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In recent years, the vibration problems associated

with turbine blades have become of increasing importance.

.Blades in a gas turbine can fail if theyg;e/sﬁﬁge;;;;/Z;

alternating forces haZiiE/EEEEa}n/ffeg;;;éies;- Thus a need

has arisen for accurate determination of these'dangerous -
>// _
frequenc1es, so that the p0551b111ty of fallure occurlng

T a -

durlng runnlng can be av01ded

R, *

Thls thesis presents a numerlcal'method to predlct

the frequenc1es which must be av01ded in the devxgn of gas

turbines. The accuracy of the method 1s tested by - USlng it
\

Lt
i

'!.

to solve some V1bratlon problems for whlch analyt1qal or -

’

experimental results are available. , ¥ J
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ABSTRACT °
x : ) < b ;

The development of an in-plane ;nnuie; sector finite

element is presented. The accuracy of the element is tested .
by two ndmerical examples, and it gave satisfactory results.

Also two modlfled cyllndrlcal shell elements. are

4

'developed. The flrst element has 20 degrees of freeQQmTand

4

tbesjfcond has 28 degrees of freedom. It is found that the

use of the. 28 degrees‘of freedom element resulted in quite

o

*rapld convergence.

-
;1—-

The accuracy of the transfer matrlx - flnlte efbment
methoﬂ‘is,tested by solving ‘several vibration Qroblems:of

plates and shells, for which'analyfical or'experimental

-

results ere available. This method has the main advantage of
: requir;ng a small computef without redﬁcing the number of

deQrees cf freedom of the system. o o
~ ‘
Flnally, the transfer matrix - flnlte element method

lS used to calculate the first few natural frequenc1es of
-~nonrqt3t1ng low aspect ratio turbcmachlnery blades mounted on

a rimmed digc. The bladed rimmed disc is\ccggicered as an

—

assembly of annular sector finite elemehts,vcylindficel shell .

elemehts, and flat plates’ triangular elements. It is found
"that'the”natural frequencies obtained are lower than tﬁeee
obtained for' cantilever blades. It is found also that

instead of sharp natural'frequencies, there are bands of

,.:\,

frequenc;ea, with the wzdth of each band decreasxng with
::;

increa31ng utlffneds cf the disc. = o -
: iv T
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e .CHAPTER 1 -
INTRODUCTION

o -~ ' P . .)o

) The de51gn of modern gas turblnes con#xnues to”
empha51ze the development of hlgher power and longer llfe for
lighter welght. Unfortunately the. resultlng flex1ble : f
structures also contlnue to, exhlbxt tbe unde51rable tendency
to v1brate 1n any of. its many natural modes. A major 7
llmltatlon in the path towards llghﬁfnelght -and long llfe 1s
the'v1btatlon cau51ng metal fatlgue.. Thus a need has arlsen

for accurate’determination of ‘the vibratlon charactexistlcs

of - turbine blades. - , o o e

1n,the last twenty years, a large number of technlcal

Baocrs havé appeared, glv1ng various approaches to the

vlbratxon analy51s of turquachlnary biades. The blades are
‘ . :
‘gencrally ldeallzcd as cantllever beams. ThlS beam type of s

analyszs, although good enough for long blades, cannot be
N *‘r

exoected to glve accurate results for low aspect ratlo blades.‘

* Such> blades ought to’ be treated as shells. For a complex

structuxe 11 Ke tw;stcd tapered blade of aerof011 cross~sectlon,

the esact analysls based on . shalIow shell thcory is rather a
fornldablc tash. Hoacver, recent advances utlllzlng the
finite clenent method make such an analyaxv feasxblc.

8

In rost of thc work done ‘on the v;bratlcn analysxs of

~ 1
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turbine blades, the disc on which the blades“are'mounted is

4 >

considered absolutely rigid.  Hence, the blade can be treated
as a separate unit for wvibration analysis; However, the‘@isc

has some elasticity, and hence the blades and the disc should

be conS{?ered as an assembly.
while the finite elementfmethod has proved to be a |

convenient and powerful technique fox the apprexlmate-analysis

of structures, it is known. that the application of the flnlte

element method for- 1nvest1gat1ng the v1bratlon ana1y51s of a

»

*

" bladed disc requlres a huge computer size, to obtain-a

reasonable accuracy. To overcome_this difficulty, a method

\\
based on a combrnatlon of finite element technlque and

transfer matrlx method is used. : . .

In the present analysxs the dlSC is. assumed to be

clamped at 1tsu1nner edge, and it has a cyllndrlcal rim on

W

whlch the blades are mounted The blades are flxed at thelr

L}

roots ‘and there is no damping in- the system and the. effect of .

rotation is not consxdered.

‘The flrst,objectlve of the present 1nvestlgatxon is

¥

to review the slgnlflcant work done on'

™

r‘(a)3 the v1bzatlon ana1y51s of turbomachlnery blades;

takxng into account the effect of the elasticity of . .

i

Lo the dlsc.

E

(b) the numerlcal methods deallng Ulth dynamlc prohlems )

requiring computer size greater,than the s;zes

available. S . .? o L

s




For the vibration janalysis of th?:diSCf we need,an
in-plane ennular sector £inits element._ Hence the second
objective is the derinetion of such eléement. Since the
finite element nethoa introduces severel approximations, it
1s therefore necessary to test the accuracy of this. annular
element— ThlS is achleved by u51ng 1t to obtaln_the solution
for some problems er -which. the analytlcal solutlons are
avallable. | | _

The best sultable ex1st1ng cyllndrlcal shell element -
assumes that the thlckness of the shellwls very sﬁallgvltﬂ
respect to 1ts radius. So the thirdvobjecﬁive-of«this analysis
is to derive a modlfled cyllndrlcal shell flnlte elament

L

without neglectlng any term in the derlvatxon. The appllcatlon

v

of thls element is ghecked by using it to obtain the solution

-

'of some vibration problems for whlch experlmental solutlons

ye

are aVallable. | ~

| The fourth ob]ectlve is to test the aceuracy of the
method based on a combination of the fznxte element technlque .
and the transfer matrix method, .and also to show the reductxon
in computlng size achleved by this method. -The method 15

'applled to study the vlbratlon ofs (a) a square cantilever

plate, (b) a square s sxmply supported plate. (c) annular

lvﬁdcantilever' plates . (d) a rectangular. platc with irregular -

'boundaries, (e) a cantxlever -fan blade ard (£) clamped-ring

stiffened c1rcular cyllndrlcal ﬁhells.
- . R .

1




. The laét,objéctive of the presenﬁ_aﬁalyéis is to carry
out the numerical computations in order to get the first few

natural\frgquencies of a bladed rimmed disc when the blades

are: (a) square flat plates, (b) twisted plates, and to see
thg‘effect of reducing the raEio_of thejbuter to the inner

radii of the disci

fad
L]
4




R - CHAPTER 2 N

LITERATURE SURVEY

2.1 Introduction

L")

13

The bldde§ have' an aerofoil cross-section aqd'éossesé,
in addition to camber and iongitudinal taper, a preéwist to
allow for the varlatlon in tangential velocity along the

n{engths The method of mounting the blades on the disc varles
congiderably for different types of engines. ' The elast;cxty
of the disc and the shroud coupies the vibratory motion of the
‘blades of the same row. A certain amount.of daﬁping is also
inherent in the system, \rising from material inelasticity,

friction at the root, aer / ynamié forces, etc. An accurate

"determlnatlon of the vibration characteristics of such a system

in .2 centrifngal force fleld and subjected to’ aerodynamxc
0

excxtatlons, is a challengxng task ' . o

Many papers dealzng with the analytlcal and experlmental .

‘ stuﬁies of the problem have appeared in the literature. Thé
different técﬁniques fof the .experimental investigation of
turbémachinery'blade vibrafions,.ﬁave been réviewed by ‘
Dokainish and Jagannath (°. R

For the theoretzcal analysis of blade vzbratlon problem,

nany symnleying assumptions are generally Lntroduced. in most

AN

e ' : s . . o
Numbers between brackeis degignates referencos at the‘en@i
S . . R " - L . ) --
~ L .

E



of the analytical work that has appeared in this field{'ﬁhe

13

blade is idealized ds a tapered, pretwisted cantilever beam.
‘The effect of root flexihility,‘disc elasticity, shrouding
and damping have not usually been included in such anqusis;‘

However, the effedt of these oarameters on the vibration -

charaterstlcs has been studled separately by some 1nvest1gator5.

" In such 1nvest1gatlons several other assumptlons are genenally

A
made, e.g,- neglectlng the pretw1st, assumlng the cross—sectlon

to be rettangular, treatlng the blade as a single degree o#
freedom system, etc. ' S " < o T
”he methods of;aoalysis %hat have ‘been used for blade
‘v1brat10n problems vary con51derably - from the exact solution
_of dlfferentlal equaéeons of motlon on the one extreme; to the
emplrlcal relations based on experlence}bn-the other. The’

majorlty of the 1nvest1gators, however, have used an approx1nate

numerlcal‘hethod such as the Rayleigh- thz energy approach, the

) Myhlestad type lumped massgﬁechnlque, the Stodola method the

matrlx dlsplacement analy51s, the numerical solutlon of

- differential equations, etc.:A review of the work done in the’

. field of Gibraﬁron analysis of blades has been carried out by

Rawtanl\{2] ' . ) -

“ If the disc on whlch the blades are mounted is con51dered
absolutely rigid, the blade can beotreated as a separate unlt
for vibration analysrs, as has been done in most cf the

anestlgatxons. However, the dlsc has some elasticity, and
: »

. ‘hence the blades and the disc should;be considered as an

-
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assembly. Energy from a blade can be transferred to the
adjacent blades through the disc, whlch modlfles the vibration

.characteristics of the blades. The existence of “such rotor

coupling is'deﬁonstrated by teSts in which a v1brat10n exciter

Y

3

is attached to a blade on a rotor, at standstill. Lerge

N

vibratory amplltudes are observed on blades far from the

- -

. egclter and connected to it through the rotor. -The_response
of each blaeefdepends not oniy on its own natura1~frequency;
_damping and ercitation, but also on the'charaoterietios of
the other blades and the rotor.

It is known that the analytlcal solutrons for the : ‘“Sﬁg
-natural frequencres of“plates and shells are p0551b$e only

for a 11m1ted set of %hapes, boundary conditions and '

thlcknesses. Approx1mate numerical methods are, therefore, -

L4

-‘importent for the anaiysis of such structures.isTheAfinite

elément_ﬁethod is probebly the§@ost'widely'used nunerical

hethod at present.. A comprehensxve presentatlon of the method

and lts many appllcatlons has been given by Zienkiewicz [3]l

n

and Holland and Bell [4].

P -

: For good accuracy with the finite ‘element technique,
it is ‘necessary to have a large number of degrees of freedom,'
Cresultlng in very large matrices. The central memory of : 1_fz

presently avaxlable digital computers, therefore, becomes the
'restrlctlng factor on the total number of degrees of freedom °
that can be used. - r, - o o | Tt
' i "%.'
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In the next two sections, a review is represenﬁed of the
work done on the vibration analysis of bladed aisks, and of
the naumerical methods dealing with dynamic, problems that have

‘been developed that require inordinate compute: sizes.,

Goay

» _. Ve
. T - .
2.2 Review oﬁ\Vibration Analysis -of Bladed Discs

\ . R
Steam turbine blade and disk vibrations -first becamel

. of 1mportance to englneers between 1910 ,and 1920 when a number

o ‘

=of turblne fallures'occured. The flrst paper to be devoted
}

to this subject was by Campbell {5] in whlch the 1nvestxgat10ne¢

of the General Electric Company into the causes of failure of

“ . .‘ . T = ¢
a number of their turbine disks is reported.

This,paper is“mainlynof anlexperimental nature. By

kN

- ’ - . L3 . a'I - - 4
using two electromagnétic pick-ups, situated close to

1

‘moving with a rotating turbine wheel it was possiblg to
" the existence pf-a-vibretion in the wheel which is statio
with respect to sbage. Such a vibration could be induced

ﬁeintained by 1xregu1ariti§§ in the steam flow on leaving the

previous nozzle row. _
, .
 The resonant frequencmes and mode shapes of a vzbratlng

- statlonary bladed turblne wheel, the vibrations be;hg at .right

i “'l

angles ‘to 1ts plane, were also 1nvest1gated by exciting the

system thh.an electromagnetlc_drlve, sand-was used to identify -

k4

the,negal pattern of each resonance. From these tests it was
-, found that the system vibrated with nodal diametesgs, or padal

- circles or combinations of both.



v

e

° “When e'turbine-wheel rotates it was found that the
centrifugal forces 1ncreased the, frequency of v1b;at10ns of
the wheel. The relationship between the frequenC1es of the

: disk when rotating and wheh stationary could be expresSed

%f approximately by the following relationshipr‘ ‘

s S - s

fr = f_ + B NS {(2.1)

~

p'.f£ .Ais the natural frequency, when rotating.
fS is. the natural frequency, when stationary.

1
- C a4

B le a - Constant. . !

Ns is the rotat10na1 speed

The valu® of B depends upon the shape of t?e wheel,

the tightness and manner of Supsost Qn_ehe shaft, the sightness
of the blade roots on the wheel and the intefdelstresses in
the'wheel._ Because the effects of many of these fectors coulad
, hot be 1ncluded in an analytlcal ereatment of the problem, the
practlce of carrying out tests by rotatlng the actual bladed
wheels was contxnued. Usually such tests were carrled out
when statlc tests showed that the dlfference-between the
resonant frequency_of the disk and the excitation freqtency,
.possible in the.turbiﬁe.'was so small that the ihcrease in: f. ;

frequency due tdfcentrifugal effects‘might cause resonant

vibrations in ‘service. . .



10
The_basic method of calculating the frequencies of a
bladed disk which has been proposed is due to Stodola [61.

. In thie‘method of calculating the natural frequencies of the
system, use is mede of the Rayleigh's principle in which;én
appro#imetion to the natural frequency is obtained bf equating
the maximum kinetic]and,potentialienergies which—tne systeﬁ

attains. The dccuracy of the estimate of ffequency depends

upon the extent to which the deflection assumed for

'calculatlon of the energles agrees wlth the actual displacement
of the‘system. However, it_can_be shown that the calculated T
h‘frequencv is always high if an incorrect,displacement form
is assumed ‘ S ‘ ‘ s .
Stodola derived expre551ons-for the klnetlc energy of

a vibrating disk and the potent1a1 energles due first to the

flexure of the disk and second to. the work done agaxnst the

centrlfugal forces.- These expressxons are rather complex'an&ﬂi """
for thelr appllcatlon to a disk of varylng thickness a
graphlcal method of evéluatlon is suggested Thls calculation |
'should be done for at least three different forms and then . AN
from a plot of frequency agalnst some parameter 1dent1fy1ng B
the assuﬁed modal shape,'the minimum, and hence the most
accurate frequency can be determlned.

An . attempt to accurately represent the presence of the

blades on the dxsk is glven by Malkln [7]. In this paper he

proposes that the inaccuracieS‘arising in some cases are due

PO




© inability to choose the correét deflected'shape. He then
suggests that when the disk is bladed with long blades, conly
the' outer portlon of ‘the dlsk partLC1pates in the motlon.

idea is.based on the follow1ng, rather unusual, conception.

e e e R A R S R S R

alkln con51ders the case of a rlgldly leEd cantllever,_

Figure (1), which has sudden ‘chiange in sectlon mld-way along

'i its length;‘and'which_is setninto,vibration by a sudden impulse._‘

The fundamental mode of vibration is ‘the only one which =
persists as the others deoay because of the damping. He claims:
that in the case of such a oantilever,'the lowest tybe'o%

W

transverse vlbratlon is characterlzed by the fact that only a

T

section ac , Flgure {1}, of the heavier part OA ‘is -

E part1c1pat1ng in the v1brat10ns of .the part AB y if the'“

i

-

length of the latter 1s long enough as compared w1th the
) length of the part OA .. . ' o ’ '
. / ’
A Malkln then links the above system to that of & bladed

-~

@f wheel in Wthh the blades EQGXIOHQ- When thlS is the case he -

suggests that only an outer. rlng shaped portlon of the wheel

will be involved in the v1brat10ns. To allow for thisg effect.

=

in one of hlS methods of dalculatlon for the frequenc1es of ‘ ,

E‘ the comblned system, based on Raylexgh‘s prxnczple, he retains‘
g -
the radius of thls "resting core® in the expresszons for tht

P

kinetic and potentlal energles and’ determlnes the radlus of 7: N

the’ c1rc1e to produce the fundamental: frequency of the system.'

If the natural frequenc;es of, the v;bratxon of the

I. I
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disc are plotted as ofdieate against the number of nodal
diameters K ‘as abscissa, a nqmbee of single points are
obtained. Freudenreich [8] called the curve connecting.these
éoints the "static Characteristic of the disc". Actually
there will be a "characteristic" for eaeh number of nodal
circles. The blading, by reason of its mass, naturally has

an 1nfluence on the natural frequencies of the vibrations, the
tendency being of course to lower the frequencies. If the
straight %ine N=Kn , where n is:the speed of fotetion,“
which may be called the "Etraigﬁt line of excitatibn"':uts the
characteristic $¥ a whole number of nodal diameters, reasonace

ﬂ .
will result.

The v1brat10n of a turblne disc in its plane (1n the

radial and clrcumferentlal directions) has been 1nvest1gated

by Singh and Nandeeswaraiya [9] , Yamada [10] , Tumura and
. oba [11] and Fillipov {12,21. It was indicated that the
coupling between ihe circumferential and radial modes of

vibrations is negligible for all practical purposes. The

blades were replaced by a contlnuous rlng wzth the radlal
thickness equal to the height of the blades, and an axlal
width equal to the average of that of the blades. They
concluded that; for the’ case of rigld hub mountlngs, it is the
c1rcumferent1al v1brat10ns which are 11kely to be of greatest
danger, while for 1oose hub mountings, the radial vibration

-
medes are- of greater, sxgnlflcance. ”h?ﬂeffect é% the




s ) ’ ’ _ oo ‘ L s
i ‘

. ' peripheral mass is. to lower the frequenc1es of free v;brateons
5. in all cases. Also it was shown that for rlgld hub mountlngs,’
¥ . the natural frequenc1es 1ncreases as the ratio of. rnner radlus

to outer radius of. the disc 1ncreases.

Fllllpov {12;2} has considered’ the problem of the - -
- tangential v1bratlons-of the blades togetherXW1th the torsional :
vibrationsﬁof”the disc, when'all the blades vibrate in phase.

The effect of ‘the rim is allowed for by 1ntroduc1ng masses |

& and moments at the blade rbots. Satlsfylng the coupling

B conditions; a transcendetal equatlon for flndlng the frequenc1es

r

is derived. The effect of the centrlfugal force is accounted

o

fér by 1ntroduc1ng a longitudinal force at thé end cf each

, ~ . ) K
blade.} L - T IR h ?

W

A e

Elllngton and challlon [13] have 1nvest1gated the

N !
1 effect of elastic coupl g through the rim of the dlsc, ‘on the

frequencies of the blades, by analyzxng a 51mp11f1ed model

In this model, the- blades are replaced by unlform beams flxed

to the r;m.at thelr roots and v1brat1ng in a plane parallel
to the piane of the. dlsc. This means‘thetﬂthe effect of -twist,
tape¥, and obl;qulty is neglected The rim is coﬁéideted as a
unlform elastic rxng, permlttlng no radial dlsplacement at the
rootsd f the blades.' ) o

The mass of the rim is elther neglected or consxdered
as /being concentrated -at the toots of the blades. For the s
*ahelfsis, three adjacent blades( h+1} n and n—l.)‘ate assumed
ito heparallelbto eech other‘end the portiopkpéethe rim joining = -

=i LT ’ . . :
mn - . - R - B -
Ea R L - \ . . .
- V v ’ . ¢
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. them-is taken as a straight beam, as shown in Figure (2).

The method_of analysis can be_summarized as-follows.-
‘The differential eguation for the cantilever blade}(n)

_’," - . o ,.:- <
is first solved with the boundary conditions of zero shear and

moment at the “free end, and with zero deflectioq and bending’
moment oM. at the root. An expression for.the slope Bn‘ at .
the. root is thus ‘obtained. The portioﬁ of the rim between the

three adjacent blades is next treated as a continuous beam o

with zero deflectlons at the roots of the. blades and acted -

upon by the bendlng couples Mn41 ¢ Mn and Mn+l” at these 4

poxnts. A relatlon between the slopes en 1! Bn and 09{1

is thus established for each of the successive blades, Noting7
‘that the (N+l) blade 1s in fact the same as bﬁade numbered
‘zero, as shown in Flgure (2) ' and-xmoosxng perlodlc ‘solution
,for the slopes at the roots, the natural frequenc1es are

v : R
obtalned ' '

The\analy51s has shown that if taere are N fdenticaf=
?_ blades7moupted on an elastlc*rlm, the*system has N fendamentglA'
frequencles,‘ N first overtones, etc. However; if the |
stlffness of'the rim ls large comparedrto that of the blade,

- as is generally the case, these frequencxes are very near to ‘
*_the*correspondlng frequency oé_the 1nd1V1dua1 blade. Thus, o
;rlnstead of sharp natural frequencxes, there are bands of |
frequenczes, with the Wldth of thls band decreasxng with

1ncrea51ng stlffnefs ‘of the disc. This explaxns the scatter

in the. natural frequenczes usually observed 1n vrbratxon tests.
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The coupling effects due to the blade ring, for the cases when

either all blades have identic frequencies or alternate
bYades have identical frequencies, have been investggated by
Sohngen [14, 2]

Another simplified model for a row?of blades mounted

-~

on a flexible disc is suggested by‘Wagner [15] and is

&

illustrated in-Figure (3). ~Each blade has teen presented bf_‘

a single degree of freedom system which has the same natural T

g

frequency and damping factor as that of a particular mode of

s

the"blade. Each subsystem is attached to a common ring’
support{.representing the disc periphery. Thls ring 1s assumed

to have flex1b111ty and is attached to a Ilgld foundatlon

;]

representing the centre of the_dlsc, where there is assumed‘

£

to be no vibratory defleetion. The equations'of motion of _"
each sebsys;em are derived,‘ Aii the'subsystems would ébnttibute
to the deflectioe of .the flexible support’atlthe point of
ettachment of en}'sﬁbsystemf:hence the-influehce factors:for_
the flexible ring are required. - These factors have been .
‘derived in'theﬁpaper using the.analysis of curved&beams o;
elastic foundations. It has beeﬁ'é%ﬁcluded from this analysis
°thet:mu1t}pie resonence,peek%vipratory.stresses; can be
prcduced by the'diﬁferences in the.?atural'frequeneies ambné
the blades and the coupling resulting from the f£lexibility of
the disc. Coublihg’is aiso shown:to averége out the dariping -
'present in dxfferent blades of the same row.

Euxns [16] has fcund that the presence of small
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foundation

Figure 3 ' - . , j

A Simplified Model for .Blade Disc Assenbly
suggested by Wagner [15]
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differences between the blades on a bladed disk - gives rise
ta a,natural frequency spllttlng phenomenon in which a pair
of modes with close natural frequencles and similar |
characteristics are formed in place of an apparently single
mode of, V1brat10n 1n the perfect, or tunedr system.

Furthefmore, it has been found that the degree of spTxttlng

% e

is cloegly related to the degree of detuhlng, and that w1th1n

the range covéred by typical blade varlatlons (e g. blade
mass w1th1n +2*5% of average}, the maximum frequency split ’
is of the same order of magnltude as the amplltude of the )
blade varlatlon.a It has been also shown that [16 171, with the |,
random arrangements of typlcal ‘blades Wthh usually occur in
practlce, some blades may suffer ‘stress levels which are
20% hlgher than. these of the equlvalent tuned systems.
Con51derat10n of the above methods, to account for
the couPllng effects due to dlSC elastlclty, 1nd1cates that.<g
(a) The Rayleigh's method'used by Stodola [6] and Malkin [7] “
glves only a crude gstimation for the, fundamental frequency,
(b) The 1nvest1gatlon of 1n—p1ane v1bratxon of the disc llmlts
the analysrs to a spec1f1c type of motlon, and (c) In the

sxmpllfled models, the blades have either been consxdered as_

sxngle degree of freedom systems [15] or as untwisted,

'dntapered parallel beanms [13] ; obviously these models are not

=

entirely suitable for computation of actual systems, they can

'+ at most serve in the 1nterpretatlon of test results and in -

guidxng further work on thlS top;c._ , e

& | N




2.3.Methods Dealiﬁg with Natural Frequencies of Large Structures

‘The,eng;neer'frequently examines strﬁctural dynamics
pfoblems with hundreds; or even thousands, of degree'of.freedomé .
The eigenvalue solutlons of full matrices however are very »
expensive, and even with only a few hundred degrees of freedom

theY'may’use a g;eat deal of computer time and storage>- Clearly

a technlque is needed o ellmlnate variables, so as to reduce = y

st

the number of degrees of freedom in structural dynamic problems.
The - technlque-csed by gnderson, Erons and Zlenklew1ez
-[18] retains only a small proportlon of the nodal deflections,
called "masters : The remaining "slave" deflections take the
values giving least straln energy, regardless of what effect
thls has on the klnetlc energy. |

Given some englneerlng Sklll in ch0031ng the master

deflectlons, very llttle accuracy may be 1ost. The number of

master nodes may be only 108 of the total, and only one
deflection out of three may be retalned at each node, yet the
frequencies may be raccurate enough for pract1ca1 purposes.
{ At
Y

2  Howevery ‘the main dlsadvantage of thlS method - is that

it is p0551b1e to suppress or falsify the lower frequenC1es

e

i€ 1nappropr1ate displacements are elimlnatedr
Another method whlch has been used for deallng with
large structures is the dynamic substructurlng method. The key
k feature of this approach, is the retention of those o o

L dlsplacements necessary for_ the connectlon of the subject .

E
L substructure to the other substructures of the complete system.
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In this method the properties ahd the modes of—the structural
system are synthe31zed from those of the componénts of
substructures that make up the system. Dlsplacements related
to each component are defined by a set of modal coordinates.
Aﬁtransformatlon is derlued which connects component coordinates
and sfste% coordinates. By use of this transformation, mass
and stiffuess matrices for-tte system are;constructed,from the
separate cqnponents. Using'thiS'system uatrices, a matrix \
equatlon for the free v1bratlon of an undamped elastlc structure“
1s wrltten.. The ‘method was ploneered by Hurty [19 20], but

further 51mpllf1catlons were 1ntroduced 1ater by Cralg and .

Bampton [21], Goldman [22] and Gladwell [23]

L The third method, the transfer matrlx method, lS not

completely new. It has its predecessors in the tabular methods

e

3 Wthh were successfully applied before the advert of computer.
For example [24], there are Holzer s method applicable to vib-
ratlng'rods and Myklestad's‘method for treatlng beam vibrations.
The transfer matrix, once introduced, developed rapidly

between 1950 and 1960, especially.in Germany. As\a-matter of
fact.;the'method was méinlu'used to solve=problemsﬁhaving

point oasses and'springs, and-beams having_continuous distributed;

mass and elasticity.

.In this method f{25] the state-vector at a poxnt 1

of an elastic system, Figure (4), is defined as a column \;

vector\whose compononts are the generali”ed dlsplacements of

tho po1nt i ,~and the correspondlng generalized forces. :

v
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3 _ The transfer matrix is defined as the matrix which

relates two state vectors at different positions in the

g' elastic system, i.e.f- ) J;R\\\ - - - -
{z};,, = (715 {2}, - _ (2.2)

- s _ |
where [T], is the transfer matrix, and"{Z}i is the state g

4 vector at poxnt i "Obv1ously, if ‘there are n componentS'

in the column matrlx, the transfer matrlx is sqﬁhre and of

R

size n . ‘Starting from one slde of the system, we can

ellmlnate all 1ntermedlate state Vectors of the system This

resultg in . : o | g

Szl = te) 2y, - (2.3)

where '{Z}k and {Z}L are the state vectors at the right and
X - : . ) A . e -
left boundaries of tﬁe.system. Applying %?e boundary
[‘F 1
condltlons we cobtain the frequency determxnant. In practice,

&

the ﬁrequency determxnant is plotted for dlfferent values
of angular frequency, zero values of the determinant
correspondlng to the natural(frequenc1es of the system.

. .
In using a computer, wh;ch has always a fxnlte numbcr

of digits, to find the zero value of the degermlnant, -
nunerical difficulﬁiesfwill arise if we want to calculate
hiéher naturai,frequencies. In this case, the value of the

_determinant depends -upon differences of almost equally large




24

quantltles, so that from the practlcal standpoint the zeros

of the determlnant cannot be found. Two procedures have been

developed by Fuhrke [26] and Leckle and Pestel [27] to overcome
| these numerical dlfflcultles. However, these procedures are

unsuitable from the practical standpoint if applied to problems

=

of order higher than 4.

~

<

" In the static and dynamlc 1nvestlgat10ns of multi-

"degree of‘freedom syetems by means of transfer matrices,

o

problems are-sometimes-encountered where the number of state
vector component decreases, or increases, as we-gdo from one
g

boundary of the system to the other. ‘Under ‘such circumstances,

it is useful to employ rectangular tranefer matrices instead.

of the square fype. Pestel [28] demonstrated how these
ectangular matrices are formed. .
whltehead [29] found that, by a suitable choice of the

order and signs. of the elements of the state vector, the

: ,‘transfer'maﬁrix can, in many cases, be made symmetr1ca1 about
the seéondary didgonal that is the diagonal runninq from the

top ‘right corner to the bottom left corner of the matrlxi j;>/“\.
v Thls property is useful in checkxng the derlvatlon of transfer
~d

3 matrices in partzcular cases, and also 1n'the preparatxon of

computer programs. - )

The appllcatlon of the transfer matrlces was extended o
"by Bergmann and Pestel [30] to the Llnetlc eramlnatlon of
.delta ‘wings, and by Gradowezyk [31] in connectxon wrth the

exact theory of bendlng of prismatic shells. Aalso Ramaih, [3ZJ




&

iy

presented a method for analysisfcf folded.platee using

transfer matrices.

k]
¥

The idea of the transfer matrix method has been

]

extended by Dokainish [33] to the vibraticc'problem of square- -

3

plates.® The technique is a combination of transfer matrix
- -

and finite element methods. In his work, the plate.ie

divided into several strips, with afnumber of nodes on the b

left and right edges of each strip.\ Each strip is subdivided

into - finfte elements: and the stiffness and ﬁass matrices are

5 -

~obtained for individual strips, The nodal. equilibrium

) . -

equatlons are arranged to obtain a relatlon between the edge

variables of the left and the right edgee. The edge varlables

o«

are the forces and the displacements of ail the nodes on the

—

edge. Requlrements of dlsplacement contlnulty and force
equlllbrlum at the nodes, on common edges of two adjacent L
i strips, give the transfer matrlx relatlon. Sgpce551ve matrix
multlpllcatlon flnally relates the varlables of the left and |

ﬁ the rlght boundaries of the plate. Boundary conditions

requlre the determihant of a poxtlon of the overall transfer
matrlx to vanish at the correct natural frequency. This - =
method has the main advantage of requlrﬁng a small computer"
w1thout reducxng the number of degrees of freedomn. of the systcm.

It may be mentloned that the idea of extendlng the
“transfer matrix approach to rectangular plates was alsor
conceived by Leckie [34]. However, for obtaln;ng_the relaticn'

<3

between the edge variables, he replaced the plate by an
v o _ ‘ , _ :

»
o
]
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| ) . . . ] .
. o : _ . : o
eqitivalent network of beams, based on, the Hrennikoff framework

¥

model }35]. His method of ana%ysis,'thereforé; has-the built-

in limitations of the Hrennikof model. In the Eransfer‘
matrlx- finite element approach th relatlon between the edge
.variables is based on the'more versatile finite element
techniéue and hence, the method can be used for vibration
analy51s of plates as well as shells of~var1ab1e thickness.

Another approach has'been used to solve large/g:;en—
value problens, Thls approach consists in seekxng the /
stationary p01nts of the Rayleigh quotlent [36]

e -

L

. subject to - : N _ .
] : ’ . \ - ] g

%

x; M X =0 i=1,2,.0..,0-1 . (2.5)
then
. . .o - - 2 . ‘ ‘ .
ki R . min { A(xl) } - wz B ) . | ! _(2-6) .'a "

~where K, M, Wy and x are the stlffness matrix, the mass

matrlx, the -ithr elgenvalue and exgenvector, respectlvely.
,\/

The constralnt equatlon (2 5) represents the xmposxtLbn of

the M—orthogonallty ‘condition between the eigenvector T L

cuurently being s?ught and all thevprevzously determined
eigenvectors. Geometrxcally speaklng, these constralnts merely

restr;c* the portlon of vector space in uh1ch the earch foz




27

: . |
the ﬂth eigenvector is carried.out and in this restricted

space A has a minimum corresponding to w, . o
When,minimiifng the Rayleigh quotient, it is ne longer -
necessarf to physically build up the structural matrices K |
and M . -Indeéd, such an algorithm requires only the~
~computatlons of the Raylelgh quotient and its gradient vector
et any*p01nt. This can be performed by re-readlng the
N‘elementary matrices separatelynfrom tape or disk units [36]."
‘ The'first techhiquee for-minimizing the Rayleigh
quotlent were confrned to the"gteepest descent” method, and k < a\
were unsatlsfactory because of the slow convergence provxded |
-by thls algorlthm However,rother technlques have been

' _developed by Geradin [36] and Fried [37]

‘Summarizing the dlscu531on of the various methods

L
Y

"available fo: calculating natural frequencies of large
structures, iﬁ can be noted that: (a) the elimination method

needs some engineering skill in choosing the master deflections

A v

to aveig loss of accuracy, (b)the dynamic substructuring
,methodfbecémes much too'involvea if tﬁe system has to be divided
into many eubstructures, (c) the method of mlnlmlzlng the

Raylelgh quotient was not well developed when the work started
~. on this _thesig, and (d) the transfer matrix-flnite element s g
technique has been applled to the vibration. analys;s of square
plates, and 1t secms possible to apply the same technique to

more compllcated structpres. Hence the transfer matris-




I

finite element technique will be used to get the natural )
frequencies of bladed rimmed disks. o
’ s - ;
S - |
b . @ .
a - o C‘) - X
“
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CHAPTER 3
‘AN ANNULAR SECTOR FINITE ELEMENT

3.1 Introduction - - ; T .

JIn two-dimenslonal fioite elemept“representetiOns of
" problems, element'éhapes adopted are the triepgle and the |
rectangle'with three ana foUr nodes, respeétively.. o A
: Rectangular elements are somewhat limited- 1n thelr'bbundary‘?
, Shape aDpllcablllty, whereas tr}angular elements may be used
to represent almost any shape'éf boundary.: However, for

problems Wlth curved bsundaries, the use . of trlangular

v A

the more sophostlcated elements bezng developed today, the -

i error 1ntroduced by th¥$ aPPIOX1mat1°n may: well'be the

b s -

llmltxng factor in some solutlons.

E . . Hence;, there appear§ to be a_need for elements with

'curVEd boundarzes._ A start in thls direction has" been made

-

by Ergatoudls, Irons and Zlenkrew1cz I38}, whereln quadr;-

lateral plane stress.elenents Wlth varlops_curved sides are
7 - , . o - )

developed. = . e “

b

) in thisﬁehaoter, the stiffness‘and mass mhtrices for

a planc stress element are developed in oolar co-ordlnatbs.

‘The elexent har fbur ncdal corners and ;ﬁ in the shape of a’

B3

a elements means that the curved boundary is belng approximated,'

_ hy a series of stralght line segments,' Further,IW1th some of

i
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- 'segment of an,anﬂu;us. The :adial&and §angentia; displécemene;i
. are used as the degrees- of freedom at each element hodef‘ This '
plane element is combined with the bending element developed
by dlsen, Lindberg and Tulloch [39] to derive the total
stiffness angd mese matrices of an annﬁlar-élement;heving six
degree§ of freedom at each node. Numerical ekamples ere.

7. carried out to check ‘the accuracy of éﬁe'in-plane element.,

© 3.2 Theoratical Considerations : o -

t .
T

'The finite element configuration to be considered is - o
shown' in Figure (5)." The element is a sector of an ennuiar

plate with inside radius ri , outside radius r., , and

2
an included z.iglé 8 . The corners are numbered 1 to 4

.as shown. The two. dlsplacements, in the radial and tangential

directjons, at each corner, are taken as the generalized co-
ordinates for the element. The displacement vector for the

fini%e element then becomes the: 8- term column vector-

r ‘—J '
{6} - (u'llvlluzfvzluS,'vByuq'vé)T . “ h . (3.1)7

-3

-

-

« - ) ——— e

wheee the subscrips .l to 4 ﬁenoée the corners of.the element
as shown in Flgure {5). |

If the dxsplacement field is to be contxnuous between :
adjacent. elements it is necessary for each component of' R
dlsplacement to vary in a linecar way along the s;des of the'

elements. Sxmple dleplacemen{’fnnctzons Wthh satisfy the
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‘assumption of linearly varying-boundary displacements,may be -

taken as

oy + oy + _a38 + a,r 3] . .,

o
i

(?.5 + (261' + (176 + aar 6 '7 : -

Lo It is obvious from eguation (3.2) that, the
i dlstrlbutlon of the u and vV 'displacements aiong.any edge

is linear and that it depends only on the element dlsplacenents

of the two corner poxnts;deflning the part;cular edge. Thus,

the‘assumed fcrm of displacement diStxibdtion ensures that
the'compatability of displacements on the boundaries of y
adjacent elements is satisfied. ' -4q”

it may be observed that the dlsplacement functlons

care similar in form to that used for the well known eight

degrees of freedom rectangular plate element [3]. 1In this
case, the r and 0 co—ordlnates just replace the b4 and »
? cartesian co-ordinates, respectively, used for the
rectangular element. . .

The eight corner dlsplacemcnts used in equatlon (3. 1)

may now be evaluated»from cqguation (3.2). Carrylng this leads

to the matrix relation

g = fe) " i
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X ~
where {a} is the column vector of polynomial coefficients »
{al =‘(a a el )T | (3 é)
l] 2’-7.....-' 8 -

.and [T] is the 8x8 transformation matrix given in appendix

-

(i). Equatioﬁ (3.2) can-be expressed in the matrix form as

u -— - rd
{V} = fc] {a} (3.5){ :
N
where ‘_ ’ _ _ ‘
, | . . o o
. o] - 1«6 xo o 0o 0 07 . (¢
: c .0 o 0 1 r 8- ré| .
Elimination'of {al from'equations (3.3) and (3.5) gives
? : ‘ - u R i
I ' { }-? fcl (T} {6} = [N} (&} - (3.7
: ' v) A - o ,
o The total strain at any point within the element can
g ‘ _ . . | )
. be déﬁ?héd‘by‘its three components {40]
, ’ .‘\\‘ . |
y €. _ .-au/Br N , g .
{e} = (€4 = ~u/r + (1/x) (8v/36) (3.8) °
€0 Yer/e) - (susse) +. (av/ar) = tw/n)| ,

It is noticed that in this case the strain components e€4-and.
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€9 are depeqdent,upon the poSition within the element, and
hence the straing ja;e not constant throughout it..

' Substi;uting'from gquation (3.2) into equation

» (3.8), the strains caﬂ“be written in_the matrix form

L]

A I

{e} = [C,4] {a} (3.9)
where . '
o 1.0 © 0 0 0 0
(cj1 = |z 1 e/c.6 0 0 1r 1| {a}  (3.10)
o 6/1/r 1-1/r o0 - 0
°C e

Woo-

. , \
substituting for. {a} Ff;om (3.3), we get '
¢ L ey s qed lTTh ey =Bl {8} (3.1D)
Assuming-tﬁe matrial to be isotropic, homogencous,
linear elastic, the constitutive relationship is | -
5 (
g
_ b - . |
{o} & {0y } = [D] {e} {3.12) -
‘e .
where
1l v (]
] = E v 1, 0 ©(3.13)
2 .
1=v 0 0 (1-v)/2 ‘
) {
&
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L Y . - (j . )

. 7
<{ and E and v are Young s Modulas and Polsson s ratlo,

respectlvely.

By
~

: ‘ . The stiffness matrix:for the element is obtainediby

applying the prinéib;e of minimum potential energy [31, and

1 18 gxiin by .
- - vy . T :
L ®y) = fygy (817 D) (8] @ vol

= [T_l]‘T O [C ] [D] [C 1 t rdrde ] IT ]
area of i
- ‘ ' 7\ the element’ '
S =Bt i o " (3.14) 7
1-v2 y :

where the [k] matrix is given in:Appendix I1 -
5'

. 3.3 Equivaleﬁ%_N al Forces for Distributed Loads

| Generally, the plate is subjected to dlstrlbuted
_external loads. The dlstrlbuteé loads, actlng on en eleaent
must be converted to equlvalent”nodal forces.. The prlnc1p1e -
of finding the equivalent, forces is that the worﬁ‘done by the
two systems of forces, during an arbltary v1rtual dlsplacemest,

-must be equal. . - , a

o

(\r"

At a poxnt within the element, let the external forces

along the r and 8 axls be F,. and Fa . The external

forces 'Fr and Fe can be converted to a vector ofieguivalen; .

nodal forces } as follows :

»

If {6*} denotes the v1rtual nodal displacements, the_




i
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: 1 : _
4 virtual displacéments at any point within the element, are
u* 2’ .
: . o . g
: = [e1 [Tl (6%) . (3.15)

1% ~Equating the work done by the actual distributed forces and
F the equivalent nodal forces, | | ’
: ) o ! o
- u*T F
"r] s -
(6437 {F b = d vol (3416)
. h vE Fg B '
) vol o L l
. o “ 2 - ‘ H . .
'Elimination of .{3%} from equati®ns (3.15) and (3.16) gives
T R S :
. = [& : o
RRChe B V_{§ P Jyo11€) d vol - (3.17)
[ . _‘ . Fe - . R o
Since the virtuai disﬁlacgments' {56%} are arbitary, equation
(3.18) reduces'tp _ . ) o z
. —‘ " "
T F ;
- -1.7 r ’
CF_ Y =111 [ [ tel ¢ ) rdrds (3.19)
- ed - area - |
of the &
element '

" This method of fiﬁdihg the equivalent neodal fo:ces is known

as the C“consistent method®.

. A




fenth : “ .
3.4 In-plane Mass Matrﬁx for an Element

In the ca;e of free vibrations, the plate is-actedl
upon,by a-distributed 1nert1a load By the éppiicaﬁion of
-d'Alembert pr1nc1p1e, the dynamlc problem can be treated%
‘the static one, subjected to forces equal to the negatlve of
the’inertia loads. Since the deflection at ary pcint within
; " the element is {. } the lnten51ty of the dlstrlbuted force

{F) is given by : \

‘where { } denotes the’ second dem.vaftlve of { } with

. respect to time and p is the mass’per unit volume of the
plate. Substitution for { } from equatlon (3.15} glves

S e i B .21

‘By use,of equation (3.19) this distributed in-plane
forces can be converted to equivalent nodal forces giﬁen by

2 ’ N

3= 4T [ f -t T () (7771 (8} T @rde (3.220 . ¢
eq area o - |
of the _ , .
element’ ‘ e A
or o ' '
{Foq y = - () 5y - (3.23)

-

-
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where, the in-plane mass matrix is given by (Appéndix‘III)

element .

_ M* ] =p [T—llT t [ [t (et 1cl ’r ardel ‘[T-l] (3.24)
A P - area’ |
© of the

1 “3!5 The Bending AnﬁularESector Finite Eleﬁént ’
3 . TWO bendlng annular sector finite elemfnts have been

_ derived.- Sawko and Merriman. [41] developed a ¥1n1te “element
ﬁ with four degrees of.freedom at each node. These are the

deflectibn w , the slopes 3w/dr ,l(l/r)(aw/ar); and

(1/:)(3 w/abz?) | Sixteen undetermined constants are thus
used. A c;ilc dlstrlbutlon of deflection is assumed along the' g'

: 4
* W k!

radial direction. Thus the deformatxon function is glven by

. _ ) R 2 3 . " .
wir o) =-aq + a,r + ayx + a,r ;+ @ COS 8 + Qg COS ]

g

5

o

2 -3 . . .
rrcos 8 +_u8r cos 8‘+ agsln g + ulor sin 6

- oty
_ ¥ |
+ zzsiaé +-u ;3s£;;/+ @,.,5in 29
Ml &} %12 B & Aot
S PR 2 : : j!.3 ‘ :
¥ 0, Sin 29 +iu15r sinﬂze ¥ 0ye §1n_2a .

o © . (3.28)

Also, Olson, Llndberg ad/dﬁulloch [39] derlved a flat
pS te-bond;ng element in polar co-ordznates. They found‘that

¥ 1o dufficicnt to’ u?e the displacement and two lopes‘at each

~ -

-~ o : .
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corner as the generalized ce—ordinategﬁfor the element.

This will allow the dlsplacement to be cublc in r. along

‘edges -1 - 2, Figure (5) - and 3 = 4, and® cubic in & aleng

@he edgeSV 1 -4 and 2 ~ 3. Hence, the displacement will

be continuous between elements ZEN a commen bounda;y;

provided the COrner displacements_ere made‘equal at;the ends

of that boundary. The_displecement vector-fbr'the annular'

sector finite element then becomes the twelve = term column

2
&

vector ,
. ~ " . — .
(8} = {we, w, /T, =W “w W | W }T {3,26)
10 Vg /T TWryr Tor v T3r ottt 4" "t reo)
where W, = dw/38, w. = Bw/Br and the subscripts 1 to 4 .

denote the corners of the element as shown in Flgure (5).
In the present analysis, this element w1ll be used as
it gave good'fesults for vibration problems‘of plates, even

with a rather coarse mesh. ' ' =

.

The dlsplacement function for thls element is in the

form

i w(r,0) = al + azr"+ 038 f uére + u5r2 + aéez +.qgr28~

*

3+ r62'+ o

8 79r3 + &1083 +‘&llr38 + ulzr83'(3»27)

It may be observed that this function is similar in form to.

- that used for the well known twelve degrees of fregdom

i

\\\SM
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rectangular plate bending element [3 ]. In this case, the
r arnd © co-ordinates just replace the x and y cartesian
co-ordinates, respectively.

The “twelve corner displacements used in equation (3.26)

[}

. . ) i .
may now be evaluated from equation {3.27). Carrying this out

leads to fhe matrix relationship
- {6} = [T] {a} ' (3.28)

. where {a} is the column vector of polynomial coefficients

. __' , T - . i
-, {a} - {ulf {GZ’ ce e e s "_1 0.12) (> (3-2%} .

~

—_—

4 and [T] 1is the 12x12'Fransformation matrix'given'in_hppendix

=

? The consistent stiffness and mass matrices of the e
element are given by {39] | o o T
kel = (0N o et (3.3
and _ | o .
T o
m'] = T ] [m] [T 7] (3.31) .

where [k] and [m) -are as'giveﬁ'in Appendix V and VI,

respectively.: C - _ . : =3
/L )
. : < | § _
oy,




3.6 Complete Stiffness and Mass Matrices for an Element

The next step is. to combine q[K'p] and [K'b]"to obtain

the éghplete stiffness matrix [K'e] for the element. In doing

—,

!

so, it is to be noted that the displacements prescribed for
' 8 . . . o

in-plane  forces do not affect the bending deformation and

. B '
vise-versa, also that the rotation ez

does not enter as a parameter into the definitions of

¥,

. (about the z-axis)
deformatlon in elther mode. Héwever when the transformation
to global co-ordinates is carrled out, it is necessary to have
is lntroduced at‘

6, " as.a parameter. _Hence the term ez
! ; ) )

this stage; a fictitious couple M' is associate@,w1th it and

the‘approprlate number of zeros are 1nserted in the stlffness_

matrix. . The stxffness matrlx ﬁor the element is thus glven
by ‘ . ) | B | oo —
Kll ! gl2 ;.K13 bogld L
@ e i e i e
\ R Ry S et i e Vi
K™ | K b K . 4
R'e}' =17731 | 32 | 33 ! 34 . (3.3
. R K 1 K I K
e H e e : e .
: o e et Sy Ve :
41 _ B :
RBem v Boo o Kemoy Xe
_ » B B ! b J
‘where | - ‘ . ’
| [(ES ' o 0 '010‘1 ,
P 4yo0.0 0,0 ]
; - 0 0, Lot . (3 33)
- - X A, = « 1 =) »
- e 0 o Ké,“"‘«o. S .
' 0 0. _:0 ,
. 9 olo 0 0,0 ’




fKrS] and-”[K;S] being (2X2) and (3x3) submatrlces
respectlvely, obtained by partltlonlng [Kﬂp] and [Kﬁb] in
the same manner as in equat;on (3.32). The o:der of nodal'l

displacements would be

{6}:{‘1 r Vv ¢t Wo, (w /r);"w # 6" "ufln:-..
R R

Ay

cseg u3t ssne ey u4r .n....-}T _ (3. .34)

If an annular element has a common: edge with another
element, and both elements are not Ain the same plane, then
the~st1ffness matrix IKR? ] must be: transformed to the common_

global co—ordlnate system X, ¥, Z where the X—aXlS c01n01des (Ea

w1th the dlrectlon glven by 0 = 0, and the Z—aXlS is normal
to the plane of the plate. The vector of nodalrdisplaeements
{Gé} for an element in'lgcalacoeordinatee is related to the
-corresponding vector {Ge};_in'gfqbal CQ-ofdinateslby‘the

a

relationship
-— " = . ) ~ .

.{Ge}“ {T]_{Ge} S ' ‘_(3ﬂ35)
~ The same'ftansformatien is applicable for the nodal fbrcee.a

Here' ([T] is the (24x24) traﬁsformaﬁion mat:ii'given by

L ix 0 o o
T L 0 A 0 o .
- r = (3.36)
[N T ,
0 0 -0 A g *

where . ' ) R R o



cosb sind o | 0 0 0
-sinb cost 0 L:' 0 0 -0
0 0. 1. f
Al = |- - = - = - -'———-:'—,—_:—-0- - - —04-.. ;_D__(3.37)'
0 0 0 'y cosd sin® 0
0 0 0 :—31n6; cosh 0
B 0 0o o 11 °0 0 1 | :

The complete‘stiffness'matrix for the eiement, in the
‘global axes, 1is, therefore, given by (3]

o
L

(1 = [T1" [K') (7] o 338

. o -
T

The same procedure 1is used to get?the mass matrix in giohal

co-ordinates, i.e. o - e

1 = AT ‘.Vl‘ ) .
mgl = (17 Ll 1 (3.39)

3.7’fCa1cu1atien of‘Displacenents

Hav;ng calculated the stlffness matrix, [h ] for the
individual elements. the. next step is to comblne all these

matrlces, accordlng to the sequence of node numberlng employed

"

on the structuxe, to obtaln the complete st;ffness matrix for -
.the structure. .
nhen all the ele.ents joining at a partlcular nede’

are in ene elane. a dlfflculty arises. In global co-ordznates

<

six equatloﬂs .that azre glngular are obtalncd. ThlS_la due to

“ -
. .
©




B ¥

the fact that only-five equatioﬁs can be‘ﬁndependent, since
rotation perpendlcular to the plane is cmitted. For such
nodes, the rotatlons we and ~wt' must be re*alned for
assembly. '

If the boundary conditions spec1fy certain nodal
dlSplaQFmgntS to be zero, the rows and the columns |
corresponding to such dlsplacements must be deleted from the

] AN

\‘
complete stiffness matrix £o obtain the flnal stlffness matrix
: [K] . The vectors of the nodal forces for the elements, on
assembly, give the total force vector ({F} . The displacements

{5} can then be obtained from the equation = .

PRSI

{63 = (K17} (F}
SN

\

IRt

& -

3.8 Numerical Examples = - ' !

4

2 The in—planérfinite—element is now used to solve two
numerical ekamples that‘ihdidate how wéll-the elémept works".
in the various.types of ap P ations. The probleﬁs considered
are the static deflectlonsgzzziétresses of a thin annular
plate under uniform 1n—plane stressﬂon the 1nner edge, and the -
-tangent1a1 stresses in a c1rcular thln ring. compressed by two

opposite concentrated forces.

3.8.1 Thin Annular Platg Under Uniform In-Plane Stress qn the

Inner Edge . _ ; . o &

- The first example is;the verj'sigpie.thin annular

B
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plate of Figure (6)_' The plate is subjected to uniformr
- internal stress. A two dimensional finite ‘element analysis

R o -
was made of the narrow segment shown in Figure (6), utilizing
the n element idealization shown in the Figure. Roller

§ supports are assumed along the boundaries t6 maintain the .
i -

‘.:* . \ \
) requlred symmetrlc dlsplacement condltlon, and the internal

stress (or pressure) was represented by two concentrated loads
B acting at the'interior nodal points. ‘The inner radius ofuthe

it plate is- 5 inches, and the outer radius is 10 inches, the

i

1nternal stress is 100 pounds per'square\ingglj;_ B

Table I shows a comparlson between the rad1a1 /

!

deformatlons obtained u51ng this element and the exact values

,of the deformations for .the anelogous problem of a thlck

cyllnder subjected to the same unlform 1nterna1 stress ( or
pressure) as glven by Wang[401. The deformatxon is expressed

A

as a nondimensional quantity g;ven-by : A 3
oo=2E_ . (3.4

Qherel u n;slﬁhe_aotual radlal dlsplacement at red;ud r .,

E is Young's Modulus, 9 xs the internal anolled atresv and

R, is the cuter radiﬁs of the annular-plate. ,
Table 11 ahow% a comparlson betueen tho stresses

(radlal and tangentlal) obtained by the present analysxs and

the exact valuea of the stres oes as gzven by Wang. "he qtresdeo

are calculatcd at the geometric centera of ohe ele.ents, and

-
7 ‘ ) C

P
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. l’.
“(a)
. . 3
- - 7
l,“_._‘-‘_ ‘
Figure 6
Thin Annular Plate under Uniform In-Plane
. - Interral Stress o; on the Inner Edge
|; M N . ‘
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TABLE I )
Nondimensional Displacéments.(5)£ For a Thin Annular Plate
Under Uniform In-Plane Stress On The Inner Edge
P b \“
e ' , . Radius . : ; ] ) & .
Number of At Which Exact _ Calculated
_ Deflection ) .
Elements is Given o Value Value .
o ) r l40]
5.00 0.9833 0.9698
3 - 6.67 - 0.8066 0.7961
_ 8.33 - 0.7144 0.7068
e 10,00 " 0.6667 " «0,.6599
. 5.00 - 0.9833 . 0.9756 -
_ ; 6.25 i - 0.8392 0.8333
: 4 7.50 : 0.7528 . 0.7479
: b 8.75 0.6994 0.6952 3
;; 10,00 0.6667 ' 0.6628 ¢
- 5.00 0.9833 L 0.9783 -
; 7 . 6.00 0.8622 0.8582
B 5 E ,7.00 0.7824 - 0.7790-
; - - 8.00 © 0.7283 0.7254
5.00 7 0.6915 0.6888"
B 10.00 - 0.6667 . 0.6641
L - 5.00 . “0.9833 |  0.9821
i ' 5.50 .- 0.9162 . - 0.9151
© 6.00 0.8622 = | 0.8612
: . 6.50 -, 0.8183 . 0.8174
E 7.00 0.7824 0.7815
10 7.50 ¢ 0.7528 0.7519
) 8.00 . 07283 . 0.7276
. _ ., 8.50 - 0.7081 | 0.7074
9.00 - - 0.6915 - ' 0.6908 ‘ %
9.50 * § - 0.6778 - 0.6772 )
) '10.00 0.6667 0.6660

e
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TABLE II

Ea

Nondimensional Stresses (o) For a Thin Annular Plate

Under Uniform In-Plane Stress On Inner Edge

—
_ Radius Radial Stress Tangential Stress
Number | At Which , : : S
Elegints _Iitéiizn Exact |Calculated| Exact |[Calculated
n . Value Value Value Value
: d " [40] | [40] -
5.833 | -~0.6463 -0.6465 | 1.3129 1.3197
3 _t 7.500 -0.2593 -0.2586 1 0.9259 0.9243
9.166 -0.6336 -0.6321 | 0.7300 0.7265
5.625 -0.7202 -0.7203 | 1.3868 1.3918
4 6.875. -0.3719 ~0.3715 | 1.0386 1.0386
8.125 -0.1716 -0.1712 | 0.8383 {° 0.8367
9.375 -0.0459 -0.0458 | 0.7126 0.7105
5.500 -0.7686 | -~0.7688.1 1.4353 } 1.4390
6.500 |.-0.4556 -0.4553 | 1.1223 1.1228
5 7.500 | =0.2593 | - -0.2590 } 0.9259 0.9252
8.500 -0.1280 -0.127% | 0.7959 0.7935
9.500 Y\ r0.0360C -0.0360 } 0.7027 | 0.7012
5.250 -0.8760 -0.8761 § 1.5427 |" 1.5440
5.750 ~-0.6749 -0.6748 | 1.3415.| "1.3422 7
6.250 -0.5200 -0.5199 } 1.1867 1.1370
.6.750 -0.3983 ~0.3982 | 1.0649 1.0650
10 '7.250 .=0.3008 -0.3007 | 0.9675 | 0.9674
° 7.750 -0.2216 '§ -0.2216} 0.8883 0.8881
8.250 -0.1564 -0.1564 j 0.8231 0.8228
-8.750 -0.1020 -0.1020 | 0.7687 0.7684
9.250 | -0.0563 -0.0562 | 0.7229 0.7226
9.750 -0.0173 -0.0173 § 0.6840 0.6836 I
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are expressed as a nondimensional gquantity given by

g = c/oi 7 _ (3.42)
where o is the actual stress (radial or tangential), -at radius
E r . Very good agreement is obtained between the theoretical

B - H
b and numerical results.

P
fi - v

b 3.8.2 Thin Ring Compressed by Two Opposite Concentrated Forces

;? The second: example is-a thln c1rcular rlng compressed
by two equal and 099051te concentrated forces P. acting along
a dlamete; as shown in Flgure\\§ﬂ The outer radius is 10

1nches and the inner radius is 5 1eches. Symmetry conditions

are used in ordex to reduce the number of degrees of freedom,

so that only the rlght half 'is consideread.
Table III shows the comparlson between the results

obtained for the ratlos (0 : ZP/nR }, where 08 is the

,tangentlal stress R for dlfferent finite element meshes, and

the exact valueS'given by Timnshemko f42}. - It is -to be noted

k..

-

M } N
that the numbers at the top of columns 3 to 6 are the
number of elements in the radxal dlrectlon and the tangent1a1

direction, respectiVely._ The agreement-betﬁeen the theoretical

and numerical results is reasonable.
h .
Y
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Circular Thin Ring Compressed by -
'Two Opposife Concentrated Forces '



A . TABLE III
? The Ratios (u4:2P/7Rj) For a Circular Thin Ring N
‘ Compressed By Two Equal Forces Acting Along a Diameter
L o ' \
§ Radlgs Exact . Calculated Values Of The Ratio
‘ At Which | 7900 R _
% ¥h9G33t1° Of The _ . - —
£ S Given | - patio 4x%10 4x18 4x30 " 4x34
r : B
3 [42] '
L 9.375 2.05 | 0.30 1.13 1.62 1.70
; 8.125" 0.10 | -0.42. | =-0.20 -0.03 1 o0.01 |._ - —
6.875 | =2.30 -1.51 -1.88 -2.08 42,12
5.625 - -5.85 - =3.24 -4.49 -5.29 -5.42
2e 5 _ p | p
. bR ' ':i
. The ‘numbers at the top of columns 3 to 6 represent the
\ number of elements - in the radial and tangential dl:ectlons,
rebpectlvely. i} S
~
A



3.9 Concluding Remarks

L

The development of an in-plane annular sector finite
elément has been presented. The element has 8 in-plane
degrees of freedom in polar coordinates corresponding to the

corner displacements u and v ., : ‘ . .

The accuracy of the element was tested by two numérical
examples, and it gave éatisfactory results.

This element, when combined with a bending annular .

v

sector fihite element, would give the completk annular sector » ;

: N :
element having six degrees of freedom at each node, three

‘translations and three rotations. £ e

T
1

ks / kid
. + .

f;\




CHAPTER 4
TWO MODIFIED CYLINDRICAL SHELL FINITE ELEMENTS

VoLt

4.1 Introduction

6 P
The flrst appllcatlon of the finite element technlque

to shells 1nvolved replacing the- curved surface by flat
trlangnﬂar and :ectangular elements and superimposing the
"plane stress“,and‘"plete bending; stiffnese matxices., ;
However, the major portion of thearesearoh preteining to the
development of finite elements for modelling of snells has
been devoted to closed rings or con1ca1 shell segments for the
modelling of shells_of ré&:;ntlon. A closed conlcal gpell
element for use within the ramé‘work of the displacement
method was introduced by Grafton and Strome'l45]- -Qhe,use of

closed ak@éymmetric sbél%;glement is restricted -in that onf%

- ¥ :
shells of revolution can be modelled and only special types of

loading can be pandled.‘efne experience gained ﬁithiéhells of _;u;;
¢ revolution indicates that flat elenente can leed to ‘a- good
solution'provideo that & fine‘mesn is used. Hdnever,’ii

"appears that curved elements'lead to cosiderebly'betﬁen

© results, for the same element size and shape, and thereforo

are more'eff1c1ent. To analyze a shell of arb;tary shapc by

the finitelelement method, one can use a combination of

triangular anqunedrilateral elements. However, rectangular

L ' 5,

) 53 o |
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elements are particularly convenient for shells having a

rectangular boundary.’ ‘ . o

Referring to the co—ordinate system defined in

Flgure (8), the dlsplacement functions used by Gallegher

‘[44 45] in der1v1ng the 24 degrees of freedom ¢cylindrical
4

shell element are

u(t,n) = ayén + dZE + aah + oo,

[

V(E.n? @ghn + acf + aun + g S .

9€Tl +010§ﬂ +011§n+u

‘ w(E}n) E

12

. | 3
_t.a 136 n Lt “145 n + 3155 n + “15€

ayzEn + aygfn’ + T O1gfN * Gpp8. oy

.2 ,
2™ T %230 * ey
The six degrees of freedom considered at each node (corner)

of the element are u , v , w »,wg . v and WEn .

Cantin and Clough [45] have restrlcted their .
\attention to the cylzndrlcal element- and chose functions
which are eséentlally linear in the ax1a1 and circumferential

co-ordinates. The - latter are npodified 1n uch a way,however,

o

to satlsfy the rigid body modea requxrement Ccmpatability of




Wt
v

. > Figure 8
i o - . -
Definition of Geometrical Symbols for . - .

a Cylindrical Shell Element




displacements is net'satisfied‘due:tb the differeﬂee in the
orders.qf polynomials used for radiai and membrane
displacements, respec;ively. A careful numerical study is
given to the significance of the rigid body.modes requirement.
Although conﬁergence to the correct solution is assured, the
rate pf convefgeﬁce for the representatign which lacks
adherence to this requirement ‘is found to be poor. This
; cgnclusion is substantieted_by a\etudy of curved element
representa&ion in areh analysis.
Connor and éfébbia (ﬁs] empioy the lZ-term‘polynomial
L WEy)= eyt apX +ragy +:“432 +agxy + “632 *’}7“3

b : T

. \ . o o - . -':\ - 3 7 ——-.\")\. “

P _ _ ‘
; S 2 w2 L3 3,70 o a3 ﬁ
: S T egkt YE oyt agyn 4 ooy XTy toapxy (4.2)

-.;j-:‘.lv;;)';

e

‘to repfesent a fohﬁ sidedfshalleﬁ'shell clement, x is:measurea

:along a cyllndrlcal generator, and .y is on the ehellrsurface
normal to the generator. Membrane behav;our 194£edresented

by linear polynomxals, and shallow ‘shell theory is used in

" the formulatlon of thelstraln energy. o "‘_ o .
| The 48 degrees of Ereedom elementudeveloped by
_Bogner, Fox and Schm;t [47], uses for Eéin u. and v the -
’same polynomlal functlons as. uaed for w in equaticn {4. 2).
and the nodal degree of freedom 1ncludc derlvatlve of w
‘and v corneapondlng to the der1Vat1ves of u--xn -the

aforementloned degrees of frecdom.

e . ) . . ) " t




compatablllty conditions are not.

Olson and Linaberglforﬁulated the stiffness and

mass matrices for a cylindrical four®*sided element, using

Love's strain displacement etuations [48]., The 12-term

polynomial, equation (4.2), .is.chosen in theﬂdescription_oﬁ

"

the rediei displacement w , while the membrane displacements

are each described by an 8-term polynomial which. is linear in

the axial co-ordinate ard cubic in the circumferential
N . . ’ N 7 .
co-ordinate. Thus, designating the axial ‘displacement by u :
- , R

u(x,y) = ey + a,x ¥ ajy T a,XyY +‘G5Y2 + hsxyz *

. 3 3 - _
f_a7y +.a8xy | . o (4.3)

L

7 o S~ o -,
ential‘aisplacemént v 1is of.cor:espondlng.

form. The displacements at each jOlnt are W, U,V , Wy,
c\_

L)

w , uy,/and v, -2 total of 28 degrees of freedom. The . .

rlgld body mode requlrements are . satlsfled but the dlspiicement

™
—

*

They also formulated the stiffness:and mass matrices .

b

for the same element except_that the membrane behav1our is
represented by linear Dolyﬁg;;;;;. The 51ze of the matrlces

is (20120) and the dlsplacements at each node are 4 , vV, W o,
W, s and wy . Actually,‘thls is the sxmplest poss;ble non-
conforming renresentatzon for a cyllndrxcal shell element.\‘

-_ In thehr analysxs,,the expressions for ‘n, v and w

are ubstltuted into the strain energy and Llnetxc energy
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: integralé from cylindrical shell theory, ana_Cast;gliané's

theorem is employed to yield the T2éx28).and'(20x20) stiffness
and mass matr;é%? for the cylindrical shell element. Howeﬁér,
in their work, terms like (1+t2/R2) in the energy expressions,

have been appréximAted by 1. j {

In this chapter, the same displacement éxpfessions as
used\by Olson and Liﬁdberg, are used for the defivatign of the
20 and 28 dégrees of freedom models. The classical procedure
for the derivation of .the stiffness and mass matrices [31 'is
used and no termszhave-been neglecfed. LResuits are compared

with those of Olson and Liﬁdberg.

4.2 Theoretical Formulation

- - It is obvious that the 12-term polynomial in X and-

y used for plate beqding-may be used for the radial

disprﬁgemenf w . Also the in-plane displacement functions

may be considered the same.as for a rectangular plqée,;so that:

w

1t

u(k,y) ay + ayX + agy + o,Xy
o B \
vix,y) = ag dﬁx + e,y + agXy

| . ., (4.4)
W) T ag FoayeX + a33¥ Foappky Foapgxs v

iv

2 " ’ P 2 T v3 ‘ 3 |
*oagy’ + ulsigy toagxy” +oaggxT ¢ algy +

N

S
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x3 + a 3
ST AR TS -
where x 1is measured ‘along a cylindrical‘generator, ‘and Yy .
is /n ‘the shell surface normal to the generator, as shown in
1n, Figure ( 9). - The generallzed corner dlsplacements are
'aw>ax , ow/dy , w , u and v. Equation (4.,4_) can be .
expressed in the matrix form as
u _ S : - T
vy =[] {e} {4.5)°
W ' “
where » n
: - . ; T
1 0 ‘0
—X 0 0 -
4 0 0
Xy 0 0
0 1 0 _
” 0 x 0 N
. 0 Y. 0 . -
0 Xy 0
0 0 1l ‘ -
€y = -0 -0 X ) -~ (4.8)
) 0 ~0 xy(]
N 2
O ] b4
o ] y2 ’
0 0 ) xzy
) b
: 0 RS
. - 3
. v 0 x D a
4 .
0 0 % x3y
0. 0 xy>F
’) »
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Cylindrical Shell Element:1
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-

and {a} 1is the cdlumn vectorfbf coefficients oy Q@ o

29-

The twenty displacementé of the nodes and the corresponding

. . A
nodal forces, expressed as vectors, are _ ”1 -
{6} :-"r{wx fwy I wl -F ul ;Vl Fo oo sy V2 r
1 1
T
5 e v e p V3 Feuwasse sy V4}
4.7)
{F}:{M IM fN 'N- IN '-G-..N
IR SR RS S | Y, | ¢
T i
.c.o-ct'N ’-.c--..'N } J
Y3 Ya
o AN
"f

4

Substituting for u , v and W, from equation (4.5),

' the first of equations_(h.7) can be re-written in the form

: Cwemw 0 ws

1 -
Q

»

where [T} is the (20x20}\t:ansformation'mat;ik given in
““Appendix VII, Elimination of {a} from equations (4.5) and

(4.8) gives

3

= qc1 17t (8} = {6} (4.9)

4« €

o

~

. RN :
- The strain disélacément relationships'arelgiven byl48): |
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e .= 3u/dx - z.,3%w/ox"

M
i

av/ay + w/R - z [ a%w/ay?~ (1/R) (3v/3y)]  (4.10)

g = 3V/3X *BU/3Y. - 2z [ 3%w/3xdy~ (1/R)

(av/9x) 1}

-

Substituting from equation (4.5) into equation (4.10) yields:

€
{e}'= E; = [c;] {a} R L 1 )
fxy) _ ’
where - - o R a7
1 0 0
0 0 I
H Y 0 ¢ x
0 Lo ° 0 5
0 0 1+2z/R )
0 1+z/R 0 ) :
0 x+xz/R . y+2yz/R
t 0 : 1/R : 0 : B
| SR 0 - ‘ x/R 0 | 4.2y
i 0 xy/R -2z
-2z _'xz/R S
0 y2/R-22 R 2
% -2yz ,xzy/Rs -4xz -
: o 0 xy2/R-2x2 ~4yz
—exz /R 0 S o
0 ‘ ~y3/R-5yz_ 0 _ '
-6xyz - xay/R , -6x2z
L‘ 0 '-xy3/R-§xyz . -Gyzﬂ‘
) e -
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Using the same procedure given in chapter 3 to get the

ctiffness and mass matrices, yields the stiffness matrix:

f\
g
k) = B (r7T o) (4.13)
: 1- P
v
and the mass matrix: -
m = pt [T m) (£ (410

where [k] and [@3 matrices are given in Appendices VIIiI
~and  IX respectively.

[RTEE

4.3 The 28 Degrees of Freedom Cylindrical Shell Element:

It will be shown, in the next chapter, that the use
of the 20 degrees of freedom cyllndrlcal shell element
requires a large number of strips, when the transfer matrlk—:
finite element method is applied, to get good accuracy." -
Naturally, this means that it requires mucﬂlcomputlng time,

For that reason, a nodlfled 28 degrees of freedom

cylindrical shell element is derived in this, sectlon. The

displacement functioys for this element are
wix,y) = a; + a,X ‘ e y +a xy-+ ﬁ x2'+ a y2.+
wix,y) = @) + aX 783 g*Y * eg] e "

3 3
7& y + asxy + ugx + uloy +




I (LJ

a Q
R 3 ' 3 . '
@y XY F G XY .
. _ . m , 2
u(x,y) = ¢y, + 0% + @ Y + Qg XY + ay9Y (4.15)
: 2 3 3
+ oggXy” F Gyg¥ T GpeX¥ - -
- " | 2
V(x,y) = @yt app¥ F Gpa¥ b ooy Xy R Gps¥ 3
2 3 ' 3
T age¥y T 7Y * oo gXY -
It 1s<to be noted that sxnce the element sides y=0 0 and y=b,

Figure (9 ), are stralght, 1t is suff1c1ent to assume 11near

dependence on X for the 1n—plane dlsplacements u and VvV .

On the other hand thelr dependence on_,yﬁ is of highe§ order
begause of the shell curvature in that dlrectlon. “The
digglacements‘at each node are Bw/ax ’ aw/ay , W ,ﬂ?u/ay .
u. , 9v/3y and v, | ‘ |

The derivation of the stlffness and the mass eatrlces(
for this element is exactly the same as for the - 20 degrees
of freedom element. The corresponding matrices 1Ty . kD

-and [m] are given in Appendices X , XI and X1I, respectlvely.-

4.4 Numerical Ekample

The stlffness and mass matrices, for hoth the 20 and
?-
28 degrees of freedom-elements, obtained from the nresent



analysis are used to compare the results with those of Olson

and Lindberg [48]. In their work, they considered the problem

¥

of free vibrations of a curved fan blade.‘ Such a fan blade is
shown in Figure(10). Thts blade is a rectangular section of.a
cylindrical shell where y=0  and y=W are parallel cylindrical
gene:atore. The curved edge is considered built*én or clamped

" to an infinitely rigid foundation, while the other three sides
are free. 'The experimental model of the blade was conetructed
by rolling a piece of sheet siiel, 0.120 inch.thick, to a
radiue of cureature-of' 24.0 inch. This curved sheet.was then
cut toisize { W=L=12.0 inchr) and welded‘to a steel hlock.

The first six vibration modes for this fan blade, using

both the 20 and 28 degrees of freedom elements, are shown in

Tables IV and :§Y ' respect?vely . It is 1nterest1ng to

. note that the first “torsion“'mode, nﬁmber 1, occurs at a
lower frequency than the first "bending“ mode,'numbir 2. This
is the reverse of what would occur if the the blade were flat,
and is a result of the stlffenlng due to the blade ‘curvature.

2

ana1y51s gives better predlcted results than those predlcte

Tt is obvious from both Tables that the present

by Olson and Lindberg,for both the 20 and 28 degrees of freedomn

s

cylindrical shell elements.

" It is to be noted that the numbers at the top of
columns 3 to 6 in both Tables represen£ the number of elements ‘
in the fr“ dlxectlon, the number in the Y d1rect10n and the
- ‘total nunber of degrees of freedom used,, reaoectlvely. Note

. . _ <

N
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4.5 Rigid Body Modes .

70

that symmetxy condltlons Had to ‘be used for the 2x10 and
N b
4x4 gridworks in order to. reduce the number of degrees of
freedom to a manageable 51ze. A
i 1t may be also be noted from Table ;v.fthet, in
general, the frequenoies converge very rapldly towards. the X
experimental vaiuesb ?urthermore, the oonvergence,appears-to
be monotonlc. The only possibleEEngption-may'be=mode'number
3, where the predicted frequency appears’%o undershoot the
experimental value slightly. However, the difference between
the two is well withih'the possible experiméntel error; so. -
that . 1t cannot be concluded that thlS 1s an example of.
nonmonotonlc convergence. It snould be empha512ed'that the
present results are true only for the,partlcular shell -
cOnfiguratioh considered herein.

It seems clear from Table IV thar mao;'more‘elements
would have to be used before a neasooabry accurate predlctlon
of the vlbratln frequencies could be obtained. “on "the positive
side, it appears that increasing the number of elements‘in the

o . ,

circumferential direction increases the accuracy guite rapidly.

Another simple check of these two flnlte element ~

‘models can be made by using them to determ;ne the free-free

-

vxbratlons of a 1r-ec:t:angular section of a cylindrical shell.
The six lowest modes for this problen are rlgxd body modes

with zero frequency,,end an_approximate solutxon using one
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flnlte element should include these-modes.
Thus the present test for thls model 1s to determine

fﬁe/elgenvalues and elgenvectors for the 28x28 matrlx equatlon

4

- e | : _(K - rm x-= o {4.16)

where K and M are the 28x28 matrices respectlvely, X is
the dlsplqpement vector, and A pha-w /25200D 1s the

ondlmen51onal elgenvalue. Carrylng this out for v=0.3,

* \

a=1.0, b=1.0, R—2 0., and t—O 01l , ylelds the sxx lowest .

_elgenvalu s d correspondlng eigenvectors presented 1n Table
__./

VI. The elgenvalues are tabulate§-1n>ascend1ng order of thelr l

-+

magnltude‘ The . ergepvalues for the flrst two modes- shown are

exactly zero when the peec1310n -of ‘the calculatxon is-

con51dered. The two assoclatea elgevectors represent _ -

;comblnatlons of rlgld body motlon of’ the. shell element in the

B

longltudlnal and C1rcumferent1al dlrectlons.J It may be noted
that suitable 11near comblnatlons of these two exgenvectors
would yield pure rlgld body motlon ln elther the 1ong1tudlnal

‘or circumferential'directlons alone. Hence 1t may. ‘be concLuded

z

that the first two rlgld body modes predicted | by the _y; H\LS .
cylindrical shell element are- pure"transla’t:.onsﬂ in 'u and -

7 .. ~
LN

Y The . next four ezgeAZectors shoun in Table VI are very
7
good aoorowlmatxons of the follow1ng rlgld body motlons for
the‘cylindrlcal shell element:number §¢ 15 a translatlon -

T e e T " 1
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Rigid Body Rotation about Generator at y=b/2
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Rigid Body RotationJabout Choxa.at'x=a[2
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parallel to a hormal at x=a/2,hy=b/2, number 4 is‘a rotation -
about. the same hormal, number 5 is a rotation about a ;‘
cylindrical generator at y=b/2, (ngure(IZ));.and finaily,
number 6 is a rotation about a chord at x=a/2 (?igpre(13f}.“ o
It is worth noting that the ratro between eigenvalpes six

and seven is about 1:4000..

Hence, it ma& be concluded that the cylin&rical‘shell
element, having 28 degrees of freedom,-provides an adequate -
representation of all siX rigié body modes.

The same check was carried out for the 20 degrees of
freedom element. The six 1owest'eigen§alues andrcorrespondiné
eigenvectors are}presented in Table VII. : -

The first four:eigenvalues are effectively'zero (the

»

first two are exactly zero, whereas the next two are ‘only

approxrmately zero), and the assoc1ated elgenvectors represent -

rlgld body modes as follows : the first three are translatlons‘
in. the X, y and K dlrectlons respectively, and the fourth is
‘a pure rotatlon about a normaf ‘to~the element at x=a/2 and
y=b/2. The next two elgenvectors approx1mately representf

rlgld body rotations about an element chord at x»a/z and aA
cylindrical™generator at y~b/2. respectlvely k“ﬂqyever, the
elgenvalues assoclated wrth these latter elgenvectors are not
even approxlmetely zero, ' |

P The fact that these elgenvalues are not zero nay be

-

attrlbuted to the rather Smele assumed dxstr1but1ons for the

1n—plane dlsplaCEﬂeﬁiS. It hay be observed that these last

3
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finite cylindrical shell elements has been presented. The

_ corner displacements 3w/9x, 3w/3y, W, U and v, whereas the

71"

two rigid body rotatlons give rise to 1nﬁplane displacements

that are of higher order than llnear in t\- y direction.
These distributions are sketched in Flgure% (12) ‘and (3.
Hence, it appears éhat, in order to obtain
approx1mat10n§ for all the possible rigid body modes for the
element, it will be necessary to include hlgher order terms

in y for the assumed distributions of in-plane dlsplacements

-

u and v ..

4.6 Concluding Remarks

RS

[T

The development of twp modified, relatively simple -

] ) - ¢

first element has 20 degrees of freedom eor:esponding to the

second has 28 correspouding to Bw)Bx,:aé/ay, w;fau/ay, u,

av/3y and v. The eigenvalues determined using the‘elements o
—_—
stiffness and mass matrlces 1ndlcated that the flrst model

contalned an adegquate representatlon of only four rlgld bydy
modes, whereas ehe second contaluedrall the.slx.

" The elements were used to predict vio:aeiou modes and
frequencies for a curved, cantilevered fan blade.: It was . .
found that use of.the 20 degrees of- freedbm element resulted
in very slow convergence of the frequency predlctlons as the.
modelling was Ieflned. Cn the other hand, use of the 28

degrees of freedom element resulted in qu;te rapid convergence:
.'_'_‘.\\\J_ ) ) L
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1t was found that a Qxd_grid of these latter elements predicted
the first 6 vibration frequencies for the fan glade to within
10 percent. It may be concluded from this that ‘an efficient
finite element model must be capable 6£ representing all the.
rigid body modes for the element.

1t appears tLét, the present analysis givés nmore
accurate predictions of experimental behavi@u;-thah those’
predictions btéined py Olson and Lindberg for both elements.

These finité e;ements should prove_;xtremely useful
for static and dynamic problems involving rectangular portions
of cylindrical sﬁélls, espec;ally since such configurations ‘
are very dlfflcult to analyze by ordlnary analytical technlqueé.

It must be noted that the 28 degrees of freedom element
requires about ‘double the storage requlred by the 20 degrees

of freedom element.

\-- 4 ‘:\:} K




; CHAPTER 5
APPLICATIONS OF THE TRANSFER MATRIX-

FINITE ELEMENT TECHNIQUE

5.1 Introduction

It is known that for satisfactory accuracy with the
finite element techﬁique, it is necessary to ﬁeve a large
. number ef nodes, resulting in very large stiffness and mass
matrices. The memory of the available computer and the
solution time required, therefore, become the res;fictinéi
factors en the total number of nodes and degrees of freedom
that can be used.

‘Recently, a method 5as been develoPeé‘by Dokainish
[33], to overcome tﬁe memoqysestfiction. In this metﬁod the
stiffness and the inertia matrices ofrinaividuél elements are
determined exactly in the same manner as in the'finite‘elemeht
displacement type of enelysis.' However; ehe methodfof
computatlon of natural frequencies is dlfferent and does not
require the assembly ‘of matrices for ehe entlre structure.
The method'permits the use of large numbers of nodes and
degrees of freedom, w;thout getting 1nvolved with large
. matrices. - A much smaller computer 1s,_therefore, sufficient.
‘Thls method is an extension of the transfer matrix method, |
extensively apg}xed to beams, to systen of pla es and shells.

79
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5.2 Theoretical Considerations'

Figure (14) shows the plate or the shell structure
divided into . m strips and each strip subdivided into finite

elements. Triangular elements are illustrated in the figure,

o,

fl although other types ot elements may be used. The‘common

lines between the adjacent strips are called the edges.
Thus the edge AD’ is the left slde of'strlp i and the right
51de of the strip i-1 =~ There are a total of 2n -nodes on
strip i with n nodes on the left edge AD and n nodes
.on the right edge BE . The vector of nodalﬂdlsplacements
at node p ie denoted bf {GP}‘ and the correspondiné vector
of nodal forcésAis.denoted by {Fp}‘. '

A suitableafunctioh is chesen to represent the

displacement dlstrlbutlon w1th1n the element in terms of its

nodal displacements. The stlffness and’ mass matrlces for each
element are obtained using the -finite element method. The ”
§tiffness and the mass mattices of all the elements on strip

" i are assembled to get the.complete matrices for this strip.
If the boundary conditions of the top edge. AB and the bottom )
edge DE.'require ceftain disglacements of nodes n,2n,l, and
n+l to be zero, the rews and the columns of the stiffness

"and the mass ﬁatrices, corresponding to such displacements
_are-qel ed. This yields the flnal reduced stlffness matrix
[K]; and ma matrlx [1\&]i for the strip i . This

procedure iS/;epeated for all other strips.’

X IfJ.e is the natural frequency of free v1brat10n
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the equilibrium equations for the nodes on strip 1 can be

wr i tten as

where

left edge of strip 1 .

[K}. ¢-- - w [M].

{8

B}

the form

where

dlsp;acements {GL}i' Similarly ioR}i

vectors for the right edge.

r

Nonzero elements of 51 en DE

"« | “n-1 - -

7

AF; 1, 1is the force vector corréépondinglto

{F, l.

and

Obviously, {6}, and

L2

would contain an equal number of elements.

Equation (5.1) can be written as

Nonzern elements of § on AB "

R1

(5.1)

L}i is the displacement vector for the nodes on the .

This can be expressed explicitly in

[

A a2y

{

#

the
"are the

{8p}s
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where

M1, . (5.4)

Matrix [S]i may be partitioned into four squaré matrices

and equation (5.3) rewritten as

J

t .
s, ! Sl2 5 F
HEL R B i S . (5.5)

! .
s21 | s22| - \&./ Fo/.

With little algebraic manipulation, egquation (5.5)‘can‘be

-

rearranged to the form

| | ; “
SR T11 T4l Sy,
l p—
SN G (U W U
. ]
P e |
RJ, |T21 g T2y L)

where
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-
[Ty,1; = 083514

>~

(5.7)
(T,,1; = -[S,,]; + [S,,]; s

21); i 121 1S9y - e

o -1
[T,5); = [Sy,)5 153015

5.3 Transfer Matrix Relation for Entire Structure -

Since the nodes on the.rightiedge of strip‘ii are the
same as the nodes on fhe left edge.of strip iflﬂ . the

™y

following identity exists

L i+l

(ogd; = {8y}, . (5.8)

It may be mentioned that the zero components of displécements
of nodes B and. E , if any, are alreaﬁy‘delétgd from“lfﬁﬁ}i
and {GL} i+l ° Equation (5. 8).'therefore} necessitateS'éhat.
the boundary conditions on AB and BC be the same;. . and
similarly the boundary conditions on DE and EF be the same,
in order that {3.}. - and {8, 3, have the same numbpr of
terms. Also, equxllbrlum of nodal. forces on edge BE glves ;

the relatlonshlp

} : (5.9)

BE o

:{FR}i + (F }1+1 {Fegt

Py

where {Feit}BE are thé externalfforces”acting at the nodes
on edge BE . Since the p:oblemvofafree.vibréticns is being

considered, the external forces consist of the reactions at




7

L

!
) ~
CE—— s
@
wm

S o S
't;e'supﬁorted nodes only;u When boundary condltlons specxfy a
certaln nodal dlSpTacement to be zero, a reaction wbuld be o | :)\;
present in’ the dlrectlon of that dlsplacement However, the;
row and the coiﬁﬁn of the stlffness matrlx aed the mass matrlx,l-i
correspondlng;to.such a‘dlsplacement andrreactlon, has aLrquy -
been deleted‘( since the cofresponding nodal.force'ﬁas no -
intiuehceren the ﬁeformation)-gd Thus, such: nodal forces are

not present in the force vectors’ {FL}i+l"§n§ {F }

Eguation (5.9) can,_therefore, be ﬁritten_as

“lEply = by 7 BAI0Y

H]

Equations (5.8) and ' (5.10) may be cémbined-to give the .

following\;elatiopship

RU . ) B S (s .

o
o

EECR R T
. = ‘[T]i - -. . e (5 012)
. F | a
- ‘ L'i

Similarly the following relationship can be written

]
A
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° i DU
\ S B 1 FRORR COF L “(shi3y
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N FL . e . FL N ;
. i i-1 T
18:) . B L o
Elimination of 4, from equations’{5.12)¢ and@ (5.13) gives
o SR i ' s
. . . - . \ ﬁ. -~
- ‘ - ' .k
’ s -
e . A '_6L e )
=== = [T, [T);_; {--- (5.14)
F . F_-
L i+l __/;L i-1 ‘
) L o .
. [ R ! ' ¥ c N :-,‘ °
Proceeding in the same manner over all the, m strips, the
L o -
following relationship is obtained :
. GL - . - i NPT GL ,
" - ._= IT]m-l"'[-T:!m“g..‘..'_-"[?]l ""T'
F . " .' ’ < F
R e W AT (6
Multiplying béth_sides of eéuation'(S.iS) by J[T]m -, and ¢ -
" using the relationship given by equation (5.6) yields '
Spt Sl
-y = ,\[P] -— {S. 16)
. doo b Sle | ‘ e
_ Eﬁ n L X
Y _ 1 ;
]
where _ _ 7 :
. . - . . . . | ’.‘ VJ‘ s.l;§ . )
{P} :T]m,[T]mﬁlﬁ‘ff Ty . { o2 '



'Equation (5.16) relates the edge variables of the ™
left boundary of the si;ucture to the edge variables of the
right boundary of the structurq; " o L Y

- . . -

, 5.4 Determinatiqn of Natural Fiequencies_ e

The bounda*y condltlons of the left edge cf the NN o

. ( ;
str%ture would requlre some co:aponents of { }1 to- be. :{5}:0.

Slmalarly ‘the boundary condltlons on the right edge'of the

_structure would- requlre some components of { 1n to be zero.

\
- When these condltlons are incorporated, it is necessary \

‘ 1 . L.
) that the determxnant of a portlon {Q} of the matrix {P] -

13

be zero at the correct natural frequency for d. non*tr1V1al o
solutlon., For example, 'if the left edge’ of the strueture is 7
clamped and the right edge ofrfhe'stxucture'is free,\thee'

v
]

_{51.}; = {F_}_ = {0} | '7 . (5.}3)\f

R'm

v -
7 Substltutlon of these boundary condltlons and bartltlonlng of

matrix [Pl of equation (5.16) into four square mqtrxces,

gives the relatioﬂ%hipi | _ o \\\
| i Y
| Sy Pyy 1 Pr2 | |0 , | Ty
- = ..'__}..--- - (5.1%).
0 Py 1.2 |15 N - s

This can be split into the follewing two cquatiens
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strlps are calculated using the flnlte element method. The

- o | | | . .7 88

SR T B T C 1S .
: a . . o | : / ’ .\~ v
o RSN N B S s2n T

Tn

For a non trlvihl solut10n¢nf equatlon (S 21), it is essential

that the determlJant of matrlx [p 22] be ‘zero at the correct ' - j

natural frequency. The matrix 1Q1. is, therefore, the . /j
matrix [P,,] in this particular case. : L L ///.
: . _ , : N
-In general,the watrix {Q] is’ obtained from matrix . //~
h N | S
" [P} by deleting the columns correspondlng ﬁo 2zero elements - k\ﬁ\\‘ k
6 M
, \
of {FL} and deletlng the rows corresponding to the non~
- L/1 SN o '
zero elements of {;?R} .. -
« -~ . le '

‘The method of determlnlng the natural frequenc1es

consists of the follow1ng steps [33] : | i

1. The stlffness and the masq}matrlces of all the °

boundary qonaltlons of the top and-bottom edges are

-incorporated.

2. ' A numerifal value is assumed for the natural

ﬁreqoepcy W .

’
- - R .

3. “ﬁa;;ices' [S}ix end,hence'thefmatriees ‘[T]i are
obtained, using eqﬁations (5.4) to (5.7).
v . 4.' Matrix‘ [P} is determlned using equatlon (5. 17).
5. By subé%itutlng the boundary condxtlonv of the

left and the rzght boundaries of the txucture in oquntxon



' . .‘Q.. ) f
5.5 ,Detezg}nation of Mode Shapes

R A A T e s o

;
. -

L

(5.557% and deletlng the approprlate columns and rows, matrix
« _—
T —

[Ql is obtalned . ;_ . L

@ 6. ,The,deterﬁinant of matrix [Ql is calculated.

7. Steps 2 to 6 are repeated for different values.

of w .

8.. The'determinanas of [Q] are plotted as ordinate

w;th the correspondlng values of W as, abscissa. Thé points

of 1ntersecthn with m; axis {zero value of the determlnant)
-

are the natural frequenc1es‘qf The structure.

~

S

To-illustrate the prbcedufa for detarmining the node
shape correspondlng to a. partxcular natural frequency, let us

consider, once again,, the partlcular case in which the left

s \.

'-‘edge of the structure is clamped and the right edge is free.

For this case;- equatlon (5. 16) 15 equlvalent to éguations/

ot

(5.20) and (5*2i+HTu—Matr1x v[Pzzl is obtalned for the -
particular natural fxequency ‘for which the mode shape is

required,' Since equatlon (5 21) cannot give absolute values

—

-

for” {F ,tﬁdt only the relative ratios of its components,

L}l
we assume that the first component 'of {FL)l is unity.
Incoporatlon of thls condltzon in equatlon (5 21) gives the

relatlonshlp

-

) ) . B
{r} = 19;] {F}; - (5.22)

-

. 89
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Here {R} 15 a column vector w1th the flrst element

e

unlty and all the other elements eqqal to zero._ The matrix
[Ql] is obtalned from matrlx ‘[P } ‘s by replaang the

elements of the first row by zeros, with the exceptlon of the

&

first element, whlch is replaced by unity.

Solution of eqﬁation:(5;22)-yields'the value of "{FL}l.

Subsqitdtion‘of zeros for the di;placementé {8 }1 of the

(9 : o
clamped left edge, glves the vector of edge varlables {-L1 . -

L’1-
.Successive applications of transfer matr;x equatlon {5.12)

kts

‘gives the edge varlabges of all_the edges and hence the mode

shape;

-

5.6 Numerjcal Examples | .

E

5.6.1 Rectangular Plates -~ L S

Natural fgequéncieg; usingfthe present meghed, are
'calculeted for twolrecyangglef plates with two different
boundary conditions, Figere le).‘ Thenfi:st,plete is a
cantilever plate end_the seeond,has:ail its edgES'bihpiy
suppOrte@l The-sp#ips of the plates are subdivided into
triangular elements.es shown in figure.(le; The local
cartesian co-ofainate exee x'y y's 2! for each'tréanggiar
‘element are so chosen thet the =2 -axis ie‘;Ormal.to‘theuplgté
,isurface and ‘the y ‘=axis 13 along the hypotenuse of the
triangle, as shown in Flgure (16). Within each element, the }
P RS

deflection w along'the z -axia is aesumed in the form

1 L . . . -
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Subd1v1510n of Square Plate into. Sections and Finite Elements
(a) Cantilever Elate. - , L _
{b) Sxmply Suppcrted Plate _
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%2 3 . L
> , & L | ‘ £
4&\ o . . . ' g .o ] .

f L2 3 20, .- - (5.
n‘ ‘ + us‘y' IR {17}{' | + agx' -Y.' + agy|3 | .(-5 23)

wl(xl—'yﬁ) = ‘ul + a x."‘_l_ a Y—" + 342('2 + 'asx'Y'

~

: . oy )
| This expression for w' along with the system of
— s - . - ) )

local co-ordinate axes selected is partially conforming. In

Y

addition to diéplaoement continuity aloné all the egées'

: between the,adjacent-elements,'it also satisfies transverSe

-

slope contlnulty along the hypotenuse of the trlangle. .The
regular flnlte element analy31s WIPh thlS expre551on is known
[49,50] . to glve a. good rate of convergence for static as weli
as. dynamlc problems. However, any other assumptlon for
deflectron may -be used 1f so desired.

| The stiffrness and the mass matrices of individual
elements are obtalned using the regular dxsplacenent type

finite element approach These matrrces are transformed to

common global axes X,Y,2Z. The assembly of element matrices

is carrred gut for all the elements en one strlp, to glve the

total stiffness and mass matrices for each strip.

In'examples (a2), (b}'andr(s 6.3), the frequency is

)

/““.

o

expressed as a nondlmen31onal quantrty élven bgf
s _‘ |
q=wl? BED 0 —  (5.24)
& , . ) L
where L is the length, £ is the thzckness, an@ p is the
nass . per unit volume of the plate. D ers the itexral rigidity

. \ )




T /.l
of /the plate given by’ .
N : ) \ ‘
D ='§t§/ lZfi -v%y ‘ (5.25) ..
. A o . o :fif LN -

© *£ and- v are Young's modulus and ﬁoissqn's ratio, respectively.

{a) Square_Cantilever-Piate

- : ST L2

The plate is divided léngthwisé'into 5. strips and

/

.each strip is subd1V1ded into 10 elez:nts. Since the top

edge of each strip is clamped, the di lacements of noaes'tﬁﬂ"

and 12 are zero. The rows and the columns correspondlng toi

these displacemeﬁts‘are deleted from the assemhled stlffness

and mass matrlces for each strlp.

.

Slnce the left and the rlght edges of thé p]_atS are o ‘ “

‘free, equatlon (S .16) ‘can be wrlttéh in partltloned form as

| .
NN IUR ST P A A S» | .
e B Rt Skttt HR iy AU o il s (5.26)
o p.. ! P loi _ o} . s~ '
. ﬁ. 21 \ 22 1 5 .
vielding | Lt
: ‘ | /
: = -} = : -. 7
lP%ll {GL}l {GRLS . s {572.?
K : L= . .28
[PZI} {GL}1 = {0} ) . (5 )

For a nontrivial soiutign,-the‘determinani of matrix I?zl]

must vanish at the correct freqguency. the matrix [Q] is,

»
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. TABLE VIII -

s

Nohdimensiorial Natural Frecj\;encies (2) For

a Square Cantilever Plate -

Ry

.96

vibration |.Calculated Ritz Method 7 :
Mode. “ value Value [511] %?- leference

j - Lq' .

/ 3.44 3.49 1.43

4 _ _

V N o

: ’ w

- 8.55 8.55 0.00

o P

y .
T — P

A L] * ' . o

g t 21.18 . 21.4% 1,21

. L N
\ Yy

:...-..“. - - ’ . - )

y 26.93 27.46 1.93"

y PR o

v s ./ — |

. 1 . _ . ”
I~ - 30.98 31.17 D.61

3 v T \ -

a‘ l
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therefore, the matrix - [P l] in-thiS'case ' S e .
_ The variation of this determlnant with frequency 151

plotted in Figure (17). The curve of-the’ determlnant vs.
£ : %
frequency is observed to have a dlSCOHtlﬁUlty atca_value of

-\

Q in the vicinity of 16 . The value of the determlnant at

this point changes'from + @ to L ’ The ‘reason for th:s is

L=3

that at thls value of frequency the matrlx [s 12]‘ of.equatlon?j

A
'R

(5.5) has a determlnant equal to zero. -Thefihyeree of this -

. . o : |
matrix and hénce the transfer matrices, [T]' and ‘' [P] do not

exist at this frequéncy. Cav T ,

The values of the natural frequenc;es, for the flrst
five modes of v1bratlon as obtalned from the present ana1y51s,
are given in Table VIII.: The thz method values glven by

Young {51] are ‘also 1ncluded for comparlson. The present

values are observed to be 1ower than the thz method values,_ ff

" the ﬁaxlmum dlfference belng 1. 93u._“l - S f

.

Each strlp has a total of 30 degrees of freedom. The

natural frequencmes are obtalned from. the determlnant of a,

L

‘15 * 15 matrix- [Ql. ,Conventlonai f;n;te element technzque

for the same subdlv151on would requlre the detexmmnatlon ‘of
'elgenvalues of a 90 x 90 matrlx. - - t / '_ X _-:; -

-

(b) Square Slmply Supported Plate oo ',;'" : Y

The plate 15 d1v1ded lengthwise lnto 7 ‘strlps and |
each strip is subdlv1ded 1nto ld element Thc top and the .
bottow edgea of the ﬁﬁhte are tahen to he P&ralleluto the-

.-
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CTABLE IX
™™ " Nondimensional N-éi:Ural---Fr_e,quenci‘es () For
N * a Sguare Simply Supported Plate
Vibration Calculated B Exact _ "
Mode |  Value . - Vvalue 3 Difference
_ [s2] -
19.49 19.74 1l29
| . . : . ) . . 5
] © . 47.85 ]  49.35 . 3,06 -
. " ° . ' ) Q -
r . 48,90 ° ] - 49.35 0.93
' T - /L .~ . .
)| . . : 1 .
-4 = 45.88 . | . 78.96 |  3.92' ;
-1 " R N - .
' .
i
T P - | B
P . 96,78 98.70 ~  |'  1.96 L
'. ‘ -~ ) . . . -
1 & e "_ .
e ©96.90 -~ 98,70 |  l.84 |
. B B N
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global x axis. Sincde tie top and ‘the bottom edges are

\e

51mply supported the value of w and ey ~3w/3x . are zero
| i
for nodes 1,8,9 and 16 of each Strlp. The rows and the

k4

columns of the stiffness and mass, matrices, correspondlng to .
these dlsplacements, are deleted for each strlp. The overall
transfer matrix [P] is then determlned, giving the relationship

5

- _ - e { s L
R S o A . S a2

The left- edge. of the plate is simply -supported. Fornthe nodes’
op this edge, therefore, the boundary conditions are w =‘O.
f\ N " . - - .

0, = Bw/§y~= 0 and QMy-e 0. The columns of matrix [pl,

. & &
‘corresponding to these zero elements of L . » are deleted.
: , | : ' . ) -FLI..'
The‘right edge of the plate is also simply supported. . For the
noedes on this edge we have ‘w o= B = My = .0 as well. The rows
of the matrix. [P] cprrespondlng to the non-zero eléments of
8 o
R_ are’deleted~to grverthe matrrx o} . t the correct
“FR - ) T i ' S \ .
frequency the determinant of matrix [Q] must be zero for the
C I
existence of non-zero elements of - ; .
. . .;I - - FL . * .

‘The variation of this‘determinent'with'Ereguency is
-plotted in F;gure (18). The curve is observed to have a

dlscontinulty at Q epproxlmatély equal to 0. Thla al
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o - . A A
corresponds éo'the’frequehcy Vhere theﬁatrixllslé] gecoﬁés
singularignd ﬁence the transfer\metfices do nét exist.

' The values of the nefura; frequehcies;:forltﬁe first
Six modes of vibration as obtalned from the present ana1y51s
‘are given in Table IK.The exact theory ISZ] 15 avallable for

this plate. These exect frequencies are -also glven in the
Table for comparison. The mg#imum erior'infthe natural -
frequencies is observed to be . 3.928.

5.6.2 . Annular Canfilever Platés‘

Natural frequenc1es, u31ng the present method, are'

calculated for annular plates clamped at the inner edge and
free at the outer edge. The annular'plate may be Yivided znto
strlps ln two dlfferent ways, in the radlal or tangent1a1
dlreetlon, as shown in Elgure (19). It 1s advantageou 1n
both cases to cosider only one quarter of the plate, w;th the
approprlate boundary condltzohs, to re&uce the nunber or sx*e

of strips, and hence the ccmnutlng txme.. Each strlp is

kS

subdlvxded into fxnte elements as shoen in Figure (19)._"he

"finite element used 'in thla analysis is the annular aector.

LY

e

Einite element developed in refexence !393

~In this examole. one quazter of the plate is ' ~:
con51dered, and is dxvzdeﬂ 1nto 3 °tr1pa, and each strip is
_suhd;v1ded into - 3 fxnlte elemehta. as aboan in Figure (lg-b).

ancc the inner edge is clamped and the outer cdge is -

free, equation {5.16) can be rewritten as



b - s
FPiguré 19 .
- . B - . : . \
Subdivision of Annular: Plate into : ,2’
£y * v y 3
Py el

~ sections and Finite Elements o i

'1

™~
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TABLE X
s

Nondimensional Natural Frequencies ()} For

annular Cantilever Plates

- - ” \.
Vibration .. | calculated } = Exact o 1
Mode Ri(#o _~ Value Value {52] ® Difference
0.276 6.45 - | 6.25 3,2
1 0.642. 25.76 25.00 3.1 i
0.840. | 84.60 | ’81.00 | 4.5
0.060 | ~2.83 | 2.82 | 0.4
0.397 g.80 | ~9.00 }- 2.2 b
0.634 26.80 ~ 25.00 - 72§
0.771 162,60 - 64.00 2.2
0.168 6.30 6.25 0.8
©0.349. | - '8.45 9,00 6.1
'0.522 15.00 .| 16.00 6.3
0.769 62.80 © 64.00 1.9
. -0 ; N
0.430 | 1s.65 | 1600 | 5.9 §
0.710 48.80 | .49.00 0.4 -
0.2 | r00.40 | 100.00 i 0.4
o ' i
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- : ) }
P11 :'Plz , O - 6out : ' '
TTTTOT TS T = et _ . {(5,.30)
i 1 . .
Poy t Py Fin N 0

-and the matrix -[Ql in th;q case is. {Pzzl.

The variation of the determinant of matrix [Q] - with

[}

4

(5.32)

where R° is the outside radius of the plate.

o
-~

fheﬂvalues of the natural'frequencies asfobtaineﬂ from:

"~ the present ana1y51s are given  in Tablei X . The exact values

of the natural frequencxes as glven in Reference [5%3 ére

also given for comparlson 5;The';ax1mum deviation from the
exact answer is 7.2%. y N

_ Naturaily; more'aécuréte reéults c&uld be obta;ned,:
using the.present method, by:incxeasing the'numberaof stripg.'
This of ¢ougée'will not increase theé gsize of the matficésﬂ

4 o. . . . &
| . ) - . .

3.6.3 Recﬁangular Cantiléver Plate wiﬁh Iiragular bonndarics

Figure (24) shows a gpecial shape cantilcver plate,-
lelded into two parts - A and B . Part A; is divided xnto

m, -strips and part_ B is divided 1ntg' m, 5tr193- -EBCh_

¥

o . - . -



R

109

oyl

E

o

\l'nllll.ﬂ!llll

<

3

P

<

N

-

,l!illlil.
.

(48

rl'll Iﬂll,.ll

] - o e x> - -

vlal-al.l.lu.lw.l..u'

h;

 Figure 24

into E&o

to Sections

o -

Boundaries
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strip in A and B is subdivided into n, and -, finife ' e

e x
B
N Pt

elements respectively.

L

For part A of the plate, we get

GR . §L . fGL )
-~ = [T ;T]m -_;1.....['1']1 -— = [R] \—-- {5.33)
: 1 1
—FR - . FL : T FL
A - o _ A A

Equation (5.33) relates the edge variables of the left Soundary
of part A to the edde variable of the right Beundgiy of part
A L - , .
_ . - s
A similar expression may be obtained for part- B in

the form

GR ‘ L 5, )

-F.{ . o FL FL
B _ e ' B : B

To get the .transfer matrix for the entire plate, it is more
convenient to rearrange the columns matrix ' [R] , so that the
nodes of the left boundary of éartf'A .are separated>iﬂio.tﬁo

groups, free and common, thus

. (s, Y
. e |
6 - . ) - ~
R . v P . e
N N -LEY (5.35)
-F N v 1%1c .
R A \'\\\ o " F ri i .
] 5. N ' N L&Yy N
-\\'\ -
N . ‘\‘\ “" -
o



| .7 . .
S & |
Q . . : ] ) . o ." ./'/‘,;
Ors ot N G
where is- the columﬁ‘vector of nodal displacements -~ .
F h Y - - R ,
Lf A ~ - ,' , ; : e ; . 3 .
and forces of the free nodes on 'the left'edge of A and
GLC . -. . v r. - i " y " o , . R
- is the column vector of nodal displacements and J
Le A . . . // T : - e T
forces of the 6ommdn nodes on/tﬂé left edge of A . .

Sxmllarly arranging the rows of matrlx [V],:so that

the nodes on the rlght boundary of part B are separated into

free and ~common nodes, we get : ﬁ;"" j' ’f.. .
o ~ vl 61 - ) o N\
. ~ . ) . K3
| | s o (5536) 5
v el - ‘
.2 L B
v h .r’%
1 . -
But since
(s [ sy o
kel o ¢ Re (5.3
F 7 {-F, .. o —
N Le A ' R? B . ' - k‘)(\\
Wlth a little algebralc manlpulatlon, the follow;ng relatlonshlp
_ o : / 7 . o .
‘can be obtained = S - . ot
PR ' . [ )
a - ls. 4 - L P 5
el ] R R Y Le
: I7Fr = D R O I 74 TR € 551 )
- 1 - : ' _
> 3re toj ! - vyl 8L : .
-F ' F
\ . REJ_B \ If'J B
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'Cf 1-' 7 B B '-__\\\ - . o

Equatlon (5 38) relates the edge varlables of : (a) the. rigﬁt

boundary of part A (b) the non-common (fr;e) nodes of the ‘
left boundary of part A (c) the left boundary of part B R -
and (d) “the non—common (free) nodes of: the rlght boundary of
part B . . ',? - o

g

The boundary cpnd;txons determlne the matr;x w1,

@

whose determlnant 1sazero at the correctenatural frequenc1es.
Natural frequen01es u31n;ﬂthe present method, are ~ -
-calculated for a, cantllever plate whlch is lelded lnto two 7_ %
parts'dn and B- as‘shown lnyglgure.(gs),rVTbe-rlght edge or
'.tbe plate‘is"fixed. =Each oart is divided iﬁtOLthree.strips,
and each Strlp into four trlangular elements. The stiffnessh

and mass matrlces for a strlp 1s*0bta1ned S

Slnce the rlght boundary of part A 1s flxed and the
left boun&ary of part ‘B is free, thus {GR}A 0-and {F; ), = 0.
Also since some¢ of the nodes at the left boundary of part A,
and some of the nodes at’ the rlght boundary of part B . are '
free, thus {FLf}A = 0 ‘and {FRf B = q .

-1

In this case, equatlon (5. 38) can be wrltten as:

‘

S Y R L ( "; ; I
' “F, [, | IR T R, v} R LI U '
4.....R..;A = [ ] : I 3 i X C 1"'"'PA . (5.39) "
fsm-a*f-—jTrr--—f 181 A
: Pie TR B2 IS A CY R N I o
) B | Lo .. - . A “._B._

The matr;x [Q] whose determznant vanxshes at the{

correct values pf the natural frequencies. is obtained by

-

a~

i L )
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- -y ——
. a )
) ﬁA
-
. o .
) . -
B /1. f
. 3L . . .
.5: L)
.9 [ - »
- . ¢ -
 “Pigure 25 -
. ._' ’ ' - . . ‘. -, ) t
subdivision o0f the Plate inte Two Parts A and

B, Each Part has 3 Strips, and Each Strip .
‘is,Divided.into 4 Finite Elements : . v -
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TABLE

X1

Nondimensional Natural Frequencies (Q) For

a Rectangular Cantilever Plate With irregnl&r Boundaries

N

115

-Finite

, Transfer Matrix ,
vibration - |_pinite Element|] Element | ® Difference
Mode Method Value IMethod Value.{
— £ 0.36 1 0.36 0.00
2 2.04 1.99 2.45
St S 9 :
. \ l E . ' * T - b
2 r] ? 2.17 2-17 0100 T
Al '
7 .
’ N
by g 5.70 . 5.60 1.76 ;
"—!"; 7.72 2.99 ,3.50 -~
7 ; :
_l,'r'" - . _
L

"
as
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deleting the‘columns-correspohdihg‘to the zero elements of
the right\hand side column vectoxr and deleting the rows
X ' L. - //
corresponding to the non-zero elements of the left hand -side - T
. " . 3 ‘ < 7 ); - .
column vector. S : o ¢

The variation of the determlnant of matrlx [01 with
the frequeney is plotted in Flgure (26) - f' “N
¢ .+ The values of the natural frequencles, for the first
fivégmodeshef vlbratlon, as obtaineqd from the:present ana1y51s

.are gieen in Table XI . The values for these ﬁrequenC1es as

~

obtained by the usual flnlte element agaly31s are also 1ncluded

1n the Table for comparlson.\ The max;mum dev;atlon from the )
finite element method value ;s 3, 53. o

. B
- -

5.6.4 'Cantilevef Fén;Blade_ _ o

7 The same curved fan blade, whose natural frequenc1es
were obtained in the last chapter u51ng the fxnxte element <%
method alone, w111 be studled in thls ‘'section usxng the transfer
matrix - finite element technlque. ,7. L ' U
’ - The shell is d;vzded 1nto m strlps and each strlp is
'subd1v1ded into flnlte elements as shown 'in Flgure (27) : - ’
~ The mpdlfled 20 degrees of freedom cylindrical shell element,'
and the modlfled 28 degree of- freedom element, aré both used
in the analysis. The assemhly of element matrices is carried
out for all elements on each str;p, to gzvc the total stxffness
‘and mass matrxces for each strip.

-

. Since the left edge of the shell is free and the rlght
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b | - - . PFigure 27

_ ] 5 _
Div;slon of Curved Fan Blade into Sectionsy and -
Subdivision of a Sectlon into Flnlte Elcments ‘
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1 ! P2 %) (%’
S At I o BNl b . (5.40)
Pa1 ) Faa 0 )y WJn '
Ty
. . “/
This can be split into_two equations _
. A - I
!
_ [Plll {52}1 {81 ~{5.41)
“and ‘ . o CoN
" B3] {8,y = o (5.42)

The matrix [Q] whose determinant vanlshes at the
correct value of natural frequencies 1is, therefore, the matrix

[921] in this case.

The variation oflihe determinant of matrix.[Q] with-
the fréqﬁency ;sipibtted inh?iéures (28)f€o }30).. The 20%20
cylindrical.sﬁell élement_is used in this case;-and'the
frequency is gxpreésed inéy91gn:per-second.

Tabie XII shows a comparison between the results.
obtained by .the present analysis_and'éhe experimental results
obtained Sy Olsen and Liﬁdbexg_de].- It‘shouid be\théd that
the numbers at the top of columns 2 'to‘ 5 iﬂ the'Tmble.- _
represent the number of strips and the number of-clcmcnts in ' ;
each strip, ;espect;vely. It is obviouq from the Table that S
the present analyﬂis gives mnch better predictibnn than thoae ‘ '
obtalned us;ng the finite ﬂlement method alone. Thc maxlmum

devxatlon of the natural frequcncies, for thﬂ first fxve modcs,

-

.f\f
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Natural Frequencies For Curved Fan Blade

-
4

TABLE XIIX

Using The: Transfer MatrixeFinite Element Method
(The 20x20 Shell Element Is Used)

“122

Mode Shape | Experiment 20x2 100x2" 60x4
Ref. [48) | ) '
;‘U (eps) - (cps) (cps) {eps)
1.---1 86.6 137 - 131 95
1 - _
: . : ; - - -
’ 135;5 182 177 147
2 - .
i' ) 758.9 292 283 257
T _ ’ -
R 350.6 535 520 399
A 1 . .
LY
jh-—'. “u L
y Y 395.2 578 571 439
fow - ) . . . :
J "’

The numbers at the top of columns 3 to 5 represent the nunber
of strips, and the number of elements in each strip, .
respectively. o .
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Natural Frequencies For Curved Fan Blade

TABLE

XIII

.4

Us ing the ‘Transfer Matri};‘—Pinite' Element Méthodr

. (Thé 28x28 Shell Element.Is Used)

“The numbers at the top of columns 3te s reprc ent the number

of strjips , and ‘the number . of elenentu in each atI‘lPa _

respecmvely .
£y

-.\ ‘?h

~

Mode Shape | Experiment}  6x4 - 8x4. 10x4.
| Ref. (48]~ ‘ - ¢
4 ) (cps) - - (cps) - {cps). (é_ps:) \
2"""'.—‘f 86-6 Y ) 90-7 . " 88.9 87.8 A
. S -, : ,
¥ 4 B / | . , -
4 135.5 142.7 1395 . 137.4
j ) ER ! 8 u
1--‘""‘ - ) - -
14 -1 258.9 .263.6 | 262.4 260.1
1 “--._. L. - . .
/| L % ' s o
Y t . - ; ~ o
Y it - 350:6 . 375.9 ~ 362.8 355.1
y | ‘i‘ ) . . . .
1N . Y , . -~
=== . RS I -
1 ? 395.2 414,1 407.0 -402.8
Y thatedal® - s e '
{77,
Y

126 .
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is 14 8. If the same-problemxis eolved by»therusual fihite
element method for the cases g%ven in Table XII, thé size of
the matrices will bé 210 , 1010 and 1220 respectlvely,
which would requlre a huge computer 51ze.

Table XIII shows the same . comparlson, but usxng the

2BX28 modified cyllndrlcal shell element.} The varidtion of

the determinant of matrix '[Q] w;gg'the freéuency is plotted

in Figures (31) éo (33). The‘maximum de@}ation of the natural
frequengies from the experimeﬂtal-resulfgfiusingfthe_4le

divi;ion, is iess than.z %. It is quite clear froelthis Table
. that the present method is a powerful method for the v1bratlon

_analysrs of shells and it gives very accurate predlctlons,

- g
using -a comparatlvely small computer.

5.6.5 Clamped - Ring - Stiffened Circular Cylindrital Shell

s

Another'eiample which can be soived using the transfer

nimatrlx - flnlte element teéhnlque is the vibration analysis of

the clamped-rlng-stlffened c1rcu1ar cylzndrlcal-sﬁell shown in

»

Flgure (34). This problem has recexved very llttle attentlon.

Sharma and Jones [53] formulated the problem using the Raylexgh-

-

‘Ritz technique to obtaxn an approxxmate solutzon. - ' v
In the present analysis, the shell.es divided into

16 strips, and each strip is sﬁbdivided ihto'oneuanﬁular seetor

finite element and five cylindrical sheli‘elements as shown in

Figure (34). The 2axas modified cylxndrlcal shell element is-

'used in this case. The assembly of element matriccd 1¢ carrzed

I - pey
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_—

TABLE IXV T T

,NondihensiCnal Natural‘Frequéﬁcies (Q) For

kY

C;ampéd RingéStiffened’She;ls

Mode _ ’ . : a/h. ‘ )
Shape - —
L/a | number (‘ 30 A 100 _
n Present | Reference Present | Reference
Analysis [53]) Analysis § - [53]
1o 1 | 1mn 1.7824 | 1.49 1.5486
15 1 | o.s1 - 0.8513 0.73 . 0.7681
20 1 ~.0.47  |. 0.4952 0.41 0.4573
i 2| 2,96 |  3.0667 2,69 | . 2.7915
15 2 1.89  1.9664 1.38 1.4384 | -/
20 2 1.63 . 1.6986 0.99- | 1.0341. ¥
o ) ! B
;\J , _ Q

o
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out to give the total éfff%égss and mass matrices for each i

strip. Since in‘{his case the system is closed, we cah write -

sy, N (8] e
Y (P1 - . (5.43)
: . . 9150 - elzo - . , "
jf . . o . | |
\K‘\ _ P -11]. 3; e' Z‘{O} L | (5.44)

where [I] is an identity matrix. p
Hence the matrix "[Q] whose determinant vanishes at the
co;rect valuee\ef natural frequen01es is the matrix tP-I]
The dlmen51ons of the shell Fxgure (34), are as
follows: a/h=50 and 100, L/4=10, 15 and 20, H/a=0.1, and b/a"

:0.3. The variation of the determinant of matrix [Q]Aw1th

frequency is plotted in Figures (35) and (36) for values of n=l.

and 2, where o/zs the oxrcumferentlal mode number (n=1 15 the -
cantllever mode, and n=2 13 the flrst ovalling mode) .The

frequency is expressed as a nondimensional quantxty deflned by

~

2 = wa /p(1 = v2)/E x200

s ' (5.45)-

r

¥

Table IXV shows a comparlson "between the re ults
obtalned by the ptesent analysis and the é;;;oxxmate solut;on
obtaxned by Sharma and Jones. The present valuea are observed
to be lower than the approximate values, the max;mum dlfferonce
;s about 5%. Conventxonal»flnxte element technxque-fox the

same subdivision would require the determination of eigenvalues
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to -
- TABLE xv/,}/ W
_Coméiarison Between The ‘iime Used By 'i‘he :
Present Method And The Finite Element Method
. 5 ) e o - ¥
- Frequency Range of d No...of ) 'i‘iiné Used
) . | -Trials Trials _ . {sec)
\ .
3.44 | 3.2°- 3.6 3 39,671
- { _' ’ T ) ~
8.55 . 8-9. 5 58.353
g - . M L3 ”
'1‘ - . ’ - A T .
21.18 ) ' o :
: _ - <t _
26.93 . %\34 29 328.336
B ’ : ’ - ' ﬁ ' '
30.98
— J :
Total time used by the present method | 426.360
Time used by the finite element method | ~ 52.328 | °
- - { . . . N .
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for a 656 x 656 matrix, while the size of matrix [Q] is
only 82.

5.7 . Tine comparison . } ' _
b i
f - . '[ .

The first five natural fxequencieS'ofrthe séuare

]

cantilever plate-,'Figure.(isl_. are obtained using the finite
element method. alone, i.e. without dividing it into strips.
‘The plate is dividquinto 50 elemehts.' "he size of the

stlffness and mass matrlces in thls case is 90. ?he pcwer

o

method is used to get the requlred eigenvalues. , “
‘ Table XV shows a ccmparlson between the camputlng
tlme used ('on a CBC 6400 ccmputer‘} by both methods. It is

observed that the present method took abocut 8 tznes the

computing tlme requlrgq'by the fln;ﬁe elexment method, Whllé'.
the storage utilized is one hinth’;frthat required by the
finite elemeni method. It shoulh'aiﬂd hc“noéed that if the
range of the natural frequenczea is not anwn, a lumned "ass
agproxxmatlon nay be done before using the transécx,mntrzﬁ -
finite element techn;que-' Eowéver, the present method has
still éhe}great advantage of reguiring a smaller computer size
as compared with the size reguired by t%s;finite dlement
methed. ' 2 )

. : ’ . - S e - ) - \

5.8 Concluding Remarks,

The pregent method, based on the cambinatien of,

ansfer matrix and finite clexment techniques, is cbserved to

~ -
-

S o : , ——
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give satsfactory'fesults fo the ﬁetural frequencies of pletes
and shells. In the conventionalrfih%te element approach the -

size of the matrix to be considered is equal to.the total

L

number of degrees of freedom for the entire structure. In

the present method the size of the matrlx is equal to the

<

number of degrees of freedom for one Strlp A much smaller

Il
b

computer is thus sufflclent T o
* . In the- case of the flnlte el \;2t method , the

natural frequencies are determined from %he elgenvalue problem
obtained from the equlllbrlum equations of the nodal forces.
In the present ‘method, these frequenc;es are determined by -
calculating the déterminant of'the_boundaryidbnditiohs_matgix
[Q] &twvarious assumed values for the frequency.  The si?e
of the'matrix..iQ] is equal to half the number of degrees of
freedom of one‘strlp. - ' ' - ‘ |

The computlng txme used by thls method is usually -

greater than the time requlred by the finite element method.

-




CHAPTER 6 _ " | ’

A}

VIBRATION ANALYSIS OF -BLADED RIMMED DISCS

6.1 Introduction. ;;ﬁﬁ’,ff”

As was mentioned earlier, most.of the studies of the

-

vibrations of turbine blades assumed that the disc on which the' -

blades are mounted_is absolutely rigid. Hénce,.the blades are

treated as cantilevered beams or plaﬁes.(sometimes'consiaered
. o . .
twisted or tapered).

In the presentfwork, the transfer matrix - finite

element technique is used to predict the'ldweét few natural

frequencies of a bladed rimmed disc. The bladed rlmmed disc

is d1v1ded into sectlons, each sectlon is a. sector of the
whole structure with included angle 8 . ?he disc is assumed
to be_riéidly fixed at its inner radius. Qvefy éection'consists =
of two,éonsecutive‘bladés, ana thé bart of the disc.and rim .
within the included angle B as shown in'Figure (31)-' Each
section is then subdlvided 1nto finite elcmentg.  ‘ \k,f

The dlcc is subdxvxded into annular sector fxnate
elements, and the rim into cyllndrlcal ohell clcncnta. The
annular sector finite element der;ved in Chapter 3 will bc
used for the disc and the 28x28 modxfzed cylindrical shcll
elemcnt obtaxncd in Chapter 4.w111 be uscd for the rim.

The blades are divided into f£lat plate triangular
, . “_ R . , . xfa .
“ | 136 -
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" Pigure 37 J
Bladed Rirmed Disc divided into Sections, and .
Subdivision of a Section into Einitc Elements
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elements. - The flat plate bendlngékrlangular element utlllzed

in Chapter 5 will be used here{
N | _
6.2 Complete Stiffness and Mass Matrlces for the Trlangular

Plate Element

A shell element 13, generally, subjected to bendlng
as well as 1n-p1ane forces. For a flat element these forces' 5

cause 1ndependent deformatlens and therefoxe, ‘the in-plane

T
-

stiffness andqmass matrices pen be derived,independent'of the

. bending matrices.

- ’ - - ol
3

At each node of the trlangular elemenx two 1n—plane

[ Y

PR

degrees of freedom are a551gned These are the dlsplacements

I‘ud‘and v' along the x° éhd'y'° axes (Flgure (15)) )
The complete stlffness and mass matrlces, which ot

include the effects of bgth the in-plane and bending forces,
are derlvea, in local coordlnates, in reference [2].n The order

¢ i
. of nodal dlsplacements would be

- ' L

B o . ; . .
- {Gé} ‘3 { u' * Vi ° “Jl ] 8'1 ;_ Byl Gél - e '} , ) ." ' .
. .\ " . -
P 6;2 F eap 8;3 ‘} ‘ . . . | (601)

v

: }‘ ’ H .
where u', v' and w' are the displacements along x', y' and z°
_respectively; 8;, 9; and'ej " are the rotations'about ®Y, y'i
‘ ‘ .,u'.- . o co
and z' axes respectively, : i

- —

& .
" Since the stiffness matrix Eﬁé] mgeggfgétgﬂtycn
v ‘ I ‘
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local coo}dinate system of an element, it must be transformed
to common global coordinate system %yz. The procedure for

- ]

transformation is given in reference [2].

Ll

6.3. Theoretical Analysis of the Bladed Rimmed Disc

‘In the pfesent aualysis we -assume thetqa;l the blades
are.identioal, and have the foiﬁ of“reotangule: plates. Each
blade is divided into a number of strips, and each strip is'
subd1v1ded into triangular elements as shown in Figure (37).
The localncarte51an~coord1nate axes x‘, y. 23 for each T :

| trlangular element are so chosen that the z* —aXlS 1s normal
to the blade surface and the y —axis is along the hypotenuse

of the triangle (Flgure (16))

The common global axes of the blade - are such that the

x-axis is along the length of the blade, the_g-ax1s is in the
. plane of the'blede anéﬁthe'z;axis is normeloto'the blade
surface as's;own in ?1gure (37). |

The stlffness and the mass matr;ces of 1ndxv;dua1
elements are obtalned using the regular dlsplacement type
flnlteselement approach. These matrlces are transforned to 3-
the blade cormon global axes X, y, Z. The assemhly of elemcnt,

%
matrlces is carrled out for all the - elements on one strip, to

glve the total stsznesu and maas matrices Eor each wtrip.
?ollow;ng the procedure of the last chapter, thc

transfer matrix relatxng the state vectoro at thc free on&

Q

and”the root of the blade is of the_fcrm=f“

L ' ) . ’ ‘ I L

‘V‘
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- , . N
Pin | Fr2 Sroot]| - Stree|
g S L LRI [ S S X (R (6:2)
_ 1. : ; :
P! P_. 1F 5 -F__
B 21 " 22 g _,Eroot. ‘freg
| Applylng the boundary condltlons, and 5p11tt1ng the - last
equation 1nto two- equatlons, ylelds '
- .‘ ™y . ' . . S ,.~ |
[Plll {Groot}'f [P12] {?rodt}’f‘{afree] . -(5'3)
. and 7 E ' ) )
(2,1 {8 _ o} + [Pyl {}":irdot} = {0} (6.4)
From the second equation = SR R o
(Froot} = = [Py 4 e 1] {Groot}
= W] {6 } R {6.5)

reoot

This equatibn.gives the relationship between the forces and
;déflections at the :6ot.o%'thg blade due to ﬁhe vibrations
rof the:blade in the local coordinates of the,bihdeé'xys;
Eacﬁ”section of the vhole structure.includes'twolblédgs, with Y
.one blade at anﬁangle 61 énd the other at an angle 8,, as "
. qhown in Flgure (37). Equation (&.5) applles to both.blgdes.  
hctually, thls equation must be txansformed to glohal - L

coordinates X¥Z.

i

.The trans formatxon is. carrzcd cut as follows:

L . ° . -~

P} = (2 3 m‘éi (T,) (85} = 0§, L85} (6.6)
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and - . B

[ = T T L1 _. ’ i . .

)} {FB} [Tzlg ;W l.ITé; {GE} = [WZ] {§E} o {6.7)
_The subscript B corresponds to the'root.of-the blade at Blf
and the subscript E correspdnds to the root of the blade at
62 as shown in Figure (37). The mhtrices [Tll and [T2] have

'

' the same form given by equation (3.36), where [A] is as follows

A

cosB siné o 1 0 0 0 ) .
0 0 -1, o 0. 0
C(ay = |zsime_ _cese_ o Lo 0 __ 0 | (g3
0 0 0 , cos®é sinb 0 : :
0 0 o ' o0 S
K3 o . o ;-siné cose 0 h
Now, consider the rest of the section of the whole . .

¥

structure, which includes_part'from the disc and the rim
which has an included anéie B. The'Stiffness ah@‘mass.
matrices of ail the aﬁnulax elémehté gnd thé cylindrica; shell
' elements are obtaiﬁéd w;BQ,E;:péctto the_global-axes XYZ.

Following the procedure’ of last chapter yields -

| S Fu| o
PP SRR S - © - {6.9
(s1; {-- _ - 16.9)
” 6 F ;
Ry v ™y

and this can be partitfoned as-follows

- . 2 . . n

v
. ‘ g
. . ) - L
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where GE and 6 are the deflectlons on the'left edge of the

section and GB and GC are the deflectlons on tho right edge

of the section, and,Fn, Fo, Fy and F, are the correspondlng

forces,‘respectively. .
Now, since there are additional forces at the roots

: e

of the blades (1 e. edges B and E), thei fect_must{be

added to the last gquation.-‘Theréforé, from equations (6.6),

(6.7) and (6.10); ,
B 1 i 1 1 4 r ¢
N S TS I e~ T 514_1 fgﬂ | f}g
RSO - OR - SV S-S N N G |
B S IRRE LI D I SRS I A4 B {,_GE. (6.11)
§ (- " ' .
S31 ., S3z 1833"y 1S3y S| {Fs .
el dGAoh Bty I v I
| Sa1-) Sa2 1 Se3 0 Sae | Uk Ul

,Fqllowing.the;same steps'éf'the previous chapter, the

transfer matrix.relation for the section is in the form:

-

i

.Y (s L
CRle LB 0 o ey
~F ER Y . : R



shape of an annular ‘plate’ of constant thxckness and clamped at

143

. Startlng from the sectlonfuhere 91 = 0, the tranéfer._
matrix for each section is obtained. Since this is a- closed
sYsiem, by successive matrix multiplication'of the transfer

matrices:

=Rl {4y {813

Thus the matrix whose determinant vanishes at the correct
kY

natural frequency is given by
fje-1] =0 - {e.14)

6.4 -Numerical Examples

The present method is used- to obtain the lowest few

natural frequencies of a bladed rimmed disc."The disc has the ‘

the inner edge. . All the dlmenszons of the structure are

measured with respect to the blade length, i.e. assuning the

_blade length is unity. A

The 1nner radius of the dise is 1, the outer radius

of the disc is 3 and lts thxckness 15 0 25 . and the total

width of'thé rin is 1 anﬁ its thlckness is 0 25 , unlesg

: "
° . R . .

mentloned otherwxse.
- In’all the cases. the number of blade is assumed to -

be 16 , hence the whole structure is d;vxdc& xnto 16 dections.

." .
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The reason for this is that ‘the rim st be leldEd L e
into at 1east 16 lelSlonS in the tangent1a1 dlrectlon to
obtain good accuracy: within 2%.' In the¢ax1al direction, the
‘rim is divided into 4 equal divisions. The disc is dividea
into 16 divisions in the tangential direction and 3.
< divisions in the radial dinection.; K N
Each blade is divided into‘four divisions in each
direction. It is known. that these numbers of divisions;
whether on the disc, the rim or the blades glve results to
3% accuracy. _ : - N v
Also, unless mentioned otherwise, the Falue of Poisson's
ratlo is taken as, 0 3 in all the computations.‘ | -

The natural frequency is expressed as a nondlmensxonal

“ V'(‘

quantity, defined as IR | L, F

!

- . - N -
* ' - ' R
- -t L £d

q = o1? /pE/D . (6.15)

where L is the length, t is the thickness of the blade, ——
D is the flexu;al_rigidity and t¢=L/16.

" 6.4.1 Square Plates on a Rimmed Qisc

In the first e%hmple, the blades are consxdered as o
flat rectangular plate* of aapact ratio 1 and thlckncss 1/16.
Using the present method, tha problem of a bla&cd rirmed dise

is investigoted. : ' -
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TABLE XVI

Nondimensional-FrequencieS'(QJ of Square Plates

on a Rimmed Disk J
.Cantilever Plates Mounted
' Pl . Ri d Disk
Blades' Modd 1at§s .qn a Rimme is
‘Sshape -{Pinite Element} Transfer Matrix-
“ ' ' Finite Element
Method *  Method
N ' T 3
A . . .
p -3.44 " 2.98-3.14 -
4 |
- . 8.51 - 7.05-7.16
y oL . . .
¥
. ’ ¢ )
‘ ‘ ‘ ' o
y IR 21.18 . | 18.6-19.36
1 v R
A v \
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Figure (38) shows the variation of  the determinant‘
with the freqhency. Results for the first 3 naturai \,

frequencies are glven in Table Xvy.

3

For cantllever plates of constant thlckness, the fl;st 7 )
few natural frequencies are obta;ned 951ng.the finite element
_method., and the_resulté_are ipf}gged in Table XVIﬁéor comparison,
It should-be emphasized that both cases: the cantilever-plates
and ehe plates on ehrimmed,&isc: are for identicel-mesh'eizes

of the plates }4x4)- ~

It is cbserved from Flgure (38) and Table XVI thatv
for the bladed rlmmed disc, there 1s not a single fregquency
correspondxng to a specxfled mode shape for the blades, but -~

a band of frequencxes all lower than the one obtalned for the

cantilever plate. TThe d;fferences between the results for
cantilever plate and-a bladed rimmed disc veries between _
98 and 17%. It is to be mq?tioned that each hand contaxns.'
a number of frequencxes equal to the number of blades on the
dlsc, whxch is 16 in our caae, and scme of the ftequcncxea,

<

within a band,fmay-be ;epeated;

' 6.4.2 Pretwisted Plates on a'Rirmed Disc ) R

The method is appllcd to the case of pxethvted platc««
on a rimmed dxsc, as thia qhape closely rescmblea 3 tuzbq -
- machxnery blade. The blades are assuned to have\a total
pretwist of 40°. A zknear varxat;on of prethst dlong thc

length of the:biade is assumed. The blades have aspect ratio
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Nondi

mensional Frequencies (R) of Pretwisted Square Plates .

TABLE XVII

1

on a Rimmed Disk

( Pretwist Angle

= 40° )

Biades‘VMode
Shape

Cantilever
Plates

Plates Mounted
on a Rimmed Disk

Finité Element
b

Traﬁifer'Matrix-

Finite Element
Method Method
y - % ' '
/ »3.30 /2.85—2.96
1 a
{ |
- 7 1 . A
F. \‘ 16-67 -‘ i 14‘.}3-1d¢ 66
: > e o ”
1 18.03 16.16-16.70

149
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of 1 and their thlckness is 1/16

The variation of the value of the determinant with
frequency is shown in Flgure (39). The results of the

computatlons are glven in Table XVII Also given .in the Table

are the values of the natural frequenc;es of prethsted

cantllever plates as obtained by the finite plpmunt muthod [(21. .
b

o
Again, in this case the natural frequenc;es are lower
. 1

than those optalned for the case of_pretw1sted cantilever

&

plates. ¢

Comparing the results for thlS case, with the results

cbtained in case (6. 4 1), would give an zndlcatlon on the

effect of pretwist qn.the natural frequenc;es.

L g

6.4.3 Effect of Iné%ea%ing the Inner Radius of §Sg Disc | |

This case is similér¢to case'RE:Q.i),\excep;‘that the
inner radiﬁﬁ of the disc is assumed to be equal to‘Z*O. The
blades agaln have aspect ratio of 1 and thickness of 1/16.

The variation of the determinant with the frcquency
is shown in Flgure (40). Thc results of the computations are
glven in Table XVIII

It is observed that the natural frequencxes are higher
than those obtained in caae {6 4.1), and also the frcquency

'band width is decreased.

6.5 Concluding Remarks" . o y

rl

‘The transfer maﬁrix - finite elemont technique was

N

IS
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x3

: _ TABLE XVIII
Nondimensional Prequencies (R) of Square Plates
on a Rimmed Disk’

" Effect of Changing Ri]Ro of the Disk

Blades' Transfer Matrix-Finite Element Method
Mode - — S '
Shape : _Ri/R0 = 0,33 . Ri/K0 = 0.67
f: | |
: ! - 2.98-3.14 3.23-3.29
‘ I L]
é . .
A - 7.05-7.16 " 7.30-8.902
, SR . . : o
;.
a4 [ .
‘ ! : L
4 ; ;8.60-19.36 : '20.10-20.94
7 S ;
4 3
) q \ — )



[ | - 153

@ S
h . b

applled to a bladed rimmed dlSC. ‘The disc and theﬁrim were

assumed to be more rigid, or thicker, than the blades, whlch

is usually the case} so that vibrations wxllgbe mainly

confined to the blades (the lewest nondimensionalkfrequencf

of the disc alone is about 240_). The first three hatural
frequencies were ebtained for ﬁkoﬁdifferent cases,‘first'the‘ . /
blades were assumed as square plates'of conshant thickness,

then they were assumed as pretnisted plates. It was found

that there is not a single frequency for a specific mode shape

for the blades; but a'band‘of frequencies. The ranée of this
band 1s 1ower than for the correspondlng cantllever blades
case, the average dlfference being about 12%._ It is to be
rmentloned that each band contalns a number of frequencxes

i ™
aequal to the number of blades on the dlsc.- -

Also, it was- found that as the ratlo of the inner to

“outer rad1US of the d1sc 1ncreases, and consequently the disc

]
E]

’becomes more rxgld the w1dth of the bands decreases and the

”frequenc1es apgroach more closely te the cantllever blades

case. E'Jf / N
\, It is to be noted that sinilar concluszons were obtalned

hy Elllngton and bcCalllon {13} : The coﬂputlng time used-by

the present method (on CDC 6400 Computer} to gct a sxngle

.value of the determlnant is about 7 ninutes.
3 . B J .
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CHAPTER 7 j e
. CONCLUSIONS ~ L

The development of an in-plane annular secter finite

element has been preSented' The element has 8 degrees of

freedom in polar coordlnates. \ The accuracy of the element was

tested by two numerlcal exemples, and- it gave satlsfactory
. r . ) ) B ‘_ . \

results. - - N L o

Also the development of two modlfled relatxvely 31mple

flnlte cyllndflcal shell elements has been presented. .The.

L

first element has 20 degrees of freedom_and the second has ~

28 degrees of freedom. v

[}

has been found fEEm elgenvalue analy31s of the .
elem nts that the- first model conta;ngd an adequate E oy

rep esentation of only four rigid body nodes, whereas the

;} .

second contained all six. ~Natura11y the second elegent gives
better results, but it requires_about.donble the computer size
requlred by the flrst element. These‘two elements shoul& prove

extremely useful for(stitipfand dynamlc problems involving

rectangular portlons of cylxndrlcel shells, partlcularly slnce

such conflguratlons are very dlfflcult to analyze by ordxnary

" analytical technlques. L N B - R

e

It was founa,that many ele‘ents, using the 20 gdegrees

t

of freedd% element, would have to be us ed before a rcasonably

accurate pred;ct;on of the vxbxatxon frequencaes of a curved
- 154 '
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far blade coule-be obtained.r‘bn the other hand, use of the
28 degrees of freedom element‘resulted in“quite,rapid
convergenbf. ‘ ‘ ' : o .

The accuracy of the transfer matrix. - finite element
method is tested by solving several vibration problems of
plates and Qhells, for which analyt1ca1 or’ exper1menta1
results are available. ~The method is observed to glve_good
predictions for the test proolems, and much more:eccuracy-can
be obtained with this methed, then is obteined'with the finiteﬂ
element method ' |

In the finite element approach the 51ze of the matrlx
'to be consrdered is equal to the total number of degrees of
freedom for the entire structure. ‘In the present method, the
size of the matrlx is equal to the number of degrees of freedom
for one strip. A much sneller dlgltal ‘computer 1e thus
%;sufficiengi ‘The frequenc}es are determined by caleulating the .

determinant of a matrix 'IQ]t‘et various values for the -
frequency.. The size of the matrié {0l is equél tthalfothe
number of degrees of freedom on one strlp.

Slnce the present method is a trlal methoﬂ it usually |
takes more computlng time than that required by the finite

element method However, a lumped mass approx1mation may be

[

done hefore u51ng the transfer matrlx - flnxte element technlque-

to get the ranges of the-natural frequencies.:
Flnally, the present method was used to calculate the

first few natural frequeécres of nonrotatlng low aspect ratio

S

',i“
{
é
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turbo-machinery blades mounted on a rimmed disc. The disc vas

treated as assembly of annular sector finite elements, the rim

was treated as an assembly of cyllndrlcal shell elements and

the blades were con51dered as an assembly of small flat -
. . " - . . W

triangular elements.

It was found that the natural fiequencies'obtaiaed
are lower than those obtalned for cantllever blades. The

-average difference is about 12%. Also it is observed that

it ~

there is not a_single frequency, for a spec1f1c mo@e shape of
the blades, but a band of frequencies. = o a
The method was applled to two cases, first the blades - -

were consxdered as square flat plates, and then the blades

—

were considered as pretw1sted plates. Reasonable results were

obtalned in both cases. It is also fzund that as the ratio

of the 1nner to outer radlus ‘of the dlSC 1ncrea§es and

consequently the disc becomes more rlgld, the width of the

b3

frequency bands decreases and the frequencies approach the

cantilever blades case. , 5

~

It is obvzous ‘that the preqent uork could be extended

"

to study the effect ' of: (a)- rotatlon. (b@ shroudlng of the'
‘ilades, (c) root flexibility of the blades and (d) existence
f'small variations between the;plades: on the natural

freqﬁeﬁcieé and mode shapes of the whole structure:l

. L ~
. . . B A 2
&
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‘APPENDIX I

_TRANSFORMATION MATRIX BETWEFN
CORNER DISPLACEMENTS AND

POLYNOMIAL COEFFICIENTS
FOR IN-PLANE ANNULAR SECTOR FINITF ELIMENT

1F  R1 IS -THE .INNER RADIUS »

SETA . 1S THE INCLUDED ANGLE »
R2 IS THE OUTER RADIUS »
>} IS THE PLATE FLEXURAL RIGIDITY »
RO 1S THE DINSITY »
"H 1S THE THICKNESS > AND
_ ANFW - IS THE POISSONsS RATIO »
THENSY THE NON=ZFRO FLEMENTS OF THE MATRIX ART GIVEN RY,
T{1s1)=1.
T{1+2)=R1 _
T{2+5)=1, S '
TI2+61=R1 - -
JiZ3s1)=1e
T{3,2)=R?
T{ass)=1a.
Tlas/h)=RP
T(S‘I)'—"lo
T{(§5s2}Y=R2

T{5:3)=BETA . S B
T(554)=R?#BETA _ , o . "
Ti6s5)=1, . ) : , . A
TlhasE)Y=R? . - : i

T(As7)I=RFTA

T{AasR)=RP#AFTA

T{7+11)=1, . ’ ) ’
T{7,2)=R1 . : - ' ' :
T{7+3)=8ETA N o :

TU7+4)=RI*BETA .~ e

T(B.S);T§ ' . N

T(Ry61=R1 o : -G

T{R,7)=BETA ‘

L T{2,8)Yy=RI=AETA

L 163
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APPENDIX 11

IN<PLANE STIFFNESS MATRIX K :
FOR ANNULAR SECTOR FINITE ELEMENT !

USING THE DEFINITIONS OF APPENDIX [ » ALSO ASSUMING
THAT _
ARETA=RETA*BETA : | K -
AnRETA=RBETA*RBETA » -
G1=R?~-R1 » -
G2=R2¥R2-R1*R1 s - - ~ .
AL=ALOGIRZ/RIY » .
TFK=14+ANEW » "AND : ' f
TEM=]1,=ANFA »
THENs THE NON- ZERO ELEMENTS OF THE MATRIX ARE GIVEN BY.
( NOTING THAT IT IS A SYMMETRIC MATRIX ) NS

AA(121)Y=BETA®AL - o ’

AA{?+1)=TFX*BFTA*G]

AM(292)=TFKERFTARGZ - : S \ : .

AR( Ay 1Y =AL#BRETA/ 2, : - - ' s

AA(2y2)=TEKH*ABETA*GY /2. e 3

AA(1-?):AL*(RBBFTA/3.+TEM*3FTA/2-) . )
(h-1)~TCK*HBFTA¥61/2.

AA(A!?)-T[K*QBETA*GZ/ZO

Arlasy2 ) =TFK*RABFTA*G1/2. +TFN*HFTA*G]/2°

AAL6s4) =TEK*PRBFTA*GP/ 2.+ TEMRBETA%G2 /4.

AA(S 3 )=—TEM®BFTA®AL/ 2. !

AA[ S 28 )=~TEMEBETA%GY /2

AA(R,SY=TEMRAFTARXAL /2

AALTs 1) =RETA*AL - - N ‘

AA(742)=TEKERFTARG] ’

AALT o3 Y=TEX#*RBFTAXAL /G,

AA(T’A)-(3.*ANEW+1.)*QGETA*G 1/4. .

AR(7+61=TFMERRFTASAL /b - ' RN

AA{ T, 7)=AL® (RFTA+TEM#BRBBETA/A4) .

AA(R,Y)=RETA®G]

AAM{Ry2)V=TEXHRETA®G2/ 2

AATR3)=RRETARGL /2. -

AATRLL)Y=TEX®BBETARG2/ 40 . : ' : ¥

AAN{R,7)Y=AFTA%G] : oo

AA{RSRI=RFTARG?/2.

—h—-n-l-——.-—.——-—._——--—q-q——

T w4 o R



APPENDIX ITI.

IN-PLANE MASS MATRIX {M/RO¥H¥RBETA}Y !
FOR ANNULAR SECTOR FINITE ELEMENT |

o

‘ USING THE DEFINITIONS OF APPENDIX I ALSO ASSUMING
THAT : . ' - F ) .
G1=R2-R1 » ) . f
G?=R2*R2-R1%#R1 .+ -
2-Qp#R2*R2-R1*R1¥R] ». AND ;
f4=R2*R2&RZFR2Z-R1#RI#RIFR] ' . »
TuEN. THE NON-ZERQ ELEMENTS OF THE MATRIX ARE GIVEN BY.
{ unTING THAT IT IS A SYMMETRIC MATRIX ) -,
- r
an(1:11=6G2/2.
2A(2+11=G7/3.
AAL2+2V=0G4/4,
An13511=PETARG2/ 4,
2A{22)1=BETA#G3/6.
24(2,2)=RFETARRETAXG2/ 6.
AA(Ay1)=BFTARG3/6. '
AL(Ls?V=RETARGLIR,
181562y =RETARRFTARG3/9, -
Aalnst) =RETASRETA®GL/ Y7o ’ D
AA05+5)1=A8011) _ - .
Arlaen)=AA{291) _
AE‘E}ﬁ)znh(Zozl - - h
AA{T95)Y=AA(351) '
AR {T26)1=AA(242) -
AA(TsTYI=AR{3H53 ) . T \

T RA{S45)=AA(AL])

CAALRNR)=LAALLL2)
A»’\(F’_s?).;AA{Q13}
AATRSBY=AA(L4)
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APPENDIX 1V

TRANSFGRMATION MA\RIx BETWEEN T
CORNER DISPLACEMENTS AND :
POLYNOMIAL COEFFICIENTS '
" FOR BENDING ANNULAR SECTOR FINITE ELEMENT

USING THE DEFINITIONS OF APPENDIXY T » ALSO ASSUMING
THAT _ : [ _
RR1=R1%R1 » _ - .
RRR1=R1#¥RIFR1 » ' :
RR2=R2%R2 » . X | ,
DDQ?:R?%R?*Q?_, ’ e . . -
sRETA=RFTA*BETA » AND ‘
' aRRFTA=RFTA*2BFTA » .
TUENS THE NON-ZERO FLEMENTS OF THE MATQIX ARE GIVEN B¥.
T{1+21=1.
T{1+5)=24%R1
T(1+9)=3,%#RR}Y
T2+, o | ]
T(2+6)=RY A L - |
T(2-7)=RR1
T{2»111=RRR1
T(2+1)=1,
T{3+2)1=R1
T(3+5)=RR1
T{240)=2RR1]
“Tiae2t=1e .
T““S]:?o*R? - - * .
T(6,9)=3.%RR2 " ’
TiS+3)=1a
T(S5+4)=R2
T(Ss7)=RR2
T{S5»11)=RRR2
Tthayl1)=1e
T{6s21=R2
T{6+5)=RR2
T{6s9)1=RRR2
T(712]=1n
T{7+4)Y=BETA « -
T{7+5)1=Tl4s5]) ) ' N
T(7+7)=?.2RETARR2 | ‘ ) o . R
T(7+2}=RRFTA ) ~ : T e
T1749)1=T(569) ‘
T(7+11)=3.2#BFTARRR2:’
T(7+12)=BRBETA -

N . u" - ;-_ 166
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Ttgs3)=1
Ttgs4)=R2
T(R61=2*BETA
T{es7)=RR? '
Ties8)1=T(T7s7)
Tias10)1=2,28BFTA
T{2,11)=RRR2
TUe512)=3. *BRETA*RZ
T(g‘lj"lo
T{9+2)1=R2
T194+3}=BETA
T19s4)=BETA®R2Z
T{9:s%)=RR2
T(G+6)Y=RAETA
T{9,7)=RBETA®#RR2
T{os8)=RRETA%R2
T19,9)=RRR2
T1o+10)=B8BETA
T{9,11)=BETA*RRR2Z .
T(9,121)= SBBETA*RZ
Tt10.21=1
T(1054)=BETA

S T(10+5)1=2%R1
T(1Cs»7)=2.#BETA®R]
T(10,8)=BBETA
T{10s0)=T(1:9)
Tr10y11)=3*BETA%RR]
T(1G»121=BBBETA
T‘ll’q,‘:lo
T(11v4)=R1
T{11+6)=2+%BETA
T{11s7)=RR1
CTU118)=T(10+7)
T(11,101=T(8510).
T(11+11)5RRR]1

T{11s121)= 3.*BBETA*R1 -

Tlll;?tl)-ln
T{17s2)=R]
T{17+21=RFTA
T{12s4)=RETASRL
T(12s5)=RR1
T{12+6)=8BBETA
"T(17+7)=BETA%RR]
T{12+8)=BRETA%R]
T{12+9)=RRR1
T{17+10)=RRBFTA
T1172+11)=RETAZRRR]

T{12412)=RABETA#R]

e i Y o e S —n P S Al g T il

<
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//// * APPENDIX V . . _ -
o RENDING STIFFNESS MATRIX (K/P) | T
FAR ANNULAR SECTOR FINITE ELEMENT

4\‘“% USING THE DEFINITIONS QF‘APPENDIX 1 s ALSO ASSUMING-
THA ' g 7
DQ];QI*Rl v

RRRP1=RIERI*RY )
PR2=RP¥R2 o _ _ .
OPRI=RPIRIERY : .- N

‘AR TA=AFTA*RETA » _ . o
AnBETA=RETA=3BETA » ’ ' I .
ALZALNGIR2/RY) » . . 7 o

L TER =] o +ANTY s AND B LA . : N . | u
T:\' ]-—ANEW [ } : h .

THENs TRE NOM=ZFRQO FLF”ENTS OF THE MATRIX ARE GIVEN BYu
t MATING THAT IT IS A qYqurng'nATRIx )

6

NA(?,?)“RETA*AL

ARl =TEM*RETA®(], /QRI -1 /RR2) . o
AAC432)1=045%RETARAALZ2)  © / . co
AALL 26 )SERETARAA(D? 921723, =, ¢ '

AR, D)= #TFUERFTAXG]L

ARLS,L)=RFTAXAA(S,

[ - .
AA(EsC ) =4 #TOKHRETARG? N -
ART622)27¥8FTA%(1,/R1-1.7/R2} ~
AAlARy Y =RETARAA(ZS3) 7 7 : : ) .
AALEs6)=RETARAALGE2) /2, . S . .
AA(RsS ) =4 5 TEXRAR(252) | S S " , o
AACReA) 22 0% {1040, 3 TFMXRACTA/3, 1% AA L3030 /TFM © : - S

‘\‘\(71?,-—!\’\{5'&‘ 4

AM{ TV =7, 4TEM*AA(?:9}

Al TeaY =2 40 rTARAAIS94Y /3, - ..

AALT»3 ) =RETA#AL(SS) /2, :

AALT 98 o J*ANFWHPETAFAA(292) _ Do

AALTy T oG, e TEMAD 2 TECHRIFTAY 2, 1 # 2. *BRFTARG?

AN(0 42120 0% (Lot 2el/ 2 IXPRFTAIFALID D). '

AAIR L) 20 RARCTAR{ 2,40, 52QRETAIFAA(292)

AX(0yR)n0 2 TEKARETAR( 2, +ORFTA/ 2, V#G] :

h“(Q.A}*(AQ*° EBRETA/2,I%AA67) /70 I

n\(n,v)_n EaTER#RRFTAR {4 4RAETAYRGY | 0 . . -
Afava)={s e+ o BRFTAZ2,470 9*anuAv°FFTﬂlv\ﬁl?v?3 : .

\uln.?)—ﬂ FRETARL O R+ ANEW Y G2 | P : . B

o

VA0 .4 =RETASAALGD /2, o LT
Aa{n 1S 2R 42 TEYRAFTA%GR _?*-' T
R S AL TR R RS- vSuFﬂlﬂﬁFTA*Gl

L o .. 1\“¢d; (,n' 168
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AA{OsBYI={6.+BBETAI®*AA(G»41/{1.5%BETA)
AA(Q,C}=(9-/4o)*(€.+40*ANEW)*BETA?GQ
AA(10’2)=30*BETA*AA(6’2)/2¢

AA(10,3)=BRETA®AA(3+3)

AAL10+4)=BRETA®AA(6+2)

AAL1095)26*TEK*BETAXAAT292)

AME1098 ) =24%(1.4+0, H*TEM*RBFTA)*AAte,a)/TEM
AALY10 07 =2 % (] o+2 . #ANEWI#BRRFTARAA(D D)
AA(11053)=15%2BETAX(4.+BRETAYRAA{G+2)/2,
AL(10+0)1=0,%{1.+7HANEW)IHBBETARG]
AA(1G+1C0)1=0.#BBETA%#{ 3,40, Q*TEM*BBETA)*AA(a’:)/TEM
AA{1192)Y=FFTA®AA(G9s2)/ 2,

AA(1193)Y=~4L *TEMEBETA*G] -

AA01194)=PRETA®AA(G2) /3,

AA(1195)=AA(Q, 7Y _
AAL1196)={ 10, #ANFW-1.)*BBETA®G] "
AALT1197) = (6o *TEM/ 2, +2.#TEX#RRETAY #BETAXGS
AR{1198)={2,/R4 13 ] 4?7 JHANFRIRBATTAR(4 +RBETAMRG?
AA(I]?Q,‘BrTA*AA(99Q)/20

AALYI19101=2.%(1, +9.*ANFW1*BEBETA*GI

AAl11s1 1 =022, /a, 125, +L, *ANFW}*RBETA+TEMI*BFTA*C&
AMTIT1290 )=l 40, 8xRRETAY*AA{LY2)
AM(1234)=(2,440.,25#R8FTA IR . #AA G 4)

AMLY1298 =0, 52TFK*RARFTA®{ 12 ,4+RBFTA)#G

AR(I29a)1=20,688{ 12, +RARFTAIFAA(IO?) /3, : . .
AR(1237)=2 2 TEK#APRRETAR (D4 +0,22BRETAY#G] '
AAL12sR)=C. q%(17.+a.!89ETA+RBETA%RBETA/3.)*QETA*AA(?s?)
AMLI2s0 )zl eet (] e+D *ANEN)+19./R.)w(1.+2.*AN %)*BPETA)*BBETA*

1G2 :

AAL12910)=13, *(?.+O.7*RRFTA}*AA(10a4) , . : -

AA{T29711)=2.%10D, +0.7*RRETAYAA(T1T4) ’ ) -

ARL17912)=(172.+RBFTA# {17, /5. +BRETA/7.) 1 ¥RBETA®AA(7) ‘

———— Sl iy ety i e s s T e 1y e T B



APPENDIX VI

RENDING MASS MATRIX (M/ROH®BFTA)
FOR. ANNULAR SECTOR FINITE FLEMENT

THAT
1=R?=R1 : S

G2=R2*R2-R1*RL » ,

GI=R2*R2%R2-R1¥R1%R1 » AND . : . - .
RL=RP¥RP%PPENDI-RI%RI#RIXRY »

THEN s THF NON=2ERD ELFMENTS OF THF MATRIX ARF GIVEN RY o

( NOTING TEAT IT IS A SYMMETRIC MATRIX )

USING THE DEFINITIONS OF APPENDIX I »_ALSO ASSUMING

AAt191)=6G2/2
AAL2+1)1=0G3/3. .

AA(D2+2)=0G474,
AAtﬂ,lt—PFTA*AAilolllz‘

AR 2)Y=BFTA*AA{D?91)/2.
;\(Q’Q)-QFTA*AA(:‘!I)*(‘#l/é!!
AA(Ls112AA(342)
AAlAs2 ) =BFTAXAAL2,2)/2,
AM{as2)=BETA#AA(4+1)%{Be/T0)
nn(asa!—PFTA*AQIQsZ)*Cs 7120

L AA[S.1)=AA(252)

AA(S42)={R2¥AS-_RIHXE) /5,
AMISs3YI=AA(452)
na(q,ay_anA%An(Sa?)IZ.,

AA(K6)={R2##E-RIXEE) /6,
LAl6y1)=AA(3,3) =
AALES21=AA1443) o
AALE3)=RFTARAAlGY 1) # (4, /8 ) _
AALAs4 Y =RFTA#AALL2)%{0Q,/12,) . - ‘ -

AATEIEY=AA({G ¥4 : ' . ’
\\($,51—RDFTA*aAtﬂa1)*O¢6
AMITa1 =AML 22
ALLTe2)=AAlS 34)

AATI7 2 =AALG6s5 Y. :
nn{v,a)_n:Tn*Anlﬁonl*tIO /ISo)

Aa(7+5)=BFTAR(RP2*%6-R1%%6)/12.
AA{TvpY= RETAZAA(TS3)%(12:7/16.)

AR( Ty 71—pETAﬂAA(7¢5}*(]?.flﬂo) - -
AA{Rs 1 =AML 03 ' ‘
AALES2)=0A1T73)
AAIRYIT=AA(G94)
AMIR L) =AALT )
TAAIR245)=AA(T o4
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AA(Rs6)SRETAZAALE2461%0,8

AA(CsTI=C0FTA#AA(S+5)%0,75
AL(R+sBY1=BETA®AA(R»4)%#0.8 £

CAR(Cy11=8A(5+2) ‘

AA(O+2)=AA{5:5)

ARLSe3Y=AATS»4)

AA{Os4)=AA(Ts5)

AA(G R )= (P2R2T—RIFEZT}/Ta
AALO+6)=8ETAXAA(953)%(10.7154)
AALDsTI=RETAZAA(Gs513#0,5
AALO+RY=RETA®AA(9:46)1%(12.7185)
AATQ,0)=(R2*%R-R1%%8)/8e
AB(1C»1¥=AA(653) . :

AALID?)Y=AATE L)

AA{10+3)=8A(K:86)

AAL1G»4)=AA08-6)

AAL1Cys1=AA(8s4)
AR{1D+6)=RETA#AA{1C»3)3%(10,/124) :
AAM( TG TI=RETA®AALTIO5)%0.8 =
L0102 =BETA®AALL1Os4)2(15,7/186) i
na(10+0)1=0FTAZAA(O+6)1%0,75 )
A8{10910)1=RFTARAA(10+618(12.714)
AAl11911=AA(Ss4)

AALTI1921=R8A0T85])
;n(]lyﬂ):AA(794)

AR 194 )=AALTST)

AA{1195)=AA(G:sT) B
AA(‘laé)uﬁA‘997) v ' //
AME11+7)I=RETAXAA(]1195) % (16, /21e)
2Al1150)=0ETA#AA(1]1+4)2(18,7244)
AA(11s0)=0FTARAA(R;0)Y 20,5
AAL1T1+10Y=RFTA#AAL1T1s6)%NaR
AALTT 110z EFTA*AAIIIsQ)*(IS-IZhn
AA{12910)=AA(6s4)

AAT12+2)=AA(T 96}

LA(129)=AA(856)
AAT1?294)=AA(8Bs8Y
AA[I?29R)Y=AA{8Bs 7).
AAL1296)=AA(10,8)
AA12+7'=AA1T15100)
«A(I?oﬂ)-RETA*AA(12-4)*(?0./26.)
2AT12+01=4A01108) '
AAl17+10)Y=BETAS AA(12-5)4(18.121.

2211201 1)=BETARAAL12,2)320.8

A(17s12)V=8ETATAA(17s81%(24./28,)

" i —— o — T S i i T ——




APPENDIXEVII

o {20%20) , 0
TRANSFORMATION MATRIX RETWEFN )
CORNER DISPLACEMENTS AND :
POLYNOMIAL COEFFICIENTS N
FOR CYLINDRICAL SHELL FLEMENT ’ '

IF A . . 1S THE STRAIGHT SIDF s
R IS THE CURVFD SIPE
ANEW .+ 1S THE POISSONsS RATIO »
R IS - THE RADIUS OF THF SHFLL »
D IS . THE FLEXURAL RIGIDITY »
H . 1S THE THICKNESS » AND.
RO . 1S THE DENSITY » :

AMD ASSUMING THAT
AP=ARRD
CAAZARE
Ah=AREL
AR Axxh 9.
AEL=AXRE 9
. .".7:!\*#7 »
p.Z':R§*2 L ]
AR =A¥¥7 [Y
Gn=Reny
RE=QE%G

RA=RESG
7= x7
HP =R
HAI=HE#*3
Ha=HE24
AR=ARR
LB12=AxRD
AT)A=-ARR2

TARY L zARRY,
RRP 1 =AP%R
ARDD=ADPURD »
AR2IzADEBI o :
ARDAZADNRG » o SR e
AR31=A3=B
»\R,‘i?'=/\."n‘-“32 ]

_A813=A212872 )
ARAL=AIRDL _ A ' ' :
ARL1=ALER ' C ' ’
ARL2=A4%B2
ARL3I=AL %82, s AND
ARLL=ALBBL " : : -,
THENs THE NOM-ZERO ELEMENTS OF THE MATRIX ARE GIVEN EY.

| , 172 -
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T{1+10)=1,

T{2+s111=1.

T(3+9)=1. . :

T{4s1t=1e . v - S

Ti5+5)1=1a . 4 } _ _

T(()’lo)zlo ' . . ) s
(H913)=2%A _ )

2 1 7)1 =3 %47 -

Ti7s11)=1a,

T(7s12)Y=A

Tt7+15)=A2

T(7+191Y=A3

T{8s9)1=1,

Ttas10)=A

T{Rsy1R)Y=A?

TIRy17)=A3

T(9s1)=14

T(9,2)=A ' a _ .o !
T(10s%)=14 : . -
Tt10+6)=A

T{11,10)=1a
Ti{11s121=R
T{11+12)=2%A
T(119151=2,%AB.
T{11+163=R2
TE11517)=24%A2
T(11+19)=3,#4821
T(11+201=R3
Tf]?sl]l=1.
Ti12s12)=A
TUI?2s10 V=D %R
TL12s153=A2
TI12:161=2.%A8B
T(1791R)=2,%R2 _ . ‘ R
T(12519)=A3 | e :
TO12+20)1=3,%AB12 : _ . ;
T(13+491=1e : : — ‘ -
T(13,310)=A ) '

T{172+1112R8

T{12+72¥=A8 : ’ * - ,
T{12513)=A2 C S , :
T{12s16})=R2

T112515)=AR21

CTU12.YA7=AB12

TL13s17)=A" ;

T{17,1R)1=R27 - , '

T(17,19)=AR?] '
T{Y3+20)=zA2] 2
T{l4s11=1,
T{l6+2)1=A
T{l4as)=R
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T(la.:4)=AB

T{15+51=1e

T{15:6)=A

T{l15s7)=8B

T(15+8)=A8 »
T(165101=1.

T T(16+12)=8B

T{16216)=82

"T(16»20)=R3
T17+11)=1»
T(17514)=2.%R |
T(17918)=3,%R2 ) )
T{18:9)171a - . _

T(18-11)=8

T{1Rs14)=R? ‘ .

Ti125131=33 e

T(19s11=16 §

T(19s3)=80 . ] N

T(2095)=10

T(70+7)=8B

e - —— T o T gy . T ——
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APPENDIX VIII

) . (20*20)
) STIFFNESS VATRIX (/D)
FOR CYLINDRICAL SHELL FLFEMEWNT

USING THF,DEﬁlNITIONS,OF APPFNDIX VII » ALSO ASSUMING

THAT

:ln/R
VV=1,/R¥x2
TEM={1,-ANFW)/2,
HY =H®*V
HV2=H?#*V
HYV2=H2#VV
HVV=Hx*VV
AYV=a%V _ . o .
BVV=R*VV Y | : _
PYV2=82#VV . )
AV=ArVY - '
AVV=A*VV
AVV 2= A2¥VV |
AH=A2H . )
RH=RxH ' 0
TEK=1a+HV /2
TET=1e+HV | :
THENs THE NON-ZEROD ELCvaTS NF THE MATRIX AQE GIVEN BY.
1 NOTINMG THAT IT 18 A, GYMUETRIC VATRIX )

w5

AA(2492)=10 N . . g
AAMLA43)=TFM '
AH((&!Z‘ P/zn - ' ‘g ) . - ’ - o
AACL3)Y=TEM®A/2, ‘ : LR | K
AA(H oL )=R2 /3 +TE“*A?’3. o ’ -
AA(RyIV=TEM®TET . : ' o ) : )
AR{As6)=AALG3)RAL2, ‘ '
hatﬁ.a)-TEM:(1,+7,4HV+A.*HVV?l1 A) -
AALT s 2)=ANFWSHTEX , ‘ -t )
AALT niwAA£7-2)*BIZ.
AMIT7 s T)=TeTanpvvV2/3,
AALE s 7)Y =ANEW#TEKRA/ 20
AL(Rs3)=TFnTFTHR/2, )
Aais, h}-AMEN*TEKBADIQ.+TFV*TFT»AGIAo.
AelBeaV=AA(AQ)BAL2,
AMBYyTYI=AM Ty TYRAS 2, : _ ’
\*(n,n)-(np/e.)u(-FT#HVVOI °}+TF¥*¢P?fﬁo3*‘1o*’u“”v+&°“”vv7,1f
;.) . i
A(Q;?)—ANFxﬂv
‘A(?yﬁ)wf\(ﬁa?jﬁﬂf?o . -
AA(°97} V”TFK ) S

= : ' 175 S
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AA(OsRY=AA(9sT7IH*A/ 2, -

AALQsTY=VV -
ANI10s2)Y=ANFUEAV /2, '
AA(]O,Q]:AA(]_O’?)*B/?O

AA[10s71=TFK*AV /24 v
AA‘]O;Q):AA(]097‘*A*(7¢/1e‘

AATT0.QY=AVV /2.

AA{10+7101=AA(10+Q) A (24734

AA(11 92 1=ANEWRRV/ 2.
AR(]196)=AA(11+2)%B%(2./36)
AA(11+71=TEK2BV/2.

AR(11+81=AAL11sTI=A/20 "

AR{1199)=RVV/?,

AA(}]»]O):LA(]}sQ)*A/Z.

AA({11+11Y=BVYV2/%,

AAT1792)=ANEWRARBV /4

AA{1292)Y==TEMEH '

AR(1294)=ANEW*(AB12#V/ 6 ) ~TEMZFAH/ 2,
AALTZ2+6)=—TEME(H/2. +2.%HV2/3.I§2.
AR{12+7)=TEK®AB*V /4, . - ..
AA(!?oﬂ)—AA(’7s7)*A*?./ﬂn—TE“*(RH/2.+2.*P§HV21?.l
AA{17.00)Y=ARXEVV /4,

AALN12,10)1=A2¥RVV /6, !
AR[125111=AR12%VV/ 6,

AAL12912)1=A2SBYV2/9,+44#TEMRH2/3,°
Aﬁ(lgv?):-HrANEW*AZ*VI3o

»A(]?’a)——BH/? +ANFWEADRAV /G,

ALY 97 ) =—ANFW#H- ?.*ANFW*HV?/3.+TEK*A2”VIB.
AA{T2sa)Y=—ANFW* AH/?,+TEK*AQ*V/4.—A\EW%A*H?*V/B-
AL{12s0)=—ANFTUWRHYV$AD VYV /2,
AAi1?r10)=~ANFW*A*HV/2.+A3*VV/&.

AA{13511)=AA(13,0)12R/2.

AAl139172)1=AA113.10)2B/2,

ALL12912)=h o ¥HDP /2, ﬁa.1A\’J*A2*H%v/6.+A4*VVl=.

TAAL T4 2 =ANEWR(R2HV /R —H)

ﬁA(14oa):ANEh*191*V/Q.—B*H/? )

AAlT G+ TI=TEERR2BV/ A =H=2 *HV?/?.

ﬂﬁ(‘L’R,"AA(Tﬂ!?)*ﬁ/?o . - o

AR T4 Q) =R 2RYV /2 —HV,

AAT14910Y=AAL1499)%A/ 20

AALI16L 11 =BISVV/ L —~BHHV/2e - S -
"3(14912)—AAf1Q’11)*A/?o :
AAL14973)=—2 o TANEWR (B2 2HV/Ho—2e 2HD /36 )+ARP22VV /94—~ 3HV /3.
AML14 1L ) =R4BVV /G ,—h4BRPIEHV/EW +a."H2/1o

ABR{IR 32)==RH/? 4 +ANEWSAIRBV /Ko ,

AA({ 18423 )==TFM#AH ' Lo ;
AA(VR 94 1 ==RPEH/ 2, +AREW*AQ??leQa—&eVTFV4A?wH/6o
AA(18 s/ == u#TEME{AH/ 2. 4o FARHY 2 /55 ) N
A*11:.71-«Av¢4*%H/?.+A74RvaTEK/s,—:"=w*Biﬁ? W/ 30

ANLY1R e = (L2 g BANEW- a.*TE“)*AB*HIQ +l-2.*ANEW-Qu*TEVI*AB*PV2II

1P +TEV§AB?1*V/8. . . -

i : ’ : - . : _ .



AA(1590) =—ANEWRBXHV/ 2. +A2#BVV /6.

AAL15310)=—ANFW*ARXHV /4o «+A3EBVV /8,

AAL15911)=AA(1559)%BH2, /3.

AAL1S5912)=AA(15910)%B*D, /3 e+ RatTEMEARHD /G0

AAL1S 313 ) =4e *B*H2/5,—ANEW*ABZl*HV/3.+Aa*BVV!10.
AA{15916)=—ANEW%B3¥HV/ 4 +AB23#VV /]2, +a.*ANEW*B*Hzfe.—ABZI*HV/
16,

AA(15915) =64 ¥B2%H? /94 —b . *ANFWHABD 2¥HV /18, +AP&2*VV/15 +16.*TEM
1#A2*H2 /G,

&A(16’7)aAREV*(ABl?*Vfﬁo—AH/Z

AA(1693)=—TEM*BH

AA(16sa)—ANF“*LA%]3*V/R.—AH*H/A )-TFM*AB*H/?.

AA(1616) ==t R TEMEIEH/ Lo +BRHZEN/3 )
AA!1697)*TEK*AHI?*VIB-*AH*(O +5+HV/ 34 ) '
AA(169°)—TEK*ARP?*V/° -A?*H/%-—?-*AZ*HVZIQ.—A.*TEM*(B?*H/6.+B
17%HV /4,51

AX=AXR2RVY

aX=A*HY

8 AAL1690)=AX/he—NX/2, ) .

AAL16510) =A% (AX/0 RX/30) - e w
AAL16911)1=R%(AX/Re~RX/bs) *

&\(16112)_AB*(AXI17.—BXIﬁ.)+8 «HATEM*FBRH? /fe

AMI16513)=—2, FANFWH(AB12¥HV/ 12, ~AH2 /3, J+AB32FVV/120=A3%HV/ &4,
AALT1A 1LY =ARBLEVV/10.~ABT2¥*HV /2, theFARHZ /6. T
AR(16s1R)I=—". *AhFl*tAR‘?*HV!]é--AB*H?!s.)+AR33*VV/16. AB%l*HV
1/8e+16e#TEMFARRHD /12,

AAl16 16}-AB?&*VV/]%-—&.*A?*B?*HV/]8 +4.*A7§H2/Q.+16.*82*H7*T

C1EY/9.
AAL1T92)=—6e*AH/ 4 FANEWRA3IRV /4, ,
AAL1 T4 )=pAL1T2)%B/ 2, : “

Ap(l,,7)n_é.wANFw*AH/h.“ANEW*A*HV2+TFK*A?*V/4-
AAL179R ) =~ANEWRAP#H-6 4 FANEWRA2¥HV2/ G +TEK®ALH*V/S,
AXzwb o *ANFWAARHV /4o
RX=A3*VV /4,

CAACYIT O =AX4EBX
AALTIT7s10)=AXHAR2 /3. +BX¥*ARL. /5.
AA(1T211)=AAL1T7+9)%B/2.
«A(17.1?}——ANEW4A2*B*HV/ﬂ.+Aa*%*VV/10o
ARL17913)=7« ¥AXHZ—ANEWRAZEHVHASRVV /6.

AA(TT014) ==ANEWHAR] PHHV/ P e #ARBPHVV /12,47 o RANEWFARHZ = A?*HV/4°
ARETT915)=AR%HI— —ANFW#ARITH#HV /D ++AGHBAVV /12
AA{1T»16)=—ANCWEAR2 D HV/?-+AB&?*VV/15o+I?o*ANEW*A7*H71°‘—A“*H
1V/5a

AAL]1 7917 ) =40 tAD#HD - ]?.4ANCW*AA*HV/]O +A5*VV/7.

AACIR 42 )= ANEWR (RB3%#V /G o-6*BH/Ls)

AAL1R L )= ANEWR(RL4#V /S50 =R RH)
A\(’R.T}-—6.*BH/A.+TFK*83*V/&o-B*HV2

AAL1RsR)=AALIBSTIRA/?, -

A(1nno)—qﬁ*VV/a.—ﬁ.%R*HV/ho

AACIB 10 =AALTRIQIHA/ 2,

AAL 1Rs1 1 )—DIA*VVI";Q—B?*HV

177
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AALIRS1P1=AA(18+11)%A/2.
AA(T1AR1)I==7. *ANEW*(R’*HV/P-—%*H?)+AR21*VV/12.-A5p1*Hv/p,
AA(19s1&)-85*VV/6.—P3*HV+? #BHHZ
AA{10s 18 ==2 d ANFWH (BARHVY /10,6, ¥R2XH? /0, ) +AR24XVV/15,-ARD D #H
1V/ 3.
ﬂﬁ(19,]5}—A*R%$VV/]7.—AQ]3*HV/?.+AB*H2
AALT18 81T )=—f o #ANFWE{ARTIA*¥HV/ 1A« ~ABRXH2 /2 ) +ARAIXVV/1HRe—6W *AQBI
1*HV/160
AAL18s1R)=BEEVV/T,-12.#B4¥HV/10.+4,%B2%H?2
AA(1992)=(~A”, FARXH+ANFWH*ARII®V) /8,
AA{T1O 2 =—TEMEAD®H
AM(10s4)=—AR122H/7 . +ANFWRARIZHV/ 12, -6, 4TFM*A3*H/5,
ANL103A) =—Ra *TEMELADHH/ 6, +2 . HAPEHDP®V /O, )
AX=—f o BANFWHEARDH /R o =6 o KANEWHABRHI¥V/ 12,
nX=TFK*AR31%¥V/8, : .
AALTO 7Y =AX+RX
AMT1OR ) AXKARD o /2, +BX*A%L . /Ba—hoe %TEN*(AaiHH/1?.+AB71*HV?/o.)
AXz—f e ¥ANFW®ABXHV /B, .
aX=AR31%VV/8, .
AL{10s9)=AX4+RX -
AALTO 10V =AXEARD? /3, +8XK#ARE,4,/5,
n\(1o,1])-AX%B}2 /R +RXARRD, /3
Aﬁ(10.}7!—A)*Aﬂ%n./o +RAX#ARYR /15« +1?.4TF“*A?§H?,Q.
AAL10+13) AR EHI—ANFWHARA]RHV /24 +ARERVV /1D, G
AAI9Y9 1) =—A . *ANFW*A°11*HV/16-+AR?“*VV/]6.+ANEH#AB*H7-AHQ]*HV‘
1/40'
TAAL]1D.18)=212, *ABI?*H?IIR.—ANEW*AR32*HV/1 +AR*P?*VV/18.+?.%TEM '
1AM
AL‘10'?6]——ANEh*AH??*HV/a.+ABAB*VV/?O.-2 %(— NFN*ABZ]*H2/3.+A
161 #HV/ 201 +04  # TEM*AR21#H2 /18,
ARML19417) =24 AR I RHD —AMEWRARL1¥HV %0, 6+A6%%%VVI1Q.
iﬂ(10'1Riz—ﬁo*Aer*ARIA*HV/?O FARILFYV 2N 12 o RAMNMEWHAR] 2#H2~-AB
VADAHV S 4,
Aﬂ(lovlc)—?ﬁ *AB?7*H2/?7.-1?o*ANEW*AF&?*HV/?O-+A6*“?*VV/?1 +3
16, ;T:M*NA*H?IIG.
AALPU2 ) =ANEWS { ABY13%V-6. *AB*H)/B.
AAL2042)=-TEM*R2%H '
AA(20 4 )= ANEWEARTIG2EV /10, +AHI?%H*(~ANFN-TFN}/?.
AALD0sh ) st #TENRIBIHH/H .42+ ¥BIHHI AV /O ,)
AA(?0 97 cmfho X AREH/R 4+ TF KHAR12¥V/ A ~ARBUVD /2,
5’("U!ﬂ):nA’*pH/?.+Tr(XAﬂ?1*V/1?.—hn71¥HV“/1.—A.*TEV*(R?*H/B.
1+R2I31V2 /6. ) .
AX=ARIA=VV/R,.
AX=-ho#ANEHV /8.
AA{20909)=AX+BX
AATPC» 10 =AX#ARY /3, +BXHA#2,/3,
AALPU 1) =AXSPRL /5o +BX#RED /23
AME20 12 ) 2 AXBARS, /1a,+ﬂX*AR*a./o +19.4TCU§QpEH?/0,
l‘(7U9T1)--?.*ANFME(f91““HVllég—AﬂﬂH?/?.}+Ap11§VV/15.—A e PARIY
TeHV /16, e
ﬂA(?daIn,_A*Hﬂ 7V/19.—AB13#HVI?.+A&*H2
)
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-

AALP0+168)=—2 «HANEWS (AR14#HV/20.-AB12#H? /2. ) +AB343#VV /20,

196 ETFUMEAR] PRHP /1R —ARRP*HV/ 4, ' '
A."!\(709]5)"—'&:\(?C‘!]l&)*L*?o/qo"‘?‘n*TrM*B?*H?
AX=—ANCERAR?INHV /4. +ARL3IEVV /20,

AX=? dTANEWRARD I #H2 =0 3#A84L ] *HV

AA(20+171=AX+BX

RE{P0s 1 Q)I=ARBARIVV/ 14, =12+ FABILHFHV/ 20,40 . *AB]Z*H?
AL(PU 1O =AXERRL o /G +BXXRED (/3 +36 0% TEM*ABD>#H2 /27,
A(20920)1 A2 BERVV/ 21 e =12 e FAZHRARHY /30 438 ¢ ¥ABD PRHD /27 o +36 4 ¥ T
MrOLEH2 /15

\
a3




 APPENDIX IX

-

(20%20) o =
MASS MATRIX (M/RQ#*H) : : :
FCR CYLINDRICAL SHELL ELEMENT 1 =

- ~

USING THE DEFINITIONS COF APPENDIX VII » ALSO ASSUMING
ZERT ELEMENTS CF THF MATRIX ARE GIVEN BY ..

{ MATING THAT BT IS A SYVMETRIC ™MATRIX ) '

Aalls1)=2R
LAlPe1)=AB21/20
ARL292)=AR31/73.
Aal(2.1)=RR12/2.
Lal2e2)y=ARZ22/4,
Ar{3431=4R13/3,
AAlGe1)=AR22 /4,
ARlLs2V=ARI2 /5,
A'}A-(L’?l):l\n?—j/ﬁ. , o %, : o
AAlL Y =ABTT/C, : _

Aal5.5) =AA0T1) ' ’
rrless)=aARl2e])
Ad(Eey=pa( 202
AALT»Dy=aA032511)
AT 7a6y=AA[2 42
Aa{T»71=A00342)
AdlPyeY=Ar{Lo])
AAMlSsRY=AN{ L2}

rel=e 7y =AAla ) ’ - : ] S
AAU94,RY=AA(G24) S
AA(Q.C]:A;.{I,l) . : ] .- - -

AA(1Cs@Y2AAL20 1)

2A0101 Y =AM {292) :
Ar{11si=aA{241) ) l —
ALZT1Y 131 =0A(42)

A2A011+113¥=A40(34513)

LA(12.0Y=0A A1)

AMALI29YCI=AN{L 2 ) . - L _
AALI2+111=AA43) ’ . , ) . v
AALIZ 17 Y=AAlL 0 : ' e e . s e

Eo e B
ALLIReQ Y TARAIL LT :

LA 11 =ABAY 4.
AR I‘%'] 1Y=ARRID /6,
SAL17,12)Y=AB42/R,
3174132 )=A52R/C
LA{1449120R13/3,
AA(14910)1=AB23/6.
AAM {1621 1Y2ABYG/ 4,



R\

181

AAC14512)=AB24/84 - e
AAL155131=AB33/9, o ~ S o ,
AA{14+14)Y=A%B5/5, - Coe . :
“A(15+6)Y=AR32/6, , o '
AAl15+10)1=ARL2/R, -
Aa{168s11)=AR22370, £
Aral18912)Y=AB4L3/]12.
AA{15+13)=A5#R2/10.
aAl15114)1=aAR34/12.
AA{15915)=A5%R3/15,
Ant1690)1=AB213/6. ' -
AA(1610Yy=ARI3/G, S _
AA(165111=A82673, . ¥ a
AA(16912)=AR24/717, : i ' ’ :
AA(T1A12Y=ARL3/ 12, : fon .
32{16514)=A23R5/10, o ‘ R ' "
AAl16515)=2B44/16. '
AAL1691A1=ATIRBR/1G,
ARV TsQ)Y=AB4 1/ 4y
AA(17+10)=052%R/8, _
AA(1T¥11)1=AR62/8, ’ ‘
AA(17s12Y=A8%R2/1C,
AALYI T 912 =AARRR/E,
!‘..’1(]791Q}=»‘«9’43/l?e_
AL 7913)=AREBD /)2,
SA{17+161=A45%83/185, . ' o
AL{17917)1=AT%B/ 74 S, Y
A{1%.49)=AR14 /G, ' :
AA{1RSICI=AB4/8,
AA{124111=A%RE/5,
AALIFS12)=A7%RS /10,
AAL1R+13)1=AB34/ 15
Li(18514)=A%RE/6e .
2Al1Rs15Y=A38B5/15,
CA01Ps16)=42%86/12.
AR 817 =AB0G/ 15,
AALIRSIBI=ARRT /T
ALMIIGs Q) ARLZ/B, ' ‘ : <
Aali9e1C1=A5%82710, o : -
JA{1GH11Y=AB4L3I/]1 2. i _ - . : L= .
240105121 =A52B3/15, ° SR
.'3f"(1@_“{‘3!:@.65*8«3_[1:201f""'" e e e : N
ARG 14)=ABLL /16, . . ' S . ' £
12{1%+15)=A6%B3/18." | o
AAl19415)1=ARRRLA2C,
LAAIO9YTY=ATRBD /14, SR
VAl1C 918 =A4IRE /D0, I . T
12{1631QY=A7283/21,
EADU0 ) AR2L /P, _
3802091012282/ 12, —
NAl2Ge11Y=AZ 8352100 . : - . - s .
T - o : ; T




AAL205121=A3#B5/15,
Aa{20913Y=ARLAL/ 1B,
AAl20214)=A2%B67/12.
AA(2Os1R)=A4L%*B5720,
Aal20+16)Y=03%RE/1IR,
AA(2Cs1T)=AS%B4/20,
nA(?C,1R)=A2*B?/14.
AAl20519)=AKRRS /25,
AAI20+20)1V=A3%RT7/ 21

~

P

i e S g, Sy
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. (28%28)
TRANSFORMATION MATRIX RETWEFN
CORNER .DISPLACFMENTS AND
, . POLYNOMIAL COFFFICIFNTS
v "~ FOR EYLINDRICAL SHELL FLEMENT
) @ | - C ;
1IF STRL TS THE STRAIGHT SIDF s o
| CURVL - IS _THE CURVED SIDE - ¢ [
A . 1S THE POISSON3S RATIO . AND

: RAD IS THE RADIUS »
THENs THE NON-ZERD FLEMENTS OF THE MATRIX ARE GIVEN BY.

Ti1+13)=1e . - o . o : _
Tt2s211=1. : _ o .- L .
Te3s11=1, . C S e . )
Tlas2)=1, - ' : e . _ .
T{5s2)==1, o ST e ' E
TUhs15)=1e co _ P . : _ '
T(7+23)=1, B : _ - T | .
"T{R,13)1=1. ) S -
T(8514)=STRL T s a
Tios213=2Ye . - S

T{9,22)=STRL

Ti10e11=1,

TE1C2+2)=5TL . . ’
TI10+S)=STRL##2 . S .
T{10s0)=STRL®#®#3 - ' '
T(11s)=1. - - -
T(1Y1s4)=STRL - Lo - o
T{1197)=5TRLE? ST RS : o
TC11911¥=STRLE#3. . : S
T['?"?):;]'. - ) . . - i

TU1248)==2,#STRL S IR ‘ ) o {
TE1299)=-3,%STRL322" . .o ' S y
T(1q,1q)—]° i ‘ ) .: .
T(13»163=STRL ‘ - . o
Tl14923)=]1. . IR _ S . : T
TE14246)35TRL ST : ' L i
Ti15+13)=1e " - B = ' . o :
TE15+14)=STRL '
T{15915)=CURVL ~ _ L SRR
T{18+16)1=STRLECURVL ; . S T : o
TG, 17Y=CURVLERD? - ' ’ . - Lo . i
TE15+18)1=STRLECURVL#22 ol : .

TL15419)=CURVL @83 ‘ S ’
T IS-ZOi-Q?QLﬁCURVLaas ) o .
T{16+21)=1e o ' "

-

7
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T(16+22)=5TRL =~ «
TU16923)=CURVL
Tr16924)=STRL¥CURVL
T416925)=CURVL ##2
T(16+26)=STRL¥CURVL##2 .
T{1A+27)=CURVL#%#3 Cow :
,T(IS,?R)-STQL*CUPVL**% : C : . _
TE1751)=1% . " , ' .
T{17+2)=STRL - : . B
T(17+2)=CURVL . B : v F
T(1794) =STRL*TCURVL S o B o ;/ﬁ : :
CTU1745)=STRL#%2  \ - o - - ; -
T{1756)=CURVL #%2 . ' ' :
TE1727)=STRU22%#CURML
T117s2)=STRL#*CURV| #%2
T(17,0)=STRLR23 . A oA :
TE17270)=CURVL#%3 . ‘\ o ) ' \
Ti17511)1=STRL #*3%CURVL Jo° ' '
T(17412)=STRL*CURVLS¥3 . AN _ S
T{18s31=1, S . . . R
Tl1Ry4)=STRL e : . S
TU18461=2.5CURVL e - -
T(19s 7T}=STRL#%#? - _ . 4 -
TU1R»RY =2, *5TRL*CURVL . T '
T{18+10)53,3CURVL*#) -
TE18,111=STRL #%3 ‘
T1R512)=2,xSTRL#CURVLE#2 ' "y
T(1992)2=1s | - e ' -
T{19:4)=-CURVL ’
T{19:5)==2,%5TRL _ :
T{1037)==7 . #STRL *CURVL. . /
TU19+8)=~CURVL #%? : N
Ti1D39) =3, 85TQLEH2
T(19511)==1, *STQL**Z*CURVL
T119,12)=~CURV#%#3 o
T1224151=1, " . -
T(20+16)=STRL N B
T(20317)=2,2CURVL : N
TU20s 10152 ,#STRLE#CURVL b - S
T{20+16)=2,#CURVL#22 S \\ Y
Tt?b-?ﬁ)-: %sTRchuvaaup ) - A\ _ - 3_
Tt?lb.??)"lo i . - B : S
T121424)=5TR S ] L ; o > :
TU2.197251=2,4CURVL . ' : :
T1214926)224,2STRL#CURVL -
T{2127 =3, 8CURVL 222 - . ‘ : S e N
TtPYs2R)=7, a§TRLaCUQVLﬂn? _ ) : - | S
TU224013)=21, , ) _ e, '
T(22+151=CURVL - o \ v
TU27417¥=CURVL #3) - S - T
T(??s19)=CURVLERS S ) . o ) RS

7
\.

LA

~



T(23+211=1e . ’ _ o ';
T{213,23}=CURVL ’

Tl‘2‘%s25)=CUR\ﬁ_**2 - ' . - .
T(23,27)=CURVL#%3 , _ s

T{26913)=10 : . _ . 7 )
Tto4,3)=CURVL ~ : .
T{2656)=CURVL %2 _ . ..
TP?&QIO}—CURVL**3 - : .

T129,31=1s -
TL25s61=20 *CURVL
T129,101=3*CURVL¥%2 :
J7(26921:=-1. _ - -
;#}?ﬁah}=5CURVLJ - . . L
TI2658)=~CURVEL %2 _ - o | _
T(26+121=-CURVL=%3 ‘ '
T(2751%1=1e . s 1
T(27+17)=2%CURVL o ' : _
T127519)=3¥CURVL*#2 . .

T-(28+2%)=1. . . : 3 o
T(23425)1=24#CURVL> S . . .
TL28:s27 )23, 4 CURVL#%?

cﬁ
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APPENDIX XTI L
7 . -
 t28=28Y - e
_ STIFFNESS MATRIX (K/D) ‘
FOR CYLI“DRICAL SHELL ELEMEMT

-

. USING THE DEFINITIONS OF APPENDIX X » ALSO ASSUMING

THAT - \ ' :

G—f]a—A‘/?o * . : . ‘

Q=1a /RAD ’

2R=PER 3 AND ‘ ' )

OA(IstK) STRL**(I+1)*CURVL**‘J+I)*H**(K+1&/ L
((I+1}*{J+l)*(K+1}1 ’

THEN, THFE NO N-ZEQG’FLFVENTS OF THE MATRIX ARE GIVEN BY. .

( MOTING THAT IT IS A SYWMETRIC NATRIX Y ) -

AA(I!]‘=0A(0001G)§RR
AAL2:1)1=0A012050)%RR °
AAL7252)=nA(2+05C1%#RR
anc?.1)=oA:5}1,01*gq
AA( 2142102113192} 2RR
AA{2,2)=0A0C 20 YERR
Salas1)=2A(151-5)7RR
A[6 9D 1=NA1231+0)#RR . ] o
AA(432)1=0A1132+01ERR : - ‘ ’a
Aalasay s AAMD292 903 IRR4L L #OT nalOsGB?)
AALE41)=—2,50503{0s051)5R+ON(2+0+01%RR
AA(E21==2,2830a1{190+411%R+NAL2+0+,0)%RR _
AR(Ss2)2-2,3A%NAL0191)#R+DA{2+1 50 )#RR _ .7
-a(ﬂ.aa-—? *A*OA(lolvll*?*QA(39113)*QQ

wx

*rtn.;)- n(,,.'t);bq 7.4ﬁn{0g0¢1)#Q
A2LA»2)=0A{1 9250 )=RR= ?,*ﬁfﬁ 309112
rAlAeY = nx(a.u,oy po-?.&n1(3,1-11»9
AALASLT=NATT 43,0130 <2,204{15192112%
~~tg.u)=_7 43#”&(0-991)6Q+h 4naoarﬂ-0.v1+QA(?.7.C)¢PR ?.nnn(?

PRI 1{:.*? . [P

ﬁA(&tA)-ﬁﬁ(O;Q,u)ﬁRQ-h.*O&(PQ?Q])*Q*b.*hﬁlo D2} _

2271 )==2,22202{0sY3118R+0A12+1 0150 & ' ‘ :
\At?.?):-?.%nigbllg191163+0h@’v1sﬁ149R : o ’ )
AA(T32)1=w2,228NA {0211 8R$NA12423D) 23R : 5

AA(Ta4) oD s ARAAL 192911 30+0A (242401 ERRLRGPGENALT 3P s0)

AA{ Y eny=y, ucnt0,1.7)—&,§a#nhl?v1ol)*Q+0A(&v1;OI*RR :
AAl T ==2, 4A§ﬁat0‘191)¢Q+QAI?.1.0)*PR+L 4A»0A(0,1.?1¢90aoal? o
SRR R - I = '
2A{7e7 )_'.ﬂoa!?o?.?)-a.¢A*Q£?2»7-})*R+0Ata97.0)6R9¢16.”G“0ﬁ(?
0-’?‘?, . ’ . ' ) ’

AR{ReT1=A(1 924D 12RND=2,BNA{ 10T 18R
2alRe21=0A{2020)80=2,204129091)8R, 7

s/



187

AR{Rs2)= OA(193,G)*R

~2.%QAL13121)5R :
AAl{RsLY= nat;;ﬁ,O)*Q ~?.*GA(?sl’1)*R+ﬂ #GHROA{Q9192Y-,

nnlq,q)~-?¢*AﬂQAt1-9,14*R+a.*A*0¢(1’0,?}+QA(q,p,o)ﬂRR 2. *QA(3
140511 %R T \

AAlRsIRY= Q#(194’0)%RR~& *?Ailv?’ll*R+&o*Q&(190021

AA{R, 7):-7.*Aﬁ0ﬁx?,“9})*R+h.*A40A(1:1’?)+OA13’3;0)*RR

1 +16%GE0ALTE v P Y 20A(T191) %R

ArlaeR)z nA(?sva}FﬁbwbﬁiﬂA(?s?s1)*D+h *Qn(?.Os,1+1a.§G*nA(0 7
192

AA(Ds1Y==R, *A*QA(}»C»}1§n+0n(1s0v0)*RR

AB{O321==6.%AXQA(?30:1)#R+0A{450:0)1%RR

AALO s ) =-H.#AXQA( ]y 1'1)*R+0Ai3s1901*RR

aA(Ogﬁi—-é.%A*OA(?ylv‘)*R+DA(40196!*RR

AA(OST=12,%¥NA(190s2) =8 4A*0AI§-O¢1)*Q+OA(%oOvO)*QR

AALO A Y =mh ® A*Ohf]t?!l)*R+Qﬁ(19740)*pR+]7 *K*Oﬂ(190;7)—?.*ﬁﬁ(
12401 18R

Ar{0s7)=12, *0A(1,1.7) —-R un*QA(1s1s]I*R+0n(%g1;0)§RR

Anplayry==a, *A*h&(?,9!1)*Q+OA‘&97i0)*RR+l7 FARQALP 90921 -7 ¥NAL

14:Cs11%R ” -&
ALY =g, 4nn(7,0‘71~12.4ﬁ*Qﬂ{A'0¢1}*P+OA(A»0v0)*QR ’
AATIG»1 )= (G2, 0)aRP-g#QA(D191)#R - -

AM(10s) = nA(Uv&»O)*QP £, xRA{Qs24)ER
AA(10+8)2NAL 34D ) RPR_G SOAT]525 11 2R
Ar {168V ==2, *aaaﬂt@,q.1)uD+17.&Aaon(no1.7\+ﬁh(>yﬂ;ﬂ3*RR 6.*0A
T{24]1911%R - .
nluO,Al—nA(O,:.O]ibQ f . aﬁA(Osﬁy?)*R+1?.*ﬂA(C-19?)*
Aa(10s 7Y, {A*OA(QoAs\}*9+1?.*ﬁ*QA(Ov”'?)+ﬁA(?’A’O)*RQ 6-*0A
1{2979118R *
AAL1GRr)=NA(195+0)2RR=P *GA(IQ?-1I*R+1?-*0AI1|192) _
aa(1Ooo)—~A£§A40A(1,1,1]#R+?A. A@OA!1s1sv!+0A(1,1.G)*RQ -6+ 2QA
1{291+11#R
Aa{101CY=0A Ll ,A-C)anb-17.605I0vho1)*°+1A-?0N1017v?ls :
AA(1141 ) e—he XARGA[19]51 ) #R4NAL 2415 DI2RR . S
\A(11.91~-6.*n*nAl?s1.1%*R+QA(as!sO)ﬂRR ’
AALI193)2—R#ARNAL] 9241 ) 8R+0A{ 292201 #RR ’
\A(]]'&1——6.¥A*OAI2v?'1)4Q+Ohtaa?'0l*QR+12.ﬁcﬂﬁA(?’Oszl.
AAL1148)=124 QA1 91 92T R4 FANC YAL341511FR+CA(E L1901 4RR :
'ﬁ(l!vﬁ!“-B.*A*QA(lg1.1)§R+OA{1 1y0}*RR+17a*A“CA(1’|9?} “2.B0A
Tty )20
"(1]07]‘17-*QA(1’?gb)-goﬁAﬁqﬁtﬁs?s1l*R*QAlﬁv?sO!*RR+?Qo“G*QA

AALIC D )1=0A(1 324 C ) #PR—~ 6.*0&(19;/A3*R

1{3:0a82) . r .
\‘(1\oﬂ)*-ﬁ.ﬁAﬂQA(p,q,1)aR+QA(a;Qv0)*RR+T?.§A*OA(?']’?!-?-ﬁQA
1{as T+ 1 8R424,28GRQA(29102) - ) K

A2111910) =6, ¥ATQAT a’])*R+QA(RﬁauO)%QR+16.¢A09A!lv?v?r -6a 50
TA(R429] )8R

AALT1911)=26, nongp,p;?) 1?- A*ﬁatas?oli¢Q+Qh16o?'03”RR+‘6-“G“
18 lGeDe 2y _ i .
AAL12:11=0A113790)7RR=-442CATIT»11)2R
AAJ12s?!rﬂnl?!?90)§R?—$.§QA(29111!”R

~A{11.n1,36.¢QA(?,ii§) J7% A“QA(Q!}OI)6R+QA{6|1wOl*RR



AA“?!"!“OA(’l:&sO)*RR 6-*GA{1’?91)*R
AEU1794)=20A025450)¥RR=6, *OA(?!?)I)*R-‘-l? *G*QA(Oa?aZ)

H
F

+188

an{17981=-2, *A*Qﬁ!10191)*R+1?.*A*OA(191”?)+OA(19290)*R946.*QA -

]_’(?!lll\*R ) . _ *
AALTI296)=0A(1395+0)%RR~-R, ﬁﬁA\lo?WI)*R+1? #DA (T 2132)

AAL1297) =12, #A%NALT1 2272 V+QAL ,qyO)*RR Ao *OA(ﬂv?oT)*Q+?&.*G*OA

11182921 =23%A%0A (19431 -

AALI29R)I=NA(23y53C)#RR-1 *QAIQ 3:1)*R+1?.*0A{?:]92)+?a *G*OA(O’

]’ sy 2}
AA('l?;q}——A.*A*OA(?’“ﬂ )*F"+"‘6o*A*Q/\(7ﬂ 9?)+01\(&9‘2!0)*RR—6.*QA
‘!(&;1;1)*9

AA(1711C)—OA(198’0)*QR—17 *OA(T;&o1)*R+1&.*Oa(1.?97)

ARCI791 1Y =—R  #ARQATI 29 1) #R+24, *A*OA(?s299)+OA(h0b90)*RR ﬁ.*o

TA(Gs 2§11 2R+3K2NA{(29292 )20 : .
An(1?/171—0A(2,5,o>*RR 17, *CA(?v&v1)*R+16.*OA{?;297)+?5,*G*OA
](0;&’2

-4

AA(1431 ) =A%QAL0,0,0) %R
AA( 142 1=ZARNATIT1+0sC) %R
AA{ T4 33 )}=a3#NA(Tyy13012R - ‘
AAL14s4 ) =A%X0A( 19190 2R > - .
AB{Y4 98 Y==D, *hﬂf09051}+A40A(?'0’0)*P :
AALTasR = ARRA (D D) ¥R ?.*A*ﬁA(OsO»l)

AALY1497)=2=2,%0A (0 1;1)+A¥OA(?'1 0)#R

AAC14»R)I=ARDA( Y9 »0) ¥R~ 2.#A*OA(I90!1)
AA(T1499)==6440A 113031 )+ABCA(340,0)8#R . - ' .
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(28%28) : : '
MASS MATRIX (M/RO=H) =~ - . 5

‘. FOR CYLINDRICAL SHELL ELEMENT -
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USING THE DEFINITIONS OF APPENDIX X » ALSO ASSUMING
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{ NOTING “FHAT IT IS A SYMMETRIC WATRIX Y o
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