458 | 0.165 0.049 | 0.009

30, 27 Normal | 0.991 | 0.963 | 0.877 | 0.678 | 0.353 | 0.061 0.006 | <0.001
Pooled | 0.997 | 0.985 | 0.947 | 0.839 | 0.601 | 0.237 | 0.072 0.013

40, 36 Normal | 0.997 | 0.984 | 0.924 | 0.737 | 0.371 | 0.048 | 0.003 | <0.001
Pooled | 0.999 | 0.996 | 0.980 | 0.912 | 0.706 | 0.303 | 0.095 0.017

50, 44 Normal | 0.998 | 0.981 | 0.897 | 0.639 | 0.230 | 0.012 | <0.001 | <0.001
Pooled | 0.999 | 0.998 | 0.986 | 0.928 | 0.727 | 0.311 0.096 | 0.017

60, 52 Normal | 0.998 | 0.979 | 0.873 | 0.555 | 0.142 | 0.003 | <0.001 | <0.001
Pooled | 0.999 | 0.999 | 0.991 | 0.941 | 0.746 | 0.318 | 0.098 | 0.017

Table 3.1: Coverage Probabilities of (—o00, X;.,,) vs. (—o00, Z())

the MCP for the pooled scheme is higher as expected. Furthermore, we can notice
that the pooled sample MCP is monotonic in the number of samples. Clearly adding
an additional sample can not reduce the coverage probability. However in the one-
sample case, a larger sample reduces the variability of the sample maximum around
the limiting quantile (m, = limr,/n;). So that the MCP goes to 1 if the quantile is

below m,, and 0 if the quantile is above 7.
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Minimal Width Confidence Intervals

Since we are working in a distribution free setting, we can not ascertain a priori the
minimal width interval (Z;,), Z(;,)). However we can consider the shortest interval in
terms of indices, namely minimizing i, — 4;. The problem is to find indices 7; and i
such that P(Z,) < & < Z4,)) > a and is of minimal width. Typically one would
choose o = 0.95; however, due to the discrete nature of the problem exactly 100a%
is likely impossible.

As the mixture representations can become computationally intensive for larger
sample sizes, or for a large number of samples, Balakrishnan et al. (2010a) suggest
a branching algorithm to reduce the number of computations necessary. Unless oth-
erwise stated, in this paper all confidence, prediction, and tolerance intervals are of

“minimal-width”.

3.2.2 Tolerance Intervals

As stated in Section 2.2, one-sided tolerance intervals are equivalent to confidence
intervals for a population quantile. So the intervals (—oo, Z(;)) and (Z;, 00), which
have probability P(F(Zy)) > v) and P(F(Z;) < 1—7) respectively, can be rewritten
as P(Zu) > &) and P(Z;) < &),

For a two-sided tolerance interval of the form (Z;,), Zg,)), for 1 < i; < iy <7
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such that we wish to contain 1007% of the population, the coverage probability is

P(F(Z) = F(Za) 27 =Y D, a1 PEFXim) = F(Xiyn) 2 7)

11<ly da+i1—11 <2

- Z Z q:fllfP(F(Xlz—hn) Z ’7)

i1 <l do+i1—11<l2

lo—1l1—1
=Y > @ ) (7)’%(1—7)“-

i1 <ly i2+i1—11<l2 =0

1902

Here, ¢;%)? is the mixture weight from Theorem 3.1.8. The latter two equalities follow

from equation (2.2.1).

3.2.3 Prediction Intervals

We can consider nonparametric prediction intervals for failures from future indepen-
dent samples. We denote the future sample as W = {Wy,.p,..., Wi.r}, and which
may be a complete sample, type-II censored sample, or progressively type-II censored
sample.

We can obtain the exceedance probability for a single order statistics Wy (1 <
[ <1),as

P(Z(Z) S m:t:T) - Z szP(an S I/I/Z:t:T)‘
k=1

Here, ¢;; represents the mixture weights from Theorem 3.1.1.

In the case of a type-II censored sample or complete sample we can express this
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further as

P(Zo) <Wir) = ain Y % (3.2.2)

k=1 w<Il—1 (k+l—1)
When W is a progressively type-II censored sample we can use the mixture repre-
sentation from Guilbaud (2001) or Guilbaud (2004) to represent W..r as a mixture

of the usual order statistics. We then obtain the following.

P(Z(z) S VVl:t:T) = ZQZ’CP(X’CTL S I/Vl:t:T)

k=1

n T
= Z%’k Z G P (X < Wip)

k=1 k'=0

= @k dur % (3.2.3)

k=1  k'=0 K<k/—1 k+k'—1

Where ¢, are the mixture weights representing W..o as a mixture of the usual
order statistics. Rather than represent Wy, as a mixture of regular order statistics,
the probability P(Xk., < Wi.r) can alternatively be calculated for example, as an
exceedance probability between and order statistic and a progressive Type-II order

statistic (see Bairamov and Eryilmaz, 2006).

In a similar manner we can also calculate the following

PWier < Zu)) =1 — P(Zuy < Wier),

P(Ziyy < Wiwr < Zay)) = P(Z6,) £ Wiar) — P(Ziy) < Wier).

For obtaining the probability of at least A values from W fall in-between two
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pooled order statistics, let us consider the following. For 1 < iy < iy < 7 and

1<li<la<T,

n—1 n
P(at least A W’s € (Z(;,), Z(i))) = Z Z qffl,jfp(at least A W’s € (Xy,in, Xipn))-
k1=1 ko=k1+1

When W is a complete sample, using equation (2.3.2), we can express this as

I
P(at least A W’s € (Z;5,), Z(i,))) = Z Z qifsz(at least A W’s € (X, .ny Xkyon))
k1=1 ko=k1+1
el T m—j (i—l—kl—l) <j+k2—k1—1) (T—i—n—kg—i—j)
i i j T—i—j
= DI ez S (324)
k1=1ko=k1+1 j=X =0 ( n )

If one wishes a particular group of order statistics from W to be in this interval,
simply extract the appropriate portion from the inner summand.

When W is a type-II censored sample, using equation (2.3.3) instead of equation
(2.3.2) as above, will yield the desired results.

Finally, when W is a progressively type-II censored sample, we can express the
joint distribution of {Wi.r.r, Wit1.er, Wit e, Wi js140} as a mixture of (1,2,3, or 4)
the usual order statistics depending on 7 and j. Alternatively one can use the results

of Ng and Balakrishnan (2005).
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3.2.4 Miscellaneous results

Here we present some results regarding the asymptotic nature of pooled order statis-
tics. However, we first need to define what we mean by asymptotic means as either
the sample sizes n; or the number of samples B, can become large.

The former case includes the typical one-sample scenario. We can obtain the

following result.

Proposition 3.2.1 Suppose that B is fized, and let us define m, = lim,, ;—Z and

0 < =max,m < 1. Then as n, — oo, Vj, we have

Proof: For every sample, we note that X,,.. - &r, as np — 0o. Thus for every

b
0 > 0 and € > 0, 3 an N, which depends on € and 9, such that when n, > N,
P(|X7‘b5nb - £Wb| < 5) Z 1 — €.

We then consider the distribution of Z;. For all n;, > max, N;, we have

B
P(Z(r) S fﬂ'* + 5) = HP(Xb,rb:nb S Srr* + 5)
b=1

P(| Xy, —&m| <8) 2 [J(L =) = (1 - ¢)".

b=1

vV
=

i
X

Consider partitioning all B samples as follows, samples 0° such that m,e = 7, and
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all other samples b* such that m« < m,. Then consider the following

B
P(Zy < & — 0) = [ [ P(Xbrym, < & —9)
b=1

= H P(Xb“,rba:nba < £7r* - 5) H P<Xb",rbo:nbo < £7r* - 5)
bo

ba

S HP(XbO,rbo:nbo S 571'* - 5) S HE S €.
po

bO

Finally we have that P(|Zy) — &x»

<d0)>(1—e)f —e So F(Zy) = 7. |
The theorem can easily be extended to the cases 7* = 0 and 7* = 1.
We are primarily interested with the case where the number of samples becomes

large. So we obtain a similar result.

Proposition 3.2.2 Given B samples with 1 < n, < M < oo for some M > 1 for all
7, then as B — oo we have

F(Zp) 5 1.

Proof: Define X* = max, Xy 1.,,. Clearly, Z;) > X* surely, as the latter is a subset
of the observed values. Thus trivially, X* < Z (where < is a stochastic ordering
such that X <YV & P(X > z) < P(Y > x)).

Define X as follows. For each sample b with size strictly smaller than M we
observe an additional M — n, items and append it to the b-th sample. Define X
as the minimum of the new samples. Thus X < X* surely by construction, then

X <4 X*. Finally we have X <st Z(#) by transitivity. Now clearly X is the minimum
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of B i.i.d., random variables with distribution function Fg(z) =1 — (1 — Fx(z))",
with same support as X. Thus as B — oo, F(X) & 1. So P(F(X) > 1—¢€) <
P(F(Zy)) > 1 —¢€) < 1 and by the squeeze theorem P(F(Zyy) > 1 —¢€) — 1 as

desired. |

Remark 3.2.3 An alternate proof of Proposition 3.2.2 can be given, using the rep-

resentation of Zyy as in equation (3.1.2).

Proposition 3.2.2 suggests that additional samples will enable the estimation of
any quantile, with any desired precision, given that we are able to take enough samples
of bounded size. Whereas Proposition 3.2.1 suggests that in a fixed sample scenario
there is an upper limit to quantiles which we wish to estimate and obtain meaningful
confidence.

There is however a cost in terms of the intervals we make. Since pooling spreads
out the sample, at larger sizes (i.e., as n — o0) the confidence intervals for quantiles
may be narrower in the fixed sample case as opposed to the increasing sample case.

Another issue one needs to consider is that convergence in probability of the
pooled order statistics to a constant, which may not be guaranteed for some sampling
schemes. Consider the following example, we will also assume a uniform distribution
for simplicity as a probability integral transformation can give us the uniform distri-
bution. Observe B samples, and in the b-th sample, observe only the first failure of b

items. The distribution function for the maximum can be represented as in equation
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(3.1.2).

::]m

B
P(Zyy <€) = P(Zy <€) :HP Xpap <€) = P(Xp10 > €))
b=1

b:1

B 00
1-1-0") ZF J[a-0-e" =06
= b=1

b=1

Where (¢)s is the g-pochhammer function. See Andrews et al. (1999) for more
information on the ¢-pochhammer function.

Thus some care must be taken when designing experiments using multiple type-11
censored samples.

Bounding the sample size is sufficient though not a necessary condition to ensure

that Z, — 1 in probability.

3.3 Motivating Example Revisited

In this section we consider the motivating example from Table 1.2.

Using all six samples, the confidence interval for the 80% quantile is [2.75, 5.55],
which has 95.9% confidence. Given the original complete data as in Table 1.1, and
treating it as one sample with equivalent proportion of censoring the best possible
interval would include the whole range of the data. The interval would be [0,4.75]
and with confidence level 87.3%. If we wished to obtain a 95% confidence interval for
this quantile under a one-sample scenario, we would have had to observe two more

additional failures of the total 60 units. The resultant confidence interval would be
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95% Pred. Int. Max 2-sided 1 width int. Max 1-sided 1 width int.

l L (4) U (5) L (4) U(i+1) Prob L (4) U((i+1) Prob
1 F10) 0.82(17) 0.00 (1) 0.02 (2) 0.124 F~10) 0.00 (1) 0.143
2 0.00 (1) 1.63(28) 0.31(6) 0.49 (7)  0.060

3 0.02(2) 2.06(33) 0.70 (13) 0.71 (14) 0.047

4 018 (4) 2.24(39) 1.08(20) 1.13(21) 0.042

5 0.50(8) 3.17(44) 1.56 (27) 1.63 (28) 0.040

6 0.80 (16) 4.03 (50) 2.10 (34) 2.12(35) 0.040

7 1.13 (21) 5.55(52) 2.57 (41) 2.75(42) 0.045

8 1.63(28) F~I(1) 3.97(49) 4.03 (50) 0.062

9 212(35) F~1(1) 5.13(51) 5.55(52) 0.124 5.55(52) F~Y(1) 0.183
10 2.80 (43) F~(1) 5.13(51) 5.55(52) 0.153 5.55(52) F~1(1) 0.501

Table 3.2: Prediction intervals for individual order statistics Wi.1

[2.75,5.55] and would have confidence of 95.8%. The total time to test would have
been the same, but we would have had to fail two more items with no additional
benefit.

This suggests that when the limiting issue is number of items failed, pooling
samples can be beneficial.

Balakrishnan et al. (2001) develops exact inference in the case or multiple progres-
sively type-II censored samples from the exponential distribution. It is well known
that the MLE of the scale parameter o, is 0* = (1/7) 320 [S0, Xpken, + (15 —
75) Xbrym, - Lhus, the MLE of the quantile &, is ép = —0*In(1 — p). ¥* is the sum of
independent increments which are exponential, so that the normalized sum, 279* /¢
has y? distribution with 27 degrees of freedom.

Thus using all six samples we can obtain a two-sided 95.9% confidence interval for
the 80% quantile as [3.01,5.31]. The point estimate is 3.92. This is narrower than the
nonparametric confidence interval, as expected, but the difference is not immense.

In Table 3.2 we can see various prediction intervals for all order statistics from
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a future independent sample of size 10. The number in the parenthesis next to the
time to failure, represents which pooled order statistic it is.

The first part of the table gives the 95% prediction interval. In the cases of many
of the extreme order statistics, these are one-sided intervals.

The second part gives the two-sided interval of width one, that has the highest
confidence level, and its corresponding probability. One can note that the extreme
order statistics will likely be pushed towards the boundaries, so that the confidence
level is higher for the one-width interval.

The third part of the table gives the one-sided one-width interval with the highest
confidence when it is higher than the two-sided, one-width interval in the second part.
The corresponding probability is included as well. One can note that if we added a
complete sample of size 10, the largest value has greater than a 50% chance of being
the maximum as we have censored all the previous sample maximums. We can also
note that there are several one-sided intervals, particularly in the upper extremes. If
we wish to reduce this width, one would need to take additional samples.

The one-width prediction intervals are of interest for making point estimates. One
could use any point in the interval as a point estimate; a common choice would be the
mean. This can be done likewise for confidence intervals for quantile. Considering
Table 3.2, we could use 2.11 as a point estimate for the 6-th order statistic of a future

sample of size 10. The center of the 95% prediction interval is 2.41, much higher.
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Multiple Doubly Type-11 Censored

Samples

In this chapter we consider a natural extension of the scenario considered in Chapter
3 to the case of multiple independent doubly Type-II censored samples. We denote
again n, the sample size of the b-th sample, where 1 < b < B, and r;, to be the number
of observed failures. We denote r{ to be the number of right (or upper) censored
items, and ¥ to be the number of left (or LOWER) censored items. These are all
non-negative integers and rY + r, +rf = n,.

When 7l = 0 for b = 1,..., B, then this becomes the case of Type-II right
censoring considered previously in Chapter 3. Given the mixture representations in
this chapter, inference for multiple doubly Type-II censored samples is the same as

given in Section 3.2.

62
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4.1 Distributional Representations

We first discuss the simpler case of two samples which was not considered in Balakr-
ishnan et al. (2010b). The representations are much simpler for the same reasons as
in Type-II right censoring. That is, given that one item is the ¢-th pooled OS, then

the number of observed failures from the other sample above and below Z(;) is fixed.

4.1.1 Two-Samples

Suppose we have two independent doubly Type-II censored samples. For simplicity,
we will order the samples by observed size, i.e., 1 < ry < ry. Let us denote
i—1 n—i np—1\ (n—n
b (k—l) (nb—k) T ( kbfl ) ( zekb)

wyiy, = = — ; (4.1.1)

() n ()

here, b = 1, 2 indexes the samples. If b = 1, then the numerator of the first part counts
the number of orderings of all items such that Xo; ., < Xigm, < Xoioktim,. We

again use the convention that X .,, = § and Xy, 41:0, = &1

Marginal Distribution of a pooled OS

Consider the marginal distribution P(Z; < &), where &, is the p-th population

quantile. Then, we have the following result.
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Proposition 4.1.1 For any 0 < p < 1 we have

_ 1 2

=1
r% —1 Tf —1
E ' 1 E ' 2
+ wz‘+r1L+j,i+r1L Fi—&—rlL—f—j:n (€P) + wi+r2L+j,i+r2L Fi—&—rzL-i-j:n (5?)
j=0 7=0

when 1 <1 < rq,

r1 7
_ 1 2
P(Zy) < &) = § :wi+rf+7"2LJ"f+j + § : Wigrk 4ok rk+j Fiprtirgn(&p)

j=1 j=i—r
Tij rlL—l
2 2
+ § wi+r1L+r2L+j,i—r1+r2L i+r{’+r2L+j:n<§P) + § :wi+r2L+j,i+r2L H—T%—l—j:n(ﬁ[’)
Jj=1 Jj=0

when r <1 <1y, and

T1 T2
_ 1 2
P(Zoy &)= | D0 Whpbirbobas T D Whotirb oy Frirbirtn(&)

j=i—19 Jj=i—r1
g i
1 2
+ z :wi+r1L+'r2L+j,i—r2+7‘f i—i—r{‘—&-r%—i—j:n(fp) + E wi+r1L+r2L+j’i_r1+r% i+T1L+r2L+j:n(£p)
=1 j=1

when ro <1 <11 +719.

Contrasting Corollary 3.1.6, it is evident that there is no ¢ such that the pooled
order statistic Z(;) is equal in distribution to a single order statistic when both samples

have left and right censoring.
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4.1.2 Multiple Samples

We now consider the case of multiple independent samples.

Marginal Distribution of a pooled OS

As with equation (3.1.1), we can write the distribution function of Z; as follows,

S

B 7‘+rb

P(Zy <&) =) P(Zi) = Xppny, < &p)- (4.1.2)

b=1 k:rbLJrl

For any permutation of all the items and from all samples such that Z;) = Xj j.p, ,
some samples will have all of the observed and some right censored items below
Z;y. For this permutation, we say that these samples are in {b7;}. Conversely, some
samples will have all observed and some left censored items above Z;) (these samples
are in {b7}). The remaining samples would be have all left/right censored samples
below/above Z; (these samples are in {0"}).

In this way, we have assigned groups for each permutation of the n observed
and unobserved failure times, based on the position of the left /right censored items
relative to Z(;) = Xp kin, -

Let us define the weight function W as

) (mp—
n_(r;;?b—ll) n; n.; M.

Wik yco = ~mn || ( J ) <J> ( i )’
() i€{by} At je{lzlg} ¢ jel{;[//} it

which in the appropriate context is a weighted multivariate hypergeometric probabil-
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ity and can be re-written so it appears in Section 3.1. This can be seen to collapse
to the same weight function as in Section 3.1 when r} = 0 for all b.

Then, we have the following result.

Theorem 4.1.2 For any 1 <1 <7 and 0 < p < 1, the marginal distribution of Z

can be expressed as

where
and
c (Cl, ce s Cp—1,Cpa1y- - - 7CB) : é{b”} =1 — k—l—?”g’ —T’{b/U}

1<¢ <ryvVjed{by}, 0<c; <rfVj e{b}}, 0<¢; <r;Vj e{V'}

For proof we refer to the proof of Theorem 3.1.1. The Theorem follows from a similar
argument.

When considering the marginal distribution of Z;), necessary and sufficient con-
ditions for {b7} and {b;} to be valid are that 0 <i —k + 1y — 7y < 7@ry. When
74 <i—k+rf, no valid partition of A will exist, and so P(Xp pp, = Z(;) = 0 in this

case.
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Remark 4.1.3 Alternate simpler representations for Zy, Z are as follows

B B
P(Zy <6)=1-](1 = F 1 (6) P(Zy < &) = [ ] Frtiryon, ()
b=1 b=1

These alternate representations become useful when calculating the maximum

coverage probability for some given scheme.

Remark 4.1.4 Instead of Theorem 4.1.2, one can use the results of Theorem 3.1.1
(along with Corollary 3.1.7) when 1 < i < min,r, and 7 — minyr, << i < 7, as the

sets {b;;} and {0} } respectively will necessarily be empty.

It may be more practical for large 7 to obtain the mixture distribution of Z;
analogous to what is done in Corollary 3.1.7. Namely, reversing the schemes so that
left and right censoring switch, and considering the mixture distribution of Z;_; 1),
then reversing appropriately again. This should prove to be more efficient in terms of

computation. A similar idea will work with the joint distribution of two pooled OS.
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Joint Distribution of two pooled OS

To obtain a similar result for the bivariate distribution, we can again partition the

sample space (up to a set of measure 1) as

B
P(Z(i1) < p1, Z(i2) < p2) :Z ZP(Xb,kynb = Z(i1) < pleb,kQInb = Z(i2) < pz)
b=1 rL41<ki<ka<rf+my

rbLo +rpo rbL +7rp

B
)3 Y Y P(Xekeme = Ziy < Pt X, = Zin) < po)

bo#b b=1 ky=r[,+1 ko=rf+1

forany 1 <i; < iy <7 and 0 < p; < py < 1. When p; > p, the bivariate distribution
reduces to the marginal distribution of Z;,).

For any permutation of the items such that Z; ) = Xyo p,m,e and Z(i,) = Xp pyony s
we can define {b}}/{by;} as in the marginal case using Z(,)/Z(;,) as the cutoff in-
stead. We require extra condition that all right/left censored items fall above/below
Ziy/ Z(iy)- Then define {b7,} and {by;,} as the subsets of {07} and {b;}, such that
the first/final observed value falls above/below Z;,)/Z,).

Additionally, however, some samples may have left censored items above Z;,) and
right censored items below Z;,). So, these samples can be labeled as {0}, }. The
remaining samples are again labeled as {0"}.

For brevity, we define W as

o) Ci2) Gt o)

Wt o th} 13 {m} = (")
B

LS )
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Then, we have the following result.

Theorem 4.1.5 For any 1 < i1 < 15 <7 and 0 < p; < py < 1, we have the joint

distribution of Z,y and Z,y as follows:

B +rb 1 rb—l-rb

P<Z(i1) < &y Zin) < Epa) :Z Z Z Z ZWKE,K%,...FI},I;:n(pr5]32)

b=1 k= L+1 ko=ki1+1 Ty C1

rbo +7po rb +7p

2.0 2 2 22 Wha Fuun(Gn ).

b=1 b°#b k= T‘bo+1 ko= Tlf’+1 Tv'y Co

_|_

where

1 _ . L - L U - L - L - L

O =in 75+ 7y 6 ) T G ) T G~ Gy} T ()

b= oty )+ 6y T ey + ) TP T e Pl — Gt R
2 =0 +rk + min(0, ¢, — ),

02 = 03 + max(ris, cpo — Ty + k1)

and the constraint for the sum is

{(cjr cip)izn 1 0< ey <kg—1, 0 < ey <y — ks

. s L . .
iy oy =11 — (k1 —13) = Fur 3 — G, qog,, 0

Cl = 9
Cia oy = (i2 — i) = (k2 — k1) = P,y — (Feog,) = G qopay) = (Fiop,y — Ginfer,));
{(cjr cjp) bigope 10 < cp <ka—1, 0 < cpo <ngo — ky
C Cir oy = i1 — (k1 — i) —max(0, 60 = 13) = Py} = G (o)
2 = )

gy = (iz —i1) — [k2 — rf — max(0, ¢y — )] — min(cpo, 750 — k1 +75) — b, }

=P 01 = CGntvlnt) = (Fiog,) = Cia)s -
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with the restrictions common to both C'’s being

0<cl <rli1<cl +c <rVvje by},
Ogcjlgrjfl, 1§CUST§‘ijE{b/U2}v

- L L L L L L Lvs
0<cy <ry, 0<cy <ry, 1<cj +cj, <rj Vi e {b7,},

The remaining arguments for W{l} are

k1—1 ko—ki—1 ny—ka
{rj+rjtci hae{by} el hielbyn} (r¥ —c¥ ¥ }.je by}
{7} ey 1.7 €{bya} {ri—cjy+c7, Y€ {bira} {r¥ =l }ie{ba}
{h} = {ej, haelby.} Al = { = —ef,hielbyl 3 {m) = {ef, hiefby L}
{rj —cjy —eip haetvin} {ch, }aefvr,} {ry+r+ej haetbin}
{rj —cj, }.ie{bla} {ri—cjy +ej, hi€{bia} {rf e hidbs}
{rf+ej, bie(v”} {es, hae{v"} {rf +ri—cii—ein hie{t”}

and for W{2}

ki—1 Cpo npo —k1—cpo
Cp kz—cb—l ’I’Lbsz
{rf +rjte) haie{bin} {cf, baelbyn} {(r¥ ¥ —c¥ }je{bi )}
{rj +eci }i€{by,} {rj—cji+ei, hi€{bys} {rf =¥ 1ie{by,}
{n} = (CARIS S Al = S Ang—ck =l bietvy,} oy im} = (% by}
{r} —c, e bielbl,} {ef, bae{biy} {ry+ri +ej }ie{brs}
{TJ'L*C_%}JG{Z’/L'Z} {7'j_Cj1+C§‘2}aje{b/Lz} {TJU+C_,>1},j€{b’L2}
{rf +ejy hie{v”} {ejp 1i€{b”"} {r¥+ri—cj, —cjp ie{b}

We again refer to Section 3 for the proof.

70

For the necessary and sufficient conditions for each partition to be valid, we need

to consider the cases b° = b and b° # b separately.

When b = b°, necessary and sufficient conditions for {0 }, {07}, {b;;}, {b;1}, and
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b to be valid are as follows:
UL

0 <iy— (ki —ry) — 7w,y — Cuz,
0 < (i —ir) = (k2 — k1) = 7y, y — (Payyy — Co2) = (Fey,,y — Cra),

Py > 2 — (ke = 1) = Ty — g,y — (Fog,) — Cre)

for some 0 < Cya < 7qy, y— size{by,} and 0 < Cry <7y 3 - size{b},}. When

Ogil—/ﬁ—l—rbL, OS(ZQ_Z1>_(k2_k1), ’L'Q—kQ—'—?"bLSf'A,

such a partition is guaranteed to exist; if one of those conditions fail, then P(Z;,) =
Xb,kl:nb7 Z(zg) - Xb,k21nb> =0.
When b # b°, necessary and sufficient conditions for {0 }, {07}, {b;;}, {b1}, and

b to be valid are as follows:
UL

0 <iy— ki +rp —Co+ry — iy )y — T, + Coo
0 <ip—i1—ky+Co—7qy,1 — Cu2 — Cra,

Py > o — kg — ki 1y + 14 — Ty — P,y — Cra

for some rf < Cy <1l +1r,— 1,0 < Cyy < oy~ Size{byn} and 0 < Crp <7y y—
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size{0,}. When

Ogil—kl—Frlfo—Cb OS(ZQ—Zl)—<k'2—T’£—Cb> Z'Q—kQ—FTbL—TboS’f’_A

for some 0 < C, < ko —rf — 1, such a partition is guaranteed to exist; if one of these

conditions fail, then P(Z(;,) = Xoo k1imyor Z(in) = Xbjkoin,) = 0.

Joint Distribution of pooled OS

The joint distribution of the pooled OS can be given as in Proposition 3.1.10 or
3.1.14, but not Proposition 3.1.12. These representations can also be used to obtain
the joint distribution of any number of pooled OS. However, this will typically not

be computationally feasible, except when pooling only a few samples.

4.2 Computational Algorithm

Here, we will present a basic algorithm for the calculation of the marginal mixture
weights and then demonstrate it with a simple example.

Figure 4.1 shows the simple algorithm. Here k++ and b+ indicate incrementing
by 1. First one sorts by increasing observation sizes (i.e., sort by 3,), and then within
this by lower censoring, and then upper censoring. This groups identical samples and
allows terminating earlier without checking all possible {¥7 } or {b;,}.

For the purpose of this algorithm, incrementing {b;,} means choosing its successor
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in any way such that r g, b S T {b}, e} with equality necessary if there is some
other set of samples which have not been used, such that the previous equality holds.
Otherwise, choose any set of samples such that 7, ew) is a minimum and the above
inequality holds. {b} } is chosen in the same way from A\ {b};}.

While not shown in Figure 4.1, one can reduce the number of iterations by weight-
ing. This is done by counting the number of exchangeable subsets. As an example,
assume B samples are identical. If the size of {b};} is [, there are (B ;1) exchangeable
subsets in oy that are exchangeable with size [. One would then need to calculate
only the weights with the first [ samples in A, then multiply each weight W by (B l_l)
Other similar improvements can be made, but we describe only the simple algorithm

in Figure 4.1 for clarity.

4.2.1 An Example

Consider the following simple example. Suppose we have three identical doubly Type-
IT censored samples with n, = 4, rf =1, 7Y =1, and r, = 2 for b = 1,2,3. Let us
consider the marginal distribution of the third pooled order statistic Z3y. Below, we
represent a censored item with o for ease in notation.

Table 4.1 shows the partitions that would appear as in the algorithm applied
to this sample, along with the class of permutations. Although we could omit the
exchangeable samples by including extra weights, everything is shown for the sake of

clarity. The order statistic and the mixture probabilities corresponding to that group
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of permutations is given as well.

Since all samples are identical, we only need to consider b = 1 for the outermost
sum. Since 0 <i—k+rf=3-2+1=2<7y, P(Z3y = X1,24) > 0, we proceed as
in Table 4.1a.

Next, since 0 <i—k+rf =3-3+1=1 <7y, P(Z3y = X134) > 0, we proceed
as in Table 4.1b.

Finally, we add up the probabilities that the 3-rd pooled order statistic is the 5-th,
6-th, or 7-th out of 12 as given in the first and second columns; then we multiply
these by 3 since the samples have identical censoring schemes. In this way, the
mixture weights are finally found to be (0.18182,0.76623,0.05195), corresponding to

the mixture representation Zs) 4 0.18182.X75.15 + 0.76623 X¢4.12 + 0.05195.X7.15.

4.3 Simulation Results

A large number of samples, high censoring, or large samples, can lead to the computa-
tions being extremely computationally intensive and also demanding heavy memory
usage. Furthermore, when the samples are not exchangeable, then the computations
can not be simplified in any meaningful way. In such situations, one may instead
simulate the mixture weights. Obtaining the weights in this way has two advantages.
Direct simulation can allow the calculation of all mixture weights for all marginal
and bivariate distributions of interest simultaneously. Furthermore, when calculating

coverage probabilities, errors are dampened if an increase/decrease at the i-th weight
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Prob. | OS | {b,} | {0y} | o X124 X134 0
_ o X994 X234 °©
0.03463 | 6:12 ° Xy o Xy
) o) X272:4 X2,34 ©
0.07792 | 6:12 015 X, X34 ©
X994 X o
0.03463 | 6:12 | {0 i B
{0} 0 X394 X334 °
0 Xo94 Xo34 0
0.01212 | 5:12 2 '
{2} o X324 X334 ©
0.01212 | 5:12 {3} | ° Koz Ko o Xyaa Xo 3.42
0.00866 | 7:12 o | ° Haza Dajna © X X o
3,2:4 X33:4
{2} © X2,2:4 X2,3:4 o 7
0.00216 | 6:12 {3} o Xyaa Xoas 0
0.00866 | 7:12 o |° F224 Ao ©
{3} © X3,2:4 X3,3:4 o
0.00216 | 6:12 {2} © Koz Koz ©
’ ' o X394 X334 0
(a) b= ]_7 k= 2, i‘e‘, Z(g) = X1,2:4
Prob. | OS | {by} | {0%.} | o X134 X134 ©
0.05195 | 6:12 0 Koz e
3,2:4 X334
0} o X294 Xo34 0
0.05195 | 6:12 ’ ’
{@} o X3’2;4 X3,34 o
0.01818 | 5:12 (2} © Koz 2234 9
: ’ o X3,2:4 X3,34 ©
' o X294 Xo34 0
0.01818 | 5:12 {3} 6 Xyns Xy 0

(b)b=1,k=3,ie, Zz = X134

Table 4.1: Algorithm as applied to the example in Section 4.2.1
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is moved to a “nearby” weight.

In Figure 4.2, we compare the exact coverage probability for (—oo, Z3)) for the
quantiles 0.2 < p < 0.8 to the mean of 1000 simulations where the coverage probability
is exact given estimated weights. The weights are estimated with a simulation size of
1000.

This is done for the following two schemes; n, = 4/8, & = 1/3, r¥ = 1/3, and
r, = 2/2 for b= 1,2, 3. Figures 4.2a and 4.2b show the exact coverage probabilities.
The first is the example from Section 4.2.1, and the second is the same but with
increased upper and lower censoring.

Figures 4.2c and 4.2d show the signed absolute error (SAE), while Figures 4.2¢
and 4.2f show the signed relative error (SRE). The dashed lines in each plot con-
tains simulated 98% confidence bands, whereas the solid line is the exact coverage
probability. The mean line and 95% bands were indistinguishable from the exact line.

If we focus on Figures 4.2c and 4.2d, we can see that the SAE is small particularly
in the first scheme. In the second scheme, the SAE’s are larger, but still comparatively
small as evidenced by Figure 4.2b. Here, the solid line represents the difference
between the exact and mean estimated coverage probabilities. In each case, the bias
is found to be negligible.

From Figures 4.2e and 4.2f, we notice that the SRE’s can be larger; however,
this occurs primarily at upper quantiles where the cost of error is lower. Again, the

solid line represents the difference between the exact and mean estimated coverage
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probabilities.

4.4 Motivating Example Revisited

Consider Table 1.3, which gives the failure times of insulating fluid in minutes while
under high stress. These data have been analyzed by Balakrishnan et al. (2004)
and Balakrishnan and Lin (2005) by assuming an exponential distribution with and
without a threshold parameter. We provide these parametric results as a comparison
to the nonparametric methods given here.

We obtained the mixture weights from 100000 simulations. For each quantile pre-
sented in Table 4.2, we determine the two-sided minimal width interval as described
in Balakrishnan et al. (2010a). If more than one interval is of minimal width, the one
with the largest coverage probability is chosen. For all quantiles considered, first the
intervals chose are with confidence at least 94.75%. If none exist the level is brought
to 70%. Again if none exist the largest two-sided interval is chosen. These intervals
are then compared to 95% confidence intervals based on the BLUE and MLE of a one-
parameter exponential distribution. Note that while the nonparametric and BLUE
intervals are exact, the MLE interval is not. Since we are comparing to the exponen-
tial distribution, we also show the 1 — 1/e-th quantile which is the scale parameter of
a single parameter exponential.

The BLUE and MLE of the scale parameter ¢ are ¥* = 2.432 and ¥ = 2.240,

respectively. Both these estimates interestingly fall inside the nonparametric interval



Chapter 4.4 - Motivating Example Revisited 82

Nonparametric Exponential
Multi Sample Single Sample BLUE MLE
p CP. 4y is Zuy Zuy CP. i1 i Xy Xiyn LOW UPP LOW UPP
0.05 0.369 1 45 0.06 5.55 0.010 8 52 050 4.75 0.097 0.167 0.084 0.146
45 0.06 5.55 0.248 8 52 0.50 4.75 0.199 0.343 0.172 0.300
8
8

0.10 0.798 1

0.15 0951 1 10 0.06 0.80 0.695 52 0.50 4.75 0.306 0.529 0.265 0.463
0.20 0967 1 12 0.06 0.93 0.933 52 0.50 4.75 0421 0.727 0.364 0.636
025 0954 3 15 050 1.13 0949 9 22 0.55 1.17 0.542 0.937 0.469 0.820
0.30 0948 5 18 0.64 149 0951 12 26 0.66 1.54 0.673 1.162 0.581 1.016

0.35 0951 8 22 071 1.70 0.959 14 29 0.71 1.70 0.812 1.403 0.702 1.227
0.40 0.957 10 25 0.80 1.99 0.953 17 32 0.82 1.99 0.963 1.664 0.833 1.455
0.45 0952 13 28 1.08 2.12 0.949 20 35 1.08 2.12 1.127 1.947 0.974 1.703
0.50 0.951 16 31 1.17 217 0.948 23 38 130 2.17 1.307 2.258 1.130 1.975
0.55 0.953 19 34 1.54 2.57 0949 26 41 1.54 2.57 1.506 2.601 1.301 2.275
0.60 0.959 22 37 1.70 3.17 0.953 29 44 1.70 3.17 1.728 2.985 1.493 2.610
1-1/e 0.950 24 38 1.89 3.57 0.956 31 46 1.89 3.72 1.885 3.257 1.630 2.849
0.65 0.954 25 39 199 3.72 0.959 32 47 199 3.82 1979 3.419 1.711 2.991
0.70 0.953 28 41 2.12 3.83 0.951 35 49 2.12 3.87 2270 3.922 1.962 3.430
0.75 0.959 31 43 2.17 4.03 0949 39 52 224 475 2.614 4.515 2.259 3.949
0.80 0.959 35 45 2.75 5.55 0.873 8 52 0.50 4.75 3.035 5.242 2.623 4.585
0.85 0941 1 45 0.06 5.55 0.555 8 52 0.50 4.75 3.577 6.179 3.092 5.405
0.90 0746 1 45 0.06 5.55 0.142 8 52 0.50 4.75 4.341 7.500 3.753 6.560
095 0319 1 45 0.06 5.55 0.003 8 52 0.50 4.75 5.648 9.758 4.883 8.535

Table 4.2: Two-sided confidence intervals for &,, at various p, for the insulating fluid
data in Table 1.3

for £&1_1/e. Though the BLUE and MLE intervals are shorter as one would expect,
they are not significantly shorter than the nonparametric intervals.

For the sake of comparison, we also show the equivalent censoring scheme for a
single doubly Type-II censored sample; that is n = 60, r* = 7, and vV = 8. The
intervals have comparable confidence levels at the central quantiles, but as in Chapter
3, the extreme quantiles have much lower coverage probabilities. Moreover the length
seems to be of comparable length. In terms of indices, the pooled intervals are the
same size or smaller. This seems to be compatible with the results of Ozturk and

Deshpande (2006).
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Multiple Progressively Type-11

Right Censored Samples

In this chapter we consider an extension to Chapter 3 for multiple independent pro-
gressively Type-II right censored samples. The representations here are distinct from
those given prior due to the different representation of PCOS. That is, in the case
of Type-II censoring, these representations do not collapse to those considered in

Chapter 3.

5.1 Distributional Representations

We consider here, various representations for the distributions of the pooled PCOS.
There are a variety of representations of which some are more practical to use than

others.

83



Chapter 5.1 - Distributional Representations 84
5.1.1 Marginal Distribution of a pooled OS
As in Chapters 3 and 4 we can partition the sample space to obtain

B 1

P(Zoy < &)= P(Zo = XE0., <&). (5.1.1)

b=1 ky=1

For each probability on the right we can follow along the same lines as before and

obtain the following result.

Theorem 5.1.1 For any 1 <1 <7, and 0 < p <1 the marginal distribution of Z

18 given by,

B
P(Zoy<&) =Y 3.5 3 (-1 AW p(xRY L <)
L

b=1 k=1 Kp, SEP(B)

Where,
B . .
Ko, = {(kj);?:l S k=i 0< k< rj} ConD = e Y A 130
J7b j=1 jES jea
1<€j<kj+17 jEOé . .
=" = c b
L=< ()jesya: = Vtgb) :7§b)+27§j)+27§j)’
1< <y, jes jes jEa
G, (4)
L) _ ) (1. e, (r) ) _ Sky—1 () ©)
A = [k + 0[] =57 C =5 e DL et
jea jes Vi, Cly—1 jea jes

b b b
R(c) = (Rg )7R§ )7 - '7RI(<:1,)—177(L) - 1) )

and c£ |, € =1,...,ky, is generated by R,
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Proof: We consider the uniform distribution wlog. Rewriting the probability again
conditioning on the pooled order statistic being any given PCOS from any sample we

have,

B Th
(©)
P(Zoy <) = 2> P(Z0 < 0. %0 = XE.0,)

b=1 ky=1
B
R®) RG) R®) RG)
- E E E P (Xkb Tpnp — b, ﬂ {ij:rj:nj Xkb rping ijJrl:rj:nj })
b=1 k=1 K, e, j:l
J#b
B B . )
< xR® xRD xXRY
= Z Z Z f kyiry: nb H F GiTjing (x.) _ F jHLrgng (x) dx7
b=1 ky=1Kpx, j=1
J#b
(b)
where /Cy j, is a partition of the event that X[, = Z.

From Kamps and Cramer (2001) we have

=) =) 1 =) 1— F
Fij:’r‘j:nj (J}) _ FXk 41 rjing (x) — ( ) kaJ+1 i (.T) <x> , f(l_) % 07
Vk]+1 f(z)
for k; =1,...,7;, — 1. When k; = 0 we have it to be true following the convention
=) R(J) XR(J)

that FX07; “i(z) = 1L,V o > —oo. If & —rjthenF i () — BRI () =

RO . . RO
FFimitni () assuming the convention that F™ it (x) = 0,V z < oo.

So for every partition in Ky, we have

KR®

Py <=3 Y 3 [P

b=1 k= lek
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R(J)

A R (Y (1= 2) ik =0,1,....r;—1 (a)

XH Thej+1 dz

w0 |
o | Fm(a) if kj =r; (8)
B 1 p (b) .
DN ( WAL
=1Kp, * O fy=1

b=1 ky
kj+1 _ ri  (4) )
1—3? o) -1 ) ag; (k) Ok
. ( DS a0 I (1 3
JEQ

k +1 =1 jes (=1 e

>3y [ ( > -
b=1 ky=1Ky, tp=1

kj+1 vén |s| (j) (r;) A9
H Ck _IZCLZ ] — ) Z H rj_lzT(l—x) J
jea £;=1 SeP(B) jes =1 Vi
P i (©)
c b -1
55 303D DD SNSIE) LA / Ay Y al) (k) (1 =)
b=1 ky=1 Ky 1, SEP(B) c 0 fy=1

The last equality follows from collecting terms appropriately and expanding the
summations to form Z The integral above is the CDF of X RE so the theorem
kp:rp:n(£)

L
follows. |

Remark 5.1.2 It follows that the distribution of Zy is the minima of a sample of
size n, but for 1 < ¢ < r, the miztures may not be convex let alone have a simple

interpretation.

That is, unlike Chapters 3 and 4, the weights do not arise as counting marbles in

bins given by above and below Z;).

Remark 5.1.3 The distribution of the mazima Zy can be evaluated as in equation

(3.1.2), which will be significantly more convenient for mazimal coverage probabilities.
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We can also obtain the marginal distribution of the pooled order statistics as a
mixture of regular OS, or a mixture of PCOS. The first could be obtained in theory
by expressing each sample as a mixture of regular OS and pooling them, and applying
ideas similar to those in Chapters 3 and 4. However, except for the smallest possible
sample sizes and number of samples, this is likely impossible. Simulation would be
direct and efficient however, and inference can thus be given simply in a similar
manner to Section 3.2.

Representing the marginal distribution as a mixture of PCOS, would also be
computationally difficult, and if desired, could be simulated. However, this will likely

be less efficient than the representations involving the usual OS.

5.1.2 Joint Distribution of pooled OS

The joint distribution can be represented in multiple ways as in Chapter 3.

Since the PCOS are themselves a mixture of regular OS, we can write the joint
distribution of the pooled PCOS as a mixture of regular OS. Namely, as subsets of
the regular OS of size r from a sample of size n as in Proposition 3.1.10.

Similarly, we can write the joint distribution as a mixture of progressively censored
samples. In particular, given some ordering all 7 observations, the censoring scheme

would be R where R; = R,(jz) if Z;) = XRY as in Proposition 3.1.12.

kb Tpiny

These have the same setbacks as mentioned in Chapters 3 and 4.
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5.2 Simulation

As mentioned in Section 4.3, when the number of observations or number of samples
are large, it may be more practical to obtain the mixture weights by simulation; there
are various ways this can be done.

As discussed earlier, one can represent the joint distribution of the pooled PCOS
as a mixture of regular OS. Given this, it is clear that we can represent the marginal
distribution of the pooled OS as a mixture of the usual OS. Simulating these weights
is trivial.

The marginal distribution can also be simulated by marginal PCOS. This is quite
simple to simulate as well, but is substantially more work as ¢ increases. This is a
consequence of the discussion of storage space in Section 3.1.3. In particular when
Rgb) =... = R@l # RY is a common scheme for all samples, then Remark 3.1.13
gives the exact number of component distributions for ¢ = . For any 1 < i < 7, the
number of component distributions would be a subset of that case. For the censoring
scheme as applied to the Nelson data in Table 1.4, there are 1428 schemes, which is
quite large considering how small 7 is.

However, if one wishes to obtain the mixture weights as given in Theorem 5.1.1

through simulation, it is not clear how to do this.
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5.3 Motivating Example Revisited

We consider the insulating fluid data as in Table 1.4 where we introduced progressive
Type-II censoring. In Table 5.1 we can see the coverage probability for all schemes
considered. For comparison, an exponential interval based on the BLUE is given
which has the same confidence level. The results of this are not too surprising.
Progressive Type-II censoring tends to favour sampling the smallest order statistics.
This becomes more pronounced when censoring is primarily right censoring. Scheme
Rs3 is the extreme example of this. Schemes with moderate left censoring, Rs and
R, fare the best. If we compare these results to the ones in Table 3.1, we can see
that scheme Rs improves on the coverage probability even when the Type-II has 52
observed failures. The primary difference between the Type-II example from Chapter
3 and the example considered here, would be expected length of the resulting intervals.
One would expect both of these to improve had we observed 52 items instead of the
18 considered.

In Table 5.2 we then consider the expected length of the nonparametric interval
assuming a standard exponential, uniform(0, 1), and standard logistic distribution.

We note for lower quantiles, the schemes with more right censoring have shorter
lengths. The increase in coverage probability for left censoring is thus countered by

the increase in expected length.
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5.4 Miscellaneous comments

Table 5.2 compares the coverage probabilities and expected lengths for the pooled
scheme and single sample scheme which is generated by appending the 6 schemes
in the pooled scheme. Unlike Chapter 3, there seems to be no guarantee that the
maximal coverage probability for the pooled scheme is higher than the single sample
(see 5.2b and 5.2¢). Furthermore, there is no consistent relationship in terms of
expected length.

However, there are many one sample schemes that could be considered as alterna-
tives to a given multiple sample scheme, particularly when the censoring schemes for
each sample are unique. As a result, we can not make any general conclusion with
regards to expected length of the intervals or coverage probability.

We may however look at extreme scenarios for each such as left censoring. Con-
sider Rs = Réb) = (7,0,0) for the (balanced size) pooled scenario, and Ri =
(42,0,...,0) for the single sample scenario. In such a case then Zg"’ < Z§§7 and
so the maximal coverage probability for R will be better than for /R5. The opposite
extreme is that of Chapter 3, for which the stochastic ordering was reversed. This
would suggest that pooling will be best in terms of coverage probability when there
tends to be more right censoring, and worse when there is more left censoring.

In Section 3.2.4 we discussed some issues with regards to convergence of the max-
imal OS, in particular Proposition 3.2.2. For any given censoring scheme R, we have

XS <, XK

wrin — ©rin)

where S is the right censoring scheme with the same number of units
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and observed failures as R. Thus, bounding the number of items on test is a sufficient
condition for the maximum to to converge to the upper end point of the distribution

when pooling multiple progressively Type-II censored samples.
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Ri1=(2,2,3) R2 = (6,1,0)
Nonparametric Exponential Nonparametric Exponential
P CP. iy ia Zy,y Zu,) LOW UPP CP. iy ia Zy,y Zu,) LOW UPP
0.06 09497 1 8 0.00 0.50 0.068 0.220 0.9497 1 7 0.00 0.66 0.034 0.130
0.10 0.9612 2 10 0.02 0.64 0.115 0.475 09479 2 8 0.02 0.80 0.070 0.265
0.15 0.9651 4 13 0.18 0.93 0.175 0.746 0.9702 3 10 0.20 1.30 0.101 0.452
0.20 0.9616 6 15 0.31 1.49 0.243 1.007 0.9632 4 11 0.31 1.34 0.143 0.597
0.25 09674 7 16 0.49 156 0.308 1.336 0.9626 6 13 0.50 2.12 0.184 0.768
0.30 0.9580 9 17 0.55 1.70 0.393 1.584 0.9622 6 13 0.50 2.12 0.229 0.951
0.35 0.9544 11 18 0.66 244 0479 1.885 0.9665 7 14 0.66 2.17 0.272 1.173
0.40 0.9478 9 18 0.55 244 0.577 2.181 0.9700 8 15 0.80 2.57 0.319 1.418
0.45 0.8742 1 18 0.00 2.44 0.758 2.153 0.9701 9 16 1.08 3.87 0.373 1.660
0.50 0.7566 1 18 0.00 2.44 0.977 2.161 0.9681 9 16 1.08 3.87 0.436 1.903
0.55 0.6049 1 18 0.00 2.44 1.239 2.207 0.9778 10 17 1.30 6.63 0.484 2.333
0.60 0.4413 1 18 0.00 2.44 1.545 2.297 0.9540 11 17 1.34 6.63 0.600 2.358
1-1/e 0.3415 1 18 0.00 2.44 1.765 2.382 0.9527 12 18 1.54 7.21 0.657 2.560
0.65 0.2904 1 18 0.00 2.44 1.896 2.439 0.9625 12 18 1.54 7.21 0.672 2.802
0.70 0.1699 1 18 0.00 2.44 2.289 2.647 0.9707 12 18 1.54 7.21 0.750 3.355
0.75 0.0863 1 18 0.00 244 2.731 2939 0.9534 12 18 1.54 7.21 0.910 3.559
0.80 0.0364 1 18 0.00 244 3.238 3.339 0.9076 1 18 0.00 7.21 1.150 3.632
0.85 0.0117 1 18 0.00 2.44 3.856 3.895 0.8186 1 18 0.00 7.21 1.498 3.722
0.90 0.0023 1 18 0.00 2.44 4.699 4.709 0.6635 1 18 0.00 7.21 2.034 3.907
0.95 0.0002 1 18 0.00 2.44 6.120 6.120 0.4067 1 18 0.00 7.21 3.024 4.343
Rs = (0,0,7) R4 =(4,0,3)
Nonparametric Exponential Nonparametric Exponential
P CP. i1 iy Zu,y Zu, LOW UPP CP. i1 is Zuy Zu, LOW UPP
0.06 09515 1 9 0.00 0.55 0.065 0.253 0.9516 1 8 0.00 0.50 0.047 0.183
0.10 0.9620 2 11 0.02 0.66 0.131 0.543 0.9720 2 10 0.02 0.82 0.091 0.413
0.15 0.9618 4 14 0.18 0.82 0.202 0.837 0.9525 4 12 0.18 1.08 0.149 0.580
0.20 09593 6 16 031 149 0.279 1.136 0.9707 5 14 0.20 1.34 0.194 0.868
0.25 09593 9 18 0.55 1.56 0.360 1.465 0.9646 7 16 049 1.54 0.255 1.083
0.30 0.9447 1 18 0.00 1.56 0462 1.718 0.9738 8 17 0.50 1.56 0.307 1.415
0.35 0.8378 1 18 0.00 1.56 0.647 1.677 0.9585 10 18 0.82 1.89 0.389 1.576
0.40 0.6664 1 18 0.00 1.56 0.872 1.682 0.9500 11 18 0.93 1.89 0.472 1.808
0.45 0.4668 1 18 0.00 1.56 1.136 1.733 0.9322 1 18 0.00 1.89 0.573 1.999
0.50 0.2863 1 18 0.00 1.56 1.430 1.833 0.8503 1 18 0.00 1.89 0.741 1.979
0.55 0.1535 1 18 0.00 1.56 1.743 1.988 0.7260 1 18 0.00 1.89 0.946 1.990
0.60 0.0715 1 18 0.00 1.56 2.071 2.201 0.5702 1 18 0.00 1.89 1.191 2.035
1-1/e 0.0404 1 18 0.00 1.56 2.290 2.370 0.4635 1 18 0.00 1.89 1.372 2.086
0.65 0.0286 1 18 0.00 1.56 2.416 2.476 0.4050 1 18 0.00 1.89 1.481 2.123
0.70  0.0095 1 18 0.00 1.56 2.793 2.816 0.2555 1 18 0.00 1.89 1.815 2.263
0.75 0.0025 1 18 0.00 1.56 3.226 3.233 0.1394 1 18 0.00 1.89 2.195 2.472
0.80 0.0005 1 18 0.00 1.56 3.749 3.750 0.0629 1 18 0.00 1.89 2.632 2.777
0.85 0.0001 1 18 0.00 1.56 4.419 4.420 0.0215 1 18 0.00 1.89 3.157 3.216
0.90 0.0000 1 18 0.00 1.56 5.364 5.364 0.0045 1 18 0.00 1.89 3.860 3.875
0.95 0.0000 1 18 0.00 1.56 6.979 6.979 0.0003 1 18 0.00 1.89 5.031 5.032

Table 5.1: Two-sided confidence intervals for &,, at various p, for the insulating fluid
data in Table 1.4
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Multiple Samples (R1)

Single Sample

(R1)

P CP. ¢ iy Exp Unif Log CP. 4 iy Exp Unif Log
0.05 09497 1 8 0.149 0.134 2.882 09501 1 8 0.152 0.137 2.904
0.10 0.9612 2 10 0.190 0.166 2.196 0.9649 2 10 0.197 0.171 2.230
0.15 0.9651 4 13 0.270 0.218 1.784  0.9680 4 13 0.287 0.229 1.836
0.20 0.9616 6 15 0.346 0.257 1.615 0.9641 5 14 0.325 0.249 1.727
0.25 0.9674 7 16 0.409 0.286 1.620 09736 7 16 0.449 0.307 1.699
0.30 0.9580 9 17 0.483 0.307 1.526 0.9638 9 17 0.535 0.330 1.612
0.35 0.9544 11 18 0.667 0.360 1.637 0.9491 11 18 0.715 0.374 1.691
0.40 09478 9 18 0.733 0.411 1.972 0.9570 11 18 0.715 0.374 1.691
0.45 0.8742 1 18 0.909 0.569 5.033 0.9104 1 18 0.967 0.590 5.128
0.50 0.7566 1 18 0.909 0.569 5.033 0.8141 1 18 0.967 0.590 5.128
0.55 0.6049 1 18 0.909 0.569 5.033 0.6780 1 18 0.967 0.590 5.128
0.60 0.4413 1 18 0.909 0.569 5.033 0.5175 1 18 0.967 0.590 5.128
0.65 0.2904 1 18 0.909 0.569 5.033 0.3565 1 18 0.967 0.590 5.128
0.70 0.1699 1 18 0.909 0.569 5.033 0.2177 1 18 0.967 0.590 5.128
0.75 0.0863 1 18 0.909 0.569 5.033 0.1148 1 18 0.967 0.590 5.128
0.80 0.0364 1 18 0.909 0.569 5.033 0.0499 1 18 0.967 0.590 5.128
0.85 0.0117 1 18 0.909 0.569 5.033 0.0163 1 18 0.967 0.590 5.128
0.90 0.0023 1 18 0.909 0.569 5.033 0.0032 1 18 0.967 0.590 5.128
0.95 0.0002 1 18 0.909 0.569 5.033 0.0002 1 18 0.967 0.590 5.128

(a) Schemes Ry = (2,2,3) and R = (2,2,3,...,2,2,3)
Multiple Samples (R2) Single Sample (R3)

P CP. ¢ iy Exp Unif Log CP. 4 iy Exp Unif Log
0.05 09497 1 7 0.174 0.155 3.022 0.9511 1 8 0.161 0.145 2.963
0.10 0.9479 2 8 0.208 0.178 2.227  0.9667 2 10 0.208 0.179 2.250
0.15 09702 3 10 0.328 0.258 2.190 0.9526 4 12 0.260 0.209 1.713
0.20 0.9632 4 11 0.396 0.293 2.039 0.9725 5 14 0.363 0.271 1.797
0.25 0.9626 6 13 0.584 0.369 1.952  0.9567 7 15 0.405 0.281 1.565
0.30 0.9622 6 13 0.584 0.369 1.952  0.9605 9 17 0.776 0.415 1.967
0.35 0.9665 7 14 0.718 0.408 1.981 0.9630 10 17 0.743 0.389 1.797
0.40 0.9700 8 15 0.897 0.445 2.067 0.9794 11 18 1.700 0.555 2.900
0.45 09701 9 16 1.154 0.481 2.239 09757 12 18 1.652 0.521 2.718
0.50 09681 9 16 1.154 0.481 2.239 0.9647 13 18 1.602 0.486 2.549
0.55 0.9778 10 17 1.570 0.513 2.577 0.9477 13 18 1.602 0.486 2.549
0.60 0.9540 11 17 1.476 0.455 2.306 0.9074 1 18 1.971 0.785 6.413
0.65 0.9625 12 18 2.364 0.478 3.134 0.8462 1 18 1.971 0.785 6.413
0.70 0.9707 12 18 2.364 0.478 3.134 0.7659 1 18 1971 0.785 6.413
0.75 0.9534 12 18 2.364 0.478 3.134 0.6675 1 18 1971 0.785 6.413
0.80 09076 1 18 2.939 0.897 7.524 0.5534 1 18 1971 0.785 6.413
0.85 0.8186 1 18 2.939 0.897 7.524 0.4264 1 18 1.971 0.785 6.413
0.90 0.6635 1 18 2.939 0.897 7.524 0.2898 1 18 1971 0.785 6.413
0.95 0.4067 1 18 2.939 0.897 7.524 0.1467 1 18 1971 0.785 6.413

(b) Schemes Ry = (6,1,0) and R = (6,1,0,...,6,1,0)

93

Table 5.2: Comparison of expected length and coverage probability for multiple sam-
ples (R) and a single sample (R?)
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Multiple Samples (R3) Single Sample (R3)

P CP. i iy Exp Unif Log CP. 4 iy Exp Unif Log
0.05 09515 1 9 0.150 0.136 2.897 0.9492 1 8 0.146 0.132 2.865
0.10 0.9620 2 11 0.181 0.159 2.168 0.9610 2 10 0.189 0.165 2.203
0.15 0.9618 4 14 0.241 0.197 1.722 0.9672 4 13 0.272 0.219 1.804
0.20 0.9593 6 16 0.302 0.231 1.558 0.9648 6 15 0.339 0.253 1.616
0.25 0.9593 9 18 0.445 0.296 1.549 0.9681 7 16 0.414 0.289 1.643
0.30 0.9447 1 18 0.595 0.431 4.446 0.9580 9 17 0.473 0.304 1.523
0.35 0.8378 1 18 0.595 0.431 4.446 0.9602 10 18 0.565 0.336 1.582
0.40 0.6664 1 18 0.595 0.431 4.446 0.9061 1 18 0.770 0.517 4.802
0.45 0.4668 1 18 0.595 0.431 4.446 0.7877 1 18 0.770 0.517 4.802
0.50 0.2863 1 18 0.595 0.431 4.446 0.6188 1 18 0.770 0.517 4.802
0.55 0.1535 1 18 0.595 0.431 4.446 0.4286 1 18 0.770 0.517 4.802
0.60 0.0715 1 18 0.595 0.431 4.446 0.2561 1 18 0.770 0.517 4.802
0.65 0.0286 1 18 0.595 0.431 4.446 0.1286 1 18 0.770 0.517 4.802
0.70 0.0095 1 18 0.595 0.431 4.446 0.0525 1 18 0.770 0.517 4.802
0.75 0.0025 1 18 0.595 0.431 4.446 0.0164 1 18 0.770 0.517 4.802
0.80 0.0005 1 18 0.595 0.431 4.446 0.0036 1 18 0.770 0.517 4.802
0.85 0.0001 1 18 0.595 0.431 4.446 0.0005 1 18 0.770 0.517 4.802
0.90 0.0000 1 18 0.595 0.431 4.446 0.0000 1 18 0.770 0.517 4.802
0.95 0.0000 1 18 0.595 0.431 4.446 0.0000 1 18 0.770 0.517 4.802

(¢) Schemes R3 = (0,0,7) and R§ = (0,0,7,...,0,0,7)
Multiple Samples (R4) Single Sample (Rj)

P CP. ¢ iy Exp Unif Log CP. 4 iy Exp Unif Log
0.05 09516 1 8 0.169 0.151 3.006 0.9505 1 8 0.155 0.140 2.924
0.10 0.9720 2 10 0.222 0.190 2.328 0.9648 2 10 0.200 0.173 2.227
0.15 0.9525 4 12 0.268 0.215 1.730 09483 4 12 0.243 0.198 1.672
0.20 09707 5 14 0.360 0.269 1.776  0.9675 5 14 0.337 0.256 1.749
0.25 09646 7 16 0.479 0.319 1.701 09744 7 16 0.461 0.313 1.717
0.30 0.9738 8 17 0.590 0.360 1.773 0.9658 9 17 0.603 0.357 1.721
0.35 0.9585 10 18 0.769 0.398 1.815 0.9475 10 17 0.570 0.331 1.545
0.40 0.9500 11 18 0.728 0.367 1.639 0.9650 11 18 0.780 0.393 1.775
0.45 0.9322 1 18 1.009 0.605 5.196 0.9350 1 18 1.038 0.614 5.237
0.50 0.8503 1 18 1.009 0.605 5.196 0.8587 1 18 1.038 0.614 5.237
0.55 0.7260 1 18 1.009 0.605 5.196 0.7433 1 18 1.038 0.614 5.237
0.60 0.5702 1 18 1.009 0.605 5.196 0.5969 1 18 1.038 0.614 5.237
0.65 0.4050 1 18 1.009 0.605 5.196 0.4376 1 18 1.038 0.614 5.237
0.70 0.2555 1 18 1.009 0.605 5.196 0.2874 1 18 1.038 0.614 5.237
0.75 0.1394 1 18 1.009 0.605 5.196 0.1645 1 18 1.038 0.614 5.237
0.80 0.0629 1 18 1.009 0.605 5.196 0.0782 1 18 1.038 0.614 5.237
0.85 0.0215 1 18 1.009 0.605 5.196 0.0282 1 18 1.038 0.614 5.237
0.90 0.0045 1 18 1.009 0.605 5.196 0.0063 1 18 1.038 0.614 5.237
0.95 0.0003 1 18 1.009 0.605 5.196 0.0004 1 18 1.038 0.614 5.237

(d) Schemes R4 = (4,0,3) and R§ = (4,0,3,...,4,0,3)
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Table 5.2: Comparison of expected length and coverage probability for multiple sam-
ples (R) and a single sample (R?)



Chapter 6

Pitman Closeness of PCOS to

Quantiles

In this chapter we consider the problem of choosing a best estimator of a popula-
tion quantile &,, among the PCOS from a progressively Type-II censored sample,

XR XK

Lirims = c ) “rririns

We are interested in obtaining the SCP for the various PCOS as
it encapsulates all the relevant information in the pairwise comparisons between all

PCOS.

6.1 Simultaneous Closeness

We can define the SCP for the /-th PCOS as follows.

Definition 6.1.1 For a Progressively Type-1I censored sample, X< X~ the

Lirmo s o) “rririn

95



Chapter 6.1 - Simultaneous Closeness 96

SCP 7t (&,) is defined as

sz(fp) =P <|Xzzrn - £P| < min |X3an - §P|) :

1<j<r,j£¢

This region can be collapsed into simpler regions. Let us define the PC probability

between two PCOS as follows.

Definition 6.1.2 For a Progressively Type-II censored sample, X7 ... XX the

l:irno ririn

pairwise PC probability WZ?b (&,) where U1 # Uy, is defined as

WZ,ZQ(SP) =P (‘Xzfzrzn - gpl < |Xl§:r:n - €p|) .

However, as it will be shown later, it is sufficient to consider consecutive order
statistics. To obtain the pairwise PC probability of consecutive PCOS we need the
joint distribution of successive PCOS. From equation (1.2.2), we can see that this is

given by

fX]Z:zr:n:XZ.LT;n <$€,x€+1) = (611)

¢

Ce Z a; ({1 = F (o) 7707 f(we) | flwen){L = F(ze) 7

i=1
when &) < xy < xp1 < &. We thus have the following Lemma.

Lemma 6.1.3 Given a Progressively Type-II censored sample from an absolutely con-

tinuous distribution with PDF f(x) and CDF F(x), then for £ = 1,2,...,r — 1 and
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any fized quantile &, (0 < p < 1), the probability that X[ ,.,., is Pitman closer to &,

than X<

1o 1S given by

¢ P
The(6p) = FXrn () =coa )y ai(l) /0 (1—u) ™ [1— F(min[¢, 26,— &))" du.
1=1

Proof: We are interested in the region where | XX, . —&| < |XE ., —&|. Squaring

both sides, expanding, and factoring we obtain the following:

|XZ?H:7“:n - fp‘ < ’ngrn - fpl
g (Xlz—j-l:r:n)2 - 2€pXZ3-1:T:n + 6;3 < (ngrn)2 - 2§lezzrn + 6;3
<~ (Xg—lzr:n)z - (Xgiﬂzn)Q - 2€pXZ—z&—1:r:n + 2€le?zrn <0

<~ (Xgi-lzrzn - Xﬁ":n)(Xgilzr:n + XZR;’TL - 251’)) < 0

Since the first term is always non-negative, the second term must be negative.

We also note that if X2, > ¢, then 0 < 2X[}  —2¢ < XX, .+ XJ  —2¢,.
Thus we require X%, < &,.

Finally, we can obtain the probability Wﬁu(fp) by integrating the joint density

as in equation (6.1.1) over the regions X2, . + X[

l:rm

—2¢, < 0and X[} <&,

Ep min(§1,26p—7) R
T Z+1€€p / / f L:rin? Z+1rn(m y)dydx
o

min(£1,26,—x)
—a Y [T pay e [/ F0){1 - Ply)y=dy| do



Chapter 6.1 - Simultaneous Closeness 98

&p —1
—a Y () /E [1— F@)} e f(a) | —{1 - F(y)ye

Ye+1

min(&1,26p—x)
dx
y=x

L

&
ZCﬁJE:GK@ i {1-F(2)}"  f(z) do

&p
— e doaill) | U= B 1 Flminlg, 26, — o) (2o

=1

It is clear from equation (1.2.3), that the first term in the last expression is F’ Xﬁr:n(ﬁ‘p).
Upon making the transformation u = F'(x) in the second expression, we then obtain
the Lemma. |

It can be noted that the while the upper bound of the distribution &; appears in
Lemma 6.1.3, the lower bound & does not. Had we obtained 75, ,(&,) in a similar

manner, the reverse would be true.

Theorem 6.1.4 Given a Progressively Type-II censored sample from an absolutely
continuous distribution with PDF f(x) and CDF F(z), then for { = 1,2,...,r and
any fized quantile &, (0 < p < 1), the probability that Xﬁ”m 18 simultaneously

Pitman closer to &, than all other PCOS, is given by

(

1—m3(&) ifl=1

T (&) =4 7R (&) — 7R (&) ifl=2...,r—1

L ﬂ-Z,zrfl(éP) ng =T

1:irin l:irn

Proof: If £ = 1 then 7R (&,) = P(IXR.,,~&| < mins [XE,,~&,)) = P(IXR.,~&| <

|X§r:n - fp‘) = WfQ(é_p) =1- W;?l (51’) Slmﬂaﬂy for £ = r, W?(fp) = P(’Xzzrn - fp‘ <
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minj<r |X]an - gp’) - P(|X77’€rn - fpl < |X7731:r:n - §P|) = 71—77",%7"71<§P)'

Consider now ¢ = 2,...,r — 1. Then we have that

71-15,(517) = P(|XZ?’;"7’L - £p| < min |X]7?:/‘n - gpl)

1<j<rj#L

R : R
= P<|szr:n - §P| < jzgig—&-l |Xj:r:n - fpl)

=P <{|ngrn - gp’ < ‘Xzil:r:n - €P|} ﬂ {’Xlzzrn - gpl < |Xﬁ1:r:n - é-p’})

P ({IXB 0 =& < IXE 1 = &IV {IX Bt — &l < KB — &1}

P (|XZRTn - €p| < |X£731:7’:n - SPD

- P ({|XZan - §p| < |X€Til:'r:n - §p|} ﬂ {|Xgi—lzrzn - Spl < |Xzarn - §p|}>

- P (XZEl:r:n < XZan < gp < Xﬁl:r:n? Xﬁl:r:n is closer to gp than Xgil:r:n)
R R
= Wﬂ,éfl(gp) - 7Te+1,z(fp)
Where E€ denotes the complement of the event E. |

Corollary 6.1.5 For any symmetric distribution F', for the population median &5,
the pairwise PC probabilities in Lemma 6.1.3 and SCPs in Theorem 6.1.4 are distri-

bution free. The expression in the lemma reduces to

¢
1o (&os) = FY6n (&) — coma > ai(0)B(0.5;ye41 + 1,7 — Y1),
i=1

where B(x; o, f) = [ u* (1 — u)?*du is the incomplete beta function.
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Proof: Firstly we note that for all continuous distributions F', and all 0 < p < 1,
FXGn(E,) = GR.(p) where GR_is the uniform CDF under the same censoring
scheme. Thus this probability is always distribution free.

Since F' is symmetric, then for all 0 < u < 1, 2p5 — &, = &1—. Considering the

integral we have

0.5
/ (1 _ u)%—w+1—1[1 _ F(mm[gl’ 250'5 _ fu])]wﬂdu
0

0.5 0.5
- / (1= )01 — F(minféy, &) du = / W (1 — ),
0 0

as desired. ]
If we consider extreme quantiles, namely as p — 0, or p — 1, we obtain the

following result.

Corollary 6.1.6 For all censoring schemes R we have

» voo | 1 if 0 =1 » vt |1 if b =r
T (&) — T (&p) —
0 otherwise 0 otherwise
Proof: For the first case, we consider lim, ,o 741 ¢. Clearly FXCn (&) >0asp—0
for all ¢ =1,...,r. The integrand in Lemma 6.1.3 is non-negative and bounded by
1, so as p — 0, the integral must go to 0. So lim, o710, — 0 as p = 0.

For the second case we again consider lim, 3 mp11,. Again, F¥ern(E,) — 1 as

p— 1forall ¢ =1,...,r. For the integrand in Lemma 6.1.3, we can see that for fixed
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u € (0,1), lim, 1 (1 — w)¥ 7171 — F(min[&;, 28, — &))" = 0 as F(min[&y, 26, —
&) > F(28, — &) > F(&) = p when p > u. So we have pointwise convergence of
the integrand to 0 (though not necessarily uniformly) as p — 1 for 0 < u < 1. Since
the integrand is uniformly bounded for all u € (0, 1) we may exchange the outer limit
and integral so that the term goes to 0. So lim,_,; T4 — 1 asp — 1.
The corollary then follows from application of Theorem 6.1.4. |
An alternative proof of Corollary 6.1.6 could be given by observing the definition

of m*(&p) directly. That is, 7%, converges to P(X[

l1:r:n

< XZ;T%) [P(XR

l1:rn

> ngz:r:n)]

when p — 0[1].

Proposition 6.1.7 For a location-scale family with location v and scale o, the SCP

1s free of p and o.

Proof: Let Z = % be the standardized distribution. Consider the pairwise PC

probabilities WZ’ZQ, we have for ¢1 # (5

TxR XR (517) =P (|Xl7§:r:n - €P| < |XZ§:7‘:n - §p|)

Ly:rin?  lgirin
Xglz:r:n_u_gp_:u XE:T:H_M_SP_M
g g g o

Il
s

<

P (|Zl?12:r:n - €pZ| < |Zz§:r:n - prD = TzR ZR (gpz)v

Ly’ hoirin

where £pZ is the quantile function of the standard distribution Z which does not
depend on p or o. Since the pairwise PC probabilities of Lemma 6.1.3 do not depend

on p or o, neither do the SCPs of Theorem 6.1.4. [
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Thus when we consider special cases of location-scale families, it suffices to con-

sider the standard distribution.

6.2 Special Cases

In this section we obtain simple explicit results for the standard uniform(0,1) and
standard exponential distributions. For brevity we present expressions for the pair-
wise PC probabilities /%, ,(£,) rather than the SCPs 7*(&,). One thing that should
be noted, is that due to the alternate representation of PCOS, the representations
here are much simpler than those in Balakrishnan et al. (2010c). That is, there is no
recursion necessary in the calculations. However, the representations may not be as

stable numerically, so use for ordinary order statistics of large sizes may be less than

ideal.

6.2.1 Exponential Distribution

For the standard exponential distribution we have the quantile function £, = —log(1—

p) for 0 < p < 1, CDF F(z) = 1 —e* for 0 < z, and lower/upper bounds as

& =0/& = oco. Tt follows that 1 — F(2¢, — &) = (1 —p)?/(1 —u) for 0 < u < p.
We first evaluate the integral of Lemma 6.1.3, i.e.,

P et (L= P)2 e 2 P =201 —1
/ (1 _ u)% Ye+1 AN S du = (1 _ p) Ye+1 / (1 _ u)% Ye+1 du,
0 0

1—u
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so that

~

ﬂ-ﬁl,é(gp) = FX‘Z?""(fp) —c-1(1—2) et Z a;(€) K (p; iy Yer1), (6.2.1)

=1

where

Yi—2%e+1

L1 — (1—p)ni 2] if g, — 27049 # 0
K(p;vis Yeg1) = .

—In(1 —p) if 9 = 27941 =0

6.2.2 Uniform Distribution

For the uniform distribution we have the quantile function ¢, = p, CDF F(z) =«
for 0 < z < 1, and lower/upper bounds as & = 0/§; = 1. Thus for 0 < u < p,
F(minl1, 2§, — &,]) = F(min[1, 2p — u]). Again we need to evaluate the integral as in
Lemma 6.1.3.

We consider the two cases 0 < p < 0.5 and 0.5 < p < 1 separately. For the former,

min[l, 2p — u] = 2p — u so with the substitution v =1 — (1 — u)/((2(1 — p)) we get,

P 1/2
/ (1 _ u)'Yi—’YU—l_l{]_ _ (2]? _ u)}”“ldu — [2(1 _ p)]% / (1 _ v)%_W“_le“dv
0 1 1

" 2(1-p)

, 1 1
= [2(1 —p)]™ {B (5?'764—1 + 1,7 — W+1> - B (1 — m§ Yes1 + 1,7y — W+1)} .

For the case 0.5 < p < 1 we have min[1,2p —u] is 1 if u < 2p — 1 and 2p — w if
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u > 2p — 1. So with the same substitution as above we get,
P
/ (1 — )Y~ — (2p — u)} '+ du
2p—1

1/2 1
== [0 = 20 = B (G 4 L= e ).
0

Combining the two cases yields the following expression for the pairwise PC prob-

ability as

TR e(&) = FXEn () — coa (1= 220 3~ as()[2(1 — p))* (6:2.2)

i=

1
1 1
XSB| =iy +1L,v =Yg | —B({max | 0,1 — —— ) ;741 +L,%i — Yo | ¢ -
2 2(1—p)

6.2.3 Other Distributions

For most distributions Lemma 6.1.3 will not yield elementary functions. We consider
the standard cauchy, normal, and skew normal distributions, all of which do not yield
simple explicit representations. As a result we obtain the PC probabilities in Section

6.3 for these distributions with numerical integration.

6.3 Numerical Illustration

We consider a numerical example to illustrate the methods presented in this section.

The SCPs 7/%(¢,) for the standard exponential, uniform, normal, cauchy, and skew
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normal distributions are presented in Tables 6.1-6.6 respectively for the following

censoring schemes,

R1 = (20,0,0,0,0,0,0,0,0,0), R, = (0,0,0,0,0,0,0,0,0,20),
Ry = (2,2,2,2,2,2,2,2,2,2), R, = (5,5,0,0,0,0,0,0,5,5),
Rs = (0,0,0,0,20,0,0,0,0,0), Re = (0,0,0,0,10,10,0,0,0,0),
Ry = (4,4,4,4,4,0,0,0,0,0), Rs = (0,0,0,0,0,4,4,4,4,4).

In the above schemes we have n = 30 and m = 10. For the skew normal distribution
we take the shape parameter o to be 1 and —1.

We can notice that across the distributions the probabilities for the central quan-
tiles do not vary significantly, and in fact many vary by less than 0.001. Thus, when
choosing an optimal order statistic for a given scheme R, the different distributions
will typically choose the same order statistic except for some small regions of p where
the preference changes from the ¢-th to ¢ + 1-th PCOS. However, there are some
notably large differences at the extremes, both for small/large p, and particularly
for the largest and smallest order statistics. The most notable of these are X ¢! 0.5
for p = 0.95 which varies from 0.7250 for the cauchy distribution to 0.8657 for the
uniform distribution, and X4 5, for p = 0.05 which varies from 0.3554 for the cauchy
distribution to 0.6711 for the exponential distribution.

We can notice that for schemes with right censoring (R, R4, Rg), then X754,
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is closest to most upper quantiles. However, it may be closest by virtue of being the
largest item much lower than the quantile. So to get a better idea of the spread of
this item one could modify the scheme as follows: R = (Ry,...,R._1,R,) —» R* =
(Ri,...,R,—1,1, R, — 1). Namely, we imagine that we had observed the next failure
which would give a better idea of which quantiles X% is closest to in the Pitman
sense.

On a similar note however, schemes with right censoring appear to be more robust
to the difference in distribution. In Ry, R4, and Rg there is little variation between the

distributions. This is most notable for right censoring. However, due to asymptotic

nature of order statistics, this is an unsurprising fact.
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Chapter 6.3 - Numerical Illustration
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Chapter 6.3 - Numerical Illustration
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Chapter 6.3 - Numerical Illustration
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Chapter 6.3 - Numerical Illustration
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Chapter 6.3 - Numerical Illustration
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Chapter 6.3 - Numerical Illustration
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Chapter 6.3 - Numerical Illustration
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Chapter 7

Pitman Closeness as a Criterion

for Optimal Censoring Schemes

When designing a life-testing experiment, the experimenter would fix the sample size
and allowable number of failures, and would like to obtain the highest amount of
“information” possible. This typically means minimizing the mean square error or
variance for some plausible class of distributions. The exponential distribution is one
such distribution assumed in life testing.

For a single parameter exponential distribution with scale parameter 8, the Best

Linear Unbiased Estimator (BLUE) of 6 based on a progressively censored sample

r

1
with censoring scheme R is 6* = — E (R;+1)X[. However, it is a well known prop-
r
i=1

rf

erty of the exponential distribution that ~ X3, (See Balakrishnan and Aggarwala,
m

2000; Viveros and Balakrishnan, 1994). The marginal distribution of the BLUE is

119
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free of the censoring scheme, so no determination of optimality can be determined
that uses only the marginal distributions of the BLUE for various censoring schemes.

In this chapter we provide a method for comparing the BLUE of the exponen-
tial distribution, across possible censoring schemes. We will make use of the Pitman
Criterion for comparing the BLUE, in particular, we will make use of the joint dis-
tribution of the BLUE for two censoring schemes applied to the same hypothetical
sample. An experimenter will typically run the experiment once, so it stands to rea-
son that they should choose the scheme that will be closest that one particular time.
Pitman’s measure of closeness is well suited to answer the question when viewed in
this light.

We further conjecture that right censoring is optimal generally. However, we only

demonstrate this in specific cases, and leave a general proof as an open problem.

7.1 Comparison of Censoring Schemes

Consider two progressive censoring schemes R and Ry. An experimenter will place n
items on failure. If the items are left until all n have failed, we will obtain Xy,..., X,
which will all be finite with probability 1. The progressive censoring schemes R; and
Ry are applied to the hypothetical data and the BLUEs 07 and 6%, are obtained
respectively. Since the BLUEs are generated from the same underlying data, they

will be dependent.

Definition 7.1.1 For two given progressive censoring schemes Ry and Ro we define
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the PC probability between the two schemes as

7 (0%, 0,) = P(10%, — 0] < 0%, — 0],

where the dependence structure is generated as above.

If 0%, is uniformly closer to 6 than 0%, , we say that R, is better than R in the sense

of Pitman closeness.

Lemma 7.1.2 If 7r( 7. 0%,

«9:1) = q, then 7r( R 0%,

6) = W(;kzl’ ;22) =

q,V 0 >0.

Proof: For any 6 > 0, we have

W(Q}EI,Q%Q

0) = P (|05, — 0] < |0x, —0|) = P (|65,/0 — 1| < |0%,/0 —1|)

:w(e;;l,e;‘h

6=1)

The last equality follows from the fact that XX /6,..., X% /0 is equal in distri-
bution to a progressively Type-II censored sample from the standard exponential
distribution. |

Consequently we can write the PC probability as 7 (65, 9};2‘ 0) = 7 (65,,0%,),

since it free of 6. Furthermore, we can restrict ourselves to the standard exponential

for simplicity, as we will now assume unless otherwise stated.
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Following along the lines of the proof of Lemma 6.1.3 we can find the region
that 6, is closer to 6 than 6% as (0, —0%,) (6, + 05, —2) = ab < 0. Here
a= ( Ry~ %2) and b = ( ;‘31—1-9;‘32—2).

The BLUE 03, is Pitman closer to 6 than 03, if either (a > 0,b < 0) or (a <
0,0 >0).

Obtaining the BLUE from the n complete observations is equivalent to expressing

the joint distribution of X% . ..., X% as a mixture of the usual order statistics

1:irmo ririm

G XR Y = (Xiyms - -5 Xi,m) for some

rrn

from the complete sample. Thus (XF

Lirino -
1 <14 < -+ <14, <n depending on which items are removed in the sampling and
where (X;,.n, ..., X, .n) 1S @ component in the mixture distribution.

To simplify the matter, we can use the independent spacing properties of the

exponential distribution (See Balakrishnan and Aggarwala, 2000). Namely, the order

1
statistics from a complete sample can be written as X;., = E THZ]“ where
n R
k=1

(2

Z1, ..., 2, are i.i.d standard exponential.
Finally we can obtain the PC probability conditional on the two component mix-
tures by integration over R"* subject to the above linear constraints set in terms of

Z1y ..., Zy,. We describe this in detail in the next section.

7.1.1 A General Algorithm

Here we describe in detail general algorithm to obtain the PC probabilities to compare

any two progressively censored schemes as discussed in Section 7.1.
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Given two potential censoring schemes R, and R, we can obtain the PC proba-

bility 7(0%,,0%,) for any r and n as follows.

1. Express the Type-II progressively censored samples as a mixture of the usual

order statistics (see Guilbaud, 2004), given by

fR(@y,. ) = > WS i X Xy (T1 3 ) (7.1.1)

15’1 yeensi¥<n

2. Based on each mixture component vector (X;, ., ..., X; .,), obtain the estimator
O (i%, ... i%), as 0%, conditioned on (XT.,,.... XX ) = (Xiym, - Xipm),
given by

05 (%, ... % %Z Ri+ )X, (7.1.2)

which yields the final mixture form for the estimator 63 as

Z wll beee ZRG* 7’?7 s o 7?‘17;) (713)

1<z1 U 1.3

3. Using the independent spacing property of the order statistics from the expo-
nential distribution, express the usual order statistics as Xj., = J ——

k=1 n—k+1 k+1

where 71, ..., Z, are i.i.d. exponential with mean 1;

4. For each pairwise combination between the component distributions of 6% and

%,, obtain the two linear constraints as described previously (a and b);

5. Integrate the joint density of the independent exponential random variables,
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Z1, ..., Zy over R™" subject to the above two linear constraints. This gives the
conditional PC probability = (03“21(2'?1, i), 9;‘%2(' 2,...,i®)). It should be
mentioned that the two linear constraints can be turned into affine constraints

with the simple algorithm as considered in Schechter (1998);

6. The PC probability 7(6% ,0%,) can be finally computed as the weighted sum

of the above conditional probabilities. Namely,

* R1 “R1 * “Ro “Ro
(0%, g w1 . 71?11,071227 ’ZFQW( o (i), O, (012, 102)
1<z1 . 72T1<n
1<i2 i <n

7.1.2 Some Special Cases

We demonstrate parts of the algorithm for the cases n =3, m =2, and n = 4,m = 3.
In particular we compare right censoring to all other schemes.

For the case n = 3, m = 2, there are only two possible censoring schemes, S =
(0,1) and Ry = (1,0). For these cases we can write the BLUEs as a mixture of the

usual order statistics as follows:

1
01 = 5X1s + Ko (7.1.4)

X1:3 + %XQ;g with probablhty 1/2
0; = . (7.1.5)

X1;3 + %Xg:g with probablhty 1/2
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Expressing the usual order statistics by means of the exponential spacings, we obtain

1 1
GI = 521 + 522, (716)
321+ 322 with probability 1/2
g — | (7.1.7)

%zl + }lz2 - %z3 with probability 1/2

Table 7.1 gives the PC probability between 05 and 6% . For each component
of the mixture distribution in (7.1.6) and (7.1.7), the unconditional conditional PC
probability subject to the constraints a > 0(< 0), and b < 0(> 0) are shown explicitly
in Column 3, with a decimal equivalent in Column 4. Combining these results, we
readily obtain m (9};«, 9;}1) = 0.5657, and thus right censoring is optimal in the case of

n=3 m=2.

Constraints Conditions Cond. Prob. Value
a=1z a>0,b<0 1—4e 2+ 3¢ 3 0.3336
b=2z1+32—2 a<0,b>0 0 0
a=1z—1z a>0,b<0 1—18e73 1975 —4e72 0.0759
b=z1+3m+323—-2 a<0,b>0 4de?—8e? 42 0.1562

0.5657

Table 7.1: PC probability 7 (0%, 05, ) for n=3, r=2

When n = 4 and m = 3 there are 3 possible censoring schemes S = (0,0, 1),

R1=1(0,1,0) and Ry = (1,0,0). Again we can write the BLUEs as a mixture of the
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usual order statistics as follows.

1 1 2
0 = = X1+ =X + =X 7.1.8
5= 3t + 3i2d + 334 ( )

(

. %X1;4 + §X2;4 —+ %X3;4 with probablhty 1/2

%XM + %XM + %X4:4 with probability 1/2
%XM + %XM + %X3:4 with probability 1/3
Or. =\ 2X14+ 1 X0+ 1X,y with probability 1/3 - (7.1.10)

§X1;4 + %X3:4 + %X4;4 with probablllty 1/3

Once again, expressing now the usual order statistics by means of the exponential
spacings, we obtain
1 1 1

9; = 521 + 522 + §23, (7111)

321+ 32+ 52 with probability 1/2
0r = , (7.1.12)
%zl + %2@ + %23 + %24 with probability 1/2
%21 + 322 + %23 with probability 1/3

Or, =4 %21+ 223+ tz5 + L2 with probability 1/3 - (7.1.13)

1214 22 + L1235+ 12z with probability 1/3

For each component of the mixture forms in (7.1.12) and (7.1.13), the conditional

PC probability subject to the constraints a > 0 (< 0) and b < 0 (> 0) are shown
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explicitly in Column 3 while the unconditional decimal equivalents are in Column
4 of Table 7.2. Combining these results suitably, we find in Table 7.2 the values of
7 (0%, 05,) and 7 (0%, 0%,) to be 0.5526 and 0.5363, respectively. These readily imply
once again that the right censoring case is the optimal one in the sense of Pitman
closeness.

We can notice that in each case, the first mixture component seems to contribute
the largest probability that 0% is closer than the alternative. This corresponds to
the highest observations being censored. As a result, the BLUE under right censoring
is surely no less than the other BLUE, and as a result the other censoring schemes
tend to underestimate 6.

We have obtained the PC probabilities in this section for the cases n = 3 and
n = 4, but as the sample size increases, the number of component distributions for
the mixture representations grows rapidly. Thus the algorithm presented in here may
not be feasible for computation. In these cases, Monte Carlo simulations may be

preferable.

7.2 Simulation Study

In Tables 7.3-7.8, we present the PC probabilities comparing right censoring to other
progressive censoring schemes for various sample sizes and proportion of censoring.
Where possible we present all possible comparisons (n = 5,6, 7), otherwise we present

a broad selection of comparisons. All simulated probabilities were obtained with
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1,000,000 Monte Carlo simulations.

We denote § = (0,0,...,0,n — r) as the usual Type-II right censoring scheme,
and R as the alternative. The results for all tables seem to confirm the conjecture
that right censoring is optimal in the Pitman closeness sense.

It is also of interest to note, that the near extremal scheme 7 = (0,...,0,1,n—r),
for fixed n and r, has the highest PC probability amongst all of the comparisons
considered.

We can also note that when the sample size n is fixed, the PC probabilities tend to
increase as the censoring proportion increases. For a fixed number of censored items
and an increasing number of failures, the PC probabilities tend to decrease but not
rapidly. So for even moderate sample sizes, there are schemes that S is moderately

better than, and seemingly none that it is worse than.
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Chapter 8

Conclusions and Further Work

In this thesis we have discussed inference under Type-II (right and doubly) and pro-
gressive Type-II censoring.

In Chapters 3 to 5 we have demonstrated how to obtain mixture representations for
pooled order statistics based on multiple independent samples. We have shown how
the marginal and bivariate representations can be used for nonparametric inference
in the way of confidence intervals for quantiles, tolerance intervals, and prediction
intervals. However, these mixture representations can be used efficiently wherever
the results for regular order statistics is previously studied. In the case of Type-
IT censoring we have shown that there are significant gains in terms of coverage
probability over the one-sample case. This gain is not clearly evident in progressive
censoring.

However, the mixture distributions presented can be taxing in terms of compu-
tational power. As a result we suggested simulating the mixture weights. In the

example considered in Chapter 4 we have shown that even with a small number of
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simulations, the absolute and relative errors in the final estimated probabilities are
very small. Since one is typically interested in large probabilities, then the absolute
and relative errors are negligible. Thus, we suggest that this is an ideal method of ob-
taining the mixture weights for the representations in terms of regular order statistics
when the number of samples, and/or the number of censored items is large. However,
simulation is not always easy. The mixture representation in Theorem 5.1.1 is a non-
convex mixture of progressively censored samples. In some cases these correspond to
an outcome in terms of the pooling of the samples. In others however, there is no
clear interpretation of the component distributions in terms of the ordering of the
complete or censored data.

We have briefly considered asymptotic results in Section 3.2.4. In particular we
have shown that when the sample size is bounded uniformly, F 74 — 1as B — o0
regardless of the amount of censoring in each sample. This also applies to doubly
Type-II censored samples in regards to Z(;) and Z;). This result immediately applies
to the progressively Type-II censoring case. However, in the progressive censoring
scenario, there may not be any gain over the one sample case depending on the
censoring schemes considered.

In Chapter 6 we have given some results concerning quantile estimation with
PCOS, using Pitman’s measure of closeness as an optimality criterion. We gave a
symmetry result for the median, and for some special distributions gave explicit re-

sults. We considered numerical results with many censoring schemes and distributions
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and noted that the Pitman’s criterion is quite robust, with regards to the distribution,
for central order quantiles. This is most notable for symmetric distributions.
Progressive censoring schemes are the focus of Chapter 7. In this chapter we
discuss how one can use Pitman’s measure of closeness to determine an optimal cen-
soring scheme for determining the scale parameter of a single parameter exponential
distribution. Since the marginal distribution of the BLUE in this case is free of the
censoring scheme, one must consider other methods. We demonstrate how to obtain
the PC probability comparing two schemes and do exact calculations, and simulate
values for larger sample sizes. The results support the conjecture that right censoring
is the scheme that produces a BLUE that is Pitman Closer than the BLUE generated

by any other censoring scheme.

8.1 Further Work

There are many problems which have presented themselves for future consideration.
While the nonparametric methods in Chapters 3 to 5 cover a variety of situations,
one may ask how to include more information. For example, if we know that the
underlying distribution is symmetric, are there simple ways of including this into the
nonparametric intervals? How can one include information of covariates, perhaps
concomitants?

In Section 3.2.4 we showed that the sample maximum from the pooled samples
may have a non-degenerate distribution on the support of the underlying distribution.

In such a case some subsequence either converges in probability to the lower endpoint
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of the distribution, or has a non-degenerate distribution on the entire support. It
is natural to ask what are necessary and/or sufficient conditions for the maximum
to converge to the upper endpoint. Furthermore, can we normalize the maximum or
central order statistics to obtain non-degenerate limiting distributions as with regular
order statistics?

It also seems natural to consider an empirical type distribution based on the pooled

—

data. A possible way to do this would be as F(z) = ”THEZ@ for x € [24), 2(i11)),
1=1,2,...r—1 and ]*{(;) = 1 for © > 2. In the case of a complete sample this
would be the standard empirical distribution function. Perhaps this can be used to
obtain Kolmogorov-Smirnov type tests.

In Chapter 5 we consider a non-convex mixture distribution. There seems to be
no clear way to sample from such a distribution. One would need to simulate as to
provide an estimate which is a valid probability distribution function.

We leave one clear open problem in Chapter 7. That is, we have conjectured that
right censoring produces a Pitman best scheme (and left censoring Pitman worst),
can this be formalized?

We leave these questions open and look forward to the forthcoming answers, and

questions yet to come.



[y

[y

—_

Appendix A
Code for Chapter 3

function: qpxkn, qpziu, qpzi2

input
q The probability for the ¢-th quantile, &,
k/1 Lower/Upper bounds in terms of OS indices
n(N) The overall sample size
ii An integer vector of OS indices

weights A double vector of mixture probabilities (corresponding to ii)
ii1/1i2, and weightsl/weights2 correspond to Z;,) and Z,)
respectively

output
Returns a double of P(Xy., < & < Xi.)/P(&g < Zw))/P(Zy < &4 < Ziiy))

gpxkn<—function(q,k,1 ,n){sum(dbinom(k:(1-1),n,q))}

gpziu<—function (ii ,weights ,N,q) {sum(weights*sapply (ii ,qpxkn,g=q,k=0,n=N)

)}

gpzi2<—function (iil ,1i2 , weightsl ,weights2 \N,q){qpziu(ii2 ,weights2 ;N,q)—
qpziu (iil , weightsl ,N,q)}

139
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function: samp2

input
m/n Sample sizes
s/t Number of observations (corresponding to n/m)
i Index for i-th pooled OS Z;

output

Returns a matrix with 2 columns. The first column stores the index of an order
statistic Xj.m4n. The second column stores the mixture weight w;; = P(Z(i) =

Xj:m+n)

samp2<—function (m,n,s,r,i){
wikl<—function (i,k,l,n){choose(i—1,k—1)*choose(sum(n)—i,l1—k)/choose (sum(
w)n[1])}
if (r<s) {a<—c (m,n, s 1) m<—a 2] n<—q[1]; s<—q [4]; r<—a[3]}
if(l<=i&i<=min(r,s)){return (matrix(c(i,1) ,ncol=2))}
if (i<=max(r,s)){out<—cbind (i:(i+tms),rep(0,m-s+1))
for (1 in (s+1):m){out[l—-s+1,2]<—wikl(i—s+l,14+1m+1,c(m,n))}
out [1,2]<—1-sum(out [,2]) ;return (matrix (out ,ncol=2))

if (i<=r+s){

top<—max(m-s ,n—r)

out<—cbind (i :(i+top) ,rep(0,top+1))

for (1 in (s+1):m){out[l—-s+1,2]<—wikl(i—s+],14+1m+1,c(m,n))}

for (1 in (r+1):n){out[l-r+1,2]<—out[l—-r+1,2]+wikl(i—r+1,14+1,n+1,c(m,n))}
out [1,2]<—1-sum(out[,2])

return (matrix (out ,ncol=2))

}

stop(”i not valid”)

}
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function: wiklj

input
1 The index such that Z;) = X
k/1 Vector containing the number of observed and unobserved items
from each sample that fall below/above Z;
j Vector of sample sizes
N Overall sample size
output

Returns a double with the weights Wi 11 3,151 as in Chapter 3

wiklj<—function (i, k,1,j ,N){

if (i<sum(k) |[N-i<sum(1l)){return(0)}

exp (lgamma ( i ) Hgamma (N—i+1)—sum (lgamma (k+1) )—sum (lgamma (1 +1) ) —lgamma (i—
sumgkg )fl;g)amma(Nfiﬂum( 1) +1)-lgamma (N+1)4sum (lgamma( j +1) )-Hgamma (N—
sum( j )+1

}
function: sampkall
input
n Vector of sample sizes
T Vector of number of observations in each sample
i Index for i-th pooled OS Z;
output
Returns a matrix with 2 columns. The first column stores the index of an order
statistic Xj.;. The second column stores the mixture weight w;; = P(Zu) = Xj.).
This program is ONLY used for the case where n, =n, r, =7, b=1,2,..., B.
sampkall<—function (n,r,i){
B<—length (n) ;N<—sum(n) ;R<—sum(r ) ; nmr<—n—r
# Calculate combinations for sigmabprime
tempsbp<—vector (” list” ,B—1);for(yy in 1:(B—1)){tempsbp [[yy]]<—combn (1:(B

-1),yy)}

# Calculate combinations for b’ and b’ alpha
tempnmr<—vector (" list” ,B); for (yy in 1:B){tempnmr[[yy]]<-1:(n[yy]-r[yy])}
tempr<—vector (” list” ,B);for (yy in 1:B){tempr[[yy]]<-0:r[yy]}
# Main Loop
out<—cbind (1:N,0) ;b<—1
for(k in 1:r[1]){

bdim<—1

while (bdim<B&&sum(r[—b][1: bdim])<=i—k){

j<—1

bweight<—Bxchoose (B—1,bdim)
imkmRjp<—i—k-sum(r[—b][tempsbp [[bdim]|][,]j]])
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if (imkmRjp>=08&i—k<=R-r [b]){ # Permutation b’ satisfies
condition
tempind<—which (r[—b][—tempsbp [[bdim]] [, j]] <imkmRjp)
if (length (tempind )==0){# Case with b’ alpha empty
if (bdim—B-18&imkmRjp==0){ # b’ 'alpha empty b’ ’beta
empty
xx<—as . matrix (expand . grid (tempnmr[—b]) ,ncol=bdim)
for (yy in 1:(dim(xx)[1])){out[l4+sum(xx[yy,]) ,2]<—out
[1+sum(xx[yy,]) ,2]+bweight*wiklj (i+sum(xx[yy,]) ,
C(k*l,l"[*b]#’XX [yy 7] ) 7C(n[b]*k’nmr[7b]7xx [yy ?] ) ) 11
N)}

f (bdim<B—1){ # b’ ’alpha empty b’ ’beta non—empty
xx<—as . matrix (expand . grid (tempnmr[—b | [ tempsbp [ [ bdim
105311))
for (yy in 1:(dim(xx)[1])){out[l4+sum(xx|[yy,]) ,2]<—out
[14+sum(xx[yy,]) ,2]+bweight*wiklj (i+sum(xx[yy,]) ,
c(—1,x b tempsbp [ [bdm] ][ §]J+xx[xv.]) e(n[D
|-k nmr[ b][tempsbp [[bdim]][,j]]—xx[yy,]) ,c(n[b
: ] ,n[=b][tempsbp [[bdim]][,j]]) ,N)}

} else{ # b’ ’alpha non—empty and b’ ’beta empty
xx<—as.matrix (expand. grid (c (tempnmr[—b | [ tempsbp [ [ bdim
I11,31], tempr[=b][—tempsbp [[bdim]] [, j ]][tempind])))
if (length (tempind)==1){xx<-—matrix (xx [which(xx[, —(1:bdim)
]==imkmRjp) ,] , ncol=bdim+1)}
if (length (tempind)>1){xx<—matrix (xx[which(apply (xx[, —(1:
bdim)],1 ,sum)=—imkmRjp) ,] , ncol=bdim+length (tempind))

for (yy in 1:(dim(xx)[1])){out[l+sum(xx[yy,1l:bdim]) ,2]<—
out[14+sum(xx[yy,l:bdim]) ,2]+bweight*wiklj (i+sum(xx [
w13 bdim]) (kL r(=b] tempsbp [[bdim ][ ]} +xx vy
,1:bdim] ,xx[yy,—(1l:bdim)]) ,c(n[b]—k,nmr[—b][tempsbp
[[bdim]][, j]]—xx[yy,1:bdim] ,n[-b [
c(n[b],n[—b][tempsbp
e

H—tempsbp[ bdim | ] [,
j]][tempind]—xx[yy,—(1:bdim)]),
[{bdim]][,j]]n[~b][—tempsbp [[bdim ][ ,j ][ tempind]) .
N) }

}
bdim<—bdim+1

}

}

out [1,2]<—1-sum(out[,2])

if (any(out[,2] <0)){print (”Error has occurred some mixing probability is
negative” )}

return (matrix (out [which(out[,2] >0) ,] ,ncol=2),))

}
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function: sampk
input
n Vector of sample sizes
T Vector of number of observations in each sample
i Index for i-th pooled OS Z;
output

Returns a matrix with 2 columns. The first column stores the index of an order
statistic Xj.m4n. The second column stores the mixture weight w;; = P(Z(i)
X.#). This program will call sampkall or samp2 where appropriate

1| sampk<—function(n,r,i){

2

3|if (i—floor (i)!=0){cat(”i not an integer, i set to”, floor (i), ”"\n”);i<—
floor (i)}

4| if (any (n—floor (n)!=0) ){cat(”some n is not an integer, n set to”, floor(n
), *\n”) ;n<—floor (n) }

5| if (any (r—floor (r)!=0)){cat(”some r is not an integer, r set to”, floor(r
), "\n”);r<—floor(r)}

6

7|B<—length (n) ;N<—sum(n) ;R<-—sum/(r)

8

9|# Terminating Conditions

10 if(B'—length(r)){stop(”n and r not of same length”)}

11| if (any (n<r) ) {stop (?Some r value is less than its corresponding n”)}

12| if (any(r<1)){stop(”Some r value is less than 17)}

13| if (i<1){stop(”invalid i, must be integer from 1 to sum of r”)}

14| if (i>R) {stop(”i too large must be less than sum of r”)}

15

16|# Sort m and r, first by r then within each r by n

17| templ<—cbind (n,r)

18| templ<—templ [order (templ [ ,2] ,templ [,1]) ,]

19| n<—templ [ ,1]; r<—templ [, 2]

20

21|# Merge complete samples into 1 sample and append as the last sample

22| mflag<—0

23| if (any (n—r) ) {

24 temp3<—which (n—r)

25 r<—c(r[—temp3] ,sum(r [temp3]))

26 n<—c (n[—temp3] ,sum(n[temp3]))

27 Borig<—B;B<—length (1) ; mflag<—1

28| }

29| nmr<—n-—r

30

31|# Special Cases

32| if (B==1){return (matrix(c(i,1) ,ncol=2))}

33| if (B==2){return (samp2(n[1] ,n[2],r[1],r[2], ))}

34| if (length (unique(r))==&length (unique(n))==1){return (sampkall (n,r,i))}

35
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# Condition 1 — trivial
if(l<=i&i<=r [1]) {return (matrix(c(i,1) ,ncol=2))}

# Calculate weights for Repetitions of (n_j,r_j)
nr<-rbind (n,r) ; weights<-rep(1,B)
for (yy in 1:(B-1)){
if (weights[yy]!=0){
for (zz in (yy+1):B){if (all(nr[,zz]==nr[,yy])){weights|[c(yy,zz)]
<—c(weights[yy]+1,0)}}

}

# Calculate combinations for sigmabprime

tempsbp<—vector (” list” ,B—1-mflag);for (yy in 1:(B-1-mflag)){tempsbp [[yy]]
<—combn (1:(B-1-mflag) ,yy)}

if (mflag==1){tempsbpl<—vector(”list” ,B—1)

for (yy in 1:(B—1)){tempsbpl [[yy]]<-combn (1:(B-1),yy)}}

# Calculate combinations for b’ and b’ ’alpha
tempnmr<—vector (" list” ,B); for (yy in 1:B){tempnmr[[yy]]<-1:(n[yy]-r[yy])}
tempr<—vector (” list” ,B);for (yy in 1:B){tempr[[yy]]<-0:r[yy]}

# Main Loop
out<—cbind (i:N,0)

if (mflag==1){ # When 1 (or more) complete sample(s) (i.e., mflag = 1)
for (b in 1:(B—1)){# Going over b where the bth sample is not complete
if (weights[b]!=0){
for (k in 1l:r[b]){
bdim<—1
while (bdim<(B—1)&&sum(r[—b][1:bdim])<=i—k){
for(j in 1:choose(B—2,bdim)){
imkmRjp<—i—k-sum(r[—b][tempsbp [[bdim]][,j]])
if (imkmRjp>=08&i—k<=R-r [b]) { # Permutation b’ satisfies
condition
tempind<—which(r[—c(b,B)][—tempsbp [[bdim ][, j]] <imkmRjp)
if (length (tempind )==0){ # Case with b’ ’alpha empty
#H b Talpha empty b’ beta mon—empty
xx<—as . matrix (expand. grid (tempnmr[—b | [ tempsbp [[bdim]][,]j]]))
for (yy in 1:(dim(xx)[1])){
out [14+sum(xx[yy,]) ,2]<—out[l+sum(xx[yy,]) ,2]+weights[b]*wiklj (i+
sum(xx[yy,]) ,c(k—1,r[~b][tempsbp [[bdim]][,j]]+xx[yy,]) ,e(n[b
|-k, nmr[ b [ tempsbp [ [bdim]] [ , §]]—xx [yy,]) e (n[b] ,n[-b]
tempsbp [[bdim]][,j]]) ,N)
}
}

else( # Case with b’ alpha non—empty

if (bdim+1+length (tempind )<B){ #4444 b’ "alpha non—empty and b’
beta non—empty
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xx<—as . matrix (expand. grid (c (tempnmr[—b | [ tempsbp [[bdim || [, ]],
tempr[—b][—tempsbp [[bdim]] [, j]][tempind])))
if (length (tempind)==1){xx<—matrix (xx [which(xx[, —(1:bdim)]<=
imkmRjp) ,]| ,ncol=bdim+1)}
if (length (tempind ) >1){xx<—matrix (xx [which (apply (xx[, — (1:bdim)
],1,sum)<=imkmRjp) ,] , ncol=bdim+length (tempind))}
for (yy in 1:(dim(xx)[1])){
out [14+sum(xx[yy,l:bdim]) ,2]<—out[l+sum(xx[yy,l:bdim]) ,2]+weights
[b]*wiklj (i+sum(xx[yy,l:bdim]) ,c(k—1,r[—b][tempsbp [[bdim]]][,
jll+xx[yy,l:bdim] ,xx[yy,—(1l:bdim)]) ,c(n[b]—k,nmr[—b][tempsbp
[[bdim]] [, j]] —xx[yy,1:bdim],n[—b][—tempsbp [[bdim]][,]]]
tempind]—xx[yy,—(1l:bdim)]) ,c(n[b],n[—b][tempsbp [[bdim]][, j
1], n[—b][~ tempsbp [[bdim]][ .j ]] [ tempind]) ,N)

}

else{ #HHHE b7 Talpha non—empty and b’ ’beta empty
xx<—as . matrix (expand. grid (c (tempnmr[—b | [ tempsbp [[bdim || [, ]],
tempr[—Db][—tempsbp [[bdim]] [, j]][tempind])))
if (length (tempind )==1){xx<—matrix (xx [which(xx[, —(1:bdim)]==
imkmRjp) ,]| , ncol=bdim+1)}
if (length (tempind)>1){xx<—matrix (xx [which (apply (xx[, —(1:bdim)
],1 ,sum)=—=imkmRjp) ,] , ncol=bdim+length (tempind) )}
for (yy in 1:(dim(xx)[1])){
out[l4+sum(xx[yy,l:bdim]) ,2]<—out[l4+sum(xx[yy,1l:bdim]) ,2]+ weights
[b]*wiklj (i+sum(xx[yy,l:bdim]) ,c(k—1,r[—b][tempsbp [[bdim]]][,
jll+xx[yy,1:bdim],xx[yy,—(1:bdim)]) ,c(n[b]—k,nmr[—b] [ tempsbp
[[bdim]]] ,j]] —xx [yy ,1: bdim] , n[—b][ — tempsbp [ [ bdim]][ ,j ]
tempind]—xx[yy,—(1l:bdim)]) ,c(n[b],n[—b][tempsbp [[bdim]][, j
1] ,n[—b][— tempsbp [ [bdim]][ ,j ]] [ tempind]) ,N)

}
}
}
}
}
bdim<—bdim+1
}
}
}
}

b<-B # Going over b = B where the sample is complete
for (k in 1l:r[b]){
bdim<—1
while (bdim<B&&sum(r[—b][1: bdim])<=i—k){
for(j in 1:choose(B—1,bdim)){
imkmRjp<—i—k—sum(r[—b][tempsbpl [[bdim]]|[,]j]])
if (imkmRjp>=08&i—k<=R-r [b]) { # Permutation b’ satisfies condition
tempind<—which (r[—b][—tempsbpl [[bdim]] [, j]] <imkmRjp)
if (length (tempind)==0){ # Case with b’ ’alpha empty
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if (bdim=—B-1&&dmkmRjp==0){ HAHE b T alpha empty b’ beta empty

xx<—as.matrix (expand. grid (tempnmr[—b]) ,ncol=bdim)
for (yy in 1:(dim(xx)[1])){
out[l+sum(xx[yy,]) ,2]<—out[l4+sum(xx[yy,]|) ,2]+weights[b]*wiklj (i+
sum(xx[yy,]) ,e(k—1,r[-b]+xx[yy,]) ,c(n[b]-k,nmr[-b]-xx[yy,]) ,n,

N)
}
}
if (bdim<B—1){ #HH b7 T alpha empty b’ beta non—empty
xx<—as . matrix (expand . grid (tempnmr|[—b] [ tempsbpl [[bdim]][,]j]]))

for (yy in 1:(dim(xx)[1])){
out [14+sum(xx[yy,]) ,2]<—out[l+sum(xx[yy,]|) ,2]+weights[b]*wiklj (i+
sum(xx [yy,]) ,e(k—1,r[=b][tempsbpl [[bdim]] [, j]]+xx[yy,]) ,e(n[b
]=k,nmr[—b][tempsbpl [[bdim]][,j]] —xx[yy,]) ,c(n[b],n[-b]]
} tempsbpl [[bdim ][, j]]) ,N)
}

else{ # Case with b’’’ alpha mnon—empty

f (bdim+1+length (tempind )<B) { HAH b T alpha non—empty and b’ beta

non—empty

xx<—as . matrix (expand. grid (c (tempnmr[—b ][ tempsbpl [[bdim ]][,j]] , tempr
[=b][=tempsbpl [[bdim ]][, j]] [ tempind])))
if (length (tempind)==1){xx<-matrix (xx [which(xx[, — (1:bdim )]<=imkmRjp)
,] ,ncol=bdim—+1)}
if (length (tempind)>1){xx<—matrix (xx [which(apply (xx[, —(1:bdim)],1,
sum)<=imkmRjp) ,] , ncol=bdim+length (tempind) ) }
for (yy in 1:(dim(xx)[1])){

out[l+sum(xx[yy,l:bdim]) ,2]<—out[l+sum(xx[yy,1l:bdim]) ,2]+weights|b
|*wiklj (i+sum(xx[yy,1l:bdim]) ,c(k—1,r[—=b][tempsbpl [[bdim]][, j
|l+xx[yy,l:bdim] ,xx[yy,—(1:bdim)]) ,c(n[b]—k,nmr[—b] [tempsbpl [
bdim]][,j]] —xx[yy,1:bdim] ,n[—b][—tempsbpl [[bdim]] [,j]][tempind
J=xx[yy,=(1:bdim)]) ,c(n[b],n[=b][tempsbpl [[bdim]][,j]] ,n[-b][-
: tempsbpl [[bdim ]][,j]][tempind]) ,N)
}
else{ #HE b Talpha non—empty and b’ ’beta empty
xx<—as.matrix (expand. grid (c (tempnmr|[—b | [ tempsbpl [[bdim]][,j]] , tempr

[—b][—tempsbpl [[bdim]][,j]][tempind])))
if (length (tempind )==1){xx<-—matrix (xx [which(xx[, —(1:bdim )]==imkmRjp)
,] ,ncol=bdim+1)}
if (length (tempind)>1){xx<—matrix (xx [which(apply (xx[, —(1:bdim)],1,
sum)—imkmRjp) ,] , ncol=bdim+length (tempind) )}
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for (yy in 1:(dim(xx)[1])){

out [14+sum(xx [yy,l:bdim]) ,2]<—out[l+sum(xx[yy,l:bdim]) ,2]+weights[b
|*wiklj (i4sum(xx[yy,1l:bdim]) ,c(k—1,r[—b][tempsbpl [[bdim]]], j
J]+xx[yy,l:bdim],xx[yy,—(1:bdim)]) ,c(n[b]—k,nmr[—b][tempsbpl [
bdim]]|[,j]]—xx[yy,l:bdim] ,n[—b][—tempsbpl [[bdim]][,]]][tempind
]—XX[yya—(libdim[)]) c¢(n[b],n[—b][tempsbpl [[bdim]][,j]],n[-b][-
7J

tempsbpl [[bdim]][,j]][tempind]) ,N)
}
}
}
}
bdim<—bdim+1

}
}
}

if (mflag!=1){ # When all samples have censoring)
for (b in 1:B){
if (weights[b]!=0){

DA

for(k in 1:r[b
bdim<-1
while (bdim<B&&sum(r[—b][1: bdim])<=i—k){
for (j in 1:choose(B—1,bdim)){
imkmRjp<—i—k-—sum(r[—b][tempsbp [[bdim]][,j]])

if (imkmRjp>=08&i—k<=R-r [b]) { # Permutation b’ satisfies
condition

tempind<—which (r[—b][—tempsbp [[bdim]] [, j]] <imkmRjp)

if (length (tempind)==0){ # Case with b’ alpha empty

if (bdim—B—-18&imkmRjp==0){ HAH b T alpha empty b’ beta empty
xx<—as . matrix (expand. grid (tempnmr|[—b]) ,ncol=bdim)
for (yy in 1:(dim(xx)[1])){

out[l+sum(xx[yy,]) ,2]<—out[l4+sum(xx[yy,]) ,2]+weights[b]*xwiklj (i+
sum(xx [yy,]) ,e(k—=1,r[-b]+xx[yy,]) ,e(n[b]—k,nmr[-b]—xx[yy,]) ,
n,N)
}
¥
if (bdim<B—1){ HAHAE b Talpha empty b’ beta mon—empty
xx<—as . matrix (expand. grid (tempnmr[—b | [ tempsbp [[bdim]][,]j]]))

for (yy in 1:(dim(xx)[1])){

out[l4+sum(xx[yy,]) ,2]<—out[l+sum(xx[yy,]) ,2]+weights[b]|*wiklj (i+
sum(xx[yy,]) ,e(k—1,r[=b][tempsbp [[bdim]][, j]]+xx[yy,]) ,c(n[b
|k, nmr{ b ] [ tempsbp [ [bdim]] [ . j]] ~xx[yy.]) .e(n[b] ,n[-Db][
tempsbp [[bdim ]][,j]]) ,N

else{ # Case with b’ ’alpha non—empty
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if (bdim+1+length (tempind )<B){ #4444 b’ 'alpha non—empty and b’
beta non—empty
xx<—as . matrix (expand. grid (c (tempnmr[—b | [ tempsbp [[bdim || [, ]],
tempr[—Db][—tempsbp [[bdim]] [, j]][tempind])))
if (length (tempind )==1){xx<—matrix (xx [which(xx[, —(1:bdim)]<=
imkmRjp) ,| , ncol=bdim+1)}
if (length (tempind)>1){xx<—matrix (xx [which (apply (xx[, —(1:bdim)
],1 ,sum)<=imkmRjp) ,] , ncol=bdim+length (tempind) )}
for (yy in 1:(dim(xx)[1])){
out[l4+sum(xx[yy,l:bdim]) ,2]<—out[l4+sum(xx[yy,l:bdim]) ,2]+ weights
[b]*wiklj (i+sum(xx[yy,l:bdim]) ,c(k—1,r[—b][tempsbp [[bdim]]][,
jll+xx[yy,1l:bdim],xx[yy,—(1:bdim)]) ,c(n[b]—k,nmr[—b] [ tempsbp
[Tbdim]][, 1] —xx]yy,1:bdim] ,n[—b)[— tempsbp [[bdim]] [ , 3 ]]
tempind]—xx[yy,—(1l:bdim)]) ,c(n[b],n[—b][tempsbp [[bdim]][, j
sl e mzsaal )
}
else{ #EEEE b7 T alpha non—empty and b’ ’beta empty
xx<—as . matrix (expand. grid (c(tempnmr[—b ][ tempsbp [[bdim ][, j]],
tempr[—b] [~ tempsbp [ [bdim ][, ] [ tempind]) ))
if (length (tempind )==1){xx<—matrix (xx [which(xx[, —(1:bdim)]|==
imkmRjp) ,] , ncol=bdim+1)}
if (length (tempind)>1){xx<—matrix (xx [which (apply (xx[, —(1:bdim)
],1,sum)=—imkmRjp) ,] ,ncol=bdim+length (tempind) )}
for (yy in 1:(dim(xx)[1])){
out[l4+sum(xx[yy,l:bdim]) ,2]<—out[l+sum(xx[yy,l:bdim]) ,2]+ weights
[b]*wiklj (i4+sum(xx[yy,1:bdim]) ,c(k—1,r[—b][tempsbp [[bdim]][,
jll+xx[yy,l:bdim] ,xx[yy,—(1:bdim)]) ,c(n[b]—k,nmr[—b][tempsbp
[Tbdim ][, §]]—xx]yy,1:bdim] ,n[—b)[— tempsbp [[bdim]] [ ,3]]

tempind]—xx[yy, —(1l:bdim)]) ,c(n[b] ,n[—b][tempsbp [[bdim]][, j
J1,n[=b][—tempsbp [[bdim ][, j]][tempind]) ,N)
}
}
}} else{break ()}
bdim<-bdim+1
}
}
}
}
}

out [1,2]<—1-sum(out[,2]) ; out<—matrix (out [which(out[,2] >0) ,] ,ncol=2,)

if (any(out[,2] <0)){print (”Error has occurred some mixing probability is
negative”)}

return (out)

}
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Appendix B

Code for Chapter 4

function: simdtiiw

input

iter The number of iterations to estimate the mixture weights

n A vector of sample sizes

rL/rU A vector of the number of Lower/Upper censored items

i Vector of indices for the i-th pooled OS SZ;

p A vector of quantiles for the uniform distribution

alpha A value for confidence bands of a 100(1—a)% confidence interval
output

A list of length equal to the length of i. In each list is a vector containing (i, w;;).

33 N

The names of the vector are (”i”,”j”), where j is the index of the order statistic
Xj;f‘ and Wi; = P(Z(Z) = Xj”;)

simdtiiw<—function (iter ,n,rL,rU,i){

wdsiml<—function (){ # Simulation function for when length(i) =

temp<— ¢ (NULL,NULL)

for (j in 1:B){temp<—rbind(temp,cbind(sort(runlf( [il)), (1f( [i]>0){rep
(0,xL[§]) },rep (1,n[]—xL[j]-rU[j]) ,if (1U[j]>0){rep(0,1U[j]) })))}

temp<—temp [order (temp[,1]) ,]

;vhlch(cumsum(temp[ ,2])=1) [1]

wdsimlp<—function (){ # Simulation function for when length (i) > 1

temp<— ¢ (NULL,NULL)

for (j in 1:B){temp<-rbind (temp,cbind(sort(runif(n[j])),c(if(rL[j]>0){rep
(0,rL[j])},rep(1,n[j]-rL[j]-rU[j]),if (rU[j]>0){rep(0,xU[j])})))}

temp<—temp [order (temp[,1]) ,]

out<-NULL

for(j in 1:length(i)){out<—c(out,which(cumsum(temp|[,2])=j)[1])}
return (out)

149
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17]}

18

19|# Various

20

21|B<—length(n) ; i<—sort (unique(1i))

22

23|# Sanitize input

24

25| if (any (i—floor (i)!=0)){cat(”some i is not an integer, i set to”, sort(
unique(floor(i))), "\n”);i<—floor (i)}

26| if (any (n—floor (n)!=0)){cat(”some n is not an integer, n set to”, floor(n
), "\n”);n<—floor (n)}

27| if (any (rL—floor (rL)!=0)){cat (”some rL is not an integer, rL set to”,
floor (rL), ”"\n”);rIL<—floor (rL)}

28| if (any (rU—floor (rU)!=0) ) {cat (”some rU is not an integer, rU set to”,
floor (rU), ”"\n”);rU<—floor (rU)}

29

30|# Terminating conditions (i.e., invalid input)

31

32| if (B!=length (rL)){stop(”n and rL not of same length”)}

33| if (B!=length (rU) ) {stop(”n and rU not of same length”)}

34| if (any (n<=rL+rU) ) {stop (" Some sample has no observed values (n<=rL+U)”)}

35| if (any (rL<0)){stop (”Some rL value is less than 07)}

36| if (any (rU<0)){stop (”Some rU value is less than 07)}

37| if (any(i<1)){stop(”Some i is invalid , must be integer from 1 to number
of observed values”)}

38| if (any (i>sum(n—rL—U))){stop(”Some i is too large, must be no more than
number of observed values”)}

39

40| # output

41

42| if (length (i)==1){

43 y<—i;names(y)<-"1i”;out<—vector(” list” ,1)

44 out [[1]]<—c(y,table(replicate (iter ,wdsiml()))/iter)

45 return (out)

46| }

47 if (length (i) >1){

48 dat<—replicate (iter ,wdsimlp());out<—vector(”list” ,length(i))

49 for(j in 1:length(i)){y<—i[j];names(y)<—"1”;out[[]j]]<—c(y,table(dat]

i,1) /iter)}

50 return (out)

51 }

52| }




Uk W N

_ O © 00~

—_ =

12

13
14
15
16

17
18
19
20

21
22
23
24

Chapter B - Code for Chapter 4 151

function: simdtiip

input
outeriter The number of outer iterations repeating the estimation
iter The number of iterations to estimate the mixture weights
n A vector of sample sizes
rL/rU A vector of the number of Lower/Upper censored items
i Index for i-th pooled OS Z;
p A vector of quantiles for the uniform distribution

alpha A value in (0,0.5) for confidence bands of a 100(1 — «)% confi-
dence interval

output

A matrix with dimension length(p) x 3. The first/third columns give the lower/up-
per confidence bands and the second column gives the mean estimated probability

—

of FZ(i) (gp)

simdtiip<—function(outeriter ,iter ,n,rL,rU,i,p=seq(0.01,0.99 ,by=0.01),
alpha=0.002) {

wdsiml<—function () { # Simulation function for when length(i) = 1
temp<— c (NULL,NULL)
for (j in 1:B){temp<-rbind (temp,cbind (sort(runif(n[j])),c(if(tL[j]>0){rep

(0,rL[j])},rep (1, n[j]-rL[j]-rU[j]),if (rU[j]>0){rep(0,rU[j])})))}
temp<—temp [order (temp[,1]) ,];return(which(cumsum(temp|[,2])=i)[1])

}

wdsimlp<—function () { # Simulation function for when length (i) > 1
temp<— ¢ (NULL,NULL)
for (j in 1:B){temp<-rbind (temp,cbind (sort(runif(nfj])),c(if(rtL[j]>0){rep
(0,rL[j]) },rep(1,n[§]—xL[j]-1U[j]) ,if (tU[j]>0){xep (0,1U[j]) })))}
temp<—temp [order (temp|[,1]) ,]; out<—NULL; for (j in 1:length(i)){out<—c(out,
gl 20— 1))
return (out

simdtiiwl<—function (iter ,n,rL,rU,i){ # Inner simulation function

if (length(i)==1){y<—i;names(y)<-"1i” ;return(c(y,table(replicate (iter ,
wdsiml ()))/iter))}

if (length(i)>1){

dat<—replicate (iter ,wdsimlp())

out<—list ()

for (j in l:length(i)){y<—i[j];names(y)<—"1”;out[[]j]]<—c(y,table(dat[j,])
/iter)}

return (out )}

}

getp<—function () { # Simulation subfunction — returns estimated
quantiles Px_1,...Px_P
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datw<—simdtiiwl (iter ,n,rL,rU,i)[—1]
dati<—as.numeric(names(datw))

out<-NULL

for (j in 1:P){out<—c(out,qgpziu(dati,datw ,N,p[j]))}
return (out)

}

# Sanitize input

if (i—floor(i)!=0){cat(”i is not an integer, i set to”, floor(i), ”\n”);i
<—floor (i)}

if (any(n—floor (n)!=0)){cat(”Some n is not an integer , n set to”, floor (n
), "\n”);n<—floor (n)}

if (any(rL—floor (rL)!=0)){cat (”Some rL is not an integer, rL set to”,

floor (rL), 7\n”);rIL<—floor (rL)}

if (any (rU—floor (rU)!=0)){cat ("Some rU is not an integer, rU set to”,
floor (rU), 7\n”);rU<—floor (1U)}

if (any(p<0)|any(p>1)){cat(”Some p < 0 or p > 1, these p were removed”,
\n”) ; p<—p[which(0<p&p<1)]}

2

# Various
B<—length (n) ;N<—sum(n)
# Terminating conditions (i.e., invalid input)

if (length(p)==0){stop(”"No valid p, include at least one quantile between
0 and 17)} else{p<—sort (unique(p));P<-length(p)}

if (B!=length(rL)){stop(”’n and rL not of same length”)}

if (B!=length (rU)){stop(”n and rU not of same length”)}

if (any (n<=rL+rU) ) {stop (”Some sample has no observed values (n<=rL+rU)”)}

if (any(rL<0)){stop(”Some rL value is less than 07)}

if (any(rU<0)){stop (”Some rU value is less than 07)}

if(i<l){stop(”i is invalid, must be integer from 1 to number of observed

values”)}

if (i>sum(n—rL—U)){stop(”i is too large, must be no more than number of
observed values”)}

if (alpha<=0|alpha>=0.5){stop(” alpha must be a number between 0 and 0.57)

}
# Output

tempout<—replicate (outeriter ,getp())

out<—matrix (0 ,ncol=3,nrow=P)

out [ ,1]<—apply (tempout ,1,quantile , probs=alpha/2, type=4)
out [ ,2]<—apply (tempout ,1 ,mean)

out [ ,3]<—apply (tempout ,1 ,quantile , probs=l-alpha/2, 6 type=4)
out

}




Appendix C
Code for Chapter 5

The following function is also useful for Chapter 7.

function: prosch

input
R The number of censored items
r The number of observed failures
output

A matrix where the rows are all possible censoring schemes given the number of
observed and censored items. The number of columns is r.

prosch<—function (R, r){

if (R==0){return (matrix (0,ncol=r ,nrow=1))}

if (r==1){return (matrix (R, ncol=1nrow=1))}

out<—NULL; for (i in R:0) {out<—rbind (out,cbind(i,prosch(R-i,r—1)))}
return (out)

S O W N =
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function: ksprogsimos

input

i Vector of indices for i-th pooled OS Z;

R List of censoring schemes

iter The number of iterations to estimate the mixture weights
output

A list of length equal to the length of i. In each list is a vector containing (i, w;;).

99290 99N

The names of the vector are (”i”,”j”), where j is the index of the order statistic
Xjﬂ: and Wi; = P(Z(Z) = Xjﬂz)

ksprogsimos<—function (i ,R, iter =1000000){
wdsim<—function () {
temp<—c (NULL, NULL)
for(j in 1:B){
tdat<—sort (runif(n[j]));qdat<—tdat; datx<—double(r[j])
if (x[§]>1)1
for (jj in 1:(x[§]-1)){
datx[jj]<—tdat [1]; tdat<—tdat[—1];if (R[[j]][]jj]>0){tdat<—tdat[—sample
| (lstengen(edat) RIS D)
}

datx[r[j]]<—tdat[1]

tindex<—match(datx , qdat)
zo<—rep(0,n[j]);zo[tindex|<-1
temp<—rbind (temp , cbind (qdat ,zo))

}

temp<—temp [order (temp[,1]) ,]

return (match (i ,cumsum(temp[,2])))

}

# Get number of schemes, sanitize input

B<—length (R)

for (j in 1:B){if (any(R[[j]]!=floor (R[[]j]]))){cat(”Some censoring amount
is not an integer, R set to floor (R)” , "\n”);R[[j]]<floor R[[j]])
38

# Extract information from schemes
r<-sapply (R, length) ; nmr<—sapply (R,sum) ; n<—r+nmr

# Merge complete samples
temp<—which (nmr==0)
if (length (temp)>1){
R<—append (R[—temp] , list (rep (0 ,sum(r [temp]))))
r<-sapply (R, length) ; nmi<—sapply (R,sum) ; n<—r+nmr ; B<—length (R)
}
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# Make out
out<—matrix (0 ,ncol=2,nrow=sum(n) ) ; out [ ,1]<—1:sum(n) ; colnames (out )<—c(”j:

” ” T
n”,"w_j”)

# Calls

if (length(i)==1){out<—list (table(replicate (iter ,wdsim())))}

if (length(i)>1){out<—apply(replicate (iter ,wdsim()),1,table)}

for(j in 1l:length(i)){out[[j]]<—out[[]j]]/iter;out[[]j]]<—c(i]
;naznes()out [[31]) [1]<="1i7}

return (out

}

ilsout [[j]])

function: elenexp, elenunif, elenlog

input
inil/ini2  The output of ksprogsimos for i; and iy
n The overall sample size

output

A double of the expected length for the interval (Z;,y, Z,)) for the standard ex-
ponential /Uniform(0,1)/standard logistic distribution

elenexp<—function (inil ,ini2 ,n=60){

exj<—cumsum(l/(n—1:n+1))

return (sum(ini2[—1]*exj [as.numeric(as.numeric(names(ini2)[—1]))])-—sum(
inil[—1]*exj[as.numeric(as.numeric(names(inil)[—1]))]))

}

elenunif<—function(inil ,ini2 ,n=60){

uxj<—1l:n/(n+1)

return (sum(ini2[—1]*uxj[as.numeric(as.numeric(names(ini2)[—1]))])-—sum(
inil[—1]*uxj[as.numeric(as.numeric(names(inil)[—1]))]))

}

elenlog<—function (inil ,ini2 ,n=60){

1x j<—digamma (1:n)—digamma(n—1:n+1)

return (sum(ini2 [—1]*1xj [as.numeric(as.numeric(names(ini2)[—1]))])—sum(
inil[—1]*1x]j [as.numeric(as.numeric(names(inil)[—1]))]))

}
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function: ksprogsimpc

input
i Index for i-th pooled OS Z;
R List of censoring schemes
out All possible permutations of progressive censoring schemes given
by R

Of length (1+i). First column is 0 (for weights)
Generated as a subset from prosch
iter The number of iterations to estimate the mixture weights

output

The same matrix “out” (that is input) with the estimated mixture weights in
column 1

ksprogsimpc<—function (i ,R,out,iter =1000000) {

wdsim<—function () {
alldat<-NULL
for (j in 1:B){
tdat<—sort (runif(n[j]));qdat<—tdat; datx<—double(r[j])

if (r[j]>1){

for(jj in 1:(r[j]-1)){

datx[jj]<—tdat [1];tdat<—tdat[—1];if (R[[j]][]jj]>0){tdat<—tdat[—sample
: (1:length(tdat) R[[j]][jj])]}

}
datx [r[j]]<—tdat [1]
alldat<—cbind (alldat ,rbind (datx ,R[[j]]))
}
alldat<—alldat [,order(alldat [1,]) ]
alldat<—alldat [2,1:1]
for (j in 1:Lout){if(all(alldat=out[j,2:(i+1)])){return(j)}}
print (alldat)

}

# Out only up to 1
out<—unique(out [ ,1:(i+1)])

# Get number of schemes, sanitize input

B<—length (R)

for(j in 1:B){if(any(R[[j]]!=floor (R[[j]]))){cat(”Some censoring amount
is not an integer , R set to floor (R)” , "\n”);R[[j]]|<floor R[[]j]])
13

# Extract information from schemes

r<-sapply (R,length) ;nmr<—sapply (R,sum) ; n<—r+nmr ; Lout<—dim(out ) [[1]]
temp<—factor (replicate (iter ,wdsim()),levels=1:(dim(out) [[1]]))
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32|out [ ,1]<—table(temp)/iter
33| return (out)
34|}




Appendix D
Code for Chapter 6

The following code is written for Generalized Order Statistics (GOS) when v; # —1,
for which progressive Type-II censoring is a special case. See Kamps and Cramer
(2001) for a general overview of GOS, or Volterman et al. (2011) for a specific appli-
cation in this case.

function: pitgosexp, pitgosunif, pitgosnorm, pitgoscauchy, pitgosskewn

input
i The index of the PCOS (X7%.,)
m The censoring scheme portion (Ry, ..., R._1)
k The final number of item removals plus 1, R, + 1
p The probability for the p-th quantile, §,
tol Tolerance for integration (cauchy and skew-norm only)
alpha Skewness parameter (skew-norm only)
output

Returns a double of the SCP probability 7;.,.,,

1| pitgosexp<—function (i ,m,k,p){

2

3| Fxmki<—function (i){l—cjml[i]*sum(aji[i,1:1]/gam[l:i]*(1—p) gam[l:i])}

4

5| Aipl<—function (i) {temp<—Fxmki(1)

6| for(j in 1:1){

7| if(gam|[j]==2xgam][i]) {temp<—temp—cjml[i]*(1—p) " (2*gam[i])=*aji[i,j]*log
(1-p)

8] } else{temp<—temptcjml[i]*(1—p) " (2*gam[i])=*aji[i,j]/(gam[]j]—2*gam|[i])x*

(1-(1—p) * (gam [j]~2#gam[1]) ) }}
9| return(temp)}

10
11| n<—length (m)+1

12| gam<—c (k+n—1:(n—1)+rev (cumsum(rev (m))) ,k)
13| ¢jm 1<—cumprod (gam )
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aji<—matrix (1, ncol=n,nrow=n)
for(j in 1:n){for(jj in L:n){aji[jj,j]<-if(jj<j){1/prod(gam|[1:jj]—gam]]
I)} else{l/prod(gam[1:jj][—j]-gam[]j])}}}

if (i==1){return(1—Aipl1(2))} else{if(i=mn){return(Aipl(n))} else{return(
\ Aipl(i)—Aipl(i+1))}}

pitgosunif<—function (i ,m,k,p){

Fxmki<—function (i){l—cjml[i]*sum(aji[i,l:i]/gam[1l:i]*(1—-p) gam[1l:i])}
Aipl<—function (i)

if (p<0.5){ return(Fxmki(i—1)—cjml[i—1]*sum((2*%(1—p)) (gam[1:(i—1)])=*aji]

i—1,1:(i—1)]*beta(gam|[1:(i—1)]—gam[i],gam[i]+1)*(pbeta(0.5, ,gam[i]+1,
%a;n)l}{l:(i—l)]—gam[i})—pbeta(1—0.5/(1—p) ,gam[i]+1,gam[1:(i—1)]—gam[i])

if (p>=0.5){return (Fxmki(i—1)—cjml[i—1]*sum((2*(1—p)) "(gam[1l:(i—1)])=*aji|
i—1,1:(i—1)]*beta(gam[l:(i—1)]—gam[i],gam[i]+1)*(pbeta(0.5,gam[i]+1,
gam [1: (i —1)]—gam[i]))))}

}

n<—length (m)+1

gam<—c (k+n—1:(n—1)+rev (cumsum(rev (m))) ,k)
cjml<—cumprod (gam)

aji<—matrix (1,ncol=n,nrow=n)

for(j in 1:n){for(jj in L:n){aji[jj,j]<-if(jj<j){1/prod(gam|1:jj]—gam][]
)} else{l/prod(gam[1:jj][—j]—gam[j]) }}}

if(i==1){return(1—Aipl1(2))} else{ if(i=mn){return(Aipl(n))} else{ return

: (Aipl(i)—Aipl(i+1)) }}

pitgosnorm<—function (i ,m,k,p){

chip<—gnorm/(p)

Fxmki<—function (i){l—cjml1[i]*sum(aji[i,l:i]/gam[1:i]*(1—-p) gam[1l:i])}

fpint<—function(u, j1){j<—jl[1];1<=j1[2];(1 —u) "(gam[j]—gam[1]—1)*(1—pnorm

[
(2% chip—quorm(u))) " (gam[1]) }

Aipl<—function (i){

pint<—NULL; for (j in 1:(i—1)){pint<—c(pint,integrate (fpint ,0,p,
subdivisions=10000, jl=c(j,1))$value)}

return (Fxmki(i—1)—cjml[i—1]#sum(aji[i—1,1:(i—1)]*pint [1:(i—=1)]))}

n<—length (m)+1
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gam<—c (k+n—1:(n—1)+rev (cumsum(rev (m))) ,k)

cjml<—cumprod (gam)

aji<—matrix (1,ncol=n,nrow=n)

for(j in 1:n){for(jj in L:n){aji[jj,j]<-if(jj<j){1/prod(gam|1:jj]—gam][]
1)} else{l/prod(gam|[1:jj][—j]-gam[]j])}}}

if (i==1){return(1—Aipl1(2))} else{ if(i=mn){return(Aipl(n))} else{ return
} (Aipl(i)—Aipl(i+1)) }}

pitgoscauchy<—function (i ,m,k,p, tol=1e—10){
chip<—qcauchy (p)

Fxmki<—function (i){l—cjml[i]*sum(aji[i,1:1]/gam[l:i]*(1—p) gam[l:i])}
fpint<—function(u, jl){j<—jl[1];1<=j1[2];(1 —u) "(gam[j]—gam[1l]—1)=*(1—
pcauchy (2*chip—qcauchy(u))) " (gam[1]) }

Aipl<—function (i){

pint<NULL; for (j in 1:(i—1)){pint<—c(pint,integrate (fpint ,0,p,
subdivisions=1000,rel. tol=tol , jl=c(j,1))$value)}

return (Fxmki(i—1)—cjml[i—1]#sum(aji[i—1,1:(i—1)]*pint[1:(i—=1)]))}

n<—length (m)+1

gam<—c (k+n—1:(n—1)+rev (cumsum(rev (m))) ,k)

cjml<—cumprod (gam)

aji<—matrix (1,ncol=n,nrow=n)

for(j in 1:n){for(jj in L:n){aji[ij ,j]<=if (ij<i){1/prod(gam|1: jj]—gam|]
)} else{1/prod(gam[1:jj]|—j]-gam[j]) }}}

if (i==1){return(1—Aipl1(2))} else{ if(i=mn){return(Aipl(n))} else{ return
: (Aipl(i)—Aipl(i+1)) }}

pitgosskewn<—function (i ,m,k,p,alpha, tol=1le—10){

require (sn, quietly=TRUE)
chip<—qgsn (p, shape=alpha , tol=tol)

Fxmki<—function (i){l—cjml[i]*sum(aji[i,l:i]/gam[1l:i]*(1—p) gam[1l:i])}
fpint<—function (u, jl){j<—jl [1];1<—jl[2];(1—u) (gam[j]—gam[1]—1)*(1—psn (2
xchip—qsn (u, shape=alpha , tol=tol) ,shape=alpha)) " (gam[1])}

Aipl<—function (i){

pint<—NULL; for (j in 1:(i-1)){pint<—c(pint,integrate (fpint ,0,p,
subdivisions=1000,rel. tol=tol , jl=c(j,1))$value)}

return (Fxmki(i—1)—cjml [i—1]*sum(aji[i—1,1:(i—1)]*pint[1l:(i-1)]))}
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n<—length (m)+1

gam<—c (k+n—1:(n—1)+rev (cumsum(rev (m))) ,k)

cjml<—cumprod (gam)

aji<—matrix (1, ncol=n,nrow=n)

for(j in 1:n){for(jj in L:n){aji[jj,j]<-if(jj<j){1/prod(gam|[1:jj]—gam][]
I)} else{l/prod(gam[1:jj][—j]-gam[j])}}}

if (i==1){return(1—Aipl1(2))} else{ if(i=mn){return(Aipl(n))} else{ return
; (Aipl(i)—Aipl(i+1)) }}
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Appendix E
Code for Chapter 7

function: psen

input

N Number of iterations for simulation

R1,R2 The two censoring schemes to be compared
output

Double vector of length 2 containing an estimate of m(0%,,0%5,) and w(6%,, 65;)

psen<—function (N,R1,R2) {
if (length (R1) !=length(R2) [sum(R1) !=sum(R2) ) {stop ("R’s must be of same
length and sum”)}

nm<—length (R1) ; n<—sum(R1)+m
count<—0
iter<—0
while (iter <N) {
tdat<—sort (rexp(n));tdatl<—tdat;tdat2<—tdat
datl<-rep (0 ,m);dat2<-rep (0 ,m);datl [1]<—tdat [1];dat2[l]<—tdat [1]
tdatl<—tdatl[—1];if (R1[1]>0){tdatl<—tdatl[—sample(1:(n—1),R1[1])]}
tdat2<—tdat2[—1];if (R2[1] >0){tdat2<—tdat2[—sample (1:(n—1) ,R2[1]) ]}
if(m>2){for(j in 2:(m—-1)){
datl[j]<—tdatl [1]; tdatl<—tdatl[—1];if (R1[j]>0){tdatl<—tdatl]
sample (1:length (tdatl) ,R1[j]) ]}
dat2 [j]<—tdat2 [1];tdat2<—tdat2[—1];if (R2[j]>0){tdat2<—tdat2[—
sample (1:length(tdat2) ,R2[j]) ]}
1+
datl [m]<—tdatl [1];dat2 [m]<—tdat2 [1]
xtl<-sum(datl*(R141)) /m;xt2<-sum(dat2=*(R2+1))/m
f(abs(xtl—1)<abs(xt2—1)){count<—count+1}
iter<—iter-+1
}
return (c(count ,N-count ) /N)
}
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Appendix F

Glossary Chapters 3—5

&

Tp, r
Np, N
R()

R (b)
Xb,k:nb

CICITCS

’YE 7a’i
P(S), |5]

the p-th quantile

number of independent samples

the number of observed failures in the b-th sample/all B samples
sample size of the b-th sample (n, = rL +7,+rY)/all B samples
The censoring scheme for the b-th sample

the k-th PCOS from the b-th sample.

the i-th order statistic from the pooled sample (1 < i <7 <n)

as defined in Section 1.2.3 for the b-th sample

The powerset /cardinality of a set S

a set of indices such that sample j € « if for some k; =0, ...,7;—1
R RG)

then ij:rj:nj < Z(l) < Xk:b—l—l:rb:nb

a set of indices such that sample 57 € g if X RY Zs)

T

Table F.1: Notation for Chapter 5
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Tp, T

ny, N

{02}
{01 3:A0La )

{b}
{01} b}
{tyr}

{"}

U{b’}

L U

rs,Cs

the p-th quantile

number of independent samples

the number of observed failures in the b-th sample/all B samples

the number of items left censored in the b-th sample/all B samples
the number of items right censored in the b-th sample/all B samples
sample size of the b-th sample (n, = rf +r, +rY)/all B samples

the k-th order statistic from the b-th sample. This is the k — rf-th
observed item in the b-th sample

the i-th order statistic from the pooled sample (1 < i <7 < n)

the set of indices excluding those corresponding to samples conditioned
to be a specific pooled order statistic

(when Z;y = Xippin, then A= {1,2,...., B} \ {b})

a subset of A, such that some left censored items fall above Z;) (Z;,))
a subset of {b}}, such that the first observed failure is above/below
Ziiy

a (su)bset of A, such that some right censored items fall below Z;) (Z,))
a subset of {by;}, such that the last observed failure is below/above Z;,)
a subset of A, such that both left /right censored items fall above/below
Z(i1)/ Z(iy) simultaneously.

the complement of all {0}, }, {by,}, {by.}, {bL.}, and {07,} in A. All of
the left /right censored items are below/above Z;y (Z3i,)/ Ziy))-

All possible valid combinations of {b;} and {07} {0y}, {0y},
{0y}, {bL}, and {b7,}). A combination oy is valid if P(Z;) =
Xb,k:nb|0{b’}) >0

the number of observed/left censored/right censored failures below Z;
the sum of r’s or ¢’s restricted to the set of samples S (75 = ¢ = 0)

Table F.2: Notation for Chapter 4
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B number of independent samples

ny sample size of the b-th sample

T the number of observed failures for the b-th Type-II right censored
sample (1 < r, < ny)

n the total sample size of all B samples

T the total number of observed failures from all B samples

X keiny the k-th order statistic from the b-th sample

Zy the i-th order statistic from the pooled sample (1 < i <7 < n)

A the set of indices excluding those corresponding to samples condi-

tioned to be a specific pooled order statistic
(when Z;y = Xippin, then A= {1,2,.... B} \ {b})

{v'} a subset of A where at least one censored value from these samples
fall below Z; (or Z(;,) when two pooled order statistics are specified)

{b)},{by} {b|}isasubset of {0’} such that the final observed value of the samples
is below Z;,), and {b5} is the compliment of {0/} € {V'}, where the
final observed value falls between Z(;,) and Z;,)

{v'} the complement of {0’} in A where none of the censored values from
these samples fall below Z;

{5}, {bs} {bs} is the subset of {b"} such that the samples within are either
complete (r; =n;) or r; > i —k — 7y, and {b.} is the complement
of {b3} € {b"}

o) the collection of all valid sets {b'}. a set {0’} is valid if
P(Z(z) = Xb,k:nb’Xj,rj:nj < Xb,k:m,; j € {b/}) >0
oWy the collection of all valid subsets {b]} € {0’}

given a valid set {¢'}, a set {bj} C {b'} is valid if

P(Z(Z1) = Xbo,klinbo7 Z(w) = Xb,kg,nb’ {b/} is Vahd, le’le:njl <
Xbo,klznbo < AXng,'er:n]-2 < Xb,kg:nb’ jl € {b/1}7j2 € {bIQ}) >0

(where 1 < ky < ko < my if b, = b)

¢ the number of censored values (j € {b'}) or observed failures (j €
{0"}) below Z;y from sample j

Ci1y Ciy the number of censored values (j € {V'}) or observed failures (j €
{0"}) below Z(;,) and between Z(; ) and Z;,), respectively, from sample
J

Ts,Cs the sum of r’s and ¢;’s restricted over the set of indices S

(where 79 = ¢y = 0)

Table F.3: Notation for Chapter 3
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