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Abstract

This thesis presents two practical coding schemes based on low-density generator
matrix (LDGM) codes, for two cases of the multiple description (MD) problem. The
first one is for the two description problem for finite-alphabet sources with Hamming
distortion measure. The proposed MD code targets the Zhang-Berger region, which is
the best inner bound known so far for the corresponding MD rate-distortion region.
The coding scheme can be regarded as a practical implementation of a theoretical
sequential coding system for the corner points of a related rate-region, where the
random codebooks are replaced by multilevel LDGM codebooks and the encoding
at each stage is performed via a message passing algorithm. This coding system is
further applied in three notable cases: 1) no excess sum-rate case for binary sources;
2) successive refinement for general finite-alphabet sources, 3) no excess marginal rate
for uniform binary sources. Furthermore, in order to assist the code design in the no-
excess sum-rate case for binary sources, the exact expression of the distortion region
and of the auxiliary variables needed to achieve its boundary, are derived, which is
another important contribution of the thesis.

The second proposed MD code is for the case of L descriptions with individual
and central distortion constraints, for the memoryless Gaussian source with squared

distortion measure. It is shown first that the coding problem for an arbitrary point

il



on the dominant face of an L-description El Gamal-Cover (EGC) rate region, can be
converted to that for a vertex of a K-description EGC rate region for some K < 2L—1,
where the latter problem can be solved via successive coding. The practical coding
scheme reduces each successive coding step to a Gaussian quantization operation, and
implements this operation using multilevel LDGM codes.

The LDGM-based coding schemes are extensively tested in practice for all afore-
mentioned cases. The experimental results show very good performance, verifying

that the proposed schemes can approach the theoretical rate-distortion bounds.
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Chapter 1

Introduction

In the multiple description (MD) problem, a source sequence is compressed into two
or more descriptions, which are constructed in such a way that an adequate recon-
struction of the source is possible based on each description while any larger number
of descriptions combined together can lead to better reconstruction quality.

In this thesis, we present two practical coding schemes based on low-density gen-
erator matrix (LDGM) codes for the MD problem. Interestingly, although the MD
coding problem itself is a source coding problem, it was first posed at Bell Labora-
tories in the 1970s in the context of a communication problem due to unavoidable
outages of transmission links over the telephone network [1]. As time went by, the
circuit-switched telephone network was replaced by the packet-switched network—
the Internet. The Internet protocol provides best-effort service, in other words it
does make the best effort to transfer the packets, but it takes no action when packets
are lost. Therefore, in order to achieve reliable transmission, several approaches were
established to combat the packet loss, with MD being one of them. In the first section

of this chapter, we compare these approaches, and highlight the benefit of MD coding
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over the others. The following section briefly reviews previous work on practical MD
codes and the use of LDGM codes for compression. Section 1.3 presents the infor-
mation theoretical formulation of the MD problem for the case of two descriptions
and L descriptions with individual and central distortion constraints, and relevant
theoretical results. The contribution of this thesis is described in section 1.4, and the

last section presents the thesis organization.

1.1 Why use Multiple Description Coding?

In practical multimedia communication applications, the reliable data transmission
over best-effort packet-switching networks such as the Internet, is quite challenging.
The data messages are first segmented into packets of fixed size before transmission.
A header which is used by the network to route the packet is added to the front of
each packet. The packets are sent over the network and stored at intermediate nodes
before being forwarded to other nodes through internal network links. If a packet is
not received within a specific time duration, then it is assumed to be lost. Packet loss
is the main factor of unreliable delivery occurrence on the Internet. Some packets
have to be dropped in the following scenarios: 1) the transmission rate does not
match the link capacity; 2) router buffers with limited size at a time, overflow and
are marked as congested by Transmission Control Protocol (TCP); 3) the dynamic
routing mechanism causes dynamic transmission delay. Due to network topology
complexity, packet loss may happen at any part of the communication process and
at different points in the network. Packet loss becomes unpredictable and random
in this case. To alleviate the effect of packet loss, several well-known technologies

incorporated in error control transmission systems aim to protect media data.
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One way to handle the packet loss is the automatic repeat request (ARQ) protocol,
which is a peer-to-peer protocol providing reliable transmission. The simplest case of
ARQ includes acknowledgements (ACK)s, which acknowledge the successful receipt
of packets, and a time-out mechanism. The receiver transmits an ACK to inform
the sender that it has received the packet, and it does nothing if it fails to receive
the packet. If the ACK can not be received by the sender due to time-out or receipt
failure by the receiver, then the packet will be retransmitted. ARQ is very effective in
the case of low loss rate, but when the loss rate is relatively high, each retransmission
can cause longer delay, at least of one round-trip time, and increase the congestion
which will introduce large bandwidth overhead. Although ARQ is very useful in
point-to-point transmission, it requires a feedback channel, therefore, it is infeasible
for multicast, broadcast and point-to-point transmission without a feedback channel.

The second approach is forward error correction (FEC) with erasure correcting
codes, such as Reed-Solomon (RS) codes. The basic idea of FEC is to exploit an
error recovery mechanism to recover all transmitted data without sending a request
for missing packets. In FEC with systematic codes, first k redundant data packets are
generated from the n original data packets, then they are inserted into the original
data packets to form a block/frame corresponding to one RS code. If the number
of lost packets among a block is not greater than k, then the original data packets
can be completely recovered by the RS code. FEC needs no retransmission, thus it
is suitable for no feedback channel and short delay transmission cases. But if the
number of lost packets among a block is greater than k, eg. burst packet loss, the
whole block data can not be recovered, which results in awful final decoded quality.

Because of this, the number of redundant packets usually is set for the worst case
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scenario, which in turn will increase the bandwidth overhead and cause longer delay.

The third approach is packet loss concealment (PLC), which estimates the lost
data packets at the destination side, then provides data packets for the decoder if the
actual packets are lost, via particular methods, such as repeat/replay last received
packet, or implement interpolation to replace the lost packet. This is a best effort
technique, which does not offer a quality guarantee.

Finally, another approach is multiple description coding (MDC). MDC was pro-
posed as a source coding scheme which is very robust against high loss rate. In MDC,
the source data is encoded into several streams, which are called descriptions, and
each description is transmitted to the same destination through the network. The
more descriptions received, the higher reconstruction quality achieved. The robust-
ness of MDC lies in the fact that all descriptions have correlation with one another so
that even if some of the descriptions are lost, the source can still be reconstructed with
acceptable quality from the available descriptions. It is unlikely that all descriptions

are lost, therefore it is impossible to have the cliff effect with MDC.

1.2 Previous Work

Due to its robustness, flexibility and wide range of applications for transmission net-
works, MDC has been intensively investigated. Some popular practical coding tech-
niques are MD quantization, MD based on correlating transforms and PET-MD (MD
based on priority encoding transmission). In MD quantization, separate descriptions
are created by using quantizers, e.g., scalar quantizers [2-9], trellis-coded quantiz-
ers [10], vector or lattice vector quantizers [11-16], or Delta-Sigma quantizers [17]. In

MD based on correlated transforms [18,19], transform methods are used to introduce
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correlation between descriptions. PET-MD is obtained by combining a progressive
source code with uneven erasure protection [20]. The related redundancy allocation
problem is addressed in [21-24], while in [25,26], an improvement to PET-MD is
proposed by dissociating the single progressive stream into independent sub-streams.

As highlighted above, the existing practical code designs for MDC mostly fo-
cused on the case of continuous-alphabet sources with squared error distortion, while
the case of discrete-alphabet sources with Hamming distortion measure has been ne-
glected so far. Even for the former case, the performance of existing MD code designs
can not approach the known MD rate-distortion inner bounds arbitrarily close. Mo-
tivated by this, this thesis addresses the problem of practical MD code construction
to approach the known fundamental limits. Inspired by the success of low density
generator matrix (LDGM) codes for the single description problem, we apply them
in our proposed MD coding schemes. Next we present a brief review of the prior use
of LDGM codes in source coding.

LDGM codes are dual code of low density parity check (LDPC) codes, which
were first introduced by Gallager [27] in 1963, along with a message passing decod-
ing algorithm. Later Tanner introduced in [28] a bipartite graph model to represent
LDPC codes. This model facilitated a new way of interpreting the message passing
algorithm by iteratively decomposing the entire process into a series of partial sub-
processes at a type of nodes level. The success of sparse-graph codes like turbo and
LDPC codes in channel coding, which were proven to approach the channel capac-
ity under optimal decoding, has generated interest in applying sparse-graph codes
for compression. The authors of [29,30], construct LDPC, respectively, dual LDPC

codes (i.e., LDGM codes), and prove that they approach the rate distortion limit for
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the binary symmetric source [29], respectively binary erasure source [30], by using
the maximum likelihood channel decoder as the optimal source encoder. In [31], the
authors propose a hybrid LDPC-LDGM code and prove that it approaches the rate
distortion bounds for the uniformly distributed source if optimum encoding is used.
Later, the authors of [32], prove that an LDGM-based code construction, termed mul-
tilevel LDGM code, can achieve the rate distortion bound for general finite alphabet
memoryless sources with general distortion measure under optimum encoding as well.
A condition for this is that the number of 1’s in each row of the generator matrix is
unbounded as the source block length n grows, but it scales sub-linearly with n.

All established optimality results for LDGM-based source codes hinge on optimal
encoding, in other words selecting the reconstruction sequence which minimizes the
distortion. Unfortunately, optimal encoding is infeasible in practice. On the other
hand, the simple belief propagation (BP) algorithm, which is successful in channel
decoding, is not satisfactory in LDGM-based source coding. To circumvent this prob-
lem, the more sophisticated survey propagation algorithm (SP), originally introduced
for solving random satisfiability problems, was adopted in [33,34], showing excellent
practical performance. Interestingly, it was shown in [35,36] that SP can be regarded
as a form of BP with decimation, where the underlying probability distribution is
defined on a larger space of so-called generalized codewords. Alternatively, in [37],
the authors verify empirically that the simpler BP with decimation, where the un-
derlying probability distribution is defined only on the set of normal codewords, has

very good practical performance.
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1.3 Multiple Description Coding From Informa-
tion Theory Perspective

In this section we provide a brief background on the MD problem from information
theoretical point of view. First we review the fundamental result on rate distor-
tion trade-off in single description source coding. Then we present the MD problem
formulation and the relevant achievable rate distortion regions for the case of two
descriptions, and for the L-description case with individual and central distortion

constraints.

1.3.1 Single Description Source Coding

Consider a sequence X™ = (X(1),X(2),---,X(n)) drawn from an ii.d. source X
with generic distribution px. Let d : X x X — [0,00) be a distortion measure,
where X and X are the source alphabet and the reconstruction alphabet, respectively.
Assume that the alphabets X and X are finite. The rate distortion pair (R, D) is
said to be achievable, if for any ¢ > 0 and any n sufficiently large, there exists an

encoding mapping
fxr = {12, |20}
and a decoding function

g™ {12, 2V} 5
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such that

<D+e

where X" = gt (fm (X)),

The rate distortion region is the closure of the set of all achievable (R, D) pairs.
The rate distortion function R(D) is the infimum of rates R such that (R, D) is in
the rate distortion region, for a given distortion D. The source coding theorem [38]

states that

R(D) = min I(X; X),

p(Z|z)

where the minimum is taken over all test channels p(z|x) which satisfy the distortion

constraint Ed(X, X) = p(z)p(&|z)d(z, Z) < D.

1.3.2 Multiple Description Problem

The multiple description (MD) source coding problem was first posed by Wolf, Wyner,
Ziv, Ozarow and Witsenhausen at the 1979 IEEE Information Theory Workshop.
Some of the early results on this problem appear in [39-43]. Since then various
information theoretical approaches have been exploited in an attempt to characterize
the MD rate-distortion region, but the complete characterization has not been found
yet, not even for the case of two descriptions. In this thesis we restrict our attention to
the two description case, and L-description case with individual and central distortion
constrains. Note that the former is a special case of the latter, therefore we present

the MD problem for the latter case.
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The formal definition of the L-description problem with individual and central dis-

tortion constraints is given as follows. The rate-distortion tuple (Ry,--- , Ry, dy,--- ,dp,dqg...

is said to be achievable, if for any ¢ > 0 and all sufficiently large n, there exist encoding

function fe(n) cAxm {1, Lgn(RHe)J}’ ¢=1,---,L, and decoding functions QELZ]? :

(1, 2B+ |} 5 7 ¢=1,... L, and 9%??..-,L} I, (20 e |} g

such that

E % tild(X(t),X{g}(t))] <dg +e (=1, L, (1.1)

E % éd(xu), X{l,_._,L}(t))] <dpo oy +6 (12)
where X7,y = g (F7(X™), =1, Loand X7,y =g (VX)L fP(XM).

Finally, the rate-distortion region is defined as the closure of the set of all achievable

tuples (Rl, tee ,RL, dl, cee ,dL, d{17...7L}).

1.3.3 Inner Bounds for the Two Description Rate-Distortion
Region

Let us denote by RD the rate-distortion region in the two description case. The
first inner bound of RD, referred to as the EGC region, was provided by El Gamal
and Cover in [41]. This was shown to be tight for the no excess sum-rate case by
Ahlswede [43]. Later Zhang and Berger [42] proposed a different inner bound, termed
the ZB region, and showed that it contains points not included in the EGC region.
Recent work of Wang et al. [44] proves that the ZB region includes the EGC region

and establishes the ZB region as the best inner bound known to date.

L})
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The EGC region, denoted by RDgqc, is defined as the convex closure of the set
of quintuples (R, Ry, dy,da, dy), where dy = dy1,9y, for which there exist auxiliary

random variables X;, t = 0, 1, 2, jointly distributed with X such that

RtZ[<X7Xt)7 t:1,2,
Ry + Ry > I(X; Xo, X1, Xo) + I(X1; Xo),

E[d(X7 Xt)] S dt; t= 07 17 2.

It was proved in [41] that RDggc € RD. Moreover, it was shown by Ahlswede [43]
that the previous relation holds with equality in the no excess sum-rate case.

The ZB region, denoted by RDyg, is defined as the set of quintuples (Ry, Ra, di, da, dy)
such that there exist random variables X,., X, X5 jointly distributed with X and

functions vy, t = 0, 1, 2, satisfying

Rt Z I(X;XC,Xt), t= 1,27 (13)
Ry + Ry > 2I(X; X.) + I(X; Xy, Xo| X,) + 1(X1; Xa| Xo),
]Ed<X7 wt<XcaXt)) S dt7 = 1727

]Ed<X7 ¢0<Xc> X17 X2)) S do.

Let RDggc+ denote the convex closure of the set of quintuples (R, Re, dy, d, dy)

for which there exist random variables X; and X, jointly distributed with X and

10
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functions ¢4(), t = 0, 1,2, such that

Rt Z [(X7Xt), t= 1,2, (14)
Ri+ Ry > I(X; X1, Xy) + 1(X1; Xo),
E[d(X7 wt(Xt))} S dt? t= 1727

Eld(X,v0(X1, X2))] < do.

RDrqc+ is referred to as the EGC* region and is attributed to El Gamal and Cover
as well. Although RDggc+ appears to be weaker than R Dggc, it was shown in [44]

that the two regions are equivalent and both of them are contained in RDyg, i.e.,

RDrgcr = RDrcc € RDyg.

1.3.4 EGC Region for L-Description Case

Recall that the EGC region is a general inner bound of the two description rate-
distortion region. Ozarow [39] proved that the EGC region is tight in the quadratic
Gaussian case. In fact, it has been shown, by refining and generalizing Ozarow’s proof
technique, that a natural extension of the EGC region to the L-description case is
tight for Gaussian multiple description coding with individual and central distortion
constraints [45-47].

Define the EGC region for the L-description case with individual and central dis-

tortion constraints, as the convex closure of the set of tuples (Ry,- -+ , Ry, dy, -+ dgry, dg,.. 7L})
such that there exist L auxiliary random variables Uyyy, - -+, Ugry jointly distributed
with the generic source variable X, and functions gy, £ = 1,---, L, and gq,... 13,

11
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satisfying

Y Ry>> H(Upy) - HUyy L € AIX), DCAC{L,--- L}

leA le A

and

Eld(X, 9in(Uy) < dgpy, €=1,--- L,

E[d(X, g0,y (Upny, -+ Uy))] < dqae oy

Notice that technically, the above definition corresponds to the EGC* region, however,

in view of [44], the two regions coincide.

1.4 Contribution

In this thesis, we present two practical coding schemes based on LDGM codes, for the
MD problem for two important cases. The first coding scheme is for the case of two
descriptions, finite-alphabet sources and Hamming distortion measure. It consists of
three sequential encoders, one for the common part of the two descriptions, and the
other two for the remaining component of the first, respectively second description.
This scheme is applicable to corner points of a certain rate region derived from the
ZB rate-distortion region of two description, but this is not a limitation since any
other rate pair can be obtained through timesharing of two such corner points. At
each encoding stage a multilevel LDGM code is used to generate each codebook,
whose construction needs the knowledge of the auxiliary variables involved in the ZB

region. Finally, message passing algorithm on the associated factor graph is employed

12
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to perform the encoding at each stage. We discuss in detail the application of this
coding scheme to the following cases of the two description problem with Hamming

distortion measure.

1. No excess sum-rate case for binary sources. In this case the coding scheme is
simplified consisting only of two sequential encoders. The characterization of
the MD region is available, as the EGC region, therefore the rate-distortion
limits are computable. However, their computation is not an easy task, and
analytical expressions are only partly available for the uniform binary source.
In order to aid the code design we provide the exact expression of the distortion
region and of the auxiliary variables necessary to achieve its boundary. This

result is another important contribution of this thesis.

2. No excess marginal rate for the uniform binary source. For this case Zhang
and Berger proposed in [48] a method to compute an upper bound for the
central distortion given the values of the side distortions. We improve Zhang

and Berger’s result by providing the analytical expression of this upper bound.

3. Successive refinement (SR) for general finite-alphabet sources. This is another
special case of the MD problem, where the fundamental limits are known [49—
51]. In this case the second description is of no interest alone, but only in
conjunction with the first description. Thus, the first description constitutes
the base layer, while the second description is the refinement layer. However,
practical SR coding for the discrete source with Hamming distortion has not
been attempted so far. In this thesis, we also show how the proposed LDGM-

based coding scheme can be adapted to the SR problem.

13
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The second coding scheme is for the case of L descriptions with individual and cen-
tral distortion constraints, for Gaussian sources with squared error distortion. This
scheme can be regarded as an alternative implementation of the Gaussian two descrip-
tion code proposed in [52] with lattice codes replaced by multilevel LDGM codes, as
well as the extension to the general L-description case. Although we follow the gen-
eral strategy of [52,53] by reducing the Gaussian multiple description problem to
a sequence of Gaussian quantization problems via Gram-Schmidt orthogonalization,

there are several noteworthy conceptual differences.

1. We exploit the special structure of the covariance matrix associated with the
sum-rate optimal EGC region, which not only simplifies the calculation of the
coeffficients, but also leads to an efficient implementation of Gram-Schmidt

orthogonalization.

2. We give a new interpretation of the quantization splitting method developed

in [52,53] by eliminating the use of conditional codebooks.

Finally, the effectiveness of all proposed schemes is verified through extensive simu-

lation experiments.

1.5 Organization of the Thesis

The thesis is organized as follows. In Chapter 2 we describe the proposed coding
scheme for the ZB region for the two description case. First the theoretical sequen-
tial coding scheme based on random codebooks is presented. Then the details of
the multilevel LDGM codes used at each stage are addressed, together with the as-

sociated factor graph and message passing encoding algorithm. Chapter 3 presents

14
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the application of the proposed coding system for three cases of the two description
problem with Hamming distortion measure, including the no excess sum-rate case for
general binary sources, no excess marginal rate case for the uniform binary source and
successive refinement for finite-alphabet sources. A notable result presented in this
chapter is the analytical expression of the distortion region in the no excess sum-rate
case for binary sources with Hamming distortion. Chapter 4 describes the proposed
LDGM-based successive coding scheme for Gaussian quadratic L description cod-
ing with individual and central distortion constraints. Experimental results for all

proposed codes are presented in Chapter 5. Finally, Chapter 6 concludes this thesis.

15



Chapter 2

Practical LDGM-based Coding
Scheme for the ZB Region

Although the question whether RDyg is tight is an open problem, RDzg is the best
inner bound known so far for RD. Therefore, in this chapter we propose a practical
coding scheme based on LDGM codes, tailored for the ZB region. The chapter first
presents a theoretical sequential coding system using random codebooks. Next the use
of multilevel LDGM codes is proposed to generate the codebooks. The previous result
of [32] implies the asymptotic optimality of this scheme when used in conjunction
with the strong typicality encoding rule. However, such an encoder is impractical,
therefore an efficient suboptimal encoding algorithm is proposed. For this the encoder
problem is first formulated as an unconstrained optimization problem similar in spirit
to the problem in the single description case. Then, the belief propagation algorithm
with decimation is presented as a heuristic solution. Finally, an upper bound on the
performance gap of the algorithm is established, in terms of the error introduced in

the computation of marginal probabilities. The chapter ends with a discussion of the
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efficient implementation of multilevel LDGM codes needed in the scheme.

2.1 Sequential Coding System

Given the auxiliary random variables X, X7, X5 jointly distributed with X, specified
by the ZB region, i.e. obeying relations (1.3), the distortion triple (df1y, dg2y, d{1,23)

can be achieved by the set of rate pairs (Ry, Ry) satisfying

Ry > I(X; X, Xy),
Ry > I(X; X, Xo),

Let us denote by R(px,x,x,|x) this rate region, and by F(px, x,x,|x) its dominant
face, which is defined as the set of rate pairs (Ri, R2) € R(px,x,x,x) for which
Ry + Ry = 21(X; X,) + I(X; X1, Xo| X.) + 1(X1; Xo| X.). Without loss of generality,
we shall focus on F(px,x, x,/x) since every point in R(px,x, x,|x) is dominated, in
a componentwise sense, by some point (R, Ry) € F(px.x,x,/x). Moreover, the two
corner points E; and E» of R(px.x,xsx) (i-e., the end points of F(px.x,x,x)) are
of particular importance. Specifically, one can achieve an arbitrary point on the

dominant face by timesharing F; and FE5. Precisely, the coordinates of E; are

Rl = I(XaXc) +[(X7X1|Xc)
Ry = 1(X; X,) + 1(X; Xo| X, Xy) + I(Xy; X2 Xe)

=I1(X; X.) + I(X, X1; Xa| X,).
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The coordinates of Fy are obtained by swapping indices 1 and 2 in the above relations.
Next we present a sequential coding scheme for the corner point F;. This system

consists of three encoders, labeled 0,1 and 2. We mention that a similar sequential

coder, consisting of only two encoders, was described in [52] for the corner rate points

related to the EGC region.

Codebook generation. Encoder 0 randomly generates a codebook Cy = {7 2}2"(1()( et

according to the distribution [[;_, px, (), where ¢; depends on € and ¢, — 0 as € — 0.

For each index i,1 < i < 2MU(XiXe)+e) iy ¢ encoder 1 randomly generates a condi-

}Qn(I(X iX11Xe)ter)

tional codebook Cy; = {7, ; according to the conditional distribution

[T, pxyx. (lzei(l)). Further, for each index 4,1 <4 < 2nU(XiXeta) ip €y encoder 2

n(I(X,X1;X9|Xc)+e1) .
= {5, e T according

randomly generates a conditional codebook C, ;
to the conditional distribution [[;"; px,x.(-|zci(1))-
Encoding. Given the source sequence z", encoder 0 finds a codeword z7; which is
jointly strongly typical with 2", if such a codeword exists.
Encoder 1 has knowledge of index ¢ picked by encoder 0, and it chooses an index
J such that the codeword z7, ; is jointly strongly typical with (2", z7;), if possible.
Encoder 2 has knowledge of both indices ¢ and j picked by encoders 0 and 1, and
it chooses an index k such that the codeword 3, , is jointly strongly typical with
z", xg,; and z7, ;, if such a codeword exists.
The pair of indices (7, j) forms description 1, and the pair (i, k) forms description
2.
Decoding. Decoder 1 receives the index pair (7, j) and takes g1 ( 3) = (Wa(2t, (1)),

as the reconstruction of z™.

Decoder 2 receives index pair (i, k) and takes g8 (z k) = (¢o(g, (1)), as the
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reconstruction of the source sequence x".

The central decoder obtains the reconstruction of ™ according to decoding func-
tion g5 (i, 5. k) = (Yol (1), i 5 (1), o (D))

Since the probability that the encoder finds a triple of indices (i, j, k) such that
Ty, T, 5, ¥, are jointly strongly typical with 2, approaches 1 as n — 0o, it follows
that relations (1.1) and (1.2) are satisfied for sufficiently large n.

Following the above theoretical coding system we propose a practical coding
scheme for the corner rate points F; and FE,. At each encoding stage a multilevel
LDGM code is used to generate the codebook, and a message passing algorithm is
used to perform the encoding. Multilevel LDGM codes were used in [32] to generate
codebooks with codewords of non-uniform empirical distribution and it was shown
that they are able to achieve the rate-distortion bound for single description coding
when used with the strong typicality encoding rule. Next we describe the multilevel
LDGM code employed at various encoding stages, by considering a general encoding

scenario which covers all three encoders 0, 1, 2.

2.2 Multilevel LDGM Code for General Encoding
Scenario

Let Y and Z be jointly distributed random variables over the alphabets )} and Z,
respectively. Consider the probability distributions p;(-), -+, p,(+) over the alphabet
Z. Given the input sequence y", the goal of the encoder is to select a binary sequence
v™ such that 2™ (v™) is jointly strongly typical with y™. The first key step of encoding

is generating a codebook C = {z"(v™)|v™ € {0,1}™}, where m = Rn, and R > 0,
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such that the marginal empirical distribution of the I-th symbol z; approximates the
distribution p;(-), for all 1 <1 <mn.

To see that this general setting covers all three encoders 0, 1,2, note that for
encoder 0, the variables Y and Z are X and X, respectively, and the distributions
p1(+), -+, pu() are identical to px, (). The input sequence is the source sequence,
e,y =2", and R = I(X; X.) + ¢;. For encoder 1, we use different LDGM codes
for different indices ¢ selected by encoder 0. In each case, the two inputs 2" and z7.;
are modeled as a single input sequence y" € {X x X,}", where y(I) = (z({), z.,(1))
for 1 <1 <n, and X, is the alphabet of X.. Consequently, Y = (X, X,) and Z = Xj.
Moreover, pi(-) = px,|x.(-|7ci(1)), 1 <1 <n,and R = I(X; X1|X.)+€). For encoder
2, again we use a different LDGM code for each index i selected by encoder 0. In
each case, we have y" € {X x X, x X1 }", with y(I) = (z(1), zc:(1), z1,;(1)), 1 <1 <n,
where j is the index output by encoder 1. Consequently, Y = (X, X, X3), Z = X,
pi(-) = Pxoix. (“lwe, (1)) for all L and R = I(X, X3; Xo| Xe) + €.

Let us go back to the general setting. To generate the codebook C we use a multi-
level LDGM code constructed as follows. Consider a low-density generator matrix A
of dimension nw x m, with elements in the binary field GF'(2), where w is a positive
integer. The choice of the integer w will be clarified shortly. The matrix A is used to
generate nw-length bit sequences which are further mapped into n-length sequences
over the alphabet Z via a mapping ® : {0,1}" — Z". ® is defined based on some
mappings ¢; : {0,1}¥ — Z, 1 <1 < n, as follows. For every ¢ € {0,1}"“, the [-th
symbol of the sequence ®(c") equals ¢;(c(l),c(l+n),c(l+2n), - ,c(l+ (w—1)n)).
Finally, the mappings ¢;(-) are constructed to ensure that the marginal distribution

of the I-th symbol of the codewords 2" € C approximates the distribution p;(-). To
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this end the positive integer w is chosen such that 2“p;(b) is approximately an integer
forall 1 <[ <nandbe& Z. Moreover, the positive integers ¢;; are selected such that
p(b) = L2 and Y,z qp =2, for all 1 <1 <nand b € Z. Further, for each [, the

function ¢;(-) is designed to map exactly ¢, w-length bit sequences to every symbol

b € Z. Finally, the codebook C is defined as
C ={P(Av™)|v™ € {0,1}"},

where Av™ is the product between the matrix A and the column vector v™ over the
binary field GF(2).

Based on the result of [32, Theorems 1 and 2], for a code ensemble using random
generator matrices at each encoding stage, with entries selected independently ac-
cording to Ber(p,), where p, — 0 and np, — oo as n — 0o, the expected distortion
at each decoder satisfies the constrains (1.1) and (1.2) asymptotically as n — oo and

w — o0, when the strong typicality encoder is used.

2.3 Encoder Optimization Problem

In previous work on LDGM-based source coding [32,33,37], the purpose of the encoder
is, given the input sequence y", to select the information sequence v such that the
distortion between the corresponding codeword z"(v™) and the input sequence to be
minimized. In other words, a cost is assigned to each v™ and the encoder’s task
is to solve the unconstrained optimization problem of minimizing this cost. Since
the optimal solution is intractable, this problem is solved heuristically using various

message passing algorithms on the associated factor graph [32-34,37]. Specifically,
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the authors of [37] assign a probability to each information sequence v™ such that
sequences with smaller cost have higher probability, and use belief propagation with
decimation in a attempt to find the sequence with highest probability.

We will follow this idea, and therefore we need first to define a cost function mean-
ingful for our case. Recall that the objective of the encoder is to select a codeword
2" = z™(v™) which is jointly strongly typical with the input sequence y™. There-
fore, let us first review the definition of joint typicality. For each pair of symbols
(a,b) € Y x Z consider the indicator function I, : Y x Z2 — {0,1}, defined as
I.p(y,2) = 1if and only if y = a and z = b. Extend this function to pairs of se-
quences as follows I, 5(y", 2") = >__, Lap(yi, z1). Let us assume that pyz(a,b) > 0

for all (a,b) € ¥ x Z. Then, according to [38], sequences y™ and 2" are said to be

jointly e-strongly typical if

—e/v < I, u(y",2")/n —pyz(a,b) < €¢/v for all (a,b) € Y x Z, (2.1)

where v denotes the size of ) x Z. Consider now the set & C Z" of sequences 2"

satisfying the following relations

Ly(y™, 2") /n — pyz(a,b) < e/(v?) for all (a,b) €Y x Z. (2.2)

We will show that for any 2" € S, the inequalities in (2.1) are satisfied. Indeed, the
second inequality in (2.1) holds obviousily. In order to prove that the first inequality

is valid too, assume that there is a pair of symbols (ag,bg) € Y x Z such that
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—€/v > Lo b, (Y™, 2") /1 — py z(ao, bp). Then we obtain that

€/v <1 —Iogp,(y",2") /1 — (1 = pyz(ao, bo))

= Z (Lap(y"™,2")/n — pyz(a,b))
(a;b)eYx 2\ {(ao,bo)}
(v —1)e

<

< €/,

which is a contradiction.

According to the above discussion, in order to ensure that sequences y" and 2" are
jointly e-strongly typical, it is enough to require that inequalities (2.2) be satisfied.
Intuitively, such a sequence 2" can be found by minimizing a weighted sum of the
quantities I,(y", 2")/n, with higher weights assigned to pairs (a,b) with smaller

pyz(a,b), in other words, by solving the problem

minrec Y, peyxz P (@ 0)Lap(y™, 2"), (2.3)

for some nonnegative values p'(a,b) > 0, (a,b) € Y x Z. The above formulation also
has an interpretation using Lagrangian multipliers as follows. Consider the problem
of minimizing I, »,(y", 2™)/n for some fixed pair (ao, by), subject to the constraints
(2.2) . Assume that this problem has a solution z{ corresponding to a point on
the boundary of the convex hull of the set P, where P = {(I,;(y", 2"))(@neyxz
2" € C}. Then, according to [54], [55], there are nonnegative values p'(a,b) > 0,
(a,b) € ¥ x Z\ {(ag,bo)}, such that z{ is also a solution to problem (2.3), where
p'(ao, by) = 1.

Guided by the previous discussion we will adopt the formulation (2.3) for the
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optimization problem at the encoder. Notice that a further simplification of the cost
function can be obtained based on the observation that for each a € ), the summation
Y ovez Lap(y", 2™) equals I,(y"), which is fixed. Thus, by defining b(a) for each a € Y,

to be an element of Z for which
p(a,b(a)) < p'(a,b) for all b € Z,

and by denoting p(a,b) = p'(a,b) — p'(a,b(a)), for all a € Y, and b € Z \ {b(a)}.

problem (2.3) becomes equivalent to

min % bez%(a)} pla, 0)Lap(y", 2"). (2.4)
Note that all p(a,b) in (2.4) are nonnegative. It is easy to see that the problem
of distortion minimization for single description coding is a special case of (2.4).
Precisely, in such a case, the symbol b(a) is such that d(a,b(a)) = 0, and A(a,b)
coincides with d(a, b).

Although the above argumentation is intended to support the proposed problem
formulation, we were not able to prove, that such values p(a,b) exist which to en-
sure that the solution to (2.4) satisfies the constraints (2.2), in other words to prove
that the lower boundary of the convex hull of set P contains points corresponding
to codewords 2" satisfying the strong typicality condition. However, this approach
proved itself successful in our experiments. In order to find appropriate values of the
parameters p(a, b), we use an input training sequence, and tried different parameter
values until the solution z" obtained via the message passing algorithm, satisfied the

constraints (2.1) for some small enough e.
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On the other hand, the strong typicality condition (2.1) imposed at the encoder
may be too strong in some cases. For example, encoder 2 only needs to choose
a codeword such that the distortion of the second description and of the central
distortion to satisfy certain constraints. This problem can be formulated as the
minimization of a weighted sum of the two distortions, which also has the form
of (2.4), but with a smaller number of unknown parameters (only one parameter
corresponding to the ratio of the two weights). Such a formulation simplifies our
task because the number of parameters which need to be appropriately set is smaller.
Whenever such simplification in the problem is possible we will take advantage of it.
On the other hand, the simplified problem still fits into the general form of (2.4).

In conclusion, after having set the parameters p(a,b), we formulate the encoder
task as the task to solve problem (2.4). Next we present the factor graph and the

message passing algorithm as a suboptimal solution to the problem (2.4).

2.4 Factor Graph Representation

The multilevel LDGM code is associated with a factor graph (Figure 2.1). A factor
graph consists of factor (or function) nodes, variable nodes, and edges connecting
factor nodes to variable nodes [56]. In our case there are three types of factor nodes:
1) nw check nodes Cy,---,Chy,, 2) n network nodes Ny,--- N, and 3) n source
nodes Sp,---,S,. We also distinguish between three types of variable nodes: 1) m
information variable nodes V1, - -+ | V;,,, 2) nw check variable nodes C'V;, - -+, C'V,,, and
3) n network variable nodes NVi,--- | NV,,. For convenience, the notations introduced
in this section are summarized in Table (2.1).

Each source node S represents the [-th symbol y(I) in the input sequence y". Note
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Symbol Explanation Page
y" input sequence 25
o™ information sequence(index of codeword) 26
z" output sequence(codeword on network nodes) 26
™ the sequence of check nodes values 26
n length of input sequence 25
m number of variable nodes, m = nR 26
w  number of check nodes connecting with one network node| 25
A low density generator matrix of dimension nw x m 26
S source node 25
N, network node 25
Cy check node 25
Vi information variable node 25
CcV;, check variable node 25
NV, network variable node 25

CV(¢) | the set of indices ¢ such that C'V} is connected to V; 26
V() the set of indices k such that Vj is connected to Cy 26

C(0) the set of indices ¢ such that Cy is adjacent to V; 26
fs,(.) the compatibility function at source node S 26
fe, (1) the compatibility function at check node Cy 27
In () the compatibility function at network node N; 27
AL parameter used in the message passing algorithm 26

¥ parameter used in the message passing algorithm 26

P(,) parameter used in the encoding optimization problem | 26

¢1(.) | mapping from adjacent check nodes to network node N; | 27

I indicator function 28

Table 2.1: Table of notations used in Section 2.4 and page number where they were
introduced.
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that y(l) is not a variable. Each information variable node V} is associated with the
variable v(k) which represents the k-th bit in the information sequence v™. Thus, the
variable v(k) can take values in the set {0, 1}. The node Vj is connected by an edge to
every check node C; such that the entry of generator matrix A(¢, k) = 1. Each check
variable node CV} is associated with the variable ¢(¢) which represents the ¢-th bit
in the sequence ™ = Av™. Consequently, ¢(¢) takes values in {0, 1}, too. Node C'V}
is connected by an edge to check node Cy and to network node N; where [ = ((¢ — 1)
mod n) + 1. Each network variable node NV is associated with the variable z(I)
which represents the [-th symbol of the codeword 2". Thus, the variable z(l) takes
values in Z. Node NV] is connected to the source node S; and to the network node
N;. Note that, according to this description, each node N; is connected to variable
nodes NV; and C'V, CVipp, CVigon, -+, CVig(w—1)n-

For each network node N, denote by CV(I) the set of indices ¢ such that C'V} is
connected to N, i.e., CVy = {l,l+n,l4+2n, - [+ (w—1)n}. Further, for each check
node Cy, denote by V() the set of indices k such that V} is connected to Cy. Finally,
for each variable node Vj, let C(k) denote the set of indices ¢ such that Cy is adjacent
to V4.

Each factor node is assigned a function of the variables associated with the adja-
cent variable nodes. This function is called compatibility function. The compatibility

function at source node S; is

1, if 2(1) = b(y(l
s (=0) = = (25)
exp(—A(y(l), 2(1))), otherwise

for all z(I) € Z, 1 <1 <n, where A\(a,b) = yp(a,b) for alla € Y and b € Z\ {b(a)},
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Source Nodes: S

Network Variable Nodes: NV
Network Nodes: N

Check Variable Nodes: CV
Check Nodes: C

Information Variable Nodes: ¥V

Figure 2.1: Factor graph of a multilevel LDGM code

for some positive value . The significance of the parameter v will be revealed shortly.
The compatibility function at the check node Cy is
L, if c(f) = Brevyv(k)
o (c(6), (v(k))revin) = : (2.6)
0, otherwise
for all ¢(¢) € {0,1}, and (v(k))xev(e) € {0,1}Y®, where & denotes modulo 2 addition.
Finally, the compatibility function at each network node N is

1, if 2(1) = ¢((c(€))ecva
e (50 (0 ey = () = &u((c(€)) eccviny) | @7)

0, otherwise

for all z(1) € Z, and (c(£))eeccvqy € {0, 1}V0.
By assigning a value to the variable associated with each variable node, from its

corresponding space of values, a triple of sequences (v™, ¢, z™) € {0, 1} x{0,1}™ x
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Z" is obtained. Such a triple is said to be compatible if and only if the compatibility
function at each check and network node takes the value 1. It is easy to see that a triple
(v™, ™ 2™) is compatible if and only if ¢ = Av™ and z" = ®(¢™). Thus, a sequence
2" is a codeword if and only if there are v™ and ¢™ such that the triple (v, ™, 2™)
is compatible. Let us denote by 7 the space of compatible triples (v, ¢, z™) and let
us define a conditional probability distribution over 7, conditioned on y", as follows

exp(—F(z"))
Z

pT(Uma an) Zn‘yn) = (28)

where

=> " Y plab)p(y" 2") (2.9)

a€Y be2\{b(a)}

and Z is a normalization constant. Then any solution the following problem

maX(vm’cnw’zn)eTpT<Um7 " 2" y") (2.10)

provides a solution to problem (2.4) as well.
Further notice that equations (2.5), (2.8) and (2.9) lead to the factorization of

m mu

pr(v™, 2"y™) as follows

I, S :(0) 1)

pT(/Um, an7 Zn’yn) — Z

The next step is to extend the probability distribution ps to a probability distribution
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p over the set of all triples (v™, ™, 2") € {0,1}™ x {0,1}™ x Z™ by letting

o p’T(Um, an’ Zn|yn)7 if (Um’ cno.)7 Zn) c 7’
2y") = . (2.12)

0, otherwise

p(vm’ an

With this notation the optimization problem (2.10) becomes
maX(Um’cnw7Zn)€{0’1}mX{O?l}anan(’Um, an, Zn|yn) (213)

Based on (2.11),(2.12), and using the compatibility functions (2.6),(2.7) associated to

the factor nodes, the conditional probability p(-|y™) can be factorized as follows

nw

_ IS s GO T, fe (e(0), (v(k)revio) TTiZs i (2(0), (e())secevi)

2" y") 7

p(v™,c

Consequently, the factor graph represents the factorization of the conditional prob-
ability distribution p(:|y™). This factorization is crucial in designing the message

passing algorithm as a heuristic solution to problem (2.4).

2.5 Message Passing Algorithm

As in [37] we employ belief propagation with decimation as our message passing
algorithm on the associated factor graph. The algorithm proceeds in a series of rounds.
Each round consists of two phases: 1) the message passing phase and 2) the decimation
phase. During the message passing phase, messages are transmitted between graph
nodes in a series of iterations. At the end of this phase the marginal probabilities

pv; (+) at information variable nodes are computed. During the decimation phase, the
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information variable nodes Vj, for which the bias of py, (-) is greater than a certain
threshold n are fixed and removed from the graph.

For the message passing phase we use the sum-product algorithm of [56], which
is equivalent to belief propagation. Consequently, assuming that the graph has large
cycles, the sum-product algorithm can be used to approximate the marginal distri-
butions of variables. During each iteration, messages are passed from each variable
node to each adjacent factor node, then from each factor node to each adjacent vari-
able node. The message passed from some variable node U to some factor node F,
denoted by My_,r(u), is a function of the variable u associated to node U. Likewise,
the message from F' to U, denoted by Mp_y(u), is also a function of the variable
u. Thus, because the variables associated to the information variable nodes and to
check variable nodes are binary, the messages passed from and to these nodes can be
regarded as vectors consisting of two values. On the other hand, the messages passed
to and from the network variable nodes are vectors of | Z| values.

The message to be passed by a node along some edges is computed based on the
latest messages received by that node along the other edges, according to the sum-
product update rules in [56, Eq. (5,6)]. Applying these rules to our factor graph
yields the message equations in Figure 2.2. Note that network variable nodes NV,
and check variable nodes C'V;, only forward messages. Precisely, each NV, forwards
to N; the message received from .S; and vice versa. Thus, to expedite the algorithm
we can skip the intermediate node NV, and directly pass messages between S; and
N;. Further, we can simplify the graph by removing the node NV, and its adjacent
edges and replacing them by an edge between S; and NN,;. Likewise, since the node

C'V, only forwards the message received from C, to node N;, and vice versa, where
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Ms,—nvi(2(1) =Fs,(2(1)),
My, (2(1)) =Ms,—nv, (2(1)),
for all (1) € 2,1 <1 <mn,

Mysov(e©) = Y Myvion (1) Y GO ()reeve) [T Movioni(e(x)),

z(1)ey (c(k))wecvy\{ey reCV(D\{¢}
Mev,—n,(e(l)) =Mcy—cv, (c(f)),

for all ¢(¢) € {0,1},1<1<n,1 </l <nw, withl=((—-1) modn)+1,
Moy, (¢(6)) =M v, (e(0)), where 1= (€= 1) mod n) +1,
Mey v (e(0)) = fe, (e(0), (k) kev) [ Myioe, (0(k))

keV(0)
for all ¢(¢) € {0, 1} 1 << nw,
Me,sv, (0(k)) = Moy, (et > fale®), wG))jeve) H My, c,(v(j)),
V(e

() (U(j))jGV(Z)\{k} JEV(O\{k}

Mye,(0(k) = [T Moo (w(k)),
KEC(k)\{¢}

for all v(k) € {0,1},1 < <nw,1 <k <m, such that A(¢,k) = 1.

Figure 2.2: Equations of messages passed in the factor graph.

Il ={¢ mod n, we can remove C'V; and its adjacent edges and replace them by an edge
between C, to node NV;. The simplified graph is illustrated in Figure 2.3. The messages
passed between adjacent nodes in the simplified graph are computed according to the
formulae in Figure 2.4. At the initialization phase, the source nodes transmit messages
computed as in Figure 2.4, and the check nodes transmit the constant vector (0.5, 0.5).
After that, the message passing schedule at each iteration is the following. First the
network nodes send messages to check nodes, then the information variable nodes

transmit messages to the check nodes. Finally, the check nodes and source nodes
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Source Nodes: S

Network Nodes: N

Check Nodes: C

Variable Nodes: V

Figure 2.3: Simplified graph associated to the multilevle LDGM code.

send messages to the network nodes.
The message passing phase ends when all the messages My, _,¢,(0) converge or a
maximum number of iterations, typically 100, is reached. Then the marginal proba-

bility distributions py, (-) are computed according to the following equation

pu (o) = =TT Moo o(h)), 219
tec(k)

where T}, is a normalization factor which ensures that py, (0) + py, (1) = 1. Further,
during the decimation phase we fix the information variable nodes whose bias is
greater than a certain threshold n (i.e. |py, (0) — py,(1)] > n). If no such variable
node exists then we fix the one with highest bias. After that we remove the fixed
variables from the graph. The message passing during the next round proceeds on
the modified graph. Any check node C; whose adjacent variable nodes are all fixed

(hence removed from the graph) computes the message to be sent to the adjacent
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MSlHNL(Z(l)) :fsz(z(l))v
for all (Z)EZ 1<l§n,

Mpy,—c,(c Z Mg, (2 Yo GO (B )reeve) T Mewowi(e(x)),

( c(k))vecv\{£} w€CV(D\{¢}

where [ = (({ —1) modn)+1

Mg, (e(€)) =fe, (c(t), (k)kevin) [] Muioe,(v(k)),
kEV(E)

for all ¢(¢) € {0, 1} 1<1<n,1<{l<nw, withl=((—1) modn)+1,

Me, v, (v ZMCVMCZ Z fe (e(l), (v(5))jeve) H My, ¢, (v(35)),

( V(7)) jevo\{k} JEV(O\{k}

My,—c,(v(k)) = H Mc, v (v(k)),
ReC(\{0}

for all (k) € {0,1},1 < ¢ <nw,1 <k <m, such that A(¢, k) = 1.

Figure 2.4: Equations of messages passed in the simplified graph.

network node N; as follows

Mec,—n,(0) = (1 — ¢) exp(0) + cexp(—9), (2.15)

Mgy (1) = cexp(d) + (1 — ¢) exp(—9), (2.16)

where c is the result of modulo-2 addition of the values of all adjacent variable nodes,
and 6 > 0. The encoding process ends till all variable nodes are fixed, at that time,
the information sequence v™ is obtained.

Notice that in belief propagation, after using the message equations in Figure
2.2, the components of each message are normalized. As pointed out in [56] this

normalization is not necessary. Precisely, the same result is obtained in (2.14) with
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or without normalization of messages in Figure 2.4, provided that normalization is
applied in (2.14). This observation implies that we can multiply the source node
compatibility function given in (2.5) by exp(u(y(l))), for any function p : Y — R,
without changing the output of the algorithm. With such a change the messages
passed by the source nodes acquire a form similar to that used in prior work [33],
137], [32].

The message passing algorithm is presented in Figure 2.5 in pseudo code form. In
order to evaluate the time complexity of this algorithm, we assume that each message
is computed in constant time. Now, recall that at each iteration in the message
passing phase, one message is passed along each edge in each direction. Therefore the
total time complexity is O(E-MI-MR), where F is the number of edges in the factor
graph, M1 is the maximum number of iterations and M R is the number of rounds.
Furthermore, M1 can be considered a constant, while M R can be upper bounded by
m = R x n, this bound being achieved when only one variable node is decimated at
each round. Notice that £ equals wn plus the number of ones in the generator matrix
of the LDGM code, which is bounded by its dimension m x wn. However, this bound
is loose, because the matrix is sparse. Finally, according to the above discussion and
by considering R a constant as well, it follows that a loose upper bound on the time

complexity of the message passing algorithm is O(wn?).

2.6 Bound on Algorithm Performance Gap

In this section we derive an upper bound of the performance gap of the proposed
message passing algorithm, in terms of the parameters v and the maximum absolute

error 0 in the computation of the marginal probabilities at the information variable
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nodes, under the assumption that ¢ < % and a single variable is decimated at a time.
An immediate consequence of this result is that, if there exists some dy > 0 such that
o< % — Jp for all v > 0, then the algorithm is optimal for 7 large enough (since the
space of feasible solutions is finite).

Proposition. 2.1 Assume that only one variable is decimated at every decimation
phase and that the marginal probabilities of the information variable nodes computed
by the algorithm after every message passing phase, are within a value §, 0 < 6 < 1/2,
from the true probabilities. Let F,, denote the optimal cost of problem (2.4) and let
F* denote the cost corresponding to the solution output by the algorithm. Then the

following relation holds
F* < Fyp + 2((m+1)/2In2 — In(1 — 26)), (2.17)
Y

where m is the number of information variable nodes.

Proof. For each v™ € {0,1}™ let F(v™) = F(z"(v™)), where 2™ (v™) is the codeword
corresponding to v™. For each 0 <t < m — 1, let U; denote the set of information
sequences remaining in the search range for a solution, after the ¢-th decimation
phase. In other words all sequences in i/; have the bit values on the ¢ positions which
were decimated during the first ¢ decimation phases, equal to the bit values already
decided for these positions. Further, let F; denote the smallest cost F'(v™) over all

v™ e U,. We will first show that
(m—t+1)In2 —In(1 — 26)

F<F_i+ : (2.18)
v

for every t,0 <t <m — 1. Let us fix some ¢ and assume by contradiction that (2.18)

36



Ph.D. Thesis - Ying Zhang McMaster - Electrical Engineering

does not hold. This implies that

F(u™) > Fy_y + & for all v™ € U, (2.19)

Where 6 _ (m—t+1) 111’72—111(1—2(5) ]

Assume now that at the ¢-th decimation phase, variable v(k) is chosen to be
decimated and its assigned value is b. Let py, (v(k)) denote the marginal probability
computed after the message passing phase, and let Py, (v(k)) denote the true marginal
probability. Then py, (b) > 1/2, and, by the hypothesis, one has |py, (b) — Py, (b)| < 6.

These inequalities imply that
Py (b) >1/2 6. (2.20)
Further, one has

() =@ S esp(—yF (™)

t

v eUy
2m7t
<® 77— exp(=(Fi-1 +§))
t
© 2m—t
<9 ————exp(—y(F-1 +
eXp(_’}/thl) p( P)/( t—1 5))
= 2 lexp(—e), (2.21)
where Z; = 3 mgy, , exp(=7F(v™)). Equality (a) follows from the definition of the

marginal probability, (b) follows from (2.19) and (c) from Z; > exp(—~vF;_1). Finally,
(2.20) and (2.21) lead to
2" texp(—y€) > 1/2 — 6, (2.22)
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m—t+1) In 2—In(1-26)
Y

which implies & < ( , and thus contradicts the definition of &.

Finally, we will show that

2
1—-29

1
F*<F,14—In . (2.23)
g

If F* = F,,—1 then (2.23) is trivially satisfied. Assume that F* > F,,_;, and let
v(k) be the non decimated variable after the first m — 1 decimation phases. Further,

let &' denote the bit value assigned to v(k) after the m-th decimation phase. Since

exp(— ") exp(9F) g

Un—1 has OIlly two elements’ then PVK (b/> - exp(—vF*)+exp(—yFm—1) exp(—7Fm—1)

the hypothesis, we have Py,_(0') > 1/2 — ¢, and further, combining with the previous
relation, we obtain exp(—vy(F* — F,,,_1)) > 1/2 — §, which, in turn, implies (2.23).
To conclude the proof, note that F,, = Fp, and relation (2.17) follows by com-

bining (2.18) for all t,0 <t <m — 1, and (2.23). O

2.7 Decoding Process

The final step of single source coding is the decoding process. This is very easily
performed on the simplified graph. Given the information sequence v™, the bit value
v(k) is assigned to each information variable node V. Further, each value c(¢) is
computed at the check node Cy as the modulo-2 sum of the bit values at adjacent
information variable nodes. At last, each codeword symbol z(I) is computed at the

network node N; based on the bit values at adjacent check nodes, via the mapping

oi(-).
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2.8 Efficient Implementation of Multiple LDGM-

based Codes at Encoders 1 and 2

As emphasized in previous subsection, for each t = 1,2, encoder ¢ needs 27! (XiXe)+e1)

different multilevel LDGM-based codes. This fact apparently raises space complexity
concerns. To address these concerns we choose a common value of the integer w and
a common low density generator matrix A for all these codes. It is clear then that
the associated graphs are identical, consequently a single graph needs to be stored.
What differs from one code to another are only the compatibility functions at network
nodes. However, their storage need is not an issue either, since these functions are
chosen from a small pool containing only |X,| functions.

Another way of simplifying encoders 1 and 2 is by replacing the multiple codebooks
by a single codebook of the same size, via a variable substitution as follows. According
to the Variable Substitution Lemma [44, Lemma 1], there exist random variables Uy,
t = 1,2, taking values in the finite sets Uy, respectively, with |U;| < | |(]X] —1) + 1,

t = 1,2, and the functions 7; : X. x U, — X}, such that
C1) U, is independent of X,;
C2) X; =m(X.,Uy);
C3) X — (X., Xy) — Uy, and (X, X;) — (X., X2) — Uy form Markov chains.
The above relations imply [44] that
I(X, Xe; Un) = I(Xe; Un) + I(X; Uh [ Xe) = T(X5 X[ Xe),
I(X, X, X1;Up) = I( X Us) + 1(X, Xq; Us| X)) = I(X, Xy; Xo| Xe).
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Then encoders 1 and 2 can be modified as follows. Encoder 1 randomly generates

codebook C; = {uij}?gl(X’Xc‘Ul)Jrel), according to the distribution [[,_, pr;, (+). En-

coder 2 randomly generates codebook Cy = {ugvk};‘gfx’x“x““”“), according to the

distribution [[;", pu,(-). Given the input sequence " and index ¢ selected by encoder
0, encoder 1 finds an index j such that uf ; is jointly typical with 2™ and x7,. Further,
encoder 2 finds an index k such that uy is jointly typical with z", 7, and uf ;. On
the decoder side, decoder 1 reconstructs the codeword 7, ; based on uf ; and zi; by
setting x1;,;(1) = m1(zci(1),u1;(1)), 1 <1 < n. Decoder 2 reconstructs the codeword
wy ., based on uy, and zy; by setting wa; (1) = m2(2ci(1), u2i(l)), 1 <1 < n.

The two methods described in this subsection for simplifying encoders 1 and 2
are conceptually equivalent. The slight difference between them is not significant
theoretically, but it could raise practical concerns. Next we analyze the connection
between these two methods.

Let W denote a uniform variable over the alphabet W = {0,1}*. Let C¢ i =
{™ = Ap™v™ € {0,1}™} be the linear codebook used in the construction of
method 1, where A; is a low density generator matrix. By identifying each bit se-
quence ¢™ with an n-length sequence w™ over the alphabet W as follows w(l) =
(c(l),c(l4+n)---,c(l + (w—1)n)), Ctun can be regarded as a codebook representing
the variable W. Then each conditional codebook C;; is actually obtained from C; ;y,
via a component-wise mapping function applied to the codewords w™.

In method 2 the conditional codebooks are constructed based on the common
codebook C; via componentwise mapping functions. By implementing the common
codebook with a multilevel LDGM code, C; is derived from C; j;,, using a component-

wise mapping function, thus the conditional codebooks are also derived from C,;y,
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based on component-wise mapping functions. It is clear now that the conditional
codebooks in method 2 can be obtained via method 1. On the other hand, notice
that the linear codebook C; j;, in method 1 can be regarded as the common codebook
C; for some choice of the variable U, satisfying conditions C1-C3 (but not necessarily
the cardinality condition on U;).

Thus, both methods ensure equivalent construction of the conditional codebooks
(if we remove the cardinality constraint on U; in method 2). The only difference
between them consists in the encoding procedure. In method 2, the encoder searches
for a codeword u" in the common codebook, while in method 1 the encoder looks for
a codeword in the conditional codebook directly . This difference is not significant
theoretically, but it could be in practice. Precisely, if the size of alphabet U4, is larger
than the size of X}, then the message passing algorithm for method 2 is more complex
since the messages passed by the source nodes have more components. Moreover,
additional complexity arises at the design phase since more parameters need to be
selected to define the source messages. On the other hand, if I; and A&, have equal
sizes, then the message passing algorithms have equal complexity. In our simulations

we chose to implement method 2 whenever the latter case arises.
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1: maZier < 100, n < 0.9
2: C(k) < {l|A(L,k) = 1}, V(0) « {k|A(L, k) = 1}, for all & = 1,--- ,m, and

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:

(=1, nw
NV« {1,--- ,m}
for [ =1tondo
Compute Mg,_,n, as in Fig. 2.4
for s=0tow—1do
MCHsnﬁNz A (%7 %)
for k € V(I + sn) do
MCl+sn—>Vk A (%’ %)
end for
end for
end for
while NV # () do
for : = 1 to max., do
Compute My, ¢, .., Mv,~c,,,, as in Fig. 2.4
foralll=1,--- n,s=0,--- ,w—1,keV({I+sn)NNV.
for [ =1tondo
for s=0tow—1do
if V(I +sn) NNV # () then
Compute M¢,, N, as in Fig. 2.4
for k € V(I + sn) NNV do
Compute Mc¢,, . v, as in Fig. 2.4
end for
else
Compute Mc,, ,n, as in Eq. (2.16)
end if
end for
end for
if Mc, .y, converge for all £ =1,--- nw, k€ V({) NNV then
Break
end if
end for
for k € NV do
Compute py, (v(k)) as in Eq.(2.14)
if ‘ka (O> - ka(1)| > 1 then
NV — NV — {k} A
b < argmaxye(o,13pv; (b), v(k) <= b
ka_@e(f)) — 1, My,_c,(1— 3) + 0, for all ¢ € C(k)
end if
end for

end while
42

Figure 2.5: Message passing algorithm. AV denotes the set of indices k of currently
non-decimated variable nodes V.



Chapter 3

Applications of the Proposed

Coding Scheme

In this chapter we discuss the application of the proposed practical coding scheme to
approach the theoretical rate-distortion limits or known bounds for three cases of the

MD problem with Hamming distortion measure:

1) No excess sum-rate case for general binary sources. For this case the character-
ization of the MD rate-distortion region is known as the EGC region. However,
analytical expressions are partly available only for the uniform source. To aid
the code design, we derive the exact expression of the distortion region and of

the auxiliary variables necessary to achieve its boundary.

2) No excess marginal rate case for the uniform binary source. We improve an

analytical expression of the upper bound of central distortion.

3) Successive refinement for finite-alphabet sources.
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3.1 No Excess Sum-rate Case for Binary Sources

The term no excess sum-rate for the two descriptions problem refers to the case
when R; + Ry = R(dp), where R, is the rate of description ¢, for ¢ = 1,2, and
R(-) denotes the rate-distortion function. Since in this case the MD rate-distortion
coincides with the EGC* region, and the EGC* region is a particular case of the
ZB region, corresponding to X. constant, we can readily apply the coding scheme
proposed in Chapter 2 to approach its boundary provided that the auxiliary variables
X, and Xy are known. However, the computation of the boundary points and of the
variables X7 and X5, achieving them is not an easy task, and analytical expressions
are available only in part for the uniform binary source with Hamming distortion.
Our next result represents some progress in this direction by providing the expression
of the distortion region for general binary sources.

First we introduce some notations. Let D denote the distortion region for the no

excess sum-rate case. Precisely, D is defined as

D= {(dl, dg, dg) . El(Rl, RQ) such that Rl + RQ = R(do) and

(R17 R27 d17 d27 dO) € RD}
For dy > 0 let us additionally define
D(dy) = {(d1,ds) : (d1,d>,dy) € D}.

Clearly, D = Ugy.ap>0{(d1, da, dp) : (d1,d2) € D(dp)}. Since D(dy) is convex, it suffices

to characterize its supporting lines. Two of the supporting lines are already known,
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namely the lines of equations d; = dy and dy = dy. Therefore, to complete the task,

it is enough to solve the following optimization problem

min  ad; +ds (3.1)
(dl ,dz)ED(do)

for all a > 0.
As shown by Ahlswede in [43] the EGC region is tight for the no excess rate case.

Specifically, we have

{(Rl,Rg,dl,dg,do) € RD : Rl + Rz = R(do)}

= {(Rlv R27d17d27d0> € Q : Rl + R? = R(dO)}a (32)

where Q denotes the convex closure of the set of quintuples (Ry, Ry, dy,ds, dy) for
which there exist auxiliary random variables X;, t = 0,1, 2, jointly distributed with

X such that

[(Xl;X2> =0,
RtZI<X7Xt)7 t:1727
Ri + Ry > I(X; X, X1, X5),

dt Z ]E[d(XJ Xt)]? l= 07 ]-7 2.
Now we proceed to characterize D(dp) for binary sources with Hamming distortion

measure (i.e., d(z, %) = dy(x,2) = 0if z = &, and 1 otherwise). Let X = X = {0,1}

and px(0) = §, where 0 < § < 1/2. With no loss of generality, we shall assume
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0 <dy < 6. In this case R(dp) is a strictly convex function of dy. Furthermore, if

R(dy) = Ry + Ry > I(X; Xy, X1, X5),

do > E[d(X, Xo)],

then one must have X = Xy @® Z, where @& denotes the modulo-2 addition operation,
and Z ~ Ber(dp) is independent of (Xg, X, X3). Therefore, it suffices to specify
DX, X»|x, in order to determine pxx,x,x, due to the fact that pxy, is completely
determined once dj is given and that X — Xy — (X3, X3) form a Markov chain.

Now in view of (3.2), it can be readily shown that

min  ad; + ds
(dl ,dz)G'D(do)

> min aE[d(X, X1)] + E[d(X, Xs)].

T Px Xg|xoH (X15X2)=0

It turns out that the inequality can be replaced by an equality. To see this, for any

DX, Xs|Xo Such that the induced X; and X, are independent, let

Ry =1(X;Xy),
RQ = I(X, Xl,XQ) + I(X;X0|X1,X2),

d, = E[d(X, X,)], t=0,1,2.

It can be verified that (R, Ry, dy,ds, dy) € RDgac and Ry + Ry = R(dp). Therefore,

46



Ph.D. Thesis - Ying Zhang McMaster - Electrical Engineering

(3.1) is equivalent to

min aE[d(X, X)) + E[d(X, X2)). (3.3)

DX Xq X0 L (X13X2)=0

The next result is proved in Appendix A.

Proposition 3.1 The following relation holds

D(do) = {(dl,d2> . (dl +1-— 2d0 — 5)(d2 +1-— 2d0 — 5)

> (1 —do—96)(1 —2dy),dy > dy,dy > dy}.

Moreover, for each o > 0, the solution (d;, dy) to (3.1) is unique, and a corresponding
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solution to (3.3) is specified by

Pxx:x,(0,1,1) =
Pxx,x,(1,0,0) =
pxx:x,(1,1,0) =
Pxx:x,(1,0,1) =
Pxx.x,(0,1,0) =
Pxx.x,(0,0,1) =
Pxx.x,(0,0,0) =

pXX1X2(17 L, 1) -

XO = w0<X15 XQ)

- _dOQdO (1—6—dy), (3.4)
; _d‘;d0<6+do —di —dy),

1 —dOQdO (dy — dy),

e o (d = o),

11__;0(;0 (dy — dy),

11__2610?0 (da — dy),

11__26200 (6+do—di — o).

(1= - o)

L X =xX=1

- 0, otherwise 7

furthermore, when 6 < 1/2, the solution to (3.3) is also unique, while for § = 1/2 and

dy # dy,dy # dy, there is only one alternative solution, which is obtained by swapping

0 and 1 in (3.4).

Note that for the case of uniform binary source part of the result of Proposition

3.1 can be inferred from [42, Section IV]. Figure 3.1 depicts the distortion region

D(dy) for a binary source with px(0) = 1/4, dy = 0 and dy = 0.013. Consider now

a distortion pair (d;, ds) on the lower boundary' of D(dy) and let px,x,x,x be the

joint conditional distribution specified by (3.4). Since Xy is a function of X; and Xo,

it follows that X; and X, are the auxiliary variables in (1.4) achieving the distortion

!The lower boundary of D(dp) is defined as the set of solutions to (3.1) for o > 0.
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! ' ! ‘ N d0 = O(px(0)=1/4)
— 0 = 0.013(px(0)=1/4)
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Figure 3.1: Distortion region D(dp) for a binary source with px(0) = 1/4, dy = 0 and

triple (dy, da, dp), with 1, being the identity function, for t = 1,2, and 1y defined as

in Proposition 3.1. Define the rate region

R(d1,d2,d0) é {(Rl, Rg) . Rl + R2 = R(do), and (Rl,RQ, dl,dg,do) € RD}

It can be shown by leveraging Proposition 3.1 that R(d;,ds,dy) coincides with the
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set of rate pairs satisfying

RlZ[(X;Xl)
Ry > 1(X; Xy)

Rl + R2 == R(do)

Thus, R(dy, da, dy) coincides with the dominant face F(px,x, x,|x) defined in Section
2.1, where X, is a constant. Thus, the two corner points E; and Es, are the extremities
of R(dy,ds, dy).

Let us analyze now the application of the coding scheme of Section 2 for the corner

point Fy. Since X, is a constant, clearly the scheme does not need the encoder 0.

n(I(X;X1)+€1)
7=1

Encoder 1. This encoder needs only one non conditional codebook C; = {z7} ;}
randomly generated according to [[_, px,(-). The multilevel LDGM code for this
codebook is designed as described in Subsection 2.2, for (Y, Z) = (X, X;). The distri-
butions p(+), 1 <1 < n, are all identical to px, (-). The input sequence is y" = 2™ and
the output sequence is 2" = x7. The encoder needs to select the codeword =} € C;

jointly typical with 2" according to the distribution pxx,. We set b(0) = 0 and

b(1) = 1. Then the optimization problem (2.4) has the form
minx?ec)\(o, 1)[071(1}n, ZU?) + )\(1, O)[l,o(l'n, ZL‘?)

It can be easily verified that px,|x(1|0) > px,;x(0|1). Therefore, guided by the intu-
ition that A(a, b) should be inverse proportional to px,|x (bla) we set these parameters

such that A(0,1) < A(1,0).

Encoder 2. This encoder also needs a single codebook Cy = {xgk}Z(ZIl(X’X“XQHq)
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randomly generated according to [, px,(-). The multilevel LDGM code for this
codebook is constructed as described in Section 2.2, for Y = (X, X;) and Z = Xo.
Note that Y = {0,1}?, and that the input sequence is y™ with y(I) = (x(l), z1(1)),
1 <1 < n, where z7 is the codeword selected by encoder 1. The strong typicality
condition is too strong for this encoder since all we are interested in is to obtain low

central and side 2 distortions. Thus, the optimization problem can be formulated as
minxgecﬁodﬁ?) (", 2) + Body) (a", 23), (3.5)

for some non-negative weights 3y and (;, where x{ is the central reconstruction,
hence xo(l) = 1 if x1(l) = z2(I) = 1, and 0 otherwise, 1 <1 < n, and dg)(x”,y”) =

Yo du(x(l),y(l)). It follows that

A (") = Loy (™ %) + Tono(y™, 28) + Luoyo(y™ 23) + Tnoa (v, 28),
= Lon1(W" 25) + Ino(y", v5) + Lo y"),

Ay (", ) = Lo (Y™ 25) + Loy (", 25) + La00W" 25) + L0y, 73).

Since I(1,0)(y™) depends only on the input 3", consequently is a constant for the

optimization problem, problem (3.5) becomes

mingsec, (6o + B2) Lo,1),1(y", 5) + La)0y" 25)) + B2(Lo,01 (Y™ 2h) + T1,0),0(y", 25)).

This cost function fits under the framework of (2.4) by setting 5(0,1) = 0, b(1,1) =
1, 6(0,0) = 0, b(1,0) = 1, A(0,1),1) = A((1,1),0) = fo + > and A((0,0),1) =
A((]-?O)?O) = 52-
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3.2 No Excess Marginal Rate for the Uniform Bi-
nary Source

The term no excess marginal rate refers to the case when Ry = R(d;) and Ry = R(dy).
An interesting question in such a case is, given the distortion pair (di, ds), what is

the minimum distortion dy? Precisely, let us define dy(dy, ds) as follows
do(dl, dg) £ min{do : (R(d1>, R(dg), dl, dg, d()) € RD}

Zhang and Berger proposed in [48] an upper bound for dy(d;,ds) by choosing the
auxiliary random variables X., X, X5 specified by the ZB region such that X — X; —
X, X — Xo — X, and X; — (X, X.) — Xy form Markov chains, I(X; X;) = R(d;),
E[d(X, X})] < d; and (X, X.) = Xy, for t =1,2.

Further they showed that for the uniform binary source with Hamming distortion
this upper bound is strictly better than the upper bound derived from the EGC

region, namely than min(dy,dy). Precisely, let

P(X,=X|X)=1—dy, t=1,2,
P(X, # X|X)=dy,, t=1,2,
P(X,=X|X)=1-s,

P(X. # X|X) = s,
P(X,=X,|X)=1—s, t=1,2

IP)(XC#XAX) = S¢, t= 1,2,
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for some s such that max(d;,ds) < s < 1/2, and s; = f_‘—;jt, t = 1,2. Then the upper

bound is computed in [48] as

UB(dy,ds) = inf P(X # o(X,, X1, X2)). (3.6)

smmax(dq,d2)<s<1/2

The mapping ¢ used in [48] is defined as follows

Vo(Te, 11, T2) = e

Z., otherwise
We argue that this mapping is not optimal and provide the optimal mapping g
which minimizes the central distortion, along with the optimal value of sy which
achieves the infimmum in (3.6). Let us assume without restricting the generality that
d, < dy. Define a(dy,ds) = %. Then relations dy < a(dy,ds) < 1/2 hold.

In Appendix B we show that the mapping 1)y which minimizes the central distortion

is the following

Iy, T1 = T2
Vo(Te, ¥1,2) = 1 —x,, ifay #x9, dy<s<aldy,dy) - (3.7)
X, if 1 # X, Oé<d17d2) < s < 1/2

Then the upper bound UB(dy,ds) (3.6) becomes

min (1—s— (1—d)(A ~dy)(1 — 5 —di)(1 — s — dy) n dide(1 —s—dy)(1—s— d2)).

s:da<s<a(di,d2) (]_ — S)(l — 2d1)(1 — 2d2) 8(1 — 2d1)(1 — 2d2)
(3.8)

Define B(d, dy) = %. As proved in Appendix B, the value sy achieving
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the above minimum is

\/1— VHﬁdl’d? . (3.9)

d17d2)

Then the value of UB(dy, ds) can be recovered by replacing s by sq in the expression
to be minimized in (3.8).

In order to approach in practice the upper bound UB(dy,d;) we will use the
coding scheme proposed in Chapter 2. At each encoder we formulate the optimization
problem as minimization of distortion between the source sequence =" and the output
sequence of that encoder.

Notably, in this case, the variables U;, t = 1,2 introduced in Subsection 2.8 for
the purpose of simplifying encoders 1 and 2, take values in the binary alphabet.
Precisely, we have U, = X, @ X; and X; = m(X.,Uy) = X, ® Uy, t = 1,2. Since
dy(z,xy) = dy(x & x0, 2 ® x.), the optimization problem at the simplified encoder
t can be equivalently formulated as minimizing d;?)(Ax”, uy) over all uy € C;, where
Ax(l) & z.,(1) ® (), for 1 < 1 < n, i being the index output by the base layer
encoder. In conclusion, at encoder 0, ¥ = X holds, while at encoders t,t = 1,2,
Y = AX holds, where AX = X @ X,. Thus, we have ) = Z = {0,1} at each
encoder t = 0,1,2, and we set b(a) = a for a =0, 1, and A(0,1) = A(1,0) > 0.

3.3 Successive Refinement

Successive refinement (SR) can be regarded as a special form of multiple description
coding in which the distortion constraint on the second description (i.e., dg) is not

imposed. In this scenario it is common to refer to the first description as the base
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layer and the second description as the refinement layer.

The successive refinement coding rate-distortion region RDgg is given by

RDSR - {(R17R27d17d0) : <R17R27d17007d0) € RD}

As shown in [51], RDgg is equal to the set of quadruples (R, Rs, d1, dp) for which
there exist auxiliary random variables Xy and X, jointly distributed with the generic

source variable X, such that

R, > [(X;Xl),
Ry + Ry > I(X; Xy, Xy),

E[d(X,X,)] <d,, t=0,1.

It is easy to see that RDgsg is equivalent to RDggc with X5 set to be a constant.
An important case is when (R(dy), R(dy) — R(dy), dy,dy) € RDsr. The sources for
which this relation holds for all d; > dy > 0, are called in [50] successively refinable
sources. Equitz and Cover showed in [50] that (R(dy), R(dy) — R(dy),dy, dy) € RDsr
if and only if there are random variables X, and X, jointly distributed with the

generic source variable X, such that

R(dy) = 1(X; X4),
R(dy) = 1(X; Xo, X1),

E[d(X, Xt)] S dt, t - O, 1,

and X — X — X; form a Markov chain. They further proved, based on results of [57],
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that finite-alphabet sources with Hamming distortion are successively refinable and

the joint distribution pxx,x, is specified by

_ (px(w) — )"
PxAr) = S @) — A

1 —dy, .Z':ZE()EXJF

re X, t=0,1,

Px1x0(T]T0) = § Ao, T # 20,1 € X wg € X
px(xr) x ¢ X moe Xy

1—dg—Xo’
— A=A
pX0|X1($0|$1) = l—fio—g\o’ To # Ty, X0 € XfL,xl € X1+ )
px (z0)—Ao + + +
T—do—g JIQGXD ,.I0¢X1 ,$1€Xl

where A\g € [0, \;] and A; are determined by

> px(@)pxix (e = px(z), @€ X t=0,1,
thXt+
and X;" ={rx € X :px(x) =\ >0}, t=0,1.
The following theoretical coding scheme for SR was suggested in [50].
Codebook generation. For the base layer, the codebook C; = {7, f:fl where R; =

I(X; X1) + €1, is randomly generated according to [, px,(-). For the refinement

2nR2

layer, for each index i,1 < i < 2"% a codebook Cy; = {x5,;}i=1, where Ry =

I(X; Xo|X1) + €2, is randomly generated according to the conditional distribution
H?:l pXo|X1('|x1,i<l)>'

Encoder for the base layer. Given the source sequence x", the encoder of the base
layer finds the index i,1 <4 < 2"% which minimizes dg?) (z", 7).

Encoder for the refinement layer. This encoder has knowledge of the index
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i of the base layer, and it chooses the index j,1 < j < 2" which minimizes
dg)(ﬁna T0,5)-

Decoder. The decoder of the base layer receives index i and takes z7; as the recon-
struction of z". When additionally the refinement index j is received, the decoder
takes z7, ; as the reconstruction of z".

As justified in [50], this theoretical coding scheme is able to achieve the distortion
pair (dy + €,dy + €), as n grows to infinity.

Note that this encoding scheme resembles the succession of encoders 0 and 1 for
the ZB region. The main difference resides in the fact that in the successive refinement
case, the output of each encoder forms a separate description.

Our practical coding scheme for the SR problem uses multilevel LDGM codes
for the encoder of each layer as described in Subsection 2.2. Precisely, for the base
layer we have (Y, Z) = (X, X1), mR,;, and the distributions p;(-) are identical to
px,(+). At the encoder for the refinement layer we have (Y, Z) = (X, Xy), mRy and
2i(-) = Pxoix, (-lz1,4(1)), 1 < 1 < n. The optimization problem at each encoder is
formulated as minimization of the Hamming distortion between the input and output
sequences, in other words, we set b(a) = a for any a € X for both encoders and let
A(a,b) = 61 > 0 for first encoder and A(a,b) = d; > 0, for the second encoder, for all
a,b e X with a # b.

Moreover, the second encoder can be simplified as described in Subsection 2.8 by
substituting variable X, by a variable Uy over the same alphabet X', satisfying the

following requirements
1) Up is independent of Xi;
2) X, = (X1, Up) for some function 7 : X;" x X" — A
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3) X — (X1, Xo) — Uy forms a Markov chain.

Next we construct the variable Uy and the mapping 7. Assume without restricting
the generality that X;" = {0,1,--- ,7 — 1}. Consider the function o : X;" x X — X,
defined as follows

T O, (T — 1), if v € X

U(x17$) =
x, ifzeX\ A"

where @, denotes modulo-7 addition. Define

o | mo®rw, ifxg e A
7T(1317$0) =

X, otherwise

Further define 7, : X, x X" — X" as the restriction of o over the set X;" x X,;5. Let
Up = 71 (X1, Xo). It can be easily verified that the all the aforementioned requirements
for Uy are satisfied. Further define AX = o(X;, X). According to the argument in
Subsection 2.8, the encoder of the refinement layer can be converted into an encoder of
the variable AX, with input sequence Ax™, where Ax(l) = o(z1,(1), (1)), 1 <1 < n,
and 7 is the index selected by the encoder of the base layer. Encoder 2 needs to
randomly generate only one codebook Cy = {u&ﬁ?ff according to the distribution
[T-, pu,(+). The equality dy(x,z0) = dg(o(x1,2),0(x1,20)) can be easily derived.
Therefore, the optimization problem at encoder 2 can be equivalently formulated as

the minimization of dgl)(Ax”, ug) over all uf € Co.
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Chapter 4

Practical LDGM-based Coding
Scheme For Quadratic Gaussian

L-Description Coding

In this chapter we propose a practical LDGM-based coding scheme for quadratic
Gaussian L-description coding, with individual and central distortion constraints.
In the first section, it is first pointed out that the coding problem for an arbitrary
point on the dominant face of an L-description El Gamal-Cover (EGC) region can be
converted to that for a vertex of a K-description EGC region for some K < 2L — 1,
where the latter problem can be solved via successive coding. Then it is shown how,
for the quadratic Gaussian case, each step in the successive coding can be reduced to
a Gaussian quantization operation via Gram-Schmidt orthogonalization. The special
structure of the covariance matrix associated with the sum-rate optimal EGC region,
is exploited in order to simplify the calculation of the related coefficients and to derive

an efficient implementation of the Gram-Schmidt orthogonalization. Furthermore,
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a new interpretation of the quantization splitting method developed in [52, 53] is
given, by eliminating the use of conditional codebooks. In the second section the
practical coding scheme is introduced, which consists in implementing the Gaussian
quantization operation involved at each step using a multilevel LDGM code with the

message passing algorithm described in section 2.5.

4.1 Successive Coding Scheme

For any L auxiliary random variables Uyy,- -+, Uy jointly distributed with the
generic source variable X, we define R(py,,, - v,,,x) as the set of rate tuples (Ry,- -+ , Rr)
satisfying

Y Ry>> H(Uy) - HUp, L€ AX), DCAC{L,-- L}

teA teA
Let P(dpy,--- ,dgry,dg,....y) be the set of conditional distributions DUy Uy | X
such that
Eld(X, 90 (Uy)] S dggy, £=1,---, L, (4.1)
Eld(X, g0, .0y(Upy, - Uy))) < dpee oy (4.2)
for some functions ggsy, £ = 1,---, L, and gi.... 1y. Then, for given distortion tuple

(day, -+ ,dry,dq,.. 1y), the set of rate tuples (Ry,- -+, Rz) such that
(Ri,--+ ,Rp,dpy, -+ ,dgry, dg,.. ry) is in the EGC region defined in section 1.3.4,

60



Ph.D. Thesis - Ying Zhang McMaster - Electrical Engineering

coincides with the convex closure of

U R(pU{l},---7U{L}|X).
PUfy, ’U{L}IXep(d{l},‘" sdirysdin,... ny)

It is known [45] that

Rece(dgy, -+ dy,dp.y) € R(dpy, -+, dyy, dgny),

where R(dqy, -+ ,dry,dgi,..,1}) denotes the set rate tuples (Ry,---, Rr) such that
(Ry,---,Rp,dpy, -+ ,dry, dg,.. ry) is in the L-description region with individual and
central constraints, defined in section 1.3.2.

Roughly speaking, one may view Uy, -+, Uy as L descriptions of source X;
moreover, gg13(Upy), -+, 9qzy(Ugzy) can be interpreted as the reconstructions based
on individual descriptions while g{l,...,L}(U{l}, e ,U{L}) can be interpreted as the
reconstruction based on the complete set of descriptions.

Therefore, we shall primarily focus on R(pU{l},--.,U{ 0l x) and simply refer to it as
the EGC region when no confusion can arise. As observed in [46,47], R(pv,, . v, |x)

is a contra-polymatroid and its vertices can be easily characterized. Specifically,

(Ra(m), -+, Ri(m)) is a vertex of R(pu,,,.- v, |x) for every permutation w on {1,---, L},
where
Reqy(m) = 1(X; Ugnqyy) (4.3)
Rey(m) = I(X, Uriyys -+ Une-1)y: Ugmey), £=2,-++, L. (4.4)

The dominant face of R(pU{l},... ,U{L}IX)a denoted as D(pU{l},... 7U{L}‘X)7 is the set of rate
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tuples satisfying

L L
Y Re=> H(Up)— HUqyy, -, Uyl X).

It can be readily verified by leveraging (4.3) and (4.4) that all the vertices are on the
dominant face.

The vertices of R(pU{1}7... Uiyl x) are of particular importance since every rate tuple
in R(pU{l},... 7U{L}|X) is dominated in a component-wise manner by some rate tuple in
D(pug,y, U,y x) and the latter can be expressed as a convex combination of no more
than L vertices. As pointed out in [52,53], the expression of the vertices (see (4.3) and
(4.4)) suggests a successive coding scheme which can be roughly described as follows!:
for vertex (Ri(7),---, Ri(m)), one first uses X to produce Ur(1)}, then successively
from ¢ = 2 to L, uses (X,Uix1)}, ", Ugre—1)}) to produce Ur(ey. Furthermore,
every rate tuple in D(pU{l},~~-,U{L}| x) is achievable via suitable timesharing of such

successive coding schemes.

4.1.1 Efficient Version for Quadratic Gaussian Source

Now we proceed to propose an efficient implementation of the aforementioned suc-
cessive coding scheme in the quadratic Gaussian case, where py is a Gaussian distri-
bution with mean zero and variance o3, and d(-, -) is the standard squared error dis-
tortion measure. In this setting it is known [47] that Rpgo(dgy, - -+, dgry, dg,0y) =
R(dgqy, -+ ,dry,dg,... 0y); moreover, it suffices to assume that Ugy,--- ,Ugy are

zero-mean and jointly Gaussian with the generic source variable X. By exploiting

'For simplicity, here we describe the scheme in the form of single-letter operation. However, it
should be noted that to approach the information-theoretic limits, one has to implement such a
scheme over long blocks.
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the properties of the Gaussian distribution, the following simplified version of the
successive coding scheme, referred to as the successive quantization scheme, was de-
veloped in [52,53]. Without loss of generality, we shall assume 7(¢) = ¢, ¢ =1,--- , L.

Using the Gram-Schmidt orthogonalization procedure, we can write
Ug =Upgy+ 420, (=1, L,
where

Uy = E[Upy | X],

U{L’} = ElU@X Uy, U, 622,00 L

and X, Ay, -+, Ay are jointly independent and Gaussian. Now (4.3) and (4.4) can

be rewritten as
Re(m) = (U Upy) = 1(Upay; Uy + ), £=1,---, L. (4.5)

As observed in [52, 53], one can readily obtain an L-step successive quantization
scheme by interpreting U{g}, Utey, and Ag in (4.5) respectively as the quantization
input, the quantization output, and the quantization error at step £. Note that the
explicit expressions of U{l}, e ,U{L} in terms of (X,Ugy, -+ ,Uszy) depend on the
covariance matrix of (X,Upy, -+ ,Ugzy), which in turn depends on distortion con-
straints dyiy,--- ,dqry, and dy ... ry. A direct derivation of such expression, though
possible for the case L = 2 [52], appears to be cumbersome for general L. Fortu-

nately, it turns out that the special structure of the optimal covariance matrix of
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(X,Uqy, -+, Ugry) allows for an efficient implementation of Gram-Schmidt orthogo-
nalization as well as a simple calculation of the relevant coefficients.

Without loss of generality, we shall assume 0 < dgy < 0%, ¢ = 1,---, L, and
0<dp,.rn < 0%. Define

L

Rg(d{l}, e ,d{L},d{l,m,L}) = min{ZRe : (Rl, e ,RL) IS 'R(d{l}, e ,d{L},d{l,..~,L})}-
/=1

It is known [46,47] that

1
Rg(d{l}, cee ,d{L}, d{ly... ,L}) = max = log

a€l0,0%] 2

<0§<L_2(0§<d{1,-~-,L} —adg,... 1y + Mi))
L .
dr, oy [T2y (0% dgey — adggy + aok)

In particular,

L 2 [—
R« (d 5 Z log(—UX ) d > d
d 2 d ) {1,-,L} = &{1,- L}
E( {1}, » W{L}, d{L...’L}) = =1 {¢} 7

0.2
%10g<d{1,_i”)> dir,.ny < dg.. 1y

where

- L1 L1yt L
d{17"'9L} = <Z 5 2 ) ) 6_1{1’...,[,} == Zdﬁ - (L - 1)0—3(
=1

Therefore, if dy.. 3 > 3{1,...,L}, then one can decrease dyy ..y until dg .y =
8{17...7L} without affecting Rg(d{l}, ce ,d{L}, d{l,m,L}); similarly, if d{L.AHL} < C_Z{l,-u,L}v
then one can decrease one of dgpy, € = 1,---, L, until dg.. 1y = dyy ... 1y without

affecting Rx(dg1y,- -+ ,d¢ry,dq,.. 1y). As a consequence, there is no loss of generality
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in assuming c_l{l’,,,,L} <dp,. 1 < E{l,---,L}~ In this case we have

1 o262 dey . v — adyy ... 1y + a02
Rs(dpy, -+ diy,da.ny) = —108;( G L{L J;} {11 ) " §)>
2 A, 1y [Timy (0% dgy — adggy + a0%)

where a € [0, 0%] is the solution to the following equation

2 4 L d _
(“X_+{l ) Zl< oxdyy a) |

—dyy
In particular, when dg;y = - -+ = dyry = d, we have

- Uz)l(d — LO‘EL(d{l O'gcdd{l Ly T Lag(dd{ly..‘yL}
(L — 1)( —d)(o% — d,...1y)

Q>

and

1 (L—1)"o% (0% — dgu.... 1y)*
A ddy.. )= =1 ( ad )
fis( (-,0p) = 5 log Lidgy... 13(0% — d)(d — dyy.. £y)>

Note that in the current setting (4.1) and (4.2) can be rewritten as

E[(X - EX|U@y))’] < dg, €=1,--- L, (4.6)

E[(X - E[X|Ugyy, - Uy])’] < de - (4.7)

It is known [46,47] that if Uy, - -+, Ugyy are zero-mean and jointly Gaussian with X
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such that

EXUy =0%, (=1,---,L, (4.8)

2 2 /

O.X + ag o0 é = g
E[UUey] = ” , (4.9)

ox —a, (AL
where ‘7%@} = Uaf_d;g}, ¢ =1,---,L, then rate tuples in D(py,,,... v, |x) achieve the
minimum sum rate Ry (dgy,---,dzy,dp,... 1) and distortion constraints (4.6) and

(4.7) are satisfied; the corresponding R(py,,,,.. v;,,|x) Will be referred to as the sum-
rate optimal Gaussian EGC region. Now we proceed to give an explicit construction

of such (U{l}, e ,U{L}). Let

) —1
w—(Z (o +4) ) —a, £=2,---,L.
=1

Note that

. 2
a= \/(0?1,...73_1} - 0{17...73})(0{4} - 0{17...74}) — 0, £=2,--- L

Let Ny... ry and N{l e {=2---, L, be L zero-mean Gaussian random variables,
where the variance of Ny ... 1y is 0%1 L} and the rest have unit variance. We assume
that X, Ny.. 1y, and N«El,---,l}? ¢ = 2,---, L, are jointly independent. One can

successively construct

Neoy = Np oy + \/0%17...75} - 0%1,...,“1}]\7{1,-..,“1}
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from ¢ =L —1to1l. Now let

U{l,...j} :X+N{1,---,Z}, f: 1’ ’L.
U{Z} = U{l,,[} - O’%@} - 0-?1,"',@}]\[{/:17"'7(}7 g = 2’ e 7L‘

It can be verified that the constructed (Upy,---,Uyry) satisfies (4.8) and (4.9).
Note that (Ui,---,Usy) — Up,oy — (X, Ugegay, - -+, Upry) form a Markov chain,

¢ =2, --- L. Therefore, we have

Upy = X,

U{g} = E[U{g}lX, U{l,m,Z—l}] = Y1 X + ﬂg_lU{ly..%_l}, (=2,---,L, (4.10)

where v, =1+ —4%  and Bo_1 = ———% Ttis easy to see that
911, -1} 11, -1}
U{l,"',f} = ﬁgflU{l’...’g_l} + 77@71U{g}, {= 2, s ,L, (411)

iyl

\/0'%1,...,[_1}_57?1’...J}"'\/o'%g}_ail,m’e}
leads to an efficient implementation of Gram-Schmidt orthogonalization (see Figure

where 9,1 =1 —1y_1 = . This recurrence relation

4.1). It can also be verified that

EX|Uin] = apUpy, £=1,---, L, (4.12)
E[X|U{1}, tee ,U{g}] = E[X|U{17...7g}] = a{17.__7g}U{1,...,g}, {= 2, tee ,L, (413)
E[A%] = 0%1}’

B[Af = 0%y — ) (=2, L
{7...
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. In particular, when dgy = -+ =

'7L7

¢
1
gU{é}:ZZU{Z}u 6227'”7[17
=1

where aygy = Ug(i—%f@} and aqy.. g3 = U§(+;§;...,g}
digy = d, we have
ofy = =0 = Jg‘f(_dd =%
Tt %”2 N gZ - E(a(f(f d) 62 1
E[AY] = o7,
E[A2] = o2 — 02@_(@11&;)&’ (=2,--- L.

It should be pointed out that although we have mainly focused on the minimum

sum rate, one can obtain similar results in a more general setting. Indeed, it can be

shown by leveraging the construction in [47] that the Gram-Schmidt orthogonalization

procedure can be simplified in essentially the same manner for a vertex that achieves

a general minimum weighted sum rate.

4.1.2 Quantization Splitting

As mentioned earlier, every rate tuple on the dominant face of an EGC region is

achievable via timesharing of the successive coding schemes for vertices. Alternatively,

one can use the splitting method developed in [52,53].

Given (X, Uay, oo U{L}), we say (U{l},l, s ,U{L}J) is split from (U{l}, SR U{L})

if Ugyg — Uy — (X, Ugey 1, Ugery, € # €) form a Markov chain for all £. Let U =

{Ugy1, Uy, -+ Ugey 1, Ugry b We say pis a well-ordered permutation on U if Uy 1
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Uiy iis
Ruarn 2 Qa1
\.Uuz L&}‘l’@ N )i'“_]_____”
Bua..in %@ A )'% o,
g{l} @ o b's (L}

Yy )%

Figure 4.1: Successive quantization scheme for a vertex of the sum-rate optimal Gaus-
sian EGC region.

is placed before Uy for all £. For any U € U, let {U}, denote the set of random
variables placed before U in pu.

It is known [52,53] that for any (Ri,---,Rr) € D(py,,. v, x), one can find
(Upiya, -+, Ugryn) split from (Ugy, - -+, Uygry) and a well-ordered permutation p such

that

REZRZ,I_'_RZ,% 621,"‘,[1,
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where

Ry = 1(X, {Uy 1}, Uty ),

Riy = I(X,{U },0;: Uiy Ugey 1)

moreover, at least one Uy 1 can be set to zero® and removed from .

Note that R,» is expressed as a conditional mutual information. This is why
in [52, 53] conditional codebooks are used in the random coding argument for the
splitting method. In fact, an inspection of the random coding argument in [52, 53]
reveals that the resulting scheme requires one to construct and store 2"%¢1 conditional
codebooks, each of size 2"f%2  for the (-th description. Here we shall give a new
interpretation of the splitting method by converting the expression of R, from a
conditional form to an unconditional form and consequently eliminating the use of
conditional codebooks®. By applying Lemma 1 in [58] for every ¢ = 1,--- L, it
follows that there exist random variables Uyy) o, -+, Uqry,2 jointly distributed with
(X, Uy, Ugy, -+ Ugey 1, Ugry) such that the following properties are satisfied for
all ¢:

P1) Uiy 2 is independent of Uy 1;
P2) Uiy is a deterministic function of Ugy 1 and Ugg o;
P3) U{g}g — (U{g}J, U{g}) — (X, U{g/}’l, U{g/}g, U{gl},gl 7& f) form a Markov chain.

Let U' = {Upy1, Upy 2, -+ Uy 1, Ugry 2} and g be a permutation on ¢’ induced by

p with Uy replaced by Uy o at the corresponding positions. For any U € U’, let

2In this case we have Ry; =0 and Ry = Ry = I(X, {U{g}};; Uiy)-
3More precisely, the new interpretation allows one to replace those 2"#1 conditional codebooks
with a single codebook of size 27«2,
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{U}, denote the set of random variables placed before U in /. By P2) and P3), we

can rewrite Ry as

Rey = (X, AUy}, Ugyn)-

Moreover, it follows by P1), P2), and P3) that

I(X AUy 2} 03 Uy 2) = L(X {Uggy 23,03 Uy 2

= I1(X Uy 2},: Uiy 2

Uin1) + 1(Ugey 13 Ugy 2)

Uya) = HX AU}, Uy Uy )

Therefore, we have

Reo = I(X, {Uy 2} 05 Ugy 2)-

Now by ordering Ry 1, Ri9,---,Rp1, R2 according to p/, one can readily see that
the coding problem for an arbitrary point on the dominant face of an L-description
EGC region can be converted to that for a vertex of a K-description EGC region
for some K < 2L — 1 (due to the fact that at least one Uy, can be set to zero
and removed from g and p'), where the latter problem can be solved via successive
coding. Note that we essentially split each description into two coarse descriptions;
moreover, according to P2), the original description can be recovered from the two
coarse descriptions.

More concrete results can be obtained in the quadratic Gaussian case. In this

setting there is no loss of generality in assuming that Ugqy 1, Uy e, -+, Ugzy1, Ugry 2
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are zero-mean and jointly Gaussian with (X, Upy, -+, Ugry). Specifically, we can let

Una=Up+ 2y, L=1,---,L,

U{f},2 = U{g} — b2y, £=1,--- L,

where Z, is a Gaussian random variable with mean zero and variance 0%@, and b, =

E[U?
[02{2}}; moreover, Zi,- -+, Zy, and (X,Ugy, -+ ,Ugry) are jointly independent. The

Zy

values of 0% -+, J%L are determined by (Ry,- -, Ry). Note that in the extreme case
when 0%, = oo, we let Ugy1 = 0 and Uy o = Uggy; similarly, when o7, = 0, we let
Uty = Ugey and Uggy o = 0. It is easy to verify that P1), P2), and P3) are satisfied;

in particular, we have
Uy = Uy 1 + U2, €=1,--- | L.

where 7y =1 — 7, = b;’ﬁ To obtain a successive quantization scheme, one can apply
the Gram-Schmidt orthogonalization procedure to (Ugiya1, Uy, -+ Ugny1, Ugrny,2)
with the projection order specified by p'.

Now we proceed to give a detailed treatment of the case L = 2. It is known

(39,46, 47] that there is no loss of generality in assuming doy < dpgy < 3{172};

moreover, in this setting

R(dpy, digy, di12y) = R(Pug, Uy 1X)s

where py,,, v, x is the conditional Gaussian distribution specified by (4.8) and (4.9)
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with

) o%digy

O_{K}: 621,2,

0% —dy’
a=/( okdyy _ oxdpgy ) okdpy __oxdpa B oxdugy
0% —dpy 0% —dupay/ \ox —dpy 0% —dpay/ ok —dpy

Note that for any (R, Ra) € D(pu,,,.u;sx), We can set Upgy 1 = 0, Uggy 2 = Uggy, and

write
Ry = Ri1 + Ry,
Ry = I(X,Ug1y,1; Ugay), (4.14)
where
Ry = 1(X; Upya), (4.15)
Riy = I(X, Uy, Uy Ugiy 2)- (4.16)

The Gram-Schmidt orthogonalization procedure yields

Uy = E[Uayal X] + Ay,
Uy = E[Uy] X, Uiy 1] + Ao,

U{l},Q = E[U{1},2|X7 U{l},h U{z}] + A3,

where X, Ay, Ay, Ay are jointly independent. Therefore, we can rewrite R; 1, R2, and
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RLQ as

Ry = IEUpy 1 X]; Unya) = HEUpya | XEE[U 1 1X] + Ay),
Ry = I(E[U)] X, Uyl Ugzy) = HE[Ugzy] X, Upay ] EUy | X, Uiy + A),

Ry = I(E[Upy ol X, Upty 1, Uy} Uy 2) = LE[Upy ol X, Upiy s Upsy s E[Uy o] X, Upiy o, Ugay] + Ag).
It can be verified that

E[U| X, Unya] = X + ElUpy — X|Upy, — X]
i
=X - Wuj{l}’l — X) = I/1X -+ V2U{1}71’ (417)
1
E[Upy 2| X, Ugiy1: Uyl = X + E[Upy 2 — X|Upiyn — X, Uy — X

0%0%2} + a2 U%d + (afl} + 0%1)&

=X - —Upya —X) — — Uy — X)
(‘7%1} + 0%1)‘7%2} —a’ (‘7%1} + 0%1)‘7%2} —a?
=13 X + I/4U{1}71 + V5U{2}, (418)
and
E[Af] = 0%1} + 0—%17
~2
~ a
E[A%] - 0-22 - )
= U%l} +0%,
- ) (0% + 0?1})2 0_%(0%2} + 20%a* + ((T%l} + 0%, )a?
ElA3] = Ty T 2 - 2 2N\ 2 5 ;
oy (0f1y +02,)07 —a
where v; = M Vg = — 0 uy = (U§(+U?1}+0%1)(0%2}+&)7 vy = — 0'3(0'%2}4‘&2
Ttz

oytoz, (0713107, )7 (5, 42 (07131072, )075y =0
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0% &+(0%1}+o‘%l )a

Note that

and vs = — —..
> (0f1y 07, )05y —a°

Ry = h(Upzy) — h(A2) = 7 log

~ 1 ( 03(4‘0'%2} )

which implies

~2
0-21 =3 272}2 2 2 N U%I}‘
Ofy — (0% + 0{2})

In particular, when dg) = djgy = d and R, = Ry = R, we have

Rzllog<M>,

4 ot — a2

and consequently,

&2
2 _ 2 __ 4 N2
g = — 0 = g —a
Z1 o2 — 2_2R(O'§( + 0-2) ’

o2.d ~ o2.d 202.d
where 02 = X% and 4 = X~ — SxX-Lab
ox—d ox—d o%—d{1,2}

The quantization splitting system for the 2-description case is depicted in Figure

4.2.

4.2 Practical Scheme Based On LDGM Codes

As discussed previously, each stage ¢ in the successive quantization scheme reduces to
a Gaussian quantization operation interpreted as the forward channel Uy = U{g}—i-Ag,

which we implement based on LDGM codes. Therefore, let us first describe the
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K2 .
$
bﬂh?@' a{1}
L sl i
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Figure 4.2: Quantization splitting scheme for the Gaussian 2-description case.

proposed Gaussian quantization scheme in a general setting.

4.2.1 Gaussian Quantization with LDGM Codes

Consider an iid. Gaussian source U ~ N (0,0%) and an additive Gaussian noise
channel U = U 4+ A, where A ~ N(0,02) denotes the noise. Our goal is to construct
an n-block quantizer of rate R = I(U;U) + € and codebook C = {u? : 1 < i < 2"R},
to approximate this Gaussian channel. To this end we need first to construct a finite
random variable U over some finite alphabet U , to approximate U. An additional
requirement on U, is that a positive integer w exists such that 2“p;(w) is a positive

integer for every @ € Y. Next we apply a multilevel LDGM code described in Section
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2.2 to generate the codebook C C U", such that the marginal distribution of the
codewords approximates pg7, and thus approximates py as well; finally, given an input
sequence 4" = u(1)---u(n), the quantizer output u™ = u(1)---u(n) is selected from
C using the message passing algorithm described in Section 2.5.

Notice that the MMSE estimator of U given the variable U is E[U|U] = aU, where

2
- Thus, if the quantizer output is ™ then the optimal source reconstruction

orto?”
is au™. Therefore, given the quantizer input sequence 4", we formulate the quantizer
encoder problem as the problem of selecting the output sequence "™ € C such that
the mean squared error between 4" and au™ to be minimized.

The performance of this scheme depends on how well the message passing algo-
rithm solves the encoder problem, but also on the choice of random variable U. The
choice of U is constrained by the requirement that a positive integer w exists such
that 2“p; (@) is a positive integer for every @ € U. Notice that this condition also
constrains the size of the alphabet U to be at most 2¢. Therefore it is interesting to
consider the problem of optimizing U subject to fixed w. In order to formulate this
problem we will disregard the dependence on the particular behavior of the message
passing algorithm. Moreover, we will assume that the LDGM encoder approximates

a theoretical random coding scheme?. Then the problem of optimizing U is equiva-

lent to optimizing the alphabet U and the conditional probability Poos formulated

4Such an assumption is supported by the results of [32]. Although the argument in [32] is for
discrete-valued sources and bounded distortion measures, it can be extended to cover the quadratic
Gaussian case using standard techniques.
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as follows

min  E[(U — al)?] (4.19)

Upg o

subject to I(U;U) = I(U;U)
R

2ps(@) €N,  Vael

The above optimization problem has similar flavor to the problems considered in the
context of alphabet constrained rate-distortion theory for continuous-valued sources
in [59,60], but appears to be more difficult due to the additional integer constraint.
On the other hand, as a practical solution to LDGM code design, one can modify the
requirements to fit the problems solved in [59,60]. Specifically, one can replace first
U by the output U of a fine scalar quantizer; then drop the last constraint in (4.19),
impose instead the condition that p; (@) are equal to some fixed values, and use the
algorithm of [60] to determine the optimal alphabet /. Alternatively, upon replacing
U by U, one can fix only the size of the alphabet ¢ and determine the probabilities
pi (@) via the algorithm of [59]; then choose an integer w such that 2¥p; (@) are close
to some integer values.

We leave the quest for a solution algorithm to problem (4.19) and/or the inves-
tigation of the performance of the aforementioned strategies for future work. In our
experiments we confine ourselves to a simple heuristic for the selection of U, inspired
by the central limit theorem and by the intuition that U has to be a good approxima-
tion of variable U. Let Wy, --- W, be w independent random variables, uniformly

_ R PN )
distributed over the alphabet {—1,1}. Define W, = FlWlTUJF According to the
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central limit theorem, the sequence of random variables W, converges to N(0, 020+02)

as w — 0o. Therefore, we choose U = W,,.

4.2.2 Successive Quantization with LDGM Code

As discussed in previous section, the successive quantization scheme for vertices of
the sum-rate optimal Gaussian EGC region follows the block diagram in Figure 4.1.
The operation Uy = U{g} + Ay, at the (-th step, £ =1,--- , L, is implemented using
an n-block multilevel LDGM code as described in Section 2.2, for U = Uy, U= U{g},
and A = A,. The input sequence @y, =t (1), -, 4 (n) coincides with the source
sequence z" = z(1)---z(n) for £ = 1, and for £ > 1, it is computed based on the
sequences u’{ln} output at all previous stages 1 < k < ¢ — 1, according to the recursive
equations (4.10) and (4.11), applied symbol by symbol. The sequence uy,, output by
the quantizer at stage ¢, is found using the belief propagation algorithm described in
Subsection 2.5. The index i, formed out of the nR, information bits corresponding
to the selected output is transmitted as the ¢-th description.

The decoder corresponding to the ¢-th description receives index i, and constructs
the corresponding codeword U}y using the factor graph for the /-th stage LDGM code.
The source reconstruction &7, is formed by (1) = aggugy(l), 1 <1 < n, according
to (4.12).

Finally, the central decoder receives all indices iy, - - - , iy, recovers Ulpys s ULy
and based on them constructs the sequence u?l L} using (4.11) recursively. Then

the source reconstruction is generated according to (4.13).
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4.2.3 Quantization Splitting with LDGM Code

The procedure of quantization splitting for the 2-description case is illustrated in
the block diagram of Figure 4.2. It consists of three successive n-block quantiz-
ers implemented using multilevel LDGM codes, as described in previous subsection.
Specifically, the first quantizer models the forward channel Uy, = X + Ay Tts
input is the source sequence z" and its output is denoted by ulyy q- The second quan-
tizer approximates the channel Uy = (7{2} + Ay. TIts n-block input sequence Q?Q}
is constructed based on 2™ and uf, ; according to (4.17) as shown in the block dia-
gram. Its output is denoted by u’fQ}. Finally, the third quantizer models the channel
Uy = (7{1}72 + A, with input 1)7{11}2 generated from z", U?l},p and U?Q} using (4.18).
Its output is denoted by Uy o-

Let 41,149,173 denote the information bit sequences corresponding to the outputs
of the three quantizers, respectively. Then indices i; and i3 form the first descrip-
tion, while i, constitutes the second description. The decoder of the first description
receives 7; and i3, recovers u?lm and u?l}z, based on which it generates u?l}, and fur-
ther :E’{H} as the source reconstruction, using the operations described in Figure 4.2.
The decoder of the second description receives index i, recovers Uy, and generates
the source reconstruction i?z} according to Figure 4.2. When both descriptions are
received at the decoder, the sequence uyy gy 1s generated from uy, and Uy, which is

used to further generate the source reconstruction :1??1 gy @S In Figure 4.2.
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Chapter 5

Experimental Results

In this chapter, we present test results using the coding schemes for the MD prob-
lem, proposed in the previous chapters. The degree distributions of the LDGM codes
are from the website (http://lthcwww.epfl.ch.research/ldpcopt) or obtained by im-
plementing the algorithm in [61]. We have used damping as in [32,37] in our message

passing algorithm, if the messages do not converge after 30 iterations.

5.1 Discrete Source with Hamming Distortion Mea-
sure

We have tested the proposed coding scheme in each of the three cases of the MD
problem for discrete source with Hamming distortion measure. The length n of the
input sequence is 10,000. The value of the threshold n is 0.9. Next we present
the experimental results for each case. The values of the empirical distortions are

averaged over 100 runs.
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5.1.1 No Excess Sum-Rate Case for Binary Sources

We have applied the LDGM-based coding scheme to approach several points (d, ds)
on the lower boundary of D(dy) for a uniform binary source and for a non-uniform
binary source with px(0) = 1/4. In both cases we have considered dy = 0 and
do = 0.013. In our tests the sum-rate Ry + Ry equals R(dp), in each case.

The values A(a,b) used in our simulations are as follows:

Uniform source, encoder 1: A(0,1) = 1.0, A(1,0) = 3.2 — 3.6.

Non-uniform source, encoder 1: A(0,1) = 1.0 — 2.0, A(1,0) = 2.8.

Uniform source, encoder 2: A((0,1),1) = A((1,1),0) = 3.2, X((0,0),1) =
A((1,0),0) = 0.0 — 0.6,

e Non-uniform source, encoder 2: A((0,1),1) = A((1,1),0) = 3.2, A((0,0),1) =
A((1,0),0) = 0.0,

The value of the parameter § used to set the messages passed by check nodes whose
all information variable nodes are fixed is 1.8 for the uniform source and 1.6 for the
non-uniform source.

Tables 5.1 and 5.2 present the results for the uniform source, respectively the
non-uniform source. In each table the first column contains the pair of rates (Ry, R»)
used in the encoding scheme. The second column indicates whether the pair of rates
is an E corner point, Fy corner point, or a point obtained by timesharing the corner
points. We use the symbol 7' to indicate the latter situation. The third column
contains the target distortion triple (dy,ds, dy). The remaining three columns present

the empirical values of the three distortions, respectively, averaged over 100 runs.
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’ (R1, Ra) ‘ ‘ (d1, da, do) ‘ d, ‘ d ‘ do ‘
(0.500,0.500)(Eq| (0.147,0.272,0) ]0.154/0.279/0.008
(0.500,0.500)(E4| (0.156,0.266,0) |0.156/0.269/0.008
(0.383,0.617)(E1| (0.207,0.207,0) ]0.209/0.212(0.007
(0.617,0.383)|FE>| (0.207,0.207,0) |0.212/0.209(0.007
(0.500,0.500)| T'| (0.207,0.207,0) |0.211[0.2110.007
(0.445,0.555)|F1| (0.174,0.242,0) |0.176|0.247|0.009
(0.676,0.324)(E>| (0.174,0.242,0) |0.175/0.246/0.009
(0.500,0.500)[T"| (0.174,0.242,0) |0.176/0.247|0.009
(0.349,0.551)(E1((0.215,0.215,0.013)|0.219|0.216(0.021
(0.551,0.349)|E»[(0.215,0.215,0.013)|0.216/0.219(0.021
(0.450,0.450)( 7" {(0.215,0.215,0.013)|0.2180.218|0.021
(0.422,0.478)(FE1((0.174,0.258,0.013)|0.181]0.258|0.022
(0.619,0.281)(F»|(0.174,0.258,0.013)|0.177/0.259(0.021
(0.450,0.450)| T"(0.174,0.258,0.013)|0.180(0.258(0.022

Table 5.1: Test results in the no excess sum-rate case for the uniform binary source:
(d1,ds, dp) is a target distortion triple; (Ry, Rp) is the pair of rates used by the code;
dy, dsy, dy are the empirical distortions.

As observed from Tables 5.1 and 5.2, the distortions are very close to the theoret-

ical lower bounds.

5.1.2 No Excess Marginal Rate for Uniform Binary Source

We have used the proposed coding scheme to approach the upper bound U B(dy, ds)
of equation (3.6) for the central distortion, in the case of no excess marginal rate for
the uniform binary source. We have considered three target distortion pairs (di, ds):
di = dy = 0.1,0.2,0.3. In our experiments we have set \(0,1) = A(1,0) at each
encoder, and the value used for this parameter is 0.5 for encoder 0 and 1.2 for both
encoders 1 and 2. The value of § is 0.5 at encoder 0 and 0.8 at encoders 1 and 2. In

all the cases Ry = R(d;) = Ry = R(ds). The experimental results are summarized in
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| (Ri,Rs) | | (didedo) | di | do | do |
0.492,0.319)|F7| (0.116,0.116,0) |0.120]0.120/0.014
0.319,0.492)|E5| (0.116,0.116,0) |0.120]0.120/0.014
0.424,0.387)|T"| (0.116,0.116,0) |0.120]0.120/0.014
0.502,0.309)|E1| (0.060,0.176,0) |0.065/0.181|0.014
( )
(

( )
( )
( )
( )
(0.162,0.649)|E»| (0.176,0.060,0) |0.184]0.065/0.016
(0.373,0.439)[ T| (0.104,0.132,0) |0.110/0.137]0.015
(0.291,0.423)|E7(0.123,0.123, 0.013)[0.130/0.128[0.025
( )
( )
( )
( )
( )

0.423,0.291)|E>((0.123,0.123, 0.013)|0.128|0.130|0.025
0.123,0.123,0.013)|0.129]0.129/0.025
0.060,0.191,0.013)|0.064/0.197|0.027
0.191, 0.060, 0.013)|0.198/0.066|0.027
0.101,0.151,0.013)|0.105/0.156|0.027

0.369, 0.344)| T
0.492,0.222)|F;
0.122,0.591)| B
0.377,0.337)| T

—
N Nad Nad Nl Nl Nl

Table 5.2: Test results in the no excess sum-rate case for a binary source with px(0) =
1/4: (dy,dy,dg) is a target distortion triple; (Ry, R2) is the pair of rates used by the
code; dy, dsy, dy are the empirical distortions.

Table 5.3. The first column contains the common value of the target side distortions
d; = dy. The second column contains the target value UB(d;,ds) for the central

distortion. The remaining three columns present the empirical distortions averaged

over 100 runs.

di = doJUB(dy,do)| di | do | do |
0.1 | 0.0626 [0.1159]0.1136[0.0783
0.2 | 0.1574 [0.2161]0.2170[0.1720
0.3 | 0.2658 [0.3173[0.3134|0.2823

Table 5.3: Test results in the no excess marginal rate for the uniform binary source:
dy; = ds are target distortion ValuAes onr tAhe side descriptions; U B(dy, ds) is the target
value for the central distortion; d;, da, dg are the empirical distortions.
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5.1.3 Successive Refinement

We have tested the proposed SR coding scheme for two binary and one ternary sources.
The binary sources are 1) uniform binary source; 2) non-uniform binary source with
px(0) = 0.25. In both cases we have used the following parameters: v; = 7, = 2.8,
and 6 = 1.6.

For the uniform ternary source the parameter values are: 73 = 7y, = 1.91 — 2.31
and 6 = 1.1. The results of our experiments are presented in Figures 5.1, 5.2 and 5.3.
The empirical distortions cfl and CZO correspond with R; and R; + R, respectively.
In each figure the point (621, Ry) corresponds to the first stage coding results and the
points (cio, Ry + R3) correspond to the second stage coding results. As presented in
Figure 5.1, 5.2 and 5.3 the empirical distortions are very close to the theoretical lower

bounds.

5.2 Gaussian Source with Squared Error Distor-
tion

We have tested the proposed successive quantization and quantization splitting scheme
for an i.i.d. zero-mean unit-variance Gaussian source. We have considered input se-
quences of various lengths n = 100, 1000 and 10000. In all our tests we set n = 0.9,
and w = 4.

Tables 5.4 and 5.5 present the simulation results of the LDGM-based successive
quantization scheme for a 2-description symmetric and asymmetric distortion tuples,
respectively. Tables 5.6 and 5.7 exhibit the results of the proposed scheme for an

L-description symmetric distortion tuple with L = 3 and L = 4, respectively. In each
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1 I I I
— R(d) curve
0.9 o (dy, Iy)
\ + (do, Ry + Ry)
0.8
0.7 \
0.6
= 05 \
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0 T
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 5.1: Simulation results for the uniform binary source at R; = 0.2 and various
Rs values.

table (dg1y,- -+ ,d{ry, dg,..,y) denotes the target distortion tuple, while a?{l}, e CZ{L},
and cf{l’... .} denote the empirical distortions; (Ry, - -, Rr) denotes the rate pair used
in the experiments, which corresponds to a vertex of the sum-rate optimal Gaussian
EGC region, defined by (4.5); A; and §; are for the parameters A and ¢, respectively,
used in the message passing algorithm at the encoding stage 7, ¢ = 1,--- , L. Next
we list the values of the parameters for L = 4, which did not fit in Table 5.7. For
n = 10000, we have \y = --- =X\, = 1.7 and 6; = --- = 6, = 1.9, while for n = 1000
and n = 100, we have \{ = Ay = 1.6, \3 =\, = 1.7, 6 = dy = 1.8 and 3 = §, = 1.9.

Table 5.8 presents the result obtained using the proposed quantization splitting
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0.9 1
—R(d) curve
0.8 o (@1-R1)

* (do. Ry + Ry)

0.7

0.6
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0 0.05 0.1 0.15 0.2 0.25

Figure 5.2: Simulation results for a non-uniform binary source with px(0) = 0.25 at
R; = 0.2 and various Ry values.

scheme for a 2-description problem with symmetric rates and symmetric distortions:
(dg1y,dg2y,dg12y) denotes the target distortion triple and d{l}, 62{2}, dA{Lg} are the
empirical distortions; Ry 1, Ry 2, Ry represent the rates defined in (4.15), (4.16), and
(4.14); A1, 011 and Ap 2, 1 2 are the parameters of the LDGM codes used for the first
description, in other words for encoder of stage 1 and encoder of stage 3, respectively;
A2 and dy are the parameters of the LDGM code used for the second description, i.e.,
for encoder of stage 2.

From the results showed in the tables, we can observe that the empirical distortions

are very close to the theoretical distortion bounds.
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n

(R, R)

i1y, diay, dg1 2y

dqy | dg

2}

dp1 2

AL A

2|01

02

10000

(1,1.015)

0.25,0.25,0.125

0.267

0.262

0.

135|1.7

1.

71.9

1.9

1000

(1,1.015)

0.267

0.264

0.

136|1.6

1.

6/1.8

1.8

100

(1,1.015)

(
(
(0.25,0.25,0.125
(0.25,0.25,0.125

0.270

0.272

0.

148|1.6

1.

6/1.8

1.8

Table 5.4: Parameters and results for a 2-description case with symmetric distortions.

n | (R, R2)  |(dpy,dpgy, digy)| day | diey [dgy| M| A2| 61|62
10000 (1.161,0.914) (0.2,0.25,0.1) 0.211]0.266(0.111|2.6{1.7|2.8|1.9
10000| (1,1.075) (0.25,0.2,0.1) |0.262(0.219|0.111{1.72.5[1.9]2.7
1000((1.161,0.914)| (0.2,0.25,0.1) |0.212/0.269|0.113|2.8/1.7|2.8|1.9
1000| (1,1.075) (0.25,0.2,0.1) 0.265|0.220|0.114|1.8/2.6|1.9|2.8

100 {(1.161,0.914)[ (0.2,0.25,0.1) |0.219/0.277|0.121|2.8|1.7|2.8|1.8
100 (1,1.075) (0.25,0.2,0.1) 0.271]0.225|0.122|1.8/2.6|1.9|2.8

Table 5.5: Parameters and results for a 2-description case with asymmetric distor-

tions.

n

(Rh R27 R3)

(dg1y, dgay, disy, dpi2.3))

Cz{l}

J{Q}

dysy |dy

1,2,3}

A1

A2| A3

01

02

10000

(1.161,1.165,1.169)

(0.2,0.2,0.2,0.067)

0.210

0.210

0.212| 0

076

1.7

1.711.7

1.9

1.911.9

1000

(1.161,1.165,1.169)

(0.2,0.2,0.2,0.067)

0.212

0.214

0.217] 0

079

1.6

1.6/1.7

1.8

1.911.9

100

(1.161,1.165,1.169)

(0.2,0.2,0.2,0.067)

0.219

0.222

0.226| 0

.088

1.6

1.6/1.7

1.8

1.911.9

Table 5.6: Parameters and results for a 3-description case with symmetric distortions.

n

(Rla

RQa R3>

(dpy, diay, disy, dyay, g1 2,3.43)

di1y

dy2)

dys)

dyy

d{1,2,:34}

10000

(1.161,1.163,1.165,1.168)

(0.2,0.2,0.2,0.2,0.05)

0.209

0.209

0.211

0.213

0.059

1000

(1.161,1.163,1.165,1.168)

(0.2,0.2,0.2,0.2,0.05)

0.210

0.211

0.213

0.214

0.061

100

(1.161,1.163,1.165,1.168)

(0.2,0.2,0.2,0.2,0.05)

0.218

0.219

0.222

0.227

0.075

Table 5.7: Results for a 4-description case with symmetric distortions.
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2 ! I
— R(d) curve
18 o (dy, Ry)

+ (do, By + Ro)

1.6

1.4 \
1.2

0.8

0.6

0.4

0.2

Figure 5.3: Simulation results for the uniform ternary source at R; = 0.4 and various
Rs values.

n (Ria, Rig, R2)  |(dgy, dgoy, diioy)| diay | diay [dpaoy[MaA12| A2 (01,101 2| 62
10000 (0.661,0.346, 1.007)((0.25,0.25,0.125)|0.268|0.269|0.138| 1.0|0.3 |1.51.2|0.6 1.7
1000 (0.661,0.346, 1.007) (0.25,0.25,0.125) 0.272|0.271]0.141{1.010.3(1.5/1.2|0.6|1.7
100 (0.661,0.346, 1.007)((0.25,0.25,0.125)|0.278|0.276/0.147| 1.0| 0.3 |1.5(1.2|0.6 1.7

Table 5.8: Parameters and results for a 2-description case with symmetric rates and
symmetric distortions, using quantization splitting.
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Chapter 6

Conclusions

In this thesis, we present two practical coding schemes based on low density generator
matrix (LDGM) codes for two cases of the multiple description problem. The first one
is for the case of two descriptions, for finite-alphabet sources with Hamming distortion
measure. The scheme is devised for corner points of a rate region corresponding to
Zhang-Berger rate-distortion region, and is sequential in nature. The proposed prac-
tical code comsists in replacing the random codebooks in the theoretical sequential
scheme by multilevel LDGM codebooks, in conjunction with a message passing algo-
rithm to perform the encoding at each stage. In order to derive the latter algorithm,
an unconstrained optimization problem formulation with undetermined coefficients,
is proposed instead of the strong typicality condition. Details of the implementation
of the scheme in several cases of the MD problem are discussed, specifically, the no
excess sum-rate case for binary sources, the case of successive refinement, and the no
excess marginal case for the uniform binary source. For all the aforementioned cases,
extensive tests were performed, which verify the effectiveness of the code. One of the

remaining open problems, which is currently under investigation, is to determine the
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coefficients involved in the encoder optimization problem, which is proposed as an
alternative formulation to the strong typicality encoding, and to establish the equiv-
alence between the two approaches. Moreover, for future work, it is of interest to
address the optimization of the involved LDGM codes using, for instance, techniques
similar to the density evolution developed for LDPC codes.

The second proposed scheme is for the quadratic Gaussian source, in the L-
description case with individual and central distortion constraints. It is shown first
that the coding problem for an arbitrary point on the dominant face of the El Gamal-
Cover (EGC) rate region, can be converted to that for a vertex of a K-description
EGC rate region for some K < 2L — 1. The latter problem can be solved via suc-
cessive coding, and in the quadratic Gaussian case, each successive coding step can
be reduced to a Gaussian quantization operation via Gram-Schmidt orthogonaliza-
tion. Finally, each quantization step is implemented using a multilevel LDGM code
with a message passing algorithm. Our tests show very good performance of the
scheme in practice. The approach used in our experiments for selecting the finite
output alphabet needed in the multilevel LDGM code construction, is inspired from
the central limit theorem. An interesting problem which remains open is to design
the optimal output alphabet and the corresponding output distribution, given some

fixed parameter of the code which limits the message passing algorithm complexity.
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Appendix A

Proof of Proposition 3.1

In this appendix we present the proof of Proposition 1.
Proof of Proposition 1. Since D(dp) is symmetric, it suffices to solve (3.3) for a > 1.

Note that

E[d(X, X1)]

=E[d(X,® Z, X,)]

= E[E[d(Xo ® Z, X;)| Z]]

= (1 = do)E[d(Xo, X;)] + do(1 — E[d(Xo, X,)))

= (1 - 2do)E[d(Xo, X,)] + do, t=1,2. (A.1)

By plugging (A.1) into (3.3), dividing the cost function by (1 —2dp), which is positive

because dy < 1/2, and eliminating the additive constant, (3.3) becomes equivalent to

min O(E[d(X(),X1>] +E[d(XO,X2)} (AQ)

Pxy X Xo L (X1;X2)=0
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Note that the above optimization problem has a linear cost function, but the con-
straint I(X7; X2) = 0 is non-linear. On the other hand, if the marginal distribution
of X is fixed, the constraint /(X;; X2) = 0 becomes linear. Therefore, our approach
to solve the problem is to fix the marginal distribution of X, in other words, let
px,(0) = ¢, for some ¢,0 < € < 1, and solve the parameterized problem P(¢); then

optimize over all possible values of €. In order to proceed let us adopt the following

notation
Y1 = PXoX1Xo (07 1, 1)7 Y2 = pXoXle(lv 0, O)? (AS)
Y3 :pX0X1X2(1; 1a0>7 Ya :pXoX1X2(1vO’ 1)?
Ys = PXopX1Xo (07 1a 0)7 Y6 = PXoX1Xo (07 O’ 1)7
Y7 = PXoX1Xo (07 Oa 0)7 Yg = pX0X1X2(1’ 1’ 1)
Then

d; £ E[d(Xo, X1)] = t1 + Y2 + Ya + s, (A4)

d; £ E[d(Xo, X2)] = y1 + y2 + y3 + ¥s.

Let y = (y1,- -+ ,ys). Note that
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Clearly, we have 0* < 1/2. Thus, problem (A.2) is equivalent to

min minC(e,y) = (+ Ly + (o + L)y +
0<e<1 y

+ys + oys + ays + Yo (A.5)

subject to the following constraints

8

Zyi =1, (A.6)

i=1
yi+ys + Yy +yr =07,
Yo +Ys + Yo + Y7 = €,

+yr = ——(ys +us)
Yrryr =17 W TYs),

yi >0, 1<:<8.

The second constraint in (A.6) is due to the fact that px,(0) = ¢*, while the third
follows from px, (0) = €. The fourth is implied by the independence of X; and Xo.
Precisely, it is derived from the relation px, (0)px,(0) = px,x,(0,0). It is easy to see
that the equalities in (A.6) are linearly independent equations. Let P(€) denote the
linear optimization problem of minimizing C'(¢, y) over all vector variables y satisfying
constraints (A.6).

First we solve problem P(€) for the case when € < 1/2. In this case we eliminate
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the variables ys, ys, Y7, ys from the four equations in (A.6) and obtain

Ys =~ t Y2+ ys+0" —¢ (A7)
€ € € 1 €(1—6%)
y6:1_€y1—1_€y2—1_€ys—1_6y4+ ¢
€ € € €
y7=—1_€y1+(:—1>y2+1_€y3+1_6y4
€(0* —€)
+ 1—¢’

Ys = —Yo — Y3 —ya + 110"

Plugging into the cost function, we obtain

Cle,y) =a(d" —€)+ @

+ l—i-L Y1+ (2a0+1— € Yo
1—ce€ 1—e€

+(1-—= + (2 ! (A.8)
1-¢)% T ) '

Denote ¢g1(€) = a(0* —€) + %

. It can be easily verified that the coefficients of
all variables in (A.8) are non-negative when e < 1/2, and they are strictly positive
when € < 1/2 (recall that o > 1). Thus, by setting all variables y1,y2,y3, ys to 0 we
obtain a lower bound on the cost function as C(e,y) > ¢1(€). This lower bound can
be achieved by a feasible solution y if the values of ys, yg, y7, ys obtained by replacing
Y1, Y2, Y3, Y4 by 0 in equalities (A.7) are non-negative. Obviously, the latter condition
holds when € < §*. Denote by C*(¢€) the value of the cost function of problem P(e)
at optimality. We formulate the conclusion of the above discussion in the following

assertion.
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Assertionl. For « > 1 and 0 < e < 1/2, we have
C*(€) > gile).

Moreover, when 0 < € < 0* the above relation holds with equality and a solution of

P(€) is y(€) defined by

y1(€) = y2(€) = y3(€) = ya(e) =0,
s =6 —c, yale) = L=

1—¢ ’
e(0* —¢€)

y7(e) = T ys(e) =1 —0". (A.9)

Furthermore, when 0 < € < §* and € # 1/2, the above solution of P(e) is unique.

We proceed by computing the minimum value of g;(€). The derivative of g;(€)
with respect to € is gj(€) = —a + %. Equation ¢}(e) = 0 has a unique solution in

the interval (0,1), namely

e1=1—+/(1—-0%)/a.

Clearly, when o < 1/(1 — §*), we have ¢; < 6*. Moreover, the function g}(-) has a
negative sign to the left of €, and a positive sign to the right of ¢;. The aforementioned

discussion validates the following assertion.

Assertion 2. For 1 <a <1/(1-4§%),

min_g(¢) = gi(er) = 2yl = 6*) = (a+1)(1 = &%),

0<e<1/2

and ¢; is the unique point of minimum.
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Next we will analyze the case when ¢ > 1/2. By eliminating the variables

Y3, Y4, Y7, Ys from the four equalities in (A.6), and replacing in the cost function,

we obtain

Cle,y) = ale — ) + M

€

1 1
+(2a+1—T€>y1+(1+ EE)yQ
1 1-
+ <2a—z) ys + (1— : €> Y. (A.10)

Denote go(€) = afe — 6*) + w. Because 1/2 < € < 1 and a > 1, the coefficients

of variables in (A.10) are non-negative. Thus we obtain a lower bound on the cost

function by setting vy, y2, Y5, ¥ to 0. Precisely, the following holds

C*(e) > gae), 1/2<e<l,a>1. (A.11)

The derivative of go(€) is gh(e) = a — %, and it has a unique zero point in the
interval (0,1), namely e; = /8*/a. Tt can be easily verified that gj(e) is negative
to the left of ey, and it is positive to the right of €;,. Consequently, €5 is a point of
minimum for gs(€) on the interval (0,1). Thus, we conclude that

min  ga(€) > ga(e2) = 2Vad* — (o + 1)6*. (A.12)

1/2<e<1

Finally, in order to reach the solution of problem (A.5), we need one more result,

which is stated next.
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Assertion 3. The following relation holds

gi(e1) < galea), (A.13)

with strict inequality when § < 1/2, and with equality when § = 1/2.

Proof of Assertion 3. Inequality (A.13) is equivalent to

2v/a(l — ) — (e + 1)(1 = §*) < 2Vad* — (a + 1)6%,

which is further equivalent to

2/a(V1 =6 — V) < (a+1)((1 — &) — &%). (A.14)

When § = 1/2, it follows that 6* = 1/2 and relation (A.14) holds with equality.
When §* < 1/2, one has v/1—6* — +/6* > 0 and by multiplying both sides with
1/(v/1 = 6% —/6%), (A.14) reduces to

2v/a < (a+ 1)(V1 = 0% + V5),

which holds with strict inequality due to 0 < 2y/a < a+1and 1 < /1 —0* + Vor.
O

Further, by combining Assertions 1, 2, 3, (A.11) and (A.12), we conclude that
when 1 < a < 1/(1 — §*), a solution to problem (A.5) is (e1,y(€1)). Moreover, when

d < 1/2 this solution is unique. This solution yields the following values for dy, dy
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(via (A.4) and (A.1))

dy = do + (1 — 2do) (VI = 6*(1/va — VI — 6%)), (A.15)
dy = do + (1 — 2do) (VI — 0" (v/a — VI — o).

Eliminating o from the above relations we obtain

(1 — dy — 6)(1 — 2dy). (A.16)

Furthermore, for any pair (di,ds) with dy < d; < dy, satisfying (A.16), the value of

a satisfying equations (A.15) is

(1= dy— 8)(1 — 2do)
T @1 —2dy — 02 (A.17)

and clearly we have 1 < a < 1/(1 — 6*). Thus we have shown that the set of
solutions to problem (3.1) for all 1 < a < 1/(1 —§*), equals the portion of hyperbola
(A.16) corresponding to dy < d; < dy. The solution pair (di,ds) corresponding to
a=1/(1—10%) is (d,d2) = (dp,6). Since the value of d; in the solution to (3.1) is
non-increasing as « increases, but on the other hand, d; cannot go below d, it follows
that for any o > 1/(1 — 6*) the unique solution to problem (3.1) is (dy, d2) = (dp, 9).
Using further the fact that D(dy) is symmetric the first conclusion of the proposition
follows.

To complete the proof note that, for any pair (dy, ds), with d; < d, which satisfies

equation (A.16), by using (A.17) and computing the solution vector y(e;) via (A.9),

99



Ph.D. Thesis - Ying Zhang McMaster - Electrical Engineering

we find the joint pdf px,x,x, specified by

pX0X1X2(0> L, 1) = pXoX1X2(17 0, 0) =0,

Pxox:x(1,1,0) = pxyx,x,(1,0,1) = 0,

Pxox,x,(0,1,0) = ill__QZz’
Pxoxix, (0,0,1) = f2_—2§2’
prox(0.0,0) = - =
Pxoxix,(1,1,1) = 11—3—2—(10650

Finally, by computing pxx, x, according to

Pxx: X, (T, 21, T2) = Z Pxox1 X (To, T1, T2)Px|x, (] T0),
xo=0,1

which holds because X — Xy — (X7, X») forms a Markov chain, equalities (3.4) follow.
Further, note that relations (3.4) are symmetric in (X7, d;) and (X, d2). We conclude
that they also hold for d; > d».

We have already established the uniqueness of the conditional probability px,x, x,|x
when § < 1/2. Let us analyze now the case § = 1/2. In this case one has §* = 1/2
and 1 < a < 2. Then ¢y = \/2I le; > 1/2. By Assertion 3, the following equality

a_

is valid
g2(€2) = min C*(e.)

e:0<e<1

Note that when € = €5 and o < 2 the coefficients of y, y2, ys, ys in (A.10) are positive
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for € = €. Therefore, in order to achieve the minimum value go(€2) in equation (A.10)
the variables y1, y2, y5, ys¢ must be set to 0. By substituting € by e and y1, Y2, ys, s
by 0 in (A.6), one obtains another solution to problem (A.5) as (€3,y’), where y’' =

(y1,- -, yg) defined as

y/1 = y2(€1), yé = 91(61)7 ?/:,), = y6(€1)7yf1 = 95(61),

ys = ya(er), ys = ys(er), yr = ys(e1), ys = yr(er).

Moreover, we conclude that (e1,y(e;) and (e,y’) are the only solutions to problem
(A.5). Further, in order to distinguish between the pairs of variables (X7, Xs) cor-
responding to the two different solutions, let us denote by (X7, X)) the pair derived

from (e3,y"). It can be verified that
Pxox; x4 (T0, 1, T2) = Pxox,x, (00 © L, 21 © 1,12 B 1).

Using further the fact that X — Xy — (X1, X3) forms a Markov chain we obtain

Pxx;xt (w0, 21, T2)

= Z Pxox; x4 (%o, T1, T2)Px|x, (] 20)
x9=0,1

= Z pX0X1X2(370 &) 1,%’1 D 1,.1'2 &) 1)pX‘XO(a: ) 1’1[0 &) 1)

z0=0,1

=pxxix(@® Lz &1z, 1).

With this observation, the proof is complete. [
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Appendix B

Proof of Upper Bound Claims of

No Excess Marginal Rate Case

In this appendix we prove the claims formulated in Section 3.2.
Clearly, the mapping vo(-) which minimizes the central distortion must satisfy the
equality

Yo(xe, x1, 22) = arg MAX Py X, X1 Xz (@, xe, 1, X2). (B.18)

Using the fact that X — X; — X, X — Xy — X, and X; — (X, X.) — X form Markov

chains, we obtain

PXX.X1Xs (96, Ly T, 1’2) = DX X, (CE, il?c)pxlxz\xxc (5171, 372’913, llfc)

= DX X, (33, xc)pXﬂXXc (561 |117, SUc)pX2|XXc (172|377 SCc)

_ PxX.X, (33, L,y ﬂfl)PXXcXQ (957 L, 952)
pXXC(iB> ﬂﬁc)
_ Px, (xl)lqul (I $1)pXC\X1 (xc’xl)ng ($2)pX|X2 ($|I2)pxc|x2(xc|$2)

px.(7e)px|x, (2]Tc)
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Thus, relation (B.18) is equivalent to

_ pX|X1(x|x1)pX|X2($|I'2)
¢0(x07 fEl,sz) = arg max

In order to solve this maximization we will consider different cases for (zi,zs, x.).

Let us first define

Px|x, (b|$1>PX|X2 (b’xQ)
px|x.(blzc)

h(b) £

Case 1. 1 = x5 = . = b. Then the following relations hold

h(b) _1—d11—d2 S

h(l—b) dl dQ 1—8'

Because the function 1_756 is decreasing for x > 0, and dy < s, it follows that %ﬁ >

1. The fact that d; < 1/2 implies 1;5’1 > 1. Combining them we obtain héll(i)b) > 1.

—_

Case 2. ©1 = 219 =b,z. =1 —b. Then we have

h(b) _1—d11—d21—8>1
h(1—b)  dy dy s —

dueto%21f0r0<x§1/2.

Case 3. ©1 = b,x9 = . = 1 — b. In this case, the following is valid

h(b) _1—d1 d2 1—s

h(l — b) dl 1— dg S

Relation d; < dy implies that %lf—fb > 1. Using further the inequality =% > 1, we

h(b)

obtain m Z 1.
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Case 4. v1 =2.=b,29=1—0b. Then

h(l—b)_ dl 1—d21—8
h(b)  1—dy dy s

h(1=b : . di(1—d
We have (h(b)) > 1 if and only if s < a(dy,dy) = dl(l—dlg()+d22()1—d1)' Note that

a(dy,dy) < 1/2. Moreover, dy < a(dy,ds), is equivalent to 1;1‘11 < (1-;212)27 which
2

is true. Consequently, the interval [ds, a(dy, ds)] is nonempty. Thus, the proof of

relation (3.7) is complete.

Now let us analyze the central distortion when s < a(dy,ds). We have

IP)(X 7& wO(XC,Xl,X2>) - P(XC - X) - P(X - XC - X1 - XQ) + P(X 7é XC,XC - X1 - Xg)

(1 — d1>(1 — dg)(l — S — dl)(l — S — dg) dldg(l — S — d1>(1 - S — dg)

=1-s5— (1—s)(1—2d,)(1 — 2dy) s(1—2dy)(1 — 2ds)

Let f(s) denote the last expression. By computing the first and second order deriva-

tives with respect to s we obtain

1
(1 —2dy)(1 - 2d,)
oy 2didy(1 —dy)(1—dy) 1 1
/ (S)_ (1—2d1)(1—2d2) (g_ (1—8)3)'

1
[dy + dy — 2dydy — dyda(1 — dy)(1 — d) (= +

7'(s) = F )

Since f”(s) > 0 for 0 < s < 1/2, it follows that f(s) is convex. It can be verified that
f(d2) = f(a(dy,ds)). Consequently, the function f(-) has a point of minimum inside
the interval [da, a(dy, dg)]. Since f(-) is strictly convex over (dq, a(dy,ds)), it follows

that it has a unique point of minimum sy, which satisfies f’(sg) = 0.
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Equation f’(s) = 0 is equivalent to

B(dy,dy)s*(1 —s)* +2s(1 —s) —1=0,

which can be easily solved since it is quadratic in s(1—s). This equation has only two
real solutions, of which only solution (3.9) is smaller than 1/2. With this observation,

the proof is complete.
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