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_The effeCt_ofla'small cohcentration of
1nonmagdetic'impurities or defects on the traneport'
properties of a simple metal is investigated.

‘ The correction to the Friedel Sum Rule, or
displaced charge sum rule, due to.ﬁLe relaxation of tha .
ions around an impurity, is calculated. end related to the
volﬁme change induced by the relexation.g

The fini emperature resistivity of dilute
alloy@le 1s is studied in terms.of the . -
- B deviations~from \Hetthiessen 8 ine. An approximate theory, R
| . similar to the "two band model, is presented.\‘betailed. | N

'rxcelculations based on this approximate theory as well as
the complete expreeeiens of a ecettering time formaliem for
the resietivity, to include .the effect of anieotropy in the

. electron-phonen interaction, are given for some nlkeli and
eluninuq elloys. The reaults are compared iith experimentel

dete and the predictionc of other theories. o .
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."‘A

A 51mp1e theory for the flnlte temperature re515-

thlty of a dllute alloy, which 1ncludes the effect of

" the straln f1e1d or relaxatlon of the ions around an im-

. .
'y

purlty at finite temperature, is presented.
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;.. SCOPE OF THE THESIS~

". . ‘l e . . ‘ - : . .I ) _. l "._‘—"("
: B .CHAPTER I :r - J‘/ ) % - |
_." N . R . - B v - . -1 . -

difficult from a theoreti '_point-of Viey than those of a .

-~ L . . : . -~

pure metal (1'2}. The'break in the translational invariance

. of thé system due, to the impurities causes the conduction

.

‘electrone to be scattered- even at zero temperature.

Friédel (L has derived a sum rule relating the phase ehifts

due to the defect scattering to the difference in valence \\ "

. ’between the host ions and the 1mpurity. Since the potential

' between the host and impurity ions is in general different \
.from one between two host ione, there ie a net fof‘b tending
to drive the host ipns surrounding the impurity off their'- .
perfedt 1attice equilibrium positions to new, relaxed .
'equilibrium positione. -In Chapter II the extra scattering

due to these dieplaced hoet"ions will be introduced as a /f
correction to the Friedel or displaced .charge sum rulev, ‘

This: correction has been related phenomenologically the.

(3;4)

" volume change induced by the displaced ions nd “also

M

“in Chapter II, thie volume change will be calcuxated
‘completely microacopically. It will be ehogn’that thie

R L,

--',volume change is’ indaed related~to the correction to. tha

dieplaced charge eum rule. thus lhowing that the: theory is-
. ¢

Lo \ - . ) .'.'. , . i i ".
s ‘L_], ‘ . . ‘_ L . E



- .
. . R . - v
.- - . -
.

. . .
' . - LA

conSistent- Some numerical estimates of the correotion are

given for the cade of alkali 1mpur1ties or vacanCies in

-

alkali metals as. well as' a discuSSion of "how the correction ' i
‘is related to the residbal reSlStIVlty. L v

‘n

‘-, At finite temperature, the conductlon electrons are

1

scattered not only by lattice defects and 1mpurit1es but also

« by the v1brating ions_ or phonons.- There are also scattering e -

-eff;cts assoc1ated with the fact that the impurities are L
also v1brating so that they present a different scattering
Cross section than if they were static. and they may have a;
-different mass from the host ions.- In Section 3 1 the theory
- of the finite temperature resistiVity appropriate to. a dilute ;‘
: .ailoy of substitutional nonmagnetic impurities in non- .
tran51tion metal hosts is presented as ‘a generalization of *-‘
the’ scattering time formalism for the solution of the.
.- Boltzmann transport equation introduced bywnobinson and-
* ‘Dow (37). This ie to be contrasted with the. usual variatienal
imethoa ‘33) for deriving the resistivity from the Boltzmann : -
equation. The scattering time solution. in which- a scatter- g
g ing time T, (k) appropriate to: the alloy is defined in terms
'i;of Tg(k), the scattering time for the pure metal, as well as
.additional scattering times for the variouz/gtherfaeattering

' nechanisms. is favoured because of mathematical simplicity

. ‘ ght it\givee into the results.
. 1°(k), wherefk’iegff- to .an electron_in a ltate descrihed byL
f;//,the’G;;e vactor k. will be found . to be very anisotropie avenw

fand the direct phyeig;l,

L
J‘ ' -

- . ' - ' ’
-'..' . .'- . . - c ) .
s N . . s _“ .
. : . . - - -
. - . . _ @ . . . e - 4 .




oiZj;:;:pherical .Fermi surface.- 2&13 anlsotropy is due to
theé~ otropy 1h the phonon spectrum and, more 1mportant.
- in the electron-phonon 1nteraction, partlcularly where thrs

'1nvolves umklapp processes for whlch the electron momentum' .
/ . ‘

Qransfer exceeds. thé 1argest phonon momentum.‘

f

L] -

) The central quantitx)of 1nterest in the resistiVLty'
is the dev1ation from Matthiessen ) Rule (38) . (D, M R .
denoted by aAl(T, c)‘where T is the temperature and ¢ is the'

impurity cohcentration. Metthiessen s rule states that the . o
resxstiVity of an alloy at any‘temperature T, is 31mp1y the'
sum of the pure metal resistiv1ty at that temperature plus-

residual reSistiv1ty of the alloy which is independent [

of t perature but depends linearly on c. -, o x*
Bxperimentally this rule is rarely obeyed exactly (39)
and, espe01a11y at low temperature, the additional” term.

' A{T;e). in the-total alloy reeistiV1ty can be quite large
and have a very nonlinear dependence on the cohcentretion.
In Section 3.2 & eimple, approximate theory for A(T,c) is

: preaénted and)compared with the exact theoi¥. At low

temperature and for very’ dilute'alloye,‘the scattering time

-

formalism, particularly in 1ts approximate form, shows the

LY

inportan/\ of the anisotropy in Ty (k) and the effect on it' _;ff
. of - the inpurities, represented to a first Lpproximation by

To- vhich is the scattering time related to the reeidual

) reeietivity, The nonlinear dependence o{ A(T.c) on C as

° 3

vell as the temperature at which this wiii occur can be

v
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clearly Seen. Calculations are presented for the dfiute

‘alloys of the alkalis, espec1a11y potassium where there are
recent experimental results (44 45).

More detailed results for perx_dilute alloys of
1ithium as well as more concentratedf(c £ 1%),Li-Mg. and'
Li-Ag alloys are presented‘in Section 3. 3,'iociuding also :
'the effect: of the additional scattering due to. v1brat1ng
'_1mpur1t1es and the different mass of the 1mpurities plus
the modification of the impurity resxst1v1ty Antroduced by )
including the Debye-Waller factor in the scattering cross
sections, The Debye-Waller factor, familiar from X-ray and

' rFl
néutron diffraction (43), takes account of- the modification

,of the crOSS sections with increaSing temperature.

_ Ca}culatiops of 4(T,c¢) in a_series,of'dilute alloyeiof
-aluminum are‘présented in Section 3:.‘including ali Ehe

scattering mechenisms mentianed above..*Detailed comparieon‘

of the calculated valuei of A(T,c) with the experimental

ones shows that ‘the physical ideas and mathematical o

) techhiques used hére are probably adequate for the '

f'explm'l&t:ion of the D.H R. for the simple’ systems considered
‘in this thesis._ DiscrepanCLes with the experimental resu;ts

b can be ' 1dentifie;?\usually by the temperature range in ' f.' -

| which they occur.qand the appropriate deficiency could be . "

lcorrected in future calculations. Also, since the effect-of I

the various écattering.processes'ip_now(clearer, further

experiments, using certain concentrations and in certain .

.- ‘
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temperature ranges, to study the-efféct of the va;ibus

mechanisms may be made.

’ In Chaptér.IV? é‘simple theory to include the

effect of.the strain fields or latticg‘rélaxation around an
. . & .- N
impurity on the finite temperature resistivity in a metal

is presented. Just as at zero temperature, there is

' -

additional scattering of the conduction electrons by the
displaced host atoms, so. at finite teﬁpérature there is :an

_ . o L _
‘additional scattering mechanism due to the fact that the

displaced host atoms are undergoing thermal vibrationsi

ab?Jt equilibrium positions which do not form a pefféq}ly
'periodic'arfay ;n the®crystal, | 1Y~

In Chapter V, the results of the theories and
calculations presented in-this thesis are sﬁmmariieq and
éome‘conél;siqps Qrg dfgan. Finally.“sqme.shggestibns.gf
~ other properties of dilute allbys to which the ideas and

techniques presented/ hére may be applied are given. .

7/
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- ' , (f * CHAPTER-II. o S A
MODIFICATION OF THE DISPLACED CHARGE L o

SUM RULE FOR LATTICE RELAXATION o A

T 2.1 Introductlon

. . P . ) ~ B " ‘ Sota,.
\ . Co w . . oo
A funqpmental property of a pure metal Jis 1ts

<

translatlonal 1nvar1&nce., Thls means that the enV1ronment
v oL E . .

at any point r- 15 the same aé at r Rg where'Rg gives the ' e

equlllbrlum poéntlon of the ltﬁ atom in the crystal. This- >0

]-
perlodLC1ty 1mp11es that V(r) = Vi t E?)~where y(;)_ls the

crysta ﬁpotentlal at the pomnt r. The'eigenstateé.of the

syatem are Bloch states ¢k thh energy e for aﬁ'electfoh . .
in a. state specxfxed by the wave vector k. - At T.f 0°K and

in the absence of applxed flalds the conductxon electrons .
G ‘ ,

propagate freely throughout the crystal, malntalhlng the

same wave vector ke, .7 ; ': T ;' SR

N - . 1 T

' % -
*~}f‘ The introductxon of defects or, impuritles Lnto the
-_metal causes a breakdown of this translat10na1 invar;ance, '

L'S
]

leadlng to the scatterlnb of En electron in & state s
‘spec1£1ed by k to one speqified by 5'., This sqattarzn;‘ts”
.due ‘to the net dlfference betweenathe host pot:htzalgand the .
potential of the 1mpurity ion when io is placed in the matrix‘q
of the host material.‘ The Bloch states are no 1onger : v

v 1

exgenstates of- the systam and this can be fepreaehted by

anowi.ng the energy. ¢, to becme complex S BN

. LI

. . N » : N
. -l Lt , - .
. M - . o - h . 3
-4 ) ) . ‘ ] ' ] - .6 - . . ) . cur .
- : . " .o " ) . Co
B . . I . P \ v : L3 X




‘.-‘- 3 eE + E + lr - 4 . . . . . : . ‘70

E k'
-
§

v

-

' where the energy of the electron in the state k in the alloy
. - g e
-is Ek -Tk represents the scattering out of the state k with

.a lifetlme of. the order - of (2P ) 1.

)

v The lack' of the slmpllflcatlon of tran/i%tional h R

invarlance in the alloy makes 1t much harder éo calculate any
of its propertles. Many approxlmat;ons are Lnevitably
-;necessary. To check the validity of a given approximation,’
it {% very helpful to have some simple exact results against
lf;whlch the approximatlon may be compared. - One such; result is L
the FriedeL Sum Rule (1); (F.S. R. ). or dxsplaced charge sum

rule which ‘relates the conduction electron phase shifts to .-e

the tbtal displaced charge, Az, caused by the 1mpurity

| L m+1)5 2 0p) = iz . - 2.
L _ : o | ‘

- ' Rl
- . . P) . e

Here '3 (kr) is the phale'shift of the []

Al .

th partial wave,' o j

. evaluated at the Permi whve vector kP and AZ is the valence - —
difference between the hoet and 1mpuritfﬁions. Phylically
thia means that the conduction olectnons rediltribute

’U

themsdlvee around the inpuritx so as to conpletply shield. 1t
fn a2 diltance ot the order o! the 1attice spacing. For very

¢ dilu;e aLloys.;the rdtni energy is the sano ll it 1- 1n the .
(1) | : R -
tal . .

puxe‘no , L R
. . Lo i . b
. L . ) .._: R . ‘ - " . B v,

B . as . ' . . .
. . A ) r .. ~ - . o, - -
. "-E . . R d- ] - Y
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The above result assumes that the volume of the

o crystal is not changed by the alloying. When this volume

n

iE =change is_con51dered the perturbation due to the impurity

%is no‘longer 1ocalized (2), Although the excess charge
1ntroduced by the 1mpu;ity is localized by the screening, : /
- there is ‘a long range effect from the strain perturbation '
due to the possxble volume mismatch between the host ion and
A"the 1mpurity ion- placed into the host material subsﬁitution-
,-aliy. As discussed by Eshelby (3’ this «causes a change in .
the volume.of the crystal but ole about one third of the e

*

) total change comes from‘a uniform change or-dilatation.of“
_.the crystalﬁ the rest occ- - in the vicinity of the impurity. .
‘causing a distortion of the lattice around the. impurity.
However, with a random distrihution‘of impurities this .
' shearing strain cancels out on the average so that,.‘
Lmacroscopically, a cubic lattice ramains cubic.ﬂ
To take account of this volume change Blatt (‘)

proposed a suitable modification of the F.S. R. 80 that (2 1)

s replaced by lf o .

2,
w

¢;ﬂg'

L (2l+1)6 (kp),- AZ - zu
! :

vhere Zy .is the valanco of a host ion. An is tha part ot the -'f
.%1um change aslociatod with the distortion and 2, is tho -
. vol of a unit cell in tho pure natal.. The abovo a
aodi! ation is bll.d on tha ract that tha inpurity causoa

. , . : .-
CoL R

- . -
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the host ions around it to be dispiaced and thia_displaces
a certain amount of’ ipnic charge in the region occupied by
the 1mpurity._ In the aéBonimaﬁion of an infinite ieotropicj
elastic continuum the ionic charge density in’ the remainder |
. of the 1att1ce 1s unchanged, the‘strain being a.pure shear .
~ and\COntributing'no dilatation. Howevery~€he—effectivg ' _-,
: charge which the cattering center presents to the conduction
electrons is no longer AZ but AZ. - z AQ/Q -where AQ/Q is
the fractional change in size of the cell occupied by the .
. 1mpufity. Blatt's appr:ach is phenomenological in that he
makes use of experimental va;nes for the macroscopic voluma
change,lbut, as mentionad.aboveignot a}l of ‘the Yolume _

change induced by the impurity’cQESEB extra scattering of
. \ ! w . ]

the'electronsc Béal-Monod and Kohn >) used a discrete -
' model for the igns inatead of an elastic\S;splacament field, .
\ :

but they did not attempt any detailed estimate of the actual

ion displacementa. Instead they used an isot pic

approximation-for the displacemant u of the z : ,
equilibrium cootdina:p gz) o <*', ) : ..- -
Yy = % 720,37 (2.3)
| |§1_| | :

2 relation‘ _ ) '{ C ':,:'- i .o




' . \,_;_“._ ' C 10

LN

where-TE is given . in'terms of Poisson's rstio-by C e
g = 3(1-0)/(1+0) and. Ga/a ia‘the fract10na1 change in | ¢
lattlce constant.per unitiat;ﬁlc concentratlon of impurltles. ‘
' This ieads to afcoé;ection to- the F.&.R. of {5) ﬁ}fl d

\ T o

g BB & Dz - o . (2.5)
H 90 . YE _ , P o . .
It is the~purpose of fhié chaéter to present a - ’ ’

completely'mlcrOSCOPLCvdiscussion of the effect of lattice

relaxatlon on the dlsplaced charge sum rule.
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"new equilibriun positionn !t‘ o "; .

-Herefut is the displacenent of the ¢

- , B 11
— . .- [\

l t

"2. 2 Scatterlng Caused by the Dlsplaced Host Ions

. o
' -

The relaxation of the lattlce around a defect can be

calculated in terms of the defect dr1v1ng foxce ‘and the
3

phonon dxsper51on relations and polarization vectors. using

the method of lattice statics (6'7). Sinee a defect interf.

acts with-a host atom via a different poten&ial than that

between}two host atoms, there will in general be an

th

unbalanced force P on the £ host atom around the -defect:

=
which-ie usualiy considered to be at the origiﬁ,.and this_

force will drive this atom off its perfect lattice

eqnilibrinm{site,.gg; to a neﬁ.equilibrium.sike gl’given by

R, =R, +u, . . =~ . N ¢ 1 I
th nost'ntom-which is
determined by F; from the basic equation of lattice

| statica (6.7 s . - o S ;

L OBg= I eg,tYu,, . S . (2.6)
| R o .

In Eﬁ. (2 6) 0(! L') is the torc. consﬁhnt matrix whose

"conponent 003(1 t') is tho force in the ditection a on ion
'due to a unit displacement ‘in tha diraction B of ion L, ;n
 lattice statics the force conltants are thono of the

unpertnxhed perfoct lattico. uhilo Pt is tvxluatod at’ tho

'




n

: . L
-- To determine the diSplacements, the u, are expanded.
in terms of Fourier coeff:.c:.ents a o .
Taay h N . - .
T S L
=5 I e E(RMO, k) g2y T
whefé the'k sum is over fhé'fitst Brillouin. zohe (B.Z2.), A T ‘f

is"the phonon polarlzatlon branch index, N is the number of

\

ions, €(kA) is the polarlzation vector and ¢ (k) is given.

below. . Equatlonb (ﬂ-G) and. (2. 7) give

|  cixer® _ o
Ly “tazop kA 6, (k) 2.8
HIE e  C=IBMelol . 2.8) .
where M is the host mass and D(k) is the dynamical matrix
- : - |
| ;1_\. _15.—2 : - - ‘ |
DIK) =2 e ek, 0. - L (2.9)
R S » -
;‘yhioh giVe% the phonon eigenfroquencies 6(53) g -t
PR 4 - o -
W2 (RN = DYEMA) . T (2.0
- Thus™{2.8) "becomes . N
0 ‘ . -
L o - -ik°R} _ o
gtk e S - I w (kl)e(kl)¢1(k) . - (2.11).
L - Y | L

. -

Hultipl:lca‘tion of both sides ot r.q. {2.11) by g(kA) and .

T

. ) . . LT -
) . LI . . - X . .
. ] . . . "- - "
. . - . . N - o ) [
3 . . -~ L. . . ) L e T .- . !
Tt Led ‘ e : ‘- h

- using tho orthogonality rolntionnhip of the polari:ation_



© vectors

.1on. In many applications. o.g., 1n tranaport thoory and’ 1n

¥

13

. v ]
. ) _/’-'

Sap - .

-,

gives an éxblicif?expression for .¢, (k) ;

F
. . : ]j n L. -15-32‘ . ' |
k) s e (kD)L Fy, e . . (2.12)
Lo Mw™ (kX) - %°? o »
. Substitutingjggi(2.12)‘?ﬁt6.3q. (2.7) gives .the basic -
_-expreésiqﬁ for u Lo | h
. ‘-1. : '15752-

9—!, MN -P'l' (2] . (2-.13)

To describe. the scattering of .the electrons by the ~
5 .

iQns, psendopotential theory is used (8). The’interaction
of the condnction electrons with a system of frea'condubtion

electronh is ‘given” by the//,;nl pseudopotential W p£~the i

system of N ions » .
A s

O - b B '

ST 2.24)

where wi(r-nl) is the. pseudopotential associated with the lth

the P s R., one is 1nter.ltod in Perni surtaco nntri; f '

elenants of thil potanti‘l
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. 1. TRy o
< fE}nglE} =‘ﬁ-§ e . \Qgﬁf]w£|k> . © (2.15)

vhere <5}g[w£[5? is the_Alectron-ion'pséudopotential formu i
' th

factor associated with'tﬂé £ ion, Let w, be denoted by

Wy when (£ # 0) 1%fa host ion and by w for & = 8 i e., -
for a s;ngle impurlty ion at the -origin. - For a berfect

crystal there is only Brag% scattering. but tQis does not

lead to SQ!\resistlvlty (8) - . L =
- 1 -ig'R) - |
<-ls.-‘glwpl.&> ;B ﬁ' i e‘— <h+aIwHIE> . _(Zols) )
If{the'dilplacemgnyg caused by the defect are small,"
. then T o - - |
- RPN "
. ~ig*R, -ig R - | -
e tae S -dew) L0 (2.17)
L . “ . P
T ' 18,9) ‘

'TranspOrt properties such as the rnaidual resistivity o i

can_then be calculuted-fro@ the-matrix elements of the

[E PUPRREPCHNSE 1

difference pétgntiqi

<!ﬁg|ﬁ-w | x> ?‘% <£fg|aw|k>‘_ ) é
. P S 1
~ . o T . ° E
. - SIS : B : . g
in - —13 El . ‘ !

- TRpAme "‘ﬂ"’n‘!—‘-" . (@18

[ XY

-

' Gﬁere'bw denotes (w, -luh), sihce Aw ahd w, are -pharlcally
;sy-ntri.c to a good cpproxmuon. thei.r rorul surfm utrix

o .
Al




-4,‘ ‘.~. ’ .'

//élements will only dependson the magnitude of the momentum T
transfer, hq, where h is Planck's constant d1v1ded by Zﬂ._ .
g is related to the scatterln% angle 9 by . . -

L

@ =2k, sin(8/2) .. - S (2.19)

, L
[+3

_ If ;attice-dietortion effects are neglected, in

the Born. approximation of small phase shifts the perturbing’

' .potential Aw(q) is related t.otherpha.se shifts by (10)_' i

/ : B . . ,l ..V';'- + . . . | !
2mhe 'os ' - o
ﬁ'ﬁ_— Z (2£+1)6£(kF)P (cose) = Aw(q) o (2.20)

»
1 . B L \

where m is the electron mass and P, is the 'z‘th Legendre .

polynomial. The F.S.R. in the Born. approximatlon 18 obtained
simply by taking the q + 0 limit of Eq. (2.20)

~

2 o o
;; !;: (2‘£+1)6 - zI -2y
. . T f, “Pn o ) . ' . » . .
| ’ w2h2 q*o ‘ L . ?_'
vhere Z; is the valence of the impurity, i.e., AZ = 2y - Bge .

It 13 important to ‘note that although the Bom approx:lmtion
 was.used to derive Eq. (2.21)L the P.S.R. actually holds for
a stronq potential (1) s “;t wilf. htiimvor. be nocouary to B -

use the Born approximtion vhen calculuting the o::ect of - . .
- the displaced hout 1oni.“““!‘,op§, oonsistoncy the Born ' . : |

approxination ia uio& ‘also for tha defect lcattaxing. - h \
- .
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When' lattice relaxation is included, the defect
potential ig no longeéﬂspherically symmetyric. Follow1ng
Béal-Monod and Kohn (5), the quantity corresponding to the
right hand\;IHE'of Eq..(z 21) is replaced by a spherical

‘average to. give

B an
AZ 4+ Z* = 90 lim [Aw( ) - 1w (q) 1
—_f_i.q+0 q q. an
: g0
. ! : -ig'_ : ) .
-~ oxx gy, e 2 | - (2.22)
L . e . . .
where Z* denotes the correction_to the F.S.R. ‘ .0
imkFQo liﬁ w.(q) I dng # g-u, '19 2 . (2'25)."

-

Later it will be\Si:ved that. z* is indeed the displaced o
ionic dharge asq iated with the dinplachcvolume caused by E T

the 1attice distortion, thus indicating that the model used
is consistent. . : ' ‘ o [
' Substituting zq (2 13) into (2.23), the expression
for YA may bo simplified by using tho fact ‘that’ for xmall
g and k.restricted to, tho first B.Z. S -
1 -105."'51)'5,.”. L SRR - (2.24%
.ﬁi -] | . - G-k_'.s . ._ D . - . _ .o
“rurtﬁcgrorc} in the limit 6£.-nnii a’ e

.=




17
.0 o T .
-ig-R e " : : -
e Paa- igR) . .- e O (2.28)
- » " , o : - -
: l'l;his giveé ’ ' - ‘
‘ . dﬂ. '-. \
. R - " {g-e(gAr).).
mzﬁ q+0 A w® (gh)
o .
x .i (e (q}) Be) (Q°Ry) (_2‘.26)
c ) " . . . -~ e
since by inversion symmetry  : - - .
. . w . , . "
z F = o -
g L - '
‘ . . . - . L 3 .
] ) § _ .
+ Following Flu’m and Maradudin (11) ; in the, limit of small gq
' NS
the phonon el_genvglua.s‘md eigenvectors may be writ;ah '
wl@) = a,(68)g - "
clgh) = ¢, (86) \. L B .
where (8¢) are the anglel of q - g/q and A)‘(Go) is the . 1
sound, velocity for the hrnnch A in the direction (80)
Finally,. using - g N '
[ ’ lp . ' N . ] . . .
(q) - - LT o T f2.21) -
0 ne z_h! ﬁ S




N
aﬂd.?he notation X
. N '\,
1 (T , 2
<f(0¢)> = i J‘ sin 846 I -d?f(9¢)‘ _ (2.28)
‘0 o . . .
y; . . . \ . "
the result for 2* is obtained’ ,
- . ) .\ .
. ) . . ¢
Loz @, (00) | b _
S 2rs - D < I e, (04)°F, g R> .- (2.29)
: A 'AA(B¢) 2 . L

l ! . ° ‘-‘\
Although 1t is posaible to evaluate Eq. (2. 29) as

it 15, it is desirable to" have . ,a 31mp1er expression,

bl

-—aspecially if one wxshes to compare thls result with the

usual one'(d_s). To this end, it is.assumed that the

transverse phbnoné are perfectly transverse and the

- lonigitudinal phonons pérfectly 1ongitudina1, ;.e.ﬂ'
. 0 A= 2’ 3. . . . \,\‘ o . .
q'EA(QQ) = 4 - : , Voo _ :
. R : 2 1 . k ‘- 1 .a . , \‘ »

. N / . . ‘ . - V . . .

If'F, caﬁﬂbe.derivea;from a.centralu?othntial | I
oo 5
- =t 4u . ‘ o ' S
E, = f VU = FU'——U - - (2.31)
Ry AR, . .

e

L)
. ~ 4
- T

and(\jlso. the anquiar depondenco of 51(003 is neglected 8p
that the anguiar 1ntegrations in Eq. (2.29) may be done, the’ '
tollowing result 1l obtainod _' L o
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| 2
H

* = =

2¥ = ¥

ol .

| _ gy & v - (2.32)
LN \dn’- - R =

A can be lnterpreted as the average 10ngltud1na1

»
-
wl'-'

sound veloclty. Equatxon (2. 32) will be useful for making
'rough estimates of 2z*, but it should be emphaSLzed that the
simplifying assumptlons leading from Eq. (2 29) to (2 32)

are not necessary for.the discussion in the next section of

the 1nterpretat1on of 2* in terms of the dxsplaced volume. ,

7 .
- .
. 3 . -
- . .
.




Iv]

. 2.3 Displaced Volume =, & o S o

-

As mentloned earller there are two dlstlnct “~

volume changes assoc1ated WLth the relaxat;on about a

defect. one referrlng only to relaxatlon in the bulk of
. the mater1a1 which gives the straln field and the other

lncludlng surface effects and a unlform dllatatlon of the

f @

crystal.‘ The scatterlng of electrons or the F.S.R. is only

affected by the former.

]

The dlsplacement fleld u is, of course, only

A
-

. defined at the ionic sites, but ‘the expressxon in E.‘_(2.13) T

can be contlnued_to a11 ‘space,, and wrltteh‘

L

'e(kh):gl._e

' . R T
- . ) - ,_.‘___- . . -.. _" . . -. »
C i . S ("z\

'_Suhstituting Eq. (2 33) into (2.34).. and carrying out ths . .

angular 1ntegrattons owgr R gives.r»';?‘. ) " ' ,.' ‘f'l~w_
e 1in ﬂio S I (€ (gx) P,) T -igeR, |- o T
AR = 1lim — -J-dn Iq ' e R
- n¢-_2u;n ' g_' 11 -i;!(gg) SR T S "«
o e ' . R 4 .
T ox (g.s(sg)t———ﬁg—l -R cos(qn)l o (2.35)




Y 'l‘ .o o N :L:‘ .
« bJ _‘/;__(__F__ " R
. i \ ' 21 K
: ~ T S - .
. v . . v / - N ‘ —
. 'ghe Fourler integral theorem states - ‘f_ E '
IR RN :_;,,/’ ' |
S ‘ ; - {2.36)
. L m. . . . . ‘. . ' . < .
1lim J ftqQ)R cos(gR)dg = 0 . ° : :
) » R+ 5 0-,_ . x ' P . . . .

P
£l

Us.mg the same~no'tatxon and approxunat:.ons as before, t.h:.s

iB reduced tO - ‘ : . .: ) . - - 1_._‘- :-.: . . ~ _o~. .- . . -. ‘_'
: ' H ) ‘ . ] l . . . -'v:-
: .’,‘ -"&‘8't9¢) . ) : = .
- AR 1 . = 0 . ‘
o = i La<— (BM °F q Ro> .- - (2.37
PR -ﬂo i M' A ~-'-AAE_(9¢) 2. Ex l | ‘
. : e ‘ = - ‘ | >
. - Comparing Eq. (2 29) and (2 37) ’ it is seen ‘that the -
displaced charge sulm rule i; expressible in tems of the L oo
J\ ac . ‘ Oow "
volume change through y é _ - , z_. .
. v o "l" ‘,P Lt B B - .
. . T .‘l .. : ) 359 - ‘,‘ : ’ . . P
) e N U L (2.38)
P B . . 0 ' : . : .
._-‘::-. 0 - ‘_‘ J‘\. o r 9 .r‘. ' ' ' . |
which is fomlly the lame as t'.hat used by Blat.t “’ SR t

. Béal-!lonod and, Rohn {5) bu‘b whereas they relatod Aﬂ to o
' mcroscopi.‘cally muured quantitieo, which automatically . s
' include the am:face offacu, t.he AQ dofined= abovc inclndes )
onlyn t.he relevant part of tho volunc chungo and mt be

. cnculated us g n:lcrotoopic pa:mten of the tnoy. ‘

| .;. In order t:o calculat.a tho corroction to thn P.5.R.

or the displacod volun- i.t ia nmgsary to knov tho iorce. -‘_ .
ok potcntial. canainq the nlmtion. 'rho i.ntcrimi.c SR

%
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potential V(r) in.a metal can be wrltten in the-forq‘glven
by Shyu and Gaspar1 (12) R 1\ | : '

| 2.2 252 2. *
I S | Al GO sin (gr) - -
V(r) —. T J G(q)—Tx(_g—L dgq (2.39)

2 K
‘whére the first terﬁ is the‘direet Coulomb interaction'

between bare ions and the second term is the indirect.

interaction v1a the electrons. G(q)fis given by :

. 0 o B
# W, (Q) . . . :
G(q) = r 'Hz_ flz {1 ""“,.El } .. (2.40)
‘ --4wzHe /ﬂoq - E _ . T

‘wg(é) is,the\bare ion pseudopotential which will be 7

approximated Ey the Ashcroft form a3 - o ,
o 0 4ﬂz 2 '_ g o : a
, o Y -——-15- cos(q o R (2.41)

) | | . . | - ' ’Q. . . Lo
'where R is an adjustable parameter representing an '

effectivc radius of the ionic core and “0 is the Bohr .

-

radius.' For the elkalis R has ‘been’ fitted by Shyu et al._sl‘)

-

o’

T . . . L4

to the foxce constants and by Price et al. (15) to:the o l '
phqnpna. “The dielect;ic funqtion‘cgq) is given by ’_ U
: R I Lo o ..
| Sgde) T T
: e 09, _
. - . . 2.‘ "
@ ‘r*—nm v e

A
L

' -
. . .

uhnre Qotq) 1- the Lindhnzd qloctron polarizability tinas
-4:0 /q e o '.‘-f- o . '
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_ ) T .
Q,(Q) = == F () . : (2. 43) :
et 2 ke ) .
‘ » 2 . \
. With ' : . ' . ‘ i ‘ . ' . Y '
B(x) = & '("“2)£n - A - 15'44)
T .2 8x 2-x o . ) *
| | L
a’nd ’ -. ; s | - ) - ' \.' ) ; ‘ . . . . .
e | o~ ) -
4k, . . .
w2 _ mt CTF . 5 _ © s b
kFT = Tif?q;? o | - . | (2.45)

‘. The effects of the band-structure on the‘conduction»- :

electrpns have béen included in an approximate way by
1ntroducing an effective mass m*, ~ The function f(q) in
Eq. (2.42). accounts for. exchnnge and correlation-effects
among the eiectrons; it has been evaluated by Singwi et ai;qtls)
in-a self consistent treatment ﬁnd has the form

£(a) = ALl - exp(-Bla/kp) D)) - T (2.46)

o
r

'where a and B are paramnters which depend on tha electron

fdensity Ty . T - o . ;
- Por the caﬂa of a vacancy in a metal gho pertuxhing
-potential is taken to be |

U(r) = - V(x) T Gy

I i 7
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iwhile for an ; 1mpur1ty, with the ~same valence as the host

latoms. the perturbing potential is

222e2

f
4
{
i

B(r) = r G nlar) oq . . g
0 S

GJq) is obtained from G(q) by replacing lw (q)l2 by
w (q)(w (q) - w (g)) and w (q) is the bare pseudopotential )
‘for the impurity but with the atomic volume appropriate for
.the host. The screening is according to the dielectric
_function for the host. The parameter R, for the impurity is
-taken to be the one the impurity would have in its own bulk,
€.9%, any.energy dependence in R is neglected. |

In Fig 1l a plot ia given of V(r) for the pure -
metals Na, X and Bb as well as U(r) for the case of K’ .
‘impurities 'in Rb and Rb impurities in K... The, perturbing
forces are derived.from the first derivative of theae ,
pqtentials ~which should be evaluated at the relaxed lattice
‘positions (5) but for simplicity thia complication will be.
ignored since it would entail doing a complata lattice
“statics calculation. ror the case of vacanciea, it is also |
'possible to get the required forcaa directly,from thc
.neutron-derived Born-von Kérmén pure metal force constants )
(aee. for exampla, Hoods et al. (17)). rurthar, inatead of
pertorning the completp avarage over tha anisotropic |
longitudinal sound velocities, tha value of tho sound. ‘
velocity 8¢, in the’ (100) direction was used. It is glvan by

-~ '

. ) . - N N ' . e,
v - . . ) .
[ . . - . . L . ) .
S : Co- ' [} . o , P . . . . .
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L 3 / 1 . Nl | 1 ' i ] i 1
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Fig..lz Interionic potentials in Na, K and Rb, and the

perturbing potentials'for the dilute solutions
- K in Rb and Rb in K. '

A |

{
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(2.49)

where p is the metal dengity and C,; an elastic constant.
The results -for *Eq. ¢2 32) are presented in’ Table 1, along
with the values of Tgr " the values of A and B suggeqted by . ¢

' (16)

" Singwi et al. as well as the Ashcroft core radius

' suggested by Shyu et al..(14). The effective masses,.'
.sugqested‘by tHESe authors were also used. For vtbancies the

" sum 1n Eq. .(2. 32) has been quoted us;ng only experimental
force constants. An alternative approach is to. employ the .
potential given by Eq. (2. 39) When this is done there is a.
. question of convergence of the sum in Eq. (2 32) for very ‘_'

distant nexghbours. This problem does not arise when the

. BEE Y
v akeme 3

experlmental force constanés are used ‘since they are cut off
" at some finite neighbour distance~durxng the fitting a :' v
procedure to neutron data. For large r the potentlal - .
'exhibits Friedel oscillations. The'asymptotic form of the.
POtential is in fact ® | | - ’ “7-
| - -2 2 . ,
: . 9nEy Iw (2kFl| cos(2kFr) o _ .
V(ir) + - £ o (2.50)
r+w CP (Zkrr) e |

rd . [ 8

where Ep is the . Fermi energy. The forces from-the_potenttpl

were evcluated out . to 12 neighbours and -the sum performed-'

out to that point;l An estimate of -the sun fron 12 naighboura

to 1n£in1ty was added using’ the asymptotic forn. The .
requirpd_suns for the asynptotic potentinl hswc been done-by‘ L

.
L]
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Shaw (13), Th;s glves about a 10% correctlon and is taken

as evidence’ that it is reaeonable to 1gnore the very distant -

V
-

neighbours. ) A

-

*

. The results‘for Z2* using the theoretical expression
for the vacancy potent1a1 and 1nc1ud1ng the asymptotic
eontt;butlon differ from those quoted in Table 1 by 20-39%."
In the case of Vacancies only the resuits based on mea%ured ’
force constants are quoted since it is well known that it is-
dlfflcult to obtain good agreement between theoretical and
experlmental force tonstants. n

) "In the case of impurities, the theoretical
express;on (2 48) must be used and to be consistent with the
treatment ‘of vacancies the sums were limlted to 5 neighbours
which is the same as the number of neighbours included 1n the

fitting to neutron data. t C L

®
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2.4 Discussion > _ '

_Frcm'Table 1l the'cOrrection, Z*, to the.F.B.R, is
appreciable e5pecially fcr the case of the impuritieslwhere
- the F.S. R without the ZzZ* correction would require, since
there is no valence difference , ' o #

L2 F e, k) =0 . - .

LI - L\P . ‘ _

Similarly,for the'case‘of-the vacancies, where'there~is in-A-
effect a valence difference the z* is still appreciable.
It should, be reemphasized ‘that we have used the Born .Q" 7
approximation and lineer screening theory which are prcbebly'
not adequate to describe the scattering since theee : ;
approximations require small fractional changes in the
electron density whereas if there is a valence change -
. aBsociated with the defect the . electron density has a- large

(24) .

change . Another way of seeing this is to censider thel

' ”
F S.R. for, say. AZ = 1, Then

. /
e 2 £ (2241)8,(k,) = j
LY i 1 kP Rt

and since in m03t casas only the first few phaue fts , :
: contribute significantly, this requires at lauat one’ o! the .
61 to be of the order of w/z whereas tha Born epproximetion

requires 51 << 1. Thus it ia expeacted that,theee
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L]

approximationé will work beet for isovalent'impurities or a

lattice’ distorted by phonons as in the finite ‘temperature

resist1v;ty F25) - . n

3

It is the above mentioned ability of the 2z*

4

correction to the F.S.R. to distinguisﬁ}between the detailed

_ properties of different impurxties which makes it so useful

T b "“-.'-.. . .
in practice, espeCialry in qiscussions of the residual : .o

- (4.263

re31§t1v1ty PR of 1sova1ent impurities such- as Ag in

Cu, Cu in Ag, Cu 1n Au and Ag in Au where the F.S.R. alone

_is not able to distinguish between Cu. or Ag in Au, - ?jfe//;,,»”/fffz

must be taken in using the F.S.R. to determine the-phase

oo
shifts ‘to be used in a calculation of the residual
reSiatiVity. In the Born approximation, as emphasized by .

Ziman (27),the F. S.R. onl¥y fixes the q + 0 limit of the

i scattering amplitude while the expression for the resistivity
involves all q values from 0 to 2 kF In calculations of the
| _resistivity in’ which‘the phase shifts are chosen to satisfy

(4, 27)

the F.S.R. . a simple square well potential is oftanj

used to represent the impurity but the exact, not Born

Approximation, phase shifts are then used. ‘However, a8 well

i
K

as not _ing as physical as the pseudopotential, the lquard r
-.well inv‘lves 2 parameters: the depth and width of tha wol{ f
The latte is upually chosen to be about the ionic radius
while the ormor is th-n adjultod to fit the F.5.R. ‘The . -
effect of the lattico distortion is included by nodifying
thé 'width Of the square well by a factor of {1+ aa/m ’1’ 30

g

N . - B
. . o . * ' . .
PR \ . . . ) .
‘ o My :




RN
. . . : S "
and then.demandiqg-that the resulting phase shifts satisfy

-

[

the modified F.S.R. . | ? T

a ‘Calculations of P using the Born"hppro tipn and .

xpl@éitly-the effect

pseuQOpotential theory, and includi . .
) (9,29,30) -

of lattice distortion-i € q integral have been done

and correcti of the order of 5 to 30% are generaily fouhd.

e

As-was pointed out above, however, there is no direct

relationship between the correction to the F.S.R.. and the one -
to pp since in -the former case only the g + 0 limit of the

scattering amplitude enters (8
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—+————-.CHAPTER III . S ‘
pnouou-r.mrrsb' RESIST‘IVITY AND . ‘ : .

DEVIATIONS FROM MATTHIESSEN S RULE -

3.1 Theory : X _ T
| . ~ ' ¢ . .
% \\ o At finite temperature, the ‘thermal oscillations of
| the 1ons in a pure metal .cause a conduction electron in a
‘state k to be scattexed to a state k' via the &bsorption or
 emission of a phonon with wevevector q = k' -k +:G where '
the electron states are on the Fermi. surface so that | -
_|k| = 1k | = kg and G is a reciprocal lattice vector. which
dlstingulshes between normal (g = 0) and‘umklepp processes

(G # Obéi_This is due‘io the fact tﬁaﬁ the electron '

wavevector transfefl(g' - k) .can exteed iheumagnitﬁde of the

- largest_phononrwavevecgpr in the first B.Z.. The tgensitioe

. - g a . ] ’ - ’ 4 . ’
probability for the scattering\iq}given by the Fermi  Golden

Rule T | o
_pg (w) = 3& izt. e - |<_f,5:|u1|;,;>| Sfhufog) L
. 1. . . . ' n . . .. . (3.1)

Here i and f refereho initial and tinal lattice ‘states. hw,
and huf .are the corresponding energies of the lattice and
uf,é “i' and z 1- the partitien £unction ‘

-

‘\\\‘ . L . . ﬁ;_ A ;
32 : .
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with B = ﬁ/k T where k; is the Boltzmann constant and T is ‘
_Bm ' ! N ’
the temperature. The factor e /z 1s'the probability of

flndlng the latrlce in a Btate iin thermal equiribrlum,

-

and the ¢ functlon conserves energy, 1 e., the change in the ‘
energy of the lattice, w Wes» MUSE équal the change in the

electron energy. w. The perturbatlon HamlltoniahheauSLng

-~

.the scatterind is the electron-lon coupling wﬁlch in

pseudopotent1a1 theory is given by

H' =§w£(r-—R£) . \ . e

For the case. of a pure metal, using plane waves'for ‘o

-<.r|5) = ...1_ ei_k..£ o :

-

where {1 is the total volume of the system, this reduces to.

in the Born approxination : o | f‘ <

0 [

N

| pg'.m -.?5'- Iw(.l!s.-.;'-._]-)Iz_f"*(.’s'.!‘;":w) N

11
-~

where S(gm) is the ‘dynamic- ctructure !actor cqntaining all - *

the infornation about tho lattice.  In the har-onic '

approximation it is given py (31 32’ E "”,/ I oo

4




"

where n(w) = [e Bu _ ;]-l ié-tﬁe BoSeFEinsteih factor ﬁhich .
g:wes the thermal popula.t.lon of phonons, a.nd all phonon . |

varlables are understobd to be reduced to ‘the flrst B. z.://rq

| _"I‘he phonons w111 be consn.dered to be always in equ:.ﬁ.brlmp, '

i.e., phonon dragreffects (33) Whlch may be expected to be -

sxgnlfﬁ.ﬁant at’ .very low te.mperatrtlre, are neglected S !

N To calculate the resistivity ﬁor the_pure metal, the '
geh_eral_:fo:mula is (34) e ‘ , oo T . o
8 2 . £ . A
Py (™) = [= S I vk L 0]{15 = e (3.8)

0 - 1 K - O i

k 3E,

L .—.- L s . - b . W ) . . ' ‘. - o
.where v(k) is the electron velocity in the'stage'g*yhich_ig
pro;sortional toik' for a epheri'cdl Pemi surface, AE: is. the

8 . S
electron mean. free path and f (Bk) = [e EE - 1] =1 is tha'
the atate k.' In a cubic systam the conductivity is isotropic. S

2
v

-since the vector -mean free path ﬁh is approximately paraliol to the

Permi—Dirac function which' gives the e;ectrqn occupation of .

) electron veloclty v(k). a temperature dependent scnttericg/,//’/j )
time 1 (k‘r) my ‘be deﬁ.ned by - (3‘) .

[

',10‘(!‘3!.0_‘.}--' R T & K1)

T

R
- .

~vhqfe th-.taupc:aturq.doppndghciuhasﬁboen cqppressedln,” R Q}‘T.
* . 3 e LY . ‘ . ) ‘ - .. ¢ B A . - . .
. . . S . . ) ‘.‘ . B RS R » } A
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- & . r
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B ) get an.- explfhlt expresslon for the re51st1v1ty

po(T), the mean free path must be determined. . The Boltzmann . .
s equatlon is used to relate the change of the electron Lo ff“
eoccupatlop of a state k,,fk, due to an electzlc fleld to the
change.caused by the scatte;xng by phenons. ;n the steadx

state . R B

-

‘.
o ; ’ - Lo

. % S
-tﬁ%e?scat. (3—.°f1e1d K e D (3.7)

'1. . -
. * A . -
e T . q
L4

The scatter1ng term is the aifference between scatter@ng into IR

and opt of -a' state k by the em;sslon ‘and absorption of |
(31, 33) ' - T ‘

A

,phonons

-
- D

.I‘.afk\ S S,
G acar, ¥ 5, [ Laiee- m s na v

L . e
- -oh - - ", . F Lo

. -~
[ . B ) . L b -

o e e S

x [f'(l f)S(k'-k,—w)-f(l—f')stk-k',w)] e
Do e e Y £ 8).

‘
K " > : [ |

‘ where, to aimplify the notation, f, £, E, B' "have been used _
”for fk' fk" Ek' Ek" In the absence of. thermal gradients . - ]
. and magnetic fie}ds. the fieEH term apprqpriate for a unit
electric field e is (?3) Co i; - ':_;g_ L f;

e o
(r)fiem'-ee v(k)g—“_ .2_.‘-(,3.9).3

a

im e e s mene mdee

L. e - % o
T Je L.
- . " . .6t . .

The slectron diltributiop il explnded aBout tﬁﬂ oquilibriul
Permi-Dirac“disqribution fo to qi&e
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£,=fy - & =L . o S (3.10)

nﬁal

This is substituted into Eq.. (3.8) and only. the térms of

lowest order in °k are kept, le,adlng to the follow:.ng form

' for the Boltzmann equat:.on

V3 . A,

eetv(k) 5'1—:9' =B ]::- l .dms (& - 8" - ﬁ.‘”)s.ui'.]f."“")}. :
B -
U S ENC I (3.11)
‘._ ’ ’ : ‘ . . . ,f' ?"

zima.n (33) discusses in detai'l the variat:.onal

" solution” ‘of Eq. (3.11) and it is sufflcient to quote the

. result B
. ([ 3,43, 2 PK's
e 2kBT ” d kd k'[@ ¢k.l (1 -f! )
‘ 0 2 - . e
. - Ilev(k) r—Ek 3|
_'PE' is similar to P’-‘- (m) uged pteviously except that ' '
' ’EE Ek' is written for ‘mn. | A

_ The lowest order approximation uses ¢ = k-c and’

\thi.s leads to the estandard result for the phonon limited

: T
resistivity .(32) T _
_\‘ .‘ K . - ,.. " ' . - J-' '
; :m am . '
- 0 3 2 . -
f‘!‘) - ﬁ—g I : qd qlw(q) |°.

Ig't (gl)Iz _
"X WA e PoED,

(3.12b)

LU N R e R S
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which 1nvolves essentially the integral over . lw(q)l2 S(g,m),
‘maklng use of the delta. functlons.

wlth the relntroduction of a D1racletlta functlon,

§(w-w(gA)), and integrating over w this can be rewritten as -

: v _ 4rBm . dowaékF(ms
Po(T) = == m =y
: ° (e_r-l)(l-o )

*{3.13)
ne* SRR

where n’ ;s the con%uct}on electron density and aiR (w) is an

effectlve frequency drstributzon for transport (35)

(w) J da?;; ng_ Iq e (d)) lzlw(q)l 8 (w-u(gh))
' "o (21‘!) 8h kFH A ' ' wlgA) ‘( 1;) .
D . 3.

4 -

. When the effect of the aniaotroPy in the electron-

phonon scattering is corisidered, it becomes convenient to ’

consrder an anisotropic effective distribution (36) that- is

intermediate in the derivation of Eq..(3 12)
N ) ' .o

(km) - “4,—’- I —;-— z ngk Alz

s, o Cox (1= cos(.l_c,lj.f_)_)'ﬁ(m - uq;-g_".un. (3.15)

“~ . . ( . ."._ . . “

" where N(O) is the sinble spin electron density'of statés at |

' ‘the Fermi surface, and gkk'a is the electron phonon coupling

. constant . o O
e 1( )1/2 vtlk-k'l)(k-k') cu:-k-n-
gulx INM© IE E'jj .

e S Gae

;'-1'. . ...l- : . \\.- ' ‘ A
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where k-k') is to be reduced to the first B.Z2. in a11
phonon variables. o ‘ ' . o - .‘ y

‘The angular ihtegral in Eq. (3.15) is over the Fermi

surface; and by doing another angular average, c%RE(Ep) and ..
o2 F(u) are related by ' | |
L4 - .
. N s
, dnk- -2 B Iy . .
apgF (W) = J . &% YpgF (kw) S , (3.17)

e F.S. . : _ | | [ |
where the double angular iﬁtegral‘noﬁ in Eq. (3.17) may be
coﬁverted into 4 volume.integral to give Eq. (3“14)' In the “

' expressxon for the isotropic effective frequency distribution,

F(m) is the phonon density of states =
1; BoZl .. ~ n. N ’ " . ‘. . , - -t
Plw) = 5 I 6w - w(kr)) - . . ; (3.18)
_ XA, B o
- e - Lo ‘_f -

‘and the effectiye coupling ccnstdnﬁ‘q%n is actually a function
- of w and k but this ﬁill,be suppressed in the'nctation.'

o Tpe\resihtivity.mpy also be cohvehiantiy written in.
terms of a scettering time 10(5) as ‘ |
. e . N

w
]

v - ' '1. o - . B 1 101
R

vhere the engular brackets dethe a Fermi surface aveqace,f;

and 1,() is given by g o .
1, | 2 o
;—TEY-- 41@~I duR(u)cTR?(EQ) o s {3.20)

0 ="
/
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AT LYy e : . . N

| Robinson and-Dow (37’ have pointed out that Eq. (3. 20)
averages over. the resistlvltles ‘of the individual electrons
whereas actually the,conductivztxes shpuld-be averaged, to

~give

DO(T) ——i?,r—(m . : o (3.21).

That this is more pﬁysical can be seen from the basic
'expre931on (3. 5) where the conduct vity is just the
reczprocal of the resiirivity. Thebe authors give a
prescription for calculating To (k) dxrectly, in. what they
call the scattering time approximation,as opposed_to:tha
variagional‘method whichlgiVes.fhé average in Eq. (3.19)
directly. It is interesting to note that if the totk)

_ obtained by Robinson-and Dow is av?rnged acbording to ]
" Eq. (3.19) then one obtains. exactly the oo(T) as given. by .o
thg.varia. nal £oruulation. This is ndl obvioun because of

the npprox tions used to obtain totk) by the Rabinlon and '
Dow method, *The }:csi.stivi.tiel of the alkalis have been
calculated (36) . using both Eqs. (3. 19) and .(3.21) with ', .

. lignificant diffetencos ocbtained at low témperature, while

*

, at high teup-raturl thny give thc same result.




§ .

The essential difference betueen the method of

f37)

Robinson and Dow and the variatlonal method (33)

that 1n the 1a ter . the unknown functlon 1s\expanded ina
r

series of cub'c harmonlcs with arbitrary coefficienta which*

are then 4 ermlned by the var1at10na1 procedure to minimize

the resist1v1ty. In lowest order, the approxlmation

¢£ = k-€ lead to Eq. (3.12) In contrast to this, the

scattering time method writes @k in terms of the (unknown)

mean free path , (37) e . .
°E = el ¢ ". : : o '. 7 (3.22)

and thus obtains an integral equation by”Substitution into
Eq. (3.11) £ A, = 1, (k)¢ (k) which. for a spherical fermi

surface réduces to !38) ’ - “f - o .
R ' . - . dn '~ i ‘ - ‘ ) . 3
k= 42 [anwno [ 5 gyl -

. ' ‘-
- . : . . . [

x {1500k ~ ok} - wlk-k'A)) . (3.23)
(x _.

In the curly brackets rotk)k' is added and subtraoted to
obtain, so that after taking k- on didoa of the: equation

e 48 [ 2UR ()N () ]1~ L lqp‘.ll’ S :
| - S U
x {rom (1-cos (. k'))-l-(ro(k)-to(k') =16 Gt ST

. . . _
¢ . : - o
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. At this point it is cbserved that the first term in
thé"cugly pfacﬁefs is always positive while the second term
is both positive.ana‘negativé; in fact, for a oené§a1 point
Efthe'sccond terﬁ will go to zero 48 times (if the scattering ' N
is elastic) for a cubic-crystal, by syﬁm?tryg so this teim'i4//ﬂﬁ\k\
:éxpécéed:to"bc small ahd is thus neglected..‘Then_it is
possible to obtain.an explicit expression forrolgg
S . . N
ey = 4#B~I'dwktmyuiRF(§p) L . (3.28)

So far only the ideal, phonon limited resistivxty has

‘been cons1dered% In order to compare the results of

o
t

theoretical calculations with those of experiment it is
impo:tant to consider the effsct of the defects'and _

' impurities which afe‘always pressnt.evcn_in tse ouféﬂé ‘
experimental samples._ If‘the validity of Matthiéssen's =~ . & ~
rule (38) o

-

Hatthiessen 8 rule (Mck.) states that for a Hilute alloy, the

-is- assumed these effects are easy to incluﬂe..

resistivzty Pa (c.T) obeys}the relation \(-: ) .« o
do (cT)y  dp T ' | L : ' .
C——— - . | . (3.26)

1f Eq. (3 26) is assuned to apply at all tcnperaturos, then
it can be intsgratsd to givs e .

-

PaleT) = 0y (T) + ople) . e ‘~};.§7)




According'to'these equations, the addition of impurities )
merely adds to the ideal resistivity a constant component,
1eav1ng the temperature-dependent component unchanged
Alternatively, to the extent that Eq. (3.27) is exactly

. valld, “this implles that the two scatterers of electxons.
i.e., lattice vibratxons and impurities, produce
ocontrlbutions which are independent and additxve.

i °  In fact neither Eq. (3,26).nor Eq. {3.27) is
ebetly valid and there are.always deviationg from
.Matthiessen'e,fnle (b;M.R.). fnen e'qnentity 8{cT), the’
D,Mun.}may'pe_defined such that

-

./ PaleD) = e + eple) + Mch')“.'. o eaw

-

.

Non-zero values of 4(cT) havk been found in a wide variety

of e}steme and under‘e,wide.variety of‘physicel condit;ons;

e.g., dilute'eubstitutionai elloye.lelloyh'wifh vecanciee K
fend intetetitial afoms, plastic defonmatione and size ¢ |
"dependent D.M R.. An excellent review of hoth the history of -

-

"thie eftect and e11 relevant theoretical and experinentel
work is given by Bass ﬁ39). In thie thesis only the D.H R.
for the dilute nonmegnetic luhltitutional alloys of einple | ..
metuls such as the elkelie and aluminum will be censiderea

-1n deteil but some generel features- of the theory v111 be

. £ound to give a pieueible explenation £o: other nntale. "such-

J.

-as the noble letell, as vell.
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The origin of the anisotropy, in the scatteéring times
lies partly in the cubic anisotropy of the phonon spectrum
. : . ] .\.
and, more importantly, in the'geometry of the electron-phonon

[

umkiapp‘processes.' The phonon dispersion curves in the

]

. .different directions in reciprocal space can be quite
different. This gi gs.rise to different sound velocities

and the energy of a phonon with a given wavevector needed

: to satisfy the momentum conservation in the normal scattering
of an electron from one p01nt on the Fermi . surface to i

another can‘be quite different depending on the direction | 7
of k-k'. At low temperature, the thermal population of _ : <\\
.phonons is very sensitive to the phonon energy via the Bose-

_Einstein distribution, 80 that the lowest energy phonons have

;the 1argest population.- Thus, if the direction of k,k' is

such that the phonon wavevector g needed has a higher energy s

in that particular direction. the transition will be greatly .
.restricted. At high temperature. phonons with all energieh

.~up to the Deh&e energy are sufriciently populated that theH._

energy restriction bacomes unimportant. In'the'actual ’
calculation of the acattering time this anisotrcﬁy is, however.

(41)

1arge1y averaged over. ao that it haa little effect ‘ In’ .

- any case, it would 'not explain*the very larga difterence in

the anisotropy obaerved in Li as compared to Na or K (35)

o

The nain cauae of the large amount of anilotropy in L0 '
(k) is the geometry of the alactron-pnoncu unklapp '

':cattering.' Whon ‘the vavevector transfar k-k' of ‘the .

-
. - . .. . . v
. - \ . . Y . . -
- "
B v . . .
' . v - -
- : . . B
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Ao -

'electron becomes 1arger than the maximum phonon wavevector '

(s

in that direction, 1t is an- umklapp process and a reciprocal

latticedvector is needed to’ make up ‘the wavevector difference-
and map the scattering back into the first B.2.., For a given
initial point k on the Fermi surface, the same reciprocal -
_lattice,vectbp is required in the.scattering to manyhfinal

. points k'. For a completely different etarting beint g,

reciprocal lattice vectors differen n direction. and

p0551b1y,magnitude, w111 be needed. ince soc much of the

.momentum is taken up by the reciprocal lattice vector, the |

B
[y r

~ phonon wavevector g can be'éuite small even if k-k' (=q + G)
is large. Thus a great deal of spectral weight can fall in

) (36)

the low enerqgy region of a F(kw » and ;he exact

_distribution of this weight in energy ‘Will depend on the i
direction k. For the alkali metals, whose'Pe;miﬂgurfacé lies

. completely inside the fiiat B.2., there is a-minimum'phoaon |
- wavevector needed before umklapp ﬁfocessesjcantoccur'(33)-- |

but for metals like Al whose Fermi -surface is cut by the P
first B.é.,beahqayy;_there is_he such minimum so that umk1gppl ‘
processes may:centributelall the iay.down to zero phonon

waveved@or or energy . The difference in _the amount of o

-anisotropy in,Li conpared to’ Na or K lies mainly in the

lhrger value o! the pseudopotential form factor £or large
k-k' used in E;IEEEEEIEE“E;;P1E”)'£or Li. La;ge ya&uel of
the psaudopotehtial at large values of k-k' o‘groatly

veiqhted hY the factor (1 - cose) where 6 i ‘thfl‘“gi':_ s -




. s
.o N ]
i between k-and k'. At low temperature, because of the peaked
behav1our°of the thermal factor for small w in the w
1ntegral for 1/1 (k) , the values for the scattering time
will be very Ssensitive to dlfferences in the effective | '

frequency dlstrlbutionS‘for different dlrectxona. At high

—_—

' temperature, all of the dlstributlons are completely e

contrlbutlng to their respectlve To (k) *s so that the LT

' dlfferences in detaxls of the spectral dlstrlbutlon of weighto

v % -

in the uTRF(km) s becomes less important.
¢ The theogy necessary to calculate the D.M.R. is given(;
"in its most convenxent form by Kaganeand Zhernou (40)}both
for-the case of the“lowest.order.ttzai wavefunction and _
R\:E;Eﬁ\to include the_effects-of anisot;opy in the %lectron-

' phonon scattering, for the casé of higher ordar-trial'wava-

-

functions_in_the variational calqulation; Their calculations

. using just the lowest order trial wavefunctIBﬁ‘qiue—;eSultg__H_
\. S T .

'ﬁhmch“tre*too small to aexplain the experimental data, often

——

.. by an order of magnitude. Including the higher order “trial
lwavefunct1ons gives results in much - better agreement but
they depend very much on the assumed anisotropy in the modal
' _phonon .spectrum, on the value of kr/qD whare qD is the t
maximum phonon vector, and’on the screenad Coulomb ucattering
potential used in the calculation. - '. S
It is the main purpose of this chaptor on
reaistivity to present calculations of the D.laR. vhich use-

‘realistic phonona and pceudopotentinll to represcnt the
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H
1att1ce and electron—ion interaction respectively, .and to

demonstrate that a scattering time formalism based on an

‘extension of the work of Robinson and Dow (37) to include

. the effect of impurities givés essentially the same results

-+
L

/

r

as the variational method when higher trial wavefunctions

are used (40'41). The effect of the 'waehing out® of the

'*anisotropy, which will be seen to dominate the// D.M.R. and

give 1t its characteristic structure; will be more
transparent physmcally and,mathematicallylin the-scattering.
‘ time‘?ormalism. ‘ - S . g i“, (

The theory of the D.M.R. proceeds by allowing a
small fraction ‘of the ions, typically less than 6.%, in the
crystal to have a different electron—ion scattering crose.
section or pseudopotential and a aifferent masq, -As for the

case of the phqnon limited resistivity considered earlier,

the scattering due to both vibrating host ions and ‘the
)

impurities which are alsc vibrating is calculated using the
Fermi Golden Rule and the Born approximation. The calcula- ‘
- tion is simplified if it is asaumod that there is only one .

-

impurity located at the origin. Tho/effect of a Iinite

' concentration of defects is then accountod for by

.multfplying.the torms explicitly depending on the inburity
by the number of impurity atoms, i.e., cN. The porturhing

‘Hamiltonian can then be rcvrittan, from Bq.‘(3.2) as

.|

3
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_ nf= Iw(z - Ry) + Aw(r - Ry) T 3.29)
where the hétation“islihe saﬁe as‘in Chapter I. Then fhé
transiti?n pfobability becoﬁes (wH(r} = w(rj here). .

' ' ) u . x
Pk' - '2'" 3 . . 2 ' ' ‘
X () = 120 |Vi(|5f5 I)l._Si(ErE ). (3:30)~
‘;u"——-—-r:.l’.-[,_i_ . . . ! ! J t _ ) » . . -
. - If the effect of mass changes is ‘neglected for the’'
moment, then;S (g;a) is just S(g,m) éiﬁen-in Eq. (3'4) and
|vo|2 |w|2: S (gy) is similar to S (gp) but - ]v1|2 = 2cwhw. -
S (g,w) is given: by ' ;
- .. 2
- . .B.Z. 2w|g-g(k)) ]
v S,(gw) = I . S . . ’
| | 2 R ’gic_n(_lgk) o . L
T % [nle kM) I4LYE (w-a (k) ’
N S X ! : ~ . . . . @ :
'+ nlw(k))) 8 (wru(kA)) b (3.3
) . | = . . , | .
and - lv | - clﬁwlz.‘!nd-
Ss (gm?)."'- s (w) |, L L Ba2)
nd lv |2 = c|Av| A i .
7 3 - o
; In the. variational tormalism this. leads to a total . _

resistivity givan by f’O) (using 0 - k-ci

’

- +
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v ’ v . ¢ . . -
p(Ty =T p.(T) ~ .. ‘ k\ S
.oan i=0 1 o co . T

o ’ . . _.' ' e . i * .

" where pO(T) is glvenaby Eqg. (3. 12) while pz{T) and Py (T)r

¥

'whlch is the 1nterferenqe tefm between phonon and impurity

h

scatterlng, are obtained by modifylng po(T) as’ outllned
'above. and Pq ="pR is /the - resxdual“resxstxv;ty. It .is. f» -
possible to write pl a Py in a form analogous to pd in ..

Eq: "(3.13) by defining a;él)F(m) to be GTRF(wi with |w(q)|2

replaced by 2cw(q)Aw(q), i.e.,

-

- .. . L .
. . . . . "y
3 . . >

S 421 - & gqmaw (q)dw(gq) -~ . = . . ":
e Pl = 2eny [ GSmg@E) L
Ty e aky (BT BRREMT ST

3 1 . oo . RN
-|g°§(g})|?3(m-w(g})) ' R

T e@y

»
)
a~

.
¢ B
. .‘

wh11e pz,which represents incoherent 1ne1astic scattering,

q'may be simplexed by noting that the electron momentum y
N U
transfer coordinate g_ig completely dbcoupled from tho '

B phonon coordlnate k in Eq. (3 31). The 1ntegra1 invotving {J

- N

the nngles of g may thus ‘be done, yielding . R

-

-

Vin) - Lr‘rf aqqslmq)lz_];dw "M = T

0: . . .;:a -1) (1 -6 )
s ' - ) - - . -. (3 33)
where F(u) is the phonon density of ltates given in Bq. (3 18)._ L
T The e!fect of mass changes may be included Ly a é-_- e
e / . .

consideration of the phononocreen 8 funetion IGO)._ ror

1

B . . - L [N
. . R [ " * . . . .
' Tos . ’ : N T
. . . . . . - Lo 7 .
. i . -
. . N . . . E
PR : ' . L . . : -
. ) . . ;! .
. . B N L]
. . -
. - N . . . . . . L3 . A
- .

o
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perfecthhttice thie.is given by 42y | ) f“

9. - \l o @ .' . .

S T T . , S
JP(m) 'FI'}LN- T %1.2__ X B . CL
| K a® - 0fkx) o . '
*‘—5 'f’ g He (3.30) . -

ml .
where‘f'denotes the prlncipal part 1ntegra1 and. Wr is the '
maxlmum phonon’ frequency. The- aensrty of states is s;mply
related tor the imaglnary parE?of P(m) by ,
SRy =B L s T L L 3.3m) “
| When there‘is'@ coricentration cﬂaf-iﬁpurity ions whose mass S

".M' is‘different §rom the-heet 1oﬁ,mass, then'rhe perfeqt

“,lattice Green'é-fﬁnctiqh is repiaced b@?J
. . L .l . I' ..‘ -'. . ) ‘-..

' ’ 'B.Z
G(m) = * 3N :l

e L » 1 o _ , ‘ S
- - (3.36) 0
E- - pz‘@) -~ eT" {u) B .

N -

where Coe JEET

T (u) - S s LT (303D
Cl,- eu!P(u) g N " T

-

md c - 1 - “.m. - -"‘.- ' . .:-. .‘_ ~-.,l-\“:\ . . ,1
‘:g' ‘ Jult as. one wal inferested 1n tho density oi’ltatel

or the 1maginary pert of the B{u) “for the pertect‘;attico.a'
80 one is 1nt¢r¢stad in the inaglnary part of G(u)%uhnn mass . ‘
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défectsiare included. By noting that 02 é(w) involves the o
den51ty of states F(m) times a function a r(w) which contains
an average|cf the electron—phonon coupllng. it is possxble to

. merely modify the: .calculations done Wlth no mass defect by

replacing F(w) by -6wImG(w)/n. Thus the term corresponding

i

2]

. to Eg..(3.13) now has

lwta) | 3 lg-etgh) |26 (w - wigh))

o

..replaced by : : .
- 3;? fwiq) | i |g-¢ (gh) |2 _I‘nﬁl(g)_ . | ~(3.38) -
where )
-é(m)nailﬁ-z & . . L
' kA o . .
- _ The practical evaluation of the- resistivity can'be
greatly facilitated by cbserving that for any £ ({w) ' o \
'J'du I d;§ flulg))s(w - wig)) = J T (w)du - (3.39)
P -l . ‘ - | ' ' . . ‘L ) .
. where .

1.
]

O B T )
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Similarly . L " : \\\

Im [.dm I-dag_.ftw(g)) I ‘"2'1 T
' . w® - m;(g)_ - 7" (a)

] =1Im | Ao | dw’ J a3 g f(w(ﬂ)) G(N '-2- m(g)-)'
‘ ' ".’ - et - e W)
e | dw | e —E) (3.40)
N ‘ ’ w® - w'” = cT'(w) ' CL

where f(m*) is defined as abcge. For the cass of the pu;c
metal {gsxstxvxty, f (w) is given by comparlson with Eq. (3.13),'
and sim:I;;I;q;;;htﬁakcontrgggt1on to the resistivity from |
"the ideal resistivity term modlfled as above to include the
-mass change. For the ferms which lead to Py and pz, it 1s

not necesséry to include the full lattice Green 8 functlon

G(w) since they are already proportional to ‘¢ (40)

and
contain T'(w) as a factor.. Thus in Py and-pz, F(u) is
raplaced by (- Gw/n)Im[P(w)T (w)/em }. This discussion of . B
the effect of mass changes and ‘different impurijy scattering -

'Cross sections is formally the same as that used in tha

theory of inelastic’ neutron scattsring in alloys “32.

Because of the factor of q in Q;R:g:l the largasf“vaines
of momentum transfer., near 2kF ar ~31Pected to contribute-
most to the resistivity. Physicallgﬁfthis is the rssult of
'ths factor of (1 - cose) - q2/2kF uhiéh repressnta the
change in tha alactron nomantum as 1t 1l scattarad tron a: . .
-atat:ig to k' tnrouqh.an‘angla 0. It shows_that }arga angle

2, .
. _ RN ~
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scatterxng is most effective in destroylng an electric

,

current and causing resistance. . .ot . : *

¢ Kagan and Zhernov (40)

point out that a proper_ -
derlvatlon of the dynamic structure factor, S(q,w),
treating the ionic dlsplacements as quantum mechanical
operators throughout, leads to a temperature dependent
modlflcatlon of the scattering cross section, represented

'"by the pseudopotent1a1 ‘by the Debye-Waller factor famlllar

Ain the theory of neutron scattering (43).. The Debye-weller.
: . .l. ... '.l B
Wbrw.(q) is given'by.
C oW o (q) é%ﬁ—z " duw m’- (Zn(w) F 1 o (3.41)
' D.w- q H - '3m .- . . . ] - .
. T 0 . R . . ) _. ) . .
for a host ion and, for an impurity ion T e
oA . 5 Jup
v 7 fq® | _ P{w)T'
Dw(q""t%l'rd“’-( ’I[ =4
: . . €W
0 o ‘ . | | .
. ’ 1] - . . . . ! . oo
l b ‘ ' v
1 1 o T ST e . : .
In the limit T + O, L A () is not zero because of the zero:
\ k ..' - ; . X _ - " ) .
point motion of the nuclei.(‘a). T C o ’
N I ! .0 (3.43)
P TAURE o ok ~LNC R B

while for high' T - °
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- 5% 1. .7 - - -
Wy o (@) + 3 () g (67 T >> 0, RERTI

where 6, : is the Debye teﬁperature, related to the: maximum
phonon energy ﬁm by kBB = e, ‘:;_ ’ ’ |

_ In their dlscu831on°of the phonon limited resistivity -
of pure sodium, Greene and Kohn (32) found that the correction
due to the Debye-Waller factor 15 about 16% at the melting
point, f 98°C, . ‘while correctlons due to other multiphonon
processes, i.e., anharmonic processes, are of the same order=-er*_q__
of magnitude but offoppoeite‘eign, so theteche net effect of |
such terms-is'soall and was neglected. kagan and.ZhernoQ;f
however, point out ‘that when the‘resistivity due to the
meurltles is considered, there- is some cancellation between

the various contrlbutzons. I1f the Debye-waller factor is

included then the scattering cross section  for the host,
-W

b.w, (@

(Q). is repladed.by vg (c)e ' and similarly for the

impurity. The residual resistivity, pR, which is‘;fuelly

gfven by ' o o o - ¢
2 : , )
.3tnnoc 3., 2 . T
PR ™ ;;-zr- l dx x |§w(§)| S K (3.45L
. . e E ) o : .
. ] B ' . ‘ ‘
ehere x = q/kr now becomes tqpper?ture dependent si?c?
e L q) ” q
Aw(q) "is replaced by vy (q)e D. "., T= vy (q)e "p. w' "

E'
" Since Hb o. (q) S q and 1t has been . pointed out that large :

values of q, near. Zkr are’ ezpected to contribute most to
the resistivity. this correction cen be eignificent,

-

J Y TS
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particularly at high temperature where Wy ... ~ T from R '

Eq. (3.44). If p} is defined to be the temperature

‘ dependent‘correction to PR due to the Debye—Waller factor,

-then Kagan and Zhernov (40) have ehown that; for T » 0,
1 ) '
p' =30, while for T >> BD, pﬁ + o27+ 0. When the Debye-
Waller factor is included in the theory but the impurity
' scatterlng Cross sectlons are|determined by flttlng to the
experlmental value of pR {this will be discussed ater), the

zero point motion part of WD ﬁ should not ‘be 1ncluded in

. calculetlng the temperature dependent correctlons in pR and
_pzi'.. . - -
The maiﬁ’advantage of defiuing'eftective_frequency
distributions like uiRF(o)-is that the'resistiuity can then
be calculated triyiallyjat‘dhy;temperature by doing a siﬁple
inteéegral over w as-in Eq. (3. 133 If the scattering cross
sections are allowed to be temperature depandent, then this

advantage is lost and the amount of computation increases

' greatly. Even if it is aseumed that the Debye-Waller factors

~2¥, .

are small 50 that the exponential-e may be expanded to

first order, this would require that additional effective
.frequen distributions be calculnted which include the_qz-f
from'wgiéltq).' These increases in the computatiou.become' | ’
particuiarly'unmanageaﬁle when -the effect of the aﬁisotropy‘

is to be considered as then the anisotropic °T (kw) given

in Eq. (1,15} must be calculated for many points on the"

rermi surface so that an accurate averaqe ot ro(k) es 1n .

_w"'

r-
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Eq. (3.21) may be obtained. Thus the Deb&e-wa11er'factor'

w111 be neglected in the calculation of Pg and p,. Since

Py and pR are 1ncoherent scatterlng -terms’ wh;ch contain the-
-electron varlablemcompletely separate from the phonon
varlable W, 1t is ea511y-po551ble to 1nc1ude the Debye~-
Waller factor in' the slmple integrals of q as in Eqs. (3 33)
and (3.45). ThlS is very fortunate because 1* is just tnese

(40)

two terms whlch are lnvolved in the cancellation It

-should aISOnGE mentloned that the detaxled calculations of
ﬁhe pure metal resistivity usually give. results which are |
low compared to’ expetlment, especially at high temperature,
and inclnding the‘Debyeiﬁyller factor without a-eystematic

~ treatment of“other multiphonon érooesses'uonld make the

~ -

ag;eement'worée; ' 1 R
" In the scattering time formal?em: it-yii} be
assumed that one can define a.total scﬁtteriné time talk)
for the'alloy which depends onfthe'state of the electron k_
consxdered which is allowed to scatter to*nll othar points

k' on the Fermi sur(epe. Por the case of—inelastic T

l’."h-

4_\.) ';‘E‘HQ.
~

' scattering involgknq the’ emission or absorption of a phonon

. the energy sutface correaponding to the final électron

P ‘<f.\ N
state is acéﬁally displacod from the Permi surface by an ;.'f . |
 amount tu(@) 33 but this is typically only 0.1% of the
Permi energy so that to a good approxination tho intoqrals

are still just over-tho rerni lurtaco.' Tha lcattering tine
o(k) will be found to be very anilotropic over the Permi -

-
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surface. The scattering times T4ei=1, 2,3 will be

defined by

-

T Twm o ;- | (3.46)

'
4 ]

‘and will all be considered isotropic SO that therq is no .
dlfference between the variational and scatterlng time | :
formulae for the separate terms. . - « .r -/(
| If the contributions to the scattering of an.
- inle1dual electron in state k are assumed addltlve(then

the tote} scdtterlng time is given by (33) o '1-

& -

T 1 1 o : -
_ = o+ D= . s {3.47)

_ To determine the resistiviff‘the net effect of the
scatterlng of all electrons od the Permi surface must be
considered. 1If this is done by making a Fermi surface
average'of Eq. (3.47), tﬁe result is equivalent to adding
the resistivities of the indlgidual electro;s and qives the

_ same réqult as obtained by the vafi%tionel method using. the
lowest order trial wevefunctiona If the.suggestionfof
Robinson and Dow. (37) is followed, 1 e.,\that conductivities.

. fot resistivities, should be avsraged. then the total

: resistivlty ‘in the scetterlng time £ornelisn will bo

deternined by <t (k)> usinq B o T,

”
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]

p3(m) = —— 0 S © (3l4e)
ne“<t {k)> " -

L

which is the’generalization of Eq. (3.21) if impurities are -

included. T T -

~ For both methods of calculating the tetal‘
resistivity; there will.be D.M.R.. The.uature of these
D.M.R. '"i'wi'll. however, be much diﬁ.rgc in the variational
formulation if only the lowest ordef trial yavefunction ie-
used. Jn-that case, if the mess change is neglected, the

To (k) term w11} gmve the usual eXPIESSlon for the 1dea1

resistivity and T, = TR, ‘will give the residual res;stiv;ty. *

Then, from Eq. (3 qp), it is seen that only p1 and pz

-

contribute to the D.M.R.. If the mass change is included,

‘then there is also a contribution to the D M.R. from pv (40)

(39 40)

Calculations of these terms have in general led to results
which are too small comparkd to the experimental data '

. The results are greatlj improved in this‘fqrmu tion if higher'

trial wavefunctions are included (40) So far theT calcula-

tions have been o0 model dependent “0’

(41)

_or they have juat
included the effect of po and PR T In the latter wWork f"%‘
ft was found that by$a judic;ous choice of the higher trial

. wavefunctions and the pseudopotential, the. D.M. R. in- .
| potassium at. low temperature. e.g., T % 4° - 20‘!. cauld be
":adequetely explained. The:most important thing to ncte 1£: ;
_ that ¢ clusion ot}cnlf the.phonon_sca tering due.tg_tbe'

pute'ldtclce plus the éenidual scattering due to static

?
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impurities has lead to a substantial D.M.R., and also that -

het ¥

it isd very nonlinear in the concentration, especially for

the very dllute alloys of potass;um whose re31duql
re51st1v1ty is of the order of 10 un—cm (the re31dua1
re51st1v1ty of a typlcal alloy w1th 1% of lmpurltles is '
N1 uQ-cm). In thig thes;s it will be shcwn that  the
5catteiing\iime:giveS'essentially:the same results as those
jﬁst mentioned when only the phonon scattéring of. the pure
'lactice Elue the elastic scattering of the impufities is |
1nc1uded but that the physics of the results is much more

transparent. Also,. the effects of the 1ne1astic scatterlng_

]

off the impefltles as well asfthe effect of the mass change -

~-

will be investigated'in detail.




-

3.2 Results in the Very Dilqte Alkali Alloys

. Recently.there has been much expetimental and
theoretical interest in the.low tempefeture resistivity of .
potassium (36'41'44'45'46); Of the theoretical’ papers only .
'thet&of Ekin and Bfinger’(41) considers the important question
-of the D.M.R. in a-serioué manner. The same problem will- -
+.be discussed using the ecattering‘time_formalism. Most

z:w:§e detailed results?will be for potassium since that is
where the best experimental data exzsts, but some typical
results w111 also be presehted for the other alkalls.

In dlscussxng the effect of 'the aoisotrogy in the
pure metal and how it is washed-out by the adadition of |
impurities into the metal, it is convenient to introduce a
éuantity olosely related.to the T (k)'s,'ﬂeﬁely the
- anisotropy 1n 1/1 (k) which is-denoted by a(&lﬁ(note that

" the T dependence in a(k) will be syppressed aé’it also is 3

Jfor the various scattering timas) ' ~e J
- . J B ' -
T et Ut ak) L Ba
= 0-_- . ! T : _ .

vhere the brackets denote a Permi aqrfaoe avgtage. The

anisotropy parameter a(k) is thus g;éen by

a(k)-" L | (3.50)
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and averages to zero over the Fermi surface. 1In Fig. 2 the:

\

a(k)'s along 3 constant ¢ arcs versus 8 on the irreducible

part of the Fermi surface are shown for 3 different tempera-

tures in potassium using the Bardeen pseudopotential (47).
- The intermediate temperature shown ; corresponds to the
temperature at which the anisotropy is a maximum. The other °
~~+2 plots’'show how at very low T as wgll as at hi;h ;ﬂthe
'anisotropy is reduced. In this, and all subsequent
calculationS'gor the alkalis, the pure metal Tolk)'s

(36) wére used. They were

caIculated by Hayman.and Carhotte

calculated using realistic phonons taken from inelastic

neutron scattering data and the electron ion scattering

Cross section was described by a pseud0potentia1 which was
-.screened in therHartree approximation, { .., £{q) in1(2“12)

. was set equal to zero.. This approximation will be used in
all calculations. In the case of potassium. three different
_pseudopotentials were used: the Ashcroft, the lower Lee-
Falicov, ahd the-ﬁardeen pseudopotential (3 detailed discus-'
ysion of these different pseudopotentiale is given in- the

(46)) - : ) -

y L

work of Rice and Sham
. If the temperature ie fairly low and the impuritiee
are mainly subetitutional, it is probably a qood
approximation to characterize the impurities only by their
reeidual resistivity so that for the very diiute alloy

b -
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Fig. 2: fThe anisotreég gg;aneter?atgx) foii3 éonsgéntl

' . ¢ arcs, ¢ = 0° (-:-4:), ¢ = 22%‘ ("'! and

'.g = 45° {---) op the irreducible part’ of the
.Plomi s\%rtace. a's a function of 8, for 3'di_f£eteng
tu\peraturos.
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For teﬁperatures aﬁa cohcentrations such that Tr >; To (k). -

T, (k) Wlll reduce to the pure metal scatterlng time and w111,

-therefore, have the same anisotropy. When To (k) 5>t the B ®

,Rf
impurities domlnate the total scattering time and T, (k)

. becomes, approx1mate1y, equal to T, and is tpus essentially

R
. 1sotrop1¢. From the point of view of the'D,M.R.; the\host

T e

'1nterest1ng redion occurs when 1o (k) - % 1 This &orrespondsw ~

- to the 51tuation where the anisotropy lh T (k) is less than.

that in To(k) because ‘the impurities begin to wash it out.\

X

For a given reSidual re815t1v1ty there is always a .
'.temperature such that To(k) % Tﬁ This has to happen sxnce.

as the temperature is raised from T.= 0, 1/1, (E) 1ncreasesu

a ="

'rapidly from zero, gorng through several orders of mdgqitude.

Rl ‘ \N

'Jnteresting effects hiiI ocsqr; of course, only for thos

X samples where the temperaturs at which the equality occurs

‘1§ sufficisntly 1;; that the to(k] - are still anisotropic.

In potassium this 1imits one tb low tempera&gre and to high ;f°
purxty samples Of the kind studied recsnti;.begpin and - ‘ L ;
Haxfield s“) and by Gugan (fS) K - . ‘

The resistivity s now re}atsd to ths scattsring | TS

time Ta (k) by 5 S f“

LI SN
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This quéntity is easily evaluated for a given TR from a

B knowledge OfJT (k) or~equivaient1y,'stk).f'Thiszdetailed d

‘ calculatlon will be’ con51dered a bit'later. ft is possible

_to. derlve an approxlmate theory whlch although' 1t would not -

- bl

be adequate for a GEtalled comparlson with experlmental

' ".data, w111 show clearly the effect of the washlng out of

(fhe anlsotropy and w111 also stress the great 1mportance of

- small the. 1upur1ty eoncentration aay.he- ‘it is qu1 S

“the sample purity via °R , For the pure matal it takes: on

the fact that even the purest exper1menta1 samples have
1mpur1t1es in them so that the anlsotropy will have been

partly washed“but already. The scatterlng time Ta (k) may’

. . o o ™~
be rewrltten as S . S .
! v ’ .\‘n':"’t J/
= A Mt |
, Ta “_() = TR[]'"; AR(T’ 1[1 T AR(T)B(ET] ‘ , }3_.53) |
where AR(Tﬁ is givehfby‘ ) _ _
o CBgtm - IR '
@ A‘R(T’ = B (j + pn -“ | -J: . '. | :'. . - " | ‘—' 7 ‘(3:5‘a)
ﬁo(f) is a pa;smeter,char the pure metal
Mt , , -~
. - 1 . A - . R .‘a._
Bn(T) = ~Bx <m—aee> - . : (3.94b)
o rom - gl L e

\\

The factor A, (T) ‘pendn on the tﬁhperuturo via BO(T) and on

1 ﬁ ‘,

the value 1 and is comltant. ror an 1npuxc lanple. ver U i

B,
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different.. B, {T) tends to zeio'as T + 0 so that as long as
# 0, A (T) will also tend to zero. As. the temperature
15 anreased, B (T) increases rapidly and w111 eventually
domlnate over pR in whlch case AR(T) will become “one, ihe
1 .
_temperature at which B (T) n~ pR glves a value-of. AR(T) 5 \\

. and can be'taken.as ‘a measure of the temperature at whlch.

T

* By (T) ceases to be small. Es

.

Fer temperatures and lmpurlty concentratlons such

‘that AR(T) is small, the denominator in Eq. (3;53) can be

L)

expanded in afTaylor series._ Only theefirst few merms T

should be 1mportant and a cOnSLderable s;mple;catlon w111

have been achleved. Alternatively. if thé anisotropy

functlon, a(k), 15(:ma11 ‘the same expan81on should be valld.
- Tie .
In any case, after expanding andjave;aging over the Fermi
: S . . ’
surface the following result is obtained

[ -
o

n=2 " ‘ ¢

<T,(k)> = 1pll - Ag(TINL + I (- l)nAR(T) <a” k) >]
| ‘ N € B I
. _where the sum extends onl& from ns2 because <a(k}> = d. .
| As it stands, Eq. 13. 55) is an exacfmrepresentation .
for the -average of T (k) in Eq. (3. 51). It is most useful _
when it 13 valid to truncate the series at n-2.a.;n that. |
> -case, the resxstiyity reguces‘tp \ ] .

e

| M 1
A
“ .

R ‘(2) () = (By(T) + pn)-[ *1;‘3(;}3_('1‘)1' oL e
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where the notation, a"(T) = <an(kf> is uSed and the
superscript (2) denotes only terms up to and including

n=2 have been retained. In the above approximation, the

pure metal re51st1v1ty, denoted by p(z)(T) ig- given by .the . --

+

-

simple formula

. /
N _
s (2)(T,(ﬁ B B | (3.57)
-1 + a“{7T) ‘ : ' .
If the sum of PR and péz)(T) -is subtracted from
;2)(T) an approximate expression for the D.M. R. is cbtained,
" namely T e _ S
8@ (r,0) = p(z)(T) - péZ)IT)f- n
L atmiegm 1-aZ () -pga ('rm\a 1
T ‘[2+a (T)][l+;2('r.)AR(T)] '
. T : . (3.58)
While thie-formula is complicated, it shows that the D.
is- proportional to the mean square'anisotfbéy func on,
'aZ(T). It will thus vanish .at very low and very hi
where the anisotropy vanishea._g _ ‘ i
, "It ig of interest to. simplify Eq._(3 SB) further. |
So. far it is valid provided the product AK(T)a(k) is amall. ‘
C1f it is furthér assumed that the anisotropy is small so - B

. & i
that a’(T) << 1, then R L

\
’ S . ] o
A o




p @ 0 & a®MogAgimy -

aZ(T) p B, (T) o |
=R , (3.59)
U Pg* By o T

For a given temperature, the factor.AR(qp has a very
nonlinear ‘dependence on the impurity concehtration ¢ since
\ B (T) is 1ndependent of ¢ while pg goes 1inear1y with c.

In the region where B (T) >> PR’ then

"2 (2,00 & a¥(Mipg. o (3.60)

-but thls usually requires higher temperatures so that @’ (T)
-is very smail. _For the opposite case, at very low T, where
Pr >> BofT).Vthe result is 'h : - : .
8 (z,0) % a¥imB M) L (3.61)
'_:Tiéh'is independent of ¢ while Eq. (3.60). is linear-in c.
hié'means that the.D.M.R, satutateﬁ with impuriiy content.
Saturation x% reached whél the impurity residunl resistivity
13 considerably greater than the pure metal ideal resistivzty .
at-that temperature. Similar results are also obtained in '_
- thg'fﬁé band model to be discussed later. - f -
Naw a more ‘precise discusaion is given of tha conditions

when this approximate theory ia valid. Even in
those situations where it ilnnot quantitativoly accuxate.!it

e N f-‘.

Vo ,.'- .
N S I
. !

. . -
- : . o0 -t
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.. is still usetul because.it allows one to see clearly, if
somewhat épproximatelg, how iﬁpurities'affect the resistivity.
It indicates the-nature é:f its dependence on the yxisotropy"
"of the pure metal scattering times as well as'ite nonlinear‘
éependence on the impuritylconcentration. In eases where
the anisotropy'is small, it. could be used to deduce an
experiéenta1 measure of the temperature dependenée of tﬁe
mean equare anisotropy az(T). o *\\H
, ~

cOn51der thfégase of potassium. .Figure 2 shows

" the varlatlon of a(k)“with posztlon on the 'Fermi. serface for'
-three'dlfferent tempeQEtures. The flgure was computed using
the _Bardeen pseudopotential. For the temperature at‘which_the
anlsotropy is largest, a(k) can range roughly from -0.8 to
0. 8 wh1ch is a con31derab1e.variation.' For- another choice

£ the pseudopotential, e.g., the Ashqrg!k or lower Lee-
.Falicov one, thxs variation would be greatly reduced In
any case, a 31mp1er and very useful measure of the anisotr0py X
is a (T). In Fig. 3(a), a (T) versus T for the Bardeen
pseudopotehtxal is shown while Figs. 3(b) and 3(c) give the
same thxng for the othpr two pseudopotentials. The Bardeen
_pseud potent1a1 clearly tends to exaggerate the anisotropy
';\’Q::pared to the other two. ' _ ' : <o

In all/ three casea considered 1n Pig. 3, the maan
squa;;‘““isotropy decreases rapidly with temperature‘ao that
the approxinate theory lhould be applicable for those '
.temperaturqs. It is of 1nterest to cqnpare the results o

',(7 . ] . , . o 'n
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-obtained from Eq. (3.56). For this purpafe the Bardeen

obtained by evaluating Eq. (3.52) déirectly with those

pseudopotential is particularly useful 51nce az(T) can be .
fairly large. In Fig. 4 the ratxo.(pa(T) - pR)/T versus T
is plotted for the case 4&f the ‘smallest Pr investiéated by = =

(44) pp = 9.02 x 16" uR-cm. The result

Ekin and Maxfield
computed‘from Eq. (3 52) is. given by the solid line which

is to be compared w1th the dotted line representing the . K
approximate results given by Eq. (3.56). "The differences in s
the two curveo can be fairly significant. This makes'it .
interestind to compute a few higher'moments in the expansion

(3.55). 1In Fig. 5 the results for the third, fourth and

<
‘fifth moments of a(k) areshown as a function -of temperature.

to be kept in mind. Pirst. a nore realiltic choice ot the
“pseudopotential gives a analler a (T) than the Bardeen one:;

_second. as ptevioualy dilcuaaed. the convergence vill he

As, expected, the fourth moment, which must be positive | '
definite, is smaller than a>(T). It-has a similar tempera- | ;i '%
ture dependence to a IT) with a maximum at about the same _',‘p‘ : e
temperature. The third and fifth moments behave: very
differeztly-from a-(T). They can be either positive or,

negative, but are however quite small and have about the :

same temperature dependence.. In Pig. 6 it ie shown how, for

pure potassium. the approximate theory tends towards the - . {‘f' -

. exact theory as the number of noments included is increased.

The convergence is not really very rapid hnt two points need

¢
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moreirapid for, a real case when impﬁritiés-are présent, as
1n-é;g. 4. It can be seen from Figs. 4 and 6 that the
approximate theory {L very much better for the case of even
a very smgll amount of impurities giving PR = 9.02 x 10 -4
. uf-cm than for pure K.” This is ﬁartiquigriy so when one
.tealizes that tge figure applies to tbe'Bardegn péeudoié;en-
tial and, therefore, tends to.exaggéﬁgte'these differences.
In;what foilows only the results using the exact eﬁpresgion
w111 be presented | ' ‘
In Flg. 7. a. plot of (p (T) - pR)/T is given for
the three dlfferent pseudopotentlals.fqr the various - .
-1mpur1ty concentratlons con51dered by Ekln and Maxfield (44)f

These are compare@_wlth the results of the pure metal. The\

dlfferences that exist between the pure’ metal and the purest o

real sample are quite subsiantial and-should be noted.. Alao,
the hlghest conceﬁtéatioa corresponds to the case when-the

cffect is falﬂly well-satﬂxgted1 Higher concentrations will

F, _{_r Y

not change the curves very much. Although it is not -
directly A(T c) that has been plotted, the existence of a

be °. -
(o (T) - p )/T uould/indepandent of cqncentration and only _ f 3

nonzero A(?c) is obvious since otherwise the quantity - T
a sxngle line representing the pure metal resiativity would

be obtaxned. The reason (o (T) - ) is divided by T is

to show that the sinple Debye Ts law (33) only holds at the

lowest temperatures, e.9., below ~.2P 1n K. Dotailed .

theoretical ctldulationa also-suppdrt this (‘8’.

. . -~

» o
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Overall the results are in'qualitative agreement

‘with the experlmental data and are also in good agreement

‘ and the effect of the mass change w111 be con51dered along

3

. of sodlum 1s dlfflcult to measure = because it undergoes

-

approximate expressipne so as to obtain an expepimenstal

with the theoretical calculatlons of,Ekln and_Brlnger (4 1) . \

who used the variational solution for the-reeistivity.

} »

Since the theoretical prediCtions'can vary substantially
o .

) with the choice offpSeudothential{_it would be pof intérest

to attempt an interpretationh of the data‘in terms of the

measure ofjaz(T)., R -
. . ‘ . . - ' ‘{ . . . .
- A brief discussion of sodium and rubidium is now . |

T : S Lo L - . "
given Lithium will be considered in the next section where : (::ij———ﬂ
L "'

the effects of the 1nelast1c scatterlng of -the 1mpur1t1es

.with the effect of the reSLdual resxst1v1ty on the

anlsotropy. “Ink&ﬁese calculatlons only the AShcroft 5 ?

(36)

pseudopotent1a1 develope& by Haymbn and Carbotte will

used, T '.f‘ Ce .

The temperature dependence of the mean square

antsBtropy are shown in'Fig.vBL In both Na-and Rb the

4]

anisotropy is rather small. The Low temperature resistivit
(49}

-

~a

a martensxtlc phase transformatlon at about 40 K, changlng E
C o
. from the b c.cs sEructure at hlgh temperat es to a mixture :
/
of b c.C. and h.c.p. below 40°K. Therefore. no more results

. |
will be presented for Na.. Rub1dxum is- of greater interest
- )

. and 1n Flg. 9 the quantlty (p (T) -- pR)/T versus T for - the

o

. R — . oY !
-~ . : . . .
i - :' - L 4 N . ©
- ‘ . N
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[N Vg . * .
same impurity concentrations as in Fig. 7 is shown... The

figure illustrates'tne nonlinear nature of the D.M.R.:End
shows the'effect of the sat@iration with'increasing bR'
//”ﬁ . It nes been mentioned that it would be interesting . .
to méke_an‘experimental determination of az(m). %Xz
eonsidering formnla (3.56) it 'is obyious that.the'lkw
e;perimental data for a di;nte alloy may be fitted ::-this
) . -
formula. using the expe;imental values of pafT) and pR-if
B, (T) is known. B, (T) is a paremeter-characterizing the
pure metal hut 1t cannot be directly determined from I 'i
.experlments on very pure samples excegt at high- temperatu}es o
_such that az(T)‘%'O.V Then (3 56) gives the d}reet relation ;-
between the experlmental data and the B (T). At low T, ) ';
where the anlsotropy whth is to be determlned 1s apprec1able,

one must rely on the theoretlcal calculations ef BO(T). With f/

this in mind and to facilitate the analysis, the values of
az(T);~B0(T)'as well as the resﬁlts of the calculatiens of
(D (T) - DR)/T using the exact expre851on (3.%2) for two

different 1mpur1ty concentratlons are presented in Tables 2

and 3 for two different pseudopotentlals.,
L

-
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3.3 Results for Lithium and. Dilute Alloys of Lithium_

Lithium is the most interesting of the alkali, metals

(49,50)

since more extensive and systematic data exists for

it than for the other alkalis, and from‘a-theoret}cal point
. i‘ . r .
of view, the anisotropy is much greater and persists tp a

much higher temperature. Calculations of the pure meteln.

anisotropic scettering,times have been mgde by Hayman and

Carbotte (36) .14 these will be used here also. ' .
“The first detailed study of D.M.R. in an alkali

(49)

metal was made by Dugdale and Gugan using dilute

Li~Mg alldis. There are difficulties invblved'in-the.
experiments and the- 1nterpretatlon of the data because, Li,
like Na, undergoes a marten51t1c transformatlon below

~ 80 Ky changlng from the hlgh temperature b.c.c. phase to

a mixture pf b.c.c. and'h.c.p. below 80°K. All changes of
the resistivity. upon transformatlon were found to be smalln _
g.. Py in the h. ..p. phase is 5-10% hlgher than 1n the |
Z.c. phase. Upon cooling each sample they found that the

~apparent residual re515t1v1ty, i.e., the difference between
the resxstzvxty of the alloy ‘and that of the pure comparison

,‘sample first 1ncreased sllghtly, and then below 90°K dropped

off rapidly. ‘The resultant D. M R. were associated with the’

b.c.c. phase, and the. observed values for A(T c) represented

.k

‘a 1ower limit, in that, to the extent that*the alloy samples

transfo during cooling, thexr resxstance§ should increase.

f ' T - _\-. LR
. s .

/) | ' | - :
L .,

® X . . , . ' . J
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Only the resistivity in the b.c.c..phase will be considered
here éince‘the detailed calculations require the results of
inelastic neutron scattering to-'give the phonons, and a .
" detailed censideration of the lattice structure in doing
the various integrations. Other calculations of A(T,c) for
the alka11 metals (39), be51des those mentloned with |
reference to potassrum in the last section havé yielded
values con51derably smaller than those obser?ed by Dugdale

(Sll%studled the low temperature

and Gugan' Bross et al.
re51st1v ties of the alkali metals, u51ng plane waves for
the ele trons in.Na and K. (T c) was found to have the
« form of a hump wrth a maxlmum value of ;;out 5% of pO(T) for

’fboth métals. For Li they dec1ded that the electronlc waveu‘--
functlons dlffered con51derably from plane waves. Including
‘this in their calculatlons gave larger values for AT, c)
" but they were‘still much smaller than the experlmental
values. Fischer (Szlnccnsidered.the.weak anisotropy of the
'Fermi surface of a monctalent cubic metal whose Fermi

“ surface does not contact the Brillouin zone boundary and
found A(T,c) to be only 2% of the total resxstxvxty. In
‘this thesis the effect of Ferml surface anisotropy wlll be

;

neglected and the electron warefunctlons will be taken as
a 51ngle plane wave but the full effect- of the umklapp '
scatterlng and its effect on\the anlsotropy in the electron-

phonon lnteractlon will be included. ‘That these are the

essentxal effects is supported by the observation made by

Ten . . -

N
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{(38) . . .- . '
in his review article on D.M.R.:

Bass
"We see that the D.M.R. .observed in these
studies of alkali metals are similar in
form and maqniﬁude to those observed in”
. ‘most other metals, at least at intermedi-:
| ate and high temperatures. We conclude
that the existence of an anisotropic
Fermi surface is not a prerequ151te for ' , //
the-exlstence of substaptlal D.M.R." S
4 ' . | ~
Besides measuring the resistivities of Li-Mg alloys,

(49)

Dugdale and Gugan also measured the resistivity of

sevefal diffefent-very pure Li samples. By plotting the
P

~difference in re51st1vit1es, Ap(T), of two such pure samples,
&..|

they obtaln a measure ef the D.M.R.. Although the

measurements are compllcated by the transformatlon, they

PN

. the b.c.c. phase. The results, given in Flg‘ 7 of their

paper (49), show a rapid increase in Ap whicl reaches a

" wetre able to tentatlvely a331gn values correspondinq

maximum at about 50°K and then falls steadily, becoming
essentially a constant above about 150°K."
Thé.resultS‘of detailed calculation, including_.
| Just the ideal scatterlng tlmes To(k) and the residual-
.scatterlng times, are shown in Flg. 10 for several -
d;ffereet values of the residual res¢st1v1ty of both
samples. ‘These. results show clearly that it is the . - u:,

washlng out of the anlsotropy whlch causes the hump at




“
i

——

A

'.whlle the purer sample has

ApA{T) versus T for Some pure samples of Li,
The curves represented by ("') and (~--) are
for the casé of the more concentrateé sample
having Pr = 3.0 % io"2 ﬁﬂ—cm and

2.56 x 10-2 un—cm respectlvely whlle the purer

sample in both cases had Pr = 8 9 x 10 -3 ufi~-cm.

If DR for the pirer sample is set equal to zexo

the curves become (----) and (---) respectlvely.

The curve (-—) was calculated for the more

'concentrated sample haV1ng Pr = 3 0 x 10 uﬂ-cm_

L}

* : r

.Q"

op = 2.56 x 1072 u-cm,

i
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ebout 50°K. The subsequent fallkoff in the curve is due to

the fact that the.anisotrop? in 10(5) is steadil® 7
decreasing with increasing tempere ure,'so that relatively,
the effect of the gashlng out of the anlsotropy is |
'decrea51ng At the’ hlghest temperatures, when To(k) has
become’ nearly 1sotroplc, then Ap as plotted approaches the
~d1ffer¥nce in the residual- resrst1v1t1es of the two samples:
since the varlous scattering mechanisms, 1.@., phonon and
impurity, are then 51mp1y addltlve, so thatsthe phonon

L]

,hlcontrlbutlons of the two~ samples w111 cancel. Flgure 10
halso prov1&es strong evidence for the lmportance of'
explrc1t1y lncludlng the c0ncentratlon of lmpurltres of
both sampies; thus A(T,c) shouldﬂreall&rbe considered a
function of c and c' where c} is the impurity.concentration
of the purer of the two samples being-considered. These
results should be compared with the top two curves which
differ fxom the middle two curves ohly in that the ideally
pure metal resistivity was subtracted This causes a
'.substantzml increase in Ao(T). making it much larger than
the experlmental results. The bottom curve corresponds to
the AD(T) ‘for two other very pure samples, and is lncluded-
to show that even the very small differences in’ the two oy
values glve a notlceable sp (T) . It mlght be thought thatJ
if one is’ déallng W1th alloys whose lmpurity concentration

/
is about C.1l%" or more 50 thatngi>> e’ that it is sufflclena‘

! £

. . to néglect the effect of the c' and just calculate the ﬁ}gjgk.‘

.

&
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i

assuming that the purer sample may be taken as ideally y

pure, i.e., having only phonon scattering. ThlS could lead

' to qualltatlve as well as quantltatlve errors in. the

calculated D|¥?R since even the smallest ‘value of c?

1ntroduces a substantlal nonlldear behav10ur 1ﬁﬁ),A(T c), \‘

at least at those temperatures where the anlsotropy is
'substantyal. In- fact it is one of the most interesting -

,.results of tHE ¢alculations presented here that when - R

' &(T,c)/pglc) instead of 4(T,c) is being con51dered,_then S
. . i a - .\‘
the largest values are obtained for the.smallest-values of NN

¢, showing that A(T,c) depend on ¢ more- weakly than °
linearly. All the detalled calculations take thls 1nto

account, and it is only for simplicity of notation that the

c' dependence is dropped. Thus'jt is obvious that the:

.'approximete expression fqr A(f,c) given in Eq. (3.58) shopid
be,used"with care, eiﬁce not only does it assume ‘that the ° 'E .
aﬁisotrepy-is‘small but it also assumes that the puter , ’ .

sample is ideells pure. ’\
The dilute Li-Mg alloys 1nvestlgated by Dugdale and ,

Gugan (49) had the followlng concentratlons of Mg: 0. 21\.1

0.47% and 0.95%. The experimental resulte obtained (see

Fig. 6 of their paper (49)) show that Ap(T), the difference
between the alloy: res;stlvity and the resistivity of the
purest Ll sample,- has ‘a rapid decrease below 100°K Hlth

decreasxng temperature. TE%E“decrease cannot be ascribed

e : i - '
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4

to the change in gbsidual re;istivity on transformation o
since they found "that theqtranEformation cauées an incre;;E ¥

,

in the resistivity at 1bw'te?perature. There is also a , °
small untertainty in the resistivitY‘of the“purest Li . ©

sample because of the transformatlon Q\t that was consmdered

r ' -
negllglble {49). Since the mass ratio of y}7pg is m_7.24,
there is the possfbility of observing effects due to'the Lot

' extra scattering off the mass defect in addltlon tc the
\ X
usual scatterlng caused by the dlfferent scatterlng cross
R K Y

section of _the 1mpur1ty. To §ort out the varloui eff ts ©

" of the different scatterlng mechanlsms, results are

17
) .

presented where only some of the mechanrsms were included

1n the calculatlon as well as where all of. them 'were

inctuded. Because the q xntegral appearlnq 1n the expre551on
for i) is 51m11ar to the one in TR’ 1. e., it Just’ﬁas an

extra"factor af qz. and because of " the dlfflculty r\;

calculatihg,lx2 or from flrst pr1nc1p1es 9 28), the -
|

impurity pseudopotential was chosen to. reproduce the

expefxmental ‘values of PRr* This is consistent with the use ‘

\
of the exper1menta1 values of}LR in the actual calculatlons.

However,ifhe q 1ntegra1 appearlng in 12 is even more sensi- . \
tive to the form of Aw(g) for g ~ 2kF 50 that this procedure
sometlmes, like in -the cese of Al-Mg to be dlscussed later,
gave exaggeratedfvalues for 12 Fukai (9) has shown that
the theoret1cal results for PR may be put lnto better

agreement foriﬁuch alloy%.as Al-ug,byiusxng multrple

s
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orthogonallzed plane waves in. representlng the wavefunctlons
- ll
in.. Al, Slnce such egfects have been generally neglected in

the calculatlons of thls tﬁesxs, the values of 12 calculated

for such alloys were obtalned u51ng the same 1mpur1ty

~

\ [*T %
calculatlons (9), .The resxdual resxst1v1ty used, however,

. L3 Fl f "
. 'was alwafﬁ\khe exper1menta1 value. ThlS 13 ‘very important

pseudopotent1a1 parameter, R . usually usegkin theoretlcal . v

'51nce the value ofrpR is, at\all but the hlghest temperatures

3

" considered, much larger than Pyr and a realistﬁb value of PR’

- is v1tal-to—obta1n1ng a proper representatlon of the. washlng
4

_‘out of the\anlsotropy which 13 the domlnant effect leading"

\

to the D.M. R. ‘of a11 the alloys considered. o _J_ . 1 \1”
| . In Fig. llta) the results inoludlng just rotk) (or .i
(M)(k) for the two morelconcentrated alloys) and TR are ;;

'shown for the three ailoys, in Fig 11(b) the ef§ect of

also fndlud;ng 31 and T as well is shown; while in Fig. ' -,

_?ll(c) the DebyePWaller factor also has been inclddad -In

'Fxg. Il(d) ‘the two more concentrated alloys alone are
shown, once 1nclnding to(k). Tl and TR (with no mhss change)

and again with the additional eftect of ¢ Fig. 1l(e) jis

2°
the same as ?ig. 11{d) axcept that the behye-ﬂallcr .factor- Y*.
is also included; By conparing the results in Piqc. 11(b)

and lltd). partiqula;ly for Li-ng 0.95%, the q!!ect of the ‘
'f. nass change 1- soen to. be very snall. contributing only a -

s;un decrghu to ‘the 4p () plct_tod. _The effect of a heavy

v o L T ' o R
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e . - © Fig. 1a: pp (%) versqs Tﬂfor the. more concentrated Ll-Mg B
Co T alloys: p(m) for e = 0.218" (—), ap 0 g, * -
* \‘ ' ) ) . - LN )
P ‘ ! ._for ¢ = 0. 478 - ( ). and Ap (M) (T)- for
S T €=0.95% (-—-) when anly 'ro (ox M), and o
. . ‘ R -
¢ - ~ . f' are 1nc1uded in the falculatgpn. 1 .' . V; ); .
o0 . N . .. . ) _ 'Y ..'
11b: Same as ,Fig. lla except t T and. 32-(or .
- ' 1M ang r M for the ¢'= 0.47%" and 0.95%
Y . ' alloys) also were/lncluded

: ‘1lé;--Same as Flg~ 11b but the Debyedwaller factor

L] . - N ™ -
is also 1nc1uded . : .
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purity 1n a llght host is to 1ncrease the densrty ‘of stetes
‘in the low w region, which is preferentially sampled in the ‘
w integrals at low T. As the tempefeture is increased, more - Q
and more, of- the distribution is sampleq so ‘that the effect of
hav1ng idfré;sed the den51ty of states }n the low m,region )
* has progreSSiveiy less and less effect until the c1assrca1 . '._y v
region of temperature, abbve e D’ is reached where the effect ’
h.of the mass change essentially disappears. 'Some representa—
- tive numbers illustrating the above point in more detail will,

L)

- be presented later in a table along Wlth corresponding numbers

for the case of an Li—kg alloy. . R

k - The effect of including the- 12 contribution, which -
-contains the q integral with q IAw(q)lz. giVes a lin&ar
'component to .the D.M. R. at high temperature which is, however,
much too strong._ In> fact the experimental results for the L
.fthree Li—Hg alloya show no sign of such a component. T(C 3
account for this, Kagan and Zhernov (40) Have suggested '
intluding the Debye-Wakler factor'which has the effect of
ireducing the ‘strength of'the scattering, particularly at

high temperature. The resultl ohtained when this'i

I

‘f,included aré“shown in rigs. 1l1(c) and 11(3).. Tho agreenent with °
experiment is. dafinitely 1nprovod. hqgin' '°" d.t‘il‘d ,”:{h %3. o
numbars showing the extra o!toct of the chyo—ﬂallor !actor y

will be presented later I "'nr I . fV
‘The D.M. R. in. diluto Li-Ag anoyu wﬂ.l nov he "
considered. lrill and Lapiprro ‘50, qsuroq tho

> . 5
L - " 1 ) . had AN
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resistivities of dilute (0.05% £ c £ 656%).alioys of Ag in
Li at temperatures from14.2°K to 70°K.; The beheyicur of .
T A(T.c) “in the Li-Ag alloys is similar to that foind by
| Bugdale and Gugan 1n Ll—Mg alloys.‘ A{T,c) Increa;es rapldly,h
between 4 2°K -and 70°K, and A(T,c)/pR at 70°K is abdut three

-

times larger in the most dilute alloy than 1n the mdst ?.
.ccncentrated alloy. ‘The concentratlon of thelr‘most dilute '
alloy has only about'tw1ce the concentratlon of impurlties .
as thEII nomlnally purest sample s0 thdt the c? dependence
is critical 1n the calculatiod. The calculated D.M.R. fo;' >
the various Li—Ag alloys are. shown in Pigs. 12(a) and 12(b);g .
. where Flg. 12 (a) anludes the impurities only via- TR while o
Fxg. 12 (b) also- 1ncludes T3 and Tye For the most -
concentrated allay, the effect of the mass change is also |
| shown separately. . . o " . |
T The Debye—Weller factof was not included in the _fh - ";
' calculatans of the D. H R.. preaented in Fig. 12 because the N .
temperature was .not high enough for this to have an T N
appreciable effect. Ccmpariscn of thezexperlncntdl and ‘;.-l “7_
theoretical curves shows that includinq just o givqp too' . N
low a D.M.R. for T X 70°K, and the curve also ‘is starting L
to~bend over while thercxpdtincntal curve (50? 1: still .
rieing. The effact of thg nall chanqo ﬁt ”bﬂ dcfinltely
seen in~ Pig. 12(b)¢ lrill and Lapicrro \nnlyle thclra;-
reSults using the’ theory of Xagan and Ihcrnov (4®) vhen the-

-

~
eftect of the anlsotropy ‘is ncqloctod rro-'rlgs. 12(;) and
¢ . - :

L » . . » . v . . -] .

]
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iﬁ(b) it is clearly'éeeﬁ'thet‘the'fundamehtal effectlleadihg"
, ‘. to the D. M.R. is the washlng out of the anisotropy in To (k)
. by Té\‘ To get the right qudlltatlve and quantltatlve ) . v
behavLour, T and 12 must-also be 1nc1uded The effect of
the mass change should only be consxdered when a11 the othef
.effects have been properly lncluded.- In contrast to thzs, v =
Kr111 ‘and Lapze:re use a sxmple expressxon derived by Kagan'” r |

' (40) whlch gives - B v

]_ . . ' . -. . ’

and Zhernov

<

A(T,c) = - écell - € 98 ELWD'(T)
- ' 8 Jg 6p 07"
. .. D |

n

o

where € = 1 - M'/M and J, = n!g(n) with {(n) the Riemann zeta’

' function. With this simple equatioﬁi they ‘are able to get a -*-‘
reasonable fit to the data for the most concentrated Li-Ag '
sample considered up to ahout 35°K; above thisughe theoretical
cuFve rises much too sharply. : . /.. S a

’ Kr111 “and Lapierre also made some’ measurements on the . |

resistxv;ty of dilute-allpys of Li-Hg but the reuults-obtained

- are very differeetrfromJthose of Li-Ag. All four concentra-

]

L 4

-~ tions of-ng in Li yielded'xasulte~for'A(T.c) which fell on .
the same curve, lying sonnwhat below the rosults for .the most
-concentrated Li-hg :ample.- The r-alon for. this difzeront |

4 behaviour is unknoim (50 3” ~Hg producu a mch st.ronqot
. perturbation in Li: than the Ag docs. llneo it leads to I
residuu resistivity of about 3. 63 uR-cm/at. which is about

three tinns ll larqo “as that producod by the- lll. anount o!

’

M . " . " . .
- - -



- Ag in Li. Tﬁe‘largejvaiue_ﬁor the residual resistivity . s

- ﬁakes it very doubtfulithat the Born abproximation could .

i
-,
give a good representateon for. the scatterlng cross sectlon,

nd the very large mass rhtio,'M /H 200/7, and the

=4

2
dlfferent ionic rad11 probably mean that force constant -

’

'changes are also 1mportant. It could also be that the large

re51dua1 re51st1v1ty ‘of, Hg in L1 has driven A(T, c) to its '(- ~7.

saturation'limit even for the lowest concentratlon.. -
- In order to glve a better indlcatlon of the effect A
'of the varlous terms contflbutlng to A(T,c), Table 4 gives a
breakdoun of them for Lx-Mg and Li—Ag, w1th ¢ = 1%. The :‘
superscrlpt {M) .on p(M), etc. denotes that the effect, ofxmass - a
fchange is anluded;' Table 4 shows that at low temperature _'
-the totel resistivity is dominated by the residual -‘}
reszstlulty, this remains true ‘aven for very pure samples

with ¢ X 10 -4

% but at progressively 1lower temperatures.
Such ojncentrationS‘are much less-than those usually

" considered exper;mentally. e.g., the purest Li samples’ s
measured by Dugdale and Gugan had Py ¥ 10~2 uQQEm or '

10 2. Thus PR in all their sang}es dominatel the low

temperature total'resistivity. The pure metal retiltivity.
oo.,insreeeee;quic;iy with ienperature 8o thaq. foriteirly

.«:_pure senplesg'It;rdﬁidlyfbeoooee-larger-then °R' _ At room

| tenperature. °2 typically is within a factor of 2 ofepn

aSuchse -trong ’2 tera et high telperature is not oblerved

N~ .
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ekperimentally. Méklng reasonable changes in the relevant T

scatterlng cross sectlon, Aw(q), can help a bit but thlS
does not solve the problem.:‘A .more plaﬁsxble solutlon n‘ Lo T‘g

. seems to be the 1nclu51on of the'Debye—Waller factor in pR

and p2 as suggested bg, Kagan and Zhernov (40). Then ’ 1h “the Lo

o

'Jalculatlons p2 should be replaced by pﬁ + pz where pﬁ is '; Lo

the temperature dependent part of PR pR will always be

l

'negative ’ Sane the Debye—Waller factor always decreases the'

) ¢° !

value cf any expre551on. At low teﬂperatu es thxs produces v
L J N\

a decrease in the value of pf +p compared to p calculated
R - 2 2

:w}thout thh Debye-Waller gactor but the absolute value of . /'

4
' .

thlS ﬂerm 15 very small compared to OR‘ At room temperature,
however. the value of p2 has beeﬂ’decreased by about“lS% by
the Depye-Waller factor, and the value of Dé has increased

s . o '
.1" absolute value, 80 that a ﬂuhstantial decrease«of cl -

pR ﬂ p2 is obtazned with reSpect to pzocalculated withdut
the Debye-Waller factor, e.g., 4 Q x 10 -1 cOmpared to )

6 6 x 10 up-cm for Li-ng‘at 300’!. At very ‘high . ...'1f
temperature. T & 2000°R. the valuh of ﬁ‘ + oz approaches zaro
fairly rapidly. At such tenparatuxep.'howuvez. tha golids ] -
would have long melted. Thua 1t is anortant to ratain the |
:'02 term, along with pR,>and not to drop thia tern altoqathet
as did Bhatia and Gupta (533 1n thoir calculationn of D.M. R':..

- for AIIHq alloys. This u&ll be dilcusaad in noro datail

when tha,calculations £or tho Al alloyl aro prcsantod _" ~
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Since WD w. qu'at high tempereture, one'wouid

expect that it would cause a falrly rapzd decrease in

'pR + p2 However, the reIevant scatterlng cross sectlon

whlch appears in these terns, Awiq), is such that |Aw(q)|

for an alloy llke Ll-Ag whene there is no valence change.

in fact reaches 1ts maxlmum'value at g ¢ 1.2 k and then

rapldly decreases when q 1ncreases to Zk If there is a-

‘valence change, as in Ll-Hg, then |Aw(q)|2 decreases steadily -

" from ;ts 1argest valuewat q= 0. so that it has a relatively

small value at q % 2kF' although there can be a leght o

upturn in IAw(q)l ‘near, 2k? from some. 1mpu:1t1es. Since it

is expected physxcally that the large angle scatterxng. or
n,

q n ZkF, should contrzbute most to the resistxvxty, this may

be taken as evidence that the functlonal form of the scatter- .

'1ng cross.sectlon is not properly given by the Born

,'approximation, especially if there is a valence difference.

A more rigorous phase shift calculation would give more

weight to the large q values 80 that the effect of WD_"§3

would be much qreater. o

2

o
Tho relntive effect of 1nc1udinq mass changen 1: seen

to be ‘greater at:low temp-ratures than hiqh tenperature:‘ -
!

t The changes producud are much’ groater for Ag in Li- than Mg in-.
. Li since Ag is about four tiuos as~h.avy as Mg. Thls a}ao

‘has tha qffect of. producing tha greatelt chanqe in °2' gor
example. at a lower tcnperatuxo linc. noro ot tha d-nsity of

~

’
!
(
:
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states has been shlfted to 1cwer frequencxes for Ag than

T am

for Mg..

Includlng the mass change in the dalculatxon of Po
causes a small decrease in. its value at hlgh temperature
while at low temperatureﬁ it is increased or'Ll-Ag with

c = 1%, Py is 1ncreased by a maxlmum of abo t RO% at

T 10°x, whlle at temperatures above T ~ 50°R. it is

decreésed by a small amount, about 1%.° In comparlson, Py
is 1ncreased by a factor of almost three at T & 10°K while
at T = 300°K. thls 1ncrease has dropped to about 5%.‘ But,
'even though the effect: of th ss change is much less in | ‘- 1
g ! than in pz.ﬁpo is ;ver an order of magnztude larger than .
"'p2 at T = 300 K; and the sma11 decrease of about 1% 1n 0o
;15 actually equal to ahout 10! of the actual value of 050 ] ;
‘with or wlthout the mass change 1nc1uded in o,. ' | o i
The, reason that tha mass change produces a, mach _ .
.strpnger effect in pz.than in Pgris that p, contains the
t-matrix directiy~aa-a factor-ihile Po contains it in the LI
‘combination (w? - w'f - o' 7! Thus the effect of the |
T (v) on the value of °0 1- great;y dacrealed by ‘the factor
c.’,The.de;ailad‘bahaviour ok oo‘uhen the T' (u) is 1nc1uded
is also more complicated by‘ite appearance in the‘danominatcr.
If ¢ and/or ¢ are small, it ﬂuuld be possible. to naka a
'_b1;2nial axpansion. the tir-t term of whiéh would’ give just -

| the ord¥gary axpreactpn !br the ruriqtivity of-a pure_uatal




- density of states arininq !ro-fthe 1ounr froquoncy of

104

while the second term would give a term proportional to
b

‘e’ {w}. In order to reallf&atudy the effect of* the mass .

change on the re51st1Vity, largerxr congentration, d.e:,- r

' 4

c 5%, should be studied In the sedtion on D.M. R. for Al
1ioys\resu1ts w111 be presented for Al-Zn with c = 2, 1%

but there the mass ratio is less then 3 to 1.\\
. B )
To see the effect of the mass change in detail, it

N
is convenient to consider the following effective frequency . )

distribution.
y ' ~

2 .
< o - Flko')
et = W' - el (w)

- ’ . - o -

As c + 0 this reduces to just u F(km) The values of

o2 M)
%R -

. I3 and 14 for ¢ = 0, c -\O.Sl and c = 1%. Also shown in

F(km)—versus w for two values of k are shown in Figs.

_ these graphs are'the'thermal‘fectors h}w)(n(u)tl)' The
'first .and most important thing to notice i- the very largo
amount of anisotropy in the u (ku) for Li. SOI.‘POBQ r : e
graphs of. a P(km) for Li as well as for K and Rb covering
the whole frequency range are given bY nayman lﬂd t
carbotte (36, .he ctrves for o2 Mp(xu), which include '
only the low traquency portionl .of the sp.ctrul -hou that
there is a general shift to lower vnluol of l, is uell
'e-the bnildup of a rcaonnnco poak due to th. incroasod

= bration of the heavy i-purity ions - BY doins en IVOIOQO

o
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_’mion.
: tor r = 5°K (--‘-) and’ 1' - 10‘! (----) are

also -holm 'rh. ‘value. o! k= (k'.O'.O').

The effhctivé fraqnency distributions

a: l{“)!’(kw) mcludinq gh. nass effect. for |

unoys of” 1-A.g v:lt.h c = 00 (—.-), Q 5\ .

("') and ¢ .= 1.0%. (---) Ln th. low o

" The: thu'llsl fnctors. u(w) (n(u)+1)

P

. -105, -

A
{
:
F |
1
¢
i
1
1
L
!




106

. 2.5

' Sane'u"rig: 13a except i:hqt.lt_ - (kp.30',0°);

Fig. 13b:
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.of az(M)F(km) over all directipns .on ‘the Fermi surface, it
1s poss;ble to just focus the attention on the effect of the

" resonancé‘peak created by the mass., change, This is shown in

Fig. 15 for c = 0 and 1%, Similar results for Just the
’den51ty of states exist in the literature; See, for example,
‘Maradudin et all (54) R T o S -
The\qgntribution to the.reeietivity frcm 10(51
'essentialiy involves an overlap integral of the thermal
factors and uzéM)F(kw), In- Fig. 16 the. ratio T(M)(k)/T (k)
is plotted for: ¢ = Uthas,a function of -0 for three values-
‘of the temperature, e otholfvalues of ¢ give similar
results. By noting the way the thermal factors overlap
with . the uz(H)F(kw) in the different directions, especially
' how much of the resonance hump thay include, the Iarge
ddbiation of T(M)(k)/T (k) from 1 can be axplained At o '-\f
T = 40°K.the tnermal factors are already completely off the"
scale of.tne_graﬁhs, and io:the_extraroso(ince“hump N , L!
contrihutas' refatifrely iittle to the integr 1," leading‘tc a
_retio'offhﬁdht 1.\\Hhen_cn(r) and p(“lfr) are calculated
‘all’ the di:eetiogafcomxihuto, end the net effect is quite
substantial, e.g., og(?) - 6.1 x 10 -3 while . L f o
. V(H)“,) = 9 9 x 16‘3 d:-cn at T = 10°K, but at T = 406'1:-,,

this ‘is reduced to- 2. 84 x 10 125,2 .81 x'1o‘3 ud-cm. This

mll relative decruu o! p“" (T) compared to po (T) por-hts n
qenonny at the hithr tupou . ‘rho_ iucro_up in
oM (1) cospared to po(m) BT '10°K is mach séaller than

LY
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4 N

the increasevin'péu)(T) compared with pth). If one went to
very large concentrations, like c. 10%, then the ratio of
M)/po would be greatly increased from its‘value for

c = 1% while pz(m/p2 would stay essentially ‘the same.
. - . N . -

Unfortunaéely, Py dominates Po at T & 10°K at suéh ' B
\ L
concentratlons so that it is not possible to 3tudy ‘the"

chéﬁges in p{M). However, the substantial 1ncréase in p(H)

compared to p2 at-any given concentration i

1nto A(T,c) at low tempera which should be directly

" observable ; 5% such that the hump due, to washing out
the anlsotropy has. esshntially disappeared. 1In éuph ,

' cases, A(T,c) is given approximately by Py + Py + p' if
(M)(T) has not. changed very much from DO(T) An esflmate

for results may be obtained by suitably scaling the results

Eor '( ). etc. givan in Table 4 to allow for tha highar .
C . . * . I S
concentration. e R ,/ R
s : - \ A
b ' ‘. m
» < it \
b .
“ - ‘ LR}
L - ® :

i
g
!
R
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3.4 D.M.R. in Al Alloys ' L R R

\/.
There has been a great deal of 1nterest recently,in ‘
the D.M. R. in dilute Al alloys’Tsee the rev1ew nrticle by

H

Bass . (39) for a detailed account of all the experlments and
' T f

‘,-¢hE1r theoretlcal interpretatlons). The;most recent,

systematlc experiments which cover the whole temperatufe ‘

-t

,rangenﬁrom 4. 2°K to 300°K are those of Seth and Woods (55)

(56)

’and Carter . Seth and Hbods obtained results for Al—Hg,

c'= 0 13, 0.61 and. 1.75% and Al—Ag, c = 0.06 and 0 18%,while

' Carter obtained results for Al-Hg, c=0. 03, 0. 1, 0.5 and

© = 2.1%; and Al-Ga, c ='0.035, 0.108, 0.198 and 0.664%.

There ere'also reeulteﬁfor‘nl-hg obtained by Panova at al.

~which are similar to those of Seth and Woods in .their major

features although there are some diacrepanciea in detaiiA

- |

The data for the most: concentrated‘alloys of: Al-ng are 1n
agreement between Seth and Hoodl and Carter: houever. the :
data for the more diluto alloys ‘are not. _'é,a ' ‘

| Seth and Woods state that they contined their’ |
attention to alloyl in uhich the 1lpu:1ty content is less -

than 2% because there is reeson to believe tra- Hbtnbeuor

expcriments (s8, 59’, !or ean-ple. that.in qenorll. th-
phonon spectrum is’ little changod from that of a pure
‘and from de Haas-van Alphon l.alux-lqntl (‘0) thlt’tht

-elactronlé ntructure of a metal 1- pot’ greetxy chlnﬂtd bY

(57)

»
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the impurities._ Under these circumstances, they" expected |
that contributions to. A(T,c) that might arise from a
deformed phonon spectrum as calculated by Kagan and -ﬂ-“
+£40) . § 3

Zhernov or from changes in the Fermi surface, would be

negligible. They considered that D.M.R., could arise.from_f

" three differéht’mechanisms: i) Ineldstic scattering'of the

electrons by the excess potential of the Vibrating impurity

ions,-i.e.. 02 (61, 62). The thermal v1brations of the

impurity may alsovmodify the form of the impurity

potential (63). (ii) An interference term between the

.'Bcattering by the vibrating impurities and the host ion,

i.e., 61 (40,53). (iii) Different anisotropies of the phonon

and impurity scattering over the Fermi surface (5‘)

rise to positive values of A(T,c). ~This contribution is -

4

usually discussed in- terma of the tw0'band model (65 66)

The two band model is really a simplified model’ !or -

"the anisotropy in the. acattering and it is appropriata to“

give a short discussion of it (aee Bs.a (39° for more ; 'v
details of’ the model -and ita application to exparimental |
data).r Sondheimer and Wilson (67) nada the firat atudy of
D.M.R. ariaing from aniaotropie acattaring.-_!hay atudied |
the transport properties ot a natal containing two. parabolic

banda o! alactrona and’ aaaunad that the raaiativitiaa due tn

- aach band would aeparataly obey Hatthiaaaan'a rnia. I£|

—

two bandaado nnt interact vith ‘each: othar. thair . F‘_
conductivitiaa wiil add. yialdinq s nat n.n.a.. Baing tha

,will give '
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Ty o ., L2 . : -- . / p
vqriati?nak principle, Kohler (66) investigated the nature :
) .of A(T,c) when the scéttering probability for glectrons in

the alloy is tpe‘édmuef the.prebebilities r ‘the ecatterlng'

by phonons anduby impurities; By notj Q that the trial ) -~
: fuﬁction,, ;, should be the egg,app;;;rlate to the e}loy,. ) |
' whlle the 1deal phonon and the residual resistiv1ty are

calculated separately using trial functions appropriate to - . Vo,
Ieachfof these.,‘two.caseeg i.e., 0; end:¢k respecﬁively, “ _ : ;';
Kohler,shoyeﬁ-tyat Metthieeeen's-rule w;e ohly.obeyed'if . ,ﬁ. .
£1=:¢£ ThisVis certeinly true if the Fermi eurfeee of the

LS -

metal and all scattering pgoceeees are isotropi¢ or if both  »

¢g end ¢§ have exactly the same enisotropy._ D.M.R.. will

E ex15t whenever Og is not identicel }p\ kﬁc In that case a oL

LS

-4

b

linear cembination of. OK and Ok-?ay be used to represent Qk

in the veriationel celculation.- . , o N

13

"f-ng. _ HaéDonald (69) generalized this procedure by
defin;ng a.relaxation time, rotk). for the ecettering of |
elecﬁrons by phonons which was allowed to be en erbitrary _ i« e
‘function of k. If t the relexation time for ecetbering by
pimpuritiea,ie ieotropic end the _total lcattering tine cen be

- . 3

:uritten as : o o

‘.ll -

N .
o * . -
- . . . N N
. . . . b N .
- . ' T ‘. ¢ ',
. - . oo
. - ' . . '
. . .
N * Q‘ . . e
!'x'l - n' A ‘ .o :
. .

4
o
. 7

-:“nacbomld obta.i.n.d for tho cgudnctivit? of the dlor

K
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T If Ty (k) is J.ndependent of Kk, this would yield A(T,c) = 0.
More generally, To(k) = Tg * S(k) ‘where T, is the averfye of

_'16(1_(}. iFor ¢ (k) /1, small, the limit TO << TR gives

(T) ) [1 <(6(k)) ] o : L | T
p = p + p L 4 ———— - .
0 RY L2 . :
, ' . To . . ‘ | | ' | //

14

Sinde the second term in the bracketsr is in general a func
of temperature, A(‘I‘,c) w:.ll ‘be given by pR<(6 (k)) >/1Athis

-

limit. 1In the opposite limit, when To >> TR_ o R

PalT) = oy + oML+ ———

. L4 . B R 1'

- . * . . oo T o
so that A('r.c) is proportional now to Po (T) .instead of PR

\,

'rhese approximate equatiOnl are unnble to explain the
nonlinear concentration dependenco and the vu:iation ttom
) i.mpurity to impurity \lhich is often cbserved in A(T.c) /°R‘

‘J

It is appu-ont thnt ‘the twp band uodal- as : N

generﬂized by uacnonald. is very sinilar in spirit it not

in detail to the theoty pronnted onrlier in ‘l’.hil t.hosia. ' _' > .
.- particularly the appro:int.o thcory- gim in BEgs. (3.56) to - Y
A3, 61). . In fact, Bq. (3.60) is osuntiany the same as tl'.(e
‘result A(ch) - .pn<(6(k)) >/to when l (T) is idont.iﬂod with ‘

\

<(6(k.)-l >/1° in ﬂ;o linit ‘l >> to. or,what is oquivahnt, o

1)

4



By (T} "2> pp. The result in Eq. (3. 61) for the other limit

of TO >> fR Or pp ">> By (T) is analogous to

A(T,c) = DO(T)<(6(k)) >/ro. 'The use of Gtk) to define the -

anisotropy in To (k) while a(k) defines the anieptropy in

nl/T (k) is mainly one of convenience, but the use of

6k} << 1 means that it is suhject to the same cniticisms

/

al;eady mentione for the a (T) which is really not small at

'_ some temperatures. .In practise, the two band model finds )

its most useful application in the noble metals (65) where

the anisotropy in the Fermi surface ig used to define
different scattering ‘times for phonons and impurities. for .

the neck ‘and belly orbits. However, Gugan (45) has also

'discussed his low temperature resistivity -data in potaaeium
in terms of this model. as has Carter (56) in hia study of

]

Al alloys. | _ . ‘ _ ‘

In their study of b M.R., Seth and Hbodu constdared,
as'well as Al-ng~whare ‘the impurity is heavier than the host
ion, dilute alloys such as Ag-Al, Ag-Mg and Cd-Mg whare the
impurity is lighter and ﬁay thul have a local mode ansociated
with it, ~By comparing these :eaults with the ronults of -
other alloya they atudied where. there is opsantially no naaa
change- e.g.., u-ug, they !ound no difference in the 4(T,c)
obtained which they could ascribe to the effect of mass
changes. Thus they. concludod that modifications of the phOnon-‘

'apectrun in th. dilute alloyl oeasiaarad aro not largo anough ;
.to produce aubatantial o.n.n?, This il coasiatant.vith tha

-

L




conclusion reached by Damon ‘and Klemens after a study
(57)

‘) | . \ |
\\\ i . 119

' ) ’ ' . . © "

(69). o .

of gpld alloys. On the other hand, Panova et al.

report an effect 1n Hg~Pb alloys from the quasilocal

- resonant mode. Independent evidence for the ex1stence of

'such modes has- been prov1ded by measurements of the'

(70) (71)

specific heat and ﬁnelastic neutron scattering

Seth and Wbods (55)

attrlbuted the observed-D.M'R.
to the three effects listed earlier but stated that it was
-not pc551ble to entlrely separate out contrlbutions to the
-observe&\; lues through thelr temperature dependence.‘
ﬁowever. they di conclude that at. 1ow temperature only the

b, M.R. due to inelast scattering from impurities @md the

L Qot-dhibY L§

two band effect are expect |to be important.‘ Damon et al. (72)

-

measured A(T,c) in some dilute d alloys and were able to ~ '

ik  —r
© Nl v

-1

. _separate out the various contribution and théir temperature

dependence.
¢

" The D.H R. arising trom °1' the. interfer“ ce between
i the scatterinq by impurities and by the phonon apectrum\of
the host lattice, is small AE. only small angle lcattaring is ;
included in the calculation (40, ?3). _Bhatie and-cupta ‘??)
included scattering at. all anglei lné toundlthat this'
produced a contribution to D.M.R. vhieh wan a few per cent
of Pp 8t T X 0 - This eontrihution can be either poshtive
or nogativo. depending on’ ‘the sign of Aw(q): this is 1n .

contrast to tha othcr contrihutions to the D.M.R." which -ro

poaitive. Yor eonplcl.ntary pairl of alloyl. for

- '

N [
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-~ ay

which the role of host and impurity are interchanged, the

sign of the interference coptribution should change but its

~

magnitude-remains prbportional to. T at high tempereture.

A I

This will result in a change 1n "the 51gn of the SIePe of this
contrlbutlon versus T, and it may be p0931b1e to ez:eriment—

ally determrne 1ts.presence. Seth and Wbods find

! agreement with this dlfference in the sxgn of the slope of

L

A(T,c) for the-complementary palrs. Al-Mg and Mg—Al, Ag—Cd
and Cd-Ag;-Ag-Mg and Mg-Ag a'md Al-Ag and Ag-Al.. 'rhey

' ‘concluded thgt not only doee the interference term explain

A

the change in the sign of ‘the slope of A(T,c) but it must be
'included if the origin of the negative veluee of AJT,c)'

itself, which were observed for Cd-Ag, Cd-Mg'and Mg-Al at

high tednerature. is to be understood (55’.

~

b - In h;s study ‘'of dilute Al dlloys, Carter (56)

.

examined

the applicability to his data of three modell for D.M. R..'

(i) The two band model.. (ii) A relationship for A(T.c).. <g '

having the form A(T,c) ~ T- lnpn. which was suggested by

Campbell et al: (73) ‘on the basis -of ‘their experimcntn on

dilute Al alloys between 1.5 and 40°K. They attributed such
-~ a dependence to the lo-s of translation syu-néry 1n tho

lattice upon introduction of a aubstantial amount of

impurities. (iii) A model proposed by Ehrlich {74) which cT

estinnted the effect of thnrnnt’n-klnpp :cattertng upon the
tenperature dap-nd.nco of the rtsiltivity of diluts, noble ’

netal based alloys. !hrlich extended a th.ory devolopod by
™.

A T R - ’ 2 » ,
K.‘\ ' ~ ‘ .I . .t : -

120

alltatxve-.
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»

(75) T

Kiemens and Jackson - to include impurity scattering.

The Fermi surface of tﬂe ncble -metals was constructed by
truncating a sphete'by‘mgans of élaqe; corréséondihg to the
Brilloﬁin zote boundaries. By assuming that\the éleqtron- jr o
phonon interaction moves an- electron over the spherlcal
portions of the Fermi sphere in small random steps, s0 that
the process.can 53 regarded as taking place bg dlffngion, :
the Boltzmanh equation could be converted into a two- |
dimensional_ditfusibn equation. DescEibing the imphrity.'
scattering by-ah isotropic re;q;#tion'tihe so.that in the!
. absence of'thermaltuﬁkiapp scattq:ihg there would Ee no

. D.M.R., Ehrlich' obtained for the alloy resistivity ''%)

PalTie) = pp =.03dT) + BlT0) T | Y

= by (TP (20,/08 (T) )

L
T

where b&jT) is thérﬁﬁonbn 1imited resistivity ih'tha absencti'
of umklapp scattering. and n 1- a ncnlurc of the anount of .-'
contact’ betwaen the Porni surtaco and th; Brillouln xone.
‘boundaries. The D.M.R. are produced by the factor r. uhich
l_is a function.of tenp.ratur._;nd concentration. Thc;forn og

p wau‘founa to be naariy the same for all values of g'and all

+

three cubép cryltal ltructur.n. ‘ . _
Cnrt.r also calparod his data to a thoory by nills 6y

which connidorod highor ordnr prucolsos in vhich an oloctron

’ N
" ’ o . . . *
' ' . ) . ' & . N
J—— . ) ) X
‘ . . . .
N - e L o _
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tupport the heuristic'arguments by Campbeil et al.

{ y L 122

. . ,
. N . ‘

. was scattered'first by a phonon and then,by an impurity.

-

He found thls theory successful in predicting the
A

concentration and temperature dependence of the D.M.R. in

Al alloys at low T, but unsuccessful at high T since the .
observed temperature dependence is not cons;stent with the

- theory. Mills' calculation has recently been criticized bg

(77) (79)

Dworin r Smith (78) ; and Sherrington "y a11 of whom

&

claim that Mills made an improper use of the Boltzmann
equation in including higher order scattering processes in

the manner he did.- Since Hills' calculation elaimedhto
’ (73) for

3

A(T.c) ~ T lnpR. their physical explanation of this form as

t ar151ng from the loss of translational symmetry is alao in

doubt.% ' oy
| In oomparing his data with Ehrlich(ﬂ theory 74)
Carter assumed that the model predicted that A(T.c) has the'

form

_\\.

*

Pa(T) = op +AT" + BT :

- vhere A/B should v:zy as o:/S " He found,‘houovor{'thot A/B

varied more nearly 2/5 - He took this as cvidepeor
against’ the appncabi_u_ty of Ehrlich's model, but Ehrlich
stressed that his model did not g.ndxnx"y.'yu'id'cne‘-mh.
form for a (TL.lllnlld by c.rtlr 1his was also eonfirlnd
by Schotte ana scbotu (00) vho uses a simplified modél for

' - T
SRR TN -

FELAN BN

.
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the Fermi surface of Al and 'showed that pa(T) could ¥y as

2.5 5

\any power of T between T and T7, depending on the various

assumptions made 1n the calculation.‘ Thus Carter 8 arguments .
do not reallyjravalidate Ehrlichts theory.. o o f' . ,
. Carter found that he could fit his data to the two |
' band model, although the variation of the parameters in this
- mod Wlth temperature was. not completely as predicted. He «
coLcluded that the two' band approxlmation may not fully .
‘represent’ the,relaration time anisotropy or that:aaditional
mechanisns'not considered in that nodei may'§i§e~a temperature'
depéndent impurity résistivityfi A more serious flaw ocoorrea
in some ‘of his data‘at about 96°R where tne éitted‘parameters.
_'.were such. as to imply A(T,c) = 0, while the axperimental data
gave a non—zero A(T,c) However, in this temparature region
the thermal expansion begins to be important, and the error. '
_bars on hia data made a ‘choice of parameters g&ving a non-:aro )
A(T.c) possible at all tamperatures. ‘ "
In comparing the exporimantal data and the |
.H\\_Egdbretical calculatians for a(T,c), it is very important‘ -
to consider the -problem. of volume changas. All - tho‘ﬁ R
:calculations in thia thesis wers nado—assuminq the same
. volume, appropriate to the host ‘material at low t-nparatura.‘
throughout. Voluna changes aro due to tharnal oxpansion‘ o

and, tor an alloy, changes in'aanpla voluna ariaing from the _

addition of 1-puritios._ Thasa attocts arofuaually naqlectod

,br tha dkporinaat.ra. bugdala and Baainaki (‘5’ auggaatoa

4
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that it is very important to correct for these chanées;
using available eﬁperimental data,'before comparing experi—

ment with‘theory. To lowest order the resulting corrections

o A(T,c) have the form (81)
‘ L A
> dpR S =T
Ai('l‘,c) = an [Q(T)' -\Q(O)]
dp, (T) -
A (T,c) = £ —-g—— dQ . R

Ai is the‘correction for thermai expansion_ and.n; is the
cqrrectlon for changes in average atomic volume apon
alloylng. For dilute alloys both are prbportional to c and
very neariy proportional to T. 1 ‘and Ai_muct.be obtained
from independent experimenta; and then subtracted from-the

: experxmental values of AtTrc) - The correction'for thermal
iexpanslon was found by Dugdale and-Basinski ‘65) to give a
10 to 20% correction to A(T.c) at. T = 300°K. ' The foﬁm of ‘
A (T,c) is more questionable since microacopic volune changes
Produced by alloying are not spread uniformly throughout the
cryatal lattice. ‘This 1. baslcally a sinilar problam to the
one dealt with in the corqection to the Friedel Sum Rule dua
to displacement o! the host ‘ions ltonnd an 1lpur1ty. ‘The
resulting change in the realqtivity could, therSfore, be
xdifferont from that produced. by a uniform: dilitation of the
pure lattice,as 4; assumes. The changol in resistance

produced by ‘this correction can be quite large - at 300°K

!

L
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Dugdale and Basinski (65) found values as large as 50% of
A(T,c). Seth and Wbods (55’ have not applied these
corrections to their data but Carter {56 did. He found
:the'following values for the total felative chaeje;LGA/A, 1n‘
the D.M.R.: =0.73 for Al-Cu, c = 1.03%:-+b.05’for Al-Ga,
c = 0.66%; +0.84 for Al-Mg, c = 1.5%; and -0.34 for Al-Zn,
c =2, l%; This correctlon can have an important effect on,
_the comparlson of theory with experlment at high temperature
if the 11near term in‘A(T c) due to the lnterference
between phonon ﬂfd impurity scattering is small. 1In that -
case 1t 13 possible. that applying the volume. correction

could change the.sigﬂ, leading to d;sagreement with theary.‘ *
(o] 'I,.,‘ "” ‘ 4 ’ ".. S a

- -~ - -
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, : v .
. 3.5 Results of Calculations of the D.M.R. in Aluminum Alloys

The ideal res:mst:.vity was calculated using’ an Ashcroft . )
pseudopotential w1th R = . 628 A- This value was chosen so
that the calculated values of the pure metal resistivity were
in good agreenent with the data of ‘Seth and Wbods_(ss) at A
temperature where the effects of the anisotrepy and thermai‘
expansion are not toodlerge. The theoretical valnes’of pd(T).
in general 1ie bel&ﬁ tte experimental valueS'for T greater.
hthan the value at which it is decided to fit theory to *
experiment. Below this temperature the theoretical values
are in general higher. Since the anisotropy is largest
below 100°K and the thermal expansion introduces corrections
"to the experimental data which increase with increesing

temperatdre. the value is fitted between 100'! and 150°K.

. e., using the variational fofmule with the lowest trial
.;/

"‘wavefunction for the resistivity.\the choice of

v

- N ) L /
R, = 0.628. A gives a value of po(T.- 140’!) = Q.B9§ ul-cm :

while the experimentel value is 0. 893,un-cn. The
scattering time fornula yivea lower values tor po(r) than ‘
the }owest order veriationel tnrnula. the difterence being
more pronounced et louer tenperaturel. Thul it theory and
experinent wers chmen »to egree at a qim veluo of ‘T, the.
value at which eqree-ent is obtained vhen the icettering

_tine forlula;for ootr) it used insteec.ot’the verietxonel

one, will be at some lower telperetekl- T@' f‘lﬂ!_fh“' ' AR



: - ‘ 127 7

obtained using Rc =-0.629"aéreeg-with.expefimenﬁ at about -

. 120°K‘ 'Beléw 120°K the calculaéed values are consistently

-
-

higher than the experimental values, sometimes by as much
‘as a factor of two while above.120°K the values are all
below the experlmental ones, by about 15~ 20%\§ﬁ room
\Eemperature. .This 1attez.comparlson does not include the
effect of thg thermal-gxpansion. The low‘temperature values
of the'reQistiVity are not,expecfeq t§ be quaﬁtftativély -
correct since the effect of the nonspﬁeriéal.Permi;surface
was not inclﬁded._ fhis‘gives rise to aﬁ artifié;al Hivgr;
génce:in G F(kw) and,u P(u) ‘Allep an# Cohen (82) have -
suggested a gimple-proceduxe,to, approximately, ramove'%his‘
‘difficulty. The-;owapf'% of the freduency dist;;butioﬁa,
e the.divergence ﬁééurs,is renormalized by multiplying

by w/wy. It is hoped that it will ?ventua}ly be‘pOfsiblp

t& pué the details'of.the Permi;aurface ints thése' |
calculations 80 that the low temparature DiM.R. 'in dilute
alloys of Al as onl as the pure metal reaisttvity may - be ‘
more reliably calculated. In an nnalysis o! the resistivity
 “ of the polyvalent matals, Lauronco and Hilkins (83) came to ’

the conclusion thatrthe diltortion o: the Permi surtaco
should have its most 1nportant .tfcct below about 4 40°K.

»

- Since th. vnluq; of A(r.c) are typically of tho P

~ e order of 0. 05 un-cn. thn r.llti!ply larqo discr‘pancio
\ .
betueen tho th.or-tical aad .:pcrinnntal valu.l 0 T)c i

¢ Foom t-pcratu;?,-

which are of the order: ot.o.l ufd
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would seem to make the calculations of A(T,c) rather’
dubious. However, .in calculating A(T,c), bne must calculate
both the alloy resistivity, Pa (T), as well as po(T) Since

p {T) is calculated by adding the various iﬂ%@rse scattering

times for the different pr:ocesmes,a including the one for the

" pure metal’ phonon scattering, the effect of the large error

~

in pO(T) will largely cancel out when ° _ ) .
-A(T,c) = pa(T) - po(T) - pR is calculatea. 'At;hiéht, .
where the anisotropy is essentially gone. this cancellation
will be'essentially exact, and at such tcﬁperatutcs_the'
DtH.R. are mainly givcn by tne impurity resistivities 01.
and Py which var& lineariy with concentration and'tcmperature

F 4 Do

for. hign'T. At 1low. T, the averaging of the total. Tk}

'.causes the <t (k) and the various other 1's to be mixed in a

complicated, nonlinear falhion 80 that it would not be J;;//////
expected that the errors 1n potT) cancel uhon A(T.')/i//
calculated. -Sincc the residual lcattcri

amples. and it is of the
' (55).

ime dominatal

order of To (k) tor 00'! (c.g.. Seth and Hoods qivc

 the tqmperature at’ which po(r) “R as 50‘*~£or c = 0,13%,

fT - BO'K forc = 0.1%. and T, - 4zo'x fo: c = 1.75% in.Al-Hq
alloyu) it is oxpoct at such crrors. as unll as orrors

ariling from the n.qlcct of the Permi surface diltortionl.'.

~will 1nad to the hum that is cbeerved in A(‘r,c) coming

. at the vronq tll@czaturo and with thc wrony -ngnttndo
. This can bo seen hy lookinq at the npprouiunto oxprcolion-
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for A(T,c) given in the section on the D.M R. in the alkali

metals where it was shown that the most 1nterest1ng, non— ¢

11near effects occur when Ty (k) N Tge and changlng one . of
0 : \ .
these quantltles w1ll lead to this equality occurrxng at a

temperature where the anisotropy in To (k) is different.

.

c The results for the varlous alloys of Al are R

! . —

' presented in the form of two graphs: for each impurit “In
“the flrst graph, only To (k) and“1 have,been included in

the calcula\}on, while in the second one the other scattering
.- ™ / v
o mechanlsms hagg,been includeghas well as the Debye-Waller 'L' .

factorq’ The effect of the.mass change is only included for

/

;;>J’ thost alloys where the mase rat{# is at least 2 1l and only .
AT s
for the largest concentrations. ‘A8 before. a superscript M

will ‘be. used\to denote the fact. that the masgs effect has

L

.
-been ancluded, 1. e.. otn)ﬂr) /Aﬁ;reome elloys a third .. }

graph is also given which includee all the ecatterlng ‘;‘Q.f
mechanisms except the Debye-ﬂaller fector. . - _'T L i:
e By Pig. 17, the recults for A(T 3) in Al-Ag for the\

‘_.'varioun concentrations studied by Seth nd'ﬂoodaégis) ;; L

Tom) )
and t but tolchow the 1n£1u.nce of the uacs‘changc ‘on - -'.,, l-:

glven. Figure l?(a) _was calculated ing¢l uding ju

o(k). the third curve, tor c=0. lat. vas calculatcd uith‘

15"L(k) 1natead of totk)- ?ha effect is to cnnsc a lliqhtl

decrease in A(T,c) pcrtioula:ly ct hiqh T, but it -nlt be : ;d

¢

reneabered that only one-o! the terms contqinlng mass .‘
: chanqes hau beon includod.‘ riqure l1(b) van calculato&

- “ . * - : . -
i 1 - s, i oy

- B . . g : . . -
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A(T,c)

0.020

0.015]

0.010

0..005

100 . 200 300-

T(°X)

)

: A('r.c) versus T. for Al-Ag i.ncludinq T.'L and 1'2

as well as -rotk) und ‘n in the calculation.
The remlts are for c = 0. 06! (~—-) and 0. 18\
°°°) us:l.ng a valuaof R, = 0. 359 A for the |
l:llm :l.-purity. The rostlt when th. -au

. changes are mcludod 1- given by (-—-) for

c= o_.1_u. ‘ The eomspoadlng rcqnlts ustng
"_lte - 1.109 A for the silver impurity are given

by (==-), (--==) and {=----) respectively.
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- Fig. 17c:

100 200" © 300
TR “

C e
A(T.c) versus T for Al-Ag using R, ~ 1.109 A

for the silver 1mpur1ty and also includinq the
_Dobye-Waller factor in the calculation. .Tho ’

o132

rosults are to: c = 0.06% (---)c 0. 10! {=eee=),

and 0,18% (----) vhon this mass changaa are

included. = - N *
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including'r1 and T, as we?l, using two different vaiues‘of
the Ashcroft parameter R, .for the impurity, both of which
give the same Tp but which give very different values for

o ‘ :
Tl'and Tye The value R = 0.359 A gives larger values for ., SR

- A(T,c) eSpec1ally at hlgh T where it causes a very rapid

[

rlse in A{T,c). Comparison with experlment shows that in
general there is not such a rapid rise, and so in all other 7 (’
calculatlons, the value of R for the impurity producing

the smaller A(T,c) was used. Including the ‘mass effect- in

a11 relevant terms is now seen to produce a small increase

in A(T,c). Flgure 17(c) shows the effect of including the
bebye-Waller factor as well in pR and pz."?his causes ‘a
decrease in A(T.c).. particularly at high T leadinq to
better agreement with experiment. | " ‘ "r

Detailed comparison with the experimental results

— T

,shows that the size of the hump. is- a bit too small and that

its peak is at a slightly lower temperaturo., There is mdre,
 disagreement at high T, particularly when Ty 2 and 2 are *a |
IHCIuded. giving riso to a linear component in A(T,c). witﬁj\ .

a positive slope while the oxperimental ‘a(T,c) has a 3

-—-‘-___________.__
ey b

: negative slope above 100'!. Noverthelenl. ‘the rocultc in

Fig. 17(a), where just rojk1 and tg are 1nc1udod, ahow that

the qualitative behaviour of A(T.c) is ucll understood.

These results glco show that :\o:;ntivo clopo in A(r,c).at .

high temperature is nct necessari Y the result of Tt giving -
nogativo contribution to: A(T.c). In fact, tholcontribution;

A
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.of--r1 to A(T,c) calculated in this thesis is always smaller-
. than that of Toe which is always positive. Thus the change

[

in the sign of the'slepe of A{T,c) at high.T for complemen- -

tary alloys mentloned earlxer will probably not arise as
(53)°

stated by Bhatia and Gupta . However, since none of sthe
calculations here could be apne for both members of a péir

as this, in general, would involve a noble’metal_hoSt, i.e.,

'Ag,'or a_hexegonal.Closed packed strﬁqtufe for the ﬁbst
material, i.e., Mg, this is not cohcluéive preef against
‘such a mechanism for‘expleining'the change in sién.. Also,
the use of better 1mpur1ty potentials and not restricting
the calculation to the Born approx tion, might alter the
relatxve importance of 'r' and Ty m% | ‘ .

- In Flg. 18 the results for A(T,c) for’ the: Al-Hg . "

"(55)

alloys con31dered by Seth and Woods are given. In .

this case, the results including just T (k) and 1 give .
\values that .are much too small compared to the experimantal Lo o

ones, while the resulti Hhen 3 and%_: are also 1nc1uded are -

-

C v mmmm e o

in much better qualitative aqrcament. The size of the hunp.l
_l“_;GBPGCiBIIY £6r. the more concentrated alloys., . is about a

_factor 6f 2 /too” small, hut thg ltrong linear rise at high T
'for c=1 5! is in fair aqtecnent. Tho lincar co-ponent

'for c - o sn is, however, too lttong. The value of - . T .
= 0.772 A tor the Mg 1-purity uus chosen to give pn 1n .
(” ” Lt

agreenent with th. usnal th-or.ticll valuec .

.nentionod by rukaiw(’) inclnding the effect ot the distorted
A :

- |
.; o L | L
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(T.c) versus '1‘ for the Al-Hg alloya studi.ed by

_ Seth and Woods, with ¢ = 0. 138 (—), 0. 61\

(f") and 1.75¢ (-—=). Only TO(R) lnd Tr
were included in the calculation.’
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Fermi surface in calculating oR gives much better agreement
' - .
with experiment. Such effects would also influence p, as,
well as o and Py ;_ ; ;Q'
Next, in Fig. 19. the results for A(T, c)/pR for the

(s6)

Al-Mg alloys considered by Carter are presentéd. The

most noticeable result of‘plotting“A(m,c)/bR instead of ‘

A(T c¢) is that 1n the former case the largest values are

obtained for the smallest PR While -in the latter cass. “the -

' opp051te is true. _This provides strong evidence that it is

]
a fundamental property of the pure metal, i.e., the aniso-

' tropy, which is very sensitive ‘to a small amount of

Y

o

1mpur1ties, that gives the major contribution to the D.M.R..
Also. it shows that A(T,c) has a concentration dependence
which is weaker than 1inear at low T. Detailed comparison .

with the experimental "data shows that ‘the hump is of the .-

right magnitude and occurs at almost the'correct temperature;

/

but that the subsequent decrease in A(T.c)/on is much ‘too

large. For the more concantratod samples, there is again a

too large linear component at high T. Also, the aiparimentél'

data shows a significant linaar riaa in A('r.c)/pR or tho
most dilute alloys, in dircct contract -to the thoorctical
results in Pig. 19 which aro.ellontially flat at high_T.

This is also in disagracnant with tho_data of s.th and Hoodd._
; 56 —_ e
as has been point.d out by Baa- (39) Carter (56 has -

included corroctions !or voluno chanqas to his data vhila

.,

[

,5Seth and uoods hav. not. If Cartar a data is tnd.od corr-ct -

-“_I
S

{
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calculation.
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so-fhat a strong linear componént exists in A(T,c)/pR for
small Pr ané a ﬁea&ér compongﬂﬁ for larger PRr* then it ﬁould
‘be in very strong disagreement with tye basic mechanisms
cohtributing to the D.M.R. presentgd'hére since it is
diffic&lt to imagine that the use of better treatments of the

Fermi surfécé anisotropy and the impurity botentiél could
-ever élve a result for A.(T,c)/pR whlch has a stronger linear
compone\\ for the smaller values of PRre This is sxmply due
to the fact that it is 11 and Ty which give this linear
component and they are both proportional to the ncentration
‘whlle Carter's results give larger values for A;ij)/pa for
the more ‘dilute- samples at room temperature. '
The results corresponding to Carter 8 data er Al—Cu,
Al-Ga and‘Al—Zn alloys are shown in Pigs. 20 to 22 tespec-
tzvely. The agreedint between theory for the size and
location of the hump “in A('E,c)/pR is in general fair but the
rapid decrease in A(T, c)/pR past the peak 15 a genoral
-‘feature of the calculations ‘which is not observed
experimentally. For the more cqncantratad samples, the ‘
qualitative behauiour of A(T c)/pR i! bettar given whan only

Ty(k) and 71 are includod but th. nagnitudo is usually only

R

about one half the oxpnrin.ntal value. Sinllarly. the strong -

lenear rise 1n M‘l‘.c)/pR presont for the nor. diluta alloys
. but essentially absent for the' concontrated.oncs is in sharp
conitrast to thc thoor.t.lenl mulu. but as mentiocned above,
thor. is diaaqroon.ut botw.on the e:poril-ntalists on this

>

o
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"‘_A(chl)/DR

t'xi

Fig. 2la: A(T;C)/DR versus 'r fo: the Al-Ga alloys
o studied _by_ Carter, with ¢ = 0.035% (—).,
o¥108 (%), 0.198 t-é-),‘o 6648 (---)' L .
"and 0.6648 (=+--) (including the mass o
.. change). Only T4(k) and rn were included
in. the calculation. . L -
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point,'EO that it.woulo be very desirable to have further

experimental .work in these'alloyé at temperatures above 160°K.
\ The.effect.of the mass changes is in general seen to

be small but it-muét be.remembered that Cu, Ga and 2Zn are

less than three times as heavy as Al. This agrees oith-the

(55)

conclu51ons of Seth and Woods who dld not find any

sxgn;flcant effects that could be attrlbuted to the mass
changesf .This -fact is clearly shown in Fig. 23, where. “.
"calculations-with c = 1% for Al with Ag;'Cu, Ga and Zn are . {
shown w1th and wlthout the mass change. 1In all oeses the
¢changes. are small and, since they do not exhihlt any
characterlstxc structure, diffzcult to deduce from the
'comparlson of theory and experiment in view of the many
other uncertainties in the calculations which overshadow
‘the small effect. . ‘_

All of the calculaﬁed values of A(T,c)/pp show a
very-sharp hump for the smallest values oflpRL in ‘p' |
'dzsagreement with the experiments which show a much broader
"hump which only comes down very//—ightly-to the, right of the
- peek bef the linear rise takes over. The sharp hump in
-the cai la ions is a diroct result of the form of anisotropy
in To(k) Since a rather arbitrary renornalization procodnro.,
mentioned aarlier, was used on tho first s-of the ottective
frequency distributionn, this makes the vnluen o! Tg (k) np .

to 8,/5 % 85°K doubttul. In: oontrast to the case of Al, the
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(36}

- anisotropy in Li shows a broader structure . persisting .
. - ‘r‘~

, "
to higher temperature. This leads to the broader hump o ;y
obseryed'in the Li alioys. h#other, more subtle effect

should mlso be mentioned. For potassium, consideréd |

earlier, .several différent.pseudoﬁotentia%s were.used in
thqfaai;ulétion and:it‘wéé found that the Bardeen

" pseudop tential gave élmdéh larger amount of anisotropy

than the Ashéroft form. 'ﬁasimilar probieﬁ may giso,ekiﬁf

. in aluminum. . : : ' : : 8

-




CHAPTER IV

Ied

EFFECT OF LATTICE RELAXATION ON THE RESISTIVITY.

4.1 Relation to thé Lattice Statics at T =0

‘In Chapter I it was‘ehown that the relaxatioh‘of the
host atoms around an impurity in a metal give rise to an -
additional scattering mechanism for the conduction elaectrons.
This 1ntroduces a correction to the Friedel Sum Rule and to
the usual expression for the residual re81stivity.- It was
mentioned in the discussion of the D.M.R. that volume changes
and strain fields, presen; in an alloy but not in the pu:e |
wetal, can also contribute to the D.M. R. dip a substantial
fashion. Since the experimental values of PR’ which of
coyrse include the effect of the lattice relaxation, vere
aeed "in the calculations. it is of interest to try to
1nc1ude .such correctionl explicitly in the finite temperature

resistivity of the alloy. ' -_ Co o o

pamon et al. (72) have given a sinple phenomenological 'é

theory of the ef!act of the ltr(a.in around an impurity on the

| reaistivity.' Bergmann (84) has considarad the affect of ions
. displaced from their parfact lattice positions in a diacuaaion
of disorder in a’ aup-:condhctor. and Vail (85) nas conlid¢r°d

" the combined effect of lattice talaxation and the thermal .

~

» -
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.
vibrations of io;s et finite_temperature in con;ection with
‘the theory of polarons and F centers. ’ o _ ¢
In this chapter a 31mp1e theory to iq§lude ‘the

effect of lattice relaxation both at T = 0 and at finite T
will be given The model for the. lattice is Similar to
~that used in connection with the D.M. R..,,cﬂﬁ‘impurity atom. .
at ‘the origin w1th a scattering cross section different o
from that of a host atom, but with the same mass as the
host atoms. This is not a very severe ;estriction becausee-
the effects of mass changés on the D.M. R: were found, -‘.

generally to be small in detailed calculations.

When iattice.relaxation is included, the Hamiltonian

for the lattice is, to 1o;est order (set h = 1 for )
convenience) ;- " | ) o ) -
HL = ;1 ggl (agl +.a.i9}) + ;A‘ w'(sl)a;}aéx | (‘-ﬁl) . "

where ag and “;1 are the phonon dostruction and croation

operators for a phorion with wlvcvoctor g, branch - index A and’

energy u(gJ«); "The co'upling‘\'constmt._ 93_1' for the -inpurif:y .
is . ' !
. : 0
- - y ‘- iq R
T I I S ) (gr) VO, ® N | ST
v ) m-.( — AT T A .

vhere U, is th. pomw iu 2q. (2 31) !ro-’which :ho
force dxiviog th. bpst ato-s to thc relax-d ponition- may be-
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derived. The second term 1n Eq. (4. 1) 19 just the ueual one

for a perfect harmonlc 1attiqe whlle ‘the fert term which is
11near in the ionic dlsplacement or phonon operators wouid
be zero in_a perfect 1attice. Both the force constant )

) matrlx 1mp11c1t 1n m(g}) and the perturblng potential Uz are* -

to be evaluated at the equillbraum sites of the perfect
*(7)

lattlce, in contrast to the method of 1attice statics
where the perturbing potential- is evaluated at the relaxed ;-f-
posltlons ‘

It w111 be immediately'recognized that HL ia just
‘u‘ the Hamlltonlan for a three—dimenslonal system of displaced" T

harmonlc oscillators which ¢an be diagonalized by tha

unltary transformétion‘Jas) : nl \ ‘ o ml‘, .“'
. 9, gA i P o
) P A= exp{ II —-(—n- t.gl - ‘-g)«”_' R ' (‘4.3)
4 (}'—- _ F "
so that. . .
L} .' ' ‘o‘ )
KD hﬂLA 2 u(g})agA 9? - B¢ L | (. )
" Here " Ac is a,constant shift in andrqy qiven by - . e
¢ 2 N = |
' L l9 U o -
, Ac °' I .S} o . L . . (‘.5’.

I! the ai,L;emtntu of the- hanonic nuumnhn. ao. 1.... ’
jult !:!u ueoud urn ot Iq. (4.1). ati donotoa by |0>. then

-
L o : b F ' o .iw

. ’ d ) .
' - s » s ! . - F-d

C o -, . . i . D’ R
- LT e oo L : . p
3 . 1 ' . . . . . .
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they are also ﬂlgenstates of Hy, but the eigenvalues of H ,
dlffer by Ae.‘ Denote-the elgenstates of H by |¥> and they
are relateq to the - [¢> by . N
[+] . -
" P - : ¢ 1’ .
- .+ . N ‘ ., . A ! . ...
llp':» .--'.A |¢> L . : . § . (4-§)
\(_. + | | | ‘-. - ’ ‘h. : - "-
where means the hermitian cohjugate. * o, B

The displacement or relaxation Al of a host ioﬁ

£ orlglnally at may be. calculated in' terms of the displace-
By ,

/

‘ment operator_uz by o \ N > o &\
- - § " . ) . . . 4
. ' ' " ’. ' / . .
Ay = <plggle T - SRR P 4
where,- in iérms_éf the,phonbn‘operators,-gz'ls given byr -
' . .B-‘Z.. ' | l 1/ -ig.ng ' .‘. . 5 ....
= ' . + a L.
u, = )Zi (W’ - elgr)e (ag -gl)"}-; \
- U A S R T Ha.e)
Using Eq. (4.6) the formula for 4, may be rgwritten’as . !

S N

A straightforward a lication of the expression for A in,iha

. . . * )
é.@.z_' ‘“AE;A I"_ .

general‘fesultlfot operators C and D | | ' . ”

"o%peC s b+ (6,01 + § teile.DI] 4 one -'aaiggQJ‘
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gives the result

o A o
,I}EQ,A =W, + .:.E..g(o.) ) C e (4‘.10)
where ' \\
- B.Z. etgqd)  ig'RC
. - 3 1/2 . EW g R
£,00) = - I ) Cdg e
- gk | I (atgn)
- i :no o 0 .
B.Z.el(g}) o 43y -ig-R,
= - I gm— oty I elg))-WUe SalN
' A Cowt(gA)  4#0 L
. : 4 4 . (4.11)
Since <¢lg&ﬂ$> = 0 and 21(0) is not\an operator, the
following result for 4, is obtained | .
‘ . \ _ |
= £ | S e | (4,12
A, = £,(00 .- - o (4.12)
J " 4his is the same as Eq. (2.13) and the usual lattice

.sta;icé result (/) ‘axcept VU, is being evaluated at the
perfect lqtticé. sites instead of the.relaxed lattica

 equilibrium sites.

kl | .‘_ . r-
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- 4.2 Finite Temperature Formalism and Results

At finite temperature, the rthermal average of sarious

. operators vill be needed. For an qrbitrary operator, D;'this

is given‘by

<ilpli>

L

I .i Zp

<p>

- ‘ ) ’ | \

" VWhere w; and |i> aré the exact eigénvalues and ‘eigenstates of

" the system and zé'is the partiticn function\ The imporcant

« . )
point to note in connection with thermal averages is that the

Jelgenvalues of H and’ H8 ‘differ only by a constant Ae and

thlS will cancel in-e /z leaving only the eigenvalues of

-the harmonic \lattice. described by Ho ' Using Eq. 64'69 and

the fact that AA* =1,  any thermal average for a system

*

described by HL may be reduced to a thermal ‘average for a

system described by Ho .

The basic quantity which needs to be evaluated is

< E > : , R
e . 8 T .

- . .4

where the superscript BL is included explicitly to note

‘that the eiqenvaluee and elgen4tates to be used are those of

,HL...The ;1me dependenca of thﬁ operatorl in the neisenherq \

J .

picture is given by . ~\
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\

H'Ll..']'HLtHL. Lt

n,”(t) = e (O)e A - \

H.o ' - , ’ , :
= u, (t) - £, () + A, e _ (4.13)

-

. -
" which is obtained by using the Heisenberg equation of motion
u .
\for g_gL(t) . In Eq. (4.13) £,1{%) is the generalization of

£,(0)

. ' . .. . | 0 . -
Co. . B.Z. 4 € (gr) - ig*R, - .
2.1/2 - =£ .
£,(8) = - T R L ;. cos(wlght) . |
* @ B @R '
: ’ (4.14)
‘Thus matrix elements like-
“igeug (8)  igrgg . (0) o
‘<‘p ‘e . - . ¢i> y
- cigeuo(t) . igeu,. (@ I
= <¢i|Ae' g"." .A'rAe . =& A+|¢i> (4.15)

. [
?eed to be evaluated. where the superscript Ho is dropped.
-ig-u, (t)’
Y expanding e- - =% , it is easily proved that

! _3‘"" _ o ‘ . | | o |
AQ A - ‘ < ..\ - . X

¥ - ' 1 2. .
3lc.ol - 4c “3C
Usinq the re].ations eCe® = eC*Pe T and <@g * 8 o
{

43)

‘which are vand for a system of harmnic oscillators '

the following reuult is o bt._ainp&




<e

-iﬂ"t_ﬁ.g'ég, '
=g o

i

Here WD\W (g) is the Debye—ﬂaller factor defined prevxously.

-igfg:LIt) ig}gi?(OJ H
en

( r | L,
)y -3w '() <qeu, (t i (0)> - |
e b.w. \d eg‘iy.”-‘lﬂy.-()-r.*

' (4. 16)

From here the derivatlon proceeds ln‘the same manner

as ithhe theory of tPe

D. H R. presented prevxously.

~ When the 1&%ﬁrity at the origin 15 3 cludedv

explic1tly, three more\such thermal averages arise

the motion of the impurity is correlated with the ﬁost atoms

\ . .
and‘with itself. These

contributions will be very similar

to Eq. (4.16) except'that Qb = 0, i,e.,'the impurity by

symmetry is not relaxed,

appropriate to them arJ

and the Bcattering cross sections:

2w {q) Aw (q) and I’t(q)l instead of|

|W(q)| ‘ Expanding both tﬂb‘dynamic and static displaceme ts'

to second order and including the fsotors of .

~

-ia ° ia'&;-
e :

-

-

\x&éh have been dropped

ik the ahove discussion. the

following exprsssions contributing to the resistivity will-

be obtained. FProm those terms oontsining no dynsnic- oy
220

- displacements, a corrsction to, the rosidusl resistivity is

obtained. in upic4:lnw(q).

.

{ is'rsplsosd-by




;

' ig-Rg 2 .
lawlq) ~i E e 4,1¢ '
* 0 429 | X

This is ormally the same as. the expre551on used -by Fukai 9 -

enedek and Baratoff (29) in dlscu531ng the changes in

Pp ¥ hen lattice relaxatlon is included. FProm the terms.

| containing Just‘;he dynanic displacements, the usual terms
presented in the 1scusslon of the D.M.R. are obtained,
while if both dynamlc and statlc dlsplacements aré included,
some new contrlbutlo s are obtamned. ertlng these terms
as aéé YF(w).in analpgy with the prev1ous work, the additional

terms are (neglectlnF the constant factors 1n-Eq.9{3 14)) .

\
|

2(4) 3 2 -ig- (Ry-Ry.)
hFw - I":qd..q_l_w(qﬂ ile Y @ap By
: £ - .
Bz]g_c(kl)lz 11: (R _‘fi S
VP S B 6w li))
R UNY —w(kA) _ '
| lg- e(x)I

a2 iR ) - gd3qlw(qi|2 R (@-8y)" T — TN ‘“’”(9A’)

-
w
e

2(6}P(m, - c I-q¢3qw(q)av(q) L 2(9'5 )

- 1 B. s. lg-:(k )l L
. | " x sin{g-a IEXS (u—Q(E})) L
! ‘ i -
B ’ B.%.

| &

z .
, kA
Clgeen 1
¥ 1439

cos(g-k) RS umu (X))«

L]
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]

-

There are no’ terms with lAw(q)l since th%i ‘would dnvo}ve
only A by whxch is equal to zero as mentioned previonslf ’
Although most of these expressions are rather complicated”
because of the lattice suﬂs and the extra sum over the B.Z.,
it should be p0551b1e to get an estimate of these corrections
by using a Debye model. to simpllfy the k sum. The exponen—
tial factors as well as the {(g° Azr(g A.,), where the |
relaxatlon parameters ma? be positive of negative, will
. probably lead to a great deal of cancellatlon between the
. various terms in the double 1att1ce sum in u:é,)rtm) so that
géS)F(w) is expected to give a larger contrlbutlon than _
§é4?F(w) The term with & = 1 “in 02(4)F(u) should. however,
be: also'considered. In the case of ugés)f(m) and dié?’?(w)a
they are both, approx;mntely, dependent on Ai, for small Y
but the 1atter distribution also has the factor | ‘
cos((g‘%i Rz’ which will cause canceilation amongxthe various
terms inthe lattice sum. so that oz(G)P(u) will probably z"'
ﬁ'giQo}a more’ important. contribution. -Bowever, it is also
proportional to the concentration 8o that the doninnnt term -
is u%é?’?(m) together witn'the g = &' term in a:é‘)r{m).
" From a knowledge ‘of tho A’.'l appmpriﬁe fot a given impurity,
the lattice sum miy be_ per!omd m“ the ﬂi“’-’“’““""" calcul=.
ated in an'anaiogouo. manner to the one for the puro metal..
_ Tho 1n£1uence of the rolaxation on tho'finita
R 1'temnotntnra*resistivity is .xpoctod ‘to be qrtlt03t°'h‘“ th°.."-

v
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jonic volumes of the host and impurity ioﬁs differ
substantially. This is what is found in detailed
calculatlons of the resxdual re31stiv1ty of alkali impurltles

(30)

in’ alkall host metals The mismatch of the ionio

q%umes causes a greater strain in accomodatlng the
impurity in the host matrlx,,leadxng to larger values of
the relaxation parameters=gg.

.
-

R
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CHAPTER V

- CONCLUSION AND DISCUSSION

This the51s has dealt w;th the problem of simple
defects such as vacancies and subet1tut10na1 lmpuritles, “in
the- dllute llmlt, in a metal. The effects of these defects

" on the .system were discussed in texms of the add1tiona1
scatterlng mechanisms they cause in the metal. This leads,
at zero temperature, to a relaxatlon or displacement of the

- host ions around a defect of £ . their perfect lattice:

Jequlllbrium positlons. The Friedel Sum Rule or displaced
charge sum rule, which relates the phase shifts of: the ]
conduction electron at the Fermi surface due to the defect

'-ecattering to the exceee charge of the defect, mnet be

‘modified to include the additional gscattering off the
displaced host ione., Withln the Born approximation, a
simple, microscopig_dgg}vation was given to include the
additional gscattering. It was also’ shown that the corrgction
term to the F.S. R. iB directly related to. the volumne

change caused by the net displacement of all the hoet‘lone

ineide-an arbitrary large sphere in: the metal. SOee

,numerical estimates were given for the corzection, and the

-

relation of this correction to an analogoue correction in

the calculation of the reeldual reeiltivity wvas diecu
It was pcinted out" that the additional ecatter

T aee
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_displaced ions becomes particularly iﬁp&ttant fer isovalent
impurities sxnce then the AZ 1n the F.S.R. is equal to zero,
and the net scatterlng amplitude of the impurity is thus
very sensitive to the correctlon texrm.

At flnlte temperature. the conduction electrons are
scattered by the vibrating ions or phqpons as well as by any
defects. Also, there are extra effects due to the thermal
‘vibrations of'the-defects and possible mass differences
between the ;ost and the impurity. In a pure metal the
'phonons prepagatinq‘in?differeut directions often show a
great‘deal of anisotropy.‘ Similarly,the electtou-phonon ,
intetaction is very anisotropic, particularly when umklapp
processes are considered.' This anlsotroPy. which is greatest
at low temperature when the thermal population of phonons is
restricted to low energy phonons, causes the scattering time
-assoclated with the electron-phonon contribution to the
‘xesistivity to be very anisotxopic over the Permi surface.
The addition of a small amount of impurities can radically

1."

affect the net anisotropy in the total scattering time,

\leading to significant D.M. R.. ‘Detailed calculations of the
D.M.R, in potassium give good graanont with experiment (“)
showing that the 'physical ofigin of the D.M.R. nay be .

' understood in. terms of the washing out of the anisotropy.
:Sinilar results were allo obtained for lodiun and rubidiun.
For lithium the enilotmopy is mach more pronounced and
persists to uuch-tigher,t-nporatutaa. i N

RN

~
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Results for very dilute alloys of Li- demonstrate the
1mportance of 1nc1ud1ng the effect of the: 1mpur1t1es both in
the alloy and in the purest Sample. For“the more concentratedl
alloys of Ll-Mg and Li-Ag, the effect of the inelastic |
scatterlng off the 1mpur1t1es becomes more important, _
especially at hlgh temperature,but the calculatlons tend to
overestimate this effect, so that often better qualitative
,.agreement'is achieved by just'including ‘the elastic impurity
scatterlng.. The effect of the mass change in Li-Mg is very )
small whlle in Ll—hg, it is more SLgnfficant. However, it ”
just glves an increase to the hump in A(T,c) ‘and is not the

(50)_

cause of the hump, as _was previously thought The effect:

of mass changes does produce séme pronounced effects in the

spec1f1c heat (87) and in the neutron scatterlng .cross
Vsectlon (‘2) but in t;; resistxvity, the effect of the‘
washing out of the anisotropy tends to dominate the D M.R.,
at least until the impurity c&_sentratxon is so lerge that
anisotropy has become negligible. '

U P04 luminum, moéh aubstantial and systematic

reselts are available (55 56) including alloys with Mg, Ag,

- 2n,- Cu and Ga as inpurities. covering the whole range of

' temperature up to room tenperature. ‘The detailed calculations

: give fair agreenent with experiment even at low teaperature

- where the effect of the rerni ‘surface anilotropy,uhich "has

‘ -heen neglected should be pore important. . The hump in a({tr,c) .

is too sharp, especially for thc most dilute alloys. and the
. 4
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linear Yise at high temperature, is usually too ‘strong, B
although including the Debye—waller factor in the scatterrng
form factors glves some improvement. The overall agreement, t
however, leaves little doubt that the main causes of the
D.M.R. in dllute Al alloys are the ones represented in the
celculatlons presented in this thesls. It must he
emembered that ‘the scattering form factor for Al has one
' parameter, R_. "which is fitted to the pure metal resistivrty
at some 1ntermed1ate temperature, between 120° and 150°K; it
' would be very useful if the impurity form facter, instead of
being fitted to the residual resistivity, ﬁere_fitted, also
©oat v 150°K to the total resistivity of a relatively
concentrated alloy, say ¢ % 1%, so that the p, temm has an
. appreciable magnitude compared to pR Por the low
| temperature velues of A(T,c), it is- most important thet the
details of the anlsotropy in rotk) are calculated correctly.
. Thie depends on using a realistic acattering form factor for
the: host ions and the experimentally measured phonons in the
density of states, F(w), as well as ‘jncluding umklapp '
' processes properly .- Since the enisotropf'in e scattering
4 tine is so crucial, it might ‘be o! interest to use the t,{k)
,celculated accordinq to the’ prescription of Robinson end
Dow (37) in an jterative fashion in the noltznaﬂn equation.
| This vould have the sane etfect as using still higher trial

' wevefunctione ‘in the veriatiomel procedure . except that less

1
. : . V“.\‘
_ ‘ - SN

i
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computation will probably be involved since To(gj already

\ -

has a great deal of anisotropy.

It is interesting to~note that many of the features-

. in A(T,c), esPec1a11y the huﬁn,at low temperature, are = °

common to a w1de variety of alloys with different host

(39),

metals Simple metals like the alkalis and aluminum,

. valence 2 metals like cadmium and magnesrum which heve band

overlap. and the noble metals. Although the details of the

Fermi surface must~be'included if quantitative results are

.desired. the main features which mist be- included in the

calculation are the realistic form factors. the experimentally

" measured phonons and the proper inclusion of umklapp

processes in the electron—phonon interaction. The latter
particularly w111 reflect differences in the Permi surface.

" The methods used in calculeting A(T c) using the

,_-

‘anisotropic scattering time are probebly also applicable to l

many other properties- of metele. ‘when an. anisotropic

scattering time is defined for the electronic thernel

conductivity or the ultraeonic attenuation, prelininnry L

reeulte show that these are mich less enisotropic then the

| ecattering tine-for'the.reeietivity. Nevertheless, in Li

there s enough anieotropy that it should he included\in a.
celculetion. The thernel conductivity is co-pIiceted 5; the
f\:t that higher order correctione to the-energy dependence
of the trial. vevetunction are probebly more ieportent ‘than -

the oorrectione to the enieotropy. e.g.. !or potee:iue.
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i

. Ekin (88) showed that the better, energy dependence can give
. -

' ‘changes of about 20% while calculatlons including Just the

anisotropy better produce changes of only " 3% for’ K. In
| - '
the ultrasonic attenuation.scattering time, there is elso
\

1i tle anisotropy but’ since the quantity of interest is the

ratio of the times for the ultrasonic attenuation and the.

(46) .

. resistivity ' this ratio will reflect the anisotropy

anc’impurity erendence qf the_reSLStivity scattering time-:
" when COmparison betweenrtheory}end experiment is m;ae. The ’
effective number of electrons, n*/n, in the Hall effect for
simple meEals is given by (89)- <7 (k)>/<r(k)> wherg\the
scattering ‘times are the same as those for the resistivity.A

Recently, Ekin and Bringer ( 1) found ‘that the magnetoresis—

‘tance may be used to obtain information ebout the anisotropy

- in resistivity scattering time since this wi11 be decreesed

»

by the magneiic field. Ancther field .of application of these
35) -
besic ideas is to the infrared properties of metals- ﬁllen (35)

has shown that the a.c: conductivitg may be expressed in terms

Of argFlw . . : . o
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