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R The aim of %hlsfpaper is;to deal wltoEOﬁ;/;$Pect %i .‘1ﬁ:f;f:”h
|'\...u : R ’ .
an excﬂange in the journals ﬁ;_j‘on Bertrand Russell and

\,\ .
; Henri Poincaré from 1896 to 1§5Q; namely the question of
. 'Wha.t._if anything\ 15 the Gmplrig;al content Df Geonaetry?',‘_-"‘

. as well as the queation or “What the answer to, thip lel

- \.

shed upon the nature of Space?' ff iuﬁ_u,'f?$§f: = Eoﬁ?fkﬁi;t oi{;_
_ This exchange. herearter refarred to as t;\\“- asell -?'5. TE%F;}JV“J
Poinc&r& Debate . finds its root 1n Russgll s firat maj_r | o
f'oS;;Iiosophical work. hia Cambridge dissertation.f: Essai f ’ff;f;
on The zgundggggns 0{ gg,mgizx Here Russell: first prOpOQSBA”i
' ; that there is- an empirical content to Geometry. An overly
-oflattering review of thia _gg_x by L. Couturat. as woll as
Bertrand Ruaaell 8 article 'Are the Axioms of Euclid Em-
“-_pirical?', prompted Poincarﬁ ta- publish a critical ‘reply,
" *Deg Pondementa de lg'GGomﬁtrio. a propos d'un livre de
i K. Russell.' To thia Russell replied in an artfbla entitled
" *Sup Loa Axiomaa de la Géométria'; to ‘which Poincarﬁ wrote‘
"Sur Les Prlncipea de la G&ométrie. rﬁponse a M. Ruasell'

Pinally. Polncarﬁ included a chaptenaon "Space" in his

§sznsj;§nﬂ_ﬂxngihggig. Polnc&rﬁ'e posltion remains con-

' -

‘. siatent throughout thls exchanga: that the axloms of geometry

L are conventlonally.’but not empirically. ohosen.',_

- .'. . . . o .."_ . . oo ‘ -

111




. ‘\\‘ ??;iﬁrffﬁ“:ﬁﬁih:»”ﬂ, St
'}-The various argumenta which Ruseell and Ppincaré

T

'd3ﬁadvanced on behalf of their respective empirlcist‘ end 7. -.tfiif.~

“;% conventiong&}et‘ thesee are set forth at length 1n the';ﬁ

Q;et_chapter off y thesiﬁ. Russell 8 early work On pro-;;fuf¢L?>-
' _.metry is noted and his views cbncerning the

poesibllitg oW’ .'irically inveatigating the nature of 'tﬂ: ‘i{‘

Q fx“ace are - puyled out ) ..arious reviews written‘by him at;

.-Lthis 1.ﬁe rhe interchange be- JenVRquelLiand‘Potncer§; j7g3“

T

5-next presen *d has (to the best of my' e
S o

';before been trans‘a\ed nor hae 1te import for the con= »

: edge) never

.'ventionalist theais hitherto been analyzed. 1

The‘second chqpter of my egsay consiets of a diacus- :

.

T
. -. .' . ) . A
RS IRL T L . . P *

~\aion of various philosophical problems concerning Space, f-‘-'”

time.\and geometry. which grow out of" the Russell Poincaré

PN

-aeexchange. Tﬁe\philoSOphi?al consequencee of the. convention--

'list viewpoint is aesesaed; here it is argued that Poincaré 5.

conventionalism wasg more than merely ‘trivially linguistic' e

CEYLESI

‘Dlecussion of this’éuest}on 15 rocused}upon the role of “
lco-o dinative def‘nitzons in. cortain astronomical experimente.
Various ob}estions ‘to cenventlonaliem are also discussed.

" In the third\and final chapter the validity of the ccn-"
"_clueione contained witbin Russell 8 dissertation ie examined

i light of contemporary developments in mnthematics and: the

.*»Auphyeicel sciences. :j r't ' . , K - :_J
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S The problen Rueeell tacklee in hie Cembrids‘ die-,j;;ﬂ“ - ”
; eertetion can: be stateda what geometrical knowlgdga nuet :; {ep;;_:2\}

be the. "‘"‘““3 p"““ f°1' a, ﬂcienoe of apace and rmst alan R

“’E’E_{‘j}lﬂl‘fﬁﬂ‘— Ary to-tie .xper ence of any fom of ex Ly

ternelity?1 Hineteenth century nonJEuclideen geonetriee rad

duonatrated/ contrm to Kam:ian prejudicee. that the nind 1.;'_‘-' L
iie not reetricted to thinking in Buclideen terne. ‘thus" ceet- T ';;Mamvﬁﬁ
o T8 T :

PR, S

R ing doubt upon the Euclidean neture ot space. lhere it had _if-: o
3‘onoe been held. following Knnt. that the lawe of Buclid were SN

~ AN - ‘- ;

‘ﬁt;eynthetic 8 n;igzi Judgemente, and thet the; epace or Buclid |
'“"constituted'a rundanental intuition. it. became clear to theffre' ?f
.j:perceptive young Cembrigge mathematician thet perhnpe not N | ?
all of Euclidean geometry is logically neceeeary to the ex- o - .;;

‘perience of epece. In hie Egggx Ruseéll, dietinguiehed pro- _ l“ -;:

jective and metrical geometryu he describee projective geon- '

LW 28 S8 SAR

fetry ag dealing with the deecriptive or qualitative propertiee |

of epace. while he qescribee metric geometry as dealing with: -
"the quentitetive prOpertiee of epece. Since Euclidean and ‘
non-Buclideen geometriee are. metrical. and .since every me-
,uarical geometry can be resolved into projective geonetry. |
Rueeell arguee that,xhe qualitetive propertiea are 1ogically
prio: to the Euclideep propertiee of qpace.lo:._in other_yorde.

¥ N



?_jfthat beth Euqlidean and non-Euclidean seometri'ﬁ can b°

'h‘Qderived ee epeclal ceueu or projective gqometrY-_;-n)L

Perhape betore delving into an. analyeis of Ruaeell‘

f}crains. a brief dlecuselon or the nature of projectlve ge--”
3:jometry le ln order.3 The underined terne uaually given in :‘

o tcontenporary treatnenta of prOJOCtivf geouetry nre point' .

‘>end 'liée | the undeflned relation ueually glven 13 ‘1nci-

t idence L the. two duel axio-e underlylng projective geonetry
' " 3

ﬁ are etated ae 'Bach two dlstlnct pointe are incldent with

2 ﬁta unlque line' end 'Each two dletinct linee,q?e incident

' ff"onetry ere not to be 1dent1rled with the Carteeian co-ordi- |
7 hates orten ueed by physicietl and engineera in deallng

with applicetione of metrlc geonetry. Projective geometry ‘:

‘.deale with the prOpertiee of a rigure wh@ch are lnvariant

'under projeotion and eectien| .these prnpertiee 1nc1ude the
eoncurrence of llnee. the collinearlty of pointl. and the

oroee-ratio . Thue in diagram A (eee-footnote "B), pointeaﬁ

"A. n. Qe end R on Iine k are projected onto llne :5$ee

\

pointa A' n" c's and R . ;lorrie Kline obeervee that

One light venture that erhaps the ratio of '

two segmerrts, say A'C’ /p ‘¢’ , would equal  the
.corresponding ratlo . This conjecture ‘is

incorrect. But the surprising fact is ‘that the
ratio of the ratios - nanel

1'111 £q;gl/ Agiénsa Thue this ratio of | )

ratios, or cross-ratio as it is called, is a ,
- projective invariant... It is necessary to note
only that the lengths involved must be directed
lengths; that is, if the directlion from A to D
" {s positive, then the length AD is’ positive s
" but the length DB nuet be taken as negative.

o

';V,with a dietlnct point‘ The co-ordinatee of projectlve ge- t'ﬂ>.

-

'y

=N

.

S IATEXIEEA
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"j:aﬂo sooner do uo have the ointment than n fly appearng Kline SRR

'L,contlnuos: R } | - -
o , Tt , . .
Ir projectlve geometry 13 lndeed logically funda-‘

.~ mental to Euclidean geometry, then all the concepts '~ ~

"0f the 'latter geometry should be defined in terms
of projective geometry, However,.in projective
o «g-onetry as described go- far there 18 a. logical
"~ - _blemishs. our definition of cross-ratlo, and hence -
e L - ooncepta ‘based on cross-ratio,. roly on the notion
‘;‘.f.;-_¢ of ‘length, which should play no’ role in projectlve
'y - .. geometry properbecause length is.not an invariant -
N under ‘arbitrary projection and .sections.s: This .
blemish was removed by the nineteanth-gentury ge- :
 ometer Karl G. C.” von Staudt, who showed how.to " ¢
) define crosa-ratio in terna of projectivo concepts.

lore Will be said latar concerning the. relatlonahip of pro-"

o ajectlve geonetry to TOpology| 1t ia hoped that the briot

_discusnion of projective gaometry given abova will help the -~ ...-

roados 1n hia evnluntion of the claina made by Ruuaoll in
o his dissertatlon.‘_ ' N ' -
| In his zgggx Rusnoll agrees with Kant that the nlnd
‘nu;t possoss aoue forn of externnllty in order to 'xporience
space, but disagrees with Knnt that the 8 priori propertiea
ofJ;ny fo;n of externality are the laws of Euclld. holding
.instead that they. the a 22&,21 prOpertiea. are the lawn of
projaotlvn geometry. The four basic princiyles of projectlvn .
;ggonetry. lccordlng fo Ruanell,‘nro the honogenal;y and rel-
{qtivity or lpnco. tho continuity of apaco. that two pointl
'detornlne a lino (and three noncolllnear points a plano. and
‘80. on to higher order flgproa). and that\tho dinenalonu of
spnc.‘nust be of a rlnito numbor.lfo these lnwt of projectlvo

| geonetry Rusaell adds four corresrionding laws of metric ge-

. . . r .
N * L ‘.
: ‘ . ‘“
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onetry, namely thoao or free mobtiity (equivalent dnalyti-_"

N cally to the constant curvaturo or space). the distancc

"-:axion (of congruenco. that two polnma detarmina a distance -3'9 ‘;' L
) which romnlns unaltered ln anyumotion of the two pointa as - = ;.v
1 “ single - figuro). the axiom of rigid transformation or mo--r“  E »@gf“
;tion. and. as’ kept rrom=above. that the dimensiona of apacc.llff-_#';;“
. .must be of s finite nunbor. On philoBOphical grounds, ar- | |
- gulng that apace nuat be ponogeneous. Rusqpll lllits our 3 ~1‘{
_ choicea of phygicnl apaces to one . ar Euclidean. yperbolic. - ,'~'i
:“apherical, or singlo ellipt1c| arguing from emplrlcal groundu._ -
". - Russell bollaveu thnt our physical space is’ Euclidean and’ |

‘ threq-dlmenaionnl. It ls this fast clain which 15 now- undor‘ff

- -

close scrttlny. : ‘ f. ‘“'-‘ . "_ . - ”'. ~.' cL -

In his Introduction to the ggggx Russell defines :t:

‘e

the problem of the a 2;19;1 by its ralation to logic. psy-

PRIRITVEP

. '5’-{‘_}_,.
L]

chology, and"mathenatlca, “In aection four he diatinguiahes \
between the 2 n;Lg;L, which Belonga to' Epistenology, and S .
. the auﬁjoctivo. which belonga to Paychology| tha _72219:1._ St

[N TLIRTER

:Ruuscll notoa. comprisea the proper Subject of his investi~ . . ..
'gntlon.? Russell clains that his teat of the a priori will ,
be purely logicaln to diacnver what knonledge is neceanary

1.

for exparienco., SN ) - . - ' 1 o "

u\'

I:/}hé next aection of ‘nis EBBRY, concerning the ' P .

b_ history ° uetngeometry. Ruasell firat discusses the drfa‘

ference betwuon conveotion 2nd empirlcal investlgation in

geometry) Busaell titles section 331+ "Hence Euclldeqn space . B J

» - El -
. . . .
i . . t . . P
" . .
3 .



‘

' questian. whlch 15 truo. appaarhd reduoed to one of conven-" |

e SRS IR
appenrad to give risa to &11 kinda of‘%eometry.'and thé

Note the uso f *appears 1n this discusaion of. tha

*'.“.

";n°h°1°0 Of geonetrlca. Ruaaoll ﬂriteau 1L 'EEF.fo4ﬂf"[T. Lo

Since theso syatens ‘are nll &btained from & Euclid-
“ean plane, by a mere alteration:of. ‘the. definition .
‘of ‘distance, 'Cayley ‘and Klein tend to ‘regard the .

. “whole question '‘as one, not of thé nature of: spaco."

T " but-of the definitlion of dietance. Since this def- -

‘inition, on their view, is perfectly arbitrary,:
‘'the philosophical roblen vanishes, arid ' the only .’
~‘problem remaining
nntical convonionca

-

' 'thia chargo. that the choice of a Goouetry for spaco by con--
z_ventionnlllts was perfectly arbitrary + was. to be levelcd
;sov1rnl ti-nn in tho upconing oxchange against Poincaro' -
'poaltlon| on tho other hand Polncar‘ would :nply that thi o
‘:ﬂchbico 1- not altogether atbitrnry boing guidod by tha‘prin- L :
-ﬂciplc of slnplicity and of strength or axplanation concern- :

’1ng the thaorioa to be chosen fron. Ruasoll continuoun Q

This view was then forcibly expressed hy Poincar&:
~ "wWhat ovught one to think®, he says,.
‘sense.” Geometrical axtoms, according to- him, are
. mere conventlonsu they are definitions 1n disguiac-

-t
¥ +

.Polncarl'l contention. ‘that the axiona of geometgy are only

)

.':ﬁ'dotinitlons in. disguiao o led Ruqsell later in thii X~
jchang. to dlacusl the ganernl differencos botween nathomatl-
cal nnd phllonphlcal definitlon. In any oaao. Ruaaoll con-

g -

aidor' Poinoarl'l conventionalis. 'to be- thq result of a con-
fualon concernin; tho pature or the co-ordinntcu ot netri- .

a2
Al

cnl ind projectivc geo-etrr.

I

Bno of convention and matho- _,‘};

“6f the questions
¢ Is the Euclidean Geometry true? The question. is non-‘. .

LA



3 "=1The Vieu‘in Queatlon has ariaon. it would seel. urir555!*i3“.'

7. from a hatural.confusion as to the nature-of the -
., “co=ordinates employed. ., But. DrOJOCViV. co-ordi-. .

.. nates =80 our argument will" contend .« though perfect-‘fn:nﬁf"

oo 1y adequate ‘for all: projective: ‘properties, and.en-.
' tirely free from any metrical presupponition, ‘are’

irnadequate to express metrical properties, Jggt bo-ii{!f;f .f'

'causo they have no. netrlcal presuppositlo

'1 In a’ following sectlon Ruaaell clalus thnt projocfivo co-ordu-'fﬂ"
,- inatoa. thlch he considerc to be purely descripgiy,' yield ._v\ NG

no informatlon sa to metrlcal propdrtiel.
. !

c This conrusiana I believo. han actually occurred.
.in the case of those who regard ‘the question be- . -
tween Puclid and Metageometry as one of the defl-
nition’of diatance. Diatanca is a ‘quantitative’
‘relation, gnd” dentit i

 guality.?
-waoincnr‘ is directly. charged ‘with misconsxru ng the naturo-

of projoctiva geomdtry. and of holding'n conf od position'.- '
| concernlng the rolntlon of distance to netageomatry. -

 But tho ‘arbltrary and’ conventional nnturs of. dis-A o

_ tance,’ as maintalned by Poincaré and Klein, arises -
from the fact that the two fixed points, required :

1 to determine our distance in the projective sense,
may be arbitrarily chosen, and although, whan our
cholce 1s-once made, any two points have a defl- -
‘nite distance, yet, according as we make that - N
choice, distance will. become & differsnt function
of the two variable points, The ambiguity thus
{ntroduced is unavéidable on. projective principlesy
but are we to conclude, from this, that 1t.i8 really
, unavoldablz? Must we not rather conclude that f

' jectivn metry cannot adequately deal mlth dis=-

tance? .

”ﬁ?irut. 1t ahould be noted fhat Russell does not disagroc

- with Polncarl‘l claim that the choice or a derining notric
is conventlonal. Hhat Ruasell doea claln. howev:r. ‘is- thatf~
projectivo ‘geometry, because it dooe not contain netric
proauppositions. cannot adequately doal with metrical 6662

.
t,

s
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7fﬂalderd%10ns. However. thia doea\not rarute Polncarl'l fur- :fj?f‘“i?:¥ 

ther clain that all of the. axionq aro convan*ionally choeen.f}’

‘-  that ia. that in dne ayatonja chJXQ; night be mads In ravor

. :.or Euclid'a parallel postulato. while. in another syste- the L
.»fopposite choico uight bc mndo. Second ‘in atteuptlng to r._ e
'._ fute P01ncnr6'g ponition regarding our choice of a defining

'netric. Rulaoll raliea upon 'the 1rreduc1b1e netrical proper-f~4 ;

.'l"

LR ,4

7‘ tlea of tpaco u

bitrary, and their introduction is only a- techni-.\.

cal device. Distance, in the. ordinary sense, re- -

'mains a relstion betwean two points, not between.

< 7 : ,‘[ggiu and it is the failure to perceive that the
Lot e ‘otive cense differs from, and cannot superseds,:’
: : thc ordirary sense, which haa ‘given rise to the . -

views of Klein and Poincarf. The question is not.

‘one of conventlon, bgg of tha 1rrsduc1ble natric

p;pperties of space,

~-But the’ choico of the baao-polnts. when we aro dis-:fj
cussing distance in the ordinary gense, is not ar-

| Rus-oll here appoars to appeal to an lntriﬁalc metrid“tor L

'upacel the relntion betweon four pointa. which Russell ro---"

‘)—-— e

Jecta Y. tho foundatlon or %he concept of diatnnco, rerors _‘ll

40 the relation of suporposixion betwdbn tha tno endpoints |
of tha length belng nqasured in relation &% the tno endpoints

of a choson derining length. Ruaaell points out. however.

- that to. arguc succoaafully in favor of .the emplrlcal naturo

- of netricll gOantry cannot “be accqmpllgped by merely hold-
'lng that distance is a metrlc definition, for he notea that

2
“the netrical deflnltion of dlstance...la the Bane ln Euclid-,

ean and’ non-Buclidean spaoos: to argue ih its favor 13 not._

therefore, to arguo in favor of Euclid. ; 7//

\
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Hd

vle-a or P&lncarﬂ.

Tho 16, ndatlona or Geomqtry have ‘been - the aubjact
Lot mnc: recent. Bpacplation'in Prance..and this -~ -

"+ Beems to demand some potice,.. The chief Aitern

. . " have been, from the ‘mAthematical side, 'C e
.y . and Po , from the philosophical, Renouvle o
.7 ' and ¢ as a medxatg; betweon_mathema es -

~and'pl osophy Lssmalal

- of Ppinca;‘f contribut{?na to tha aubjects : :”j., -'_ .g e

S ‘maintains that the’ question. whether uclid f’ S
v, .o er Metageometry should be accepted, is one of- on-.u R
.77 . venlgnee.and. convention, not of truth; axioms are | - - L
- . definitions in-disguise, and. the cholce between\. | . NG
_ ~dpfinitions is arbitrary. This view has been dis-. |- S
- ‘cussed in Chapter I, in-.connection with fgyley 9 '
theory or dlatance. on. uhich it deponda.

b \-‘-\[.ov.i-.;_ a

'JPirst. in Polncar&’l derenac, it must be’ noted that Polnc
is ualng 'dafinltlon ln an unusual aenso when he speaks ol o : - -
tho lxious as 'desinlttona in diaguiso . Naxt._PoincarG |
would not clail that the cholce between syptems is puraly -
~arbitrary. but rathtr that it ls dlctatod by ainpliclty when

P T

.tho strangth of explanation is equal. Pinally. Poincar$ is’ ‘ - ) .
not quuing againat anyone 8 use of Euclidean tarminology“_ ‘ e
in talklng about real apnce| what Poincar& would argue agninut
jLa anyono'a clain that Euclid'a geometry is the only true
'Goonetry. the only poscible deacription or our spaoo._‘.

- In the rollowing aection Ruuaoll propoaeu his owmn .

" view, nanely that all homogeneous snaces are a n;;_;; pos-

slblo, but that ths;?eclaion between then is enpiricll.

[
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lﬁln his Eljgx Ruasell prov%hos no. cloar atateuant of what
rﬁhﬂ ﬂeaﬂ' by 'cuplrical choico ior empiricnl EIVQBtlgation 3

’ ! ' .

QlRuasoll stntes that l';‘if?:';%f::?"ff;:~”ﬂiff?~1" ”f:fig?‘;f J;ﬁ"‘“
- ._ft...wo saw that there are ‘two senses in which leta--:7'5:7?:,a S
. geometry is possible, The first concérns our’ actuul___', p A

. aspace, and asserts that it way have a very ‘small
. spacedJconstanty -the second concerns philoso hical . .
" theories of space, and asserts a purely loglecal - .. - . =77 = 7°
o poasibillty. which leaves the.decision to. cxper--.v ;'f. T
SR "lenct... we .conceded ‘that Geometry, when applied e
o to mixed mathematics or to dally life, demands: more
.. than' this,: demands,. in fact, "gome means of. dis- R
- - .covering,.in the more concrete manner of. l.chanicq, U
-~ atther a rigid body, or.a body whose departure . .{ R
" from rigldity follows some ‘empirically discover- L R
'--nblo law, Actual neaaure,gnta. theroforo. !n agraed .o
to- ragard as cmpirical. _ L

*‘Thus kuqaoll ia aware or tho faot that. 1f an enplrical do-." 3f1ﬁ@““ff=-
7tern1nation ia to be poasible. rlgid rods.‘or rodl which ' T?'-_'; f;_
defont accordlng to a known law. are naeded ‘to erfect the'-y - ;mf :'§‘

nellurononta of such experlnontu. On tha neéxt. polnt Ruaaell A é-f
. and Poincarl lgreé: that all Spacea are a EIL_EL ponnlbleg |
- they-dlsagroo. howevor. on. how one apacg is to be chosen

- AS represontatlvo of real space,

(1" 2XTS LR
o

Pinally, we diucusaed the queation of abaolutc mng-
nitude, and found in it no logical obstacle to S
non-Buclidean spaces, Our conclusion, then, in so far
as we are yet entitled to a conclusion. is-that all

o aces with a space-constant are a Justifri-

"~ able, and that the docigbon betweon t en must. bo
tho work of experienco. ‘

'-_Iuch lntor\in the _ggg; (aoction 1#04. Russell returns to’
-.the contontlon that metric goometry oontainn an hipirical o

elelont. tor he writosn ' o a_”;ﬁy'

b



'qual_ Th Euclidoan and; non-Euclid 8] acos ve “the -

“~;;fpe;var'ou- results which are. pona 10; the . -
w7 dxioms peculliar. toBuclid:- wh ch are not proper-.’
con e 1y mxioms, butemp ioal ‘results 0f meagurement .-

_ determine, within ®he errors of" observation,’ which

 }0£ these 2: n;Lg;L Eiasibilitin- 15 realized ln our
.notual spaoe.., : _

Rusnoll held that tha co-ordinatos of projeotivu Goo-otry. ‘”N

far fro- boing spatlal -ggnitudoa. woro only conwonient nnnel
22

for pointl. 3 On the othor hand. the co-ordinateu of notric

oeo-etry deal with nagnitudoal : : ' co

. But projective Goonctry. in apito qf 1t- clnins.
. " '{s not the whole aclience of space, as is’ suf-
_ . ficently proven, by the fact that it cannot’ dis-
- -criminate be n Buclidean and non-Buclidean L
. spaces, \For: thlu purpose, spatial’ measurement 1: IR
B rtquirodagpatrical Geometry, with its quanti&ativi B
teatl. can .alone effect the discriulnation.

f;-_:'ﬂfi"l.trical Goonetry is,. thon, nacossary part of the lf L

~ science of space, and a-part not included in de-
scriptive Geometry, Its % elemant, never=

. theless, so far as this is epat al and not arith--
metical, is the same as “the postulate of projec-

| ‘tive Geometry, namely, the homogeneity of spao!‘ ‘.‘

. or its oquivnlent. the rolatbvlty of positlon._
'Rnaaoll thus argued that the choiee betw-on letricai gﬁonatrios
| Ill o-pirlcnl. Riemann had introduced spaces with a variable B

’-.tric. that 13. -1th a notric which varies fro- point to
point. Rusatll. houtver. belleved ‘that the only poenlblo i?
“3?!0.! ~would h a constant noaluro~of curvaturo. referrod

to abov. as th.]z pactaconstant' Russell wont on to advanco
;fhreo argu-nnts against Rienann 8. conception of & varlnble
o lpaco-constant. 25 Pirat. constnnt change of | metric has no
":ilgnlfloanccn wéﬁ% geouetrieal objeots to ch 'ln sise due"
to chlngt. 1n position. we could B8till superposo figuros )

that aro.congruent in.oné poaitlon when they. are both in

-
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.{‘conutant ourvaturo may\bc doecrlbcd 1n torns or a aerlol

| ot inﬁniteainl Buclidean pl e u., mmm. the. donhl of L

‘vﬁthc fundnnental property of c ngruenco ia. according to

y;{Ruuaell. polntlosc. senaelesa.

and 1upossibla 7 tnow.h;:'

Rualcllﬂl review of G.orgaa Lochalts‘
26 -

A“-ﬁﬁ;ilglllnlf; providal a rurther inaight 1nto Runsell’i viowu f:'¢>"

'T,concorning the anpirical nature of. the choice botwton Buclid-

f”oan nnd non-Buclidean spaco. Pirat. Ruasell agr-os uith Lo-._‘

detinitlona or space. and derinitiona do “not. 1nvolvn tho  "
- oxiatenoo of thelr objoctSouc. The Juatlflcation of a defi~

-nltion llen in the—ahsenco ‘of contradiction in its rteulta..
Thul Ooqnntry ip npodolctlc. but the daoision botweon Eutlid
- and non-Euclld is euplricn; " 7 ; - . 'q, ' .

Ruaaell also nentions Lechalus‘ problon of si-ilar
: worldl and.the revnrslbility of the nnterlal universo.

"aell states,. on his own authority. thqt the 'rormar P
is lnlningloal. uince a proportidﬁ&l changa of all tenporal

nnd spathl nngnltudos would be no changa As to the latter,

a revoracd world would be unatable and improbablo.‘ 28

= .

f
F'
1~

« e

:ﬂ;Chllll that. 1n -etageo-ctry. ail'or Geonetry rlows rron the )

f ;another polltion._Second, the gurfaoo of a Bpaco Gf non_ Ea

e o
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; aubJect1v0 nspects “of apace.29 Thiu view ie not entiroly T

"”leadlng Pronch Journal of philosophy and nathematlel. 0
mmmumm besins by notins that Ru-s- L . |
_ does: npt diatingulah. as Knnt did between the 5_2:12:1 and'f ‘

: corroct. Rusae 1 consldgrod thc 5 n:;g;i to be tho propar

r-conoorn or Bplstelology, ‘and the aubjectlva ‘the - concern of -

f:Psychology. yat nu 1ntended ln the Egg_x to diacuau only

'_-the first of th@sc. Couturat alao endoraaa Rusaell‘l clain T
‘ that the 1awt or Euclid are Open -to onpirical veritlcationu )

'-u...the theorem. 'thlt the .sum of the angloa in a .

* triangle equal two right angles”, that all of the .

. metaphysicians frém Descartes to Kant have con- :

_.sldered to be a necessary truth, has become for

. the modern geometers a tsuth of exporienoo, con=-
tingenx and approxlnate.

Couturat hits in his own brief review theésparse mention

‘which Ruacoll nakes of Poincar8 in his Egg_x:

(Rualoll) asses briefly in reviaw of the Prench
- work relatfve to this’ subjesi discussing...tho
nouinalia- of I%Polncarl...

(..

| Botwoon Couturat's review or the Bgsay and Polncar"s

:rirst reply to Ruoaoll. t-o reviews or works on Iachanio-

_ yqro put forth by the young Engliqhnnn

N
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L In July, 1898- R“'loll revlewud A B H Lovo s ff*:fiéjﬁjaﬂiﬁf}ggfai
" zmmm:._mmn’z. Russell took. this: occ,.im, tomentton L

:s;agnin whether the enplrical roaulta obtained ar. cxact. or

"aro only upproxlmatd. He then discussoa, for sevoral pagas.

.‘the phlloUOphical inport of the viewu or -otion ag abaoluto

::[or rolatIth Ruaaell hero argues for the absolute viaw. ~;ﬁ :i;- o

33

s | In October. 1898. Ruasoll reviowod Ednond Goblot'l

mmummnwmm # taxing this op-

1'portun1ty to. again jib. at Poincar". doctrino of cﬂn'ention-l? B

»3“&11:: in gtoa-tryu _f '

-

T After a. aonewhat rambling discussion of projective -
. .and notrlcal geometry - which, by the .way, contains

several nistakes, as. for. example, that the axiom

'of parallels is independent of metrical consider-

ations (ps9l) = the suthor progeeds té non-Euclid- |

' ean Geometry, which he declares, following Poincarl. .
‘to be -equally capable of explaining phenomena, gnd -
.only to be rojoctod ls belng lost convonient. 3

Rnnloll'leosltion in thla revie- olearly 13 that tho cholco

' botween

geonotrieu 15 ba*rd. not upon convonienco. but upon :

onpirlcal obuorvntions (the 'notrical considcratlons').

The noxt llnk in thia chain of argumantatlon was

provided by Bortrand Russell, whoso artlclo of Hovanbor.

1898.36 'Il lntendod as a deuonstration ‘that . the axions or

jEuclld were -lpirical. and in fact were more: than gust 'oloao

upproxinations . Ruslell opens *Les Axlonos Progroc | Eucllds.

. sont-ils olpirlquel 9* .with mention of COu urat'a roview,

It

[
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_?corroct. ?7 Rusaell ia hadging hls beta, for he cautlon.uf.f

P
V. e AR

'fthia proaont articlelifuff'f,'}

- _\“

Aascrlbod by Russoll as 'very penotratlng and very'rlattering |

ﬂ"_thia review. Ruusall remarka."sho-ed that the reaaons givon
‘;'by me (1n tha gjigglﬁgor considering the axlons progor to

3  Buc11d ns elpirical. and not just closo approxinations. an o

S I am very far. navertholoas. fron holding thii
- position as’ corraot| it seemed to me still, con=
* . sldering: all points, the most probable position, -

.4..'_'_..;___._

'.lTEUt ‘I know. of all the difficulties of - dognatioal-'-‘r‘

ff;ly affirninq one ‘golution for all,” and.”on ime
.pottant. points, I admit 530 correctn.ss of thc o
-,objectlonp of ny critic. Do

‘|f‘, .

. fhe study by "M,Couturat: ralges. soms ' in drtiht -
‘questions,.but I intend to limit mysell to’ the

- most important among them, to the question of - .

knowing if the axioms proper to Euclid are em-- .
. pirical. I propose to present my agfunentu An
thiees parts. In the first, I will ouss in. -
,dotail ‘the criticisms running through the study -
of the question.... In. the second, I will pre- .
sent some brief and general resarks on the ‘
, , and in particular on the & 1

ntultions, Pinally, I-wlll discuss " the posi-
tive reasons for wh1c591 think the axions of -
;Buclld are’ eupirlcal

. Rualoll begina by directly attacklng Poincnr& 8 poaition.
. lontionlng that acientiut-phlloaopher by name ln this*
,.passng' it 13 clni-od that A decialon for or. against tha .

Buclidoan axlona can be u&do.reinco Russoll consldors than

| to be elthcr true or falsou thia stand rojeots Poinoarl '8

clnin that no such docilion can bo made sinco the axions

are neither true. nor rals.. but chosen by convention.bo:

 ?‘Russe11 noxt atutes clearly what he hOpes to 3¢°01p119h tn 'il.'

. - L o . ) . . . ) - R . R 'I N L ‘-| ; :‘;.;
- - P . - L. N Coat R FRER X e L
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Rusuoll raila- two questlonl which nuat be exanined tn any

goonatryl

‘ .

- all possidble or imaglnable experience, to. what
. 1imit is ‘it possiblé to assign to magnitiude a~
.. .-apatial constdnt? Is. it poslfgle to determine
_ empirically,.sthe nature of our space? The - =

' second question, which is ‘scientific, is thiiu 7:¢ff_-ff‘;_A¢

©.o -What are the best experiences, and ‘what are ..

. -, the most. exact determinations, in which one conc-
o in contac‘lwlth tho uagnitude of tho spatial o
' conatant? L ;

‘j'Ruasoll notcs that hil colleague nnd toacher. A H.Whitohoad.if:
"fsuggOsted to hin that. rather than arrlving at 'y gr:at de- SRR

“'Vgroo ot acouraoy ln deternining the apace-congtnnt._it is
.',nurﬂcunt to dotemlno the mrrow linits in vrhich it mut
110.“2 &usloll now prOpo-oa an experinent, such as night

" be uaod aa a prototypo. by whioh the limits of the conatant N

‘ror the curvaturu of spaoa ulght be. discoveredl -

Take an ordinary ‘disk - such as & picco of -onog -
with a point marked on it, Turn it one complete
~ ‘revolution along a straight line, and mdasure the
- length of the 1 ne and: the disk's. circumference,
_ ‘In this manner one may determine the relation of .
N the circumference ‘of the circle to its dinnoter.
' and so tns value’ r th. apaco-conatant can be -
doduoed.

‘Rnnloll continuoa this with tho statenont that thll oxpori- -

uent does not dopond. at leant in theory. upon the nonsuro-

——

nant of dietances - for it is the ratio which we are scok-
: ing - yet he concludos thls ‘train. of thought with ‘the oon- |
Icoslion that hiu 6xporilont procuppbnoa tho pocuibility of .
detornlnlng stralght linol. Rusahll's apology ror thic 1-'

h

diacua.LOn r°1‘t1" t° thﬂ Olpirioal proor 1n,tavor oroono ;-““’*; o

- *]“ The flrat. whlch is tely phllosophical...ln } f;f“'ﬂ,f"

S I SR
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The poaaiblllty of deternining atraight 1ines is

~ implied, it is true, but this Rgsaibility 1, 1180' ;':"f

al condltion ror neasuranent... o

- yet he hna Just stated that measurement 13 not necessary

rj;or tho succeas or the experiment.hTO'put thiﬂ another 'nyo ;“

| Ruasell flrst argues tE at measurement 1a\not Btrictly necnn- “9,-7':

'_sary for the nucceaa ol the experinent. yet he justff&aa

”nhis pre€Uppositlon that straight 11nes can ‘be doternlnnd,by;'“

\l L

?“,citlng thelr role la e condition for the noasurenent he hal:ﬂf no

 'juat stated 15 not atrictly neodod. In any caso. Rusaol}‘l
_:concluslon is that ﬂ‘ | - |

Ir the ratio of tha clrcumference to tho dianetor,.‘

. resulting from experience, also.is found as near -
. to PI as the errors of observation we conduct could
‘foresee, this would show that the |spatial. constant
g ﬁ: ioggiderably groater~thnn thc dianeter or our f=.
- - disk. . ‘

Rualoll s conclusi?n will ‘be diacueaod during tho oourso r

' the following crithuc of Poincnrl's reply to Russell,

Ruasell now states that an . exact detormination thnt‘?;,

our apaco is Buclldann will probably never oceur, yot. as
 with other laws of ecience. he claims that & certltude cas
_slowly bo eatahlishod as more and more empirical evldoncc ia

| found to support. the Buclldcnn hypptheail; thia hypothesis

' in also noted as belng the simpler cholce among gaouetrios., '

This 8 erienco suffices to show that with theae
axioms alone, we are able to odbtaln that
empirical evidence relative to the nature of our
ace... That we will ever be capable of deter-
- nfning, with cer?itudo. that our space is Euclid-
" @an,’ on the coggrary. ia to be ragarded as ontlro-
ly impossible, ‘ ‘

ameie T / g -
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'ff'e aro assured by the reaaona of empirical order, " SR
‘szthat our” space is annroximately EBuclidean; -that 1t-° )

" is rigorously Bucllidean’ ig something we do not e
ﬁ'ﬂ*‘_know and will naver know. . ‘ ',; .

ay way of commentary on this. it might be poiﬂted out, in oif'.ff'??"fH”';:
'! agreenent with Rusaell 8 laat statement, that our’ world does:

r

indead appear Euclidean. at loaut when only a amnll scf'”

ia considef&dg two parallel' linea. such as. tho tOp and
bottom or a picturo frann. night intersect one anothcr it _
:;yonded for a million milea on either side (in the planol “oi ffliw‘l “*
wRich they are: assumed 0 lie - we wish to avoid the. .

'.:caso of Bkew 1Lnen). yet this ract would nevar\bo known. a:{:

J Howevor. and thiaﬂpoint will be‘r;thrned to in the oonclud- e
ing stage of this paper. experimental evidenco fron antronony

. haa. to a degroe. con'irmed the opposite of Russell'a con-

cluaions. or at loast provided counter-examples. Ruusell.

- hovovor; shunnod dognatisn in his work; he acknowledgaa tho

poanibility or dincovering avidenca in favor of non-Euclid-
B ean’ nodold~for space. yet he considerod thia unllkely. hold- a
/,ing inatoad that, as more evidence pilod up, Euolidoan sﬁaoo | e

would. bo recognizéd an the . 1initing caso. ?irst.

Buclidéan space is & 1imiting case, that, by _ \ N :
‘ agreenment with meagured d).ta(~ nces, the other ;‘ ' o
toA . types of space approaoh ind finitely. - " : ' LY

-7 e nay prove that this space is not Buclidean,
o but we can never hope %o prove that it le rigor- °© . .
N * ously Buclidean, just as we can never hope to . N\
N ‘prove the law of gravitation. | . A



'."m.n&ll!. " T T \ '.

v L . o
';,..;thls is not a vloioua circle. ‘but . ggly an . -
ordinary form ot lnductlvo roaooning

13 - -

}Pollowing this noto of oautiqp. Russell interjeota ono of
. the many brlef observationa concerning the ph11690phy of ‘ ‘ j'}l‘-uf;
» aoienoo wh{ch begin cropping up in this oxchangen T |

Having seen. that one aeriea of hypothetical con=.
.saquences is entirely compatible with resulting . ' - :
7.  observations, and that we cannot prove that the, ~ - ... ' " "
...t i, entire system of hypotheses will not do, we ac ept ""u :
" that-system of .coherant hypotheses, ‘gr tho ti&b :
... which is sufticient for explanation.

-

-
. —

| Adoptin; thio vlov of sciontlfic choico. taklng the phraso
I ouffiolont for oxplanatlon to moan 'mininally auffioiont' . JQ o g

S

éthua*ordninlng oinpllolty oouplqn with strongth). Rusoell R

\/‘.‘.I i /'
) W/

'- carrioa ovor Ockham's razor (that unnocealary entltioa. or.
hypothosoorﬂnhould not be postulated) 1n ravor of Euclld.

If the measures of the surraco of the world are’
' compatible with a_null spatial constant, and if
the supposition o? the null spatial constant per-
mits us to extend the lawa of the earth to the
movement of the celestial bodies, then this o , )

' supposition is Justiried by its silpliclty.so - L <

i
bd
5
-

Rnosoil'- conclua;on Ib atralghtrorwardn o .

In sunnary. I have shown that the nxioms unlquo y
. t6 Buclid are susceptible’ to empirical proof, in
: " the sense that the ordinary laws of science are
S suSceptiblé,.. they constitute the most simple .
- hypotheses for the explication of facts, such that
'we could imagine:other facta.which would render
slightly more simple a non-Euclidean npaoe. We

. have not proven with cértitude that our space is. -, - £
’ rously Buclidean, and we cannot, if it is . N
fhtly non=REuclidean, prove with certitude that’ ‘\\{i . |
SRR | not Buclidean, But such-uncertainty is in- T
el "avltablo in (all other laws) such as the law of CL T
gravitation, or the Cogirnlcan ayaton. or aIl -l
ofher ociontifio lawt. \ —



T 1- varv wnlu .

‘__';TAG for the (axlon ot) threo dimenulons and tho ~g, T T e
”;“”inxion ot. lels,. they ‘are not.to. .be -called . é Jgﬁﬁg I
K ih 1 ‘we. conserve. n paycholo iqal'olenont PR -
.7 ln the: m; for'ithe @& priori lis defined, not
=a*4;- f?lation ‘t0 .our ‘knowle but uniqualy by Te= . e
._}'“lntlon.to truth and necess ‘there, does not- ri-:r«“‘~ Sl
Sl Y malm any reasoh. for conalder ng thesq axions ‘as’ Lol
ST ¥ .- That the .proofof- thelir enpirical na- '“f*”qgjuj -
T ture -iak and 1noonc1u61v6. ‘I admit witho PR
Do paing but the prg&f or tha contrary seels
I ":e;haro more flawi e g ;

o ';_- ‘7 U .g o : "-3. . | -‘f-"-,'a d _.m’_ " R
R ! m. 1898" ‘po;ncu-s publishad his iniual reply e
to Rulloll'l cq;rgog. Opening his ‘Dea Pondenents do 1‘ }ﬂQQ o

-~

¥

'_’-V'-_'i)‘?kf ) ' - ‘.‘.: - . - . o

Glou‘trio. a propou d'un ILVro do u. Rusaol%;53 with retcr-

- oncvto t)l. and to ccu-

turat's rcvio', with the latter doscriuad aﬁ 'un ‘logn peu - .k i
bnnal Poincar‘ deacribes~$af gg_gx au a work~uhich 13 part-t-:iu 2 jﬁf?

ly orltlotl (noting the riret AWO chapters of. that work) and'- : é
partly dognatlc (citing oha%}ers thrae and’ tours Poincarl. ‘ . zi
:ln su-llrv forlu sota@fortu'kuauell's diatinctlon botwoon - ';J.
‘metrical and projoctivn gpo-etryl 1st, that projectivn geo-.-i’"n' ' ji
try is ontlroly & g;;g;k 'uyjroa- -otric geonatry is 1n part :';fjs: :
engirlcnl; an. that projnetivu guouatry ia independentnor f;

the conéept of -ovement. yhich is. inplied in notric goonetry o

(by the noad to: auperlnpono auppoaodly congruent rigurel); o ';2 
3rd. that, projectivo goome;ry 1- qualitatlvo vheroangpetric ":§;"
gaonetry }a quantitatin.y‘. T . R

-



..,,:..

Jlﬁfscribea to projective gaonotry. and then rainos two quactionam;f¥ ‘fff?ﬁ:f

Polncarl citea the thrne axiona which’Rusaell a-}af;??fff:??iur'”

, lat.A %heae axio-s aufricient to conatituf, pro-'W;ffjf 3”v -
w-ujjective geomotry. or aro others neoded?. ' L

2nd. Aro thqae uions. as Russell élains. t.he nocu- NS

-ifaary ooneequoncea or a forn of exteriority inditpcno&blo to

3 &11 or our experlence?55 -;7': *i: S _{“-n

Egs

‘ Poincar! notes that the firat three of Rusaell' -. -”;-”1 *-  .
.f:nxions nro ‘set forth in the §§ggg as-g 2;;_;1 while the “

uf'fourth. that space has three dinonaions.‘is purportod to

‘ffbe e-pirlcaly on the othet hand Poincarl notos. all that

1ndiscern1b1a from each otharl ﬂj o s T

‘.Ruaaell is justiried 1n clalning ia that tha dinennionn of space: 5j0

'“;;aru or a, flnito whole nunbor.sé_r _ T | .E-
".:"; Potncari next proposea to modify Rusg.lll. list Of kg.,”"'v -5
,l nxio-n for the purpose of: elininating vagne or anbiguous . };"5

‘;expreaslona. :iincari'n nxions ard theser”

3 rHl e e aornars ks v

lat.

¥

at space: in a contlnuous manirold having threo

diaonuionsg

[ BILIA R

an. The polnta of thie manifold are’ qunlitatively ,
3f&. ?hrough tup'poinxs pass ona line. and one onlya
hth. ‘Through three pointa. not in a8 llne. patn one -

i \'. .

plano. and only one, whlch contains the throo polnta and ' 5 .
-hich jolnu the three points two by twou LT '__ ;* . ‘
. - ' 5th, A plane and a line alwayn lnterseot. ' L . g

Rognrding this fifth axiom I mlght add- that u is

]

Joew . . . ’

I~



‘}finot alwayu truo of metric goonetrioa (for 1t 1: not true S
‘jor Euclldnan geonetry); 1n projeotive goo-etry. howovcr.

R

f.;ilnaginary polnt ls aasunad to exiat 'at infinity .{3;,,;;7;7€V-f 75"

",

E

Rogarding the. abovo liat of axlons. Poinoar‘ olalnﬂ  37-:.ﬂig*

sﬁh"that none can bo deleted.

Poincarl returns to hls aecond Questiohj his oonclu-}¥ j s

faion 13 that. contrary to RuaseL/g)‘the axiona ot projo¢t1vni£ ;€'5ﬁ

'f:geoaatry are not’ the 1ndispenaﬁble conditionavor our ex- t&.‘ '-Q""

perienco.fss Poinparl agreos with Runaell that sona forn

g_of axtariorlty 15 neceasary for tho possib111£? of percoptu-‘j_'

"_1a1 oxporienceu that this zorn can - be reduoed to a collection_' -

| ’jof rclatlons. and that thia rorn of exteriority ra honogona-: 73.

.ouc. Thon, Polncar‘ states. Rusaell searchea for a proof thqx

this forn oannot be homogeneous without being continuous lnd

::vadlvisible to 1nrinity| Polncar‘ aays ‘that “I. do not. under-'?i".

stand thé tlrat word or his reasoning.' PoincarG ugreee with

the nrgunonx that a forn of extariority whlch 13 continuoua :

is an indiapenaible condltion to certaln forns of expe}iance.
. Poincar$’ then atatonn b § will not quibble over the nunber of
f:dlmensions . r;ferring to the fiat that he belioves Russell

H f

to have’ proven that our space has finite whole nunber of

jghceding that Ruseell

| dimensions (although Poincarl 1s not
has provnn this number to bc throo). In concluding thia sec-
tlon. Polncar& agreoa that every two pointa can stand ina

- relation to each other. yet he queations one. of Russell's:

-»-pr.suppoaltionan 'th nust thla relatlon be & lino. that is ;

-
LRy

e T T e
. R K . o ) o - )
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to say. a collaction of other points?' Poincar&‘a argumant.

that the unlque rolation between two points fornl n colleotlon

____.__-

"7 atago of the exchaneﬁ-s?,.u

ﬁ

gnd»coonetry Poincars directly attacke Rusaoll“ clain that

there 13 an eupig}nal'content to petrical geanetry. Poincar&

. we have revie-ed ‘the- axions which Rualell cone L
. " siders the indispensdble conditions of experi-
.. 7.7 ence¢.ebut they establish’ nothing) ‘employed in. o
e the- are vnguo terns and 1ncorrcct deri tions._ -Z 5

Tf*Polncari then stateq his grOUnd cloarlyl

Coren But if ‘these axiona sre ‘not’ 1ndispensﬁble ‘con-. o
77 ditions of. oxperience..to what do we. owe the =
. . 'belief that they are empirical?... That thought
"y ls.far from my’ ‘mind¢ . on the contrary,. I think
v ithat this is a mistake when M. Rugsell attributes
.7 the empiriéal charagier to other axioua. such
- as thoqp ot Euclid. _ o

. Poincarl next attacka Russell's use of the word.'empirlcal'
'aa belng oo vagua. Ho then argues, rlrat. that there are .
- no- dlroct qpperiencea of Geonetry. but only or Optlol. or
of aone other branch of Phyaics. and aecond. that any oxpori-
.unentg;\conrlrnation of one typo of geonetry. wert auch 'CON=
{
firmation to arlae. could alternntively fallkproy to oxpla-\
'nation wL&hin ‘the other syatens of geometry.
Who can deacrlbe 10 me.sosthe experlenco of an
" : abstract line or circle, Where is the phynlcist
i _ who has seen & ‘straight line, and with-what 1n-_
' .. atrument?...He has had: an experience of optics,
not of: geonetry.

Ay Ct bt

. _ ‘ : : ' ~ “'“‘hm'

Later in. his paper. in a8 eaction entifled 'Enpiricl.sn

or other p01nts °“1Y by convention, seens atrong at thiu  ?5ff?fff*"

/’0pana this section by citing his previous reviow or the nxions|.~.-'”

E

—~F



' 2 VL ";‘""f'f"‘

flffff'aﬁ negatlve. could we conclude that (Buclide '
. ean) .geometry is falgse? No, 1t would: be just .

" as natural to conclude that the rays of 1ight . f?sf_.;"

| " ewanating from this star are. ngi rigoroualy
prOpngatod ln a’ straight line. .

a0
-

';lfrurther-ore. Polncarl argues. our-experiencos fron phyaical

T:exparinonts comprlae data to be eXplalned. yet. he aee-l to

14ﬁ.feel. Ruseall la taklng tha- to be explanations 1n-then- ff_7 -‘

.3 80170Bl i

'-an it by oxperiences or the movements of solid
‘bodies that we are able 'to.demonstrate the pos=-
- tulates fundamental to GeometryZ..s The knowledge

" 'which we have of the movements of solid bgdies can_ rotnfﬁf'h

be . the foundations of. goo-etry. it has given us only

=

null
(The abovu points Polnoar‘ conslders “to be the lost 1nportant.

has is conslderable, the role logic hne

In the following aectlpn. ‘a continuation of thls lino

///fbf lnqu%rro Pg\xcarﬁ nrguca that no phono-eﬁaﬁ 1: uniquo to ?

“one. typo of spa
‘=geOletrlcu lnterprot or explain. in dirfernnt lannarz uhat-é
'avor data are observed.G“ Poincar$§ next ﬁska lr tho:guaro ;
' any pheno:ena whlch could only be interpreted in one : netric
"-geomotry but not in othora. "“This doa he: rejects. for ho o
claims that such a sltuation wod{i be- analogoua to meaauring
".a quantlty in the laboratory in raet and 1nchea hut being
: unnblo loasuro it in metera.65 .
' Roturning to his argumoﬁt that an experienoe of negsa

tlvo parallax ror a star could fall prey to alternativa ox-»f”

"73Vere we to dlacover a. staruror which rallaxiﬁf7fmfl o

the occasion of that founding, The role. iaychologysj o
8 .

e or the other. but rather that ‘the various .

T
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frayn ot light wero not propagated 1n a straight lmi")Vi”l'ﬁf;éfgvTﬂﬂn.M’

‘j?oincar‘ oxaninoe the genoral case of tha ponuibillty o;\

lid““'?"“‘ some’ property -hareby a strji.ght Line. could be
;?dlatinguiuhed fron a11 other auch lineag ir auch a critorioh;;“ .
fjw‘r. avtllablo. a. choico would have to be nadeoip tho lbOVo e

#problal for one geonetry or the other; r cours Poincari

ﬂclai-a. nnd corrootly I think. that auch a property or cri-‘i.;F'.-?

. tarichcan never bo discovered (eince it doau not exist). -

‘.-‘

V'H. arguonn ;i -'ﬂLE;:., i-i o
—VExanino a question of. great aimilarity. I aupposo

" Buclldean space they possess only prOperty A, dbut
do not. possess property By I also suppose..s that)

"in both spaces the straight. llne is. tho only lino _}'V

. which pOBBOBBOI proporty A,

" So nay the exparlenco ‘be’ (deactibed) which is apt .
- to decide between the hypothesis of Buclid and that
‘of Lobatchevs We establish that such a concrste
object, access blo to experlience, such as a pencil-

7 7 of 1ight rays, possesses the.property Aj we con= ' L

- ¢lude that it is rectilinear, and then seek to

““dlscovor whethor or not 1t ponaeaaes the . property Be

. But 11_;.?9%i_gg. there doaa not" oxgpt a property
- . that powe , with this property A, . (which). is an
... sabsolute, gnr-anont ‘eriterion for recognizing thc

straight 1
all other linol.

Poinoarl gool on to danonatrate why auch a proporty. even 1:'5

::fheorotically valid, 1a not workable, Lg. would not provide‘

_ oxporinontal hasls for decision. vere auch a prOperty to
‘be dlncovnrad it would have to be conflrned by neasurlng

+ : L ' +

- that the straight 1ine in Buclidean space possesses - .
 two propertias which I call A and By that in.non- -

géfor dlstingulahlng that 1line rr01;'_ '

“?i_
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diatancea. ydt the 1atter. although known to a grqnt dogrea

R' of grecislon, are atill known only approxinately.é? Such l
A chargc could be 1evellod-against any physf&al expari-ont.

Y

yot Poincarl saans to think that here it bears noro ueight.
since an exporinent to datermino the property A would

N

question the PrﬂcOHdltione or neasurement. ‘ HfT y-“ ﬂ' lq:ig‘:; - ;.” t
. Poincarl challonges his crltica to provlde a °°n'“L}’ L

_.___-_-

f crate exparlenco\uhich could only be 1nterprtted in a: Euclid--- ;*f'_

“1

~oan~aystoa. and never 1n a non-Euclidean Byate-a_ff,’

Lo we experience is ever in contradlction with® tho

7. ', postulate of Buclidy, in. turn, . no eéxperience 15 o
SR . ever-in contrgglction with the postulate or S
F u.Lobatcheva L

—_

Poincnrl polnts out’ that lt 1a not aufficlent to statc xhat ;:-

Buclidean. or non-Euclidaan. gedmetry can nevar be contra-. ‘

TR

o JHEYIITEY B derr 3 Tar
P Y T :

:°dictod by oxperienco; rather Poincar& goaa on to show. by whnt

r

“he - callq his "law’ of relativity ] that allcoxpariencea nro

| equally uble to be 1nc1uded in the 1nterpretationa set rorth

by Buclidean or non-Euclidean eystems of expllnation.69.1~, - "'  ; l

"..%e have naintainod the 1nterpre€htlona in the
non-Buclidean hypothesisy this is always poasiblo. . o
only the rion-Buclidean distances of. different T g
bodies in thi w interpretation are not ganernl-- "

1y those of the clidc9a uistancas in the - -
'1nitlal lnterprotation. . :

- Yet. Poincar$ aqks.‘would not thia dlrfarenco in distances ..

'servo to conflrn or disconfirm non Euclidaan geometry? No, '_
& P,incar‘ raplles. for his Iaw of the relativity of observn- |

| lons can bo applied rigorounly to the entire univernc. so

' that "If a. 1aw is truo in the Bucllidean interpretatlon. it

e . ¢




?{fia aleo true in the non-Euclidonn 1ntorpretation.'?1

>:7-:*c1rcles.

-

'ﬁi‘show Buclid to bo truo or ralaonr o

L

In concluslon Polncar& voicos an appaal ror a reply

if7fron Ruasell to his objeotio'*'f5'~ {

' f do’ npt Kow Lf M/Russell’ dasires o rep1y tor
7 these objections.
~him absurd, but-i

whith without doubt.appear to -

depand- from him in part to.

tulate,: ,Qd oxempt rron ambiguity and vicioul

© .

Q.-. m.‘ ‘ .-,‘ i wsoter

Ruaaell opens hll roply to Poincar!. entitled 'On

‘- the Axidna of Gconetry'73 by diucuaaing what can bc nuant

;\i.. ‘

lut. That the truth. or faluehood of - Euclid lu g

n;ig;ﬂ snu thua without need of verifications _
an. ‘rhnt one-. Goonetry 13 tr-ue and tho othera falu. .

but it is inpoasibla to knou whlch 15 which: rogarding this

" Rusaoll statos thatn "n *

- ] ) b

-

.‘-I.Poincarl spems to qccept (in uection 13 or his
. paper) the Newtonian &rgument in favor of abso-
- Jute motion.. This necessarily implles, ‘although
1 doubt whether M.Poincar§ admits this implica- -

tion, that we should also recognize absolute.
position, But no one.would maintain that the -
absolute positlon of"a body ican be known.

ﬂ.3rd. Thnt nothing can ahow Buclid to be true or to

by

.] by stating that no oxperi-ent can bo prOposgd that would ,;’ L

_

TIMNIW L :

.

Yatuagn

L AT Ll

B _he doea 8o, he will probably i;.;':;;lg-J,”;51 g
. 'not .wish to trea all of the questions 1 have Lo SR

.- touched upon,.
- explain to me by what concretée experience he-

. -would denonstrnte Euclid's postualta. and on the
.. other hand to give me a definition of *digtance®
-and of- *straight line' independent of that pos- ,;

e



put forth in aupport or point three above. nlso aorvo to ; 

be fnlso. ror the ainple roason that Euclld (or any other :
geonetry) is neither true nor falao. The third poaltion.
Ruasell notas. th_'viow held by Poinoar&. . {hﬂagl;naﬁﬁU N |

Ruuaell claina that iﬁg;’of Polncarl'- arsumentn.lﬁ}wa’. o

ﬂn‘shpport point two. Rusaell then draws the rollowing diutinc- ‘, o |
q" ~;¥f1't' Il Euclidean geonetry a conventlon, or is. it ' i ,
“‘“0 or falu?. m‘ﬂh__., '.." S ‘ . -.‘ sl
;2ﬂd. Can wo diacover whether 1t la true or: talso?7“
H' ﬂ"’" “““ that 3"°1id°m seonetrr is either. true or . > S

..l

ralno. and that.-;n‘faot. this 13 diacoverablc. Rusaell al-‘; _ |
80 holds thnt the anawer to the rirat question la philoaophi- ”“;f[fl ‘ gﬁ;

cal. and ;_nzig;L never adnittlng the pospibllity ot a con- ) f-j_”{“f{lf
7: ventional choico botwn.n geonetriea for the purpogo of d,_ Q - ‘;.f??%‘f
scribing thiu or .any other, spaoo.75 - j";" : ;'“. | -_-fﬁ_' ‘;f';\. H

o Russell. agreoing with' Poincarﬂ. cites tha qnestlon
nt hand as one of the meaning of any statement Ln which tho

-reaulta or observntionn .are set forths _ ‘ %
"It is to be observed that the queation. ls not as |
" to the corroctness of the results of measurement, -
 tut-as to the’ ggfnln‘ of the rOpagitionn in
-which these results ‘are enbod ad, E
Ruuloll nnxt dofines what ho means by the phraao 'the distancu _
from A to -B%s : T - ””“‘-“oa LT .“ - R

=1 cortaln rules are !ollowed. the dlntance 1n L
'/f\ question may be brought into a 9’rta1n relation
~to = certain standard distance.



Ruosoll notou that theae ruloa for tho deternlnation o?\Q;s-
{

tanco rolationn uust be Qulte arbltrary | he nov adnits that _;f?iffigﬁﬁ

s

both he and Poincarﬁ had nado a niatake on thlo accountl

fﬁ.fbistance itaalf nuut bo crented by the convontional
 rules,ss This confusion-existed in my" own aocount
. of oongrvgnoe. and exiatd aloo 1n l.PolncarC e
';artlclo. : S

":fIn ahort. Ruaoell accusoa Poincar& or circularity in hig fff #___.;_,‘7._;

‘ dofinition of distance1 to define two dlstancos. AB and CD.

a
n ao oqunl, depends upon knowing the distanoe of oach. but this
' anounts to defining diatance as = rolation between diatancol.

‘Thio 18 very: 1nportant. since on it turnod the viow.

" which I gather to be that of M.Poincar§, that dis-’

' tance .depends .upon measurement. This leavas t nn
-open quention what 1t ia that we looouro...

Ruosoll seols to think that. although measurement lo roquirod

to giggggg; oquality or 1na§:a11ty in Poincar8’s account. lx';

thero onnnot be oquality or nequallty uithout neaauro-ont.

yet 'vhat can ‘be . diacovered by an operation nnat oxiat apart -

rron that Operation see I.Polnoar‘. on thd‘contrary. holds
that noaluronont g;gg;gn equality and lnequality. -80 Thll

final clain agninst ?oinoar‘ 18 ot quite acouratol Poinoar‘

doel not claln that noasuroment 'creatta oquality or in-
| equality. but rathor would hold that two diotancos night be
sald to be equal if one system. or explnnation io adopted. N
yet nlght bo said to bo unoqual if_ another such sygtom woro
‘to bo put 1nto offect. Russell next oonsidero a pooaiblo

f rojoindor on Polncarl'l part. nanely that 1t ls not goohotri-

| \‘
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. oal flguroa but bodles which aro Ionsuradu élkifjﬁi:' 7..5 e L
' ‘ ‘”"But thls ilplies that bodioa have aizea and . | *7F3?iifo f*7i:ff¥

;¢~gjshapau ‘and. mutual: dlatancea ‘concerning which .
. “something is known - an-implication which -uat
- be false unless measurement applies to ‘the 3°‘ L
:geometrical figures of bodies, and gives aps . ..

'7lguproxinatoly correot reenltn as to. theae figureu.81 "f&fuf:”;

Thua. Rusnoll clnins. any mensuremaht of phyalcal bodie-

inwolvas a noauurenant or prOporties vhich aro geonetrical.

-

"f.mant in Dynanlca 1nv01ves nattar changing ponition..lef'

o advanccds

Russell contlnuea by providlng 8 correap“haence-defl-

nition or distancc. claining that tho true naaning or tho
propoaition 'the distance AB isrg meter la that 'tho two

' ppinta 1 and B hava a dlatance whlch is equal to~anotﬁer o
distanco uhich wo call a neter;f Russell propoaen tha logi- J'

cll pointl"Aro thero any oxistential propoaitions which

i and whlch 1nv01vn a co-ordinate systen.‘aince every oxperl--.f a

.- ,r"lr - ‘

would bo ‘true 1n a Euclidoan world and false in a non-Euclid- _l

:-onn world. or vice varsa?' mhree poasiblo prOponitions ‘are -

. to. Now !ork. or fronw:he aarth to the sun. which 13 greater |

‘than one nillinetert e »

3
Y

and Now York. which determinc a triangle whoae araa oxcaads

. one squaro niliineterl

3rd, There exiut bodies, such as the earth. whose
volu-o oxeeeda one cublo millimeter, .d-- .

.. !hat ‘Russell ia looking for aro exiatential propoai-_

g

N

lot. Ther. oxista a diatance. namely that fron London

2nd, Thert existu three pointa. in Paris, Greenwich,

DI\

- {;'.-é ‘n!-\!‘



-

: under another. ¥et whntever geonetry is chosen 'ote that

I hava not aaid whatavar derinition by corrospondence of a
‘;'milllneter la glven ) 1t saems to ne that these three propo~”'
"'aitlons uould kaap the truth-value they havo for our world._ a

'j Concarning tha first two points. 1t may be inaginable that !

f_LOndon and Now’York now lie extremely close” tosﬁther' 213“' ?i

yet this doea not mean that an ompirical deternination wquid i

i;'bo poaaihlo. alnco the obsorvations required ulght not be |

‘.F:obtainablc. Ihat rtlatlon would auch an exnmple of a tOpo- f ;.‘

o logically derorned space have to our ordinary notions or

| 'diatanoc? e apace woro 1ndeed 'rolded over' (as in Pigure B

| ' 'or tootnoto 83). 80 that the diatanco from Now !ork to '
London una docreaued. would ‘we be able to take such a ahort-

. cut 1n our travala fron one clty to another. or would

' atill hava to travel . tho original distanco? 1t space was

- 'folded over” in aonc—sen391 it seenms to me that taking tho A

)

‘short-cut would -somehow lnvolve ‘jumping out‘ or our- space. } |
- ~ To me,. thon. such & short-cut seems to naka no real differoﬁco -
uith regard to our ordinnry concaption of the dLatance bg—
~_h/’fﬁhen two points in our space, . - . - | "}

- ) Rulsell replies that 'Thasa propoaitlons. I say,. .
o;;stentlal. and are either true or falsessese the aduis-

' sion or the alternativa is all thnt I demand. 8“ on tho cone

1)

 the surface or opace ls 'folded over ln such a fashion that 'F C .

SURTIN
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trary. Ruaaell haa dem'dded more than thatn he hau demanded

: an ”*15t°Nti&1 pr0poa /tion true in, one geomatry and not truo ft'?fﬁ'“ﬁ

1n another geometry. yet theee prOpositlona. admittedly ex-r'”

istential. and adnitcedly true or’ falsefwithin any given eya-""f

ten. are not necessd%ily true 1n Euclidean geometry while o

"ralao 1n a non-Euclidenn geometry. ie. each of theac could
‘1ebe trne 1n both or false in both typec of geometry. If I ¥

ﬂ 'underetan Rusaell e argument correctly. he bellevea that.

jl‘hls th e propoaltlona state matters of fact concerning in— ';7

'trinalc amounts of epace auch that they are true in‘a vorld

é'cgoverned by Euq@ddean geometry but-might be falee in d 'high- e

.'Ily distorted' non-Euclidaan.wcrld (I mean by that a world

“-with‘an extremely large degree of cu{vature £or_space)s

Ruseell. lt appc:rs to me. had falled to - a8fe that these-

- .etatenents do not involve choicea of geometry’but choices_
of Bystems of -eaeurement. AS. noted abovc. ‘1ife in a ‘highly
deforned' non-Euclidean world would not cut the travelling
.;distance, as we ordinarily underctand it, ‘between two pointa.
| ' Ruusell again appeals to the concept of limitlng

.‘values. cleiuing. in refarence to his artxcle of November.

P .
1898, that all he- deeired to diecover by experiment were I

those lilita, however 1erge. within which the Space-constant
must 110. on: the othor hand, Rusaell ccncedec to Pcincar8
the polnt that enpirical evidence can'never decide certainly

in ravor of any one positlons.'lt showa that a- certain hy-

-

1oy
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that no other hypothesla can account for thom;‘ 5 lgain Al'h' ;'?“}

LA

;ﬂ Rusaoll concedea Poincarl a point that alternative interpro-j;'.
: tations arc poasible in every caae or geometrical exporiment.:a6
Rog;rding the oxperiment with a- coin to. datormino the ratio _ .
i'oi'77. Russoll clainsl"The experiment illustrateu either ..’:_t; N nF"L"
the naturo ot space. or the naturé~of bodiea..whichever 15 |
con&ldered as unknown.-,7 This reply will not. sufrico. for o
what wns t0 bo invcatlgnted was the nature of space, yet . '.:' _(
thid oxperinent nlght only concern the naturo or bodieaa f_i'.-ﬁ vl
‘Russell notes that this objection was conveyed privately R |
to hln by Porncarﬁ concerning tha coln experluent. Russell.A”.nf_=':_ =
however. bollevoa thax the coin axperlment 111ustrates the }HI, B

e . s .. !

geometrlcal prOpertles of bodiasn R ;' ;,-g
; o Blther aolid bodies have no propertiea illuatrated_
B . _.by such experiments, or else they. have geometricalaa o S
prOpartloo which are definite and not’ atbitrary. o

Cowp e

-»

* Russell 81111 malntalns that the space-constant llea wlthin

certaln noro or leos dafinabla limital lat, a billiardu gnno

[ S I3 AARE

is onlg poasible if the volume of;the unlverao exceeda that

or a bllliard ball; gnd. a threeiaided tigure 1nscr£bed in - -
tho vertiooo of a Buclidean triangle has an araa less than

that or the trianélo. These considerations. 1t aeems to no. -
deal not with the curvaturo of apace.,not wlth any intrinslc

' metrlc for apaco. but rather ‘with common-uenso considerationa»

-~



Rueeell aleo coneidens Poinceré'e contentlon that

fq}there ere no prOpertiee uhich belong te Qhe Euclidean etrang? fJf?*;:j?E

1ine but not to the DOD-EUCIidean stmight line. Ru53011 ,,
?;ifhare thet Poinéarﬁ would then hold the two to be indiecerni-.av.ffrf 

Y I

‘"ﬂfblen Rueeeil clak e that the difference between Euclidean ‘f-ifffﬁVif{-}%

- ang; non-Euclidean etra;ght linee 13 analogous to the dirference

:and non-Euclideenoetraight linea mlght have dirferent proper-;}*;-l_
89
'tLee..‘ Rueeell euggeete 'length' to* be euch e property. yet

fbetween red nnd blue. Ir we ebject that red and blue heve

:different wave-lengthe. Ruesell repliee that the Euclldean g=_;“j}gj1,

4o
b

"_.“'.‘. Wy S

:thle. I uaintain. doee not anewer the wavé length objection; R

fthe wave-lengthe of colore ere their defining charecterietice. _ ? s

fwht}e ‘the Iengthe ot linee are not. Rueeell appﬂlrs to ne to f‘;i{._-z?bf
zrﬁ}be clalnln; that there 18 a difference between\Fhe linee 1n llj,'_ ;.:_?e

;varioue geonetriee. Poincer& deniee thien linee nre 1Lnee. ;

.;‘behavior eii epeciried by certain axioms. Pinally..Rueeell %i.

1

or rather; in any one syetem lxnes are undefined terne whoee'

My

' cleine that ali experlmente 1n Dynamlce hinge upon Euclld

fbeing either true or Xalee.“ and thnt, expérlmente wlth bodieei o f¥

h,fto plﬁce lluite upon the enace-conetant. Thie. however. is .

| being poesible.,e large number of euch experimente will serve

B

. not the etand Rueeell begnn with; further-ore, experlnenta I L

lwith bodiee. such as. thoee performed in Dynamice. would etill‘:‘



provlde infornntion to the obaerver when perfornad in

non-Euclldonn apacea. That Ruasell has ahiftad hia positlon

can bo neen 1n his concluuionn "ﬁﬁﬁ17i;;;¢?;g;;3” ;1*“ tm3;fvf7““”“‘

Lot T e .
-',.-.J.._‘. T

S Lh?Though we ‘can nover prove experimentaily that spade f E1flq  if ;fg
A8 strictly Euclidean, no theoreticali limit'can be = ..~ . . .0

;?f;aasignad to the degree of apprgﬁimation uhich 15
ij_posuible towards auch a, proof.,_, ST ,

o | }In the third and rinal section or this nltlclo Rusnell .
attelpts to an&wnr Poincnr" requeat for definitionl of - o
diatanoo and ot atraight lina which do not appeal to Euclid-f'}k ‘

| oan gnonsttw. Thla aection dlgresaea from the topic of the ~3'-%gfj'l;

_frenpirical content of geometry..instead diacuaaing what 1t Tf

B :maans to detine a tarn.‘Thia aection anticipates sections

;fiof Rualell'l

-

d prodeoa an in-';'

7jteregt1ng 1naight into the develop;mentdof thls trail of

“ffRussell's thought. 7:]‘j.]7_-‘-~, R

Rt

-_".‘ A

A nathematical definition consiats of any relation o o
. t0 BOme speclfled concept which 'is possessed only . . .. .
by the object or objécts- defined... Philoso hically. ‘

a term-is derined when we are told its mean , and
1ts seaiing cannot consiat of relationa to ot or
tam. r"' . »

oot

(R AR

Lgain. Rusuoll talka of the lmpqsslbility of “the ueflnitlonn .
\ .

whlch Poincari has requestedt'f

\\’ * He will perhaps be surprised at my replying that
\ su h a request ought not to be made, since what-
LN, ever is fUndﬁhental must be 1ndef1nab1e._\ e

C '7>\ That dome ternu muat be 1ndef1nable is evident arter
. ' . . 'a momentls reflection, Por terms are defined. by means »
of other-terms,.and to -attempt a definition of 51192 .
terms wust therarore involve @ vicious circlo-



'*3 f{ !he above articla pronpted a brief reply by Poi;::'iiﬁE%fi;:ﬂlﬁirﬁl :

.Lfcarﬁ.'-Sur lou prlnclpoc de ln G&om&trie. r‘bonso'i I.Rusaell._il;ﬁf;:%
’*J*ft'r oPenln; plaudita to Ruasell's lntentions, Poincar‘ 1n_-Tf _Ag o

f;jnadiately voieou the following objectionnuga.'

1ut. Thnt he has never acce ‘ he reasonlng of .

'lNewton 1n favor of abaolute notion|

L g;' an. That ho constdera the nxlon : 8 d&menaionu; aa

3.

}f--bll ag~the Gther. axioms of Buclid._as co_ventional,

3rd. Thnt ha rejocts the first two of Rnusell'l thoaos}J '. -

f wh11e accepting tha third. namely that all geonotrlea aro

*f;nelther truo nor falao.

Poincar"l paper 13 dividad fnto connideratlonn‘ot

  ?th0 dpflnition of diatanco. pf eupirician ln Geonatry. .?f:~'.

 the queltion of abaolute dlstance. and of bodies and space. T

- iOnly one page of this article 18 glven over to our tOplc.

'7uenpiricia- and geometry. Polncar!'s position ranains the. aa-o,

‘~_{that tha only experlences Open to 1nvestigation aro thono

Idoaling uith the relations among bodies in apaca. and not

with the actual nature of thak space itselr. -and. ‘that ‘if

'-ue abandon Euclldean geonatry cq 19 still posaible. .

-

but with ninor changeu.

R

Pl

v

e



?;néfwnll as hia chapter dealing with 'Space . prooent 1n ” fi-jnoofjf;f}fﬁg;i

;f;fnal ‘and’ poliahed forn ‘the- views which he had dafended fron
-]"the besimhns of thie exchanse.95 Poincars -writos m his
“f-prefaco (italics mine):' ;;iff

=f13433 yed?: Aro ‘they imposed upon us by'IOg-c? ‘Lobat=
. chevsky, by lnventing non-Euclidean geometries; haa
- - ghowni'us ‘that this. is not the case., Is space -
.- “vealed to .us ‘by our senses? No,. for the space Tre-
“ . vealed to us.by our sensks is absolutely difforont
.. from the s iace of geonetry. -Ia geometry derived -
- ‘fyom eXperie nce? Careful diacussion will giva the
_-answer - no de

“ffﬁoonvent ons are not ar trary. and if - (
- into.another world (which I” shall’ ‘call -the non=

| . Buclidean world, and which I shall endeavor. tg,,ﬂ;iﬂr'

- describe), we ehallggind ourselvas compelled to
uldopt more. of theu. ‘

 (I would llke to point out that. rather than adopting nore

"conventions ln a non-Euclldean world. we. could drOp the

origid-rod convention and ad0pt a new syaten of co-ordlnativo" ;

'daflnitions.) Q" -

= Ruaull reviewed mw_w sevoral tinesl
'one of hla bottor reviews. aimed at the philosopher rather
'i]thnn the guneral public. can be round in Kind. July. 1905.9?
In this roview Russell takas a slightly ditforont taok 1n
his critlclnn of Poincar&'n qonventionallan. First, Rusaell
attacka Polncar{'l position. rathér than nerely defending ‘
his o-nn Rusaoll argueu “that 1t nay not nlwaya bo the caao

| SRR b'{__" .

(B I AL RN



‘ffnor doae it Bhow thet geometry ie'not conventionall rather

‘g'venignce. Second. Rueeell arguee that there are ordering

- Jthat et one and the eane tino no one eeea both ceeol; he

: 'Poincer"s clain. that the’ choice of geometriee is uholly

.fﬁthat Euclidenn geOmetry wili be the moet ccnvenient.arhin,“,

;ghowever. doee not serve to ehow thet geonetry ie enpirical._r

,_it showe. ee Poincar‘ would concede. het poaeibly eoneday

c;?a non-Euclidean choice would be nade on the grounde of cOn-;iioﬁeifitpff:c7éi

':frelatione in every epace which would yield the following
.ffeituetienl pointe adju&ged near to one enother under one -

.t;ordering rolation would. under another ordering relation,

'erppear widely eeparated. Ruesell cleine that only one . ot ;j_\;e'
'theee orderinga ie imnediately perceived by ue. or rather. |

o then claine that natter ie arranged by perception in a gpg-;]P e‘f

»,4-!1)'?\!"‘-.:_."-:'_ - r_ . .Z,Aj,

ftial order. and on thie ground cleine thet 'thie eufficeec,K  Q-
- 3to prove that geouotry 18 not _DQIII conventional. as Mo '

Poincari contende."98 Poincer&'e contention, if I underetend

T

':it cqrrectly. ie that perception doee play a part and nuBt

' be. accountod for in a choice of epatial representationel

. ’\I\/‘\E_lfg vt ew‘..r"-'!-,.-

- nventicnal hae not then been tarnished by thie appeel to
=_'the peychological aepect of the perception ot epatiel ar- :
‘rangemente. (However, et thie etage in hie cereer 1 doubt
.'~thet Rneeeil nccepted Poincer&'e Qietinction betveen per-

_ , R |
“ celved and geometrical space.)



Portunately several written accounts have been lcft

by Rusaell whlch eerve to reveal how he regarded the tOplc

ot Cg e T

of nn elpirical conéﬁnt.to geometry through the yearl. ,gf,”ﬁ;j}y.~j;-‘““

In hie Ag;ghlgg;gphg Russell etatee that the Bﬁeax

:WBB ny first experience ofﬁf'

eerioue originel work...when ny dieeertation was finiehed f.fj )

I fully believed that L hed solved aIl ph11080phica1 queu-:.i Vﬁ";?:[f

tlone connected with the foundatione of geonetry '99

'gfgf.iif Hls youthful confidence remained undimmed we11 into f'

the twentieth century. and.Rueeell. although he felt he had MZ-
1oet eone‘battlee to Poincarﬁ. still considered that he hed o

| Ay
b. 5. 1907'7; g

"_iwon the' war. He writee 1n a letter to Heinong.
' -co-",nf-°

-_;"Nith whet you write concerning non-Euclide
. ometry I am: anfortunately ‘not tn eynpathy.
‘o 1nione I have often’ defended in the e d
; de ’L : agalnet PoincE%*. afeo
TTuly 1905, Pp.bll-5.,.A8 pure - ]
geometries are equally truey — .. - .

" mathamatics a
- . thdy assert merely what follows from certain
LN : g:enieea - they.are all equally hypothetical.
o . But there is also one space that existS8ese < .
e Whether this space io an example of Euclidean
" -~ or non-Euclidean Geometry.can, in my opinion,
.. ."only be decided- empirically. That two parallele
- ¥ cannot intersect is indubitable; but it h ;
" "be asked whothis the real world admite of, par- o
'+ allels or nots . S

N  Pinally, in Ky P e cnl Dgvelopgment, Russell 7 °
o~ reninhcee about this perlod or hie cereer. calling hie Kant-7
1enlen “gomewhat foollah' here he ‘also admite that ‘the |
Fconetry in Binetein 8- General Theory of Relativity is eucn as ;"

I had declared to be impoeeible. »101

‘'Part VI, and . -ﬁ?- '.,;J'

e :

T ..'w-‘\_.;;}yi_; .'.‘_‘."' :




Throughqut his exchange;with Rueeell Poincar6 corb.Jf

ff .... rectly maintained the imprOpriet}'of the question 'Which 18 %:-—25;L'“.I _

-f‘T_to coqfirm the Euclideen hypotheaie actually confirme the

hl

-,
Y
e

ﬁthe'%;ue Geometry?'| clearly the: axioms of pure geometry

- are not Open to empirical inveetigation. aa Russell him-

; self came to’ realiZe towarde the conclueion of the debate._'if;ﬁfv

*3 Ruesell f1“311¥ admitted, it can never be proven that frf“f

this space ie Euclidean; exoerimental evidence which aopeare -

conditional etatement thet if such and 3uch a phyeical ob- .

Ser

f,) line' then Buclidean reeuits obtain. ‘While evidence might |

appear which would force ue either to reject certain of the

\‘}

lawa ‘of ph;eice or our beliet“in the Euclidean nature of our -

. space, ev‘%!nce could hever be adduced fo;\zhﬁpclaim that

.this space’ie etrictly EucLidean. what could serve as such-

N evidence? Not the exietence of parallel linea in our visu- .\.

lll&l fie14¢ ror what 3eema parallel mirht interaect far out
in epace: not the case that. provided we travel in a straight
| line constantly 'we ghould never return to our etarting place,
. ,aince ‘we could not ascartain whether space was" infinite.--

whether ue had not. travelled in a straight line long enough,--

S

-

Ject ie co-ordinated with the mathematical concept of 'etraight -'fﬂi;

-

Ry w' f

>y



or even whether we hed indeed been travelling in e straight

'}fgliwe4JWhat few deem imoortgnt to mention. however. is that

l3;~he 3h°° can be put on the other fooé: at this etage in ge-.-jﬁ’fﬁfﬂ”"J'

”fdfometry, beOYG co-ordinxtive definitione have been introduced
rﬁf‘it also’ cannot be adduced whether or not our epace ia non-;“,;ffﬁ
‘:HiEuclidean. Ae Poincar& correctly maintained, it ie not the
”gfgceee that it isrtrue that our: space ie Euclidean, but it ie

-r'aleo not the caee that our space ie non-Euclideana rafher."'

':}f:the lews or Eutlid. ae well ae the axioms of other geometriee.-;aﬂﬂﬁﬁf-

.’

;'T}areein themeelvee neither true nor falee. If ue eo choose,

7“,fwe may interpret our space within a eelf-coneistent eet ot*

.

'“f?uclideen ordering relatione. but this doee not precludejli:3'“

eﬂually consistent interpretation under the application of

'\fcertain non-Euclideen eyetene. That geometry ie neither true'r

.'nor falee-doee not imply that _we can choose eny géometry;-

hovever. we-are allowed to work with any eelf-coneietent

,‘interpretetion when we are,.orming co-ordinative definitione. .

As D. I. Y. Sommerville hae summarized the outcome or thie
: exchanget |

_n'(PacfEJ.can etill be described on .the non-Euclideen
. hypothesis, with suitable modifdcations of the phy-

alcal laws, To ask which ls the true geometry is then .

“\s\\ just as unmeening as to ask whetheI ihe old or the -
Trew metric system: ‘18 the true one., , v

Certein limite to conventionaliem should be noted at this
point. Ir m\choice ie made ‘in favor of & non-Euclideen in- :
terpretation of our epace. apprOpriete co—ordinative defi-

'initione muet be found; it is an empirical matter whether or

Y Y S AL T

N




fiﬁnot the co-ordinatlve derinitlons which will make this in!l,fﬁigﬁ;ii

e T Y UL VbR O 4
'“;fterpretation a WOrkaﬂle one can be found. Iﬁﬂﬁ;ﬁiV??ff/f ~,~ﬁ:g_ﬁ j: R

"ﬁf%;ﬁ'.gif‘Pri°r to’ Poincar&'e statement of hie doctrine oﬂ

'3ithe{onventional content or pure geometry. eeveral attempte'f:; }f,ﬁ”fﬁ‘f:‘ﬁ
'Q}:had been made by 1 table nathematicians and scientlsta to o
f}determine emplrically a correepondence between a particular
'f.eystem or geometry and Space. Ernet Caesirér notee that Lo-auucfier L
e = ' S
) batcheveky. the inventor of one of the alternative geometriea.
. -wa(had) used a trlangle ElE2 s whoee base El B2 waa

" formed: by the diameter of ‘the orbit of: the earth -

;,~and ‘whose ‘apex S was formed by Sirius. and believed

.‘that he could. in this way, prove emolricgssy a :fl‘

poseible constant curvature of ‘our space. c

LPoincare correctly pointed out. honever..that were 8 - non-‘ 53'1“
,\i_-uclidoan parallnx eupposedly to- be discovered, Euclideaniem
| could be eaved via an elteration in the 1aws of Optice| rather‘i; . ??L "
.‘H o ._ ~T ’
'.‘ehan aecribe to space a curvature other than zero, Poincarﬁ
‘Inoted that we' might consider light rays to be curved, No
experiment can tell us anythine ebout ideal structuree, since :

-no meaeurement is concerned with' Space itselr but only with

adve 0 Gt IR P
’_.\E"n tos Y ..u.'

'tho empirlcally given physical obdecte in space. Caseirer '

L)

- :thue;endorsea Poincarﬁn“

The propoeitlone of . geometry are therefore neither'
'to be confirmed nor refuted by experience.., For o
granted, that some experiment could show us & var{- "
' ~_ ation in the sums of angles of certain very great .
.7 ¢rlangles, then the conceptual representetion of
3 - this fact would rever need to consist in, 'and method-
ologlcally could not consist ‘in, changing the axioms
of geometry, but rather iR changing certain hy- o B
~ potheses concerning physical ‘things. What we would 7
" * ‘have gxgegggnggd. {n fact, would not be 3Rother etruc- _

ture 0 epace. but a new law of optice.l

11

€



".""

The work of the nineteenth century geomet%ra. in

:;jtheir develop;m t of non-Euclideen systems of geonetry. re-ﬁf{fjﬁff;fLV‘:ii”
‘l;nQVUd from the realm of the Mﬂihgt:c a EEL_EL the assertionﬂf?igfeiu?"fijﬁ

?;;that the stritture of our epace xs properly described as :
tTLEuclidean. Included by Kant among those principles of know-;nljzjfijtfrfffrti
';fledge which were necessary but non-emptydwere the laws of. B
_;uclideﬁn aeometry. the principle of caUsallty. and the poe-.:f;-
“‘uTate of ebvolute time; the work of Einetein and others hae;?tf'
:{};Qhown thnt the firet of these principles of knowledge._whichf:\::
"-rant had rewarded as g g:; :L 13 a Qostegio;i, and verifi--"
_.dfable through experience only Ln the restricted eense of an o
fdflenpirical hypothesla (teated _gggn uitable co_g;gipative ;E:fniﬁi*
.:d" MM j[ed )105 '

o ' . ' R

.
WL

Since physical theony does not deal with the' char--;
acter of apace. but rather with the nropertlee of physical
objecte in epace. the aueetion arisesl are the objecta of
‘Peometry_inmsnme sense. copies of reality? Oon the one hand.
fthe forecests which rerult from physically interpreting
| Igoonetric systems are empirically Verxflnble: Caesirer notes
Hhether they {the axioms of - peometry) fulfill their o L
;_task as moments of empirical knowledge’ can. be de-: S o
" ¢ided always only in the indicated indirect ways:s ..
by using them as building-stones in a theoretical
" and constructdve system, 2nd then comparing the
- consequences, which follow.from the latter.lggth
the results of. observatlion and measurement.
Pron ‘this one might be led toLzhe conclusion that the objects

of zeometry ensure the possibility of such forecasts-by being



"ﬁobiee of reality. Such an inferenee. however, would‘be un—if'::;

L warrmnted. Ae Hax°Born noted,

Thus Rueeell B original position, once turned 'insxde out‘

n_.The fact that Euclidean peometry hltherto wae
- -placed above physics was due to the fact that S
~w.there" are .1ight rays ‘which behave with very Hﬁj?if” -
.. great .&c PR
j_ﬂconceptual scheme of Euclidean geometry, and.

“ that there:are, aoproximately rigid bodies’ which )
?zsatisfy with considerable accuracy: the Euclide ‘
. ean axioms 0f cohgruence... The objects of. ge-~ji‘"“'"
~ ometry which are ectualiy a~plied to the world -~
. .of things are thus. ‘these things themeib¥e8 re=- . . ‘
-_qarded frOm a definlte point of view,

curacy like the straight lines of the

.-..____‘___..

hae found a home in contemporary physicsl Where Russell h91d?;*'

.that the axiome of gvometry were Open to emplrlcal xnveeti-;fwf,*

zation 1n themaelveé the contemporary physicist now holds

_that the correlatione between the” reeults of axiom-choices

Y

and exoeriential data are ~open to empxrxcal veriflcation.:"

roincaré'e conventionallsm receivee 1ts validity precxeely
’rom the fact that the ob‘ecta of geometry are not copiee
_ o. the parte of spacer but 1nstead muet be physically in--

terpretedl Caesirer wrltea that .

-

© A8 Rueeell claimed in his ggeay on _the Poundatiggs of Geometry

that

~

L

It is thue vain to expect inqtructions about the

‘“edsence” of sprace from a. procedure which, according’

- to-ilts whole tendency and- disposition, is directed .

externaiity

upon entlrely different questions, Since~the" objecte
with which experlience denls with are of an entlrely

“different sort from the objects of which the asser-

tions of geometry hold, since the investigation of
materjgl things never directly touches the ldeal

circle or, atraight line, we never gain in this way y4q

a decislon 1mong the different syeteme of geometry.

L

" is neceeeary to any perception of external

\ o

T

N
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;;;relations, eo casserr claiue thet the true . EE_.IL ot SPECOF%HiuLeﬁ" .
.::"‘..fconcet-ne not eny parucular gpatial s‘tructure, but 'epati- S g
;ﬁality ’ that 13. the‘logic of epatial reletions. sxnce the-
'i_objectu ot seonetry ere no;?correletee of: real objects. the _
}'truth of geonetric ayetems 'dirtere rrom the truth of em— P

: pirical cleimlu Cassirer writee that o S
“T.The structuree of geometry. whether Euclidean or .
. non-Buclidean;: posseee no -immediate correlate in
.+ - the world of .- They exist as little.
LT ,Tphyeically in things ae ‘thay do. paychically ln
—— e our. preaentatione “but all: their "being®,
MR their validity and truth, consists. in thelr deel
' I&lﬂl?‘ {Therefore) there can be no :copy ér . _
‘correlate. in the world of sensation and reeentn-J Dot
“tion for what the points, the straigia 1 nes, and”~ .
the planee of- pure geometry eigniry .

i 1‘,1_ -

‘inlhat can. Cesslrer mean here when.he speeke of an 'ideel mean-}
ing for the objecte of geonetry? Firet, he explicltly men-':'
;tione the raotfthat he ie considering pure geometry. Now :
‘_in pure geenetry. ae.in eny branch of mathematics. there

- are certaln undetined terms, In some axiomntizations of -

.:Euclidean geonetry the underined terms-are pbint' 'line "o L e

g piTa

End plane' and the undefined relation is '1ntereecta ..Iq
~this context the word point' is a. synbol to be manipulated ‘ . S
wifhin a eyete? of rulee or 'axione , and as euch pretende - '

to have neither a phyeicel nor & peychologicel import..On

7 the other hend. Cassirer's remarke are inapplicable when

: applied geonetry ie under coneideratigg. In that caee (and'
I will try to explein thie polnt for ‘the rest of the paper).

-certaln choicee are mads asB to the meanings of the’previouely




"‘,in terme of rays ofnlight. or rowe og flowers. or- what have

f.;undefined terme °f‘°“r geometry. Theee\conventionally assigned - |
‘iioeaninge have been called co-ordinative definitione' by

e R e -Jl

;Fans Reichenbach. This term 18- appropriate. for AN order to. -

- move frOm pu:o geometry (wherein ae Caseirer note& the un- :ei";'ot\hfa C

L oefined terme poeeees no phyaical import) to applied geom- fff BRI

fetry (wherein we attempt toaeolve geometrxc probleme couched

ﬁ:'you) we m03t co-ordinate epeciflc physxcal objecte witﬁ varL,'

ous thhe;to abstract unthematical terms. Thue we may wieh

;?‘to coné&der straight line‘ t0 mean ray of ligbt". Con-..h : _f:- ‘:50.3

iventionality thus enters into our choices of both the axfoms .. .~ '

- of pure and applied geometry. Hith regwrd 'to pure geometry.

'he may conventionally choose one’ axiom system or anothera 1n

St

epplying thls pure syetem to a problem. that ie, in moving
‘%o anxapplied geometry. we must conventlonally determine
.; «hich objects in our world uill stand- for which undefined o ; ' ";
iterme in our axiom-system‘wfn an caee. it is externa ;;gx" :
or gpg;igll;x in general which necessarily grounde pur, per- f—

v

ﬁfceptions. and not a particular geometric system. (See the\'
concluding chapter of this theeie for a discussion of”how

the mathematical theory. which is directly concerned with ;
chie general spatiality, uhile coneidered to be Projective .
Geometry by Russell when he wrote his ggggx. may fn fect o .'-f

 be the new branch of geometry known as TOpology.)

%
-
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Interbreta"'""

_ In MM_LMJ__H.&M Ruasell mimaiﬂﬂ '
eha' the axions of geometry are only essumptione. and are

”not t‘;zselvee asserted._ﬂhnt are asserted. he claima. are

;Q;the intkrences from the nxioms to the theoreme. The axioma

flof geometry would be prlmitive propositiong ir they were

-

l asserted| Lnstead we have ﬂx', . 'e”}f o . _
1{ the axloms of Geometry _l'are true,

ghgn the bheorems of Geometry Gl are. also true. 4.“

Russell writesn .'ax_v .," S .7' e

- - . >

S “The so-called axioms of Geometry...would-be primi-
A tive propositione 'if, as in applied mathematics. they.
‘ware themselves asserted; but .so long as we only assert
_hypotheticals (ie., propositiocns: of the'form "A im= -
plieas B") .in which.the supposed axioms. apvear asg.
protasis,. there. 18:no reagson to assert the giatasis.
nor, consequently. -to admit. genu;ne axioms. '

,By genulne axioms. ae against 'eo-called' axioms. Russell

s

Py

98618 to menn true but unprovable assertione ebout the real

" - world, ‘ — 1

| If axiomn are_ nothing~other than buxlding-blocke.

- albeit of a hivhfy abs*fact kind‘ An, uhat aense can a. geometry

_be-eaid to‘eubody 'tﬁhth ? As a pure syﬂtem of thoupht, any :
.zeometry must be eel'-consrstentz fet;hermore, ell theorems
propoeod by that geometry muet be able to validly be derived
.rom its axiomo‘ Obviouqu, then. an apwlied geometry differs

"rom the thebretical ln that a further criterlon arises; the

‘ erpirxcal confirmatLon or- faleification‘of claima resulting

from the application of that appliéd geometry to a scientific

' -

o

1Y

I

v,
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How

;Q:bove mentioned,go—ovqinPtivc definitiena. the theoretical

!-v

| eometry 15‘£nﬁgtﬁf£;gg_as an apleed geometry. Consider the'f:“wtd‘“"

'ficase in whlch we decide tq work with auclldean theorems fdr

'hfan experiment Ln optics which is to take place‘in our ldbora- R T

:f tory. He have alreaﬂy P10ked WhiCh System OA;theorems We-A"

.....

';wodld prefer 0 use ln our work. and may now conventionally

'

co-ordinqte which phyqical objects will stand 1“c::r 'line

'fH point and plane we may co-ordinate a llght ray wrth 55}°77555:5'

-.:thL term ‘ltne .-subst;tuting the first term wherever the'“

.fsecond anpears in one of our Euclidean thnorems. This 1n-

3,

—iterpretation may‘now be veriffed Or discbnfirmed. We have_ﬁ:5x'

e

1‘ we coqordinate '1ight ray wlth the term 'llne
IB_D the axioms o¢,thn zeometry wi th which we ‘are-

) worxlng ake fon such and such an: empirxcal meaning.;'

K

mile
Of .5@

‘. of the Euclidean ‘system. In my opinion thxq 13 what Poincaré _',.f

“.had in mind When he proclnimed that

) o .

jIn reallty. soace is thnrero*e amornhOus. a ‘iaccxd

“form, without rigidity, +hichiis -adaptable to every-
“things it has no properties of its own, To geometrize
is to otudy the properties of our instruments, that’

ia, of solid bodies,... What we have sald of space: -

is a=rlicable to time... The properties of time are’ ~‘,;i

fod f"mérely those of.our- clocks just. as the properties- of112
- apace arﬂ mcrely those of our mﬂasuring ihstruments

. B
. . - .

‘ffto the applied examples? Through the 1nhoduction of the a-:l‘i.£f7 5ﬂ‘

Lo
@

. may choose any geometry to begxn xith ’rom the class _'QFr-J

-conaistqﬁt peo etries. bften our chqlce w111 be that ,“  ‘,

1 ){\‘:.1 st



5ﬁirpace is. Geuee carerully meaeured the anglee formed by a

- and the ratio of e circle

f.ibetween certain co-ordinative definitions and certeinf

Various attempte‘were made during the nineteenth

Jﬂ;century to determine experimentelly"what the nature of our o o

1engle with its verticea on. three mountain peekel Lobet_;ii.;;ig;

: gl

'5tcheveky attempted the seme experiment on an astronomicalr

;;ju"agnitude. th *°U1d they do this? In the geometry neveloped
.fgnby Ldbatchevnky and Bolyni it is an axiom that more thhn_q.,'

E ﬁone parallel line can be drawn throughna point not on another

. E
VJ‘ineu in light of_thie the sum of theﬂaneies of a triangle

;.;flg alwaya 1eee than 180 degrees, and the amount by which

"'~t ie lese ie pronortional to the size of the triangle. Again,_i""7h

:f‘fi“ their Eﬂomﬁtry the ratio of the circumference of a circle

[f.to ite diameter ie always greater than'f? and‘thie ratio

xinCreesee proportionelly to the sfze of the circle considered.

L In Riemann'a geometry there are no oarallel lines. the sum R

‘e.

e the anglee of, a triangle ie alwaya greeter than 180 degreeﬂ. o

circumference to its diemeter o

3 Poincar& notes (in he Value g;
§£L‘n£g) ‘that such,parellax experiments would not. confirm "

ie alwaye leee then

or inValidate the theeie that  our space ie Euclidean: rather
quch experiments confirm or dieconfirm v1rxous correle ons .
retric interpretations o‘ epace. SupnoSa that we convention-
ally co~ordinate ‘the concept ‘1ine with the ob]ect 'light

ray".and then perform a parallax experiment. The reeulte or

_thnt experiment will either be.consistent with Euclidean .t_f.

b . . . . \ . . -
. B . . .
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fi2geonetry or_one ot the non-Euclidean E?Oﬂetriea dﬂscrlbed:t

_ifgabove. otnoe the eun or the anglee or the trian&]°~in our fl

;':‘.5:7"”"““““" either uu or. "1.:11 not. equal 180 dogreen, Bupe . Nl o R
2 ipqse that the result wae non-Euclidean. Poincar& notea llu”ff;:ifrrfo”F-iﬁ*f
.?irphat ue’are now faeed thh the Bituation of retaining the Ben

'1eiconventionally chosen co-ordinative definition 'lignt ravlffzaFﬁﬁlf”f7??*~E}j

1 ?1ine and working with a non-Euclidean model of epace 1n our f,ﬁrﬁf.
:y‘;phyeical celouletiona. or or conventionally deciding to - o .
‘$ﬁ5eod1ry the oo-ordinetlve definition in order to work with | i,j?; |
'ffle Euclidean eyeten:_“ SR e T {1 |
- L MRS O e :ﬂ =
o L _ R
AR theoretlcal syatene one. geometry cannot be eaid .i:f;ﬁlk'" ?§f *
'*ioto be uoregrruec}hen anothér. eince, as - we have eeen. the “ ”?:;
. ;':axione of the various geonetr;ee ere neither ‘true nor falee..-f )Liﬁ -  ;'
'.‘Are there. over and above thie. methodologicel coneideratione - "1.
for Choosing one geometry over another? One criterion has L .‘;, { ?
-“.often\been propoeed. namely that of 'eimplicity‘| unfortu— . T'. '3
"natelyk thie criterlon iteelf 1e open “to several 1nterpre- | é
’.tatlonek - L \ _ : _
"f One type of eﬁpéhl to eiuplicity was .get. torth both :‘: .
‘i.by Poinca}‘ and by Caeeirer. iﬁo. each for his own. reeeone, |
clalmed tﬁht Euclidean geometry wae simpler in etructure than ' I
any other. Sinco this’ cleim pL: wrong ‘but often repaeted, ;' \
'L- will take a8 monent to 1nvestigate the eource -of thle confu- e S
) eion{. | h ' | - o
N 9



sometlnea oenters nround clalma cqncerning tho axlom or par'ﬂ¥j7*"'ﬁf?¢c::‘l':

“?-Sinpld ln atruoture ' when apolied to pure geometry;uq

allels. or laok thereof; when thie label concerns applied

geometry whet le ln queetion 15 usually the corresoondlng

constant ror the curvature or space. Thue ln the firet in-iﬁfﬁf1;f;ﬁT“
: stance. Ernat Caealrer. while not yet converted to relativity

theorv-- nreued 1n S_g_b_q_tm_gn_ mngngn that Lo SRR

_;Logical coneietency. such as’ belon to all these ;ﬁ
aystems, is'a merely nezative condg tion, which '

':'.-they all share among themselves, But within ‘the’ ;7-3-7ﬁ1"‘“”’”.'

_group 'thus established the.differences: in funda-
- mental - structure. ti% in relative simplicity are.’
“‘fnot extlnguiehed.

r'

Plrot. what nlght be alluded to ln this passage is the fact

"that ln Euclldean geometry we are told that through 8 polnt
not on . llno there existe a unique parallel 1ine to our ;‘”“"
lnltlnl llno. wﬁlle ln some non-euclxdean geometrles an in— ;-(

f*nlto nunber of such parallela is postulated. and in otherm 'f"‘

geonetriee no such parallels occur. From this, h owever. we

must not conclude that the loglcal etructuresof these ge-

-o-etriee dlffer ln simplicltyn eaoh has its own unlque ax-
>,

*

;.fnel characterletlcs mlzht gserve to dlstinguish Euclldean -.

iom concernlng the occurrence and behavlor of parallel line - ‘

\' As pure mathematlcs. then, what other purely lnter- ..:'

geometry? Since Buclidean space ls homogeneous .and iaotropic;

fthe relatlons between the elemente of a configuratlon are

unaffechd by that flgure 8 orientation. However. in non=

Euclldeen geometrias {such as the geometry whlch woul& (763F

Y

TP IR -
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:f_“etric) rclations betueen the elementa cf a configuraticn Af?ﬂ?f“"

&

}{f"°“ld 313° &?main invariant. Such waa Russell's thesia in fﬂ;ﬂilw

',Egsribed nll netric geometrioa aa reducible to projectiVO
" _i:geometrYo o | R T

~1. cong* 1nce geometries the varioua geomctfic&l

'ﬂ3systenn ara clasaitied according to their resulting spaca-J .'vl'”"

'.7constant. that is. according tc the degree of curvature :

ﬂ__which occura n their raapective spaces. The conatant of

. curvaturo und r Euclidean geamotry is zero: it is positive

:;'rcr hyperbolic gaouetries and nagative for Bpherical and
‘.Eelliptic gacmetries.n6 This again. ia not an internal

criterion ot simplicity. fOr each geomatry possesses a u-

' ?Tniqua. though diffarent. ccnatant of curvaturen thera is no

- logical reaaon to prefer the case. where this constant has

" the nunerical value of - zero ‘as to the case. say. where it

-

N ;instaad hal the value or negative 357.

A third. criterion of simplicity. prcposad by Ernst L

Casairer. comos from the fact that intinitasimal regions
'or non-Euclidean Spaces behava as if they were Euclid%an.
just as a small arc of a circle can ba thought of as a very
‘qhort’btraight line. Cassirer claims: o

.. This loglical . simplicity belonging to’ Euclidean

| Bpace... {s shown ih the fact that we can ‘make

~ any °*given® space. "that. possesses any definite
. curvntura. into Euclidean by reg-éggng suf—'

- wherein he de-uf“'

RN



m'ficiently suall fielde”fron it from which
.. the difference ‘conditioned by the. curva=’
T ture: dilappenrs. Euclidean geometry. “shows, -
-A‘iteelf herein as ‘the if91 geometry of in-.?~'

Caseirer .. clain that Riemannien geometry ie local%y Eu- {Hiﬂg*'?7 B

[

.S7f~11d°an 13 b°¥°ﬂd rﬁpgoaCh. Granting that point, I would

-&———-——

firet eay in reply to: Caesirer that it is one thing to

":;york with e given ared 'ea if' it were Euclidean. and it

__:the gngizg given space) Euclidean only in efmetaphorical

='f,eenee. Of course, Caeeirer meana only that a non-Euclidean

.a'

finltoly sm]_l argag. b S “

'é%is quite enother to conclude Irom thie that in’ fact it gy;_;_ﬁbﬁi'”nuliu

“fi(the whole space comp ed of theee*tiny regiona) no IOnger *ﬂ;!r~d;jfff_"'

ki]ﬁis non-Euclidean| thue we' ean make a given space (that ie,,_j:fiff;{_ﬁffff

oyt

":ntgeonetry may be coneidered to be ;oca*11 Euclidean. yet _ ”', f:ffywqfffj’fi

S ' 4 T
:'whet .bar's . us from mathematically dealing aith the local sit-?, L e

::'uation in non-”uclidean terme? While we may conventionally

| :choose to work’ with emall regione in terms of Euclidean ge-“'~'

3;ometry. we might aleo work with small regions in terms of

. uai/:e %uch emall regione is not an ineuperable prob

" one of the non-Euclidean geometriee. Our inability tE vie-

T

en. RS
“since nost people do- not visualize large regions in non-

' Euclidean terms either. Purthermore. one model of a non-.'j
”uclidean geonetry is ectually a small region. namely the’ e

‘interior of e circle (eince 1t is possible for two: chorde

T of. a circle to intereect without either of them intereect- ;’

.iing the diameter. o“_the circle). 1 am not arruing that the.

4 .



wq:xeometry of small regions is n°ﬂ*3u01idean, but rather~
afftrying to counter the claim that the geometry of any reglon -

"(1BP80 or small) muat only be describable in terms cf EuC1id-'{:i{1f,Eg§fﬁ?rih

:.iean geonetry.\Thus the CIalh thax Euclidean geomatry is the
-.to ne. aince 1n consldering infinitely small areas of a “On-“i;ljf*f;'”"'

ﬂgi-component. lnstead find ourselves worklng Nlth a reglon whose
f}ﬁ'constant of curvnture 13 very close to but which doea not
{"e1ua1 zero Slnce these caaes could not be discerned, where _
i Caasiror agzglx___gg;;g that the real" geometry of infinitely _
l.}small roglons ls Euclidean I wlll merely assert that ‘on odd-'~fﬂIT o
: nunbered daya I will consldpr the"real' geometry or sucq
;reglons to be hyperbolic. yxth ; constant of curvature ln- ?"‘

'-’rnltely closo to but not equalling zero. and on even-numbered

"qua‘ltng znro. reserving elliptic.geometrycfor leap years

._(arguing my posltion on grounds that statements made without

B

real' geonetry of infinitely small araas appears apecioug‘]thﬁf"'“

..Euclidean apace we may, rather than Pesulging in a EUCILdean jfg{fl-fﬂlljhx‘ .

days I will conslder the 'real' geometry to be spherlcal.

.Nlth a negatlve constant of curvature close to but not o=

P
R
-
A
..

q B

proor can be denied without proof) g% . . _ |
‘ ~_Agatn. Polncatﬁ p-oposes that Euclidean geomctry SO

. is, and will remain the mast convenlentu rirst,”
. . pecause it.is the aimplest. ‘apd it.is not’ so- only
vkcause ¢f our mental habits ot because, off the. .~

‘xind of direct intuition that we have’ of Euclidean
spacey it is the simplest in itself, just as 8 poly<. -
nomial of tha first. degree 1ilgimp1er than a poly-,-, N

BT nomial of the second degree

-



ATLPP”CEPfiUH.:DOre wil1 be eaid later. With regard to hie

;fiapplv w

Regarding Poincar%'s claims concerning‘mental habits‘endr.

F?ﬁc’a‘“ that the: d“’ree of & polynomial eangg 1ts simpllcity.zxzi'
.,."._'--,_hence Euolidoan geometry (I supnose because it poasesses i
Q{:constantfﬁf curvatuﬂe of zero) ie aimpler than all othera.i-ir
f{f*y remarks: 3b°V°- COﬂCerning fert the snace constanta of

-'E-va*ious\ieometrles and Becond the geometries or small regione,lﬁl
A O c A

h full rorce.:‘

‘Zg:Again. Poincaré areues ‘in’ Science and H 5

"u; .

Ve therefore conclude that the prlnciples of .
:_»geometry are only conven*ionst but these con-:
,"ventlons are not arbitrary. and -if transported ’
© inte another. world: {which 1- 'shall call the non-rﬂ'
~,‘Euclidenn world, and which 1° ghall endeavor to.
. describe), we shall flT? ourselvea compelled
to adopt ndre of them. .

aTo thls I w0uld note that. ln a non-nuclidean world (such

 ag’ that described by Relchenbach on paree 10 to 14 of his'f.'

N ot IS

) ue would be compelled to f_

fadOpt more conventions (such AB the pr nciple of universal

I think that”Rueaell_refuted,xhlé option in his Eseax on the

forces, g;g ) only 1! we wiah to retaln our old co-ordina- o

tive definitlona. specifically that of rind body o A more
zeneral argument. stenming from Poincaré 8 position. is

propoeed by Ernst Caesirer:‘

.\ e.AMONg all possible selr- onsxstent Feometrieu

‘the, Euclidean -oggesses a cartain advantage of

: 'simpllcity since it defines the minimum of

- those conditlons § aer which experlence,is pos-
sible in zene*al. '

‘.
R .

gl

AT T




-*flany ona gecmetry aa preeenting the‘minimum requisite con—

J*k?oundat_onS': j”“" e

‘*Tfany particular geometry Wthh grounds our. perceptions. but:a;f”ﬂifvffJff

’tirather 'exttrﬂﬁlit? in general. Experience in a non-Euclid-:-

E‘.fean world. I would add. H at a'.Ll poss ble, would entail

fl;‘hat there is no Euclidean pre-requisite for our experience;

ffff*rom this I would conclude that lt is Spurioua to maintain

mﬁﬁﬁf

‘-fpditions ror human experlence. Purthermore, what we ahould ERs

: ffbe concerned wlth is not the relat}ve simplicity of a pure

g ystem or geometry..since such a. criterlcn is ambiguous at.

: ;beets wc ahould 1nstead focua upon the warkability of dif—

- 3 o
“ferent netric geometrles when palred with various possible o

'1f.o ordinative definitione.“ '7

A'xi I would like to’ note ln pasaing that while attempts

"to descrlbe one geometry as more simple than all others Beem k

]icoomed some geometers ‘are not giving up. Karl Menger has

>

proposed that

indicates that Euclidean geometry lacks even
the distinction of logical simplicity... Hy-
perbolliec geqmetry is the only one which can be’
developed fron a few simple aesumptions con= -
' cerning 'jo ninf21 'intersecting , and “con- .
P tinulty” alone. ' L

the recent daﬁelopement of hyperbollc geometry

‘Por q& own part the consldegggﬁons of ‘the conventionallst

.theaia apply with equal force both to attempta to proclaim ._‘

fEuclidaan gecmetry as “true” 'end to attempts to champlon

-some other specific geometry.' ‘ 'f'}.". ‘, -

:
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Adolf Grunbaum has charged botH Hgns Relchenbach

‘=ﬁ;ard Albert Einetein with mis interpretxng the conventionalism

- 5of Henrl Poincar& by their identification of it with Duhem '8

j‘roposal of the_interdependence-of peometry and physica.lz.2

l' _-

'w"_Grunbaum claaaifies the claims of Duhem cdncerning tha rc- 1?ff‘

‘:'oqtion of cuclidean geometry in the face of any observa- :

‘xxonal evidence as: an epiggemglogical problem| in turn. he “;“: Q,J o

.f;haracterizec Poincar! as. claining that. given new evidence. {j{{"?‘”

. we, cxn choosc a different metric in order to, save Euclidean " }i-'f

'1:geonetry - this Grunbaum considerq to be a linggistic prob- C.

"_'lnm._Thua Grunbaum writea that

Corresponding remarks apply to Poxncaré 8 conten- s
tion that we can always pyeserve "Euclidean geometry
'~ {n the face of any data obtained from stellar par-.
-, allax measuremants: if the paths of }zht rays are
seodénica'on the customary definition of congruence'
cesand Lf the paths of light rays are. ‘found "paral-
lactically to sustain non-cuclidean relations on.
th&ﬁ-metrization. then we need only choose & dif-
ferént definition of congruence guch -that ‘these
gsame pnths will no longer pe recdasics and that
'the geodesics of the rewly chosen congruence are
. Euclideanly related, From the standpoint. of-syn-’“ﬂm_an_
" thetic reometry, the latter choice effects a're=- . —l
ggming of optical and other pathg and thus is mere=
ya M— :hs.éarf_;gg_t_x_@_L_cg_n_t_%&’e_L“—E‘i-
¢lidea ag 1_9 #a*he: than a_revision of the ex-
%ﬁalg c content of optical and other .
e reta rab 1 ty ¥ o tuclldeanism by remetr zation.

which is affirmed by Foincar$, therefore involves
crd t ':'L ‘iC

'”hus Grunbaum claims thnt roincqcé 8 . ccnvention\liam involves

.hn change of semantlc rules. speci’ically those concerning

-, ‘\_, __-\_- r;‘a:'

.



fﬁﬁ;he de‘inition of congruence. urunbaum writesurﬁﬂifs" L

;V‘POXﬂcaré-arﬂued thatqgﬁ: ascript on of the con-ﬁf;fjff:;”

... Zruence: relation .t n-coinciding: pairs of in- g

_tervals of physical space. and "tb -intervals of o

,1:.physiga1 ahme is a matter o’ convention rather than
5of fact L ‘ ,-_ - R N

»he other Eandr-Grunbaum c1a1m= ﬁﬁat Duhem a conventlon-f

-» a11sm 1n\olvea the rekention of such semantic rulea but

\”;1ons.,

-'“(and hence tritial). arplying only to the uaes of words.

-

ver*xonalism on the vroun

-he alteration of the factual contpnt of auxil;ary asaump-‘-“"

-‘.. . T - ] ..:_[F—‘,‘.

i Similarly. A S.;ddinpton obﬁected to Poincaré's con-"

'1t Lt was merely 1inzuust1c

126

in his racent writxnps. howevpr. Grunbaum has claxmed that
H"ddxngton 8 objections, althouzh similar to his own, misge .
*Aroincaré'u point. Acc0fdiﬂg to Grunbaum. whxle Poincaré(
“'thesis of the conventionwllty of conprupnce was 2 Clalm ' L
toncerning tha g;;gg ;31 pre pgggg-g-of phnycal space and ' Z

o blme. Eddington' a obiections were raxsed at the level of the-

;"'Esaggﬁig_g_;gll;gx of that’ thesis (uhxch concerns. the language

¥

127
of tha deacriptlon o‘ quch qtruc ural relations).

: The exrlanation of Poincaré 8 convertlonalism attacked

i

© by Grunbaum was set'for;h vy Hans ﬂexchenbach; Reichenbach

»
.

writest : o . IR o

The Qiew that pvpry spatial and tmeOral metric .  /% o

. presuproses co-ordinntive definitions has been
. .generally accepted and is known &S conventionalism.
.+ FPor. gvatial measurements 1t originated with Helm=
" holtz and Poinca 2r8; Einstein extended it to tem: 45g°
poral measure-ents (ﬂimultaneity and unrformlty).,

N

1\




: ;\iﬁﬁihét

thia Grunbaum wrlteq that _fc'“

ﬂ‘Tho central thewo of #ai ncaré 8 ‘80~ called coh-ml
essentially.an. elaboratlon of
ltern=tive metw17ability whose

'fGrunbaum :] bosxtxOn has en*oyed a famous following;‘

’ ', RadolffCarnap wrote uhat;i‘-”

" and no
R 1.3 h

ventlonalism is

"the -thesis of a

fahd1menta1 Jus

by Kelch

1-am harpy td <

the ;adicql £0

t‘fication

enbach.

we Owe.-to Riemanrn,. . . .-
znntionallsm attributédjﬁs- .

.\\,

“\, ,

1

1nd that Grunbaum clarifzed FOln-

“'caré's conception ©0f geometry,

acting the wide
card championed

";shows on the ba
. that Poincaré,

What doea Ca

tainly Poincar& felt that. thh re

A etry,

qe in our nodels. Aga*n.

1 do not think uhat roincaré was an

_.conventiona. qu
_position in rovard to

we are tree to. choose any qelf—

i have noted prevxou

_tionally‘pp-ordin?te

Sjatem'witﬁfphynical ob‘ects

*cnfirmatlon eﬂter the plctuve.
. viously with renawd T nara
=5¢1t3 of experimcn

ordinate.qonven’

4

terms in~order'to'work W

th

iq

spread misunde

thus- counter= .-

ratanding that Poin- 5-3;"\.

a pure: convnntlonalism. Grunbaum
e .and quotatlons...'
while emphasizing the’ importance of
{te clearly upholds an emgjsitiat

dis of" re‘erenc

—»oincaré areu

ed that

physxcnl ﬂaometry

rnap mean here. by “pure conventlonalism'?_Cer-‘
zard to theoretical geom-":‘
consxstent system for
‘with rerard to applied geometry
empiricist 3 rather, as

we may- convenf

e undofxned terms of our’ zeometric

kraln.

fon~lly- otrnr objects wit

N

NS

in our ex“erimpnts.

as I have noted pre- .

l*ax exy erlvents.

[}

*hen and

O“Ij ther, Poincaré Areues (mﬂd I avree). does empirlcal

ahen the re=

+Atiqn are in we may yet decide to co= 7
h our mathematical

fth a 5pec1fic geometric systems

o

A
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Oqu after co ordinative definltions have been 1ntroduced

can the empiricist pesition alluded to. by Ca Ap take ef‘ect,

J:&‘ar* this ig the view of Reichenbach:

Another con’&sion murt be asc*lbed 1o the theory of
| _-convontionalism..which ‘goes back to Foincard. Ac-
* . cording to this. theory, geométry is a matter of -
.« donvention,’ and no empirical meaning can be as- -

signed to a statement .about the geometry of phy- - .
sical space. Now it is.true that nhysical space . -

can be degcribed by:both. a Euclidean and a non-
. Euclidean geometry, but i1y .is. an erroneous in-
" terpretation of . thig relativity of zeometry to.
~call a gtatement about the: reometrical structure

etry s arbitrary orily. so-long. as no definition of
‘congruence 1s snecified ohce this definition is
set up, it becomes an empirlcal quigtion which
,‘7eometry holds for: pbyslcal space.

-‘Raichenbach claims further thata fﬁ4f

The conventionakxst overlooks the fact that only
R the incomplete statement of geometry, in which
<" v - Teference to-the dpfinitxon .0f “congruence is
ommitted, i8 .arbitrarys ‘17 the statement is made
comclete. by the aidltion of a .reference to the
definition of congruence, it ‘becomes empirically
varifiable and taus has shysical contentes.s 1N-
, gtead of speatlng o. convan® 1onalism ge should
‘\ Bpeak of shesrelativity of reomptry.

-Lnste n's thoory of rela.lvity. Reichenbach notes. reuts “

crartl y upon the work of roincarén .,

' ‘The lozicil basis "of tha theary of relatixity is
the discovery that many "ntatements, which yere
rezarded as ca-able of demons< 48‘e truth jor

_filsity. are mere definitions.

.;.~ ' of nhysical space meaninzless. The cholce of & geom-

In the above pasqave I think Reichenbnch has qorrectly svruck

Jpon the easence of Foo ncaré 8 convontxonalism. Ag Reichen-

. oach notes. these ve-arxs aonly not only to the‘firsp axioms
. Abd

of zeometry, bdbul also to the nxiomq by which we conduct

o



g o S (O : ,:a/ "
o et e L '~
| o i i AL e e
'f'-;q ure ents 13# Th an . £ t{'“fﬁ7.5."7w; S
omed ™ oo uB ahat xmgarts an emalvical content to I L

iaoantny. 1n the qenpe that thn outcomﬂwo”the anplication

,;'~’ “he Axiom-syvtems is_nmpxrlcm‘ly Verlfxable. are thea Vo

ord=Aative defrrxt ons emcloyed Rexcherbach states; \‘f:“’_, SR

' The rela*iv ty of - Feome*ry is a tonsequ%noe of ‘the

L . N -
B L fact that different Ppomebrxes can be represented ST .
C A - on ‘one. another 'Dy- A OnP-to-one correszondence. For ™ - - L
L. certain -geomatrical Systems, however, the repre—-{.m R
-~ ;sentathn.ull’ not be contihuous thrioushotty and . . 0 T
. ‘there will be sinﬂularitlns in. individual pOLntS ST .
or lines, Por instangce, a sphere cannot be .pro=’ oo
lected on-2 Flani without 2 s‘nﬂularxty in at ci e
least dne: poxnt. . Lo ‘ Y !
. "~ . - o ) . .
4dw >im111r Rexchenbach s ﬂ! ima are, tv the passage from the . o
.ﬁ—x o. L.. o@ﬁier wh:.ch runbaum citgs in sup"ort o£ his._‘f‘?;.' S
‘own‘ u“posedly more correct. Feadlng of roincaré 8 con-':l"ai'_: PR
veniionalismsx. o :_' ",g,n._. .; . 'f _— I LN *

. The ccnventiont fix she: languarge o‘ sc1ence which
. can be indefinitely, varledx-once 4these conventlons_

‘are acceﬁ*ed. the. facts oxr“pssed by sgience L. o _ e
necegsarily are ®ither true or fﬁlse... Gther con- . . Lo
.ventions rema1n "oqdible. 1eading to other modes e

of expressing oneselfy but. the truth, thus di- o S
versely tranﬂlﬂted .vemaxns the same,- One can pgss_ o
. from one aystem of tonventi ons to another, from - :
~a _ +.o0ne l&rauige 0. wnother y means, of an arpropri- S
-, , ‘ate dictionarys The very possibility of a transla- S
tion showe here the. ex‘qtence bf »n invariant. . e Co
. Conventlons relate 10. the variable lanFuage of . o
" Bcience.ls gt to the inV1Fiant rea‘ity whléh they-’ . .
exprass RN

B e

LY - ) '.\ )
n anyﬁcasd. lunv* Vlnsbeln 8. c {loc o“hy ot science.includeg

ah ept stemolozxcai convvntxonal‘qm. which he dlaims is° due Lo
in part to the in'luence of Henri roin Arks Elnsteln descr;bea'

Eo&ncaf&'a eriqtomclormcwl corvnq\xonalisﬁ'thu51 RSO "



fcdhmetryﬁkﬁl,ﬁredxcts nouh1ng -about:’ the relations“
‘ot real” thingq. Butdnly geomstry: ‘torether with .=
purport, (Pl.of; physxcﬂl 1avig- can do so., Using’’ R
isymbola. we. . mAY gAY that only. the’ sum’ of (&) plus.dsn“'
“(B)-is subfect’to the ‘coritrolof experience. : Thus TJJ‘
<7 1(G); may. be chosen ‘arbitrarily, ‘and-also part of .
*T(P); all these lpws are. conventions.’ All that

. ,jvnecessary 1§ to choose tha renalnder of (F)..go: that'~sf$
2-{G) and. the- uhole*b* {#) are in accord with; experx-&ff!;-ﬂi,g“gl:l[ o
ence. Envisared {in'this. WaY, .. axiomitic geometry. and;”-;?;ﬂ',lkx"ufﬁﬁ -
LT thee P part  of “natunal Taw- which has been given in-a. T P T
A conven*xoﬁn} 9ta.us a“ﬁenr a's. ec;steﬁo1oprta11y ':}f F;?'Q:ﬁ;_: S
.:. . A ehuivq1 ent. ! N . o ‘ _n. . 1 , o -

fiagain. E A Mllne 8 intnrpretation df P01nCdré‘a con—"ﬁ.ﬁ;fﬁf  e

*f-ﬂn'ionaliam aprees with Rou?*er s 1nterpretation; both read

‘;i'o'"C*"é as. holdi“? that lW ﬂt Relchonbauh 1atpr called) J'J,;“,“ R
n:"°'°'dina 1V9 d"'lﬂit‘vns are O“Pn to ﬂonvnn onal chomce .if"'frfffﬂu“[?%;ff
~ Lvﬂ ‘*’\en, onc-b chosen. yu‘-ld r-tate-rents w.mch Are empiri_cally',"
o R
‘f,.ﬂrxﬁxed*or ’a1n1f1od SIn comp1r1nv Helmholtz 8. conventlon-_. j’i Sl
Tal 1”ﬂ with ‘hnt of voxnrﬁrﬁ;f- 1ne wrlte that:‘;.f.‘-l: T P o
' e UL : ' : ‘ .:' ‘
IR H&s (delmho‘tz 5) cenzlus Lans, were in 1line W*th R R
T ;1a’»r views of FoincAr ré., namelj rhat the.axioms " S SRR
75 of ceomatry. irz uding the axioms. of fion=Euclid= o R
' -,3; epan PaOﬁetrle are CONET tible. with any- geometric oL S -
. © a0t content. whntever. but that, as-°soon as 8 frame-"-_ . -
o 3. . wo k hau to be.f foupd ’ov:*h»..v‘nfzgleq of mechan- o :
A obtwin a syst onao “Croro.itionsawhich has’ .0 T
C S T rea eal I rt, cotably of Gorific .tionior dluproof I
e ._1_,_"1._!2._}' --ob'm:!é,t.l_ 138 S e ‘
i dhile qela&oltz had Zrofosed dhntwhg_gqnﬁldgred”to
. K b e - R . * f N ‘
-t 'hys:oloplcal pv‘ {ce th1t cu* "pac .‘seiuclideaﬂ.-with R
N rcnfect to, the mxioms o,,ppo*p ry 4e1mholtz clearly belxeved-; .
'y . S “ . - . '{‘ -
awt P pxriﬂﬂ‘ co*“‘*ﬁftlon wa§, “0,51b’e on y 1‘ter-sone- - |
! . - . - N
—‘.. i.-P. 1“(9 Rni(\h.‘rnblr‘h g co-ord-native de"initlons had ‘oeen
MNCREE! bl'*hed 4e1~ro 1% conctuieq a larha—e Fiven at Wexdel- : '
. L . R S ) 2 ¢ S o . ) : .
R N P . L .o o S
¥ . : d ;
D_‘\ - L s - v :l, 4 4 .
- .' H -‘ :

ad - " Lo - Lom



'*Qh “o’hesis ﬂ\intains ~1hh req Pct to tho entlre network of {~1“3.: Lo

"bf"'g .-'i‘n 1870 wit' _'e

Flrst. thn nxioms oT ﬁeomatry'-baﬂpn by themselves
“out .of Aall. connection with ‘wechanical. pro ositlons, -
represent no.relations of- réal’ things...'Eecond,\agjw.“‘
900“ -a8; c-?rtalh "'inf‘i"\les of.- npchanlca a‘_re con_.' ¥
joined with sho. axioms of . pnometry, ‘we’ obtain a7
5 vn“ . system of. P"OPOQlt‘Ons which hAa rehl import,. and
"ﬂﬂlﬂfln' which ¢an bé: !s ifled or. overuurnpd by emplrLcal
- observations.,H A , _

R
R
-

u-nd:! Re"arding arunbaum s dxszzn .Lon between the;'linp-‘ﬂﬁ-'ff'“'
*uistic' and the: en stemolorlcal' interdeﬂendwnce of physics ::?iff?f;'igﬂ}ﬁi

'Vfa'd zeoaetry._l take Lt he has ln mind the followingl upon

 Fe*eiV1ng cer.nin prirxcpl ev1dence. 1‘ Polqparé id not }j.:-gikdshf.;i:QQ

'ﬁiuth 0" felinﬁuxsh EU"lldea*;mOdPIS.POP_ n:ce,_then he must _?"fffkl;1::ig_}

“;fd‘ _hﬁi 11““‘ rﬁyﬁ “e"li”Aresnot stralzhta apainst this.'?}'x '_fk“f,i:?ffff
';‘waulu be Duhem s posltion; ad Jrunbaum sets it forth.130§>f_-, .; ;.A 

"-3~h1t decialve al ifinb111ty or'crucial veriﬂiabllxty never: ‘flf;f

oa about duo to thc inaxterAble norttlon an emp1r1c31

7—hysical hy-oth»sns. Rei henbarh however. correctly points . fA - ;

Tt :*hzt r-cunct: ard's c0hvon_zon111"m a*'llps *°-°“° °h°ice ~'j' éf'

‘a:b:w'axiom- vstoﬁs of‘~n0mnt*y bv’ore a "o-ordlnatxve defi-'

. -

“.rition hqg Boen phonpnl it is a‘r1tter of pmpxrlcpl verifl-

>

Cn:ion'ﬁ we s‘t chv and Walt j'uhn*her or not our con- - - -

AVnn.1on31 choice o. 1n x‘om-qyfﬂem. co;*lcd wi th ounsconven-_

o"“l ghoicp of a co-o»dh—ufivn dalznitioﬁ,ﬁwwll produce

tontradict ions 6n our ph”"iCdl thegriesy if ”V’QZ-ter OCCUFS-_ S
‘me are free to*adort n\’Her B, new co- o'd‘n?tlve definltlon. B I

. . . - . . ) . . “-




”a,new axiom-syatpm.

yy concluslon is that

'on.both.

: t
f.- i ) ' |
is only after the fac7 that Grunbaum 15 able to claim zhat

1§5roincaré' positioh 1'

,__.

fthe Russell Po‘ncaré exchange in-

"qo~e manner Ln,luded a trivial or totally non-empirlcal

f{};' Russell a Gradual Conversxon ,  :*?:

—“«g\J An a;epuqt o’ ‘he Ruqse31 Poxncaré eichange would

v ﬂot be com“apte w%thout recouwtlng Russell 8 vradual die-Vﬁ

VFenrnpement from the rosxtion nhich hp had tendered azainst -

-rf ~Hc clﬂgms of Foxncaré

“he debate was in progresa, as well as
’ -

‘ ~en /Ruasell while
o

. 'ar

S was renriﬂted 1n_1910 aftpr aeveral paqsages from the origi--‘
: \

'rfﬂ_-elllna a le tar from Russell to Melnong. I thxnk tha¢ the

.
08 Or. at. the latest. ln 1909. R

 time xﬁ/
.. he Rusaell roincaré dohate. \t muqt be unders;ood,

An 1qqlnted phenomenﬂndurinr the e?rliest stage of

 R'nse11 8 philosophic career‘, ﬁther. 1t was’ part of a flurry

T renlieé which Russell waq ’Orced to preqent in.defense

'*féo' various positions he had\oroe sed in his di"sertation

es8aYy. In January of 1896 Russel publlqhed 'The Logic of
£ A

- PR

““d °f °°“V“““°" 113M- &cifﬁfﬁ"ﬁVwiﬁ"-ﬁf'lff],ffi~ﬂ?a T

Inv*rurtxve are four articles writ- S

icle on non-E clidean geometry which wae fxrst prlnted

been deleted' By me°ns of these sources. ag -’

"ﬁydmsbf Ru; sell 8 convaruion can qp'ely be 1ocated as . some-
. _,w| .

-
-

1

w_




- . . . 7

L | 'lhl SN ' o
oy ueometry 3 i“ Av he direct1y ronsidered the problem of

ﬁiWFOnFruence, 35 ing ’irst h'w we obtain enuality among solids;T 

'Lﬂ_«wi second how we caf"”' re space using con?ruence rules

o «“nn such rtles do not strlctly ﬂﬁDly‘fﬁ*thg‘mgggure—of—time.?A:;t:fy:ubnﬁlffm
.J_. T

._:ﬁ in 3&0 clusion in this artlcle closely resembles that pro-ffpff: 

yﬁ:"°59d ink'The A EELQEL in Geoﬂ”try AN articIe whxch Russelli

. -subAished ahortly thereafter.}uz Russell s Bolution t the

‘

nfoblem o conrruence rests uron three axzous: the axiom of

\ S 4

'ree mobility: the eeneralized axiom of dxmensxens; and the
'?aneralized ax}on o‘ thn atralzht line. In turn. the truth o

": f ‘heae axions anolves the homozeneity o’ qpace and the - e e

p et» *elativity of position. Russell concludea thatn_.-L R
-t The remqinlnr axioms requtred to deflne Euclldean
o Bpace ‘will remain, for Geometry, empxrlcal.nsinca

.. No Poometricml prlncxple and_ no. nossibilzty of .
’;experlence 5 an outer world can nrove them to be
.necess1vy - L e

P .'.U‘J- )

Ruasell here azrees «Lth nant th1t some fnrm of exf%rnallty Lo “’jj'if‘ iga

' f¢q nebeﬂsary ’o* exporxence. but dnnxes that a Euclldean

?

x*nrnality ln an 3 g;, ,; prerequisite for experiencet

'-.So far wi th Kant, ‘But Kant extondpd this & prioii
. . .necessity to the ‘whole of Euclidean’ space, and 1n
3 ‘thigi I' think, Metageomelry ‘proves that he went
too far. For all that hig araument: p"oves g, that:
" the progerties which must veloni to.any form of
. externality are a priori. Now Euclidean Space, 2
! we have’ seen, nds: prOpe*ties which are not i
. necesgary to any form of externihhty, and are not
“..  shared by non-Euclldean r‘pacms -

. - .
o3 . —_~
fowa .

¢n theae articlos tho xrrluonce of Kant and Hegel. which

bt -1

" Russell’ had‘received from hla Cambrxdpe mentors..may still

. - ' . : ) L ) " : A | . . . -
. ~ . ¢ e . B . v

. . . ! ) - ' . -‘

e . . ' . . - - S . N . .
. - - . ’ ' - . R . to . N . : n
' : " o 5 ' ' ' - . Lk . o
. : . - N - . . . 2} ., o
o ' ' . . - \ o .




.:July"o‘ 1901 however. in hls article

ition in Time and Space Absolute or Relative°" Ruseell aff“ipij ;ifjf‘

'fiVPQVOIt against BP“dley can be seen to be in full 3w1ng|

Qﬂwe have a11 been taurht to believe that time and

.Qéjspace coraist wholly ofuz_lations._and that mo-‘uV;wf’Tlf-"fﬁij‘ui;‘i:“
i ments Aand points ‘are. mathematical fiction :

"-;is this opinion that I wiqh to challenge.ias

'ﬂikuasell’s 1902 article in the Encxclopaedia B;itan-'

L:; ﬁica contains.‘in a sub—aectien entitled 'Criticism of Rie-f'}r

nann . an argument that space must have a constant curvaturel

;If we -are to be abie. uithout a vici%us c1rcle. to.-

fffprasuppose ‘co-ordinates. in digcussing distance,; it
. ig’ evident thnt our ¢o- ordinatas must not pre=-."

-~ suppoBe distance..s - Moreover. 4T our co- -ordinates-
‘ars. to rearesent any. 'xind of spatial: ~agnitudes,

. we must-assume the povsibility of‘oqual quanti-.

ties ' in différent places, and hence, it will be:

found, we’ .shall be. compelled 4o regard. the measure

re”
.___mni,survature as constanti... (If the constant of

L ,general the
! -‘locwlities..

In the 1910 rewrite o' this artlcle thc scction entitled

_curvature were to vary) a metrxc co-ordinate system
would become ‘imrossible, ‘Moreover, . ‘Geometry would

. become akin to Geography; 1t would not consist. of
gLs. but of deucriptions of various -

-

Jﬁ'Cmitic‘nm o' Riemann 13 deletgd ‘and Russell writes in -

its ylace:

1

% (thn rorntnnt of cuvvpture) be.ﬂositive.qspacq
intte, *hourh 1111 unbounded, ‘and every strairht
: line {g closed ~ & nossibility rirst recognired by.
-.Riemann. It is pol inted out that, since the possidle
values of & form a contlinucus series,. observations
_cannot, prove ,@1t our apace 16 strictly Euclidean,
It is‘hlsc reparded as coss*blﬂ that,>in-the in-
finitecimal, the meiﬂyre ‘of curvature. o’ our space
should be variables™ . .

- Rdéael&ralso included a sub-Jection. entxtled riaid-bdﬁies

[

“

R

;‘r
-




:iﬂﬁhiq aaction from the 1910‘rewrite.n1n thls gection Russell

’3kﬂar:uea thatn_ﬂﬁfg;};;liﬁ”f‘

e

i The. ‘whole confusion B“Plars to be due to hot dis-ff‘ﬁfaf“aﬁ

{f.;,tinzuxshlng ‘between the: pracest - ‘of: measurement.
o which 18- of - purely practical’ iriterest, and. the-

" meaning of’ equalitiha which, iq es

'“-metrical Geometry._ 3 R ST :,:¢j,i.   ¥Lﬁ[ﬁ1fﬁ

sgntial to all

‘7‘The in’luence of Poin aré‘s arzumenta aralnqt Russell 1s

‘x\dent 1n:the 1902 article. whefe Rucsell 8" remarks are

‘*waery cloae to those o’ his former adve*sary.rhs P01ncar5

'gghad claxmed that we can Plther chanpe Ou

.

7_ior our. physical laws,iwere an aetronOmic

-GT~° Y&eld anflcipated Euclidean recults,
. "‘ \-hat : '

a[‘aatronomical dlqtﬂnces uno tr1ar
measured. by means of <he recelve
‘my and optics, all of which have
_by assuminr the truth o¢ the Euc

"5,7 Russe11 also ex?11C1t1¥ rives up; any hop

_i'vnqtipnthng the axiofe of Pponetrys
'-Pihﬂ’ly, it is of irtorest to no
is theoreticnlly possible. to pro
_ -etho-lg, that Our £pace. is non-=&
wholly irposst nle %o prove By Su
i acanwte y Euclidean... A tri
whoge ansleg were Ce@ tainly €rea
less, 'h*ﬂ two ori ight Anglest but
ex;ct;! e*ual to tw»o ‘rizht Ansle
.beyond our powers, If, therefore
"a& hope of provine. the exact. trut
- . ' a hope mu ust be vaged, not upon
‘_5/ o -uwon pbilosophlc cor”idprationa.

r 1nit1a1 gecmetr’

-

al expnrlment nct

Russell now writes
Lo o \ )
N

A

ples can Only ‘pe .ot
d laws of astronO= ‘...

heen: established 1 9
1idean hypothesis. ?

e of empir;cally

- ' .
v N Ve

te that, though 1t
ve, by scientif fic. -
Zuclidean, it ig
ch methods that it
ansle misht be- found
ter, OrU certainly
to rrove them
g must always be
, any man cherishes -
h.of nuvlid. such
ilent flc.,but .

He 8&111 holds out hope, ho~pver.’}or the ancstigation of

A

v
-
-




7f‘;~hy Lcaiflaws. 51 These passares are repeated. almost word

‘°’ "‘°l‘da in the 1910 article.lsz.".? s

Also included 1n the ’irst bﬂt mivainv from the latter

- \'

”"fartxule 18 2 Bectxon ertxtlnd 'Su“rosod a grlog; grounda for

:-uclidean space 'ﬂxn whgch Rusqpll notea that the mere con-"jf

ﬁgtrucuion o’ non-Euclidean zeOmetrles does not counter Kant B

:i:fc‘aima concerning reometry and Snace; rather. Russell ciaims,

'ia]one of three tactha must be adopteda -fffigfw'hﬁlﬁ.ff f%s 
(To clalm) (1) We havp an - intuitlon of non—Eublxdean
‘spacesy (2) in the sense in which Kant uses the. word,
“we' have no ‘intuition of Euclidean space: (3) our~.

Lntuitlons are i"relevant in a logical inquiry. con----*;
“ifcerning space., ‘No” one. of ,these three propositions S

3f\"f ~:. follows. 'rom non=tuclidean reopetry’ ‘alope.ss:’Both.

" "the second and thi third seem to "be cdpable 6f proof; N

but their 4 discussion, which nrorerly belongs to . the
. criticigom of rXant, would-’ cprr{ 35 too far from- our-
. subjoct to be attempted here. “ . .

s ..[-

-ﬁlwhile Rusaall rewrote some o.,the flrst article in a glght a

more ravorable to non-_Jcl dean peOmptry. he st111 felt that

el

o )

L

.*hnre w1a only one quce. hence one"true‘ veometry. As noted -

pnrlier. Ruasell yoiced this vlew in a 1etter to Melnong aa ;
- late ‘as 1907 lSk :.f" o7 L _-'” ‘

The rirqt and only place xhere I could find an ex{‘

_“llciﬁ\\thzéemant of rol ncaré(a work (the 1902 ncxc;o-

‘:jnﬁggig_gglg_-_ng articlp does not nuntion Porncaré by name)
comes in- Rusaell 8 aipﬁed pre agk_/?uthe }923 pgbllcgtigp

Esbst o




.%fﬁre arxs

\'or Hant

R Rusqell
-t on to

- erncet

i -
=R,

5;E“r Jean.Nlcod's G°°metry and IndUCtjon. Russell bepins his

elf to. that o1r the relatlon between geometry and sense-€11 f*

| trception.

;;'The°hiatory of thif-
" Xnown, Kant asserted that wpometr
T n:jo:ﬁ
chould never contradict it because space consti- .-
“tutes a-part of _
jhon-_uglidean reometry has” 1ed most thinkers: to u--a“' :
.1abandon +his. oplnlon; although from the lozlcal A SRR
. soint of view it. migslt beeasy to m-intain that . . ROV,
. Lobﬁtchpvsk{ g worn d1d not confllct uxth Kant a.“,.“;: ‘
'jphilosophy L R Y

 Henri Folncar$,

b.V noting 33: "._:_‘, _'._he problem whmh Hicod add;esees

13 "of lm"or»ance both with reyard to the work

and o' Nh‘tehead Russell wrlteal,ﬁﬁl g“ o
"ob‘em in modern theq 13 well

is: based on an ~"r,
hat experlenc&

intuitlon of space and

our ‘manner 0f ‘perceiving the wqud

ot

then mpntions ro1ncaré 8 work as one possibla solu- :L[ A

the *roblem or 'he relation of zeometry to BXperl-‘,iﬁ‘ L

o 'Aa T ' ' ?-\
e / _ . IR
...for exanple. ‘t w1s tha viewrolnt assumed by_“ ’

who ma *ntaxned that Euclidean
zeometry is neither true nor “false,: but that it
is siaply a convention. In a certain senge, this

S roint.of view may stil] be rossiblewr in all ex-

Russell

. Q\.ler'

nrt ériticism. ﬁore funda—nntLl than the thpory of qenri

"O ncar

periment or objavcal obuservation,
object o’\study, and -1f the

‘Ch°1c1538 to W“LCh of 'thP

for‘hé'ndtea

it is the: g; up . .
which. constltutes the . .. . .
re suTts do not cor- =~ . -
‘we have a certain R i
laws vhould be modi- '

of applicable, rhys 1enl laws

res-ongd to our ex'ectatzon.

. ’.‘,'...’\-.l :

fled.,

[ ' v
doos not conplotnTy endorqe roxncaré g work how=

that nicod s thesis preqentq “a differ- ; L .

ﬁ . 57 . o ﬁ'é S : - .. V—ﬂ
, .\ |'-‘ ) . ._ . . . . .
~ H
A
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The Consoquences of Conventxonali

’or Philosonhlcal

Cosmglogx

-.‘_ --._.-.““_‘._‘_‘ e o-_ . ..

e One lnte*esting conseqqencé of conventionalism’ éoﬁ-fa-
, ;fa—ﬁs the conqtant o’ curvature ror apwce._ﬂhef;ﬂcosmolo;;ﬂE€ﬂ5 €~!ff;ffj;if?‘
ste had prevxouq‘y assumnd that tho curvature of space R
.Jﬂ?iéjcﬁné_t Jtant vwlue. theorlsts cqnqpious of the 1mpact i Q';;{-}l'fij“Qjﬁ
'¢q?.uorvantionﬂli Sm havn “r0ﬂosed node;s oflihe unlverae  gﬁ!?F’t“‘ B
ﬂafeln either 'he constant of CUFV?tufP 'or opace changeé .
{ﬁ o time (so th1t there ‘is. A conatant kl attrxbuted toC
Zall o’ spacp nt a time tl.'1nd anﬁthpr conrtant kZ at time ;‘_; f.;“f el

¢

'.' t d, or where~'he curvature for qpace at any one t;me

"lz“Qt ni'orm (ie.. the 51 e whe"e a’ Space is ‘Aot homo-‘; PN
I Ve -t
ﬁfeous) Vus”nrnst Cns 1rer advanced the 1nteresting 1ro-u:.h

al‘bhqt thn peonetry~d. our space’ mqy not ‘ve unlform. I ;‘f_'s“

A‘#@* Cmssirer wen llzod the { rdrt nce’ o‘ nxﬂsteln 8 theorles,

e W arote thatl ‘&j | T
E One can no. Ionror s*oak of an Lﬂwutably*piven .
geometry oF -sasurerent ‘which holds onee and for.
all for. the whole ~orld, Sirce the relations of’ _ . SEVR
~eagurenents ol space are determined by the pravi- .- o R
« “tatlonal rote~tial, &ni since *his is to be re-. N .
"*arded .ag In reneral chainrenble from place to . R T
place, we cannot avoid the conclusion ‘that there is = oM
' “ip general no unit.ry '‘geometry' for the totality " | .
of aruce and reality, but ~hat. according to the . .. L
soacifiz pronarting of the: ’1&11 of sravitation. :
at dlfferent w11ce1. there mus gg gunJ di‘ferent
’a*-% of puometrital ~‘ructuvn. . _

~ Jue %o the revo‘u*ion in ’hOusht wrouvht by conventionalism.

qirnr cla'ms ’hwt thp “croblem of space” has passed from’

- oL
~, 1 - o
a




Qﬂ‘*ho reﬂlm of on*ology. or of aqking “What is space? to

TR

e i

T .

thn renlm of episuenology. o"of asking 'WHat do- we know

*bOUt 3P830 nnd How do Me mnow this?" Cassirer wrxtes:'“ o

-.;The relatxvxty of placej lqvolves that of ge-- S
‘ometrical. truth. Ard yet' this view is, on the - C
'jothor hand, only the sharpest’ expressxon of the
- . fact{that the p"oblam of -'spaceé has lost all on= : .. -
 toloAical maaring in the thedry of,relatlvity...,;7'
. We ‘are no longer concerned: with-what space. *ig"
~and ‘with «hn*hnr any definite character, whether

Euclidean, ‘Lobuatchévs<ian, or Rlonann'an. is to

- be asc*lbed %0 . 1t. but rathar with what use is to.

. be made oF “nn ‘different sysitems’ of FnomPtrical
'p*esuﬂ—oqitxons in the tnternretation: o the

- phenonena of. nAEUre an1 +hoxr dppendenCLes ac- o

fcorﬁi%z to 1aw. o ‘ '

: Russell. 1r hlq exyhanwp w\th Poincﬁré o; course

SN

wig concerned d‘ h onto-ormc11' alestions; spec1f1ca11y,

“uasell

3 '.'oqp?ry (

: "ortiorully chosen-. interpret

;ations.

phil 0phy of mathemnticq.

attempted to come to Erlps thh the. nuostion 'Is

Tl A

.Q,q“ace reully cuvved? rolnca"é's countor- laim. that ge-

P.

as mus h 50 as, numbur hnory) is’ founded upon con-

:a"pe1rs to me *o h1ve &n’luenced Russell 8 1ater -

;txons of b“SlC axloms and re- 

In his Ess:y on the Foundatxons

iﬂw thnt, i’ ﬂﬂasu”eﬂ“n»a in qﬂdce ‘are to be at all possxble.'

.1on on

ef "eomoxrxj“However, Qussell pmbvaced the noo-( ntian

’ N
tha constpnt of cdrvature muqt a «r1ori be known to be in=-

#ariant. H P Robnrtson diqCu\qes Russell 8 ewrliest posi-

!

this matters

Oon this modlfied vmntian view, whTch haéipeen_
e t~ourded nt lensth DY Russell, 1t is incon- -
ceivable that.k mirht vary rrom point to

e <




N

. Q

: f*o »He work o’ A. Calinon| in 1889 Calxnon ha

. !3-—.._»._..-,

‘?i:point -‘for according to this vxew *he v y pos;e;‘5"~f:f;-=
.‘gibility of measurement depends upon the constan-'r-“V“

'iéj;ccy o..the space—structu as Fuaranteed b the
c';axiom of free mobxlity fgb y

nis’ ﬂoeitlon of Ruqaell qtemmpd 1n part fromihis reaptlonj'

prooosed the

'-'dssibllity that the Space-constagt k mi?ht vary wlth ﬁlﬁéﬁlﬁi-g}
'.asairer, efter haVing bpen 1nf1uenced by LlnStEln g theoriee.‘l?"“

'i}‘ a*?ued that L mirht vary Nlth place. accor 1n? to the pre ence -

,a“d wagnitude of zravitational fields.’f B

e

-

e R T
N o |
. M . N . . - . " (‘

' G Some Objections to Conventionallsm Consxdered

Two ob ect ons 'o conventiOnallsm. both stemming from:_ '”'

~onsideratione of . our evevyday experrence; will now be con- ’

N -

Ldered. Pirqt some ‘neo- Kantlans may ‘claim that. whxle ge-

ome.rles are. relativn "1 of our sense experience ls Euclid-f

eany thus they object that duclidean veometry in some  sense.

"etALna its elain to be: the, one peomeisy correSponding to ,

-

our space. H. J.ratdn writes:

. ses0One oF the yure weometrxes does apnly to the

: physical world, and 1t, ghems, to be assumed. that

one of them must SO applys we ar cpeal to experi-
‘ence only to discover which. 1 one of many ge=
ometries does apply, and still more if one must e
‘apnly,. to the” “h;axcal world, we have f 82

problem before us i A more subtle form.

.Faton also tellr us thnt part o’ the a r~o;i character of

our ideae of space 1nd time Ls ‘that “"we can determine, in-l

depcndently of exoer*erce. the'spatial_and temporal condi-

»lons-to which all objects of experience must conform.




-~

f‘af*

T_L5 lidean.
' °xrue to be Euclidean. hence (idl
.o thn contrary) we.

al’

ﬁ;a d*it: h\t not only hnva all of our past ?xoeriences beenf

but that all of our future expprxences will con-f,f

I TSR

e talk of c0nvent10nalists
Y. believe on: the basia ofaa unlformity

possible and’ nctual seqse expPrlence that the struc-'

':u"e of space is in fact Eucliﬁean.. A j  s _ _ ;,g

etermine that tho rpometry of our-vnane.

7*ted region of our ﬁUnce [such s
\
mtRic ‘ly -uclidean..lt may. bn tho

EF prce two Euclidean parallel lxnes

13D anﬁ bottom-of a p cture frame

th'q dould

t
*hﬂ c‘aim that tho q*ruc*ure o‘

“iles awﬂy in qnace);

-.ay. nu lidean woometry..

?irst. our S“nQP-EY“er‘PnCP is

nolther prove nor diswrove ° --‘_ub“w

If our space were Luclldean,

'not acute enourh to ._'; o ;ff”iff
or even . or a 1im- :"".
thkg planetary system). is
cwqe that we . never experi-:
(the 1ines formed by the

may intersect 100 ooo -

our s ace corresﬂonds to.

lt . ) . : - | "*.I‘-‘i -

‘might be that parallel ;Lnes s‘mply never ‘occur, that: is.

hat phyqlcal ex1mp195 40 not existy

'.snace. however.

: the welnts o' 8pAce. ?urthermore.

.:s‘fo more S?

’or ’ittle if any

leqq zuclidean,

of *errnetial ﬂhyqxcs nay ehow

tude. Third, we are not on

:i | .l

=y

a qtrxct uewtonian -
» )

-r=ifn t supnest that potnntial Parallel ﬁlnaﬁ_ig_rﬂ’vade that ”*wl. o

via the Ptcrna?ly ew'qtnnt relations among - ’g” O

if our \Pnse—exnerience

thore ractors which make

no iceable dl”erence

tor fhn calculatlens

up on an astronomical mapni-,

a venddta apa;rst those who ba- : R

4are. then. 13 tho aerm o’ the socond obdectidh as I under-;.ffﬂfl;l




Jff-ounver, Hans Reichnnbwch has ar#ued thaglalthough it is ﬂ“;f if}ﬂ(
e

“.ﬁ.q.bwe tc ume ,uclidann eoometry to ad

‘Pifth, it mny be thit our oxperzunce of ‘the world ag Euclidean o R ¢

L]

74;qup that Euclidean { try adeﬁuntply deacrlbea our : world; _{..-L

I

.'

uately Jescribe

'.yuery lxmite& rerio of_hpaCE. thqt space As & totallty would

t - A

'-.:111 fall prey to non-“u"lidoan therﬁre*asxona (much aa a.

k]

:~:ifclv. althouph more or less deacrxbed in terms of a’ m11-3-

licr‘s*ded'“izure.,is none the less a cchle) 64 Fourth. o ‘ -
. 'ﬂe chpnbach arrues that i' we hold on a Er1ori ?rounds hat 'j'-ﬁ c'.f '_ ;Tﬁ

'*u" spnce is nuclidean. we nqy be ’orced to contradict

"ansrher,n nr:orl ﬁrcncxvle: that of unxform (ie.,normal)

‘ L o . T . . 'y

_I{ thn pri nc'h}e of normal causalxty. ie.. ‘a con- . o -
tinuous spreadifg ‘from cnuse tQ pffect in-a finlte L
time, oOF act;dn ‘hy contact, 1S set up as @ neces- ‘

sary prerejuisite’ of .the desc riptibn of nature,

certain worlds cnﬂnot pe internreted Dby, certain

_?90metries. Tt mny well ha-pen that the geometry o T Ce B
thun excluded if the cuc‘ldpan onep if. Einstein's '
hyrotheslis of a rlosed Maniverse ig correct, a L

zuclidean descrint ion o‘ the universe would be 65

excluded for all ndherents of, a "normal causalxty.

-, T

is'a deep-rootcd hahit, 1 1b10 *o ch°ﬁ¢9 in the 'uture. as'__ _ g e

'”ur expericnce bhrcomes bfoade npﬂlnst those noo-Kantlans B Co .

e

that ‘would claim that we cah only (o" have. only) visualized

--)Nn

Tuzlidean gnatlal re1§klons. we must consider how~we can -ever

i

'v&sualizc.noﬁ-suclidean rclationr in the manner 0f ease and e -

;psited by Reichenbth). ‘orco of habit mdy'allow us to

- - 1

"v-(.-\upn cy of opcurrpncé w‘t“\ W'\l(‘h we oreqently Vlsualize.

Luc 1dean re‘a*inn AS . notod f'r~t by Helmholtz (and here

PYS



o

b /3

'~poretryﬁcan notnﬂtxmlly be u ed to do"cribe thé world Hans

. . » e ' ‘o . .
Zr_ahort, since our ex*erlencl u.nvp been more br less Eu- -

’ ‘fr :
~\-dean. 30 h'vp bOﬁh_CU" vxcudliZatlonq of qpatxal rela- B

tions: ~ere OWr*expPr'nncev to ch rre rxdlcally. c'o would‘--

EIN

Tur iuuulizatiors Han to- Chﬂnﬂ9 1’ we were to functlon
. ) ' 6 Coe : ‘
in. s uch a drﬂstically Pltpred envx*onment.l ? T

=. Co . . ¢’ =~ . . . . 1,

'I'S

xter 34 Does umﬂ1r1 al _Investizrtion Erteér In Onte
C : [

Co-ord*nﬂtive Defin txona $1 ‘e Been Chosen? e ff"' ’

e, i

Jh*le nvery qa’f conﬁlstcrt syrtem 0* theoret1ca1

v

Lol nnbach has nohvd tha* only one. :rnmetry will he empir-

:crlly verxfieﬂ oncs hea -neOrptical ayq&em has been’transéj

-’“rmed v‘ tho lntroduvtlon of co-ord! ratxve definitlons. '

LN

Re~chenbach wr‘tesn S S e L
: . . . _
. Althourh Pvery rnOTetrlcn‘ s,stem can be used to -,
. m\describe the =tracture gf trhr physical world, the. . -
: vpomntr*cal gystem ’ar9n-alone dors. not descrlbe ‘ - .
. the s*ructure cory lntely. The description 'will be
complete’ only i€ it in ricludes 4 statement agout 168 '
th9 behav‘ r of °o‘xﬂ bo ief.a“d 11th ray -
Thraurh the coO- ordin.tion o’ FhJSICdl obdocts thh the Un- )
ﬁéfinéd_;ermn of A prometry- th’t ”““mptfy is aprlled to = . -

r " . =
t co-ordlnatidn of oblect

rroblems of the w r1d| nricr “to thd

,~' .'.“.- P 13 . .‘ . .. 1 - '.-l' -'cy :I s ‘l- . o e ',A,.' ' ‘ ca ot . - :{‘ . . .:;'--ll ‘_..‘
L owis _aliza non--uclldeﬂn rela 1ons'i;-‘jf' _ K W e e e L
. : R B . ""'l ey ‘ Lo
.. To frapine reomes ric11 relations’ visyally meanS* ST }
-+ to imagine the. experiences which we would have' .- . - _
U _i’ we-lived "in‘a world where. those relations hold LT ”
4-”‘:]""Th° ?“‘IDBOﬁhGF Mas rO”rzt*ed the mistake of* "~
2 rerardirg as.a “ision of iders, or 2s.laws of 166 _; 2 .
!‘EH.SOT'\. wha: ig actually: thp rroduct of ohabit. = : e .



ﬂnacrems undpr ahe Fovprnance ofwthp asserted axiomsl(and:
T s b 4

ir’: égt{gation Crucia11y afplles onlyxto:cnndltloﬁal statenﬁﬁf"" g
;;},;:nts' quch aﬁ If we. rnqeider a Ptra;pht 11ne to be the ;bfﬁﬁid_£7" ‘ ?
.;;‘_-'."'a*h descr/bed bv a r‘w of ltht. thon thp ré u_lta of our: L
+?5t°“';"’mpnm5-“ifh.llﬂﬂt rﬂyé w‘l] he 1n accord w1th a Eu°1*d':Q:fE}ifﬂ_iﬁs”'f-?

er interpretntmn cf -5 r‘u u”., n“ Ou".phyqlcal Space 1'%\ e

ruch invsvtlpﬁt bh, Lf 1 undprgtand it. operates e R e

”fﬂ-‘urthermore,

Lo

”r’y in a nerﬂtive fnqhzqn..lq rho example utated. bhg re-‘f@f;'%

f.-"%us.tB Of ou:r PYpP‘rlmf'r,t"' Plther‘ ,..»11'[ QI‘ Wi.\ll not be recon- . j;.‘ """,'Ii:-

-

 '*1ab1e w*th n huclxipaﬂ phterprerntxon; RF they are not

“’wmuable- we.. m"'“t o3 ther ‘-’Pha' That 11"*1t ray‘% are. stralgh‘t SRR
. St __)"v . N W . _:.“- AR 3
. .C."\ Onsvder thﬂ c;l.qn'wnureln CUY\ ALY ‘Versp }' nO@huclidean. . o ...__‘-‘-. ns o
th\the othor.harﬂ' wvrnfunn reralrr of pxrerlmontatlon to 57'L . R

. ‘ ) .
'1- - -"__.' N

P u,n,ur with a "u“ixdeﬂn ntnrrravatxon we would ‘be 1eft T

'1l D?Lc"ly in mi d-ﬂir unnﬁle iqlciai "rdt llvht rays 1nﬁeed L}I:fd;” ..
PR *&3 Co ,

'193Cr1beA"u~1\J%an rtnaxﬂﬂt ‘Lns _ u”h a dnc1510n coul& TR Sl

LT

N "“‘“ ' ' “ 1 i . + . . ' '_",
-,.’zf""ﬂ'f{chedNn we dn ling = H’.h '\r' 1f' ‘md on1 if Sltudattion' 4 e
el o { e - . S T ] - ‘."Al‘.,' -- o -
;n’%.»uwately any atto nt tp ez‘?qlvrh thﬂ conditlonpl ,H;”“ 54 LT
.. ‘ ; . o ﬂ ) . . m L
' --"‘ﬁtement 'If exper: 'f-fn'tnl pviderice "nnr‘ur!‘- with}. a- nu"lid- R
-" v, .
SR T '~¢ﬁerpr9~atan. }.g hp TAT h o“ a l*rht ray deﬁcrlbes fea % :
.‘ M e . had ~ . J '
] c"rajﬂh{ ln’*P wou‘d r\\ <st of lllicrtly R .
! . N e B v S “_ SR
: rrumertatinn) Lﬁ%e ’he fnen-rlwuse in thie caiiéﬂa_'";Al L
L L el T oo , v ' . o :
_ - ] ‘. ) ’ -"'u . ;' ,, ._. S . L] ” R . J e , ‘. .
. A » (-9-3 L - % s -
L Ve v . . - -~ . A% , ‘ v . : T LB “"-, -r'ﬂ‘ N
’ - \ e TR AU RO 0l
’ ) ’ ; ) \"l‘\ .':: '!-. -j‘ ' .
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”ﬁiﬁﬂw the axiom o’ the stralrht ixne for a phisical geometry

fﬂ,far'as tha laws of matﬁematics refer to reallty. they are

e

ot certain; and as far Ai they are certaln.: hey do not

er to reality '169 In

'-.‘ost people wou&d cla m that anyone kﬁ@ws what a stralg

o

“:*ne and a point are; under the more m
‘af

- -
-

5

""

Ll

Lern interpretat

Lentlst abeht to eneave in an exerc1 e. of arnlied r
hnn theoretical Fpometry would be cons
re ify mhat phyqlcal obgects pve to be conventlonally

arded as atraight lxnes *poxnts, etg.%?Q;;Hi;f L g

Of courqe qut 01entlsts do not de thlS. eithe

hﬂnever ;hey are about to ﬂovk on a. pvoblem of ohysxcs

|

_."_/‘ * .

tg

“

B

cr pvcn once in thnir 1ife| in qurh c1qes. However._the
“Cit as=uﬂyt10n tﬂat thEJ are adcpptune-i‘aht T*:‘.ys; as

l

Ii the role of Sur zht lxnos. etc.. as obvxousn i
" ' k3

13 context v"J.nstem. cons;ders

 'ﬂd1d be lnterpreted; “P t° and lnC1UdlnE the 19th Century-.:ti S

e
gt
‘a"

hf

lon,"'

atherfﬂk'

rb-

r

ful-_
£

vationed on the mat er., nrhipo tth uoufd react with a

.J:rrlsed fbut~nvpryonv nggg thht. ’or snPll replons 1ith

§ﬁ!can be fon"zdﬁ;nd 10 bnf,tra‘zht fznos or oven.with

r. annoyéh;'no ore prﬂsdﬁﬁﬂ _o #ork thh'straipht 11nes in

ot
5.

[ - {

e '-h .

’ gfﬁnally.chnnen; ebhﬁrs in{zixq case: I "hould say that

'7:“»5‘,‘.3'.1"3" but on]y ln ,‘He ideal ("l‘ qp'natlcal) case | ln -any

:gvént; qu,h requ Oogit.on«’c«w bﬂ‘ eenféo havn been éonven-
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‘CHAP&ER III

i3¥5=USSELL s DISS;RTATION Ih LIG%T 0? RhCLNT DEV"LOPMLNTsfﬁ"“

CIN mATKELATICS Aho mﬂn PHY:ICAL scxtucas -q;:vﬁfﬁg;ﬁ-?xtfﬁjf};?ﬁgggy

o

In é lenwthy SECtiO“ Of hlq Eq"av on the Foundatioé§'-f_””‘"‘

1*fﬂ6f eometrx_Russell ‘set ’orth what he consldered to be the R

»

I'\ R
axwom% of projectxve geometry. At thdt txme this was a hizh- SR BT

”~ffiy 1audable accomp’1szent. ;or as Ruqsell H*msalf notes the

‘  f'ourdwtions of projpctlve Feometry had not been studled in

'31 taxl. As he modestly put 1t._ but unfortunately._ he task
.“fo‘ discovering the axioms o- FrO1PCthE Geometry is far from "f‘i;m'jrt*
' nsy. They hﬁve.Qas yet. found no Rlemann or Relmholtz to

al?ﬁ

”-Tormulate thew nh 1osoph1ca11y.. n thlS concludlng '

‘Hapter I hope to at leﬂst partla ly answer the nuestionn

e ve necont deveIOpments in mwthpmatxcs resulted in the mo'- N

oo " 3‘;,_
";f.cat*on or alimlnntion of some of Russell 8 proposals con—  ‘-'m; e
. Ce“ning pro ective peomptry? rE“Hap° thlq may best be ac-].-‘;
: *om 113hed by\the corsideration of a relaﬁ“ﬂnquesiionl are o _:'_: -‘l’ﬁ

The axioms o’ c*oJectx e reometry as prOFOJed by Bertrand .”'; f ?‘ e

'”uésoll st1 1 corq1dpred to be v111d° - o |
Al‘houwh Russell '5 axxomq for Tra; ectxve zoometry

nave already bnpn neq*ionpd brzofly I vhn‘l recanltujate -

f“*Hﬂm bnfore-a,tnm—“r#"o c*it‘c‘ie thPm. Pirst, Rquellv- L

-. ’*oroged t"}ﬁt nt 1 0 “he p'\v"t,'* 01 qrace are quahtatwely

siml!ﬂr. Or. ‘n atrer nordq.'uhat snace is: hovoweneous.

.
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-"jégag@q;“he proposed‘thqt snace xs'cont;nuous and lhflnltely Qm‘3ﬁ

A : . - o
ERERA qible (SUCh Qhﬂt quce sive leLSions o”>space anproach % e
e _*Lmit Ln the Doint). Th;rd Russell prOposed th?t the di. e f7t3”f*,"jj;ff¢f
| '.»;sionality 0’ Space'must be of a flnlte 1nteﬂra1 number.-f'ﬂfﬁ'f_ ’,fﬁﬁ3“:_ﬁ.g
- M t w TR e
A8 “‘5 been noted h9 f'U"U\er bwlxeved thlt experlmental R - s
;:evixence could be adduced to dpmonstrate th?t ours is a fwf:-_x:;\ R
f%b,hree-dlmensional Euc‘idéan space. As Morrls nllne nates A3; a;§]f*.f"}q11'ﬁ
e qu 'Porewnrd' to Russell ussax hnqe axlems for pro-", i jf}";.'
”;actiy geometry have reccived a serxous challenpe duang »f:;Tj"_‘.f,f-""
TQPM?his ceti .ury from thn dpvelopment of thn theory of, relativ1ty.1. |
,g,- . First. 1et us cowszder the mezct o‘ theQE develop-- SIS
t upon Ruqsell s aqsumptlon that 5 ace is h0mogeneoua. o *‘;’JF'J'f'”?;-
| e Hpve 11ready nq&ed thﬂ~at empt o’ Calxnon tq advance a. -
d . ] N
T e A_ . P ) ) .
-J,—f:hﬂa*y-whxch'}nﬂo"rorﬂtos a va iable constant of curvature LT §ﬂ"t' ; .
for ur,space.. alxnon,;‘t qu notod Qi”F93~C% that this o ‘ N
’u.aco-censtant may; vary. r"Oﬂ-tu 'o glme. In pursuxt of | ®
'“‘5 thﬂory wﬂlinon vfoduced three n’ ernatlvess | . -
?irat.,cur «"ACE anduﬁ +ins ti?oroucly Eu-, -
*fc ‘ideany ¢ec0rd r srAge realizes & ‘meometri-: R U
- cal space which dl..ers very l}tt} e+ from’ the Eu- --.. S s
~zildean, Dut’ h*rh always rem.int the samey 2nd o T D |
v .5 pnird, ours apace -realizes sucoesively in time o .
"4y rférent rnonn*r'c cracesy -othurwise said,-our- . .o o
o SI‘ati'i’ ,ar'.sr'n'ﬂ'[! V'nr\nf; W.?h tiTe, ‘N‘hE’hET lt - o . :
dern n .motre Or 1R8BS Awny . from the, -uclxdean. o /3g ;"
pdrawbter or whether ty oucillates. about & def1-1?6 : ‘ _
nj_te r,r;mn-n‘rer xnz‘y r‘P\I‘ to the ~n1:11dP'iJ'1 ‘value, .? ' L . *. ,
Afﬁfﬁ;"h@‘uhnory of rp;a;-vity -rcuovvd by Albert'nlnstein- . , PR
’ ' ' ) .‘., ] . ’ 'c:
1nt 1uces +he ccrcop. oA nrace—ne‘ric whlch vpries from % oo
. . L ) - B
. RERRT, *:f; . .




p1ace to place. MOrria Kline relates Elnstein s theory io""”‘
e N X . R | - s - .;1

vhe work of Riemannu ff”fT,f-"i?F.‘QETli.,%7wfg..ﬂfjg“'fﬁ7;f¢wfc'51:

~¢y;g;'i‘niemann Had pointed eut that ‘the. bellef in the
detn nomogengity of Bpace did’ not' take: into: account
2 \“1;jtha existence of matter:i when matter is- taken: e
U inte account, nomogenekty digappears. This 18~ ‘ﬂ}f“l B R

. - ‘precisely. what occurs .in the theory of rela-~ S L

L tivitya the matter. in" space ‘becomes absorbed - S T LR
o by e geometry of ‘gpace-time so that the. na-f.';;‘ ST T
=xbio . turle of Space- _time varies from one region to o | i
o &nother in accordance with the ratter in it. 177

_ﬂ-Russell gives a colorful descri tion of the absorptibn of _f”{f'ﬁl. 'me'_f"'
"'**he principle of wrav1tation intc the peometry of space-=' |
txme in nks Bection on relativityuthGOFY'ln 4uman Kn°"1ed e‘%‘f:f.

Accordlnz ;o Einstei space-time ‘i's full of what
;_we may cdll: hills; eqch hill mrows. steeper Aag you
- go up, and hag a. plece of matter &t the top, The =~ ..
‘result 1s.thatfthe eagsiest..route from place’ tox_,mn-tﬂjﬂj'
o place is one wrich winds round the hills. The law - -
e i v of rravitation consists in’ the: fact that bodies - '_-,f
e _f_‘.always take tEs eqsiest route, which 'is cal ?d ' _Fﬁ
e . A geodesic . , :

o

O Cﬁarﬁcteristic of nis’ Open-mxndedness Russell became a ';)'g=_

"d‘“ciple GE:relativity theo*y 1ater 5n hia career. At the

o
S

R ‘ime of hia Cambridge dissertatlon. howpver. Russell re-:

“!‘ected on lop1c11 yrounds the pré%osition that space is

o

fronhoncgeneoua.;ghat 1g, that space wossesaea Y varxable

Li:ﬂﬂtr‘c. In his sgnx Russell arpued that i‘ the distance  '

v LS

<

"unction,for our epace varied,, ’rom point 10 pomnt,rwe would o
. uld |

‘ ffhave to dgny the fund1monta} p*operty of conzruence ‘to-ouf

':Jﬂpaée. yet this he cautioned us would be ahsurd. On the one
nand Ruaeell argued that r'uch a change 1n metric would not

bc datectable; il an cb*ect thunk when tran norted from one

h
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wnﬁ‘l1te:uc another nO would thn ‘mer gurlng dpvlce u ed to

.;-;p;;.:y'i len?th. Or 'Ho othpr h1nd Russell arvued (L “f'"

] te horris &line 5. summary) B gfﬂ '“;§'_V' jf;i-;-'5 jf;f;jf

R hat the mPtr;c of é S,ACP o‘ non“onrtant cur—u7*’ff§f-J : jﬂ R
‘-j\_,~'u_u:vature bui lds up.-finite distances or lengths on S _l--,-f"

:f~7fthe pAasis’ 0’ 1n’*n1t9q1nal dlﬂtqnces...(for::
.. which) the huclxdean u,stance-functxon holds

'j_fr_f;'wand conrrucnce or ssrav'cvxt*on is’ avaxlable.;79_?¥“f7;"ﬁ
e - c
hex%k:we may dx cuqs Russell s contpn 1on that our:
;’ﬂacs is. -uclldean and. three-dlwens; nal. Slnce Russell 5

‘f}ﬁ"asit*on that the reomntric struﬂture of our space 18’ Open fa,‘?

"'o d~rect nmp1rica1 anostxp tion"o*ms the ’ocus o-. y
o T2 . ' ) Y
‘-_nnn ;Hesis 1 v' 11 “*or*ﬂe in “1qsxnr that ,uch an experl-

foj;ifaﬁ alxst gosition fﬁlla prey to »omﬁc*“é.s theory of con-:'l
'i';;rtion Lism and pr“hénb“cp é thnory e’ co-OFdin"tlve _ |
, - v, e
ﬁ“an'txons. ?Ufihn:no*P- Wiﬁh “l““t“‘“ 5 tréory non-Eu= - R
alide kn eeonetry w s 17 troducnd 1nt\\\h9 foundwtxonq of. . . -

opr?er dE"”'Lb& ziﬂf‘elr 8 hyrothps1s 1bout
. ! 3
“ h A r*ysic*l worlds 'F;rs;, thit a llFHt ray aA1ways’ follows

A fpysics. marl

Khﬂ o"test th|Ann:'1966nd. hxt thnqe ,hcrtest pdths

- oo 1800 oL .
“avi the tropartlpc or lines in A ncn-au 1 dean nrace. : :

th?t ”Siﬁs*vi;. in cfrryln? .out his pro-

Arain, ¥enger notes. .

*#1m' went qo 'nr -janﬂ P'Genhl"l y no ’"rthpr than - ;0
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' assume that thn ST acn-rime o the "H""lc“l “3r1d is A .
f@Jr-dEmensionnl Ri ewnnr srﬂce. , I
S, fme third.of Russells {dens to be aTfected bY
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' :"3“39 fundamental tO) any particular metrlc geometryllQF'

e S

\ _

:eometry as fundamental to any metric goometry, haa in one  ":

-’

»athematica. namely TOpology‘ Morris Kllne explalns the‘ﬁ~

. oae

el aim hat projective geometry 15 more general than ------ Léﬁdf

—

~.with'the concurrence of lines (that is, whena set
. of lines meet in one. point), with cross-ratio, and
L with the fundamental roles of” pointand line. as. ex-:
. hibited by the Drinc1ple of duality. On. the other

- hand, nuclidean gpometry dealq with the e~ uality

classes. of" propertieq surpests that. nrogectlve
properties ‘are-simpler than those treated in Eu-
clidean. geometlrys. One mightvBay that projective
s zeometry ‘deals with the very formation of the -ge--
_ ometrical figyres whose congruence._sxmllarity ‘and -
- 'e"uivaience %i“Jality of areas) are studied in Eu-
S ¢lid. ‘In other words, projective geop %ry is more
fundamertal than Euclidean peometry.

n contraet with pro*ective geometry. Cournnt and Robbins

,_eacribe Topology thusn R : | fjf ‘ ‘_ C n;

The new aubject. called analysis situs or - upvology,

- hat ag its obj»ct the study of the Droperties of
geometrical. fipures that pPrslst even when the
figures are subjecteq +o deformations 80 drastic

that aib »he*r metric and nrodoctxve “ropertxes are -

lost,

jhrain..they define 'to“ological transformations thu51

A tOpolopical *ranfforwation of ‘one geometri cal
‘figure A into another figure A' is given by any.
cor*esrondence R-g' betweer the points p of A and

[~3

-

-f-f“°rd“ of! Cayley) 'projectiva geometry is all geometry Thish°
SR

o _pelief, which gave rise to Russell s emphasis bn pr°390t1v3, _7}'" '

_sense been supereeded by the development of & nay branch of*“J 

uAThe propert1es which are lnvariant under. projection,‘:;
‘and:section deal with the collinearity of polnts.se -

of-. 19ngths. ‘angles,areas., ‘A .comparison of these -two -

[
AU

]

-

develupments during th1s century wnstthat (1n the °f¥-quoted7i.‘~" :
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tg}”gﬁ‘ the' poxnts g o’ A"wahh Ha 'théf’o?’ wlne two
: -‘.propertiéﬁu 1. The .corresrondénce :is biunique. - ° . .
This means that’ to each p-of*A there: corresponds.Ii '
. just-one point. % of A", and. ronverSely. ‘2. The"
_ , cor egmoOn ence ‘ontinuous in both: ‘directions
R R ‘This means th-t- 1f we take.any: two points py
ol of A-and move p ‘do that the distance between: %t o o
S and g aﬂproachas zero, then the corresponding . points pRETTT L R
" p*, g of Al will ‘also amproach zero, and convers selyh e e
. Any aroperty 0f. a onmetr1c11 figure A. which holds R RS '
.as well for every Tipure’ into anich A may be trans- . . . o Co
‘formed by a‘~0*olovic«l .rans’Ormqtlon is cal’ed a ¢ SR
;opg;ogical E"ogertx of A, and topology is the: Lt T '-?'
R hranch ©f Feometlry which deals only w;th the topo- : o
E 1op1ca1 Fropnrtxos of firures.

toe

' {'*‘nc9 dv"lnw the nteri od wh i 10 Rusqe’T was a Camoridpe qtudent ’
... ) £ S

"'cjcctive reometry st 1ndped tho most fundamentaf*‘sc1pnce-

Cm 7 __
Cat ﬁpﬂ (1f I nay use. that m»*arhor). 1t qeoms natural L;: e

.-n-t he fhould nqvn convxdpred thn rro~Pct1ve pwonﬂrties to“
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